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Abstract

We study the semi-classical limit of the Schrodinger equation in a
crystal in the presence of an external potential and magnetic field. We
first introduce the Bloch-Wigner transform and derive the asymptotic
equations governing this transform in the semi-classical setting. For
the second part, we focus on the appearance of the Berry curvature
terms in the asymptotic equations. These terms play a crucial role in
many important physical phenomena such as the quantum Hall effect.
We give a simple derivation of these terms in different settings using
asymptotic analysis.

1 Introduction

This is the first of a series of papers on the asymptotic analysis of the quan-
tum dynamics of electrons in materials. In the present paper, we introduce
the Bloch-Wigner transform, which is a natural extension of the well-known
Wigner transform for crystals, to study the macroscopic behavior of the
electron dynamics in the presence of an external potential. We then carry
out a WKB analysis of the Bloch dynamics for an electron in a bulk crystal,



and focus on the derivation of the Berry phase terms and the related Bloch
dynamics with Berry curvature. The asymptotic equations derived in this
paper are not new. But we introduce a slightly different perspective from
the existing literature and this is going to be very useful for our subsequent
work.

The electronic dynamics in crystals have been studied for many years
in the semiclassical regime, where the Liouville equations replace the role
of the Schrédinger equation in the limit when the rescaled Planck constant
tends to zero. With the help of the Bloch-Floquet theory [13], Markowich,
Mauser and Poupaud [10] derived the semiclassical Liouville equation for
describing the propagation of the phase-space density for an energy band,
which controls the macroscopic dynamic behavior of the electrons. Later
these results were generalized to the case when a weak random potential [3]
and nonlinear interactions [7] were present.

Berry phase is an important result that appears during the adiabatic
limit of quantum dynamics, as some external parameters are varied slowly
[4, 14]. As B. Simon observed in [15], the adiabatic Berry phase has an
elegant mathematical interpretation as the holonomy of a certain connection,
the Berry connection, in the appropriate fiber bundle. This setup gives rise
to the Berry curvature, which is gauge invariant and can be considered as
a physical observable. It has been used in the Bloch dynamics to explain
various important phenomena in crystals, see for example [18] and related
references. Panati, Spohn and Teufel later gave a rigorous derivation of such
Bloch dynamics in [11, 12] by writing down the effective Hamiltonian with
the help of the Weyl quantization.

The main purpose of this paper is to give a simple derivation of the
effective Bloch dynamics in crystals based on asymptotic analysis. The end
results that we obtain are not new, but our approach is considerably simpler
than that in previous works. In particular, we give a simple derivation of
the Berry curvature terms in the semi-classical limit of the Bloch dynamics.
We will also introduce a natural extension of the Wigner transform for the
setting of crystals. This new Wigner transform, which we call the Bloch-
Wigner transform, seems to be an effective tool for analyzing the dynamics
of electrons in crystals.

In subsequent papers, we will study electron dynamics in metals and
insulators in the presence of external fields within the context of the time-



dependent Thomas-Fermi model, Hartree-Fock model or density functional
theory. Our ultimate objective is to give a unified treatment of electron
dynamics in materials, with applications to nano-optics and quantum trans-
port.

2 Preliminaries on the Bloch theory

Given a crystal lattice I', we consider a rescaled Schrédinger equation:
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where Vi (+) is a potential, which is periodic with respect to I' and ¢(x) is

2
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a scalar potential. Eq. (2.1) is a standard model for describing the motion

of electrons in a perfect crystal when an external macroscopic potential is
applied. In physical units, the equation is given by

OV h?
’LFLW = —%A\I' + Vr(x)¥ — ¢(x) W, (2.2)

where m is the atomic mass and £ is the reduced Planck constant. As in [2],
we introduce ¢ as the lattice constant and 7 = m¢?/h as the small (quantum)
time scale, and denote L and T as the large (macroscopic) length and time
scales, then

2 2
V@) = TV (E), o) = So-a(3).
By defining
p— L = i - £ h = h_T
YT T T T
one obtains after dropping the tildes,
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This equation has two small parameters, € and h. We will only consider the
distinguished limit when A = . This is a difficult case, as was pointed out
in [2].

