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Abstract

When a linear transport equation contains two scales, one diffusive and the
other non-diffusive, it is natural to use a domain decomposition method which
couples the transport equation with a diffusion equation with an interface con-
dition. One such method was introduced by Golse, Jin and Levermore in [11],
where an interface condition, which is derived from the conservation of energy
density, was used to construct an efficient non-iterative domain decomposition
method.

In this paper, we extend this domain decomposition method to diffusive inter-
faces where the energy flur is conserved. Such problems arise in high frequency
waves in random media. New operators corresponding to transmission and re-
flections at the interfaces are derived and then used in the interface conditions.
With these new operators we are able to construct both first and second order (in
terms of the mean free path) non-iterative domain decomposition methods of the
type by Golse-Jin-Levermore, which will be proved having the desired accuracy
and tested numerically.

1 Introduction

The one dimensional transport equation is
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U(t,x, ) is the energy density of waves (or particles) at position x and time ¢, and
p = cos @ where 0 is the angle between the x-axis and the moving direction of waves (or
particles). o(x, u, ') > 0 is the scattering cross-section at x which is usually symmetric
in g and i/, c(z, p, 1) is emission rate at x, i.e. the average number of emitted particles
per collision. v = 1/,/pk is the background sound speed with p the density and x the
compressibility of the background medium.

We are interested in the case where the background sound speed v is discontinuous,
corresponding to a sharp interface between two different media. The waves crossing
the interface will undergo (regular or diffuse) transmissions and reflections, according
to Snell’s Law of Refraction, with the energy flux conserved. If the two different local
sound speeds in the background are v; and v, respectively, then the corresponding
Snell’s Law of Refraction takes the form:

U1 %

where pq and pg are respectively the cosines of incidence and transmission angles. s,
the cosine of reflection angle, satisfies u3 = —p; by the reflection law, see Figure 1.

In [12], we developed an efficient numerical method for such a problem. The basic
idea, following those of [13, 14], was to build the interface transmission and reflection
into the numerical flux. In this paper, we extend the method into the case where the
mean free path (or the dimensionless Knudsen number) has two different scales, one
is the transport scale-where the Knudsen number is of O(1)-and the other diffusive
scale —where the Knudsen number is very small. In the diffusive regime the transport
equation (1.1) can be replaced by the computationally more efficient, macroscopic dif-
fusion equation. Through a domain decomposition method that couples the transport
equation with the diffusion equation, we obtain a multiscale method which is much
more efficient than the approach using the full transport equation (1.1) in the entire
domain.

To better illustrate the basic idea, in this paper, we will concentrate on the steady
solution W(z, u) of (1.1) in the case of isotropic scattering and slab geometry for z €
(xr,zg) and p € [—1,1]:

0oV (z, p) + o (2)¥(z, p) = o(2)c(2)¥(2),

where U(z) = l/_ U (z, p)du . (13)
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Below we assume that 0 < ¢(z) < 1. The background medium is purely scattering if
¢ = 1; and there exist absorbing collisions if ¢ < 1. The Dirichlet boundary conditions
at 7, and xg are given by

U(rp, p) = Fr(p),  for pe(0,1],

U(zg, —p) = Fr(p),  for pe(0,1]. (1.4)



The method in the present paper can be generalized to more general boundary con-
ditions, but will not be pursued here. For more physical background of (1.1), and
(1.3)-(1.4), see for example [7].

We are concerned with the numerical computation of (1.3)-(1.4) in the case where
the scattering cross-section o have different orders of amplitude in different subdomains
of (zr,zg). Such situations arise when the background medium is made of (very)
different materials. Let the small parameter ¢ be the nondimensional mean free path,
i.e. the ratio of the average distance between two successive collisions of a particle with
the background medium to the size of the domain zp — xy. Specifically, we consider
the background medium made of two different materials with an interface located at
xy € (xp,xg), and denote the background density and sound speed to be pi, v in
(xap,xg) and po, ve in (xp,xpr). At xpy, the scattering cross-section ¢ and emission
rate ¢ have discontinuities, given by the parameter e:

o(z) =1, and 0<c.<clzx)<c <1, for x € (xr,xpm),

o(r)=¢"', and c(z) =1—y(x), for z € (zpr,7R) . (1.5)
where we assume
0 <7 <~(x) <~*, foreach x € (zp,xR) (1.6)
for some constants 7, and v*; and
0<e<e, wheree <1/v". (1.7)

Notice that these assumptions exclude the case where ¢ takes the value 1, namely, the
purely scattering case.

