KATO’S MAIN CONJECTURE FOR NONORDINARY MODULAR FORMS

FRANCESC CASTELLA, ZHENG LIU, AND XIN WAN

ABSTRACT. We prove Kato’s main conjecture for modular forms at nonordinary primes for weights in
the Fontaine—Laffaille range. The key ingredients in the proof are a reformulation of the conjecture in
terms of signed Selmer groups due to Lei—Loeffler—Zerbes, certain p-adic families of Rankin—FEisenstein
classes arising from the work of Lei-Loefller—Zerbes and Kings—Loefller—Zerbes, and the lower bound
divisibility in an Iwasawa—Greenberg main conjecture for Rankin—Selberg p-adic L-functions obtained
in our earlier work [CLW22].
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1. INTRODUCTION

In [Kat93, §4], Kato formulated a vast generalisation of Iwasawa’s main conjecture, conditional on
a strong form of Beilinson’s conjectures [Bei84]. For the motive attached to a newform f € Si(I'o(V))
of weight £ > 2 and the cyclotomic extension Q(up~)/Q, the conjecture is unconditional, see [Kat04,
Conj. 12.10].

The main result of this paper is a proof of Kato’s main conjecture for newforms of weight 2 < k < p
at nonordinary primes p > 2 under mild hypotheses.

1.1. Main results. Let us prepare some notation for the precise statement of our main results. Let
F=>0"1anq" € Si(To(N)) be a newform of (even) weight k£ > 2. Fix an odd prime p, and put

T = Gal(Q(up=)/Q) = A x T,

where I' is the Galois group of the cyclotomic Z,-extension Q~/Q, and A is cyclic of order p—1. Let
F = Q({an}n) C C be the number field generated by the Fourier coefficients of f. Fix an embedding
lp: Q— Qp, where Q denotes the algebraic closure of Q inside C, and let L = Fy be the completion
of I at the prime 8 above p determined by ¢,. Denote by & the integer ring of F'. Let V; = L? be
the p-adic Galois representation attached to f by Deligne [Del71], and for any Gq-stable 0-lattice
Ty C Vy, let

H%W(Q(Mﬁ”)? Tf) = LiLnHl(QOLPT)a Tf)7

Hiw (Q(up), Vy) = Hiy (Qup=), Tf) ©z, Qp

be the Iwasawa cohomology groups for Q(up=)/Q. Let
Ap(T) = O[T] = O[A][T]

be the cyclotomic Iwasawa algebra. In his influential work [Kat04], Kato constructed a collection of

cohomology classes zgp ) e H%W(Q(upoo), V}), depending L-linearly on v € Vy, whose image under the

Bloch—Kato dual exponential map is related to the special values L(f, x,r), for 1 <r < k—1, of the

complex L-function of f twisted by finite order characters y : [ — Cx (see [op. cit., Thm. 12.5]).
For v € Ty C Vy, Kato showed that z%p) lands in H}, (Q(up=), T) provided ps : Gq — Autp(Vy) =

GL2(L) has “large image”; assume from now on that this is the case, let zi]{‘t € H{(Q(up=), Ty) be

the resulting integral normalisation of ng ) as in §2.4, and denote by (zifnt) the Ay (I)-span of ziJPt.
Let T}/ (1) = Hom(T}, ppe) be the Cartier dual of Ty, and

Solao £/ Q=) = ker {1 (Qupe). Ty (1) — [ QG 77 (1)}
n
be the p-primary strict Selmer group, where 7 runs over the places of Q(pp~). In this setting, Kato

formulated the following generalised Iwasawa main conjecture.

Conjecture 1.1 (Kato’s main conjecture). Let p > 2 be a prime. For every character n: A — Z;,
we have the equality

HL, Q). Ty)"
()"

charAﬁ(p) < > = CharA@(F) (Selstr(f/Q(:u'poo))n’V)

as characteristic ideals of torsion Ag(I')-modules, where M™Y = Hom(M", Q,/Z,) denotes the Pon-
tryagin dual of the the n-isotypic component of M.
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When p is an odd prime of good ordinary reduction for f, i.e. pt N and a, ¢ B, Conjecture 1.1 is
known to be equivalent to Greenberg’s main conjecture [Gre89| for the p-adic L-function of Mazur—
Tate—Teitelbaum associated to the p-adic unit root of

(1.1) 2? —apr +p" = (- a)(z - B).

In this case, the conjectures are known under mild hypotheses by the work of several mathematicians,
including Kato, Skinner—Urban, and Wan (see [Kat04, SU14, Wan15, BCS25]).

For the statement of our main result on Conjecture 1.1, let 77 = ®,7 ¢ be the cuspidal automorphic
representation of GLg(A) generated by f, and consider the following root number condition:

(rtn) there exists a prime ¢||N such that my = oy ® &,

where o, denotes the special representation of GL2(Qy), and & is the unique unramified character
of Q, sending ¢ to —0k271 Let w: A — Z; be the Teichmiiller character.

Theorem A. Let f € Sp(I'o(N)) be a newform and p > 2 be a prime of good nonordinary reduction.
Suppose
e 2<k<p;
o N is squarefree;
o f is p-regular, i.e. a # 3;
k=2,0r
Condition (rtn) holds.

Then Conjecture 1.1 for n = w*/? holds.

e cither

As explained in more detail in Section 1.2 below, two key ingredients in the proof of Theorem A are
certain Rankin—Eisenstein classes arising from the work of Lei-Loeffler—Zerbes [LLZ14] and Kings—
Loeffler—Zerbes [KLZ20, KLZ17, LZ16], and the “lower bound” divisibility in an Iwasawa—Greenberg
main conjecture for Rankin—Selberg p-adic L-functions obtained in our earlier work [CLW22].

1.2. Strategy of the proof. Our starting point for the proof of Theorem A is an equivalent form of
Conjecture 1.1 discovered by Lei-Loeffler—Zerbes [LLZ10] building on integral p-adic Hodge theory,
and more specifically, Berger’s theory of Wach modules [Ber04]. To briefly explain this, recall that

Perrin-Riou’s p-adic regulator map [PR94] gives a way of attaching to Kato’s zif‘t an element

(1.2) LPR (ves, (z1Y)) € HL(T) ® Deris (V)

where Hj, (f) is the algebra of tempered L-valued distributions on [ and Deris (V) is the Dieudonné—
Fontaine module associated to f. By virtue of Kato’s explicit reciprocity law, pairing (1.2) against any
vector v € DcriS(Vf*(l)) via the de Rham pairing on Deris(V) x ID)CTiS(VJZ*(l)), where VJZ‘ = Homy (Vy, L)

is the dual of Vy, gives an element £ R(resp(zi]?t)) € Hr(T') whose values at certain characters y

of T is related to the critical values of L(f,x,s). In particular, the p-adic L-functions XP%TT of
Mazur-Tate-Teitelbaum [MTT86] associated to any root § € {a, 5} of (1.1) with v,(§) < k —1 are
recovered in this manner. In the ordinary case, taking £ = « to be the p-adic unit root of (1.1) and
v = 1, a certain Frobenius eigenvector with eigenvalue «, one thus obtains an equality

(1.3) LER (res, (21)) = T

as elements in Ag(T') (cf. [Kat04, Thm. 16.6]). With the help of (1.3), Kato was able to deduce from
his results on Conjecture 1.1, a proof of a divisibility in the Iwasawa main conjecture for these bounded
p-adic L-functions. A proof of the opposite divisibility—and hence a full proof of Conjecture 1.1—in
the ordinary case under mild hypotheses, was then obtained in the work of Skinner—Urban [SU14] on
the Iwasawa main conjecture for certain Rankin—Selberg p-adic L-functions related to XP%TT using
Eisenstein congruences on GU(2, 2).
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For the proof of Theorem A in the nonordinary case, our approach builds on Kato’s work and our
earlier main result [CLW22] on the Iwasawa main conjecture for Rankin—Selberg p-adic L-functions
using Eisenstein congruences on GU(3,1). However, compared to the ordinary case, two fundamental
new difficulties arise:

(1) For any of the roots £ € {a, 8} of (1.1), the image of the map
g]leR : H%W(QP(MP‘”)? Tf) — HL(f)

is not contained in Ag(T).
(2) The Rankin—Selberg p-adic L-function

(1.4) Ly(f/K)"
studied in [CLW22] has very little relation with the p-adic distributions fpl\’/éTT (in particular,
their ranges of p-adic interpolation are disjoint).
To address (1), we begin by recalling that in the case a, = 0 (so 8 = —«), Lei [Leill] showed that
certain linear combinations of £} ® and £} give rise to Ag(D)-linear (signed) Coleman maps

(1.5) ©* : Hiy (Qp(pp<), Ty) — Ap(T)

recovering Kobayashi’s construction in the case of rational elliptic curves [Kob03]; in particular, with
the property that %i(resp(z‘}“)) recovers Pollack’s signed p-adic L-functions [Pol03] attached to f.
This allowed him, as originally done in [Kob03] for rational elliptic curves, to formulate (and prove

results towards) signed main conjectures equivalent to Kato’s main conjecture.

Abstracting this idea, we note that given a A»(I)-linear map % as in (1.5), one can define a dual
Selmer group

(1.6) Selis (QUup=), T (1)) € HY(Q(up), Tf (1))

<), T
taking the orthogonal complement ker(%)* C HY(Qp(ppe), T (1)) under local Tate duality as the lo-
cal condition cutting Sely(Q(pp=), Ty (1)) at the prime above p. In favorable circumstances, Poitou—
Tate duality then gives rise to an exact sequence

%w(Q(Np”)?Tf) Hllw(Qp<Np°O)7Tf)
@ (s, (@)
— Sel%”(Q(lupoo)’T}/(l))v — Selstr(Q(pr)vT}/(l))v — 0,

whereby Conjecture 1.1 amounts to the following statement.

00—

Conjecture 1.2 (¢-main conjecture). Suppose n € A — Z) is such that

@ Hiy (Qp(ppe=), T5)" — Ag(I)
has Ag(I')-torsion cokernel with characteristic ideal generated by &, € Ag(T'), and

@ (ves(z;"")) # 0,

where zi]flt’n is the projection of zij?t to the n-isotytic component of HIlW(Q(,upoo), T¢). Then the Pon-
tryagin dual Selg(Q(up=), Ty (1)) is Ag(T)-torsion, with

(&) - chary vy (Seli (Q(upe=), TY (1)) = (€7 (resy(z""))).

Our proof of Theorem A is deduced from a proof of Conjecture 1.2 for one of the Coleman maps
61, (i € {1,2}) constructed by Lei-Loeffler—Zerbes [LLZ10]. Bypassing the use of Honda theory of
formal groups in Kobayashi’s original construction of signed Coleman maps, the much more general

(albeit less explicit) construction of %L’LZ is based on an understanding of the A 4(I')-module structure
of Berger’s Wach module N(77%).
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As for (2), to deduce from the divisibility in [CLW22] a corresponding divisibility in Conjecture 1.2
for 61,1z, we use certain Beilinson—Flach classes (denoted BF{I’E’“’” in the body of the text)

(1.7) BFIM e Hi, (Koo, Ty(n)), j€{1,2}

attached to the base-change of f to an auxiliary imaginary quadratic field K/Q in which p = v splits,
where K, denotes the Zg—extension of K. The construction of (1.7) is deduced from the works of
Kings-Loeffler—Zerbes [KLZ17], Loeffler-Zerbes [LZ16], and Biiyiikboduk-Lei [BL21], together with
the study in [BSTW24] of lattices in the big Galois representations attached to a certain Hida family
with CM by K. Building on the explicit reciprocity laws satisfied by these classes, for i € {1,2} and
w € {v,v} we then construct two-variable signed Coleman and logarithm maps

(18) (527,]10 : H H%W(KOO,IIM T(U)) — Aﬁ(FK)7 "g{]w : ker((gi,w) — Apur (FK)v
w|w
where 0" = O&z, W (F,), connecting:

e res,(BF"") (upon restriction to the cyclotomic Z,-extension of K) to the product

. nt, : nt,
‘Kﬁsz(resp(zlj? ) -%ﬁgz(resp(z}%g{)),

for f ® ek the twist of f by the quadratic character attached to K; and
e resy(BF7M) for j # i to the p-adic L-function

Ly(f/K)",

respectively. From here, the desired divisibility transfer from [CLW22] follows easily by global duality.
Together with Kato’s opposite divisibility, we thus arrive at the proof of Theorem A.

1.3. Applications. As a consequence of Theorem A, we deduce cases of the p-part of the Tamagawa
Number Conjecture [BK90, BF01] for modular forms in analytic rank zero.

Theorem B. Let f € Si(I'g(N)) be a newform and p > 2 be a prime of good nonordinary reduction.
Suppose
e 2< k< p;
o N is squarefree;
e f is p-regular, i.e. a # f3;
k=2or
Condition (rtn) holds.

If L(f,k/2) # 0 then the Bloch-Kato Selmer group Sel(Q, T}/(l —k/2)) is finite, and

e cither

[ﬁ~ L(f,k/2) ] = #8el(Q, T (1 — k/2)) - | | Tamy(Ty(k/2)).

" (—omik/2. OF
(—2mi)k/2 - O, N
where £ = (—1)k/2-1, fo € C* is the period of Definition 2.11, and

Tamg(Ty(k/2)) = [Hp(Qe, Tr(k/2)) : Hyne(Qe, Tt (k/2))]
is the Tamagawa factor of Ty(k/2) at (.

In particular, specialised to the case where f is of weight k = 2 with rational Fourier coefficients,
Theorem B recovers the main result of [BSTW24] on the p-part of the Birch-Swinnerton-Dyer formula
in analytic rank zero, and extends it to the case a, # 0:
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Corollary C. Let E/Q be a semistable elliptic curve of conductor N, and p > 2 be a prime of good
nonordinary reduction for E. If L(E,1) # 0 then E(Q) and ILI(E/Q)[p™] are both finite, and

ord, <L<§E’”) ~ord, <#LH(E/Q)[p°°] 11 Ce(E)>,

ON

where Qg € Ry is the positive Néron period. Hence the p-part of the Birch—Swinnerton-Dyer formula
holds for E.

Remark 1.3. An earlier result towards the Birch—Swinnerton-Dyer conjecture for elliptic curves F/Q
at nonordinary primes p > 2 with a, # 0 was obtained in [IS24, Thm. 5.3] conditional on the existence
of signed Beilinson—Flach classes and reciprocity laws relating them to certain p-adic L-functions (see
Conjecture 3.33 in op. cit.) akin to some of the results in §3 below.

Remark 1.4. Tt should be possible to deduce from Theorem B an extension of Corollary C to abelian
varieties A/Q of GLg-type (cf. [CCSS18, Thm. CJ).

We also note that by a method introduced by Wei Zhang in the ordinary case [Zhal4], Theorem B
also has applications to variants of Kolyvagin’s conjecture [Kol91] for nonordinary primes and higher
weight modular forms as in the work of N. Sweeting [Swe21] and E. Da Ronche [DR25]; and together
with Theorem A, it should have applications to higher weight analogues of Kurihara’s nonvanishing
conjectures [Kurl4] and their refinements, as studied in [BCGS26, Kim26, Kim25, CS26].

