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The one dimensional quantum walk of anyonic systems is pre-
sented. The anyonic walker performs braiding operations with sta-
tionary anyons of the same type ordered canonically on the line of
the walk. Abelian as well as non-Abelian anyons are studied and it
is shown that they have very different properties. Abelian anyonic
walks demonstrate the expected quadratic quantum speedup.
Non-Abelian anyonic walks are much more subtle. The exponential
increase of the system’s Hilbert space and the particular statistical
evolution of non-Abelian anyons give a variety of new behaviors.
The position distribution of the walker is related to Jones polyno-
mials, topological invariants of the links created by the anyonic
world-lines during the walk. Several examples such as the SUð2Þk
and the quantum double models are considered that provide
insight to the rich diffusion properties of anyons.

� 2009 Elsevier Inc. All rights reserved.
1. Introduction

Quantum versions of random walks came to prominence in quantum information theory through
the search for efficient new quantum algorithms. Since classical random walks provide the techniques
for some of the best classical algorithms, it was natural to look for a quantum equivalent. Typically, a
quantum walk gives a quadratic algorithmic speed up over classical ones [1] and for some problems an
exponential speed up is possible [2]. This is a generalization of the faster spreading behavior shown by
the simplest quantum walk, a single walker on an infinite line.
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Quantum walks have since found wider applications than their algorithmic origins. In essence a
quantum walk is a discrimination of a diffusion process. For example, they has been employed in mod-
eling transport of charge or energy in biological systems [3], in physical systems to show delocaliza-
tion and quantum coherence [4–6], as a model system interpolating between quantum and classical
behavior [7], as well as a model amenable to quantum simulation of its asymptotics [8]. On the algo-
rithmic side they have been proved to be universal for quantum computation [9,10] and they have
been physically implemented, both as a computation on a quantum computer [11] and a physical walk
(e.g. [12,13]). Quantum walks have been studied theoretically on many different structures: in higher
dimensions [14], under the effects of decoherence [15], with Dirac spin particles [16], and with a huge
range of variations on the basic walk dynamics. For accessible introductions and reviews, see, for
example, [17–19].

Here we focus on the question of how the quantum walk distribution can be affected by the statis-
tical properties of the walker. Non-interacting bosons in quantum walks have effectively already been
shown to have identical properties to single quantum walkers through experiments with coherent
light [7,12]. Omar et al. [20] studied quantum walks with two bosonic or fermionic walkers. Entangle-
ment in the initial state of these walkers gives a strikingly different behavior with respect to the stan-
dard quantum walk.

More exotic statistics than the bosonic or the fermionic can be found in two-dimensional systems
where anyons can appear. Exchanging two anyons can introduce phase factors or unitary transforma-
tions. These evolutions are different representations of the braiding group. Envisioning how quantum
walks can be performed with anyons one quickly realizes that the problem takes the form of diffusion
of a walker-anyon in the presence of other regularly arranged static anyons. In particular, we embed a
one dimensional quantum walker into a two-dimensional medium with a canonical line ordering of
the anyons from left to right. When the anyonic walker is moving among the static anyons then any-
onic braiding is realized evolving the overall state of the system in a non-trivial way. Hence, by con-
sidering an anyonic walk we enrich the one particle diffusion problem with statistical properties.

Anyonic quantum walks is not only an academic curiosity, but it can be considered as a quantum
simulator modeling the diffusion of extended objects. In order to keep track of the statistical proper-
ties of anyons it is useful to visualize their world-lines that encode their braiding history. When the
walker moves from its initial position it braids with the straight world-lines of the static anyons. Find-
ing the walker at a certain position after a number of steps requires the consideration of all the differ-
ent paths of the same length with the same initial and final positions. This gives rise to world-line links
the complexity of which increases fast with respect to the number of the walker steps. The diffusion of
extended objects has applications in biophysics and polymer physics [21]. Here we are interested in
the quantum version of such diffusion processes.

Before turning to the anyonic quantum walks we briefly introduce the standard quantum walk as
well as the anyons and their properties. In Section 2 we present in detail the general formalism of the
anyonic quantum walk. In Section 3 we demonstrate that Abelian anyonic quantum walks have sim-
ilar asymptotic behavior as the standard quantum walks. In Section 4 we consider the non-Abelian
anyonic quantum walks and we express the walker probability distribution in terms of the Kauffman
brackets. Several examples are explicitly solved for a small number of walker steps that indicate a
wide range of diffusion properties ranging between the classical and the quantum walks. Finally, in
Section 5 we present our conclusions and we point out interesting future directions.

1.1. Quantum walk on a line

Quantum walks have been studied in both the continuous time [22] and discrete time [23,24] ver-
sions. We briefly describe the discrete time quantum walk on the infinite line, which will be later gen-
eralized to the anyonic case. It is defined in direct analogy with a classical random walk: there is a
walker carrying a coin which is tossed each time step and the walker moves left or right according
to the heads or tails outcome of the coin toss.

We denote the basis states for the quantum walk as an ordered pair of labels in a ‘‘ket”
jsispace � jjispin, where s 2 Z is the position and j 2 f0;1g is the spin-like state of the coin. A unitary coin
operator is used at each time step and then a shift operation is applied to move the walker to its new



666 G.K. Brennen et al. / Annals of Physics 325 (2010) 664–681
positions. The simplest coin toss is the Hadamard operator H, defined by its action on the basis states
js; ji as
Hjs;0i ¼ 1ffiffiffi
2
p ðjs;0i þ js;1iÞ

Hjs;1i ¼ 1ffiffiffi
2
p ðjs;0i � js;1iÞ;

ð1Þ
and the shift operation T acts on the basis states as
Tjs;0i ¼ js� 1;0i
Tjs;1i ¼ jsþ 1; 0i:

ð2Þ
A single step of the quantum walk consists of W ¼ TH applied to the quantum walker plus spin.
After performing t steps of the quantum walk, where the walker is initially in state jUð0Þi, we obtain
the final state
jUðtÞi ¼WtjUð0Þi: ð3Þ
Ultimately we are interested in the probability distribution Pðs; tÞ of the spatial location, s, of the
walker at time t that is given by
ðPð1; tÞ; Pð2; tÞ; . . .Þ ¼ diagðtrspin½jUðtÞihUðtÞj�Þ:
As the walk progresses, quantum interference occurs whenever there is more than one possible
path of t steps that leads to the same position. This interference is both constructive and destructive,
which causes some probabilities to be amplified or decreased at each timestep. This leads to the dif-
ferent behavior compared to its classical counterpart. In the latter the position of a walker, following a
classical random walk on a line, spreads out in a binomial distribution about its starting point. In Ref.
[24], Ambainis et al. proved that the quantum walk on a line spreads in Oðt2Þ compared to a classical
random walk which spreads in OðtÞ, where the spreading is being measured as the second moment
about a single initial starting point.