In the case when the external potential is absent, the time evolution
is determined by the Bloch-Floquet theory [13]. Denote the Hamiltonian
operator

HmréA+%@) (2.3)
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The Bloch decomposition of Hy is given by
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T Jp

Hy Hydk, (2.4)
where |['*| is the measure of the first Brillouin zone, and

1
Hy, = —§Ak+VF(Z) (2.5)

is the Laplacian operator acting on f € L?(I') with the Bloch boundary
condition:

e~ %2 f is periodic on [0, 27]". (2.6)
The eigenvalues and corresponding eigenfunctions of Hj are obtained from
solving
1
5(—1’Vz +k)? + Vr(z)} Xm(k, z2) = En(k)xm(k, z). (2.7)

with x(k,-) periodic on I'. It is also convenient to extend the domain of x
so that the functions involved are periodically extended.

Let us also denote the eigenvalues of (2.7) as E,,(k) with the ordering
that Ey(k) < Ea(k) < ---. We have

o(Ho) = | J Em(T™). (2.8)

For each m, E,,(T'*) gives a band (as a map from I'* to R), and

(Pm(z7 k) = eik.ZXm(k:a z)

satisfies Hym = Emom.

3 The Bloch-Wigner transform

When Vi =0,
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the (asymmetric) Wigner transform defined as

2
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is a useful tool for studying the Schrodinger equation in the semi-classical
regime [9, 7].

In the presence of a periodic background potential Vr, for each n and m,
we introduce the (asymmetric) Bloch-Wigner transform:

v ey Tty ke (2 k). (1)

ot x, k) :/

where k is in the first Brillouin zone, and f means the complex conjugate of
f. The motivation of the Bloch-Wigner transform is the following. In the
Wigner transform (3.10), the phase factor exp(—iky) can be understood as

e—iky _ eik(x/e—y)e—ikx/e’

where the Fourier term e~%2/¢

ator —%62

is the generalized eigenfunction for the oper-
A. Now, due to the presence of the periodic background potential
V1, the generalized eigenfunction for the time-independent operator without
external potential —1e?A + Vp(z/e) is no longer the Fourier wave, but the
Bloch wave as we have seen in the last section. Thus, it is natural to replace
the Fourier waves used in the original Wigner transform by the Bloch waves.
This gives rise to the Bloch-Wigner transform defined in (3.11).

We notice that the Bloch-Wigner transform is related but different from
the discrete Wigner transform introduced in [10]. In a sense, it is closer to
the approach taken in [3]. Instead of decomposition of the equation into
separate energy bands, the current approach treats the solution as a whole,
but use a different (but natural) approach to analyze the phase space density.

Taking the time derivative of (3.11) yields
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where I, j = 1,2,3 are given by
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Using integration by parts, one obtains
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Therefore we obtain the Bloch-Wigner equation

ion(Z,k) 2
1

= —(En(k) = Ealk))05 + 5. (312)

8t0-frm + Vm . (

We now derive the asymptotic limit of the above equation as ¢ — 0. For
this, multiplying both sides (3.12) by a smooth, compactly supported test
function f(t,x) and integrating in time and space, we get

5Va390n( k) c 1€ c

:/ f(t,ac)<E(Em(k) —En(k:))o—fm+13>. (3.13)



Substituting into the ansatz for o5, = o3, + ok, + -+, to the O(e71)
order, we have

/ / St ) (B (k) — En(k))0% = 0. (3.14)

For simplicity, we will assume that for m # n, E,,(k) # E,(k). Hence,
o0 =0 for m #n.
To the O(1) order, we have

/ / 00mOif — 0% VEEm - Vaf + Vad - Vol f = 0, (3.15)

where we have used the fact that

Iy = =Va(t, @) - Viop,, + O(c) (3.16)
Vaon(2,k) = ViEn(k)pn(2,k) + > cmipm (2, k). (3.17)
m¥#n

Note that the terms involving ¢,,(z, k) do not contribute because o9,,, = 0

for m # n.

