Curvature formulas in §6.1 of [P]

Guofang Wei

This little note presents explicit curvature formulas in §6.1 of Perelman’s paper [P]. In particular
it verifies (mod N 1) the geometric interpretation of Hamilton’s matrix (trace) Harnarck quadratic
and that the Ricci tensor of the warped metric are equal to zero. The mod N~! computation of
the curvatures is also done in [STW] using Christoffel symbols. Here we do the computation using
Gauss equation and Koszul’s formula.

Recall that M = M x SN x R* with the metric:

- - - N - - -
9ij = 9ij> Jop = Tgap, oo = o + R, Gia = Gio = Gao =0, (1)

where i, j denote coordinate indices on the M factor, a, 3 denote those on the SV factor, and the
coordinate 7 on R™ had index 0; g;; evolves with 7 by the backward Ricci flow (g;j)r = 2R;j, gag is
the metric on SV of constant curvature ﬁ

We first compute the curvatures of M without 7-direction using Gauss equation by viewing
M x SN as isometrically embedded submanifold of M. Let n = (% + R)_l/ga% be its unit normal
vector. Denote {X;} local coordinate fields of M and {U,} local coordinate fields of SV. Then the

second fundamental form

~ 1

(B(Xi, Xj),m) = (Vx,Xj,n) = —on(Xi, X;)
_ YN vy (N pyv-iep
= 5 R gi)e = —(5- + RV R,
So
N ~1/2
B(X;, X;) = *(E + R) Rijn (2)
Similarly
1 N —1/2
B(Uva7 Uﬁ) = —5(5 + R) Gapm, B(Ua,Xi) =0. (3)
By Gauss equation
(R(X:, X)X, X1) = (R(X;, X;)Xp, X)) — (B(X;, X)), B(X;, X&) + (B(X;, X), B(X;, Xx))
N
= <R(XZ,XJ)X]C, Xl> - (; + R)_l [Rilek - leRik] ) (4)
- 1 N _
(R(X;,Ua)Us, X;5) = 0— 5(5 + R)""'Rijgas, (5)
- 1 N _
<R(Ua7 U,@)Uv7 U0> = <R(Ua7 U,@)U'y7 U0> - Z(E + R) ! [gaegﬁ"/ - ga'ygﬁe] (6)
1 .. o 1 N _

= INT [Qaegﬁw - gavgﬁe] - Z(E + R) ! [Qaegﬁv - gmgﬁe]

_ N TR

= (; + R) N (90098~ — Gar 9ol (7)
(R(Xi, Xj) Xk, Ua) = 0 (8)
(R(Xi,Ug)Uy,Up) = 0 9)



For curvatures involve normal direction, note that

1, N
[Ug,n] =0, [n,X;]= 2(2 + R)"HX;R)n.
By Koszul’s formula we have
ﬁUG(AXT’L' = 07
~ 1 N
Van = R)™' Y (XiR)g"* Xy,
2 27 i
- 1N >
VUan = 27_(27_ + R) Uaa
~ N
Vx,n = (2 + R) UQZRzglka
T Lk
Therefore
(R(Uy,n)n, X;) 0, (10)
(é(Ua,n)n, Ug> <@ @Uan U5>
N pd [N a1l 1 N
- (27'+ ) dr [(27+R) o7 | 798 47'2(27-+R) T9ep
1, N . R
= (= Z)gas. 11
G R (R + g (1)
By (2)
- N
VxXj =5+ R)"Y2Ryn + Vx, X;. (12)
So
- 1 N . 1 N Ik
(Vae, Vi, Xj) - = =2 Xi[(5- + R) %:(XzR)g Jok; = 5(5- + B)” ;;(XIR)Q (Vx, X, X;)
LN, 1 N )
= §(E+R) (XiR)(X;R) — 5(5‘1'3) HESS(R)(X“XJ)’
SR N ~1/2 d [/ N 12 Ik
—(VaVxin, Xj) = —(5-+R) ZE (5 +B) " "Rag™ | grj — ZRug Ry;
1,k
1N [ N N .
- 5(EJFR) ( QTQJFRT)R”JF(2 +R)” %;Rdg Ri; — (Rij)+|
~ 1, N
7<V[Xi,n]n>Xj> 4(2 +R) (XiR)(XJR)
Thus
. 1 N N
RO ) = (e B (<5 + e ) Ry 5 OGRIOGR)]
N
o+ R) 7Y Rug™ Rkj—fHess(R)(Xi,Xj)—(Rij)T (13)
Lk
Last we need to look at the normal component of the curvature tensor. By (3) we have
- 1 N
Vu, Ug = 7§(§ + R)il/zga[ﬂl + Vy, Us. (14)



