NEARLY OVERCONVERGENT SIEGEL MODULAR FORMS

ZHENG LIU

ABSTRACT. We introduce a sheaf-theoretic formulation of Shimura’s theory of nearly holomorphic
Siegel modular forms and differential operators. We use it to define and study nearly overconvergent
Siegel modular forms and their p-adic families.
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1. INTRODUCTION

Shimura developed his theory of nearly holomorphic forms in his study on the algebraicity of
special L-values and Klingen Eisenstein series [Shi76,5hi00]. With the goal of combining this useful
tool with Hida and Coleman—Mazur theories for p-adic families of modular forms to study special L-
values and Selmer groups by using p-adic congruences and deformations, Urban [Urb14] introduced
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a sheaf-theoretic formulation of Shimura’s theory in the GL(2),q case. Such a formulation enables
him to define and study some basic properties of nearly overconvergent modular forms.

In this article we generalize Urban’s work to Siegel modular forms. In the construction of
automorphic sheaves over Siegel varieties equipped with integrable connections, we take a different
approach from [Urb14] by using a canonical Q-torsor over the Siegel variety and (g, Q)-modules.
Here g is the Lie algebra of the algebraic group G = GSp(2n),z and Q is the standard Siegel
parabolic subgroup of G. Compared to G-representations, (g, Q)-modules are more adaptive for
p-adic deformations. Combining the ideas and techniques in [AIP15] with our sheaf-theoretic
formulation of nearly holomorphic Siegel modular forms and differential operators, we introduce
the space of nearly overconvergent Siegel modular forms and their p-adic families.

One of the main motivations for considering differential operators and nearly holomorphic forms
and their p-adic theory is for arithmetic applications of various integral representations of L-
functions or L-values, the algebraicity results on special L-values and Klingen Eisenstein series
by the doubling method [ShE97,Shi00, Har97, Har07], the construction of p-adic L-functions by
evaluating Eisenstein series at CM points [[Kat78] and by Rankin-Selberg method [Hid&88], and
the study of p-adic regulators of Heegner cycles by the Waldspurger formula [BDP13], just to
name a few. The results in this article are applied in [Liul5] to construct p-adic L-functions for
ordinary families on symplectic groups using the doubling method, generalizing [BS00]. The con-
struction of p-adic L-functions for unitary groups by the doubling method has also been carried
out in [EW16, EHLS16].

As we know, the algebraicity of an automorphic representation is mainly related with its archimedean
component. When utilizing integral representations to study special L-values, differential opera-
tors and nearly holomophic forms naturally show up in the analysis of archimedean zeta integrals.
Over the field of complex numbers, roughly speaking, cuspidal nearly holomorphic forms are au-
tomorphic forms inside cuspidal automorphic representations whose archimedean components are
isomorphic to holomorphic discrete series. The holomorphic forms are those whose archimedean
components belong to the lowest K.-types of the holomorphic discrete series. The Maass—Shimura
differential operators correspond to the Lie algebra action on the archimedean components. The
theory of nearly holomorphic forms and differential operators aims to introduce nice algebraic or
even integral structure to the complex vector space of nearly holomorphic forms and to the action
of the Lie algebra, as well as provide explicit formulas for evaluating archimedean zeta integrals.
Besides Shimura, the differential operators and nearly holomorphic forms have also been studied
in [Har86], [Nap92], [Boc85], [Ibu99] and [PSS15] through different approaches.

In Shiumra’s theory of nearly holomorphic Siegel modular forms, there are three main ingredients.
Let b, be the genus n Siegel upper half space, I' C Sp(2n,Z) be a congruence subgroup, and (p, W)
be an algebraic GL(n)-representation of finite rank. Shimura defined

(1) the space N (hy,I") of W,(C)-valued nearly holomorphic forms on b, of level I' and (non-
holomorphy) degree r, together with its algebraic structure defined by using CM points,

(2) the Maass—Shimura differential operator Dy, , : Nj(bhn,T') — N;gi(hmf), where 7 is the
symmetric square of the standard representation of GL(n),

(3) a holomorphic projection N (b,,I') — N%(h,,T) for a generic weight .

Both the differential operators and the holomorphic projection preserve the algebraic structure
in (1), and they play important roles in choosing desirable archimedean sections in arithmetic
applications of various integral representations of L-functions and L-values.

