VirtuallyHaken Dehn-filling.

D. Cooper and D.D. Long^∗

May 8, 1997

Abstract

We show that “most” Dehn-fillings of a non-fibered, atoroidal, Haken three-manifold with torus boundary are virtually Haken.

1 Results

Suppose that X is a compact, oriented, three-manifold with boundary a torus T. We will pick a basis of H_1(T) represented by simple loops λ, μ such that λ = 0 in H_1(X;Q). We call λ a longitude and μ a meridian. A slope, α, on T is the isotopy class of essential unoriented simple closed curve. The manifold X(α) is the result of Dehn-filling along the slope α. This means that a solid torus is glued along its boundary to T so that a meridian disc of the solid torus is glued onto α. The manifold X is atoroidal if every Z× Z subgroup of π_1X is conjugate into π_1T. The distance between two slopes α,β is Δ( α,β) which is the absolute value of the algebraic intersection number of the homology classes represented by these slopes.

Theorem 1.1 Suppose that X is a compact, connected, oriented, irreducible, atoroidal three-manifold with boundary a torus T. Suppose that S is a compact, connected, oriented, non-separating, incompressible surface properly embedded in X with non-empty boundary. Suppose that S is not a fiber of a fibration of X over the circle. Let g be the genus of S and b the number of boundary components of S. Then there is an integer 1 ≤ P(X,S) ≤ 3g − 2+ b with the following property.

Given an integer p > 0 let π : ~X_p −→ X be the p-fold cyclic cover of X dual to S. Let Z be the closed three-manifold obtained from ~X_p by Dehn-filling each component of ∂~X_p along a curve which is not isotopic in ∂~X_p to a lift of a longitude.

Suppose that p ≥ 4P(X,S) then there is an incompressiblesurface G homeomorphic to the double of S embedded in Z. Also Z is irreducible, thus Z is Haken.

The integer P(X,S) defined in section 4 is called the product length of S in X. It measures how close S is to being a fiber of a fibration of X. It has been conjectured ([18] problem 3.2) that every closed irreducible 3-manifold, M, with infinite fundamental group has a finite cover which is Haken. This is known for for various special cases. In particular, if M contains an immersed totally geodesic surface, [19], or if M has an orientation reversing involution and also has some finite cover, [20]. See also [2],[3].

∗Both authors supp orted in part by the NSF 0Keywords: 3-manifold, Dehn-filling, virtually Haken. 0AMS sub ject classification: 57M25, 57M50.

Corollary 1.2 Assume the hypotheses of the theorem. Suppose that p = Δ( α,λ) ≥ 4P(X,S) then X(α) is virtually Haken. Thus X(α) is irreducible and, moreover, the Z_p abelian cover (dual to S) of X(α) contains an embedded incompressible surface of Euler characteristic 2χ(S).

It is known that at most 3 Dehn-fillings give a reducible manifold [13], also for a knot in the three sphere, the filling slopes must be integral [14].

Corollary 1.3 Assume the hypotheses of the theorem. Suppose that α is a slope on T such that the length of α on a maximal cusp of the complete hyperbolic structure on X is greater than 2π. Also suppose that Δ( α,λ) ≥ 4P(X,S). Then X(α) is hyperbolic.

Pro of. The 2π theorem ([4] Theorem 4) implies that X(α) admits a metric of negative sectional curvature. This in turn implies X(α) is atoroidal. By 1.2 X(α) has a cyclic cover, N, which is Haken. Then by Thurston’s Uniformization theorem for Haken manifolds, N is hyperbolic. Hence X(α) is homotopy equivalent to a hyperbolic manifold, [9]. By recent work of Gabai [12], and Gabai-Meyerhoff-Thurston, one knows that homotopy equivalence implies homeomorphism in this situation.

Corollary 1.4 Let K be a knot in the three-sphere with hyperbolic complement and which does not fiber over the circle. Suppose that the genus of K is g. If p ≥ 12g − 4 then the p-fold cyclic cover, N, of S^3 branched over K contains a closed incompressible surface of genus 2g. Furthermore, N is hyperbolic.