1.2. Anyons and their properties

It is commonly accepted that point-like particles, elementary or not, come in two species, bosons or
fermions. This statistical label is determined by the behavior of their wave function when two iden-
tical non-interacting particles are exchanged. For bosons the wave function is unchanged while for fer-
mions it acquires a phase of p, i.e., changes sign. These are the only observed statistical behaviors for
particles that exist in our three dimensional world. If one restricts to two dimensions there are more
possibilities in the particle statistics. In this case, when two particles are exchanged their wave func-
tion can be evolved by an arbitrary phase factor or even a unitary operator that creates superpositions
in an internal space of the particles. These particles, named anyons by Frank Wilczek, can appear as
effective quasiparticles, such as vortices, in two-dimensional many body systems. They are manifested
in the Fractional Quantum Hall Effect (FQHE) [25,26] and they are expected to appear in p-wave super-
conductors [27,28], topological insulators [29,30] and a variety of lattice models [31–35].

Anyons can be created from the vacuum in pairs, they can be braided around each other and they
can be fused together. While the pair creation results in a particle and its antiparticle much in the
same way as usual particles, braiding operations and fusion of anyons are rather unique. This is due
to the non-local degrees of freedom carried between anyons that give rise to their exotic statistics.
One can think of it like an internal ‘spin’. When two anyons are braided then their internal ‘spin’ state
either acquires a phase factor, ei/ (Abelian anyons) or it gets evolved by a unitary matrix, b (non-Abe-
lian anyons). The fusion corresponds to the tensor product of these ‘spins’ with a restriction on the
maximum possible ‘spin’ value. When two anyons, a and b, are fused then more than one outcomes
are possible depending on their internal state. Symbolically we have a� b ¼ c þ dþ � � �

Three anyons a, b and c can be fused to a final anyon d in two different ways. Either one can fuse a
with b and its result i with c or one can fuse b with c and its result j with a. These two different pro-
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cesses correspond to two different bases of the collective state of the anyons. The different ways of
combining particles a; b; c to yield d is given by the recoupling formula: jðabÞc! d; xi ¼

P
x0

ðFd
abcÞ

x0

x jðaðbcÞÞ ! d; x0i as seen in Fig. 1(a). The braiding of two anyons a, b with fusion channel c is de-
scribed by Rc

ab as seen in Fig. 1(b). To obtain the braiding result of two anyons that do not have a direct
fusion channel (see for example anyons b and c on the left hand side of Fig. 1(a)) one can use the F
matrix to obtain their braiding element, F�1RF.

Anyons also carry a quantum dimension d. This accounts for the dimension of the internal space of
the anyons and provides the scaling of the total Hilbert space. For example, n anyons with quantum
dimension d have a Hilbert space with dimension dn. Abelian anyons have d ¼ 1 and non-Abelian ones
have necessarily d > 1. Note that, in contrast to the dimension of usual spin Hilbert spaces, d can be an
irrational number. For more details on anyons and on topological quantum computation see, e.g. [36]
and references therein.

2. Walking anyons

In order to reveal the statistics of anyons in a quantum walk, we consider a single anyonic walker
braiding around others in fixed positions. The anyons involved are all of the same type r. The walker
has an attached die degree of freedom which gives it distinguishability. However this distinguishabil-
ity does not negate the action of braiding on the non-local statistical degrees of the system. The anyons
are placed in a canonical order in the plane with position labeled by an integer s, as seen in Fig. 2(a).
For an anyon at position s, other anyons with positions s0 < sðs0 > sÞ will be said to be on the left
(right). We restrict to n mod 4 ¼ 2� odd in order to have an odd number of pairs such that the initial
state with the marked anyonic walker and its partner located at the middle will have an equal number
of pairs to their right and left. This facilitates the construction, if desired, of a symmetric evolution.

Basis states are labeled by jWða1; a2; . . . an�2Þi according to the fusion outcomes of a series of r any-
ons as indicated by Fig. 2(b). The state with nearest neighbor vacuum pairs depicted in Fig. 2(a) is
jW0i ¼ jWð1;r;1;r; . . . ; 1;rÞi;
where 1 is the vacuum particle, as can be verified by considering the consistent fusion ordering. If de-
sired one could modify the protocol to give a symmetric distribution for the walker by changing the
initial state to provide for a symmetric spatial distribution for the anyons. Taking the vacuum partner
of the walker and winding counterclockwise halfway around all its neighbors, the initial fusion state
jW0i ¼ bnbn�1 . . . bðnþ3Þ=2jWð1;r;1;r; . . . ; 1;rÞi provides for the walker-anyon to have the same num-
ber of vacuum pairs on its left and right.

The Hilbert space of our system is
HðnÞ ¼ HanyonsðnÞ �HdieðnÞ: ð4Þ
The die contains both a discrete spatial index indicating its position at the location of the anyons on
the plane and 4 internal spin states: HdieðnÞ ¼ HspaceðnÞ �Hspin, where Hspace ¼ spanCfjsig

n
s¼1 and

Hspin ¼ spanCfjjig
3
j¼0. The anyonic Hilbert space is further decomposed as HanyonsðnÞ ¼ Hlocal

ðnÞ �HfusionðnÞ the first factor describing degrees of freedom local to each anyon and the later factor
the non-local or fusion degrees of freedom. We restrict to a contractible surface so that the homolog-
ical degrees of freedom are trivial. Furthermore, the local degrees of freedom, while measurable, will
be conserved during this walk and will be ignored.
Fig. 1. The (a) F and (b) R moves dictated from the fusion and braiding properties of anyons.