Therefore

(R(Xi, X;)Xk,n) = (Vx,Vx,Xj — Vx,Vx, Xp,n)
= %(év +R)F[(X;R) Ry — (X R) Ris]
(o B)H(Vx, Ric) (X, Xi) — (Vx, Ric)(Xi, Xi )]
(R(Ua, Ug)Uy,m) = 0
- 1 N 3
(R(X;,Un)Ug,n) = 1(2*4‘}3) 2(XiR)gas
(R(Ua,Xi)Xj7n> = 0

From above, mod N1, all curvature tensors of M are zero except

(R(X;, X)Xk, Xi) = (R(Xi, X;)Xi, X1)
- 0.0 1 1
(R(X;, E)B—T,Xﬁ = —ERZ‘J‘ + ZRilglkRkj - §H€85(R)(Xi7Xj) — (Rij)~
Ik

1 1
— _ERij + ARZ']' + 2Riklekl — Z RilglkRkj — iHGSS(R)(Xi, Xj)
Lk
0
=)
These are exactly the coefficients R;jx;, M;j, P;j. of Hamilton’s Harnack quadratic.
Any two form w on M can be written as

(R(Xi, X;) Xk, = —(Vx,Ric)(X;, Xi) + (Vx, Ric)(X;, X).

w=U;; XA X;‘ + Widr A X} + two form with sphere components.

Then mod N1, the curvature operator R acts on w is

~ ~ 0 0,0
<R(w),w> = <R(Xi7Xj)Xk,Xl>UijUkl + 2<R(XZ,X )Xk, or >U”Wk + <R(XZ, §)§7
which is exactly Hamilton’s matrix Harnack quadratic. Therefore Hamilton’s matrix Harnack in-
equality can be interpreted as the curvature operator R is nonnegative (mod N ~1!). This is suggested
to me by John Lott.

By taking trace in the manifold directions we get the trace Harnack quadratic. Namely let

X)) WiWs,

wp =ep A(dr +X7),
where {ej} is an orthonormal basis of TM and X is a vector field on M. Then

Z(?@(wk),ww = Z<R(X ek er, X +2Z X ek ek, —‘rz aa 7€k>

k k
1
= Ric(X,X)— (VR,X) — Q—R ~ 3R mod N7,
T

which is exactly Hamilton’s trace Harnack quadratic. Note that this is not RNic( + X, 67’ + X)),

since we need to take trace in all directions for Ric.
For Ricci curvatures we take trace of the curvature tensors and get

N _ N N B
—+R)"! Z [Rij Ry — RijRa) g*' — 7(27 +R)'Ry;

RNZ'C(XZ‘,XJ‘> = <]:2(Xi,n)n,Xj> + Rij — (27_ B
Kl



= o+ |(- R ) Ry ROGR)

221 272
N 1 1
oo + B) 2> Rag"* Ry — (Rij)- — 5 Hess(R)(Xy, X;)
Lk
Ric(X;,U,) = 0
N N 1, N N —
Ric(Ua,Up) = (R(Ua,n)n,Ug) = 5 (5 + RB)7! %:R”g —TR Gop
1 N 2R?
= 1(§+R) (R~ *W)gaﬁ
~ 1 N
Ric(n,n) = 4(2 + R)7?|VR|?
Y 1 N 3/2 ik
Rie(Xpn) = —5 (5 + R[S (X, R) Ry
3.k
Ric(Uy,n) = 0.
So Ric =0 mod N—1. 3
The scalar curvature of M is
N 1 N ) , 1N R
= A —_ T
R 2(2 + R)%||VR|* - 2(2 +R)7Y( R+T+R)
— 1 N 2 2 N —1 -2 R
= S+ RIPIVRIE + (5 + B (Riel? - )
_ LN 2 2y N i 12 R n
= ST RIZIVRP + (5 + B IRic P+t (R - ).
So the scalar curvature is positive when R <0 or R > 3-.
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