1.4. Relation to prior work. In [Wanl4b], the third-named author outlined a proof of Kobayashi’s
signed main conjectures for elliptic curves E/Q at supersingular primes p > 2 with a, = 0. At the
time, the approach was based on a combination of the following three ingredients:

(1) The “upper bound” divisibility in the signed main conjectures proved by Kobayashi [Kob03];

(2) The “lower bound” divisibility in an Iwasawa—Greenberg main conjecture for certain Rankin—
Selberg convolutions obtained in the companion paper [Wanl4a| via Eisenstein congruences
on GU(3,1);

(3) The construction of “signed Beilinson—Flach elements” attached to F and an auxiliary imagi-
nary quadratic field K, deduced from the work of Kings—Loeffler—Zerbes [KLZ17] and Loeffler—
Zerbes [LZ16] and their explicit reciprocity laws, allowing to transfer the divisibility in (2) to
a corresponding divisibility in (1).

Since then, the approach to the lower bound divisibility in [Wan14a] (in particular, the foundational
Hida theory for semi-ordinary forms) has been developed in [CLW22], while the construction of signed
Beilinson-Flach elements for rational elliptic curves with a, = 0 has been established in [BSTW24]
building on related work of Biiyiitkboduk—Lei [BL21] and the detailed analysis of the geometry of the
Coleman—Magzur eigencurve at certain weight one points by Betina—Dimitrov—Pozzi [BDP22].

Kobayashi’s formulation of Iwasawa main conjectures in the supersingular setting, and his proof of
an upper bound divisibility building on Kato’s work, has been extended to other settings, including;:

(1) Rational elliptic curves with good supersingular reduction at p > 2 (allowing nonzero a, for
p = 3) in work of Sprung [Spr12];

(2) Elliptic newforms f € Si(I'o(IN)) of weight k > 2 with a, = 0 in work of Lei [Leill];

(3) Elliptic newforms f € Si(I'o(N)) of weight k£ > 2 with nonordinary reduction at p > 2 (with
a, not necessarily zero) in work Lei-Loeffler—Zerbes [LLZ10].

As mentioned above, to arrive at Theorem A we prove one of the signed main conjectures of Lei—
Loeffler—Zerbes [LLZ10]; since these are known to specialise to conjectures equivalent to Lei’s in the
case ap = 0, and to Kobayashi’s and Sprung’s in the case of rational elliptic curves, Theorem A also
yields a proof of the result anticipated in [Wan14b, Thm. 1.3]! (not intended for publication) and its
corresponding extension to the settings (1)—(3) above. Note however that the approach outlined in

ISee also [BSTW24] for a recent detailed proof in this case building on [CLW22].
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op. cit. (and extended by Sprung [IS24] to setting of rational elliptic curves at supersingular primes
p > 2 as in [Spr12]) differs markedly from the approach carried out in this paper. In particular, our
construction of the signed logarithm maps (1.8) and the proof of the associated explicit reciprocity
law connecting resy(BF?M) to Ly(f/K)" is new (cf. §§3.5 and 5.4).

Finally, we note that it should be possible to adapt the methods in this paper to give a new proof
of the main result of [SU14| towards the two-variable Iwasawa main conjecture for modular forms in
the p-ordinary case (cf. [CW22, FW21]).

Remark 1.5. In [Wan16] (incorporated as part of [FW21]), the third-named author outlined a different
proof of Theorem 1.1. Contrary to the approach via signed Iwasawa theory carried out in this paper,
the approach in op. cit. directly builds on the unbounded Beilinson—Flach classes of Loeffler—Zerbes
[LZ16] and a so-called “unramified Iwasawa theory” along an appropriately chosen line in a 2-variable
p-adic deformation of 7.

1.5. Remarks on the hypotheses. We give some comments on the need for the hypotheses in our
Theorem A (and its applications).

(1) As already noted, it should be possible to extend Theorem A to good ordinary primes p > 2 by
similar methods. (In some sense, this case is simpler, since there is no ‘signed decomposition’
to be taken, and one can directly use the explicit reciprocity laws from [KLZ17].)

(2) The weight restriction k < p arises from our use of integral p-adic Hodge theory, in particular,
the choice of a good basis of the Wach module N(T%) using Fontaine-Laffaille theory. This
condition (together with p-nonordinarity) implies irreducibility of the residual representation
ﬁf‘GQp’ a condition that should be added in general. It might be possible to go beyond the

FontaineLaffaille range by building on very recent advances in integral p-adic Hodge theory?,
a direction that we intend to explore in future work.

(3) The hypothesis that N be squarefree is carried over from [CLW22], and it should be removable
with some more work.

(4) The p-regularity hypothesis on f is carried over from [LZ16], but it is also used in some of
our arguments here. It might be possible to remove it building on a different construction of
p-adic L-functions interpolating Rankin—Selberg L-values, as explained in [FW21, §4.7].

(5) The restriction to the n = w*/2-isotypic component for the action of A arises from our use of
anticyclotomic p-adic L-functions interpolating (twists of) the central L-values L(f/K, k/2),
and seems essential to our method.

(6) Finally, the last hypothesis in Theorem A could be significantly relaxed by a suitable appli-
cation of the anticyclotomic p = 0 results of [CH18b] in higher weight (cf. §4.3).
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2. PRELIMINARIES

The goal of this section is to give a precise formulation of Conjectures 1.1 and 1.2 in our setting
and explain their equivalence. Throughout we fix a prime p > 2, and complex and p-adic embeddings

lo : Q = C, LP:Q‘%QP.

2.1. Modular forms. Let f =3 77 a,q™ € Sp(Io(N)) be a newform of weight k£ > 2, level N with
p1 N, and trivial nebentypus. Throughout we assume that

(FL) k <p.

Let ' = Q({an}») be the Hecke field of f, viewed inside Q via oo, and let L denote the completion
of the image of F' under ¢),. Let & be the ring of integers of L, and assume that f is nonordinary at
p, meaning that

|ep(ap)| < 1.

Let V; be the L-linear Galois representation associated to f by Deligne. We adopt the convention
that the p-adic cyclotomic character € : Gq, — Z, has Hodge-Tate weight +1, so the Hodge-Tate
weights of Vy|gg are 0 and 1 — k. Let Ty denote the canonical Gq-stable O-lattice in Vy defined by
Kato in [Kat04, §8.3].

2.2. Iwasawa algebras. Let [ be the Galois group of the cyclotomic Z,;-extension Q(pp~)/Q; this
decomposes as a direct product

[ ~Ax T,
where I" denotes the Galois group of the cyclotomic Z,-extension Q. /Q, and A = Gal(Q(u,)/Q) is
cyclic of order p — 1. Put
Ao(T) := O] = O[A][l],  Ags(T) := O[]

for the cyclotomic Iwasawa algebras. Upon the choice of a topological generator v € I', we shall often
identify A with the formal power series ring O[X] via X =~ — 1.

Let Hy, C L[A][X] be the subring of power series convergent on the p-adic unit disk |X| < 1 and
put

Ho(T) ={h(y=1) [ h € Hr};
this is identified with the ring of locally analytic L-valued distributions on I', and it naturally contains
A4 (T) as the subring of ¢-valued measures on I'. Put also

Ap(T):=L®g As(T),
which is similarly identified with the subring of bounded elements in H(I"), and
Ap(T) := LAl @y AL(T),  H(D) := L[A] @1 Hp (D).

2.3. Signed Coleman maps. In this section we recall the definition of signed Coleman maps origi-
nating from the work of Lei-Loeffler—Zerbes [LLZ10], where such maps are constructed from suitable

bases of the Wach module of Ty exploiting its A, (I")-module structure through the Mellin transform.

2.3.1. Wach modules. Put Aap = O[] for the power series ring® over € in the variable 7. The ring
Aap is equipped with O-linear actions of ¢ and T defined by

pm) = (L+mP -1,  o(m) =1+ 1

3Note that this ring is most often denoted 0 ®z, AJCS with Aa = Zy[x], but since our coeflicient ring will be fixed
P P

to be O, the extension of scalars will be omitted for the ease of notation.
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for o € . Put Bap = Aap [1/p] C L]x], and let IB%;Eg?QP be the subring of L[r] of formal power series

convergent in the p-adic unit disk |w| < 1. The actions of ¢ and I extend to these larger rings, and
© has a left inverse 9 satisfying

(pot)(@)(m) == 3 g(c(1+m) —1).

CEpp

One easily checks that ¥(1 + 7) = 0, and that the action of T on 1+ 7 extends to isomorphisms
yo=0

(2.1) Ao(M) = (A4, AL = (B HuD) = (B q,

of Ag(I')-, Ar(T)-, and H,(T')-modules, respectively, all of which will be denoted by 9 and referred
to as the Mellin transform.
Let N(7y) C N(V}) be the Wach modules attached to the Gq,-representations Ty C V; by [Ber04].

These are free rank 2 modules over Aap and Bap, respectively, with compatible actions of ¢ and L.
By Corollary I11.4.5 in op. cit. there is an isomorphism of filtered ¢-modules

(2.2) N(Vy)/mN(Vy) = Deis (V)
and the image of N(7) under this isomorphism defines an -lattice Deris(T) C Deris (V).

Lemma 2.1. There exists an O-basis (v1,v2) of Deris(Tr(k — 1)) with
(i) v1 an O-module generaotor of Fil® Deyis(Ty(k — 1)) C Deyis (T (k — 1));
(i) va = p(v1).

In particular, the matriz Ay, of ¢ with respect to such basis (v, v2) is given by

0 -1/ pF1 )
Ay = _ .
P < 1 ap/pk 1
Proof. The existence of bases (v1, v2) as claimed under the Fontaine-Laffaille condition (FL) is shown

in [LLZ17, Lem. 3.1]. Note that the proof uses the fact that Deis(7r(k—1)) is then a strongly divisible
lattice of Deris(Vy(k — 1)) in the sense of [FL82, §7.7]. The form of A, then follows from the relation

@2 — appl_kQO - pl—k‘ ]
Note that by definition we have an isomorphism
(2.3 N(Ty(k = 1))/aN(Ty (k= 1)) 2 Deig(Ty (k — 1))
coming from (2.2).
Lemma 2.2. There exists an O-basis (vi,v2) of Deris(Tf(k—1)) as in Lemma 2.1 and an Aap—basis
(n1,n2) of N(T¢(k — 1)) lifting (v1,v2) under (2.3) and satisfying the following conditions:
(i) The matriz P, of ¢ acting on N(Ty(k — 1)) with respect to the basis (ni,n2) satisfies

0 _1/qk—1 )
P,=F (mod ), where FPy= _ _
© o ( ) 0 <5k 1 a,p/qk 1

with ¢ = ¢(m)/m and § = p/(q — 7"~);
(i) (L4 m)e(n1), (1 +m)p(n2)) is a Ap(I')-basis of (¢*N(Ty(k — 1)))¥=0.
Proof. In weight k > 3, this is shown in [LLZ17, Thm. 3.3], in which case one can even take P, = F

in part (i). In general, by the proof of [Ber04, Prop. V.2.3] we may choose bases (v1,v2) and (n1, na)
for which (i) holds with P, = Fy; then by [LLZ10, Thm. 3.5] we may replace (n1,n2) by an Aap—basis

(nf,n%) = (n1,n2) (mod ) for which (ii) also holds. O
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By [Ber04, Prop. I11.2.1] we have an inclusion of B, ¢,q, modules

(2.4) Bl q, © r4, N(Ty(k 1)) C B, o, ®6 Dexis(Ty(k — 1)).

In particular, for any bases (v1,v2) and (n1,n2) as in Lemma 2.2, which we fix from now on, there is
a change of basis matrix M € M2x2(BIg Qp) such that

(2.5) (m s ng) = (1)1 y 1)2) M.

In particular, M = Iy (mod ), where Iy denotes the 2 x 2 identity matrix.

Definition 2.3. The logarithm matriz My, € Mayo(H,(T)) associated to the bases (vy, v2), (n1,n2)
is given by
Miog == M1 (1 + m) Ay - p(M)),
where M is the change of matrix (2.5) and 9t is the Mellin transform (2.1).
Remark 2.4. One can check that in fact M, is defined over Hp(I') (see [LLZ11, §3.A]).

Remark 2.5. Since 1 — 1+ under the Mellin transform, replacing (n1,n2) by another basis (n}, nj)
of N(T¢(k — 1)) with n} = n; (mod ) leaves the resulting logarithm matrix M, unchanged.

2.3.2. Signed Coleman maps. For any finite dimensional Q,-vector space V' equipped with a contin-
uous action of Gq, put

HIIW(QP(NPO")a T):= @Hl(Qp(Mp")a T),

Hio (Qp (1), V) := Hig(Qp(11p), T) @2, Qp,
where T' C V' is any Gq,-stable lattice. Put
V=Vik—1), T=Tpk-1).
Note that for any h > 1 the Gq,-representation V*(1) := Homp (V, L(1)) satisfies Fil ™ "Deyis (V*(1)) =

Deris(V*(1)) (indeed, in our conventions V*(1) has Hodge-Tate weights {2 —k, 1}). Hence by Perrin-
Riou’s work [PR94] for any integer h > 1 there is a big exponential map

Qs ¢ (Bripq,)" ™" 9, Deris(V-(1) — HL(D) @, 5 Hhe (Quip), V(1)),

where (B;qg Qp)d’:0 is being identified with H;, (f) via 9, characterised by an interpolation property
described in [op. cit., §3.2.3]. (The construction of {y.(y); depends on the choice of a compatible
system ((pn )n>1 of p-power roots of unity, which we fix once and for all and omit from the notation.)

Composing with the Hr,(I')-linear extension of the Perrin-Riou pairing

(v s Hiy (Qpp=), V) X Hiy (Qp (), V(1)) — AL (T)
given by ((zn)n, (Yn)n)v = 1£1n >+ (@n, Yf,) TateT, where 7 runs over the elements in Gal(Qy(upn)/Qp)
and (, Yate : HY(Qp(ppn), T) x HY(Qp(ppn ), T*(1)) — O is the Tate local duality pairing, for every
=Ze (B;gngp)‘”:O ®Q, Dais(V*(1)) we obtain a map
gVE : HIlw(QP(:u'poo)v V) — HL(F)
Z+— <Z7 QV*(I),1(5)>V'

In particular, letting (v], v3) denote the basis of Deyis (77 (1)) dual to (vi,v2) under the natural pairing
[, Jar @ Deris(T) X Deis(T*(1)) — O, a key result of Berger [Ber03, Thm. I1.13] (see also [LLZ10,
Cor. 3.24)) is the description of the resulting Perrin-Riou’s big logarithm map*

Lo Loy _
20 2= (o) ) Q). V) — DoY) g, M)
V,(1+m)Qv;

40r big p-adic regulator map.
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as the composition
>~ — 1— * =
Hi, (Qp(pp), V) — N(V)¥= =5 (9"N(V))"~"

(2.7) — Daris(V) ®q, (B, q,

-1 ~
Em—> Dcris(v) ®QP HL(F)a

yo=o

where the first arrow is given by Fontaine’s isomorphism (see [CC99, §I1.1] for a reference), as refined
by Berger [Ber03] in terms of Wach modules (see also [LLZ17, Thm. 2.6]), and the second arrow is
the composite embedding

(NP2 H2 (NP ©,, 5 Bl q, = (¢ Nig(V)*™ C Dais(V) ©q, (B q,)* ™

(T) “rig.Qp — rig, Qp

explained in [LLZ11, Prop. 2.11], where ¢*Ny;z(V') denotes the Big q,-Span of ©(Nyig(V)) for

Nug(V) = N(V) @y, B}, q,-

The first two maps in (2.7) admit integral versions, with 7" in place of V. As introduced in [LLZ10],

this leads to the following decomposition of .73, is terms of signed Coleman maps %, in the spirit of
Kobayashi [Kob03].