Pro of. Apply 1.3 to the p-fold cylic cover, X, of the knot complement. Then N is obtained by Dehn-filling of X along a meridian, ~μ, of X. Now ~μ projects to p meridians of S^3 − K. Thus the length of ~μ on the boundary of a maximal cusp of X equals p times the length of μ on a maximal cusp of S^3 − K and is thus at least p > 2π. This completes the proof. In fact, it follows from the Orbifold Theorem of Thurston that if p ≥ 2 then N has a geometric decomposition. Furthermore, it also follows that if p ≥ 3 and K is not the figure- knot then N is hyperbolic.

The 2π-theorem plus work of Adams [1] implies that there are at most 24 Dehn-fillings of X which give a manifold having no metric of negative sectional curvature ([4] Theorem 6). With these exceptions, arguing as above we obtain:

Corollary 1.5 Assume the hypotheses of the theorem and that Δ( α,λ) ≥ 4P(X,S). Then except for at most 24 possibilities, X(α) is hyperbolic.

This paper was inspired by the work of M.H. Freedman and B. Freedman [11]. The first author would like to thank the Université de Rennes 1 for hospitality during completion of this paper. We would like to thank Dave Gabai for suggesting the version of the proof presented here.

2 Pro of of Main Theorem.

Let X,S be as in Theorem 1.1, thus X is compact with boundary a torus T. Let π : ~X −→ X be the infinite cyclic cover dual to S, and let ~S_0 be a lift of S to ~X. Let τ be a generator of the group of covering transformations and set ~S_n = τ^n ~S_0. Then ~X has boundary a union of annuli. There is at leat one component of ∂~S_i on each component of ~X.

Given an integer m > 0 define a surface G_m in ~X as follows. The surfaces ~S_0, ~S_m separate ~X into three components, one of which has compact closure, P. Define G_m to be the result of pushing the boundary of P into the interior of P. If ~X_p is the p-fold cycliccover of X dual to S then G_m projects

2 to an immersed surface in ~X_p which is embedded if p ≥ m. Observe that G_m is homeomorphic to the double of S.

These surfaces were considered in [11], where it was shown that their compression often leads to a non-simply connected incompressible surface. The following proposition, which is proved in section 4, shows that often no preliminary compression is necessary. The original hyperbolic intuition for this result comes from the fact that two quasi-Fuchsian groups which are “far apart” generate their free-product. The original proof used hyperbolic techniques to construct a certain lamination which turned out to be a finite collection ofsimple closedcurves on S. A conversation with Gabai suggested a purely topological proof based on examining the characteristic submanifold of X cut open along S. Prop osition 2.1 Suppose X and S are as in theorem 1.1. Then if m ≥ 2P(X,S) then the surface G_m in ~X constructed above is incompressible.

Definition 2.2 A book of I-bundles is a connected 3-manifold V satisfying the followingcondition. There are disjoint solid tori T_1,T_2,···,T_n in V such that the closure of V − ⋃ i T_i is an I-bundle, B, over a compact, not necessarily connected surface, F, with no disc components. Let ∂_vB be the I-bundle restricted to ∂F. We require that each component of ∂_vB is an essential annulus in the boundary of some T_i. Thus, for each i, we have that B ∩ T_i is a union of parallel annuli in ∂T_i.

The above definition differs from that in [10] (which permits F to contain disc components) and the following proposition is stated there without proof on p 286.

Prop osition 2.3 Suppose that V is a book of I-bundles as above. For each 1 ≤ i ≤ n, let μ_i be a meridian of T_i ( the slope on ∂T_i which bounds a disc in T_i ). Suppose that for all i that μ_i can not be isotoped to intersect the attaching annuli, ∂_vB, in fewer than two arcs. Then V is irreducible and has incompressible boundary.