Since one can define a new space variable by the so-called ”Optical thickness” in
the radiative transfer [6],

T M
T _/ O‘(z)dz for x € (Z’L,xM)>

and x ), +/ o(z)dz for x € (zp1, xR),

T M

there is no loss of generality in assuming o to be piecewise constant as in (1.5).

The mean-free path is small in the region (zs,zr), hence the solution ¥, is pu-
isotropic (independent of 1) to leading order, and governed by the diffusion approxi-
mation of (1.3): see Lemma 2.7 below. We name the domain (2, zg) as ”the diffusion
region”. Contrarily, W, is y-dependent in the domain (z, x,s), which will be named as
"the transport region”.

In [11] (followed by the numerical work [20]), Golse, Jin and Levermore developed
an efficient domain decomposition method for the two-scale transport equation (1.3)-
(1.5) with energy density conserved at the interface. In their method, the transport and
diffusion equations are decoupled to the leading order, thus a first order (in €) domain
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decomposition completely avoids any iteration. To obtain a second order accuracy
in €, a correction in the interface condition is needed, which requires consequently
just one iteration. Nevertheless, in many other applications of the transport equation,
like the propagation of energy density for waves in heterogeneous media with weak
random fluctuation in the high frequency regime [19], the energy flux is conserved at
the interface. For example, in the high frequency regime of acoustic waves in a random
media [2], the energy flux is conserved at the interface where the local index of refraction
contains discontinuities, and the waves satisfy the Snell’s Law of Refraction (1.2). Note
that the conservation of energy density considered in [11] also conserves energy flux
when the local index of refraction is continuous.

Specular reflection  Xo X4 Specular reflection  Xg X1
/Rv,g{r:ransmission Diffuse transmission
Incident Incident
(a) Regular transmission (b) Diffusion transmission

Figure 1: A demonstration of transmissions and reflections at the interface.

For other models of radiative transfer or radiation-matter coupling (especially in
time-dependent case and in moving medium), energy flux conservation is of essential
importance for simulating the energy transport, exchange and redistribution in globe
system of physics [5, 15, 18].

In this paper, we develop a domain decomposition method which satisfies the energy
flux conservation at the interface. Our new contribution is to derive some new operators
to account for (specular or diffuse) scattering at the interface, which are needed in
the interface conditions used to couple the transport and the diffusion equations via a
domain decomposition method of [11]. We then give rigorous L' error estimates, similar
to the L?-estimate in [11]. Numerical examples are used to show the performance of
the method.

The result of this paper differs from [11] in that the scattering is different at the
interface, thus different interface behavior exhibits which requires different interface
conditions and a slightly different convergence theory. It differs from [12] in that here
we couple a transport with a diffusion equation while in [12] two transport equations—
with discontinuous cross-sections—are coupled.



The paper is organized as follows. In section 2, we present some basic transmission
and reflection operators used in [1], and then derive several new operators that are
needed for the interface conditions. We then use these operators in both the first and
second order (in €) domain decomposition methods in section 3 and prove their L'
convergence. The numerical discretizaton is given in section 4 and some numerical
experiments are conducted in section 5 to show the performance of the methods. We
conclude the paper in section 6.

2 The interface conditions

In this section, we derive the interface conditions needed for the domain decomposition
method. Several new operators will be introduced for the interface conditions. The
properties of these new operators will also be studied.

2.1 Reflection and transmission operators

A 1
X2: Transport Region Xl: Diffusion Region
1
F
— + -_pll 12
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—_— —_—
- +
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Figure 2: A demonstration for operators R, R, S and 7, on the domains X;, X, with
the interface at x;; = 0.

Following the presentation of [1], let I'Y = [0, 1] and T2 = [—1, 0] be respectively the
sets of wave vectors in the two media pointing away from the interface, and I'y, = [—1, 0]
and T2 = [0,1] be the sets of wave vectors in the two media pointing toward the



interface. The reflection and transmission operators R¥ : Li(f‘ﬁr) — L,(T),i,j =1,2
map the functions defined on Fi onto the functions on IV, where the spaces LE are
defined by L?(X) = LP(X;|u|du) and R* corresponds to reflection, while RYi # j
describes the transmission across the interface. See Figure 2 for an illustration of these
operators.