0

Summarizing, we arrive at the equation for oy,

0100, (t, @, k)+ViEy Vol (t,x,k)+Ved-Viod, (t,xz, k) =0. (3.18)

This gives the leading order behavior of o7,,,.

The Bloch-Wigner transform is an elegant way for obtaining the leading
order asymptotics in fairly general situations. In principle, it can also be
used to study the next order behavior. However, the procedure becomes
quite involved. In the following, we will turn to more traditional WKB
methods. Our interest is the Berry curvature terms, which arise in the next
order asymptotic equations.

4 Derivation of the Berry curvature using the WKB
method

We will assume that the initial condition of (2.1) is well prepared in the
sense that it is concentrated on a single isolated energy band:

iS(](O, ac)
=), (4.1)

W*(0,@) = ao(@)xm (VS0 =) exp(
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The band index will be omitted from now on. Note that for this WKB type
of initial condition, our asymptotic method is only valid before caustics.
To overcome this difficulty one needs to consider for example the Gaussian
beam methods [6, 8] or the Wigner functions [9, 16].

We will take the following ansatz for (2.1):

). (4.2)

Substituting (4.2) into (2.1), we obtain the eikonal-transport equations for
a(t,x) and S(t,z):

Wi 1,2) = (1, @)V, 2) exp(22)

asym

oS + E(VzSo) — ¢ =0, (4.3)
D0+ ViE(VaSo) - Vaa + %avw(VkE(VwSo))

—iaA(VgSy) - Vgo =0, (4.4)

where A(k) = (x(k,-)|iVg|x(k,-)) € R"™ is the Berry connection. Here
Dirac’s notation of bra (:| and ket |-) are used:

(7lg) = [ Fodz

(f|Alg) = / FAgdz,

where f is the complex conjugate of f and A is an operator. We omit the
derivation of these equations here, since we will provide the derivation in
appendix for more general cases.

Up to this point, the result is standard. What we have done is just
a higher order expansion of WKB methods. Same equations have been
obtained in a similar way, for example, in [5]. We have the following theorem
which states that the WKB method works up to the formation of caustics.

Theorem 4.1 Define ¥ to be the solution to (2.1) with the single band
initial condition (4.1). Assume for the initial condition, ag(x) € S(R™) and
So(0,x) € C°(R™). Assume there is no caustic formed before time t, then
the asymptotic solution given by (4.2) is valid up to any t < ty, and there
exists a constant C' such that

Osgglit H\IJE(T7 w) - \IJZsym(Tv w)HLQ(Rn) < Ce.



The proof of this theorem is standard and essentially contained in the paper
[5], and therefore we will omit the proof here.

Now we are going to link (4.3)-(4.4) to the Bloch dynamics with Berry
curvature. As the Bloch dynamics is quite useful in physics (see for ex-
ample a recent review article [18]), a better physical interpretation of the
asymptotic analysis is provided.

The key observation is that the equation (4.4) is a complex equation, we
can rewrite a(t,x) = A(t,x)exp(iSi(t,x)) and separate (4.4) into its real
and imaginary parts:

OrA + Vk,E(VwS()) VA + %Vm (Vk;E(VwSO))A =0, (4.5)
0S1 + VEE(VgSy) - Ve S1 — A(VaSo) - Vg = 0. (4.6)

We now define a new phase function S = Sy +¢57 and write an equation
for S according to (4.3) and (4.6):

WS+ E(VgS) — ¢ —ecA(VgS) - Ve =0. (4.7)
Taking the gradient of (4.7) with respect to x yields

The equation for the characteristics of (4.8) is given by

i_f — VRE(k) — eViA(k) - Vad(@), (4.9)
then (4.8) becomes, by letting k = VS,
i_’: = Vao(x) + e A(k) - VaVad(x). (4.10)

If we use the change of variables
x=2a—cAk), k=k,

we obtain, after dropping the tilde,

dx dk
 — ViB(k) — e x Vi x A(h) (4.11)
dk



Here Vi x A(k) is the Berry curvature. We remark that compared with
the traditional Bloch dynamics [1], the new terms depending on the Berry
curvature are of higher order in ¢.