Pro of. Let π : ~V −→ V be the universal cover. Since no component ofF is a disc π_1∂F −→ π_1F is injective. Since no component of ∂F is glued to a merdian of a solid torus, using Van Kampen’s theorem inductively we see that incl_∗ : π_1(B) −→ π_1V is injective. Thus ~V is the union of copies of the universal cover of B glued together along copies of the universal covers of the solid tori T_i. Also V is irreducible thus Haken. Thus ~V is homeomorphic to the interior union some of the boundary of a ball. We must show that the components of the boundary of ~V are planes.

Consider the dual 1-complex, Γ, to ~V coming from the decomposition into components of π^{− 1}B and π^{− 1}( ⋃ T_i). Thus Γ has one vertex for each component of π^{− 1}B and one for each component of π^{− 1}( ⋃ i T_i). Two vertices are connected by an edge if the corresponding components intersect.

Then ~V retracts to Γ which is therefore a tree. The hypothesis that μ_i must intersect ∂_vB at least twice implies that every vertex of Γ has degree at least 2.

Construct a graph Γ_0 in ∂~V by taking one vertex for each component of ∂~V ∩ π^{− 1}B and each component of ∂~V ∩ π^{− 1}( ⋃ i T_i). Connect two vertices by an edge if the corresponding components intersect. Then Γ_0 is a spine for ∂~V. There is simplicial map θ : Γ_0 −→ Γ defined in the obvious way. We claim that θ is locally injective. It then follows that each component of Γ_0 is simply connected and hence ∂~V is simply connected.

It suffices to check that the link ofa vertex in Γ_0 injects into Γ. For a vertex, v, ofΓ_0 corresponding to a component of π^{− 1}B the link of v is mapped isomorphically by θ to the link of θv. If v is a vertex of Γ_0 corresponding to a component of π^{− 1}( ⋃ i T_i) then v has degree 2. The two edges emerging from v go to distinct components of π^{− 1}B by the hypothesis on μ_i. □

3

Pro of of 1.1. Since p ≥ 4P(X,S) we may choose m > 0 so that m, p − m ≥ 2P(X,S). Let π_p : ~X −→ ~X_p be the covering space projection. By 2.1 it follows that both G ≡ π_pG_m and H ≡ π_pτ^m G_{p− m} are disjoint incompressible surfaces in the interior of ~X_p.

The incompressibility ofG in the special case that S, and hence ~X_p, has one boundary component is an immediate consequence of applying ([8] Theorems 2.4.3, 2.4.5) to G and H, however we give a direct elementary proof.

Observe that G∪ H separates ~X_p into three components. Let Y be the closure of the component which contains ∂~X_p. Let A,B be the closures of the components with ∂A = G and ∂B = H. Now Y is a regular neighborhood of (∂~X_p) ∪ ~S_0 ∪ ~S_m . Define a manifold V = Z − (A ∪ B) = Y ∪ ⋃ i T_i

where T_i is a solid torus glued onto the i’th boundary component of ~X_p. Thus V is a book of Ibundles. The hypothesis in 1.1 that the Dehn-filling curves are not isotopic to lifts of components of ∂S means that ~S_0 and ~S_m both intersect every meridian curve of each T_i. Thus the hypotheses in 2.3 are satisfied. Hence ∂V is irreducible and has incompressible boundary. Now Z = A ∪ V ∪ B. Also A and B are both irreducible with incompressible boundary by 2.1. It follows that Z is irreducible and that G is incompressible in Z. □

3 Characteristic Pro duct Regions.

Definition 3.1 Let N be a connected 3-manifold with connected boundary. Suppose that ∂_vN is a subsurface of ∂N such that each component is a compact annulus. Suppose that ∂_vN separates ∂N into two incompressible components with closure S_0,S_1 and which are diffeomorphic. Also suppose that each annulus has one boundary component in each of S_0 and S_1. We call ∂_vN the vertical boundary of N, and ∂_h N = S_0 ∪ S_1 the horizon tal boundary . We call N a relativ e cob ordism between S_0 and S_1. A vertical arc is an arc in N with one endpoint in each of S_0 and S_1. A vertical square is a disc D properly embedded in N which intersects ∂_vN in two vertical arcs which are called the vertical boundary of D and written ∂_vD. The horizon tal boundary of D is ∂_h D = D ∩ ∂_h N. A vertical square is called essen tial if it is not isotopic rel boundary into the boundary of N. An annulus embedded in N is called vertical if it has one boundary component in each of S_0 and S_1. We denote the unit interval as I = [0,1]. A pro duct region for N is a submanifold Φ × I of N such that Φ is a compact, possibly disconnected, surface and for i = 0,1 we have Φ × i is an incompressible subsurface of S_i. We also require that Φ × I contains ∂_vN, and that each component of Φ × I contains at least one component of ∂_vN.