This paper consists of two parts. In the first part, we construct the automorphic quasi-coherent
sheaf V, over a smooth toroidal compactification of the Siegel modular variety Y of level I' defined
over Z[1/N] for some positive integer N. This automorphic sheaf V, has an increasing filtration V;
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and we construct a connection
(1.0.1) V) — Vit @0, Qx (log(X —Y)).

Composing this connection with the Kodaira—Spencer isomorphism, we get the differential operator
D, :V, — V;&g&. We show in §2.5 that V) together with D, recovers the first two ingredients in
Shimura’s theory, and there is the commutative diagram

~

(1.0.2) HO(XE,V;) ——— Ny (by, [)——— C°(T'\ G°(R))

JDP J{Dbn,ﬂ J{q'*—action

HO(XR,V,E0) = Nyt (b, T) < O(I'\ G°(R)),

where X2 is a connected component of the base change of X to C, G° = Sp(2n), and q* =
1

I, il, . I, il,
(i[n In> (LieQ)c <un In> '

Automorphic sheaves are defined over X using algebraic Q-representations free of finite rank and
the canonical Q-torsor T3; = Isom x ((’)g?, 'Hcll r(A/ Y)Can), where A — Y is the principally polarized
universal abelian scheme, and the isomorphisms are required to respect the Hodge filtration and pre-
serve the symplectic pairing of Hcll r(A/Y) up to similitude. Given an algebraic Q-representation
V, the associated automorphic sheaf is defined as the contracted product V = T?-XL xQV.

If one wants to consider automorphic sheaves further equipped with integrable connections that
induce Hecke equivariant maps on global sections, we show in §2.2 that the right objects to consider
are (g, Q)-modules. It is the g-module structure combined with the Gauss—Manin connection on
HLL(A/Y) that gives rise to the desired connection. Then in order to construct the sheaves of
nearly holomorphic Siegel modular forms with differential operators, it remains to select suitable
(g, Q)-modules. In §2.3 we define, for each algebraic GL(n)-representation p locally free of finite
rank, a (g, Q)-module V,. As a Q-module V, has an increasing filtration Vy,r > 0 such that
gV, C VpT“. We define the sheaf of nearly holomorphic forms of weight p and (non-holomorphy)
degree r as V; = T;L xQ V. The general construction in §2.2 equips V, with the connection
(1.0.1). The construction of holomorphic projections is postponed to §3.7 where it is done in the
more general setting of nearly overconvergent families.

In the second part, combining the ideas and techniques in [AIP15] with our construction in the
first part, we define and study some basic properties of the space of nearly overconvergent forms
and p-adic families of nearly overconvergent forms. When replacing dominant algebraic weights by
general p-adic anaylitic weights, it is convenient to construct the corresponding representations of
the Lie algebra, which can be viewed as a p-adic deformation of the Lie algebra representations at-
tached to dominant algebraic weights. However, these Lie algebra representations do not integrate
to representations of the algebraic group, but only integrate to certain p-adic analytic representa-
tions of some rigid analytic subgroup of the rigid analytification of the algebraic group. In order to
construct sheaves of p-adic automorphic forms with p-adic analytic weights, one natural approach is
to modify the torsor of the algebraic group to a p-adic analytic torsor of its rigid analytic subgroup,
and form the contracted product of the p-adic analytic torsor with the representation of the rigid
analytic subgroup.

In [AIP15], for v,w > 0 within a certain range, over the strict neighborhood Ay (v) of the
ordinary locus of the compactifed Iwahori-level Siegel variety X1y, an Iwahori-like space T]éw(v)

inside the GL(n)an-torsor T3, = Isomy (O%,w(A/Y)%"), is constructed by using canonical
subgroups. Here the subscript “an” means the rigid analytification. This 77, (v) can be viewed as
a torsor of a rigid analytic subgroup Z,, inside GL(n),ig, the rigid analytic fibre of the completion of
GL(n) along its special fibre. For a w-analytic weight £ € Homeop ((Z; )", Cy ), there corresponds a

3



natural representation W, ,, of Lie(GL(n)) which integrates to a representation of Z,,. The Banach
sheaf wl,w of overconvergent modular forms of the w-analytic weight x over X1y (v) is obtained as
the contracted product of 77, (v) and Wi .