Proposition 2.6. Let (ni,n2) be a Aap—basis of N(T') as in Lemma 2.2, and for i € {1,2} define

G - iy (Qpp), T) — Ap(T)
by the composition

G - Hh Q). T) 3 N(T)P=" 15 (o"N(T))=0 257 a4 (T),

where the last arrow takes the i-th coordinate with respect to the basis ((1 + m)p(n1), (1 + m)p(n2))
of (¢*N(T))¥=0. Then

2
fv—(vl,UQ)'Mlog'<cg~l)
2

where v; = n; mod m € Deyis(T).
Proof. This is clear from the description of .Zy in (2.7) and the definition of M. O

Remark 2.7. Let a and 8 be the roots of z? — apT + pF1, where ap is the p-th Fourier coefficient
of f € Sk(I'o(N)), and suppose the p-regularity hypothesis a # 3. (As recalled in the Introduction,
this is known to hold for k£ = 2 by [CE98].) Then

1 _
Vo 1= (avy —pF 1112), vg 1=

a—j o iﬂ(_ﬁvl +p" )

are p-eigenvectors in Deyis(7T") with eigenvalues 1/« and 1/, respectively, and for £ € {a, 5} letting

L imeu e (Qpip=), V) — H(T)

denote the coordinate of £y with respect to vg, so (v, v3) is the basis of Deris(V*(1)) dual to (va, vg),
the decomposition in Proposition 2.6 can be rewritten as

2 T)QUE — Cév
(2.8) < gv,(l—&- )&V ) — Qa}ﬁMlog' ( %ﬂi ),

V,(1+7r)®112§

WhereQaﬂ—7< k—1 ;ﬂ1>
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2.3.3. Images of the signed Coleman maps. For every character n: A — Z;, applying the projector
en = ]ﬁ Ssean H(o)o € Zy[A] to the n-isotypic component we get A (I')-module maps

(2.9) enGi - Hiy (Qppee), T)" — Ap(D)" = A (D).
For m > 1, put
m—1
Om = H (u™y —1) € Ap(D),
=0

where v € I" and u € 1 4 pZ,, are topological generators.

Proposition 2.8. Let i € {1,2}. For every character n: A — 7, there exists a factor &,; of 01
such that B
Image(e;%;) C &iho(T)

with finite index.
Proof. See Corollary 5.3 and Theorem 5.10 in [LLZ11]. O

Remark 2.9. As observed in [BL21, Rem. 2.15], we have £, 1 = 1 for all ), while &, 2 # 1 unless k = 2
and 1 = 1 is the trivial character of A.

2.4. Kato’s Euler system. Let Vp(f) and S(f) be the subspaces of de Rham and Betti cohomology
attached to the eigenform f € S(I'g(NV)) as in [Kat04, §6.3]; these are F-vector spaces of dimension
1 and 2, respectively. For any commutative ring extension A of F', we put Va(f) = Vr(f) ®r A and
Sa(f) =S(f) ®p A. Then one has canonical isomorphisms

(2.10) VE(f) =V, SL(f) = Fil' Des(Vy),
where we recall that L = Fip is the completion of F' at the prime B above p induced by .
Let Vo (f)* denote the +-eigenspace of Vo(f) under the action of complex conjugation. For every
v € Vr(f) with ¥% # 0 € Vo(f)* and an F-basis w € S(f), define Q?ﬁw € C* by
perp(w) =, 7T+, -7,
where pery : S(f) — Vo(f) is the period map of [Kat04, §6.3].

2.4.1. Kato’s explicit reciprocity law. Let q € Z. Following [Kat04, §12.2], for V' a finite dimensional
Q,-vector space equipped with a continuous G'q-action unramified outside a finite set of primes and
T C V any Gq-stable lattice, we put

H?W(Q<:up°°)7 T) = 1.£11_1q<z[/"p"7 l/p],j*T),

H?W(Q(Mpoo)> V) = H?W(Q(iup‘x’)a T) ®Zp Qp7

where j : Spec(Q(ppn)) — Spec(Z[ppn, 1/p]) is the natural map. These are zero for ¢ # 1,2, and the
latter is independent of the choice of T'.
By [Kat04, Thm. 12.5], there is an L-linear map

Vi — Hiy(Qup<), V) =y 2l
with the property that for 0 < j <k —2, if v € Vp(f) C Vy under the identification (2.10), then the

(»)
y

image of zy’ by the composition

®((Cp”)n2 )®(k_l_j) . pr .
- Hi (Q(up=), V(=5)) — HH(Q, V(—)))

0 HY(Qy, V(1))

Hiw (Qup), Vy)

exp*

— FﬂODcris(V; (—4) = FﬂchriS(Vf )
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is contained in S(f) C Fil'Deirs (V) under the identification (2.10), and satisfies

Lip(fii+1) |

+ s )y = .
(2.11) pery (image of z) = (—2miit v,

where L, (f,s) is the L-function on f with the Euler factor at p removed, the sign is + = (1),
and perf : S(f) = Ve(f)* is the composition of per; with the projection to the +-eigenspace.

2.4.2. Integral normalisations. Let O = Opgyp denote the localization of the ring of integers of I at
the prime ‘B above p determined by ¢,,.

Taking cohomology with coefficients in O in the definition of Vr(f) defines a lattice To(f) C Vp(f)
contained in 7. In the following we put

To(f)* =To(f) NVe(f)*

and fix O-module generators ’y]jf € To(f)*.

On the other hand, adapting the notation in [KLZ17, §2.8] let Mo (f) denote the maximal subspace
of

H}(Y1(N)(C), Sym"*#3) @7 O
on which the Hecke operators T, act as multiplication by a,, and put
Mo(f)* := Mo(f) N (HL(Y1(N)(C), Sym"225) 7 C) ™,

and fix O-module generators (5}E € Mo(f)*.

From the definitions, we have natural inclusions Mo (f)T < To(f)* which become isomorphisms
after extending scalars to F.

Lemma 2.10. We can write
5?[ —ct. ’y]jf
with ¢t = cy € O a generator of the congruence ideal for f.

Proof. Let kg, = € /my, be the residue field of &. By a result of Fontaine (see e.g. [Edi92, Thm. 2.6]),
the residual representation p; : Gq — GLa(k1) attached to f is irreducible (even after restriction to
Gq,), and so the localisation of the Hecke algebra at the corresponding maximal ideal is known to
be Gorenstein (see [FJ95, Thm. 2.1]). Thus the argument in [BSTW24, Lem. 2.5] applies. O

Following [Mak26, §2.1] we consider the following p-normalisation of periods.

Definition 2.11. For any nonzero w € S(f), the p-normalised periods of w are the complex numbers
QF € C* defined by

pery(w) = Qb (% +Q, -6,
In other words, QF = Qf;to’w where 0o := 65, + 0.
On the other hand, we consider the following p-integral normalisation of Kato’s class:
2 =2 € Hi, (Q(up), Vi),
where Yo =74 + 75 € To(f) C Ty.
Proposition 2.12. Then class zi]?t is contained in Hi_(Q(up=), Tf) C Hi, (Q(up), Vy).

Proof. As noted in the proof of Lemma 2.10, under our running assumptions the residual represen-
tation py is irreducible, so the result thus follows from (the proof of) [Kat04, Thm. 12.5(4)]. O
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Definition 2.13. For ¢ € {a, 5} and ¢ € {1,2} put
Le(f) = Lirgrimon Gesp (@5 1), Li(f) 1= Elresy (2 1)),

where zifrj}ﬂ_l denotes the image of ziJ?t under the twisting map

®((Cpn )n>0) Bk
H, (Q(pp), Vi) ——= H, (Q(pp), V).

Note that these are elements in H (') and Ag(T), respectively.

2.4.3. Interpolation formulas. Fix a topological generator v € I', and for ¢ a primitive p’-th root of
unity, let ¢ : Gq - I' — Q; be the character determined by 1¢(v) = (. By abuse of notation, we

also let ¢ the resulting Dirichlet character (Z/p'™1Z)* — Q; . Let
6:f—>ZIf, <5>:5w71:F—>1+pr,
be the p-adic cyclotomic character, where w : A — Z7 is the mod p cyclotomic character.

Definition 2.14. For every character n: A — Z, let

Le(f)" € H(T),  (resp. Li(f)" € Ap(I))
denote the images of L¢(f) and L;(f) under the projectionsHp, (') = HL(T) (resp. Ag(T) = Ag(D))
defined by e,,.

As in [Kat04, §14.22], the image of the differential wy € S(f) attached to f (see e.g. [KLZ20, §6.1])
under the Faltings-Tsuji comparison isomorphism (2.10) gives an @-basis of Fil'De;s(Ty). Thus in
the following we shall assume that the basis (v1,v2) from Lemma 2.2 is such that v; = w [

Theorem 2.15. Let & € {a, B} and n: A — Z) be a character. Then L¢(f)" satisfies the following
interpolation property: For all characters x = <5>j1/1< of T with 0 < j < k—2 and  a primitive p*-th
root of unity for some t > 0, we have

U L(f @ g tnw? j + 1)
(=2mi)i - g i) - O,
where g(wglnwj) is the Gauss sum, the sign is & = (—1)7, fo is the p-normalised period in Defini-
tion 2.11, and

Ox(Le(f)) = epen(fix) -

crenl 0 = Fop (1 O (v

with t' =0 ort + 1 according to whether or not n = w7 and t = 0.

Proof. This is a reformulation of [Kat04, Thm. 16.6], and follows from Kato’s explicit reciprocity law
(2.11) (and its variant for twists by finite order characters of I') and the interpolation property of % .
Indeed, for £ € {o, B} Kato considers the differentials ¢ € Deyis(Vy) attached to wy characterised by
the properties ¢(n¢) = £ - ne and [ng, wrlar = 1, and shows that the image

Mg =1 ® ¢ er € Dexis (Vy) @ Dar(Qp(1)) 2 Deris(V*(1))

(where t € Bqr and the basis e; € Q,(1) are the ones defined by our chosen ((yn)n>0) is such that

gV,(1+7r)®ng,1 (resp(ziﬁz_l)) € 'HL(f)

has the stated interpolation property after applying e,. Since a direct calculation shows that
(2.12) Neq = U

where ¢’ is the element in {a, §} different from &, the result follows. O
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Note that from (2.8) we have the decomposition
La(f) ) —1 < Ly(f) > @2
2.13 = Q7L My, - € My (T)®2.
(213 (o) ) = Qalime ( 237} ) €700
Proposition 2.16. For every character n: A — 75, the projection Li(f)" € Ag(T') is nonzero for
some i € {1,2}.

Proof. By the interpolation property of Theorem 2.15 and the nonvanishing result of [Roh88] (or just
[Shi76, Prop. 2] for k > 2), the left-hand side of (2.13) has nonzero image under e,,. Since Q;,};Mlog
has nonzero determinant (see [LLZ11, Cor. 3.2]), the result follows. O

Remark 2.17. Contrary to the case a, = 0 studied in [Pol03, Cor. 5.11], due to the inexplicit nature of
Mg in general, the interpolation property of Theorem 2.15 does not translate into a similar property
of L;(f)" in a way allowing us to show that L;(f)" # 0 for both ¢ € {1,2} from the aforementioned
nonvanishing results (cf. [LLZ10, Cor. 3.29]).

2.5. Main conjectures. We recall the formulation of signed main conjectures from [LLZ10, LLZ11]
and their relation with Kato’s main conjecture.

2.5.1. Formulations. For i € {1,2}, define the i-th submodule of Hi, (Q,(pp=<),T) by
Hiy,i(Qp(ppe ), T) = ker(6;),

where ; is the signed Coleman map of Proposition 2.6. Let V*(1) = Homy,(V, L(1)) be the Kummer
dual of V, put As(1) = V§(1)/T¢(1), and using the identification®

(2.14) V(1) = Vi(k —1)"(1) = Vi(1).

let H} (Qp(tp>), Af(1)) be the orthogonal complement of Hllw’i(Qp(lLLpoo), T') under local Tate duality
Hi (Qp (1), T) x HY(Qp(ptp=), Af (1)) — Qp/Zyp.

Definition 2.18. For i € {1,2} put

—_

1
Sel(/Qu) 1= ker{ ' (@), A5(1)) — a2

@i a1 * L@ A1)

wip

and define the strict Selmer group by
Selser (f/Qup=)) == ker {Sel; (f/Q(pp=)) — H (Qplup=), A5(1))}

(which is of course independent of 7).

Let X;(f/Q(up=)) = Homg, (Sel;(f/Q(up=)), Qp/Zy) be the Pontryagin dual of Sel;(f/Q(xp<))
and similarly put Xsu(f/Q(pup=)) = Homg, (Selsir (f/Q(up=)), Qp/Zp)-

2.5.2. Kato’s main conjecture. As we explain below, the following is a reformulation of Kato’s main
conjecture (cf. [Kat04, Conj. 12.10]).

Conjecture 2.19 (Kato’s main conjecture). For every character n: A — Z; we have

H!l pee), )1
charAﬁ(p)< IW(((;&L ))77 )>:ChaI‘Aﬁ(F)(Xstr(f/Q(:upoo))n)

fik—1

as characteristic ideals of torsion Ag(T')-modules.

5Recall that in general Vy(k—1)" = V; where f is the form obtained by complex conjugating the Fourier coefficients
of f; however f = f for f with trivial nebentypus.
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Remark 2.20. Let S be a set of primes containing oo and the primes dividing Np, and let Q° denote
the maximal extension of Q unramified outside S. As shown in [Kur02, Lemma 4.3] (see also [Leill,
§6.2]), Poitou—Tate duality gives

215)  Xa(f/QUupe)) ker{le Q). T) — [T (@ T)},

eSS wie
where HIQW’S(Q(,up = lim | H2(Gal(Q%/Q(pzpn)), T). On the other hand, from the localisation
sequence in étale cohomology we have
2100 1(QUu).T) = her{ i 5(Qu). ) — [T [THAQUo)w 1)}
LeS~{p} w|¢

(see [Kur02, §6]). Since by [Leill, Lem. 4.4]° we have HO(Qy(ppe), Af(1)) = 0, comparing (2.15)
and (2.16) and using local Tate duality it follows that

Xouw(F/Qlup=)) = Hiy (Q(p=), T).
Thus Conjecture 2.19 (forn : A — Z) is equivalent to Conjecture 1.1 (for nw®~1) in the Introduction.

2.5.3. Signed main conjectures. The next recall the formulation of signed Iwasawa main conjectures
due to Lei-Loeffler—Zerbes (cf. [LLZ11, Conj. 1.1]).

Conjecture 2.21 (Lei-Loeffler—Zerbes signed main conjectures). Leti € {1,2}. For every character
n:A = Z; we have

chary 1) (Xi(f/Q(up=))") = chary ,(r) <W> |

equivalently, we have

(&n.6) - chary oy (X (f/Q(up=))") = (Li(f)"),

where &, ; is as in Proposition 2.8.

2.5.4. Equivalence. Our results on Kato’s main conjecture for f will build on the following reformu-
lation discovered by Lei-Loeffler-Zerbes [LLZ10).