Our first goal is to now show that there is a characteristic product region which is unique up to isotopy. This assertion follows from the existence and properties of the characteristic submanifold of N. We will give a direct proof instead of deducing it from standard statements: [17],[16].

Lemma 3.2 Suppose that N is an orientable, irreducible relative cobordism and D is a vertical square in N. If A is an incompressible vertical annulus properly embedded in N, then we may isotop D rel ∂_vD so that D ∩ A consists of vertical arcs. If D^′ is another vertical square in N and if ∂_vD and ∂_vD^′ are disjoint then we may isotop D rel ∂_vD so that D ∩ D^′ consists of vertical arcs.

4

Pro of. Since ∂A = ∂_h A we may isotop D rel ∂_vD so that A and D are transverse and their intersection has the smallest number of components. Suppose C is a component of A ∩ D. If C is a circle then C bounds a disc in D. Since A is incompressible, C also bounds a disc in A. If C is innermost on D then the union of these discs is a sphere, which bounds a ball because N is irreducible. This ball may contain another ball whose boundary is a disc Δ in D union a disc in A. We choose an innermost such ball B. The interior of B is disjoint from A and D. Then the disc Δ can be isotoped across B to remove C. This isotopy is fixed on the boundary. Since the intersection was minimal, there are no circles in A ∩ D.

If C is an arc with both endpoints on S_0 then there is a disc Δ in A with boundary C plus an arc, α, in ∂A. We may choose an innermost such disc so that the interior of Δ is disjoint from D. There is also a disc Δ^′ in D with boundary C plus an arc, α^′, in ∂D. Then α ∪ α^′ is a simple loop in S_0 which bounds the disc Δ ∪ Δ^′ and, since S_0 is incompressible, this loop bounds a disc in S_0. We may choose α ∪ α^′ to be an innermost loop in S_0. But then C can be removed by an isotopy of D. Similarly arcs with both endpoints in S_1 can be removed. Hence A∩ D consists of vertical arcs.

A similar argument works for a disc D^′ in place of the annulus A. □

Theorem 3.3 Suppose that N is a relative cobordism between S_0 and S_1 and assume that N is orientable and irreducible. Suppose that Φ × I is a product region in N with |χ(Φ) | maximal. Then every vertical square in N can be properly isotoped into Φ × I.

Pro of. Observe that a regular neighborhood of ∂_vN is a product region for N. Consider a product region Φ × I of N with minimal Euler characteristic. We will regard Φ as a subsurface of S_0. Since every component of Φ contains a component of ∂S_0, the number of components of Φ is bounded by |∂S_0|. Since Φ is incompressible it follows that χ(Φ) ≥ χ(S_0) and so there is such a Φ with minimal Euler characteristic. Observe that (∂Φ) × I is a collection of vertical annulli. Now given a vertical square D, we can isotop it so that the intersection of D with (∂Φ) × I consists of vertical arcs, and has the minimum number of such arcs. Since a product region must contain ∂_vN and since D contains two vertical arcs in its boundary, it follows that either D is contained in Φ × I or else ∂_h D intersects ∂Φ in the interior of N. In the latter case, there is an arc, γ, in S_0 with endpoints in ∂Φ and interior disjoint from Φ. Then γ is not isotopic rel endpoints into Φ for otherwise we could isotop D to reduce the number of vertical arcs of intersection of D with A. Let δ_1,δ_2 be the two vertical arcs in D ∩ A which have endpoints in common with γ. Then there is a sub-disc D_− of D with boundary δ_1 ∪ γ ∪ δ_2 ∪ γ^′ where γ^′ is contained in D ∩ S_1.