Taking p to be the trivial representation and r = 1, the construction in §2 gives an automorphic
coherent sheaf J = V1., . The quick way to define the Banach sheaf of w-analytic weight « degree r
nearly overconvergent forms is to set V,ZZZ, = w,z,w ®Sym" J (this is similar to the way of defining H,
H{ in [Urb14]). For the convenience of defining differential operators and holomorphic projections

as in §3.6, 3.7, we need a contracted product interpretation for V,z’,fu. Associated to the p-adic
analytic weight x, generalizing the previous V), there is a natural g-module Vj ,, which integrates
to a (g, Qu)-module, where Q,, C Q,, is the rigid analytic group defined as the preimage of Z,, of
the projection Q,, — GL(n)an. We define the Q,-torsor 7,/ (v) as the subspace of Ty, whose

image under the projection Ty .~ — T.5,, lies inside 7, (v). Then 7,7 (v) together with Vi

an w,an
gives the desired contracted product interpretation for the Banach sheaf V,EZZJ.
Now let U be an affinoid subdomain of the weight space whose C,-points are all w-analytic. The

construction above works for the universal weight as well and produces the Banach sheaf Vlgn7w over
Xy (v) xU. In §3.5 we show that the A(U)-Banach module NLT{:U veusp = H° (XIW(U) XU, V,anjw(—C))
is projective. §3.9 is devoted to defining the U,-operators and showing the compactness of the op-

_ : f,r
erator U, = reso Up, o --- 0 Up1 acting on Nu,w,u,cusp'

Then the Coleman—Riesz—Serre spectral
theory is applied to give the slope decomposition of NJ{’Z?’U’CHSP = U0 NLJ?;U’U’CHSP in §3.11.

The p-adic theory of differential operators and nearly holomorphic forms has also been considered
in [Eis12, EFMV] (unitary case) and [Ich15] (simplectic case). They define nearly holomorphic forms
as global sections of (”H}iR(.A/ Y)Ca“)®m for some positive integer m, and the differential operators
are then the connections induced from the Gauss-Manin connection on H},(A/Y)". In order to
consider p-adic deformations, their method relies on unit root splitting of H},(A/Y )" over the
ordinary locus and the g-expansion or Serre—Tate expansion principle, and does not extend to nearly
overconvergent forms. We believe that our method here works also for Shimura varieties for unitary
groups. In [HX14], a construction of the Gauss—Manin connections for nearly overconvergent forms
is given in the GL(2)/q case, where they consider the action of GL(1) (the Levi subgroup of the
Siegel parabolic of GL(2)) instead of that of Lie(GL(2)). Note that besides constructing differential
operators acting on nearly overconvergent forms of general p-adic analytic weight, there is another
problem of taking the differential operator to a p-adic analytic power. This is easy for p-adic forms
over the ordinary locus by using the g-expansion principle, but for nearly overconvergent forms
there seems no obvious approach. Recently this problem has been addressed for families of nearly
overconvergent modular forms in [AT17]. It is expected that some ideas there extend to our case of
nearly overconvergent Siegel modular forms.

Acknowledgement. I am very grateful to my advisor Eric Urban for his guidance and insightful
suggestions. I would also like to thank Michael Harris, Vincent Pilloni for their helpful advice, and
Adrian Iovita, Johan de Jong, Ellen Eischen, Kai-Wen Lan, Liang Xiao for useful conversations.

Notation. Let G be the rank n symplectic similitude group

GSp(2n) 7 = {g € GL(2n)/z 1Yy ((_)Tn I(?) 9=119) (Ofn I(;L>}

with the multiplier character v : G — G,,. Denote by Q the standard Siegel parabolic subgroup
of G consisting of matrices whose lower left n x n block is 0 and T the maximal torus consisting
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of diagonal matrices. Write Q = M x U with M and U as its Levi subgroup and unipotent
radical. Fix the embedding GL(n) < M sending a € GL(n) to (8 ta91>' Let G° = Sp(2n)/z
be the kernel of the multiplier character v with maximal torus T° = G]!, and standard Siegel
parabolic Q° = M° x U. The embedding GL(n) < M gives an isomorphism of GL(n) onto
MP°. The maximal torus T° of Sp(2n) can also be regarded as a maximal torus of M° = GL(n).
We use B to denote the Borel subgroup of M° corresponding to the subgroup of upper triangular
matrices in GL(n) and N to denote the unipotent radical of B. For an algebra E, let Repy Q (resp.
Repg s GL(n)) stand for the category of algebraic representations of the group Q (resp. GL(n)) base
changed to E on locally free E-modules (resp. locally free E-modules of finite rank). The projection

Q — GL(n) mapping (g Z) € Q to a € GL(n) defines a functor Repy y GL(n) — Repyp Q and

we regard every object in Reppy ; GL(n) also as a Q-representation. The congruence subgroup
{y€ G°(Z) : v = I, mod N} of G°(Z) is denoted by T'(N).