Proposition 2.22. Leti € {1,2}. If n: A — Z) is such that L;(f)" # 0, then the following are
equivalent:

(i) Xi(f/Qpp=))" is Ag(I')-torsion with
(&n.6) - charp ) (X (f/Q(pp))") € (Li(£)");
(i) Xetr(f/Q(ppe))" is Ag(I')-torsion with
Hj (Q(Mp‘x’)aT)n>;

chary () (Xser (f/Q(pe ))”)CchafAﬁ(r)< W(Zint i

fk—1

and the same holds for the respective opposite divisibilities. In particular, Conjecture 2.21 for L;(f)"
and Kato’s main Congjecture 2.19 for n are equivalent.

Proof. This is essentially shown in [LLZ10, Thm. 6.5] (cf. [Kob03, §7]), but we provide the details for
the convenience of the reader. As noted in the proof of Proposition 2.12, under our assumptions the
residual representation py is irreducible, and so by [Kat04, Thm. 12.4] we know that H} (Q(ppe),T)

is a free Aﬁ(f)—module of rank 1. From Poitou-Tate duality we have the exact sequence

le(Qp(NpOO ), T)
H%Iw,i(Qp(upoo),T) — Xi(f/Qup=)) — Xste(f/Q(pape=)) — 0,

6Whose proof, building on [BLZ04, Prop. 4.1.4], does not require a, = 0.

(2.17)  Hi(QUup), T) —



KATO’S MAIN CONJECTURE FOR NONORDINARY MODULAR FORMS 17

and by definition and the hypothesis on 7, the composition of the left-most map in (2.17) with ng is
a nonzero map Hi (Q(upe),T) — Ap(T I') taking zmt _y to Li(f). Thus the latter map is an injection,

int

and quotienting out by the image of z Fh—1 and takmg n-isotypic components, (2.17) yields the short
exact sequence

HL (Q(up<), T)"  Tmage(%,)"
@y (L)

Using Proposition 2.8 and multiplicativity of characteristic ideals, this yields the result. O

0—

Xi(f/Qup=))" — Xstx (f/Qpape=))" — 0.

3. BEILINSON-FLACH ELEMENTS
Let K/Q be an imaginary quadratic field of discriminant —Dg < 0 such that
(spl) p=vv splitsin K.

For every prime w of K above p, let K/ denote the Z,-extension unramified of K outside w, and put

= Gal(K%/K). Let recg : Ay — Gab be the geometrically normalised reciprocity map of class
ﬁeld theory, and let rec,, : K Gab denote the restriction of recx to K. Then recy, (1 + pZ,)
injects into I' (here we identified 1 4 pZ with the group of 1-units in (’)Kw), and so

[ : recy, (14 pZ,)| = ph”

for some hy, > 0 (with hy, = 0 if the class number hg of K is coprime to p).
As usual, upon the choice of a topological generator 7, € I'*, we shall often identify Ags(T"™") with
the one-variable power series ring O[T,,] via v, — 1 + Ty

3.1. Canonical CM family. Following [BSTW24, §4.1.6], define h, € Az (I'")[q] by

= anqny b, = Z @,U(xa),
n=1

aCOx ,N(a)=n
vfa

with ©, : A} — I'V the composition of recg : A} — GE}P with the projection G%’ — I'Y, and where
for each ideal a C Ok, we let £ = (2q.4)w be any finite idele with ordy, (2q.) = ord,(a) for all finite
places w of K with ord,(a) # 0 and x4, = 1 for all other places w.

The g-series h,(q) is a CM Hida family of tame level Dy and tame character given by the quadratic
Dirichlet character e corresponding to K, in the sense that if ¢ : Az (I'V) — Q, is the Z,-algebra

homomorphism defined by qﬁ(%}f” ) = (14 p)™ for some m > 0, the specialisation

= Z ¢(bn)q"
n=1

is the g-expansion of an ordinary p-stabilized newform ¢(h,) € Sy,+1(Lo(Dgp), exw™™) with complex
multiplication by K

3.1.1. Galois representations attached to CM eigenforms. Let
¢ K*\Ap — C*

be an algebraic Hecke character. We say that ¢ has infinity type (a,b) € Z? is 1(z) = 222" for all
z € (K ®q R)* = C*, where the identification is via to. The restriction of ¢ to the finite ideles

A}((,f takes values in QX. The p-adic avatar of i is the character 1& G — Q; defined by

D(o|gm) = tpicd (W(x))zlad,
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where z € Aj ; is such that reck (x) = o|ga». Thus, letting ¢, denote the conductor of ¢, we have

W (Froby) = ¢ (w)

for all finite primes w of K with w { pcy, where Frob,, denotes a geometric Frobenius at w.

Suppose the infinity type of ¢ is of the form (1 — k,0) for some k& > 1, and let g = 6, be the
theta series of weight k associated to 1. Let L be the finite extension of Q, generated by the image
under ¢, of the field generated over Q by ¢ (w(AIX(f)). Then the L-valued Galois representation V,
associated to g by Deligne [Del71] (see also in [Kat04 §8.3]) is such that

V, = Ind¥ ().
3.1.2. Galois representation attached to h,. Put Ap = Zp[[ZIf]]. For integers M > 0 prime to p, let

d d
h(l)\ffp“’ = L ez>rth1(1\/flf)’ ﬁ?\;p“’ = L egrdﬁrl(MpT)’
T T
be Hida’s anti-ordinary Hecke algebras acting on A p-adic modular forms and cusp forms, respectively
(see [KLZ17, §7.4]), and note that J’Jordoo surjects onto hord by restriction. Put

Hord(Mp ) megrdHelt(Xl(Mpr)67 Zp(l))a
3.1 "
( ) Hord(Mpoo) = &negrdHét(YVl (Mpr)d’ Zp(l))v

T

equipped with their natural hord [Gql- and Jﬁord [Gql-module structures, respectively.

Let @, : h‘gipoo — Az, (I'") be the Ap-algebra homomorphism corresponding to h,, where Az, (I'V)
is viewed as a A p-module via the Zj-algebra homomorphism Ap — Az, (I'") determined by [(¢(7))] —

e(7) "1y, for all ¥ € Gk via the cyclotomic character € : G — Z;, and put
Thv = érd(DKpm) ®h°rd Azp (Pv)a
D g p®°

(32) jAf 17l Dwn™® Ao (T
h, -— ord( KP )®ﬁ‘g?{pm Zp( )7

where the tensor products are with respect to ¢, and its composition with the projection Jﬁord —

b%ip“ ’

Let U¥: G — Az, (I'Y)* denote the canonical projection G — I'” composed with the inclusion
' — Az, (I'")*, and write Az, (I')" for the free Az (I'")-module of rank one on which Gk acts via
the inverse of W".

respectively.

Theorem 3.1. Let ’]I‘Ev denote the quotient of Ty, by its torsion submodule. Then
TH = Ind$ Ag, (1)
as Az, (I'V)[Gql-modules.
Proof. This is shown in Theorem 5.19 of [BSTW24]. O

3.2. Zeta elements over K. Let a and 3 be the roots of the Hecke polynomial z? —apx +pF~1, and
for £ € {a, B} let f¢ € Si(To(Np)) be the p-stabilization of f with U,-eigenvalue £. Upon enlarging
0O if necessary, we assume that a, 8 € . Recall from §2.1 the O-lattice Ty C Vy. Working with level
Np, we define T C Ve similarly as before, and write T]’f = Homg (T, 0) and likewise define T}}.
Replacing Z,(1) by the p-adic étale sheaf TSym”*2%.(1) on X;(Mp") and Y;(Mp") introduced in
[KLZ17, §2.3], the inverse limits (3.1) define the f)or‘;)oo [Gql- and .60”2700 [Gq-modules H. ,(Mp>)k—2
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and f[&rd(Mpoo)[k_Q]. It follows from [KLZ17, Thm. 4.5.1, Rem. 4.5.3] that these are identified with
the twists of H. ;(Mp>) and H? (Mp™), respectively, by the Z,-linear twisting map

(3'3) mg_2:Ap — Ap

2]

given by z — 227F[z] for z € Z;. From these, we define TET and 1~I‘E€:2] by tensoring with ¢, as in

.2), and let T,"" ™ an T, """ denote the quotient by the torsion submodules.
3.2), and let T, and T,)* 2 d h by th bmodul
Put M = N Dk, fix an integer ¢ > 1 with (¢,6pM) = 1, and let

(3.4) BFEM € HY(Z[1/p), Tred (T, B2 &94,,(T))

be the Beilinson-Flach element .BF$# of [BL21, Thm. 3.2] for m = 1 and g = h,, the canonical CM
family of §3.1; by construction, this interpolates for varying n > 1 and 0 < j < k — 2 the image of
the modified Rankin—FEisenstein classes

(=17 ((Up) ™ U) ™"

(k 2)2 pmpn M1

of [KLZ17, Def. 5.1.5] (as well as [LZ16, Def. 3.2.1]) under the composite map
HE (Y (p", p™ " M)?, M A, ()P (2 = §) @ L)
(3.5) — HY(Q(ppn), Tje@ Hypg(Mp™)F 2 (=) @ L)
— H(Q(uy), Tje T, (=) @ 1)
of [BL21, p. 10685], where the second arrow in (3.5) is induced by the projection
~0 [k 2]

Hyyg(Mp>)F 2 — T — Ty

By [KLZ17, Prop. 7.3.1] (see also [LLZ15, Prop. 4.3.6]), there is an isomorphism (P1¢), : T = T}

induced by a p-stabilisation map Pré; in the following we shall thus view the Beilinson-Flach elements

(3.4) in HY(Z[1/p), Tf®( T [k 2])®HL(f)L). Moreover, as observed in [BSTW24, §6.4], we may find
c as above such that

c:=(c® —ex(0) @ ()%, ") @ e

is invertible, where 7. = log,(c). Upon the choice of such ¢ we then set
BFP .= ¢t BFSh € HY(Z[1/p), T& (T F2h&m (D)),

which is independent of ¢, and where we used the identification T f = T (since f has trivial nebentypus,
and so the complex conjugate f is f itself).

Theorem 3.2. There exist classes

Bfl’h”, Bf2’h” c Hl( [1/13] T®(T Jk— 2])®Azp(f)b) ® L

BF b - BFthe
( Bfﬁ7h’u > = Qa,lﬁMlog ’ < 8.7:2’11“ ) )

where Qa5 = ai ( ke pk 1) and Moy € Mayxo(Hr(I')) is the logarithm matriz of Definition 2.3.

such that

Proof. This follows from [BL21, Thm. 3.7]. O
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Fix some s > 0 such that for both i € {1, 2} the classes
(3.6) BFihe . — 5. g

int

land in H'(Z[1/p], T®(ﬁ‘i[k72])®l\zp (I')") (the particular choice of s will be irrelevant for our argu-
ments later). In the following, twis~ting by the inverse of the character my_o of (3.3), we shall view
BFR as living in HY(Z[1/p], T&(TY )&Az, (T)").

3.3. Two-variable Coleman maps. Let Fi, be the unramified Z,-extension of Q,,, and put

U:=Gal(Feo/Qp), G := Gal(Fa(up=)/Qp) =T x U.
We begin by recalling the construction by Loeffler—Zerbes [LZ14] of a two-variable big logarithm map
2y F.. interpolating Perrin-Riou’s
L Hiy (F =), V) — Daris (V) ®q, Hi(T)

(cf. (2.6)) over the finite extensions F'/Q, contained in Fi.

For any finite unramified extension F/Q,, write Nz(T') for the Wach module attached to T'|q,..
By [LZ14, Prop. 4.5], the Fontaine-Berger isomorphism H} (F(upy=),T) =2 Np(T)¥=! extends to

Hiw (Foo (ppe<), T) 2 N (T)",

where Np_(T') = im N r(T') with inverse limit relative to the trace maps, and with F' running over
the finite extensions of Q, contained in Fi; and by Proposition 3.12 in op. cit. we have

(¢"NF, (1)Y= = (¢"N(T))" @z, Sk /q,
where Sp_/q, CAg (U) is a free Az, (U)-module of rank one. Following [LZ14, Def. 4.6] (see also
[BL21, §2.3)), lettlng QQT—’ be a Az, (U)-basis of Si_/q,, similarly as in (3.7) we define
gV,Foo : HIW(FOO(MP"O):T) — QQp HL(G) ®Qp Dcris(v)
by the composition
~ —1 1- . —0-
Hiy (Foo(p), T) — Np (T)V=" =5 (¢"N(1)) "Gz, 5r /q,
— Deis(V) ®q, (B, q,)""®2,5./q,

m—l
—— Deris (V) ®q, (Ho(T )®ZPSFOO/QP)

— QQp . /HL(G) ®Qp Dcrls(V),

using the embedding of [LLZ11, Prop. 2.11] and the inclusion # (I )®z,Az,(U) C H(T )@z, H({U) =
H1(G), respectively, for the unlabeled arrows.

(3.7)

Proposition 3.3. Let (ny,n2) be a Aap—basis of N(T') as in Lemma 2.2. Then we can write

2
(38) gvaoo = (U1 , 1)2) . M]og . ( 1,Feo >,
G2 F.
where ‘62; r., s defined as the composition
i HEy (Foo (1), T) = Np (D)Y7 =5 ("N(T))Y =82, Sk jq,

r.0J
P2 Ap(T )®z,5F./q,

= Ap(T )®z,(Qq, - Az, (U))
~ Qq, - A(G).

where the second arrow is given by taking the i-th coordinate with respect to the basis (ni,ns).



KATO’S MAIN CONJECTURE FOR NONORDINARY MODULAR FORMS 21

Proof. In the same way as in Proposition 2.6, this follows from the description of %y . in (3.7) and
the definition of M. O

Proposition 3.4. Let i € {1,2}. For every character n: A — Z, we have an inclusion
Image(e,%;.p..) € Qq, - & (C)

with finite index, where &, ; is the same factor of 0p—1 as in Proposition 2.8.