Fig. 2. The anyonic quantum walk. (a) A quantum walk of the anyonic walker with a four state die attached. It walks along one
of four braids depending on the state of the die on sites labeled by s ¼ 1 to s ¼ n (white circles) positioned in between stationary
anyons (blue circles). (b) A basis state jWða1; a2; . . . ; an�2Þi of the non-local fusion space representing the sequential topological
charge measurements of n type r anyons with total charge zero (vacuum, also denoted as 1). (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this paper.)
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Fusion degrees of freedom are determined by the fusion rules ai � aj ¼
P

kNak
aiaj

ak, where Nc
ab 2 N

counts the number of ways to combine anyons of type a and b to obtain c. The corresponding Hilbert
state space of n r anyons with total charge zero is HfusionðnÞ ¼ spanCfjWðfajgn�2

j¼1 Þig with dimension
dimðHfusionðnÞÞ ¼

P
a1 ;a2 ; ...; an�2

Na1
rrNa2

a1rNa3
a2r . . . N1

an�2r. We will restrict to cases where the fusion spaces
are one dimensional, i.e. Nc

ab < 2. Braiding relations are determined by the F and R matrices. The action
of the generators fbsgn�1

s¼1 of the braid group Bn on HfusionðnÞ is given by the amplitudes
hWðfa0jgÞjbkjWðfajgÞi ¼

Qn�2

m¼k
da0m ;am Ra1

rr; k ¼ 1

Qn�2

m¼k
da0m ;am

P
x
ð½Fak

rrr�
�1Þa

0
k�1

x Rx
rrðF

ak
rrrÞ

x
ak�1

; k ¼ 2

Qk�2

‘¼1
da0

‘
;a‘

Qn�2

m¼k
da0m ;am

P
x
ð½Fak

ak�2rr�
�1Þa

0
k�1

x Rx
rrðF

ak
ak�2rrÞ

x
ak�1

; 2 < k < n� 1

Qn�2

m¼k
da0m ;am Ran�3

rr ; k ¼ n� 1

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

;

where the formula b ¼ F�1RF is employed when the walker does not have direct fusion channels with
the rest of the anyons.

The initial state of our system is
jUð0Þi ¼ jW0ifusionjs0 ¼
n
2
ispacejwispin:
The quantum walk algorithm consists of an iterative sequence of operations W ¼ TU where U is the
die tossing operation that acts trivially on the position of the walker and T is the conditional braiding
operator. We can introduce a virtual tensor product structure to the spin states:
j0ispin ¼ j0ixj0iy; j1ispin ¼ j0ixj1iy; j2ispin ¼ j1ixj0iy; j3ispin ¼ j1ixj1iy where j0iyðj1iyÞ are modes which
are behind (in front of) their neighbors, and j0ixðj1ixÞ are modes moving left or right. For the die toss
we pick (in the product basis)
U ¼ 1ffiffiffi
2
p 1 i

i 1

� �
� 1ffiffiffi

2
p 1 i

i 1

� �
¼ eip4ðXxþXyÞ;
which can be interpreted as a pair of beam splitters on the two axes. Each component of U is a sym-
metrized version of the Hadamard operation of Eq. (1). Of course a continuum of tossing operations
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could be considered but this decomposition into a virtual tensor product has advantages as described
below. The conditional braiding operation T has the following action
TjWifusionjsispacejjixjciy ¼ bð�1Þj�2c

sþj�1 jWifusionjsþ 2j� 1ispacejjixjciy

over the spatial range 0 < s < nþ 1.

It is convenient to introduce the unnormalized spinor
jU
!
ðs; tÞi ¼ ðspinh0jUðs; tÞi;spinh1jUðs; tÞi;spinh2jUðs; tÞi;spinh3jUðs; tÞiÞ

T
;

so that an arbitrary state at time t is
jUðtÞi ¼
Xnþ1

s¼1

j~Uðs; tÞi:
In order to avoid boundary conditions on the walk we study the behavior for t < n=2.

3. Abelian anyonic quantum walk

3.1. Variance of Abelian anyonic walks

Employing the method of Brun et al. [37–39] one can analytically evaluate the variance of the dis-
tributions corresponding to the Abelian anyonic walks by determining the moments of the resulting
distribution. For simplicity we relabel the positions so that the initial walker position in the middle of
the anyonic chain is given by s0 ¼ 0, i.e. jUð0Þi ¼ js ¼ 0ispace � jwispin. In Fourier components we have
js ¼ 0i ¼
Z p

�p

dk
2p
jki:
In the Fourier transformed basis the evolution operator W acts as Wðjki � jwiÞ ¼ jki �Mkjwi so after
t steps the state evolves to
WtjUð0Þi ¼
Z p

�p

dk
2p
jki � ðMkÞt jwi:
One can write a closed form for the moments of the resulting distribution. By employing the expan-
sion of the identity in the position s basis, 11 ¼

P
sjsihsj and hsjki ¼ e�iks we obtain
hsmit ¼
1

ð2pÞ2
X

s

sm
Z

dk
Z

dk0e�isðk�k0 ÞhUð0ÞjðMy
kÞ

tðMk0 Þ
t jUð0Þi

¼ im

2p

Z
dk
Z

dk0dðmÞðk� k0ÞhUð0ÞjðMy
kÞ

tðMk0Þt jUð0Þi: ð5Þ
Now we can integrate by parts the derivatives that act on the d-function. For the case of m ¼ 1 we
obtain
hsit ¼
i

2p

Z
dkhUð0ÞjðMy

kÞ
t dðMkÞt

dk
jUð0Þi:
We have that dMk=dk ¼ �iðPR � PLÞMk, where PR;L are the projector operators for moving the walker
right or left with PR þ PL ¼ 1. Finally, we obtain
hsit ¼
1

2p
Xt

j¼1

Z
dkhUð0ÞjðMy

kÞ
jðPR � PLÞðMkÞjjUð0Þi: ð6Þ
Similarly for m ¼ 2 we have
hs2it ¼
1

2p
Xt

j¼1

Xt

j0¼1

Z
dkhUð0ÞjðMy

kÞ
jðPR � PLÞðMkÞj�j0 ðPR � PLÞðMkÞj

0
jUð0Þi: ð7Þ
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One can further employ the eigenstates, jklðkÞi, and eigenvalues, klðkÞ, of Mk (l runs through the
eigenstates) to explicitly evaluate the moments. Let us expand the initial state in this basis
jUð0Þi ¼

P
lclðkÞjklðkÞi. After t steps the state becomes ðMkÞt jUð0Þi ¼

P
le

iklðkÞtclðkÞjklðkÞi. With this in
mind the first moment becomes
hsit ¼ t � 1
p

Z
dk
X

l;l0
c�l ðkÞcl0 ðkÞhklðkÞjPLjkl0 ðkÞi

Xt

j¼1

ei½kl0 ðkÞ�klðkÞ�j:
If the matrix Mk is non-degenerate then most of the terms in hsit will be oscillatory and they will
average to zero over time. The non-zero contributions comes from the diagonal terms
hsit ¼ 1� 1
p

Z
dk
X

l

jclðkÞj2hklðkÞjPLjklðkÞi
 !

t þ Oscillatory terms: ð8Þ
Similarly for the second moment we have
hs2it ¼ 1� 2
p

Z
dk
X

l

jclðkÞj2hklðkÞjPLjklðkÞihklðkÞjPRjklðkÞi
 !

t2

þ Oscillatory terms and lowertorders: ð9Þ
For the Abelian anyonic walker,
Mk ¼ eikMþ þ e�ikM� ¼ e�ikZx ei/Zx�Zy eip4ðXxþXyÞ: ð10Þ
The eigenvalues of Mk come in conjugate pairs
k1ðkÞ ¼ e�ib�ðkÞ; k2ðkÞ ¼ eib�ðkÞ; k3ðkÞ ¼ e�ibþðkÞ; k4ðkÞ ¼ eibþðkÞ; ð11Þ
where b	ðkÞ ¼ cos�1 1
2 cosðkÞ cosð/Þ 	

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðcos2ð/Þ � 2Þ cos2ðkÞ þ 2

p� �h i
.