2. NEARLY HOLOMORPHIC FORMS

2.1. Automorphic sheaves over Siegel varieties. Let Y = Ygpv) be the Siegel variety
parametrizing principally polarized abelian schemes of relative dimension n with principal level
N structure with N > 3 defined over Z[1/N]. Over it there is the universal abelian scheme
p: A — Y. Take a smooth toroidal compactification X of Y with boundary C = X — Y. Then
p : A — Y extends to a semi-abelian scheme p : § — X. Let w(G/X) be the pullback of
Qé /X along the zero section of p. According to [Lanl2, Proposition 6.9], the locally free sheaf

HL(A)Y) = Rlp, (Q;l/Y) has a canonical extension Hjp(A/Y)™ = Hj . 1n(G/X) which is a
locally free subsheaf of (Y — X),H!-(A/Y). This canonical extension H}r(A/Y)" is endowed

with a symplectic pairing under which w(G/X) is maximally isotropic. The Hodge filtration of
HLL(A/Y) also extends to

0 w(G/X) —— Hlp(A/Y)™ —— Lie('G/X) —0

where 'G /X is the dual semi-abelian scheme of G/X.
There is a standard way to construct, from a representation in Rep; Q, a quasi-coherent sheaf
over X whose global sections are equipped with Hecke actions. The free sheaf (9_%(" can be equipped

with a two-step filtration with the first n copies as the subsheaf, and a symplectic pairing using the

matrix ( OI Ig) Define the right Q-torsor over X
—in

Ty = Isomy (OF, Hap(A/Y)™")
to be the isomorphisms respecting the filtrations and the symplectic pairings up to similitude. The
right Q-action is given as
(b- ) (v) = (¢ob) (v) = p(bv)
for any open subscheme U = Spec(R) C X, ¢ € T, (U), v € R? and b € Q(R).
With this right Q-torsor, by forming contracted product, one can define the functor

€ : Repy; Q — QCoh(X)
Vi T xQV

from the category of algebraic representations of Q on locally free Z-modules to that of quasi-

coherent sheaves over X. Let us give a more detailed description of £(V') in local affine charts. Let

U = Spec(R) be an affine open subscheme of X such that H}p(A/Y)(U) is free over R. We

identify elements in T3, (U) with ordered basis oo = (v, ..., ag,) of Hyp(A/Y)(U), which gives
5



rise to isomorphisms between R?" and H}5(A/Y ) (U) preserving both the Hodge filtration and
symplectic paring up to similitude. Then £(V)(U) is the set of maps v : T, (U) — V ® R such that
v(ag) =gt v(a) for all g € Q(R) and a € T;; (U).

Moreover for all V' € Rep; Q the global sections of the associated quasi-coherent sheaf £(V') come
with a Hecke action constructed via algebraic correspondence (cf. [FC90, §VIL.3]). Such an E(V') to-
gether with the Hecke action on its global sections is often called an automorphic sheaf. Morphisms
between algebraic Q-representations induce Hecke equivariant morphisms between global sections
of the corresponding quasi-coherent sheaves. The functor £ is exact and faithful [Lan12, Definition
6.13]. Certainly this functor is not fully faithful (see Example 2.4.5). Let Vi be the standard
representation of G restricted to Q and Wy be the standard representation of GL(n) regarded
as a Q-representation. Then immediately from the definition we see £(Vit) = H}p(A/Y)" and
EWy) 2 w(G/X).

The multiplier character v : G — G, can be seen as an algebraic representation of Q and we
denote its corresponding invertible sheaf over X by £(v). As an invertible sheaf £(v) is isomorphic
to the trivial structure sheaf Ox. However the Hecke action differs by a Tate twist. For V' € Rep; Q
we define £(V)(i) to be E(V @ ') = E(V) ® E(v)t.