Denote Wi (1) = W;(2ar, 1) ri.» @ = 1,2, then the interface conditions for the radia-
tive transfer equation (1.3) at x,, are

2

U (n) = S RY () (). (2.1)

j=1

Since the energy flux is conserved across the interface at x = ), the reflection and
transmission operators must satisfy the following condition:

J

for all functions h(u) € L, (T").
The usual Fresnel reflection-transmission coefficients are given by [16, 8]:

ph(p) dp+ /

It

| LRS00 do = [ R0 ) (22)

]_—11(/”) _ (ﬂ2U2M1 - PlU1M2)2 ~7:21(,U1) _ 4p2ﬂ1U%/~L%
(pavopir + prorpie)?’ (prv1pia + pavapu)?’
and
4papr1vzpis . v3
F2(u) = F (), F(ua) = TR if py > pe =1 - =5;
(12) (1) (12) (prvipe + pavapir)? ’ v}
f22(:u2) = 17 fm(ru’?) = 07 if M2 < He-

where p1, v; and po, vy are the background density and sound speed of the diffusion
region (), xg) and the transport region (x,xys) respectively, and vy, ve, p; and psg
satisfy the Snell’s Law of Refraction (1.2).

For example, if one considers the case that the waves at the interface undergoes
specular reflection and diffuse transmission, then the operators R¥ in the interface
condition (2.1) can be expressed in terms of F¥ as

R (a)(pn) = F (pa)a(—pma), Rm(a)(ul):?/ ulm—;}jfm(uz)a(uz)dul, (2.3)

0 H2
R2(a)(—pa) = F2(u)a(pz), R*(a)(—piz) = 2 / L g e
(2.4)

For physical and analytical reasons, we assume the operators R satisfy the following
assumptions (a part of Hypothesis 2.1 in [1]):
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1. The operators R are bounded on L*(I*}) and on L} (I”}), and the operators R"
are nonamplifying, i.e. ’|Rii||Loo(ri+)—>L°°(F1) < 1.

2. They are linear, and positive in the sense that RY(h)(u) > 0 a.e. p € T'" for all
h € L, (I'}) such that h > 0 a.e. on I'}.. Moreover, there exists constants ¢; > 0
so that R7(1) > ¢; a.e. p €T,

3. The reflection operators are not totally reflecting, that is, there exist positive
constants 7; and subsets I; € I\ of positive measure such that, for all nonnegative
functions h of support supp(h) C I,

/Fj || R (R)dp < (1 — ) /1 || h(p)dp.

Note that these assumptions will guarantee Lemma 2.1 below, and allow for a sufficiently
wide class of operators (Remark 2.2 in [1]).

2.2 The response operator and the Chandrasekhar H-function

The domain decomposition method needs the following two basic quantities for the
transport equation. First we define the Chandrasekhar H-function via an integral
equation ([6])

1 / YHW)
— = ———u'dy. 2.5
H(p)  Jo 2(p+p') (25)
The density of particles emerging from a purely scattering half-space is
1 ' H(y)
RG =-H G(p)——=u'dy'. 2.6
(RG) ) = 5H(0) [ Gl (2.6)

Note that the response operator R also appears in the diffusion region as shown in
Figure 2.

The study of Chandrasekhar’s H-function and of the response operator R is referred
to [9] and [10]. Another presentation given by stochastic processes can be found in [4].

2.3 Derivation of the new interface operators

Here we derive the operators S and 7 in Figure 2, which is needed in for the interface
conditions of the domain decomposition methods.
Let I be the identity operator, then by

Uy = RO + R2(U) and ¥ =R(V)), (2.7)

one has
U= (- RHR)_IRH\I!; (2.8)

7



Therefore
UF =R(V;)) =R(I — RM"R) R3]

which implies
Uy = R¥*(UH) + R#2(V)) = R*R(I — RM"R)'R¥(¥F) + R*(¥]). (2.9)
Denote
S=R'R(I-R"R)'R®* +R*® T =(I-R"'R) 'R, (2.10)
then the transmission and reflection interface conditions (2.8) (2.9) for W3 are
U, =8V, U, =795, (2.11)

The well-definedness of the operators S and 7', which depends on the invertibility
of the operator I — R''R, is given in the next lemma by Bal and Ryzhik (Corollary 4.4
in [1]).

Lemma 2.1. The operator (I — R'R)™! is bounded in L? for 1 < p < 400. Moreover,
there exists some number 0 < 0 < 1, such that

|RUR],, <16

2.4 Stability results

In this subsection, we present some stability results which are needed for the convergence
proof of the domain decomposition method.
First, we give a basic property of a positive linear operator.