The eigenvectors are
jk1ðkÞi ¼ jvðb�Þi; jk2ðkÞi ¼ �iY � Zjk1ðkÞi;
jk3ðkÞi ¼ jvðbþÞi; jk4ðkÞi ¼ �iY � Zjk3ðkÞi;

ð12Þ
where
jvðbÞi ¼ 1ffiffiffiffiffi
N
p ðe�2iðkþbÞ þ 1þ e�2ib � eið�kþ/�bÞ þ e2ið/�bÞ � 2eið�kþ/�3bÞ � eiðkþ/�bÞÞj0ixj0iy

h
þiðe�ið/þkþbÞ � e�2iðkþbÞ � 1þ e�iðk�/þbÞÞj0ixj1iy þ iðe�ið/þkþbÞ � 1� e�2ib

þeiðkþ/�bÞÞj1ixj0iy þ ðe2ið/�bÞ � 1Þj1ixj1iy
i
; ð13Þ
with 1=
ffiffiffiffiffi
N
p

the normalization factor. Employing the eigenvectors and eigenvalues of Mk and using Eqs.
(6), (7) the variance, v ¼ hs2i � hsi2, can be evaluated, as seen in Fig. 3.

3.2. Results

It is rather straightforward to perform a numerical simulation of the Abelian quantum walk on the
line for relatively large number of steps. This gives the exact distribution of the walker and one can
obtain the corresponding variance, v ¼ hs2i � hsi2, as a function of the number of steps, t, and the sta-
tistical angle, /, of the anyons. The numerically obtained variance and the analytical results of the pre-
vious subsection are depicted in Fig. 3, appearing to be almost identical, with a small difference due to
the neglect of terms in the analytic calculations. We observe the expected quadratic behavior that cor-
responds to the standard quantum case. There is a weak dependence on the anyonic statistical angle /.
This is due to the form of the coin evolution that includes the term ei/Zy�Zx (see Eq. (10)). For the case
where / is a multiple of p=2 this term has a tensor product structure that splits the system into the
tensor product of two quantum walks, each one with a two-dimensional coin. Thus, we expect to



Fig. 3. The variance, v ¼ hs2i � hsi2, of the Abelian quantum walk as a function of the number of steps, t, and the statistical
angle, /. The two plots shown are the analytical results (bottom surface), based on Eqs. (8) and (9), and the numerical ones (top
surface) giving almost identical results. A quadratic behavior of the variance is witnessed as expected from the standard
quantum case.
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obtain the same variance as the standard quantum walk with a single two-dimensional coin. Note that
these cases include the quantum walks of bosons ð/ ¼ 0Þ and fermions ð/ ¼ pÞ. For generic values of /
the walk entangles the two coins. As a result the interference effect that gives the speed up of the
quantum evolution gets diluted over the four dimensional space of the two coins and the slope of
the variance is decreased. This is in agreement with previous studies, where quantum walks with mul-
tiple coins were considered [37,38].
4. Non-Abelian anyonic quantum walk

In this section we would like to perform a quantum walk with non-Abelian anyons. For simplicity
we slightly change the quantum walk. Now the walker moves to the left and to the right by always
braiding in the anti-clockwise sense with its neighboring anyons. This can be achieved by employing
only one coin (which has two degrees of freedom). One can show that for a given non-Abelian anyonic
model the braidwords that result from this quantum walk have the same computational power as
arbitrary braidwords. Initially, note that having static n anyons and braiding one moving anyon clock-
wise or anticlockwise around them can realize the full computational power of the anyonic model
[40]. Restricting only to anti-clockwise braidings does not restrict the possible obtained unitaries. In-
deed, for the finite braiding groups we consider here one can show that there exists an integer k such
that for a generic braid element bi it is bk

i ¼ 1) bk�1
i ¼ b�1

i (see [41]). Thus, braidings equivalent to
clockwise moves can be produces given enough anti-clockwise ones. Notably, fixing the chirality of
the braiding means that Abelian sectors of any physical theory will not contribute to the walker’s dis-
tribution since all walking paths accumulate the same overall phase. Hence the single coin protocol
probes the truly non-Abelian statistics.
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Consider t steps of the quantum walker and, for brevity, define
Bt
~a 


Yt�3

r¼0

bstþ2ða1þ���at�rÞ�ðt�rÞbstþ2a1þa2�2bstþa1�1:
The evolution of the system can be given by the unitary operator
Vt ¼
X

st2½tþ1;n�tþ1�

X
~a2f0;1g

Yt

r¼1

Par U � Bt
~a � jst þ 2ða1 þ � � � þ atÞ � tihst j: ð14Þ
Starting from the walker in position m and the coin qubit in state jwi one obtains after t steps the
state
jWðtÞi ¼ Vt jwijaijmi ¼
X
~a

Yt

r¼1

Par U

 !
jwiBt

~ajaij�nt
~ai; ð15Þ
where ~a is a t dimensional vector with r-th component 0 or 1 depending if the walker is moving,
respectively, left or right at the r-th step, �nt

~a ¼ mþ 2ða1 þ � � � þ atÞ � t and the initial fusion state of
the anyons is jai ¼ j0101 . . . 01i as in [42]. One can write the corresponding density matrix
qt ¼ jWðtÞihWðtÞj as
qðtÞ ¼
X
~a;~a0

Yt

r¼1

Par U

 !
jwihwj

Yt

r¼1

Pa0r U

 !
Bt
~ajaihajB

t
~a0
yj�nt

~aih�nt
~a0 j: ð16Þ
Importantly, the coin, walker position and anyonic Hilbert spaces can be traced out independently.
For brevity let us set
U t
~a~a0 ¼

Yt

r¼1

Par U

 !
jwihwj

Yt

r¼1

Pa0r U

 !
and
Yt
~a~a0 ¼ Bt

~ajaihajB
t
~a0
y
:

We would like to obtain the position distribution of the walker regardless of the coin and anyonic
states. For that we need to trace the coin states and the fusion space of the anyons resulting in
trcointranyonqðtÞ ¼
X
~a;~a0

trU t
~a~a0 trYt

~a~a0 j�nt
~aih�nt

~a0 j:
Due to the choice of coin manipulations one needs to have paths~a and ~a0 that end up at the same
coin state for the trace to be non-trivial. To simplify the presentation we consider the composite loop
~a~a0 corresponding to paths ~a and ~a0 that start at the same point and end at the same point after the
same number of steps. Thus, they are contributing to the diagonal part of trcointranyonqðtÞ.