The equations (4.11)-(4.12) are not new, they have been obtained from a
physical argument by Sundaram and Niu [17]. In the mathematics literature,
the equations have been rigorously derived by Panati, Spohn and Teufel [11].
However, the derivation here is considerably simpler than that in [11] and
provides an easier way to understand the results.

It is straightforward to extend this procedure to more general cases. We
will see that the above strategy can be used to derive Bloch dynamics in
various situations.

5 Bloch dynamics in inhomogeneous crystals

Now we turn to a rescaled Schrodinger equation with the time dependent
two scale potential:

. 0V*
e,

2
_ &g LA 0
= —SAv +V(t,w,€>\ll, x eR", (5.1)

where V(t,x,z = 2) is periodic in 2z on the lattice I'.

Again we only consider initial conditions that are concentrated on one
single band and drop the band index. We will use time dependent two scale
WKB ansatz as:

1So(t, x)

xr
\Iltezsym = a(taa:)X(ty VaSo, , g)exp( ) (52)

Here the time dependent two scale Bloch function x(t, k,x, z) is the eigen-
function of the following equation

1
5 (CiVe+ k) +V(tx,2) | x(tk @, 2) = Btk 2)x(t k2, 2). (5.3)

Note that in (5.3), ¢, k and @ are parameters. In other words, we consider a
cell problem in z while freezing the macroscopic position in space and time.
Substituting in the ansatz, we get the eikonal-transport equations in this
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case (the derivation is provided in Appendix I)
0¢So + E(t, VS, x) =0, (5.4)
0+ VhE Vo + 5aVa - (VkEl=v,s) — iallidi})
+iaVgE - (x|iVk|x) — iaVEE - (x|iVz|x) = 0, (5.5)

To give a better interpretation for the equations we just obtained, we
follow the same trick that we used in the last section. Define a(t,z) =
A(t,x)exp(iSi(t,z)), then the first order corrected phase S = Sy + &5
satisfies

WS+ E(t, VS @)+ eAg - Vg —ecAy —eAy - Vi E =0, (5.6)
where the Berry connections Ag, A;, A, are given by

Ak = (X|iVk|x), Ai = (x|i0]x), Az = (X|iVa|X), (5.7)

where x = x(¢,x, k). Note that we now have three type of Berry connec-
tions, as the Bloch Hamiltonian depends on ¢, & and k as parameters.
The equation (5.6) implies the following ray (characteristics) equations:

d
d—f — ViE + eViAp - Vo + e Ap - Vo ViE — Vi A,
- EVkAw . VkE — E.Aw . VkaE,

dk
= —VaE — A - VaVaE — VA - Vo FE + eV A,

Using the change of variables,

r=2z—cApk, @), k==k+cAy(k &), (5.8)

one recovers the Bloch dynamics in inhomogeneous crystals shown in [12, 19],
after dropping the tilde, we obtain

da dx dk

O VeE — e e — 20

T Vi ke T SRk T Skt
dk dx dk

E = _va + 69;3;35 + €kaE + €th.
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The curvatures Qrg, Qrk, Qeks Qews Qpt, Qe are defined as

Qe = Viedy — (Vo Ar) T, Qe = Viedr — (VieAr) T,
Qa:k: = VwAk — (Vk.Aw)T, Qa:a: = Va:Aac - (Vac-Aac)T7
th = Vk.At — (8tAk)T, th = Vw-At - (8tAw)T7

where M7 means the transpose matrix of M.

6 Magnetic Bloch dynamics in inhomogeneous crys-
tals

In this section, we consider a more general case with the presence of magnetic
field. The rescaled Schrodinger equation becomes
CovE 1

_ - T 2 5 z 3 n
(23 ot = 5 <—Z€v:1: + b(t,ma g)) vE 4V (tvmy g) v , T E R ; (61)

where b(x) is the vector potential and the magnetic field is given by B =
V x b. The positive sign before b(x) comes from the negative charge of
electrons.