Lemma 2.2. If P is a positive linear operator, then for any function f(u) € L*([0,1]),

[ wip@ian s [ urisha
Proof: Notice that
(P = (PU) — PUO)T < P,
() = (PUH) - PU)” < P()

where fT =max(h, f) and f~ = —min(0, f), so
AMWMW=AuWﬁW+@@YWéAu@WTWWW=Auﬂm)

For future use, we need the following three properties of the operators.
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Lemma 2.3. The operators R'', R*' and R satisfy the following property:

1.
[ iRy = [ g valo) € Li0.1) (2.12)
2.
IRl =1, Vpell, o0, (2.13)
3. 1 1
/ PR R(I — RM"R) " (h)dp = / phdp,  Yhe L,([0,1]), (2.14)

where LT, means LP(-, |u| dp).

Note that (2.12) and (2.13) come from equation (4.7) of [1], and (2.14) comes from
equation (5.13) of [1].

Let 0 = o(x) satisfy 0 < 0, < o(x) < 0* and ¢ = ¢(z) satisfy 0 < ¢(z) < ¢* < 1
for some constants o,, 0* and ¢* and for each = € [z, x)]. Consider the transport
equation

poef +o(f —cf) =0, (x,p) € (xr,zn) x [-1,1],
f(ILuu> = FL(N)? e (Ov 1]7 (2'15)
flear, —p) = Fur(p),  poe (0,1].

The following positivity lemma was due to Bardos [3]:

Lemma 2.4. If F}, and Fy; are nonnegative functions, then the solution of (2.15) is
also nonnegative.

Define two operators 7;, and 7y, on L}, ([0,1]) (i.e. L'([0,1], udp)) as the following:

(TLFL) () = f(zp, ) forae. pe (0,1 when Fy =0,
(T Fa) () = flaar, ) for ae. pe (0,1] when Fp =0.

(2.16)
by the linearity of (2.15), when neither Fy, nor F); is identically 0,
fles,p) = (ToFL)(p) + (T Far)(p), - for ae. pe (0,1].
Lemma 2.5. The operators T;, and Ty are bounded in L,([0,1]), as
1Ty <1 [Tl <1

The idea of the proof for this lemma mostly follows those in [11] except here we
work on L' rather than L.



Proof: multiply (2.15) by 1/2 and integrate it over |xp,zp] X [—1, 1], then

Tar . 1 1
/IL 0(1—C)fdx+%/0 uf(xL,—u)duﬂL%/O wf (xar, p)dp

: (2.17)

1 1 1
—5 [ wFudn 5 [ uFadn
0 0

1t
where f = 5/ fdu.
-1
Apply the equation (2.17) to Fiy = 0, Ff, = |g| with g € L},([0,1]), then

1 1
/u%(lgl)dué/ gl dp,
0 0

in which we have used the positivity property Lemma 2.4.
Since 7, is a positive linear operator, then by Lemma 2.2,

1

1 1
/OMITL(Q)IdMS/O uTL(Igl)dMS/O gl dp,

which means ||7;[|,, < 1. Similarly, one has || 7y/||;, < 1. In a word,
17l <1, and [ Tull,y < 1. (2.18)

It remains to prove that the second inequality is strict. Take F;, = 0, and pick up F),
as a sequence |¢,| = |¢,(u)| such that ¢, satisfies

H(b"HLb =1, and ||TM¢nHLL —1 as n— oo. (2.19)

Denoting f,, as the corresponding solution of (2.15), then using (2.17),

zm ol 1
/ / o(1—c)fpdrdu + / pfa(xp, —p)dp — 0 as n — +oo.
Ty, -1 0

Since o(z) > 0, > 0, ¢(x) < ¢* < 1, due to Lemma 2.4, we have f,, — 0 in
LY([zr, zy] x [—1,1]). By (2.15), this will imply ud, f, — 0 in L'([z, 2] X [—1,1]),
hence by

1 1 1 razm
n ) dp = s - F dp = 895 n\T, dxd
/0 (e fn(@ar, p)dp /0 p(f (@ar, ) — Fr(p))dp /0 /wL 10y fr(, pr)dzdp

the sequence (Za;¢n) (1) = fu(®ar, ) — 0 in L), which is contradicting to (2.19).
Therefore the second inequality is strict.

Lemma 2.6. The operator S defined in (2.10) is a contraction mapping on the space
L', and

'y

IS], = 1.
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Proof: for all f € L ([0,1]),
S(f) =R*R(I — RUR)T'RZ(|f]) + B#(|f])
Thus

| uSshdn = [ R — RORY RS+ [l )
0 0 0
1 1
— [ uR( )+ [ B 1
0 0

Z/Olulfldu

Note that the second equality comes from (2.14) in Lemma 2.3, and the last equality
comes from (2.2) by takeing i = 2 and j = 1.
Because S is a linear positive operator, by Lemma 2.2 we have

| uisthlde s [ ussidn= [ u(shdn foral £ € Li(0.1):

Therefore, ||S||;; =1, and S is a contraction map.
o

For convenience, in the next lemma, we restate some results of Proposition 4.1 in
[11] about the convergence of the diffusion approximation with boundary conditions.
In the diffusive region = € [z, x|, the scaled transport equation is

1 1 —
po W, + -V, = (1 -V, ay <z <zp, —-1l<p<l (2.20)
€ €
Let W (a],,-) be the right limit of W.(z,-) at the interface x = xy;, and ', 2, to
be two points in (s, zg) such that o, < 2.