For a Hadamard coin flip operation U ¼ H (see Eq. (1)) one can easily evaluate that
trU t
~a~a0 ¼

1
2n ð�1Þz;
where z is the number of all successive pairs of 1’s in the loop~a~a0. Hence, successive zeros and ones in
the loop~a~a0 can be compressed. While the coin trace is rather straightforward care needs to be taken
when one takes the trace over the anyonic degrees of freedom. It can be shown [42] that the trace of
unitary representations of the braiding group corresponds to the Markov trace of braid graphs. As ini-
tial condition we adopt the anyons to be created pairwise from the vacuum. Hence, the trace of the
braidings gives the Kauffman bracket of the Plat traced braidings.

In [42] it has been shown that jaihaj ¼ U1U3 . . . Un�1=dn=2. Intuitively, this means that the density
matrix of the initial anyonic state, given by the pair creation of particles from the vacuum, corresponds
to the product of Temperley-Lieb algebra elements Ui as depicted in Fig. 4. Thus one has



Fig. 5.
link ca
Norma

Fig. 4. The Markov (a) and Plat (b) tracing of a braid. In (b) the equivalence of the Plat and the Markov traces is depicted, which
is established with the help of the Temperley-Lieb algebra element U [42] that has a simple diagrammatic representation.
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tr Bt
~ajaihajB

t
~a0
y� �
¼ 1

dn=2�1 Bt
~a0
y
Bt
~a

� �Plat
� �

;

where By~a0B~a have been Plat traced and then the corresponding Kauffman bracket has been evaluated.
The Kauffman bracket [43] of a link hLiðAÞ is a Laurent polynomial in the complex variable A and can be
computed by smoothing each crossing according to the Skein relation shown in Fig. 5. Up to a phase
factor they are equal to the Jones polynomials [44], topological invariants that facilitate the distinction
between inequivalent links. Kauffman brackets have the following property, hLOi ¼ dhLi for L being a
general non-empty link and O being the trivial link. Also hOi ¼ 1. Hence hOO . . . Oi ¼ dm�1 where the
bracket is over m trivial links that correspond to n ¼ 2m anyons. In particular, when B~a and B~a0 are triv-
ial (corresponding to trivial statistics or involving trivial anyonic braidings) then tr Bt

~ajaihajB
t
~a0
y� �
¼ 1,

i.e. we obtain the usual quantum walk, with no anyonic effect appearing.

4.1. The SU (2) level k anyonic model

While the main structures presented here are applicable to general non-Abelian models we pres-
ent, for concreteness, analytic calculations for the SUð2Þk topological models. These have A ¼ ieip=2ðkþ2Þ

so their quantum dimension is d ¼ 2 cos p
kþ2

� �
where k is an integer greater or equal to 2. All the braid-
Method to recursively calculate the Kauffman bracket hLiðAÞ of an unoriented link L. All crossing in a projection of the
n be smoothed using the Skein relations and components which are unknots contribute a multiplicative factor of d.
lization is chosen so that hOi ¼ 1.
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ing and fusion matrices of these models are well known [36]. In the following we explicitly calculate
the probability distribution in the position of the walker for t ¼ 1, 2, 3, 4 and 10 number of walker
steps.

Let us consider the t ¼ 1 case. For that walk we use two pairs of anyons canonically ordered on a
line and the walker is the third one from the left. Then we have
X

~a;~a0
q~a;~a0 ðt ¼ 1Þjdiag ¼ j2ih2jtrU1

00trY1
00 þ j4ih4jtrU1

11trY1
11:
But
U1
00 ¼ U1

11 ¼
1
2
; and trY1

00 ¼ trY1
11 ¼

1
d
hOOi ¼ 1;
so
X
~a;~a0

q~a;~a0 ðt ¼ 1Þjdiag ¼
1
2

1
d
hOOiðj2ih2j þ j4ih4jÞ ¼ 1

2
ðj2ih2j þ j4ih4jÞ:
Hence, after one step the walker has equal probability (1/2) to be at the two neighboring sites for all
types of anyons and no anyonic effects appear.

Let us consider the t ¼ 2 case. Here we use three pairs of anyons, where the walker is initially lo-
cated at position s0 ¼ 3. One can evaluate
trU2
~a~a0 ¼

1
4

for all relevant pairs~a~a0, i.e. (0,0)(0,0), (1,1)(1,1), (0,1)(0,1) and (1,0)(1,0) while it is zero otherwise. For
the trace of braidings we have
trY2
ð0;0Þð0;0Þ ¼

1

d2 hðb1b2Þyb1b2i ¼
1

d2 hOOOi ¼ 1
and similarly
trY2
ð1;1Þð1;1Þ ¼ trY2

ð0;1Þð0;1Þ ¼ trY2
ð1;0Þð1;0Þ ¼ 1:
Hence, we finally have
X
~a;~a0

q~a;~a0 ðt ¼ 2Þjdiag ¼
1
4
ðj1ih1j þ j5ih5jÞ þ 1

2
j3ih3j:
Again the anyonic character is not apparent at t ¼ 2 either.
Let as consider the probability distribution for t ¼ 3 where we use five pairs of anyons. The paths

~a~a0 that start at the common initial position s0 ¼ 5 and end at the same final position having at the
same time the same final coin state are given by (000)(000), (001)(001), (010)(010), (100)(100),
(011)(011), (101)(101), (110)(110), (111),(111), (010)(100), (100)(010), (011)(101), and (101)(011).
One can see that for all of the paths we have trU3