Proof. This follows readily from the construction of %?; F,, and Proposition 2.8 (see [BL21, Lem. 2.16]
for the details). O

Similarly as in §2.3.2, letting
LrgF = Ly (1empuz oo Hiw(Foc(p1p), T) — Qq,, - Hi(G)

be the coordinate of Zy, r., with respect to vg, the decomposition (3.8) can be rewritten as
Lva,F 1 G

3.9 10 L oo — M. - Lo )

39 < Ly, ) QoMo \

where Q3 = ﬁ(_pﬁ,l p;,ﬁl )

3.3.1. Semi-local signed Coleman maps. Let
I'k = Gal(Kso/K) = Z

be the Galois group of the Z?,—extension K /K. For every w € {v,v}, fix a prime wy of K, above w,
and let I'g, C I denote the associated decomposition group at wg. For every character n : A — Z;,
the constructions of the preceding paragraphs give maps

oo - HIlw(Koo,zl?O? V(??)) — QQP . 'HL(F{DO)’
enCi Kooy ° Hi, (Koo,q0:- (1)) — Qq, - Ao (Ta,),

enve K
(3.10) !

where V(1) denotes the twist V ® ), and likewise for T'(). Using the Shapiro’s lemma isomorphism
H' (Ku, T(n) ® Ao(Tk)") = @D Hiy (Koo, T())
wlw
= A/J’(PK) ®A@(F@O) HIlw(KOO,@oﬂ T(n))v
where w runs over the primes of K, above w, we define

(3 11) en.,?v@w : Hl(Kw, V(n) X Aﬁ(FK)‘) — QQp : HL(FK),
' ey G H (K, T(0) @ Ap(Tk)") — Qq, - Ao(Tk)

by tensoring (3.10) with Ay(I'x) over Ap(I'g,). Then from (3.9) we obtain the relations
€ zVaw -1 € (%’w

3'12 n sy — MO w* n o) ,

(3.12) ( ) = QMg ()

where Miog oy € Maxo(Hr(I')) is the image of the logarithm matrix Mo of Definition 2.3 under the
inverse of the isomorphism given by the composition I'Y < ' — I
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3.4. Two-variable Selmer groups. For every character n: A — Z;, consider the G g-module
T) = T(n) © Ap(T)'s Al = T() (1) © Ao(Tc),
where we recall that ' = Ty(k — 1). For e € {1,2,rel,str} and w € {v,v} a prime of K above p, put
ker(en‘ﬁlw) if o € {1, 2},
HY (K, TY) := { H'(K,y, T%) if @ = rel,
0 if @ = str,
and let H. (K, A.) be the orthogonal complement of H.(K,,, A7) under the local Tate duality
HY (K, T)) x YKy, AL) — Q,/Z,.
For (e,0) € {1,2,rel,str}*?, define the (compact) Selmer group H; (K, T) by setting

HY(K,,T}) HY (K T})
H, (K, T}) :=kerqd H' (K, T O KTy v HY'(K5™,T7.)
AT { T = i, et A

and the dual (discrete) Selmer group Sels o(fy/K) C H'(K, A,) by replacmg T7. with A7, in the
above definition. Finally, write X, o(fy/Koo) for the Pontryagin dual of Sels o(fy/Koo)-

3.5. Explicit reciprocity laws. In this section we explain the relation between the classes BF P
of Theorem 3.2 and two different types of Rankin—Selberg p-adic L-functions arising from the explicit
reciprocity laws established in [LZ16].

3.5.1. Filtrations. By Ohta’s work [Oht00], the modules H! (Mp>) and Hord
§3.1 are equipped with .60“1 [Gq,]-stable filtrations

F T Hog(Mp™) C F ¥ Hypg(Mp™),
FHHya(Mp™) C F¥ Hyg (Mp™)
with #TH] ,(Mp>) = ﬁ*ﬁ;r (Mp®°) isomorphic to f]ordoo as ﬁord -modules. Put
TK = Tt Howg(Drp™ )®h%§{pw Az, ('),

(Mp>) introduced in

Ty, = J\+H0rd(DKpOO)®hfgipoo Az, (T),

so we have a commutative diagram with exact rows

0 Ty, Th, Ty, = Th,/Tf, —=0
(3.13) f
0 Ty T Ty, ==T§ /T ——=0.

3.5.2. Triangulations. Let % denote the Robba ring, consisting of Laurent power series in L(())
convergent in some annulus inside {|r| < 1}, and let ID)T- be Fontaine’s functor from p-adic Gq,-

representations to (o, I')-modules over Z, as extended by Berger Colmez [BCO08] to p-adic families.
Put .7 J\iDLg(’]I‘E )= Dilg( d\iTEv), and similarly with ’IFDU, and for £ € {a, 5} and o, e € {4, —, 0}
put
rgzgrd rlg(v ® TD ) Dllg( ) ® g"DLg(TD )
and similarly with TE in place of ']I‘h , where 9 = denotes the filtered pieces in the triangulation

0 — F¢ Dl (V) — DL (V) — 27D (V) — 0
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arising from [Kis03] and its extension to Coleman families in [Liul5].
The regulator maps e, %y ¢, of (3.11) extend by linearity to

(3.14) enfv@w : Hl(Kw,T(U) @ Ag(Tk)" QAo (I) HL(F)) — QQP . HL(FK)
using the isomorphism (see [LZ16, Prop. 2.4.2])
H! (Kw, V(n) ® Aﬁ(FK) ) ®A@>( ) HL( ) H! (Kw, V( ) & Aﬁ(FK)L ®A5(I‘) HL(F)).

3.5.3. Explicit reciprocity law for w = v. As shown in [LZ16, Thm. 7.1.2], the image of resp(lS’]-'g’h”)
under the composite map

H'(Qp V @ (TF) © Ao (0)) @, ) He() 2 Hh, Q). Dy (V @ T, ))
— Hi Q). Fe gDl (V @ )
is contained in the image of the injection

~ 0 ~
HIIW(QP(MP ) &, OLDLg(V ® TEU)) — Hllw(Qp(/’Lp ) £, ordDLg(V ® TEU»
On the other hand, under the isomorphism
V\ S L ~ @,
HY (K, V(1) @ Az, (T")®Az, (T)") @, () Ho(T) = HE (Qppee ), FLof D, (V @ TR, )"
induced by the identification K, = Q, and the isomorphism
Ty, =Ty, = Az, (")

as Gq,-modules (cf. (3.13) and Theorem 3.10) defined by the A-adic Ohta’s differential wy, attached
to h, as in [KLZ17, Prop. 10.1.1], the extended regulator map e, %y ¢, of (3.14) factors through the
natural map

0, g , fnd
i (Qp (e )y oty Dhy (V@ T )T — Hi (Qplppee ), Z DL (V @ TR,

and so e, %y ¢, can naturally be evaluated at resp(B]-"g’h””’) for the n-isotypic component BF& B
of BF&hv.

Definition 3.5. For £ € {a, 8} and a character  : A — ZJ, put

Lg%(fa hv)n = €n$V7€7U(resp(B]_‘E,hU,n))‘

Put
E0 = {(1,x2) : TYT —» Q,, | x2 = ()¢, 0<j<hk—2, (€ ppe),

where 1)¢ is the character associated to ¢ as in §2.4.3.

Theorem 3.6 (Reciprocity Law I). Let § € {«, 8} andn: A — Z be a character. Then Lg%(f, h,)"
satisfies the following interpolation property: For all x = (1,x2) € U with xo = ()¢ for 0 < j <
k —2 and ¢ a primitive pt-th root of unity for some t > 0, we have

(1) _ (j1)? L(f @winpt by, 5+ 1)
OulLgF o)) = epeal £ 0" et T i 57 (]

where ep ¢ n(f,X), g(wjm/JC_l) are as in Theorem 2.15, and (f, f)n is the Petersson norm of f with

(f1, fa)n = / A(r) fa(r)yF 2 dady

L1 (N)\H
fortr=x+1yeH.
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Proof. This is essentially contained [LZ16, Thm. 7.1.5]; since the statement in loc. cit. only includes
the case ( = 1, while for our purposes we will need the result for arbitrary p-power roots of unity ¢,
we provide some details.

Let f¢ denote the p-stabilisation of f with Up-eigenvalue £, and let f¢ denote the Coleman family
passing through f¢. Let Lg‘”b(f5 ,hy, 1+ j) be the 3-variable p-adic Rankin L-function constructed
by Urban [Urb14] (see also [AI21, App. B]). On the other hand, let

co . i ¢ h,
LE (£, by, 14 §) o= (—1) AN (E) - (LBFI™), nee @ e, )

be the 3-variable geometric p-adic L-function introduced in [LZ16, Def. 9.1.1], so by Theorem 7.1.5
in [LZ16] one has the equality

LE(f¢ hy, 1 +j) = L™ (£, hy, 1 +)

(indeed, this follows from the Zariski-density of the crystalline points at which their corresponding
specialisations agree by virtue of [KLZ20, Thm. 6.5.9]).

By the interpolation property satisfied by Lgrb(fg, h,, 1+j), it follows that if we let L5 (¢, h,, 1+
j) denote the image of L™ (£¢, h,, 1+ j) under the specialisation map at f¢, for all n: A — Z and
x € 20 as in the statement we have

epen(f,X)? ‘ (1) ‘ L(f®wj77¢51,h2,1,j+1)
Eell) Ere) T (SR glaimg ) 227 (f, o

k—2 k—1
where &.(f) = (1= 2 ), &5(f) = (1- 2.
Comparing the interpolation properties satisfied by -4 and £ (see [LZ14, Thm. 4.15] and [LZ16,
Thm. 7.1.4]), the result thus follows from the relation (2.12) and the fact that by [LZ16, Cor. 6.4.3],

ng~ specialises at f¢ to )\N(f)*lgp@(f)*lé';’g(f)*l e O

Gy (LE (4, hy, 1 +])) =

3.5.4. Cuspidality of Beilinson—Flach classes. To motivate the discussion in the next two subsections,
let us note that our next goal is the proof of a second explicit reciprocity law for the natural image of
resp(B]-"f’h”’”) under the p-adic regulator map e,.%y ¢ 5, yielding an analogue of Theorem 3.6 with v
in place of v. This will be the essentially content of Theorem 3.17 below, but a difficulty that arises
is that the above evaluation only makes sense after multiplying the classes BF&P" by T,. Thus
we shall first consider this modification, and building on the first explicit reciprocity law (as in the
proof of Theorem 3.10) and a key computation by Biiyiikboduk—Lei (as in Corollary 3.13) arrive at
the desired Theorem 3.17.

We begin by noting that as in the proof of [BSTW24, Thm. 6.22], multiplication by 7T, annihilates
the quotient 'ﬁEv / TDU, and so the classes
(3.15) BF§R =T, - BFS

cusp *

land in the image of the natural map
HY(Q,V @ (Ty,) ® Ap(T)") @ Hi(T) — HY(Q,V @ (Th,) ® Ap(T)") @ Hr (),

which is an injection. Viewing BF g{gg in the former space, and taking n-isotypic components B.F; gﬁgg’",

from Theorem 3.2 (and its proof) we have classes

BFeuy € H(Z[1/p], T(n)®(Ty, ) @Az, (I)") © L

such that
B]:avhmn 1 B]:l,hvﬂ?
510 (ER )~ ot (B,
BF " BT\ BFERT
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and similarly as in (3.6) we put
(3.17) BF o

cusp,int *
Since Theorem 3.10 together with

= - BFbhen ¢ {1

cusp

Shapiro’s lemma give isomorphisms

(Z[1/p], T(n)&(Ty,) @Az, (T)").

HY(Q,T(n) ® (TR,) ® Ap(I')") = H'(Q, T(n) @ IndZ (Az,(I)") @ A(I')")

~HY (K, T(n) ® Ap(Tg)"),

for every prime w € {v, v} of K above p we may consider the image of res,, (BF g{gg”’

under the maps (3.11) and (3.14).

Definition 3.7. For &,¢' € {«, 8} and 4,5 € {1,2} put

25

) and res,, (BF 4w

cusp

);
);

log,v)tra

IO, (f. 1) = ey Zye o (res, (BFERm), L (f.0,)" = ey G (resy (BFE2T
LI (Mo, )7 = ey L (ress(BFEhom), L (hy, £)7 = e, Cis(ress(BFLT
viewed as elements in H7,(I'x) and Ay (I'k), respectively.
Remark 3.8. For £ = &', we have
IO () =T, - L (f 1),
where Lg%(f, h,)" is as in Definition 3.5.
In analogy with [Pol03], we have the following decomposition.
Corollary 3.9. We have
~(1 ~(1 ~(1 =
= < Laalf )" Lo(f;0)" ) = QMg < Ly (f byt Ly (7" > (@0 Migg)"
LO(F 0 Lp(fhg) ) PP L (fhy L)y (fhy)r )
and similarly
~(11 ~(I1 =~ ~
@ - < Lgn) (o /" L‘(’ffg(hv’f)n > = Q.Y Miogs < L%)(h”’f ! L%)(h”’f)n ) Q)
7 T T ®a 0g,v T 7 o
LY (e, £)7 LGy, )7 o L8V (hy, )7 LYY (hy, )7 ﬂ

where Miog oy € Moo (Hp(I')
)

Proof. Immediate from (3.12), (3.16), and (3.17).

3.5.5. Cuspidality of Beilinson—Flach classes, bis.

Theorem 3.10. Suppose | € {1,2} and n: A — Z, are such that

(3.18)

where I~ = ker(Ag (L) — Ag(T)). Then the n-component BF:2"

natural injection

(Lg,lz)(f, h,)” modI~) # 0,

int

HY(Z[1/p], T(n)&(T},) ©Az, (1)) — H'(Z[L/p), T(n)&(T},) ©Ag, (1))

Proof. Following the argument in the proof of [BSTW24, Cor. 6.22], the desired result follows from
the nonvanishing of the composite map

eyl ores, : H

1
rel,l

(K7 T?{) — Aﬁ(FK)7

and this follows from Theorem 3.6 and the nonvanishing hypothesis.

) is as in (3.12), and A'™ denotes the transpose of a matriz A.

of (3.6) is in the image of the

)
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In view of Theorem 3.1 and Shapiro’s lemma, we consider the composition
HY(Z[1/p], T()&(Ty,)®Az, (1)) — HY(Ok[1/p], T(1)@Az, (I")' @Az, (T)")
— H'(Ok[1/p), T(1)&Az,(Tx)").
Abusing notation, for [ € {1,2} and n: A — Z such that (3.18) holds, we shall still denote by

(3.19)

l hv 2
BFe" € HY(Ok[1/p], T(n)@Az,(Tk)")
the image of the n-component of (3.6) for i = [ under the composition (3.19).

Remark 3.11. In our application to Kato’s main conjecture, K will be chosen so that

L(f @ exguw®?71 1) #£ 0.

For such K, by virtue of [Shi76, Prop. 2] and [LLZ14, Prop. 3.28] the nonvanishing condition (3.18)
for n = w!=*/2 is satisfied for all [ € {1,2} unless k = 2 and a,, # 0, in which case Proposition 2.16
shows that the condition is satisfied for at least some [ € {1, 2}, and this will suffice for our purposes.

3.5.6. Explicit reciprocity law for w = 0.
Proposition 3.12. For every § € {a, 8} and n: A — Z), we have
(11
L (. f)" = 0.
Moreover, if £ € {a, B} is different from &, then
11 (1
LD (hy, £)7 = ~L5Y (b, £)".

Proof. By Theorem 3.10 we have G g-module isomorphisms TK@ & Az, (I) and Ty, =c- ']I‘Kv. Thus

by Shapiro’s lemma, resv(B]:éul;”’") is identified with the image of resp(Bfg{l};g’”) under the natural
map

(3.20) H (Qp (), Dy (V @ T )T — HE (Qp (<), P Dl (V @ T, ).

On the other hand, by [LZ16, Thm. 7.1.2] the image of resp(B}"gu};g”) under (3.20) is contained in
the image of

7_ ®7_
(321) H%w(Qp(:U*pm)v yg,_ord rlg(v ® TD ))TI — HIlw(Qp(:u’poo)u ggordD;rlg(V ® TEU))W
Since under the above identifications the regulator map e,.Zy ¢ 5 factors through
0,— I
HIlW(Qp(/’LP ) 0\5 ordDLg(V ® TEU))n — Hllw(Qp(Mp ) &, ordDLg(V ® TEU))W7

whose composition with (3.21) is zero, the proof of the first claim follows. The second claim is shown
in [BL21, Prop. 3.14]. O

Corollary 3.13. For everyi € {1,2} and n: A — Z;, we have
Ez(‘,IZ’I)(hvv f)"=0.
Moreover, writing Q;}BMlog = (% %) we have

£ (hy, £)7 - (4D — B€) = ~ 1] (b, /)7 (4D — BE)
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Proof. Multiplying the second equality of Corollary 3.9 by (E% 3[%) on the left and (P% Elc) on the
right, and using Proposition 3.12 yields

oo ez ( L (s ) LY (b, )7
(A2 - B~ . 7D .
L21(h’07f) L22(h1)7f)
_( 0 ~(AD - B¢) - Ly (b, f)" - w* )
(2D — B¢) - LY (hy, f)7 - w* 0 ’
whence the result (cf. [BL21, Cor. 3.15]). O

Corollary 3.14. Supposel € {1,2} andn: A — Z; are such that (3.18) holds. Then Eg)(hv, =
—Lgll) (hy, )" are divisible by T,,.