Lemma 2.7. Error estimates for the diffusion approximation:

o At order O(e), define N§ as the solution of
1

Vit = [ b v i
Ny(ow) = L2 [ 0 (e in
then

Ve — Né”mo([ < Doe, and ¥ — N5||L1([ < Do,

(2.21)

x?\/px;{f]x[_lvl]) zar,zR|X[~1,1])
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moreover,

sup | We(2yy, —p) — R(We(aiy, o) ()] < Do, (2.22)

ne(0,1)

where R is defined in (2.6) and Dq is a positive constant.
o At order O(é?), define N as the solution of

1
) ) V3 [t
Ni — €A0:Nilo=ay, = 7/ pH (1)@ (23, p)dp,
0

€ € \/g '
Nl + EA@IN1|IZJJM = 7/ MH(M)\DE(zRaM)dM>
0

where X is called the extrapolation length, given as follows:

A Y /O W2 H (u)dp, (2.23)

then
[ = (N} = €p0o NY) | oo o o1y < D€’ (2.24)
moreover,
Sl(l(]pl) W@y, =) = R(Ce(@ iy, o) (1) — €N+ )0 Ni(ar)| < Die®, (2.25)
pel(0,

where D1 is a positive constant.

Here in the first inequality of (2.21) and (2.24) we only consider xpr < 'y, < x < 2’p <
TR to avoid the complication due to the boundary layers near x = xp; and x = xr which
does not change the results (see [11]).

3 The coupling algorithms

In this section we revise the coupling algorithm in [11] with the new interface operators
we derived in the previous section.

3.1 The O(¢) coupling
e Step 1. Solve the steady transport problem
10, P + ®g — Py =0, (w,p) € (vr,zp) X [—1,1],

(I)O(meU/) = FL(M)v e (07 1]7 (31)

o (zar, —p1) = S(Po(zar, )l 01) (1), p € (0,1],

where § is the decomposition operator defined in (2.10).
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e Step 2. Using the density ®, provided in Step 1, solve the diffusion problem

1
_gaxx(—)o + 7@0 = 07 LS ([L’M, ZIZ'R),
V3 !
Oo(znm) = 7/ pH ()T o (s, p)dp, (3.2)
0

V3 [
Oular) =5 [ wH () Pl
0
where H is the Chandrasekhar function defined in (2.5).

Remark 3.1. Notice that ©g is independent of p, thus there will be boundary layers of
thickness O(e) at the interface inside the diffusive region, which are not captured by
this coupling method.

The procedure has the same advantage as the one in [11]. The transport region and
the diffusion region are completely decoupled at the O(e) approximation so that the
solution does not depend on €. Actually there is a flux of order O(e) at the interface
from the diffusion region to the transport region, which requires the coupling of these
two regions to get the next order of accuracy O(e?).

3.2 The O(¢?) coupling
In order to obtain a second order scheme, one needs another coupling procedure.
e Step 1. Solve
(0, @1 + @, —c®; =0, (a,p) € (vp,2r) X [—1,1],

®y(zr,p) =0, pe(0,1], (3.3)
@y (zar, =) = S(®1(xar, ) o) (1) + B (I = RR™) M\ + 1)8:00 ().
e Step 2. With the results of ®;, we continue to compute

1
B ga:c:c(as + 766 =0, ze ([L’M,ZL’R),

&mnﬁn@mm:gﬂummvm+@Mww>
+e(I — R"R) ' R™M (A + 1)9,00(z )] dpe,

(3.4)

Oc(zr) + €XND,O(7Rr) = g /0 peH (p) Fr(p)dy,

where A is given in (2.23).
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3.3 Convergence of the two coupling algorithms

In this subsection, we establish the convergence of the two coupling algorithms intro-
duced in the previous subsection. The proof follows those in [11] except that here we
work on the L' space rather than the L? space in [11]. We will skip many details of the
part of the proof which resembles those in [11], and only give the parts where things
are slightly different.