~a~a0 ¼ 1=8 apart from the last two (011)(101), and
(101)(011) for which trU3

~a~a0 ¼ �1=8. Also for all of the paths we have trY3
~a~a0 ¼ 1 apart from the last four

for which it is
tr B3
ð010Þ

yjaihajB3
ð100Þ

� �
þ tr B3

ð100Þ
yjaihajB3

ð010Þ

� �
¼ 1

d
ðhLi þ hLi�Þ ¼

2 cos 2p
kþ2

� �
cos 3p

kþ2

� �
cos p

kþ2

� �

and
tr B3
ð011Þ

yjaihajB3
ð101Þ

� �
þ tr B3

ð101Þ
yjaihajB3

ð011Þ

� �
¼ 1

d
ðhLi þ hLi�Þ ¼

2 cos 2p
kþ2

� �
cos 3p

kþ2

� �
cos p

kþ2

� � ;
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where L is the non-trivial link given in Fig. 6(a). Hence, the position distribution is of the form
X
~a;~a0

q~a;~a0 ðt ¼ 3Þjdiag ¼
1
8
j2ih2j þ 3

8
þ 1

4

cos 2p
kþ2

� �
cos 3p

kþ2

� �
cos p

kþ2

� �
0
@

1
Aj4ih4j

þ 3
8
� 1

4

cos 2p
kþ2

� �
cos 3p

kþ2

� �
cos p

kþ2

� �
0
@

1
Aj6ih6j þ 1

8
j8ih8j:
The trace of this reduced density matrix is 1 as expected. Nevertheless, it acquires non-trivial con-
tributions from the anyonic nature of the walker and its environment.

For the t ¼ 4 case we have
X
~a;~a0

q~a;~a0 ðt ¼ 4Þjdiag ¼
1

16
j1ih1j þ 1

8
�3 cos

2p
kþ 2

� �
þ 3 cos

4p
kþ 2

� �
þ 5

� �
j3ih3j

þ 1
32

3 cos
2p

kþ 2

� �
� cos

4p
kþ 2

� �
� 3 cos

6p
kþ 2

� �
þ 5

� �
sec2 p

kþ 2

� �
j5ih5j

þ 1
16

2 cos
2p

kþ 2

� �
� cos

4p
kþ 2

� �
þ 1

� �
sec2 p

kþ 2

� �
j7ih7j þ 1

16
j9ih9j;
where the contributing links are given in Fig. 6(a–d).
We have obtained analytic results for the distribution of the walker for a t ¼ 10 step walk. This dis-

tribution is depicted in Fig. 7(a) as a function of the position of the walker and the level k of the SUð2Þk
theory. We notice that for large k the distribution, Pðs; tÞ, approaches an asymptotic value. This is true
for any t we checked. In order to determine the behavior of the walker distribution we compare it to
the classical and quantum walks. For that we introduce the distance between the anyonic distribution
Pðs;10Þ and the corresponding standard quantum or classical ones Pq;cðs;10Þ as dq;c ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP

sjPðs;10Þ � Pq;cðs;10Þj2
q

. From Fig. 7(b) we see that dq goes to zero for large k. For example, for

k > 70 it is dq < 0:01. Hence, for large k the anyonic walk distributions are very close to ones obtained
from the corresponding quantum walks. This is in agreement with the intuition that for k!1 the
anyons behave as spin-1/2 fermions (/ ¼ p of the Abelian case), which reproduces the standard quan-
tum walk distribution. On the other hand the distance to the classical random walk, dc , is closer to zero
for small k, while in this region dq becomes maximal. From Fig. 7(b) we see that the minimum of
dc ¼ 0:126 is obtained for k ¼ 6. Clearly, walks with much larger number of steps is needed in order
to conclusively determine the t asymptotic behavior of this anyonic model.

It is instructive to consider the decomposition of the anyonic Hilbert space in terms of qubits. As a
specific example consider the case of SUð2Þ2 anyons with labels 1;r;w representing particles with spin
0; 1

2 ;1 respectively. The non-trivial fusion rules are
r� r ¼ 1þ w; r� w ¼ r; w� w ¼ 1;
and the relevant non-trivial F and R matrices are
Fig. 6. The links that contribute to the t ¼ 3 (a) and t ¼ 4 (a–d) anyonic quantum walks.



Fig. 7. (a) Distribution of the quantum walker, Pðs; t ¼ 10Þ, for a t ¼ 10 step walk as a function of position s and the type of
anyonic model indexed by k. The origin has been shifted so that the starting point is s0 ¼ 0. (b) The distance dq and dc between
the distribution Pðs; t ¼ 10Þ and the corresponding quantum Pqðs;10Þ and classical Pcðs;10Þ, respectively. Clearly, for small k the
dispersion is closer to the classical one and for large k it is closer to the quantum one.
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Fr
rrr ¼

1ffiffiffi
2
p

1 1
1 �1

� �
; Rrr ¼

1 0
0 i

� �
;

expressed in the basis f1;wg. For the total charge zero superselection sector, the fusion rules require
that the only physical fusion basis states are those with a2k ¼ r for k ¼ 1; n

2� 1
	 


\ Z. This then gives a
fusion space isomorphic to m ¼ n

2� 1 qubits. The generators of the braid group Bn assume a particu-

larly simple representation in HfusionðnÞ ’ ðC2Þ�m
B1 ¼ R�m
j¼212; B2 ¼ B�m

j¼212; B3 ¼ A�m
j¼312

B2k ¼ �k�1
j¼1 12 � B�m

j¼kþ112; B2kþ1 ¼ �k�1
j¼1 12 � A�m

j¼kþ212; 1 < k < m

Bn�3 ¼ �m�2
j¼1 12 � A; Bn�2 ¼ �m�1

j¼1 12 � B; Bn�1 ¼ �m�1
j¼1 12 � R;

ð17Þ
where
R ¼
1 0
0 i

� �
; B ¼ ½Fr

rrr�
�1RFr

rrr ¼
1ffiffiffi
2
p eip4 e�ip4

e�ip4 eip4

 !
;

Aaiþ2
ai
¼
X

x

½ðFaiþ2
airrÞ

�1�rx Rx½Faiþ2
airr�

x
r ) A ¼

1 0 0 0
0 i 0 0
0 0 i 0
0 0 0 1

0
BBB@

1
CCCA:
4.2. The DðGÞ quantum double model

So far we have described quantum walks with non-Abelian anyons corresponding to irreducible
representations (irreps) of the quantum group SUð2Þk. Yet there are other physical theories with any-
onic excitations that are described by finite dimensional irreps of quasi-triangular Hopf algebras. As
with quantum groups it is possible to find representations of the braid group induced from these alge-
bras which then allow us to compute the entanglement of the fusion degrees of freedom with the
walker’s spatial degree of freedom. First we write down a general link polynomial Lðz;�zÞ which is a
Laurent polynomial in a complex parameter z and its conjugate �z for oriented links. We demand that
Lðz;�zÞ is an invariant under ambient isotopy. Writing the n component link L ¼ ðBÞMarkov as the Markov
trace over a braid word B ¼