Proof. Note that the stated equality follows from Corollary 3.13. By Theorem 3.10, under the stated
assumption the class B]—"l *" is naturally contained in H'(Og[1/p], T(n)®Az,(T'k)"), and so e,%p 5,

for any I’ € {1,2}, may be evaluated at resv(Bflht“’") Since by definition (see (3.15) and (3.16)) we
have
T, - en‘ﬁ/f(resv([)’}'l h“’n)) =e, 61w (reSU(B]-'l hom ) = Ll(,l’ll)(hv, nm

int cusp,int
together with Corollary 3.13 this yields the result. O
Definition 3.15. In light of Corollary 3.14, for every character n: A — Z; we put
=(I1
LD (b, )"
Ty
Remark 3.16. As shown in [LLZ11, Cor. 3.2], the determinant of M, is given up to a p-adic unit by

k—1717k—1)p .
log, 1.1 p Hj:l €
Np s

£ (h,, £y = € Ap(Tk).

det(Mlog) ~p

Ok—1 Ok—1

where (_; = l?gg :E((Wv)) + j for v € I' any topological generator. Hence Corollary 3.13 shows that
~ enLy v (resy(BFGBem
ED gy ~y 02T OSHOTEST) |

(= p) - Hj:l €;
To describe the interpolation property of L; ,(hy, f)7, put
X1(1") = (e(y))™, m =1, m =0 (mod p - 1>}
X2 = @bg(&)n, 0<n<m, (€ ppe

Theorem 3.17 (Explicit Reciprocity Law IT). For all x = (x1,x2) € EM with xa = ¢¢(e)" for a
primitive pt-th root of unity ¢ for some t > 0, we have

=) . {(XLXQ) FU®F_>Q;

(D n\ _ Epn(hy, f,X) nl(n+1—k)! C-wh, \
Oy (L15 (hy, £)7) &,(h,) - £;(hy) CpEnt3—k . (—jymti-k . g2ntmi3—k " Px e Px(Ok—1)
L( le,f@nwnq/}C ,n—i—l) s
<h3 X17hv,X1>DK [()0(("}]”)70‘))”]dR7

(1 - %) <1 - xfg;)ﬂ) (1 - pnf&“(m) (1 - %)

T i) ()




28 FRANCESC CASTELLA, ZHENG LIU, AND XIN WAN

according to whether or not n =w™" and t =0,

m—1

[ ] Sp(hv) == (1 — ﬁ),
o &) = (1- I
and hy , - is the newform of level Dk and weight m + 1 with ordinary p-stabilization x1(hy).

Proof. With the same notations as in the proof of Theorem 3.6, but reversing the roles of f# and h,),
let Lgrb(hv, £7,1 4 j) be Urban’s 3-variable p-adic Rankin L-function, and put

. ; 5 h,
LE® (B, 7,14+ ) i= (= 1) Fan(h) - (LBFL™), wpe @, )
for the geometric p-adic L-function of Loeffler—Zerbes [LZ16]; so Theorem 7.1.5 in op. cit. gives
L%eo(hm fﬁa 1+j) = L]grb(hva fﬁ, hy, 1 +j).

Letting L5*°(h,, 2,1+ j) be the image of L5 (h,, %, 1 + j) under the specialisation map at 7, by
the interpolation property of Lgrb(hv, 5 h,,1+j), it follows that for all characters n : A — Z) and
x = (x1, x2) € 2 as in the statement, we have

. Epn(hy, £,X) nl(n+1—k)!
geo B _ p,n\""vs J s .
Py (Lp (hy, 7,1 +J)) = &,(hy) - £:(h,) q2n 3=k (—g)m+1=k . Q2ntmi3—k
3.22
(3.22) L(h3,,, f@nwptn+1)
<h$,><1 ) h?),xl >DK .

Let wys denote the image of wgs under the specialisation map at fB. Comparing the interpolation
formulas of the maps .2y and £ (as given in [LZ14, Thm. 4.15] and [LZ16, Thm. 7.1.4], respectively),
and noting the relation up to a p-adic unit

as follows from a straightforward computation (and also noted in the proof of [BLLV19, Thm. 3.6.5]),
from Remark 3.16 we thus find that

enLv,.0(BF ") @®
S 0 1) = 0, (DI g (50) -
X\1,2 X T, Hf:ll E_j X (a _ 5)
(=t 3 . C-Wh > w®
— LE(hy,, 5.1 +j) - "N b (o)
qan()\N(hv) p (o f ) h, Ox(0k-1) [p(wr), wrlar
using that ¢X(B~7:?ﬁ?§’n) = ¢\ (Ty) - py (BF*Bo) by definition, with ¢, (T,) # 0, for the last equality.
Together with (3.22), this gives the result. O

We conclude this section with the following observation on the nonvanishing on L,SIJI ) (hy, f)", which
lies much less deep than that of LZ(IB (f,hy)".

Corollary 3.18. Fori# j € {1,2} andn: A — Z)' a character, LE’IJD(hU, )1 is nonzero.

Proof. One just needs to note that the range of p-adic interpolation in Theorem 3.17 contains values
Ly, ,f® nw”wgl, n+ 1) for which the defining Euler product is absolutely convergent (cf. [BL21,

v,X1?

Prop. 4.7]). O
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4. DESCENT

In this section we relate the two-variable p-adic L-functions LEI;) (h,, )" fori # j (resp. LEIB (f,hy)7)
to certain anticyclotomic (resp. cyclotomic and anticyclotomic) p-adic L-functions constructed inde-
pendently.

4.1. Anticyclotomic descent: Indefinite. Let 7y = ®y<o7s ¢ be the cuspidal automorphic rep-
resentation of GLa(A) generated by f, and let BCk(7¢) denote its base change to GLa(Ag). Write
N=NTN"
with NT (resp. N~) divisible only by primes that are split or ramified (resp. inert) in K. Throughout

this section, the we assume the following generalised Heegner hypotheses:
(gen-H) N- =1 and &,(BCk(ny))=+1for all v | N nonsplit in K,
where €,(BCk(7f)) is the local root number at v (normalised as in [Hsil4, p.710]).
The action of complex conjugation yields an eigenspace decomposition
I =TT xI'7,

where I'" (resp. I'") is identified with the Galois group of the cyclotomic Z,-extension K1 /K (resp.
the anticyclotomic Z,-extension K /K).

The following is a refinement and generalisation of the anticyclotomic p-adic L-function introduced
by Bertolini-Darmon-Prasanna [BDP13].

Theorem 4.1. There exists a unique “square-root” p-adic L-function
LV (f/K) € Agur(I7)
such that for every character & of I'™ crystalline at both v and v corresponding to a Hecke character
of K of infinity type (—7,7) for some 5 > k/2 with j =0 (mod p — 1) we have
20 K70 = () g -G ()
- 0. ! '\ o
X (1= apt()p™2 + £(0)*p 1) - L(f/ K €. k/2).
where (Qoo, Qp) = (270 - Qg , Q) € C* X (’)ép are CM periods as in [CH18a, §2.5].
Proof. This follows from the results of [CH18a, §3] as in Theorem 2.1.3 and Remark 2.1.4 of [Cas25]
(whose notations we have largely adopted). O

We also need to recall the Katz p-adic L-function from [Kat78, dS87]. With notations as in [Cas25,
Thm. 2.2.1], this is an element X8 € A gu (T ) such that for every character & of 'y crystalline at
both v and v corresponding to a Hecke character of infinity type (b, a) with a < 0 and b > 1 satisfies

a—b b
an 2o =(g2) - () -t - ) Lo,

Moreover, as shown in [dS87, Thm. I1.6.4] we have the functional equation
(42) ZHa(g) = Ko INY),
where the equality is up to a p-adic unit.
Definition 4.2. Denote by Zr**" the image of .ZX under map Aguw (I'x) = Agur(I'™) induced
by sending v € I'x to the image of ¥!~¢ in I'", and for every character n : A — Z; put
hi

atz,— v w 70.)
L1y = M e e (D,
WK C - Wh, k—1

where hg is the class number of K and wg = #(O0j)/2.
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Proposition 4.3. The p-adic L-function w=* - Egg)(f/K)" is integral, i.e. lives in Agur (k).

Proof. This follows from a direct comparison with the interpolation property of the p-adic L-function
Ls(f/K)" € Agur(T') in [CLW22, Prop. 8.2.2], yielding the equality

_ (I
S LU (1K) = Lol /K"
up to a unit. The details are virtually the same as in Proposition 4.4 below. O
Proposition 4.4. Let I be the kernel of the natural projection Agu (L) — Agu(U7). Then
_ 11
(w™*- TWk/Zfl(‘CgQ)(f/K)w

as ideals in Agu(I'™), where Twy o1 : Ag(T'x) — Ag(T i) denotes the O-linear isomorphism given
by v — (e(7))¥/?= 1y for v € T and the identity on T~

1—k/2

)mod I'M) = (ZPPY(f/K)?)

Proof. This follows similarly as in [CGS25, Prop. 2.4.5], but we provide the details for the convenience
of the reader. For n = w' %2, y = (x1, x2) € EW with m = 2j for j > k/2 with j =0 (mod p — 1),
n==k/2+4j—1, and ¢ =1, the interpolation in Theorem 3.17 becomes

(1) wiokizy 1 P2’ A
Ox(Twryo—1(Lg 5 (hy, f) )= (denom) - <1 a X1()> <1 - X1()>

x (/2437 —1DWj—k/2)!- L(hy ., f,k/2 + j),

(4.3)

where

d 2541 N2i+H1+E | odi+l | [ pt 1 p* e h°
enom) = G U@ U ) B B

Composed with the projection I'xx — I'V, the character yie/ corresponds to a Hecke character ¢ of
infinity type (—j,J) with

PN P Y L e ) (1 €(0)?
(1.4 (1- 2 ) (1= P ) = (- €02 - o).

In terms of &, Hida’s adjoint L-value formula (see [HT93, Thm. 7.1]) combined with Dirichlet’s class
number formula give the equality up to a p-adic unit

1 hK
94j—1 . 2541

(hy i by, ) ~p (29)F L(&%1),

V,X17 U, X1 Wi

where we used the fact that £/¢7 = ¢2. Thus together with (4.1) (expressing L(£2,1) in terms of the
value of X% at ¢2N~1) of infinity type (1 — 24,1+ 25)) and (4.4) we obtain

(denom) = (1= €(0)%p ™) (1= €(0)7) - (B, 0 ) -6 ()20 1F 2400
(4.5) % .gﬁKatZ(ngl) . (_i)2j+1 k. o4
(&)43' ( o )Zj—l
$loo VDx
Taking the product of (4.3) and (4.5), using the relation

_ijk/QOd 2 _P];k/Qﬂ 2_ —af(v)p—k/2 2, —1)2
(1 x1(v) > <1 x1(0) ) = (1 = apbl)p™ 4 £ ™)

and the functional equation (4.2), the interpolation property in Theorem 4.1 yields the result. O
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4.2. Cyclotomic descent.
Definition 4.5. For § € {a, 3}, i € {1,2}, and a character n: A — Z, put
I I I 1
LR = ep- LO(F ), LOF/E) =g - L (£ b)),
where c; is the congruence number of f.

Remark 4.6. Note that the specialisation of h, at the trivial character is the ordinary p-stabilisation
of the weight one Eisenstein series
hy, = Ei(1,ex).
Thus from Theorem 3.6 we see that the L-values interpolated by ¢x(£g( f/E)" for x = (1, x2) € D
with x2 = ¢ (e}’ (for 0 < j <k — 2 and { € ppe) are given by
L(fownp:tj+1) - L(f @ exwlngs b, j+1)
7T2j—k+2 . (—i)k_l . 92j—k+1 . Q(}an ’

(4.6)

where .
! ¢y
is Hida’s canonical period (see e.g. [CH18b, §6]).
In the following, we shall often make the identification I't = T".

Proposition 4.7. Let I~ be the kernel of the natural projection Ap(U'x) — Ar(T'). Then for every
i€{1,2} andn: A — Z) we have
(@ L8 (F/K)" mod I7) = (Li(f)" - Li(f ® ex)")
as ideals in Ag(T).
Proof. This can be shown in different ways (see e.g. [Lei25] for an approach in the weight 2 case with
vp(ap) > 1/p). Here we adapt the argument given in [IS24, Lem. 4.23] for rational elliptic curves.
Write Q;}BMlog = (% %) The decomposition (2.13) and its analogue for fX := f ® ex give
Lo(f)"- La(f5)" =22 - Li(f)" - La(f5)7 + 2B - (Li(f)" - La(f5)" + La(f)" - Lo (F5)")
+ B Lo(f)" - La(F5)".
On the other hand, from Corollary 3.9 we have

ws) @ L0, (f/K)T =22 L0 (F/K)" + 6B - (L(f/K)" + L (F/K)")
| + B2 L) (f/K)".

By [Bel12] and [LZ16], respectively, there exist p-adic L-functions interpolating L (f)” and L (f%)"

(resp. ,CS,L( f/K)") along the Coleman family passing through the p-stabilisation f* of f with U,-
eigenvalue «, and a direct comparison of the interpolation formulas in Theorem 2.15 and Theorem 3.6,
using the equalities up to a p-adic unit

(4.7)

can — +
Qf ~p Qj.;f : QWf7 QOJf ~p Qif[(
(see [DDT94, §4.4] and [SZ14, Lem. 9.6]) and Remark 4.6 shows that
(4.9) (LEL(f/K)" mod I7) = (Le(f)" - Le(F5)7).

Combining (4.7), (4.8), and (4.9), we thus see that it suffices to show that A2, AB, and B? are
linearly independent over A4 (T'). Since 2 and B have only finitely many zeros in common (indeed,
this follows from the fact that by [LLZ11, Cor. 3.2] such common zeroes are of the form z = (g(v))’¢
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for 0 < j <k —2 and ¢ a p-power root of unity, but the relation Ly (f)7 = A L1(f)" + B - La(f)"
from (2.8) and the main result of [Roh88] imply that 2 and B can vanish simultaneously at only
finitely many such z), the A, (I')-linear independence of A2, 2AB, and B2 is readily checked by a case
by case analysis, whence the result. O

Remark 4.8. Note that a priori w™* LEIB(f/K) has bounded denominators, i.e. it lands in A (I'k)
rather than Ag(I'x). Proposition 4.7 above shows that its projection to Az (I") is contained in Ay (),
and later we shall show that in fact w™*- EEIZ) (f/K) € Ap(T'k) (see the end of proof of Corollary 5.5).

Recall that by Proposition 2.16 for every n : A — Z)¢ we have L;(f)" # 0 for some i € {1,2}.

Corollary 4.9. Suppose i € {1,2} andn: A — Z) are such that L(f ® exn, 1) # 0 and L;(f)" # 0.
Then

(L1} (F/K)" mod I7) # 0,
and so condition (3.18) holds.