Theorem 3.2. Let W, be the solution of the original two-scale steady transport problem
(1.3)-(1.4) with coefficients as in (1.5), and define Wy as follows:

\1’0(377#) = q)()(x7/~j“)a \V/(ZL',/.L) € (xLaxM) X [_17 ]-]7
Ve, 4) = Oolx), V(1) € (aar, o) X [~1,1].
Then
19 = PO L1 (for wmix(-1,1) = Oe)
and, for each 'y, v € (xar,xR) such that 'y, < ay, one has
1We = WOl o ot -1 + 1% = U0l oe a1y = O(e)
as € — 0.

Proof: Let V¥ (z;,,-) be the left limit of U (z,-) at the interface x = xs, and
1
o(x) = 1z, 20 (z) + El[vaxR](x) and c(z) =1—€*y for x € [ry, 25

For pu € (0,1], define ¢c(p) := We(ayy, —p) = S(We(wyy )l 0,11) (1)-

Notice that (2.22) in Lemma 2.7 will imply ¥] = R(¥]) + O(e) actually in (2.7).
Therefore the boundedness of the operator (I — RMR)™!, thanks to Lemma 2.1, will
lead to [|¢c]|; < Coe, where Cy is a positive constant.

Moreover, we have HS”LL = 1 by Lemma 2.6, ||TL||LL <1, ||TM||L,5 < 1, by Lemma

2.5, and the energy density estimate in L!([xy, z] X [—1,1]) using (2.17) and Lemma
2.4. So by following the same plot as that of Theorem 3.1 in [11] except that the space
L? used in [11] is replaced by Lj,, one will get to the conclusion. We omit the details
here.

Theorem 3.3. Let V. be the solution of the original two-scale steady transport problem
(1.8)-(1.4) with coefficients as in (1.5). Define W' as follows:

Ul = (g + ePy)(z, ), V(z,pu) € (xp,xpm) X [—1,1];
Ul =0.(r) — eudO(z), V(z, 1) € (xpr,xg) X [—1,1].
Then, for each 'y, v € (xar,xR) such that 'y, < &y, one has
1P = W Lo annx 1) + [ Pe = Wil Lo (@, apx (-1.1)) = O(€?)

as € — 0.

14



Proof: First, we derive the O(e) corrections for the interface fluxes ¥5,i = 1,2

1
shown in Figure 2. Let \Iffﬁ,i = 1,2 be the corrected interface flux, then

Ui, = RUT, +e(A+ p)0:00(xar) + O(€?) (3.5)
Uy, = R"MU{ + RZUT,
Uy, = R21\Iffe + R22\11;6

Note that (3.5) comes from (2.25) in Lemma 2.7.
By (3.5) and (3.6), one has

Ui =R(¥,) =RR"(V],) +RR?(VF,) + e(A + 1)0,00(xar) + O(€%),
which implies
Ui, = —RR")T'RR*(V3,) + (I — RR™)'e(A + pn)8,00(xa) + O(?).  (3.8)
Plug (3.8) into (3.7), one gets
Uy =8U3 + R*(I —RR") e(A+ 1)0,00(znr) + O(€%). (3.9)
By (3.5) and (3.6), one could also have
Ui =TV5, + (I — R"R)'R"e(A + 1)0,00(xnr) + O(€%). (3.10)

(3.8) and (3.10) will finally lead to the order O(€?) coupling algorithm (3.3) and (3.4).
For u € (0, 1], define

Ye(p) = Te(wyy, —p) = S(We(@yy, o) (1) — BT = RRY) 7 e(A + 1) 9200 ().

then (3.9) will imply ||¢e]| ;- < Ci€?, where C is a positive constant.
The remaining proof resembles that of Theorem 3.2 in [11] except that the space Li
used in [11] is replaced by L], The details are omitted here.

4 Numerical algorithms

We choose the same numerical schemes as those used in [20] except the treatment of
the interface conditions.

4.1 The O(¢) scheme

First, we use the Gauss quadrature to approximate the collision operator. The
Gaussian quadrature points in [0, 1] are given by p,,, with the corresponding weight
Ay, form =1,--- M, satisfying

H—m = —Hm, A—m = Am
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Then, we discretize the operators RY and R, i,j = 1,2, numerically by the Gauss
quadrature. Note that the Gauss quadrature will provide a higher accuracy in the
computation of the Chandrasekhar H-function. Since the operators are linear at the
interface, the discrete forms of the operators will be constant matrices.