Q
kbmk

pk
2 Bn, with pk 2 f1;2; . . . ; n� 1g;mi 2 Z , we have [46,47]
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Lðz;�zÞ ¼ ðz�zÞ�n=2 �z
z

� �eðBÞ=2

uðBÞ;
where eðBÞ ¼
P

kmk (this is the same as the writhe when we orient all components in the same way).
Here the quantity uðBÞ is the Markov trace which satisfies the following properties
ðIÞ uðBB0Þ ¼ uðB0BÞ 8B; B0 2 Bn

ðIIÞ uðBbnÞ ¼ zuðBÞ 8B 2 Bn�1 � Bn;

uðBb�1
n Þ ¼ �zuðBÞ 8B 2 Bn�1 � Bn;
where z ¼ uðbnÞ;�z ¼ uðb�1
n Þ. As a consequence of these properties, the link invariant satisfies
LðBB0ÞMarkov ¼ LðB0ÞMarkov 8B;B0 2 Bn;

LðBb	1
n Þ

Markov ¼ LðBÞMarkov 8B 2 Bn�1 � Bn:
Using the additivity of the writhe number it can been shown that for the link invariant Ln con-
structed from un we have that, Lnðĥ1#ĥ2Þ ¼ Liðĥ1ÞLn�iðĥ2Þ, where Lið:Þ and Ln�ið:Þ are respectively con-
structed from uið:Þ and un�ið:Þ.

There is a procedure to construct the braid group representation of quasi-triangular Hopf algebras
but we focus here on a large class given by the quantum double of a finite group DðGÞ. The irreps of
DðGÞ are labeled by the pair ðk;aÞ, where k labels a conjugacy class Ck of G and a labels an irrep, with
dimension jaj, of the centralizer Zk of a representative element gk 2 Ck. The quantum dimension of
these irreps (our anyons) is d½k;a� ¼ jCkjjaj. From the representation theory of quantum doubles it is
shown [48,49] that for the invariant above
Lðz;�zÞ ¼ d½k;a�nhgki
�eðBÞ
a uðBÞ; B 2 Bn ð18Þ
with
uðBÞ ¼ trðBÞ
ðd½k;a�Þnþ1 ; z ¼ hgkia

d½k;a� ; z ¼ hg
�1
k ia

d½k;a� ; hg	1
k ia ¼

vk
aðg	1

k Þ
jaj ;
and vk
a is the character in the representation a.

Consider as an example the symmetric group G ¼ SN; N P 5, and C2 # SN the conjugacy class of
transpositions of SN , of order jC2j ¼ 1

2 NðN � 1Þ with chosen representative g2 ¼ ðN � 1 NÞ, and let
Z2 ¼ SN�2 � S2 be the centralizer subgroup of g2 where S2 ¼ fI; g2g. Let a ¼ 1 labeling the trivial irrep
of Z2, from which the ðk;aÞ ¼ ð2;1Þ irrep of DðSNÞ with dimension d½2;1� ¼ 1

2 NðN � 1Þ is induced (see
[48]). For this irrep hgk¼2ia¼1 ¼ 1 and (18) becomes LðBÞMarkov ¼ d½2;1�nuðBÞ.

Consider the braid group on nþ 1 strands, Bn, and a canonical word
B ¼ ðbi1 Þ

m1 ðbi2 Þ
m2 . . . ðbin Þ

mn 2 Bn. If ði1; i2; . . . ; inÞ is an arbitrary permutation of ð1;2; . . . ; nÞ and
mi 2 Z, the link polynomial for the trace closure of these words reads
LðBÞMarkov ¼
Yn

i¼1

1þ 2
3
ðN � 2Þ 1þ 2 cos

2mip
3

� �� �
þ 1

4
ðN � 2ÞðN � 3Þ 1þ ð�1Þmi

	 
 �
: ð19Þ
By virtue of (16), and by taking for coin initial state jwi, we have for the diagonal elements of the
walker’s density matrix the following expression
X
~a;~a0

q~a;~a0 ðtÞjdiag ¼
Xt

j¼1

Xj

lj¼0

Xt

k¼1

Xk

mk¼0

dlt ;mt dl1 ;m1U~l;~mu
Yt

r¼1

ðdlr ;lr�1
þ dlr ;lr�1þ1Þbsþlrþlr�1�r

 ! 

�
Yt

r¼1

ðdmr�1 ;mr þ dmr�1 ;mr�1Þbsþvrþvr�1�r

 !y1A nþ 1
2
þ 2lt � t

����
�

nþ 1
2
þ 2lt � t

� ����; ð20Þ
where Ul;m ¼ tr
Qt

r¼0ðPlrþ1�lr
UÞjwihwj

Qt
r¼0ðPmrþ1�mr UÞ

� �y� �
. Here we take jwihwj ¼ j0ih0j and

qwalker ¼ nþ1
2 ihnþ1

2

�� �� as the initial coin and walker density matrices, respectively. As we now employed
the Markov trace rather than the Plat one the obtained probability distribution corresponds to the
modified quantum walker algorithm where we start with n anyonic vacuum pairs, braid all right
members of each pair uniformly to the right and then perform the quantum walk just on the n strands
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corresponding to these right members (see Fig. 4(a)). Also the reshuffling matrix is taken to be

U ¼ 1ffiffi
2
p 1 i

i 1

� �
. It is worth noting that the same results reported below for the U reshuffling matrix

are valid if we had employed the Hadamard matrix H, as a straightforward calculation shows.
Next we briefly present the expression for the diagonal part of the walker’s density matrix for the

first time steps. For step t ¼ 1, we obtain
X
~a;~a0

q~a;~a0 ðt ¼ 1Þjdiag ¼
1
2
uðBy2B2Þj2i 2j þ 1

2
uðBy3B3Þj4

� �
4h j ¼ 1

2
2j i 2h j þ 1

2
4j i 4h j: ð21Þ
For step t ¼ 2 we have
X
~a;~a0

q~a;~a0 ðt ¼ 2Þjdiag ¼
1
4

uððB1B2ÞyB1B2Þj1ih1j þuððB4B3ÞyB4B3Þj5ih5j þ ½uððB2ÞyB2Þ
n

þuððB3ÞyB3Þ�j3ih3j
o

¼ 1
4
j1ih1j þ 1

2
j3ih3j þ 1

4
j5ih5j:ð22Þ
We notice that the diagonal part of the density matrix given above for the first two steps is com-
mon (i.e. independent of N), to all cases of the symmetric group used i.e. SN;N P 5: This changes for
subsequent steps as we see below.