Remark 2.1.1. The Hecke actions are only defined on global sections not on the quasi-coherent
sheaves. However in the following for simplicity we say a quasi-coherent sheaf with Hecke actions to
mean that Hecke operators act on its global sections, and a Hecke equivariant morphism between
quasi-coherent sheaves to mean that the induced map on global sections is Hecke equivariant. Also
by an isomorphism between two automorphic sheaves we mean a Hecke equivariant one unless
otherwise stated.

2.2. (g,Q)-modules and Gauss—Manin connection. Let g = Lie G, q = LieQ be the Lie
algebras of G and its Siegel parobolic Q.

Definition 2.2.1. Let E be an algebra. A (g, Q)-module V over E is an algebraic representation
of Q and g base changed to E on locally free E-modules, such that the action of q C g on V is the
one induced from that of Q and for any g € Q, X € gand v € V,

g-X-gtv= (Ad(g)X) - v.
We denote the category of (g, Q)-modules over E by Repg(g, Q).

It is mentioned on [F'C90, p.223] that G(C)-equivariant quasi-coherent D-modules over the com-
pact dual DV = G(C)/Q(C) correspond to (g, Q)-modules. We show below that for an object
V € Repy(g, Q), we can equip with its associated automorphic sheaf £(V') an integrable connection
using the g-module structure on V. If a (g, Q)-module is of finite rank, then it comes from an
algebraic representation of G. However, the (g, Q)-module we will define in the next section is not
of finite rank, but contains sub-(g, Q)-modules of finite rank. Using those (g, Q)-modules makes
the theory parallel Shimura’s theory very well and gives nice formulas for the differential operators.
More importantly, the (g, Q)-module structure compared to G-representation is more convenient
for doing p-adic theory.

For the locally free sheaf Hjn(A/Y) = R'p.(Q% /Y) over Y, a canonical integrable connection
called the Gauss—Manin connection can be constructed [KOG8]. We record the following result on
the extension of the Gauss—Manin connection.

Theorem 2.2.2. ( [Lanl?2, Proposition 6.9]) The Gauss—Manin connection V : Hi(A/Y) —
HLL(A)Y) @ Q3 extends to an integrable connection with log poles along the boundary

Vi Hap(A/Y )™ — Hap(A/Y)™" @ Q (log €),

satisfying Griffith transversality and compatible with the symplectic pairing on ’H}iR(.A/Y)Can.
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Let U, a be as in our description of the contracted product defining £(V'). Given D € Tx (U) =
Derz(; /v (R, R), a section of the tangent bundle of X over U, by Theorem 2.2.2 there exists
X(D,a) € g(R) (in fact g(Frac(R)) with logarithm poles along the boundary if U intersects with
the boundary) such that

(2.2.1) V(D)(a) = a- X(D,a).
For v € E(V)(U) we define the operator Vg(y(D) acting on it as
(2.2.2) (Vew)(D)(v)) () := Dv(a) + X(D,a) - v(a).

Here D acts on v(a) € V ® R through the action of Derz(; /v (R, R) on R, i.e. by coefficients. The
action of X (D, a) on v(«) is the action of the Lie algebra g on V.

Proposition 2.2.3. The above defined Ve (D)(v) belongs to E(V)(U) and the formula (2.2.2)
on local sections patches together to an integrable connection with log poles along the boundary

Vewy : E(V) — E(V)® Q% (log C).
Proof. What we need to show is that for any g € Q(R)
(2.2.3) (Ve (D)(©)) (- g) = g7 (Ve (D)(v)) (a).
The Gauss—Manin connection V satisfies that
V(D)(a-g) =V(D)(@)-g+a-Dg

=(a-g)- (97" X(D,a)g + g~ Dy)

= (a-g)- (Ad(g™")X(D,a) +¢7'Dyg)
ie.