Define R to be a regular neighborhood of Φ × I ∪ D_− . Then R = Ψ × I where Ψ is a regular neighborhood of Φ ∪ γ in S_0. Since γ is not isotopic rel endpoints into Φ, it follows that Ψ is incompressible thus R is a product region with smaller Euler characteristic, a contradiction. □

We shall call such a product region a characteristic pro duct region. This terminology is justified by the following two results.

Theorem 3.4 Suppose that N is a relative cobordism between S_0 and S_1 and assume that N is orientable and irreducible. Suppose that Φ × I is a characteristic product region for N and that Ψ × I is any product region in N. Then there is an ambient isotopy of N which takes Ψ × I into Φ × I. Pro of. Suppose that there is a component, A, of ∂_vΨ × I which is not contained in Φ × I. Then A is a vertical annulus. Because each component of Ψ contains a component of ∂S_0, we may choose an arc, γ, in Ψ from ∂S_0 to a point, x, on A∩ S_0. There is an path, δ, which runs along γ then runs round A ∩ S_0 and then back along γ, and by moving this path slightly we may suppose δ is an arc embedded in Ψ . The vertical square δ× I contained in Ψ × I may be isotoped rel vertical boundary into Φ × I. It is now easy to isotop the rest of A into Φ × I. We do this for each component of 5

∂_vΨ × I. After these isotopies ∂_vΨ × I is contained in Φ × I and hence Ψ × I is contained in Φ × I. □ Theorem 3.5 Suppose that N is a relative cobordism and that N is orientable and irreducible. If Φ × I and Ψ × I are characteristic product regions of N, then there is an ambient isotopy of N which takes Ψ × I onto Φ × I.

Pro of. By 3.4 we can isotop Ψ × I into Φ × I and we may also isotop Φ × I into Ψ × I. Combining these, we may isotop Ψ × I so that it is contained in Φ × I and contains this manifold minus a collar. Uniqueness of collars now shows that Ψ × I may be isotoped to equal Φ × I. □

4 The incompressibilit y of G_m.

Suppose that X and S are as ion theorem 1.1. Define N to be the 3-manifold obtained by removing from X a regular neighborhood of S and taking the closure. There are two copies, S_0 and S_1, of S in the boundary of N. We will regard N − (S_0 ∪ S_1) as equal to X − S. Thus X is obtained from N by identifying S_0 with S_1 via a homeomorphism ϕ : S_1 −→ S_0. Since S is incompressible in X, it follows that N is a relative cobordism between S_0 and S_1. Let π : ~X −→ X be the infinite cyclic cover dual to S, and let ~S_0 be a lift of S to ~X. Let τ be a generator of the group of covering transformations and set ~S_n = τ^n ~S_0. We can regard ~X as ⋃ i N_i where N_i is a copy of N with N_i ∩ N_{i+1} = ~S_i and τN_i = N_{i+1} . Define Y_n to be the submanifold Y_n = ⋃_n i=1 N_i of ~X. Then Y_n is a relative cobordism between ~S_0 and ~S_n . Since X is irreducible and has incompressible boundary it follows that ~X and Y_n are both irreducible. Define P_n to be a characteristic product region in Y_n .

Lemma 4.1 With the hypotheses of 1.1, after an isotopy of P_k in Y_k we may arrange that for all i ≤ k that P_k ∩ Y_i is contained in the charcteristic product region P_i of Y_i.