Denote the constant matrix P¥ to be the discrete form of R% and the constant matrix
() to be the discrete form of R, then the discrete form of S in (2.10) is simply given by

S = PRQ(I — P'Q)"'P? 4 P22, (4.1)
Similarly, we denote the discrete form of 7 in (2.10) as
U=(-PQ)"'r*". (4.2)
and the discrete form of (I — R"R)™'RM as
V=(I-PlQ)'P" (4.3)

In addition, one should be careful when discretizing R'? and R?!, because they map
the discretized function values on p,,, m =1,--- , M, into the ones that are not one of
wi’s. Therefore one needs to do interpolation during the discretization. Note that this
interpolation is not needed when discretizing the operator S, although it involves with
R'? and R?!, since it maps the discretized function values on ji,,, m = 1,---, M, into
the ones on the same p,,’s.

Next, we use the upwind scheme for the transport equation, and center difference for
the diffusion equation.

Step 1. In domain [z, z)/], set

1
h=—=(xy —xr), x =xp+ih, D = Do(y, fm),

] (]
1=0,---,1, m=1,---, M,
then
e For p,, >0
H c =z
m m m m L _n.
T(q)i _(I)i—l)_l_q)i - Z Z Alq)i =0;
I=—M

o for p_,, <0

M
H—m —-m —-m —-m c
O - @) + @ = > AR =0.

l=—M

Using the Gauss quadrature again, we obtain the discrete boundary conditions

q>6n:FL(lU“m)’ m = 17"'aM>

M
O =" S,
=1

where S, is the (m,[)-component of the matrix S in (4.1).
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Step 2. In domain [z, zg], set

h=—(xp—2xMm), z; =zpm+ jh, j=0,---,J, ©;=0q(z,),

N

we use

10,11 -20;+6;,4
3 h?
with the boundary condition

+40; =0, (4.4)

M%

M M
ZZ Ml AzUzk(I)p
=1 k=1

\/g M
0= e ;mH(M)AlFR(M),

where Uy, is the (I, k)-component of the matrix U in (4.2).

4.2 The O(€?) scheme

Step 1. Observing that (3.3) differs from (3.1) only on the right hand side of the
equations, so one just needs a discretization of 9,00(x)), and we use the second order
formula

—@Q(SL’M + Qh) + 4@0(£L’M + h) - 3@0(1‘1\4)

+ O(Rh?).

Step 2. We use fictitious points to discretize the diffusion boundary conditions in
order to gain a second order accuracy in the diffusion region (to be the same order of
accuracy as the interior of the domain [z, zg]). Using

0, -6_

+O0(h?),

then the left boundary condition is discretized as

\/g M M
e DN wH () [Unk(®o + €@1) (s, ) + V(A + 1) 0:00(a1)]

where Uy, and V are the (I, k)-components of the matrix U in (4.2) and the matrix V'
in (4.3) respectively.
Using the first equation of (3.4) at xy,

16,20+ 6.,
3 02
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By combining these two equations, one gets the second order approximation of the
diffusion boundary condition at x;:

€A 3h 2

= Z Z puH () (U (@o + €®1) (@ar, pr) + €Vie(A + 11x) 02 O0 (1)) -

Similarly, the diffusion boundary condition at xg is discretized by

3h ., 2 ) V3
(1 + 79\(% + 7)) 05— 7051 =" ;NH(Nl)FR(Nl)'

In the interior of the domain, the same second order centered difference scheme is
used as in (4.4).

5 Numerical examples

In this section, we present numerical results about waves undergoing specular reflection
and diffusion transmission at the interface (2.3)-(2.4) to check the performance of the
schemes described above. For comparison, we use the finite difference scheme introduced
in [12] to solve the original transport equation (1.3)-(1.5) with interface condition (2.1).

The interface of two domains is located at x3; = 0. The medium on the diffusion
region (x)7,zg) has the density p; = 0.5, the velocity v; = 1.2, the medium on the
transport domain (xy, ) has the density p, = 1.0, the velocity vy = 1.0. We solve the
evolution equation (1.1) to the steady state to get the compared stationary solution to
(1.3).

Moreover, we take Fy(u) = Fr(p) = 1 in (1.4), ¢(x) = 0.9 for x € (xp,x)) and
v =11in (1.5).

The mesh size for both the transport region and the diffusion region in the O(e) and
O(€?) numerical schemes is Az = 0.05. The number of Gaussian quadrature points is

2
v

M = 16. Notice that the energy density will be discontinuous at p. = — -5 due
1

to the interface operators, therefore to have a better performance, we put M/2 = 8
Gaussian quadrature points in [0, p.] and [, 1] respectively.