We take an ansatz of the form (5.2), after some lengthy calculation (cf.
Appendix II), we obtain the corresponding eikonal-transport equations:

0:So + E(t,V4Sp,7) = 0, (6.2)

1
Oia+ ViE - Vga+ §avm . (VkE|k:VmS) — ia<x|i6t|x>
. . 1
—iaViE - (x[iValx) = 5 (Vix|[Vab = (V2b)" ] (H — E)|Vix)

. . 1
+Za<vmVX| ’ ka|X> + §<VkX| [Vmb - (Vmb)T] Vk:E1|X> = 0(6'3)

where x(t, k,x, z) is the eigenfunction for magnetic Bloch Schrédinger op-
erator H,

1
Hy = 5( —iV,+ k —|—b(t,m,z))2 +V(t,x, z)| x(t, k,x, z)

=E(t,k,z)x(t,k,z,z). (6.4)
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In the equation, ¢, k and x are parameters, therefore, similarly as in the last
section, we will obtain three type of Berry connections.

To derive the magnetic Bloch dynamics, we rewrite (6.3) in terms of the
Berry connections defined in (5.7) with the help of (A.11),

1
Oia + ViE - Vya + §avm . (VkE|k:VmS) —iaA;
+iaVeE - A —iaVpE - Ay —iaMpg = 0,
where Mp is given by
Mp =Im(Vex|(H — E)|VaXx).
Note that if b(¢, x, z) is independent of z, then
1 T
Mp = Z<ka|(va:b - (Vmb) )(H - E)|VkX>
1
= %kaf x (H — E)|Vgx) - B.

Similarly as before, we write a(t,z) = A(t,x)exp(Si(t,x)), then the
equation for the new phase function S = Sy + &5 is

WS+ E(t, VS @) +ecAg - VoF —cAy — Ay - Vi E —ecMp =0,

which implies the following dynamic equations after performing the change
of variables (5.8),

dx dx dk

E = Vk,(E — EMB) — EkaE — EQkkE — Eth, (6.5)
dk dx dk

E = —Vw(E — EMB) + Ewaa + Ekaa + Eth. (66)

We obtain the above equations for the general situation, as have been
seen, the derivation using WKB method is straightforward.

We remark that, in [6], a simplified situation is considered in which the
vector potential b(t,x, z) does not depend on z and V(t,x,z) = Vp(z) —
¢(x). Therefore, the sum of the last four terms of (6.3) can be simplified as

s 1
—iX[IVk[X) - (Va¢ = VeE x B) = 5{(Vix| x (H = E)|Vkx) - B,
which is consistent with the equation (29) in [6].

13



In addition, using Peierls substitution p = k + b, we see that (6.5)-(6.6)
can be rewritten for the simplified case as

dz dp_ ()

ar = VelE —eMe) ey x4

dp da

=V — — x B—eVyMp,

= \V4 ¢ T X eV B
where

1

Mp = %<ka| x (H = E)|[Vix) - B"FP—’”

and

Q = Vk X Ak‘k:p—b'

These are consistent with the equation (59) in [11]. Therefore one recovers
the usual magnetic Bloch dynmaics in this specific case.

7 Conclusions and discussions

We have introduced a natural generalization of Wigner transform to the
crystal case. We have also given a simple and unified treatment of the the
Berry curvature terms in the context of Bloch dynamics, which is the semi-
classical limit of one-particle Schrodinger equation in crystal. This offers an
alternative approach to the work of Panati, Spohn and Teufel [11, 12]. So
far we have been only focused on the case when the waves are all in a single
isolated energy band. In some materials the effects from the many-body
electron interaction is important. This has inspired the efforts to include
the Berry phase in the density functional theory with spin degree of freedom
which is going to the subject of our subsequent papers.