Pro of. Suppose that P is a component of P_k. The first step is to arrange that for all 0 ≤ i ≤ k, that R = ~S_i ∩ P is a connected incompressible surface in P. This is already true for i = 0,k. Now for 1 < i < k we have that ∂R is contained in ∂_vP which is a union of annuli. Suppose there is a component, C, of ∂R which bounds a disc, D, in ∂_vP. Then, since ~S_i is incompressible, C bounds a disc, Δ , in ~S_i. If we choose C innermost on ∂_vP then D ∪ Δ is a sphere which bounds a ball, B, in Y_k since Y_k is irreducible. By choosing an innermost such ball, we may assume that B contains no other such ball, so that the interior of B is disjoint from ~S_i and ∂P. Then we can isotop D across the ball to remove C. We may thus assume that every component of ∂R is essential in ∂_vP. Suppose that D is a compressing disc for R in P. Since ~S_i is incompressible in Y_k, there is a disc Δ in ~S_i with the same boundary as D. Then Δ intersects ∂_vP in circles, and since ∂_vP is incompressible in Y_k, these circles bound discs in ∂_vP. But these circles are in ∂R and so there are no such circles. Hence Δ is contained in P, and thus also in R, so R is incompressible in P.

NowP ∼= I× Φ for somecompact connected surface Φ and R is an incompressible surface, possibly disconnected, in I × Φ such that ∂R is contained in I × ∂Φ. Suppose that R_0 is a component of R. The projection of I × Φ onto 0 × Φ maps R_0 π_1-injectively and sends boundary to boundary. Applying Theorem 13.1 of [15] to R_0 either this map is homotopic to a covering, or R_0 is an annulus and the map is homotopic rel boundary into ∂Φ. In this case, both boundary components of R_0 are on the same annulus component of I × ∂Φ. Thus there is an annulus, B, in ∂_vP with the same boundary as R_0 and B ∪ R_0 is the boundary of a solid torus in P. Then, after choosing an innermost such solid torus, we can isotop B across this solid torus to remove R_0 from R. Thus we may assume the map of R_0 −→ Φ is homotopic to a covering. Define C to be a component of ∂~S_0 ∩ Φ. Recall that every component of a product region contains a component of ∂~S_0. In particular there is a

6 component, C^′, of ∂R_0 which maps onto C. But C^′ is the only component of ∂~S_i which maps to C and so R_0 = R is connected.

Now P is a product I × Φ. Also R is an incompressible connected surface in P which separates P. In addition, R is disjoint from ∂I × Φ. It follows from the homotopy cobordism theorem for Haken manifolds that the submanifold of P between 0 × Φ and R is a product region for Y_i. Since Y_i is irreducible, 3.4 applied to Y_i implies that R may be isotoped into the charcteristic product region, P_i, of Y_i. □ It now follows from 4.1 that there is an ambient isotopy of Y_k taking P_{k+1} ∩ Y_k into P_k, thus we may assume that Y_k ∩ P_{k+ p} ⊂ P_k. Thus the compact connected subsurfaces A_k = ~S_0 ∩ P_k are decreasing in other words A_{k+1} ⊂ A_k, and each is π_1-injective. We will define A_0 = ~S_0.

Lemma 4.2 With the hypotheses of 1.1, then for each k ≥ 0, one of the following occurs: • A_k is a regular neighborhood of ∂~S_0 in ~S_0. • A_{k+1} is not isotopic to A_k. We say that A_k is a strictly decreasing sequence of surfaces.

Pro of. Suppose that A_{k+1} is isotopic to A_k. Let τ : ~X −→ ~X be the generator of the group of covering transformations such that τ~S_0 = ~S_1. Then P_{k+1} ∩ τY_k is a product region in τY_k and by 4.1 can therefore be isotoped in τY_k into the characteristic product region which is τP_k. Therefore the surface R = P_{k+1} ∩ ~S_1 can be isotoped in ~S_1 into τA_k. Since P_{k+1} is a product, R is diffeomorphic to A_{k+1} , hence to A_k. Now R is a π_1-injective subsurface of τA_k, and R is diffeomorphic to τA_k. Therefore R can be isotoped in ~S_1 so that R = τA_k. The submanifold Q = P_{k+1} ∩ Y_1 now has boundary ∂Q ∼= A_k ∪ (I × ∂A_k) ∪ τA_k. The image, πQ, of Q in X is obtained from Q by identifying A_k and τA_k via τ. Thus πQ has boundary consisting of tori ∂(πQ) ∼= S^1 × ∂A_k. Since every essential torus in X is boundary parallel, ∂(πQ) is contained in a regular neighborhood of ∂X, hence ∂A_k is contained in a regular neighborhood of ∂~S_0. Since X does not fiber over the circle with fiber S, the charcteristic product region of N is not all of N so A_k is a proper subsurface of ~S_0. Thus A_k is contained in a regular neighborhood of ∂~S_0. □

Lemma 4.3 Suppose that S is a compact surface of genus g with b boundary component. A set Λ, of disjoint, pairwise non-parallel, non boundary-parallel simple closed curves on S has at most 3g − 3+ b components.