Proof. By [LLZ10, Prop. 3.28], the p-adic L-function L;(f ® €x)" interpolates a nonzero multiple of
L(f ® exn, 1) at the trivial character, so Proposition 4.7 yields the result. O

Remark 4.10. As is well-known (see e.g. [Shi76, Prop. 2]), the condition in Corollary 4.9 is automatic
unless k = 2.

Replacing K by KL and en‘éw by its reduction modulo I~, the Selmer groups X; ;(f,/KL) are
defined in the same manner as in §3.4. We conclude this section with a counterpart of Proposition 4.7
for algebraic p-adic L-functions (see Corollary 4.13 below).

Proposition 4.11. Leti € {1,2} and n: A — Z) be a character. Then

chary 0y (Xii(fn/KL)) = chary ) (Xi(f/Q(pp>=))") - chary ) (Xi(f © ex/Qpp=))").

Proof. Let ¥ be the set of rational primes dividing N. We begin by showing that the restriction map
from Gq to Gk yields a Ay (I')-module isomorphism

(4.10) X5/ KL) = X2 (f/QUup))" ® X7 (f @ €xc/Qlpape=))"

for the Y-imprimitive variants (obtained by removing the local conditions at the primes above ¥) of
the Selmer groups in the statement.
The action of complex conjugation yields a decomposition

HY (K, T(n) ® Ag(D)") = H'(K,T(n) @ Ap(D))" @ H(K, T(n) ® Ao (D))",

and from inflation-restriction we see that the restriction map from Gq to Gk induces Ag(I")-module
isomorphisms

HY(Q,T(n) ® Ap(T)") = H'(K, T(n) ® Ag(I)"),
HY(Q.T(n) ® ex © Ap(D)") = H' (K, T(n) ® Ap(D)") .

Thus, putting K, = K ®q Qp = K, ® Ky, on which Gal(K/Q) act by interchanging the factors, it
suffices to show that the restriction map from Gq to Gi induces Ag(I')-module isomorphisms

Hi (Qp T(n) ® Ap(D)") =2 Hi (K, T(n) @ Ag(D)) ™,
Hi(Qp T(n) ® ex © Ag(T)") = Hj (K, T(n) © Ap(D)")7;
but this is clear from the fact that
2p = (2v, 25) € Hl(Kp,T(n) R Ae(D)HF = ¢ 2, = 2,
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and via the identification K, = Q, we have H'(K,,, T(n) ® Ag(I')") = ker(en%?;), and HY(K7, T(n) ®
As(I')") = ker(e,%; o c). Thus we have (4.10), and so

chary ) (X75(fo/KL)) = chara ) (X7 (f/Q(up))") - chary oy (X7 (f ® ex/Qppee))").
That this equality of characteristic ideals then also holds for the primitive Selmer groups (interpreted

as the equality “0 = 0” when either of the Selmer groups involved is not A»(I")-torsion) follows by a
standard application of [GV00, Prop. 2.4] as in e.g. the proof of [JSW17, Thm. 6.1.6]. O

Proposition 4.12. Leti € {1,2} andn: A — Z; be a character. Then we have the divisibility
(charp , (1) (Xii(fn/Koo)) mod I7) D chary , vy (Xii(fn/KL)),
where I~ = ker(Ag(I') — Ag(T)).

Proof. With notations as in the proof of Proposition 4.11, we begin by noting that the restriction
map from G+ to Gk, yields a Ag(I')-module isomorphism

Xii(fa/ Koo) @np(rie) Ao (D) = X5 (fo/ K),
(Indeed, this follows from a standard application of the Snake Lemma using [LZ14, Thm. 4.7].) By
part (ii) of [SU14, Cor. 3.8] it follows that

(chary ,rj) (Xﬁ(fn/Koo)) mod I™) D chary ) (XZEl(fn/K;ro)),
from where the result follows similarly as in Proposition 4.11. g
Corollary 4.13. For every i € {1,2} and every character n: A — Z; we have the divisibility
(chary () (Xii(fy/Koo)) mod I7)
> chary ) (Xi(f/Q(up))") - chara (X;(f ® ex/Q(up=))").
Proof. This is the combination of Propositions 4.11 and 4.12. O

4.3. Anticyclotomic descent: Definite. In this section we restrict to the case” k = 2, and assume
(DK, N) =1 and

(def) N7 is the squarefree product of an odd number of primes.
Let v, € I'™ be a topological generator, and for any n > 1 put ®,, = w‘:’i -, where w, = 755 —1, for

the p™-th cyclotomic polynomial in vac. Following [BBL24, Def. 3.3] define .Ag.ac € Mox2(Hr(I'7))
by

—(n+1)
BT Qp 1 ap 1 e ap 1
(411) «%log,ac = nhﬁrgo < —p 0 ) ( —®, 0 > < —®; 0 ’

Noting the congruence ®,,+1 = p (mod wy), the convergence of the limit in (4.11) to an element in
Msyo(Hr(I'7)) follows from [PR94, Lem. 1.2.1].

For every p-power root of unity ¢, let x¢ : I'™ — 6; denote the finite order character determined by
X¢(Yac) = €. The following is a refinement and generalisation of the anticyclotomic p-adic L-function
introduced by Bertolini-Darmon [BD96].

Theorem 4.14. For every & € {a, 5}, there exists a “square-root” p-adic L-function
O¢P (f/K) € Hr(T™)
such that for every p'-th root of unity ¢ with t > 0 we have

L(f/K
O /10 ) = g Ly X Dy
N~

7Largely for simplicity; the general case 2 < k < p — 1 should be similar.
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where
@n)® - {4, iw
nf,N=
is Gross’s period as in [CH18a, (4.3)]. Moreover, fori € {1,2} there exist OPP(f/K) € Ag(T'™) such
that

eBP(f/K) Y\ ( OTP(f/K)
(4.12) ( @ED(f/K) ) = Qa,ﬁ//flog,ac ( OBP(f/K) >7

where Qa5 = a—iﬁ (_ap ;5>.

Proof. For eachn > 1let ', = Gal(K,, /K) denote the Galois group of the unique subfield K, C K7
with [K, : K| = p". From [CH18b] we have elements 65P(f/K) € O[] satisfying the three-term
norm-relation

(4.13) Tt 10O (f/K)) = ap - 0.0 (f/K) = vne1,a(052 (f/K)),

where m,41,, : O, ] = O[';] is the natural projection and v,_1,, : O[',_;] = O[I';] is given by
o+ > 7 with 7 running over all the elements of I';, with T\Kil = 0. Setting

QfN* —

)

6ED (/) := 65V (f/I) — 2 1 (052, (f/K)),

the compatibility 7rn+1’n(95_181’§(f/K)) =¢- HEE(f/K) follows readily from (4.13). Thus by [PR94,
Lem. 1.2.1] there exist elements @?D(f/K) € Hr(I'") projecting to 5‘"-925@/[() under Hz(I'") —
LI',;] for all n > 1 and interpolating the special values L(f/K, x¢,1) as in the statement by virtue
of [CH18b, Prop. 4.3].

On the other hand, as shown in [BBL24, Thm. 3.4], from (4.13) we obtain elements OFP(f/K) €
Ag(T7), i € {1,2}, satisfying

o (55 (5 D) ()= (L ) o

for all n > 1, and the relation (4.12) then follows as in the proof of Theorem 3.9 in op. cit. (where
we note that there is a typo in the first displayed equation). O

Proposition 4.15. Leti € {1,2} and I be the kernel of the natural projection A, (L) — Ap(T7).
Then

(@ LW (f/K)" mod I'T) = <®?D(f/K)2‘ - )
: Nf.N-

as ideals in Ag(T'™), where n is the trivial character of A.

Proof. This can be shown similarly as in the proof of Proposition 4.7. Writing Q;ig///log,ac = (% %),
from (4.12) we have

(4.15)  OpP(f/K)> =A% OPP(f/K)* +2-uB - OYP(f/K) - ©FP(f/K) +B*- 05 (f/K)*.
On the other hand, from Corollary 3.9 we have
(4.16) w* - L (f/K) =22 L (f/K)T + A8 - (LYY (f /1K) + L (f/K)7) + B2 - LI (F/K)".

As noted in the proof of Proposition 4.7, by [LZ16] LE}L( f/K)" can be interpolated along the Coleman
family passing through the p-stabilisation f¢ of f with Up-eigenvalue o, and similarly as in [CL16)%,

8Where the p-ordinary case is considered, but whose extension to Coleman families can be easily obtained using the
techniques in e.g. [BDI10].
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the same holds for ©BP(f/K). A direct comparison of the interpolation formulas of Theorem 3.6 (as
extended in [Loel8]) and Theorem 4.14 then shows that

(D) mod I+) = BD 2 Cf ]
(4.17) (£§7§(f/K)n dr ) (65 (f/K) 77ny_>

Combining (4.15), (4.16), and (4.17), we are reduced to showing that 2%, 23, and B2 are linearly
independent over A»(I'™); and this follows by the same argument as in the proof of Proposition 4.12,
replacing the appeal to [Roh88] by an appeal to the nonvanishing result of [CH18b, Thm. D]. O

We conclude this section with the following result allowing us to deduce the vanishing of Iwasawa’s
p-invariant for Eg? (f/K)" under suitable ramification hypotheses on ps (see Corollary 5.5).

Theorem 4.16. For every i € {1,2} we have
(O (F/K)) =0.

Proof. Since a,, =0 (mod w), for each n > 1 we have the congruence

n—1

1)z F

19-1@ ( )02 " ) (modw) if n is odd,

— 2

(4.18) ap LN (a1 _J\ ()T,
—Pn 0 —% 0 (-DFe, 0 .

; n 1)t (mod w) if n is even,

—1)2

where ®F are appropriate products of the ®; for 1 <4 < n of the corresponding parity (cf. [GLL26,
Prop. 3.8]). Since the proof of [CH18b, Thm. 5.7]? shows that x(#5P(f/K)) = 0 for n >> 0, combining
(4.14) and (4.18) the result follows. O

5. PROOF OF THE MAIN RESULTS

In this section we piece everything together to conclude the proof of our main result toward Kato’s
main Conjecture 1.1.

5.1. Signed main conjectures of Lei—Loeffler—Zerbes. By Propositions 2.16 and 2.22 (see also
Remark 2.20), the proof of Theorem A is reduced to the following result.

Theorem 5.1. Let f € Si(To(N)) be a newform and p > 2 be a prime of good nonordinary reduction.
Suppose

e 2< k< p;

o N is squarefree;

e f is p-regular;

k=2or

Condition (rtn) holds.

Let n=w' %2 and i € {1,2} be such that L;(f)" # 0. Then X;(f/Q(up=))" is Ag(T)-torsion, with
(&) - chary oy (X (f/Q(pp))") = (Li(f)")

e cither

as ideals in Ag(T).

The rest of this section is devoted to the proof of Theorem 5.1.

9Note that the absolute irreducibility hypothesis of loc. cit. holds in our case by [Edi92, Thm. 2.6] and our running
assumption that p splits in K.
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5.2. Kato’s divisibility. Asshown in [LLZ10, LLZ11], a divisibility towards Conjecture 2.21 follows
from Kato’s work.

Theorem 5.2. Let f € Si(To(N)) be a newform and p > 2 be a prime of good nonordinary reduction
for f. Letn = w'*/2 and i € {1,2} be such that L;(f)" # 0. Then X;(f/Q(pp=))" is Ag(T)-torsion,
and

(5.1) (&n,i) - charn 0y (Xi(f/Qup=))") D (Li(f)")

as ideals in Ap(I") ® Qp. If in addition

(i) py is irreducible; and
(i) ps is ramified at some prime £||N,

then the divisibility (5.1) holds in Ag(T).
Proof. By [Kat04, Thm. 12.5], X (f/Q(up=))" is Ag(I')-torsion, with

Hi, (Q(up=), T)"
(5.2) char 0y (Xstx (f/Q(pp=))") D chary ,ry | — ( iflt v). 1)
(27)—1)"
in Ap(I') ® Qp. That the divisibility (5.2) holds in Ag(I") under the additional hypotheses (i)-(ii) is
explained in [Skil6, §2.5]. Together with Proposition 2.22, this yields the result. O

5.3. Eisenstein congruence divisibility over K. Ultimately, a converse to Kato’s divisibility will
be deduced from the following main result from our previous work [CLW22].
Recall the equality (up to a unit) of p-adic L-functions

_ 11
(5.3) @ L) (f/K)" = Lo(f/K)"
from Proposition 4.3. Here and throughout the following, we put

N = w2

for the ease of notation.

Theorem 5.3. Let f € Sp(I'g(IN)) be a newform of squarefree level N and weight k > 2, and let p be
an odd prime of good nonordinary reduction for f. Let K be an imaginary quadratic field satisfying:
(i) p splits in K;
(i) if N is odd, then 2 splits in K;
(iii) some prime factor of N is nonsplit in K;
(iv) prlay ts irreducible.
Then

(5.4) chara () (Xgirrel (fn/Koo)) Ao (i) C (Lo(f/K)")
in Agu (L) @p ,ry) Frac(Ag(T)). If in addition

(v) eu(BCk(my)) = +1 for every prime v factor of N nonsplit in K,
then the divisibility (5.4) holds in Agu (k).

Proof. The divisibility (5.4) is proved in [CLW22, Thm. 8.21] in weight 2; the required modifications
of the argument to extend the result to higher weights are explained in [Wan16, §4] (cf. [FW21, §7]).

Under the additional hypothesis (v) we have u(ZEPY(f/K)) = 0 by [Hsil4, Thm. B]. By Propo-
sition 4.4 and (5.3), this implies that L5(f/K)" is not divisible by any height one prime of Ay (I'k)
from the inverse image of the projection Ag(I'x) — Ag (), whence the result. O
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5.4. Transferring divisibilities. We next deduce from the lower bound divisibility in Theorem 5.3
a proof of corresponding divisibilities in related Iwasawa main conjectures; the main result is Corol-
lary 5.5. With the explicit reciprocity laws of the preceding sections at hand, the required arguments
go along similar lines as those in e.g. [CGS25, Prop. 3.2.1]; however, since several additional compli-
cations arise in our setting, we provide the details.

Corollary 5.4. In the setting of and under hypotheses (1)—(iv) of Theorem 5.3, if I € {1,2} is such
that condition (3.18) holds, then

L5 TH)
(BFi™)

(5.5) (@® &) - chary (.0 (Xstr,l(fn/Koo)) C chary (ry) <
int
as ideals in Ap(T'x) ®p,ry) Frac(Ag(T)). If in addition hypothesis (v) in Theorem 5.3 holds, then

the divisibility (5.5) holds in Ay (T'x).
Proof. Fori,j € {1,2} put H}(K3)" = H} (K7, T')) for the ease of notation, let H!
the submodule of H!}

rel,j
let Xstr,it+j(f/Koo) be the Pontryagin dual of the Selmer group dual to H!

of §3.4. Then Poitou-Tate duality gives rise to the exact sequence
H} (Kz)"
HE (K7 0 HE (Ko
— Xstr,i-i-j(fn/Koo) — Xstr,j(fn/Koo) — 0.