14



Appendix: Derivation of the transport equations

I. The case of the vector potential b =0

Substituting the WKB ansatz (5.2) into (5.1) yields, after taking the inner
product with y,

By + alxldi) + Vaa - (x| — iVax) + VaS) + %aAmS
+a{X|Vex)VaS : VaVaS — a(x|iVEV2x) : VaVaS
+a(x|Vax) - VaS — a(x[iVa - Vzx) = 0, (A1)

where we have used the notation
dix = X — VeXVEE : VieVaeS — Viex - Vi E.

Differentiating (5.3) with respect to k and taking the inner produce with x,
we have

ViE = (x| —iV.x) + k. (A.2)

Differentiating (5.3) with respect to k twice and then taking the inner prod-
uct with x gives

(—[ + VkaE) ,

N | —

(=VeE +E){(x|Vex) — (X[iV2Vix) =
where [ is the identity tensor. Taking V- of (A.2) yields
Vo ViE = (x| = iVa  Vax) + (=iVa - Vax|x).
Note that

(VeVEE : VoVaS + Vg - ViE) [k=v,s, (A.3)

N —

1
3Va- (ViE|k=v,s) =

and
1
XIVax) - VS = §(<X’wa> VS — (Vax|x) - va)~

Putting these identities together, (A.1) is simplified to be (5.5).

15



II. The case of the vector potential b # 0

The equations become more complicated when the magnetic field is nonzero.
Substituting (5.2) in (6.1) produces

00+ a{x|dix) + Vaa- (x| ~ 9200 + VaS + (x[bx) + 5050
+a{X|VeX)VaS : VaVaS — a(x|iVeVex) 1 VaVas
+a({X|Vax) - VaS — a(x[iVa - V2X) + a(x|b - Vax)
+a(x|bVgXx) : VeVeS =0, (A.4)

where

dix = X — VeXVEE : VeVaeS — Viex - Ve E.

1
Note that H = 5( —iVy+k+b(t,x, z))2 + V(t,z, z). Differentiating (6.4)
with respect to k twice gives

(H — E)Vix + ViHx - ViEx =0, (A.5)
(H — E)ViVix +2(VieH — ViE)Vix + (VeVieH — ViV E)x = 0.
Taking the inner product of the last two equations with y yields

ViE = (x| —iV2x) + k + (x|bx), (A.6)

(=ViE + k) {(x|Vix) — (X[iV2Vix) + (x|bViX)

(—I + Vi ViE). (A.?)

N =

(A.6) and (A.7) simplify (A.4) to give
1 1
O0ra+ Vi E - Vga + §an (ViE|k=v,s) — §a(Vm - ViE)|k=v,s
—aVgFE - <X‘VkX> +aVgs - (X’wa> + a(X’b : vacX>
+a(x| —iV:Vax) =0, (A.8)

in which we have also used the identity (A.3).
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Since Vg - b = 0, by taking V- of (A.6), one has
Vaz: VEE = (x| —iVg - Vox) + (=iVz - Vax|x)
+ <X|b : v:z:X> + <b : v:z:X|X>'
The last five terms of (A.8) simplify to give

(= VaE - (XIVix) + (X|ViH - Vax)) —c.c.

- %( — VB - (X|ViX) + (VHY|Vax)) —cc. (A9)

DO | =

Differentiating (6.4) with respect to x yields
(H—E)Vagx+VgHx —VgEx =0. (A.10)
Therefore

—VaE - (xIVEkX) + (VeHX|VzX)

== Vel - (x|Vix) — (H — E)ViX|Vax) + V£ - (x|VzX)

)+
) —

== VzE - (xX|Vix) — (Vex|(H — E)VazX) + ViE - (X|VaX) (A.11)
)= (Va

= — VoFE - (x|Vix A(VixIx) = (Vex|VaHx)) + ViE - (X|VzX)

=(Vix|VeHx) + ViE - (x|VzXx).

Here the first and third equalities come from (A.5) and (A.10) respectively,
and the fourth equality is due to (x|Vgx) € iR".

Since VgoH = VAV H + V.V, the last equality combined with (A.8)
and (A.9) imply (6.3).
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