X(D,a-g)=Ad(g H)X(D,a)+g¢ 'Dyg.
We compute the left hand side of (2.2.3) by definition,
LHS =D -v(a-g)+ X(D,a-g)-v(a-g)
=D(g" v(e) + ( ( )X(D ) +g"'Dg) -v(a - g)

( g7 1g) (97" v(@) + g7 (Du(e)) + (Ad(g™H)X(D,a) +g ' Dg) - (97" - v(a))
(’ng) (97" v(@) +g7 1 (Do(@) + (97" X (D) -g) - (97" - v())
( ~'Dg) - (97" - v(a))

b (Do(a )+X(D a)-v(a)),

which equals to the right hand side. The compatibility of the action of g and Q is used for the
fourth equality. The integrability of the Gauss—Manin connection implies that for Dy, Dy € Tx (U)

X([D1, Da), @) = Dy X (D3, ) — D3 X (D, @) + X(D1,0) X (D3, @) — X (Da, ) X (D1, ).
Also,
Vg(v)(Dl)Vg(V)(DQ) = D1Dyv(a) + (D1 X (D3, @) - v(a) + X (Da, @) - Dyv(av)
+ X(D1,a) - Dov(a) + X (D1, ) - X(Da, ) - v(a),
Vg(v) (DQ)Vg(V) (Dl) = D2D1U(O¢) + (DQX(Dl, a)) . ’U(Oé) + X(Dl, Oé) . DQU(
+ X (D2, ) - Div(a) + X (D, ) - X (D1, ) - v(c).
7



Thus

(Ve (D1)Vew)(D2) = Vew)(D2)Vew)(D1)) (a)
= [Dl’ DQ]’U(O&) + (DlX(DQ, Oé) — DQX(Dl, Oé) + [X(Dl, OL), X(DQ, Ot)]) . U(Oé)
=[D1, Da]v(a) + X([D1, Do, ) - v(ar) = Ve ([D1, Da]),

i.e. the connection Vg(yy is integrable. O

Remark 2.2.4. If the (g, Q)-module V' can be constructed from the standard representation Vi
of G by taking tensor products, symmetric powers and wedge products, then applying the same
operations to Hlp(A/Y) = E(Vy) we get the locally free sheaf £(V) attached to V, so the
Gauss-Manin connection on H}5(A/Y )" immediately induces a connection on £(V'). This is the
approach adopted in by E. Eischen in [FEis12]. The point of our construction here is that V' does
not need to be a representation of G. The construction works for all (g, Q)-modules and therefore
can be easily adapted to deal with p-adic analytic weights and the universal weight (see §3.2, 3.4,
3.6). There is another construction for the connection V¢ (yy in [Till1, §3.2] using Grothendieck’s
sheaves of differentials when V is a finite dimensional G-representation. That approach may be
modified to deal with the non-algebraic weight except that there might be some issue with taking
duality when infinite dimensional representations are involved.

2.3. The (g, Q)-module V,,. Now in order to use the constructions in §2.1 and §2.2 to formulate
Shimura’s theory of nearly holomorphic forms in a sheaf-theoretic context, what we need is to define
a suitable (g, Q)-module for a given algebraic representation of GL(n).

Let (p,W,) € Repy s GL(n) be an algebraic representation of GL(n) locally free of finite rank.
We define the (g, Q)-module V, as follows. For any algebra R, set

Vp(R) == W,(R) @p R[Y] = W,(R) ®r R[Yijli<i<j<n

where Y = (Yjj)1<ij<n is the symmetric n x n matrix with the indeterminate Yj; = Yj; in the

1,7) entry. Elements in V,(R) can be regarded as polynomials in the ntD) Variables Y,; with
P 2 J

coefficients in W,(R). Define the Q-action on V, by
(2.3.1) (g-P)(Y)=a-Pla'b+a"'Yd)
for g = (g Z € Q(R) and P(Y) € V,(R). In order to describe the g-action on V,, we first pick
the following basis of g

no = — Z Eitnitn, nij = Eij — Ejtnitn, 1<4,5 <n,

1<i<n
M{E = FEiitn, Wi = Eitng, 1<¢<n,
,u;rj = Eijin + Ejitn, tij = Eitng + Ejing, 1<i<j<n,

where E;; is the 2n x 2n matrix with 1 in the (4, j) entry and 0 elsewhere. Let q, m, u and u™ be
the Lie algebras of Q, M, U and the opposite unipotent U™. For the g-action on V, we simply
take the one induced from the Q-action defined above. We make u™ act by the formulas

(2.3.2)

(u; - PYY) = Y (Viiews + Yigers) - P(Y) = ) (Vi1 + Vi Ya) m P(Y), i # ],

Yk
1<k<n 1<k<I<n
- 0
(4 - PY(Y) = > Viiew-P(Y) = > YkiYilaTklP(X)-
1<k<n 1<k<I<n
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where €;; € gl(n) is the n x n matrix with 1 in the (4, j) entry and O elsewhere, and it acts via
the gl(n)-action on the coefficient of P(Y'). It remains to show the compatibility of such defined
actions of Q and u™. This can be done by direct computation using the formulas. There is also a
more conceptual proof. To describe it we construct a representation of the group

ez,) = { (& 1) € a@)