For the proof of the stated divisibility, it suffices to consider the case where X, i(f/Koo)"is Ag(Ik)-
torsion (otherwise the result is obvious). Letting I denote the element in {1, 2} different from I, and

taking (i,7) = (I,1) in (5.6), the nonvanishing of L( )(hv, )" (see Corollary 3.18) and Theorem 3.17
implies that resy has Ag(I'k)-torsion cokernel. Moreover by [LZ14 Prop. 4.11] the map e, %5 is

reling (K, T".) denote
(K, T'.) consisting of classes c satisfying resz(c) € H} (K7)" N H;(Kg)”, and
(K, T7}.) in the sense

rel,iNg

resy

(56) 0— Hrel NG (K’ T} ) _>Hre1](K7 Tq}()

injective, and so by the decomposition (3.12) so is 67;(51 &) e,ffg Thus
H} (Ky)" N H3(K5)" =0,
which implies H}, (K, T%) = H} ;. (K, T%) = 0, and so (5.6) reduces to

(5-7) 0— Hrell(K7 T ) ﬂ Hl (KU)n — Xstr,rel(fn/KOO) — Xstr,l(fn/KOO) — 0.

By the construction in [KLZ20, Prop. 10.1.1] the differential 7y, has denominators controlled by the
congruence power series H, € Frac(Az, (I'V)) associated to h, as in [BSTW24, §4.3]. By Theorem 4.20

in loc. cit., we have
h _
(H,) = <7K ,giKatz, )
WK
as ideals in A gur (I'?). Thus together with the argument in [Wan14b, Lem. 4.5] showing the divisibility
(Hy) C (C;;;h” ), we deduce that Theorem 5.3 (see also Definition 4.2 and (5.3)) implies the divisibility

(5.8) (91-1) - chara, (0ye) (Xtr et (Fr/ Koc)) € (7 L5 (b, £)7)
in Ag(L'k) @4, () Frac(Ag(l)), and even in Ay (I'k) if hypothesis (v) of Theorem 5.3 holds. On
the other hand, consider the tautological exact sequence

H} (Ky)" + H), (Kz)"  HY(Ky)" H! (Kz)"
5.9 0 — H} (Ky)" > L RSN LN Y — 0,
(59) A H, (K)" Hy (Ko)n - Hy (Ke)7 o+ Hy (Kq)"
using that H} (K3)"NH;}, (K7)" = 0, as shown as above, for the left isomorphism. By [BL21, Prop. 2.17]
and the discussion following loc. cit., the right-most term of (5.9) is Ay (I'k )-torsion, with characteris-
tic ideal generated by @™ - 6,_1/§;,2 for some integer n. Thus from Proposition 3.4 and Theorem 3.17
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we find
H} (K5
(5.10) (w” . 5k71) . charAﬁ(pK) ( ( )

(resy (B]—"l ho.n

int

517,2
577,[’

in Ap(I'r), and we note that since &, 1 = 1 for all 1 (see Remark 2.9) we have the equality &, 2/&, 1 =
&p1- Thus from (5.10) we see that (5.8) amounts to the divisibility

))> = (L1a(hy, f)7) -

H (K%
(@ &) - char,(ry) (XStrvrel(fW/Koo)) C (@) chary , () <( (lli}—l 21”’")))

int

which together with (5.7) and multiplicativity of characteristic ideals yields the result. O

Corollary 5.5. In the setting of and under hypotheses (1)—(iv) of Theorem 5.3, if | € {1,2} is such
that condition (3.18) holds, then

(690)” - char () (Xia(fo/ Kx)) € (@7 - L1 (F/K)")

as ideals in Ag(T'k) ®p () Frac(Ag(T)). Moreover, if either:

(v) hypothesis (v) in Theorem 5.3 holds, or

(v)" k=2 and py is ramified at every prime ([N~
then the divisibility (5.13) holds in Ag(T'k).
Proof. With similar abbreviated notations as in the proof of Corollary 5.4, Poitou—Tate duality gives
rise to the exact sequence
resy, H'(K,)"

(K
— X1u(fn/Koo) — Xstr(fn/Koo) — 0.

As before, it suffices to consider the case where X ;(f,/ K ) is Ag(I' k)-torsion. Then Xy i (fy/Koo)
is also Ay (I'k)-torsion, and from (5.6) it follows that H%eu(K, T'.) has Ay(I'k)-rank one. By Theo-
rem 3.6 and the nonvanishing of El(,ll) (f/K)" (by our assumption on [), it follows that Hll’l(K, T7.) =0,

and so after quotienting out by the image of BF 5;1};” " the exact sequence (5.11) reduces to
Hrell(K T} ) N Hl( )W/Hl( )77
(BFphey (res, (BFh))

int int

0 — Hj (K, T) —H} (K, T}

(5.12) 0 —» X10(fo/ Koo) — Xepei(f) Koo) — 0.

Since by Proposition 3.4 and Theorem 3.6 we have the equality

ey (BRI _ (EH157
Aox) (res, (B]:f h”’n)) (&n1) 7
taking characteristic ideals in (5.12), the divisibility
(5.13) (&) - chary o () (Xia(fo/ Koo)) © (@7 L3 (F/K)")

as ideals in Ag(I'k) @4, (ry) Frac(Ag(I')), and even Ag(I'k) under the additional hypothesis (v) of
Theorem 5.3, follows from Corollary 5.4.

Finally, it remains to show that that ambiguity by primes from A4 (I") is (5.13) can also be removed
under the additional hypothesis (v)’ in the statement. For this, we first argue the inclusion

(5.14) w - L (f/K)" € Ap(T).

We proceed by contradiction. Suppose we had w™* - E(I)(f/KY7 € w 'Ay(T'x) ~ Ap(T'k) for some

—s .

t > 0. Then after multiplying @ (I)( f/K)" by an appropriate product of elements of Ag(I'x)
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supported at height one primes from A4 (I"), using Proposition 4.12 and Corollary 4.13 we can deduce
from the divisibility (5.13) a proof of the strict divisibility

(&1,0)% - chara (Xi(f/Q(up=))") - chary (Xi(f ® ex/Q(up=))") S (Li(f)" - Li(f ® €x)"),

but this contradicts the divisibility obtained from Theorem 5.2 applied to f and f®eg, and so (5.14)
holds. Now, by the formula for orde(cy/ns n-) in terms of Tamagawa numbers in [PW11, Thm. 6.8]
(see also [KO23, Cor. 6.7]), from Proposition 4.15 and Theorem 4.16 we see that if £ = 2 (in which
case 7 is the trivial character of A) and p; is ramified at every prime /| N~ then

p(e ™ - L) (f/K)" mod I7) =0,
and hence together with (5.14) we conclude that the divisibility (5.13) holds in Ag(I'k). O

5.5. Proof of Theorem A. We can now complete the proof building on Theorems 5.2 and 5.3.
By Ribet’s level-lowering result [Rib90], there exists a prime ¢|| N (recall that N is assumed to be
squarefree) at which py is ramified. If k = 2, we fix such a prime ¢; while if & > 2 we let £||N be a
prime as in Condition (rtn). Choose an imaginary quadratic field K satisfying:
(a) ¢ is inert (resp. ramified) in K if k = 2 (resp. k > 2);
(b) every prime dividing N// splits in K
(c) if N is odd, then 2 splits in K
(d) p splits in K
(e) L(f ® exn~',1) # 0, where n = w!'~*/2,
The existence of infinitely many K satisfying these properties is ensured by [FH95, Thm. B| (in the
case k = 2 where the nonvanishing L(f ® exn~!, 1) is non-trivial; for & > 2 condition (e) follows from
[Shi76, Prop. 2]).
Put Ak = Ap(T'k), A¥ = Apuw ('), and A = Ag(I") for the ease of notation. By Corollary 4.9,
the nonvanishing of L;(f)"” and condition (e) imply that EEIB (f/K)" # 0, and hence by Corollary 5.5

we have the divisibility
(@™ LEF/K)T) D (693)% - chara e (Xii(fo/ Koo))

in Ag. (Note that hypotheses (i)—(iii) from Theorem 5.3 are embedded in the choice of K, while (iv)
follows from the irreducibility of p f|GQp and the fact that p splits in K; and the additional hypothesis

(v) (resp. (v)’) in Corollary 5.5 follows from the above choice of K (resp. Condition (rtn) and the
discussion in [Ski20, p.336]).) Together with Proposition 4.7 and Corollary 4.13, it follows that

(Lil)"- Lilf @ ex)") = (@ L3) (//K)" mod I7)
(5.15) O (&4)? - chara (X;;(fy/Koo) mod I7)
D (&.4)° - chary (Xi(f/Q(up=))") - char (Xi(f @ ex /Q(p=))")-
Now we can conclude similarly as in [SU14, Thm. 3.29]: From Theorem 5.2 we have the divisibilities
(&n,2) - chara (X (f/Q(pp=))") D (Li(f)7),
(n,i) - chara (Xi(f ® ex/Qup=))") D (Li(f @ ex)")
in A. If the first of these inclusions was not an equality, they would give
(&n)? - chara (Xi(f/Q(ppe=))") - chara (Xi(f ® ex/Q(up=))") 2 (Li(f)" - Li(f ® ex)"),

contradicting (5.15). Thus we deduce that equality holds, concluding the proof of Theorem 5.1, and
hence of Theorem A in the Introduction.

5.6. Proof of Theorem B and Corollary C.
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5.6.1. p-part of the Tamagawa Number Conjecture. For the proof of Theorem B, we essentially com-
bine Theorem A with some of the calculations in [Kat04, §14], using a reformulation of Kato’s main
conjecture in terms of determinants of arithmetic complexes. Put

T=Tik/2), A=T/(1-k/2), A=Aps(l), T=T®sA

for the ease of notation. Let S be the set of primes dividing Np, and let Gq,5 = Gal(Q°/Q) denote
the Galois group of the maximal extension of Q unramified outside S.

Let Sel(Q,T) be the subgroup of HI(GQ,S, T') consisting of classes crystalline at p and unramified
at the primes ¢|N, and let Gel(Q, A) denote the Selmer group group dual to Sel(Q,T'). Poitou-Tate
duality then gives rise to the exact sequence

(5.16)
HY(Q,,T) H'(Q,,T)
0 Gel(Q.T) —s H(Gos. T) —s H(QnT) =T Gel(Q, A)Y
0@ = W Gas D) g, 1) P Dy TN
— H*(Gq,s,T) — P H*(Qr. T) — 0.

¢|Np

It is easy to see that Sel(Q, A) is contained in Gel(Q, A) with finite index (see (5.19) below); since
the former is finite by [Kat04, Thm. 14.2] and H'(Gq,s, T) is torsion-free by the irreducibility of py,
it follows that Gel(Q,T") = 0.

For a prime £ 1 p, let Pp(A,¢~*), where Pp(A, X) = (1 — ayX)(1 — B¢ X) (with one of both of ay, By
possibly zero), be the Euler factor of L(f,s) at ¢, and put

(5.17) 2i"V =2, [[Pe € Hi(Gaus, T),
oN

where z}f% denotes the image of zi]?}fc_l under the composite map

(s

i (Qupee), Ty (k = 1)) ——=——Hi, (Q(pp=), Ty (k/2))
—Hi (Qup), Ty (k/2))> = H!(Gq,s, T),
and Py := (1 — aplF2~,)) (1 — Bp=*/2~,) € A with 4, € I' a Frobenius element at /.
For the primes ¢|N (hence coprime to p) we have
H}(Qe, T) = H(Qp, T)tors = H(Q, T),

and therefore quotienting out in (5.16) by the image of z{]g} we obtain

$RGe ™) |HAQuT) 2| [HHQT) HL(Q 1)

5.18 Gel(Q,A) = . )
(518) #6elQ, 4) H\(Gos.T):zpy | #HHQT) FH2(Q.T)

ON

where H (Qp, T) denotes the quotient H(Q,,, T') by H}(Qp, T'). Note that Poitou—Tate duality also
gives

0 — Sel(Q, A) — &el(Q, A) — P HL,,.(Qr, A) — Sel(Q,T)",
(N

where we used that H! (Qg, A) = 0 for all primes ¢|N.
By [Kat04, Thm. 14.2], the nonvanishing of L(f, k/2) implies #Sel(Q, A) < oo, and so Sel(Q,T) =
0. Thus

(5.19) #6el(Q, A) = #5el(Q, A) - [ [ #Hi(Qr, A

ON
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As explained in [CS26, §2.2], as a consequence of [Kat04, Thm. 12.4] there is a canonical isomorphism
(5.20) Q(A) @ detXlRF(GQS, T) =2 Q(A) ®n Hl(GQ“g, T),

where Q(A) denotes the field of fractions of A. Moreover, as explained in [CS26, Prop. 2.2.3] and the
references therein (see esp. §2.3.2 and Proposition 3.10 in [KS24]), Conjecture 2.19 for n = wl—k/2
is then equivalent!” to the following: The inverse image of z fN under the canonical isomorphism
(5.20) is a A-basis

(5.21) 3Q.. € det;'RI'(Gqs,T).

Thus letting v : A = & be the augmentation map, by Theorem A the image of 3q of (5.21) under
the isomorphism

det 'RI(Gqs, T) ®p, 0 = det,'RT(Gqs,T)

from [FKO06, Prop. 1.6.5(3)] gives an &-basis 3q € detglRF(GQﬁ,T); equivalently, the image z}fg}
of (5.17) under the natural projection H'(Gq s, T) — H'(Gq.s,T) satisfies

(5.22) #H2(Ga,s,T) = [H! (G T): 2.

(cf. [BKS24, Prop. 2.6]).
On the other hand, the same computation as in [Kat04, Prop. 14.21] (cf. (2.11)) gives
1 . AN}

1, 1) ™| [ﬁ_ Loy (f,5/2) L(f. k/2)

5.23
(5:23) —2mi)k/2 . O,

— Buly (f,k/2)

)

#H2(Q,, T) s (—2mi)k2. QF, v: (

where & = (—1)¥/2=1, Hence combining (5.18), (5.19), (5.22), (5.23) and noting the equalities
#H(Qe, T) = #H°(Qq, A) = Buly(f,k/2) - [H}(Qp, T): Hiype (Qe, T))

for every prime ¢|N, this concludes the proof of Theorem B.

5.6.2. p-part of the Birch—Swinnerton-Dyer formula. After a period comparison, Corollary C is just
a special case of Theorem B. More precisely, letting f € Sy(I'g(/V)) be the newform associated to E
by modularity [BCDTO01], the p-regularity hypothesis is known to hold by [CE98] and by Theorem B
the nonvanishing of L(E,1) = L(f,1) gives #FE(Q) < oo,

#5el(Q. Tf) = #Sel=(E/Q) = #1(E/Q)[p™] < oo,
and

= #1I(E/Q)p™] - [[ P (E),

(N

[zp: ( L(E,1)

—2mi) - O,

where cép ) (E) denotes the p-part of the Tamagawa number of £ at ¢ (which agrees with Tam,(7¢(1)) =

#H}(Qg, T¢(1)) by e.g. the discussion in [Gre99, p.74]). It remains to show that the period (—2mi) -
Q:jf agrees up to a p-adic unit with the positive Néron period Qg of E. As shown in [GV00, Prop. 3.1],
we have the equality up to a p-adic unit

(—2mi) - QF

wy Np §2E/‘opt7

where E°P'/Q is the optimal curve in the sense of [Ste89, Prop. 1.4] in the Q-isogeny class associated
to f (note that the p-ordinarity assumption in [GV00, Prop. 3.1] is not needed for the argument, but
only for the definition of 5? in op. cit. which for our application can be taken to c% from §2.4.2).

Since the irreducibility of p; = E[p] implies that Qgopt is a p-adic unit multiple of Q, this concludes
the proof of Corollary C.

0For k > 2, using the twisting [Rub00, Lem. VI.1.2] with p = (e)'™*/2: T — V7
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