We take Az = Ap = 0.005 and At = eAx/5 to numerically simulate the evolu-
tionary transport equation (1.1) with the boundary conditions (1.4) for any time ¢, the
two-scale isotropic coefficients (1.5) and the interface condition (2.1). We run the codes
with the initial condition ¥ (¢ = 0, x, u) = 1.0 until the final time 7" = 30 to make sure
we have got the steady solution. Note that the mesh size of the domain decomposition
method is ten times as big as the one used in the direct simulation of the evolutionary
two-scale transport equation.
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e O(e) results. Figure 3 (left) shows that when e is getting smaller, the steady
solution W, is getting closer to the O(€) numerical solution W°. Besides, Table 1
gives the L' errors of the average energy density between the steady solution W,
and the O(¢) numerical solution WO for different e values, in which one can see
that when the € is reduced by a half, the error is almost reduced by a half, which
coincides with the first order convergence given by Theorem 3.2. Moreover, we
also give a 2d-plot of the O(¢) numerical solution ¥° in Figure 3 (right).

e O(é?) results. The 2d plots of the steady solution ¥, and the O(€*) numerical
solution ¥! at ¢ = 0.10 are given in Figure 4. Figure 5 gives the comparison of
the average energy density between the O(e) numerical solution WO, the O(e?)
numerical solution W! and the steady solution W, at ¢ = 0.10 and ¢ = 0.20. The
error plots are shown in Figure 6.

e Efficiency. To show the efficiency, we do the numerical simulation for the case
e = 0.0001, where the "true” solution is approximated by the O(e?) algorithm
using Ax = 0.01 which is good enough based on Theorem 3.3 and the above
numerical simulation. As we can see in Figure 7, the O(¢e) decoupling algorithm
using the coarse mesh size Az > e still provides good approximation results
compared to the ”true” solution, especially in the diffusive region [0, 1].

€ 0.40 0.20 0.10 0.05
v, —Po 3.03x 107 | 1.78 x 107" | 9.83 x 1072 | 5.07 x 1072

Ll

Table 1: The table shows the L' errors between the average energy density of the steady
solution W, and the O(¢e) numerical solution WO for different e values.

+  Of(g) solution
1k —-—-ep=0.05 i
ep=0.1 14
ep=0.2 +
ep=0.4

Average Density
o
3

LIALH,
IBLIAT y
BRI
SRLRALAL
SRS
25

Figure 3: O(e) results. The left figure shows the average energy density of the O(e)
numerical solution W0 and the steady solution W, of different e values; and the right
one shows the 2d-plot of the O(¢e) numerical solution ¥°.
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Figure 4: O(e?) results at ¢ = 0.10. The left figure shows the 2d-plot of the steady
solution ¥,; the right one shows the 2d-plot of the O(€*) numerical solution W!.

£=0.1

T

O(g) solution

+ O(zz) solution
ep=0.10 7]

11 T T

N
T
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+ O(zz) solution

o
©
T
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o
@

Average Density
o
3

Average Density
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o
o
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o
@
T

Figure 5: The figure shows the comparison of the average energy density between the
O(e€) numerical solution WO (*."), the O(e?) numerical solution ¥! ("+’) and the steady

solution U, (solid line) at € = 0.10 and € = 0.20.

e=0.1 £=0.2
0.18 T T 0.18 T T
E, Y
oi6f| . E, 1o | g 1
0.14f 1 o014t 1
0.12r 4 0.12f b
0.1r 4 01f b
0.08 4 0.08f b
0.06 - 1 0.06f 1
0.04F 1 oo0af J
- +
w7t
0.02} 1 o002} Lt 1
++ 4+t Lttty
04++++++++++++++*++ R PIMEE b ettt R R N
. . . . . . . . . . . . . . . . . .
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1 -1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

Figure 6: Error plots, where E; = ‘\If_e — @) and Ey = )E — !l
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Figure 7: The figure shows the comparison at ¢ = 0.0001 where different coarse mesh
sizes Az > € are taken in the numerical simulation of the O(¢) domain decomposition
method.

6 Conclusion

By introducing the new interface operators (2.10), we extend the domain decomposition
method by Golse, Jin and Levermore in [11] to the diffusive interfaces where the energy
flux is conserved. It inherits the merit of the method proposed in [11], which decouples
the transport and diffusion equations to the leading order and completely avoids any
iteration. By an O(e) correction in the interface condition, a second order accuracy
is obtained, which requires only one iteration. The desired accuracy for this domain
decomposition method is proved and tested numerically. Besides, we also show the
numerical efficiency of this method in the case where the mean free path is pretty small
in the diffusion region.
In the future, we will extend the method to high space dimensions.
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