For step t ¼ 3 we calculate the expression
X
~a;~a0

q~a;~a0 ðt ¼ 3Þjdiag ¼
1
8
j2ih2j þ ð3þuððB3

4Þ
yB2

3B4Þ þuððB2
3B4ÞyB3

4ÞÞj4ih4j þ ð3�uððB2
6B5ÞyB3

5Þ
n

�uððB3
5Þ
yB2

6B5ÞÞj6ih6j þ j8ih8jg

¼ 1
8
j2ih2j þ ð3þuðB�2

4 B2
3Þ þuðB2

4B�2
3 ÞÞj4ih4j þ ð3�uðB2

5B�2
6 Þ

n
�uðB�2

5 B2
6ÞÞj6ih6j þ j8ih8j

o
; ð23Þ
or in terms of link polynomials
X
~a;~a0

q~a;~a0 ðt ¼ 3Þjdiag ¼
1
8
j2ih2j þ ð3þ d½2;1��9LðB�2

4 B2
3Þ þ d½2;1��9LðB2

4B�2
3 ÞÞj4ih4j

n

þð3� d½2;1��9LðB2
5B�2

6 Þ � d½2;1��9LðB�2
5 B2

6ÞÞj6ih6j þ j8ih8j
o

¼ 1
8
j2ih2j þ 3þ 2d½2;1��2 1þ 1

2
ðN � 2ÞðN � 3Þ

� �2
 !

j4ih4j
(

þ 3� 2d½2;1��2 1þ 1
2
ðN � 2ÞðN � 3Þ

� �2
 !

j6ih6j þ j8ih8j
)
; ð24Þ
where (18) has been used. By means of (19) we obtain
LðB2
5B�2

6 Þ ¼ LðB�2
5 B2

6Þ ¼ LðB�2
4 B2

3Þ ¼ LðB2
4B�2

3 Þ ¼ 1þ 1
2
ðN � 2ÞðN � 3Þ

� �2

d½2;1�7
For the choice N ¼ 5, the dimension is d½2;1� ¼ 10, and this yields
qðt ¼ 3Þjdiag ¼
1
8
j2i 2 þ 3þ 8

25

� �����
����4

� �
4 þ 3� 8

25

� �����
����6

� �
h6j þ j8ih8j

 �
: ð25Þ
Similarly for the t ¼ 4 step we obtain



Fig. 8. Combined surface plot for the distribution of a t ¼ 4 walk in the modified protocol that corresponds to the Markov trace.
The blue surface is the distribution for spin-1/2 anyons in the quantum group SUð2Þk and the green surface for quantum double
anyons in the (2,1) irrep of DðSNÞ.
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X
~a;~a0

q~a;~a0 ðt ¼ 4Þjdiag ¼
1

16
j1i 1 þ 1

4
þ 3

8
1þ 1

2
ðN � 2ÞðN � 3Þ

� �2

d½2;1��2

( )�����
�����3

* +

� 3 þ 3
8
� 1

4
1þ 1

2
ðN � 2ÞðN � 3Þ

� �2

d½2;1��2

( )�����
�����5

* +

� 5 þ 4
16
� 2

16
1þ 1

2
ðN � 2ÞðN � 3Þ

� �2

d½2;1��2

( )�����
�����7

* +
7 þ 1

16

����
����9

� �
h9j; ð26Þ
which for the N ¼ 5 and d½2;1� ¼ 10 give the diagonal part
X
~a;~a0

q~a;~a0 ðt ¼ 4Þjdiag ¼
1

16
j1i 1 þ 31

100

����
����3

� �
3 þ 67

200

����
����5

� �
5 þ 23

100

����
����7

� �
7 þ 1

16

����
����9

� �
h9j: ð27Þ
Before closing this section some comments are in order. Comparison of the diagonal parts of walk-
ers’s density matrix obtained above for the two forms of modeling the braid group representations, i.e.
quantum group SUð2Þk and symmetric group respectively, shows that the walker occupies the same
sites at both cases albeit with different occupation probabilities. This difference in the distribution
of occupation probabilities is expected to be a general feature, since by construction these probabili-
ties depend both on the algebraic structure (finite group, quantum group etc.), employed to provide a
matrix representation of the braid group, via the associated link polynomials. It is worth mentioning
that in the limits k!1 and N !1, both distributions converge to the standard quantum walk as
seen in Fig. 8.
5. Outlook

We have described here a simple quantum walk on a line segment with nsites. This is a path graph
with vertices given by the locations of n anyons and n� 1 edges connecting the vertices that corre-
spond to generators of the braid group Bn. One could imagine anyonic walks on more general graphs
by embedding the graph onto a cellular surface of genus g. Such a mapping is not unique and the study
of such embeddings is the focus of topological graph theory [50]. One could then perform walks with
an anyon on this higher genus surface using the representation theory for braid groups on arbitrary
manifolds [51].

There are numerous questions on anyonic quantum walks that have not been addressed yet. The
Abelian anyonic quantum walk is easily tractable, both theoretically and numerically, giving rise to
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a distribution similar to the standard quantum walk. As we have seen one could determine the behav-
ior of non-Abelian quantum walks for a small number of steps. It is a very hard problem to probe any
non-Abelian walk for large anyonic chains due to the exponential increase in their Hilbert space
dimension. Each additional step of the walker exponentially increases the number of different paths
that one needs to consider. On the top of that one needs to evaluate the Kauffman brackets of the cor-
responding paths in order to determine the final position distribution of the walker. For different types
of anyonic models (like SUð2Þ2Þ the evaluation of the Jones polynomials can be performed in polyno-
mial time [52,53], though still one has to consider the exponential increase in the number of paths. For
other models (like SUð2Þk for k > 2 and k – 4) the Jones polynomial evaluation is believed to be, in
general, exponentially hard to compute [53,54].

Ideally, one is interested in deriving the asymptotic behavior of non-Abelian anyonic quantum
walks. The examples we considered here reveal parts of the structure and possibly indicate the asymp-
totic behavior of certain models. For example, we explicitly considered the SUð2Þk anyonic model for
up to t ¼ 10 number of steps. This gave the following interesting characteristics. For small k the walk
appeared to have a distribution close to the classical random walk. For large k the distribution ap-
peared to be similar to a quantum. Even though small t distributions can hardly be conclusive about
the large t behavior they provide the exciting possibility of having an anyonic model with intermedi-
ate values of k where the variance is in between the classical and the quantum. That would constitute
a new paradigm of diffusive behavior. A variety of non-Abelian models needs to be systematically con-
sidered theoretically and numerically in order to conclusively understand the asymptotic behavior of
non-Abelian walks.
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