Pro of. Enlarge the set Λ so that it is maximal subject to the above conditions. Then cut open S along Λ to obtain a surface S^− . The components of S^− are pairs of pants, otherwise some component has a simple closed curve which is not boundary parallel. The Euler characteristic of a pair of pants is − 1 therefore the number of pairs of pants is |χ(F)| = 2g − 2 + b. These pants have 3(2g − 2 + b) boundary curves. Now b of these curves are in the boundary of S. Each of the

7 components of Λ appears twice among the 3(2g− 2+ b) − b remaining boundary curves. Hence the number of closed curves is at most 3g − 3+ b. □

We say that the charcteristic product region of N is trivial if it is a regulat neighborhood of the vertical boundary ∂_vN.

Corollary 4.4 With the hypotheses of 1.1, then for each k ≥ 3g − 2 + b, the charcteristic product region of Y_k is trivial.

Pro of. Suppose that A_0 ⊃ A_1 ⊃ A_2 ⊃ ···A_k is a strictly decreasing sequence of surfaces with A_k a regular neighborhood of ∂~S_0. A sequence of maximal length is obtained if A_{i+1} is obtained from A_i be deleting a neighborhood of an essential simple closed curve which is not parallel to ∂A_i. The number of such curves by 4.3 is at most 3g− 3+ b.Thus if k > 3g− 3+ b then P_k is a product. □ Definition 4.5 With X and S as in theorem 1.1 the product length P(X,S) is the smallest k for which the characteristic product region of Y_k is trivial. If S is a fiber, then P(X,S) is ∞ .

The following argument was told to us by Gabai.

Lemma 4.6 Suppose that M and N are irreducible relative cobordisms which do not contain essential vertical squares. Suppose that

∂_h M = S_0 ∪ S_1 ∂_h N = T_0 ∪ T_1

and that ϕ : S_1 −→ T_0 is a homeomorphism. Let P be the 3-manifold formed from M and N by identifying S_1 with T_0 via ϕ. Then P has incompressible boundary.

Pro of. Suppose that D is a compressing disc for P. Note that P is a relative cobordism between S_0 and T_1. We may isotop D so that • D is transverse to S_1 ≡ T_0 • The intersection of ∂D with ∂_vP consists of a vertical arcs.

Choose D, subject to the above, so that it has the minimum number of vertical arcs in its boundary. If there are no vertical arcs, then D is either contained in M or in N. Without loss, we suppose that D is contained in M. Then D is a compressing disc for S_0 in M, but the hypothesis that M is a relative cobordism includes that S_0 is incompressible. Hence we have a contradiction. The boundary of D is made up of horizontal and vertical arcs which alternate. This is shown in Figure 2, where the vertical arcs are shown thicker.

Observe that since M and N are irreducible and they are glued together along incompressible surfaces, then P is also irreducible and S_1 ≡ T_0 is incompressible in P. The intersection of D with S_1 consists of arcs and circles. Since S_1 is incompressible in P, each such circle bounds a disc in S_1 and so we may isotop D to remove the circles. Thus each vertical side of D has an endpoint of exactly one arc of intersection in D ∩ S_1. Now choose an outermost (on D) arc, α, of intersection of D with S_1. We claim that the situation is as shown in Figure 2.