Let Q™ (Z,) be the subgroup of Ig(Z,) whose elements have 0 as the right upper n x n corner. we
make it act on W,(Q)) through its Levi part. Equip W,(Q,) with a p-adic norm by choosing a
basis of W,(Q)), and since it is finite dimensional all norms defined in this way are equivalent. We

c=0 modp}.

consider the p-adic analytic induction IndQG' (Z’f ) w »(Qp). Thanks to the Iwahori decomposition we

In dézG (ZZP p(Qp) = Wy (Qp) ( U>1<z<_]<n = W, (Qp) (Y),
with g € Ig(Z,) acting on P(Y) € W,(Q,) (Y) by
(2.3.3) (9-P)(Y) = (a+ Ye) P((a+ Yo) b+ Yd)).

know

Here W,(Q,) (Y) is the space of strictly convergent power series in Y (i.e. convergent on the closed
unit ball) Then the formulas (2.3.1) and (2.3.2) can be deduced from (2.3.3), and the compatibility
of the actions of Q and u™ on V), follows.

Remark 2.3.1. One can check the formulas (2.3.1) (2.3.2) actually agree with the formulas
(2.11)(2.12) given in [JV79], so as g(C)-modules, the V,(C) defined here should agree with the
07 (G°(R), Kgo(r), Wy(C)) defined there, where Kgeg) = U(n,R) is the maximal compact sub-
group of G°(R).

As a Q-representation, V, comes with an increasing filtration
(2.3.4) Fil'V, =V = W,[Y]<,

where the subscript < r means polynomials in Y of total degree less or equal to r. Fil" V), can
also be characterized as the sum of generalized 79-eigenspaces with eigenvalues > —r [FC90, p.230].
The eigenvalues of 7y are also called F-weights there. Regarding the GL(n)-representation W, as
a Q-representation we have Vp0 = W,. It follows from the definition formulas that

T r+1
(2.3.5) g-Vycvyth

Let Viyiy be the (g, Q)-module constructed as above by taking p to be the trivial representation.
Denote by J the Q-representation Véiv. We note here the following useful isomorphism of Q-
representations

(2.3.6) V= V?®Sym"J =W, ® Sym" J.

For a dominant weight x = (ki,...,k2) € X(T°)" of GL(n) with respect to B. Set x' =
(=kn,...,—k1). We define Wy, to be the algebraic GL(n)-representation

) 1 | morphism of schemes satisfying f(gb) = «/'(b) f(g)
(2.3.7) {f FGL() = A p il g € GL(n) and b€ B

with GL(n) acting by left inverse translation. Putting p = k we get the (g, Q)-module V,; and
Q-representations V[, » > 0. Denote by 7 the symmetric square of the standard representation
of GL(n). Let 7V be dual representation of 7. In the following most GL(n)-representations we
consider are tensor products of some x with symmetric powers of 7 and 7.
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Remark 2.3.2. We can twist V, by the i-th power of of the multiplier character v and denote the
resulting (g, Q)-module by V,,(i). Such a twist will change the F-weights by —i and corresponds to
a Tate twist ['C90, p.222].

2.4. The sheaf V! of nearly holomorphic forms. Let xk be a dominant weight of GL(n). With
preparations in previous sections we give the following definitions.

Definition 2.4.1. The locally free sheaf over X of weight x, (non-holomorphy) degree r nearly
holomorphic forms is defined to be VI = E(V)T).

When r = 0, we also use w, to denote V) which is the sheaf of weight x holomorphic forms.
More generally for p € Repy,  GL(n) we define the locally free sheaves V, = £(V,), V) = (V) and
denote VS by w,. The nearly holomorphic forms are defined to be global sections of the sheaf V.

Definition 2.4.2. Let R be a Z[1/N]-algebra. The space of nearly holomorphic forms (resp. cusp-
idal nearly holomorphic forms) over R of weight «, principal level N and (non-holomorphy) degree
r is defined to be N (T'(N),R) = H? (Xg, VL) (resp. NE ousp(T(N), R) = H® (X5, Vi(—C))).