Figure 2

Thus there is a disc, Δ , in D with boundary the union of α and an arc β in ∂D and β intersects exactly two vertical arcs, γ,δ in ∂D. Now Δ is contained in either M or in N, without loss of generality we will assume that Δ is contained in M. Thus Δ is a vertical disc in M and so Δ is boundary parallel. Hence D can be isotoped to reduce the number of vertical arcs in its boundary, a contradiction. □ 8

Proof of 2.1. Since m ≥ 2P(X,S) it follows that m = k + k^′ with k,k^′ ≥ P(X,S). Then by 4.4 the characteristic product region in Y_k and Y_k′ are both trivial. Thus by 3.3 there are no essential vertical squares in Y_k or in Y_k′. Thus M = Y_k and N = τ^kY_k′ satisfy the hypotheses of 4.6. Hence Y_m = (M ∪ N) has incompressible boundary. Now ~X = ⋃ i≤ 0 N_i ∪ ~_{S0} Y_m ∪ ~_{Sm} ( ⋃ i>m N_i )

and ~S_0 and ~S_m are both incompressible in ~X. It follows that ∂Y_m is incompressible in ~X. Now ∂Y_m is isotopic to G_m . □

References

[1] C. Adams The non-compact 3-manifold of minimal volume. P.A.M.S. 100, no. 4, (1987), 601- 606.

[2] M. Baker Covers of Dehn fillings of once-punctured torus bundles. Proc. Amer. Math. Soc. 105 (1989), 747-754.

[3] M. Baker Covers of Dehn fillings of once-punctured torus bundles II. Proc. Amer. Math. Soc.

105 (1990), 1099-1108.

[4] S. Bleiler & C. Hodgson Spherical space forms and Dehn Surgery. Knots 90 (Osaka, 1990), 425 - 433 (1992) pub. de Gruyter, Berlin, 1992.

[5] S. Bleiler & C. Hodgson Spherical Space Forms and Dehn Fillings. Topology 3(1996) 809-833

[6] D. Cooper, D.D. Long & A.W. Reid Bundles and finite foliations. Inventiones Math. vol. 118 (1994) 255 - 283.

[7] D. Cooper, D.D. Long & A.W. Reid Essential closed surfaces in bounded 3-manifolds. To appear J.A.M.S.

[8] M. Culler, C.McA. Gordon, J. Luecke and P.B.Shalen, Dehn Surgery on Knots. Ann. of Math.

(1987) 237-300.

[9] M. Culler and P. B. Shalen. “ Varieties of group representations and splittings of 3-manifolds” Ann. of Math.

[10] M. Culler and P. B. Shalen. “ Volumes of hyperbolic Haken manifolds, I” Invent. Math. 118 (1994) 285-329.

[11] B. Freedman & M.H. Freedman Haken finiteness for bounded 3-manifolds, locally free groups and cyclic covers. To appear, Topology.

[12] D. Gabai, On the geometric and topological rigidity of hyperbolic 3-manifolds. B.A.M.S. 31 (1994), no. 2, 228–232.

[13] C. Gordon & J. Luecke Reducible Manifolds and Dehn Surgery. Topology 35 (1996) 385-409.

[14] C. Gordon & J. Luecke Only Integral Dehn Surgery can yield reducible manifolds. Math Proc.

Cambridge Philos Soc 102 (1987) 97-101.

9

[15] J. Hempel 3-Manifolds. Annals of Math Studies, 86 (1976) PUP.

[16] W. Jaco Lectures on Three-Manifold Topology. CBMS series 43 (1977)

[17] K. Johannson Homotopyequivalences of 3-manifolds with boundaries. Springer LNM761(1979)

[18] R.Kirby Problems in Low Dimensional Topology.

[19] D.D. Long Immersions and Embeddings of Totally Geodesic Surfaces. Bull. London Math. Soc.

19 (1987), 481-484

[20] S.C. Wang The virtual Z-representability of 3-manifolds which admit orientation reversing involutions. Proc. Amer. Math. Soc. 110 (1990), 499-503.

[21] Wu, Y-Q. Incompressibility of surfaces in surgered 3-manifolds. Topology.

Address:

Math Dept. U.C.S.B. CA 93106.

email: cooper@math.ucsb.edu, long@math.ucsb.edu

10