K,cusp

There is the moduli interpretation & la Katz for nearly holomorphic forms. Away from the cusps,
a nearly holomorphic form f over R of weight x, principal level N and degree r is a rule assign-
ing to every quadruple (A/g, A\, %N, a) an element f(A/g, A, %N, a) inside V/[(S) = Wi (9)[Y]<r,
where S is an R-algebra, (A /5,)\) is a principally polarized dimension n abelian scheme, ¥y is
a principal level N structure and o is a basis of H},(A/S) respecting the Hodge filtration and
symplectic pairing up to similitude. Taking into account the definition of W (2.3.7), by evaluating
f(Ays, A\ 9N, a) € Wi(S)[Y]<, at the identity, one may also formulate Katz’s interpretation for f

as follows. The nearly holomorphic form f is a rule assigning to each quadruple (A4,g, A, 9N, a) an

g Z) € Q with a belonging to B,

element f*°(A/g, A, ¢n,a) € S[Y]<, such that for each g = <
we have fSC(A/S) A, ¢N, Qo g) = K,(a)fSC(A/S7 A, ¢N, Oé).
It follows directly from Prop. 2.2.3 and (2.3.5) that the sheaves V,,V, are equipped with the
integrable connections
V,:V, —V, @ Q% (log C)
and

(2.4.1) Vo V) — Vi @ Qk(log C).

The global sections of the differential sheaf Q% has a natural Hecke action and the extended
Kodaira—Spencer isomorphism [Lanl2, Proposition 6.9] says that there is the Hecke-equivariant
isomorphism

Ok (log O) = Sym®(w(G/X))(~1) = wr(-1).
There is a canonical isomorphism of locally free sheaves ¢t : V;ggi(—l) — V;&gi which is not Hecke
equivariant but commutes with Hecke actions up to a twist by the multiplier character. Composing
V, with it we get the differential operator

v
D,V % Vit @ 0k (log €) <5 Vigh(-1) £ vigL

It commutes with Hecke actions up to a multiplier twist (cf. §3.10, [Urbl4, §2.5.2, Proposition
3.3.7)).
Put J = &(J) and J"V to be its dual. By (2.3.6) we have

Proposition 2.4.3. V) 2w, ® Sym" J as locally free sheaves over X with Hecke actions.
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Remark 2.4.4. In [Urb13, §4.1.2, 4.3.1] Urban defined a locally free sheaf J’ to be the one making
the diagram below commutative with bottom row exact.

0 —— w(G/X) @ Lie('G/X)" —— Hap(A/Y)™" © Lie('G/X)" — Lie('G/X) ® Lie('G/X)" —— 0

J |

0 —— Sym? (w(g/X))(—l) J’ Ox 0

After that he defined the sheaf of weight x degree r nearly holomorphic forms to be w, ® Sym” J'V.
One can show that the sheaf JV satisfies Urban’s condition for defining J’. Hence J = J'V and
our definition of sheaves of nearly holomorphic forms agrees with his.

We end this section with an example showing that the locally free sheaves associated to two
non-isomorphic Q-representations can be isomorphic as locally free sheaves without considering
the Hecke actions. It also illustrates that the sheaf 7 may have splitting that does not come from
the Q-representation and such a splitting can give rise to holomorphic but non-Hecke equivariant
differential operators.

Example 2.4.5. Take n = 1, G = GL(2) and G° = SL(2). We show that the sheaf J"' =
(thm)v and the first jet sheaf P1(Ox) are isomorphic in QCoh(X) but their corresponding Q-
representations are not isomorphic. Let V3, V5 be the Q-representations giving rise to 7, P1(Ox)
respectively. Write Y = Yi;. Then V)Y = triv ®Z[Y]<; with basis {Y, 1}, and the action of Q° is
given by

(g ab1> P(Y)=P(a'b+a"2Y),

a b . a2 0
0 a! a b 1)
Clearly V) is indecomposable as a Q-representation. On the other hand by [FC90, Proposition VI

5.1], VoY 2 Uy (g°) ®(qe) triv as a Q°-representation, where g° = Lie G® = s5[(2) = Span{h, z,y}

and q° = Span{h, z} with h = <(1) 01>, T = <8 (1)>, Yy = ((1) 8) As a basis of VY we can take

or in the matrix form

{y®1,1® 1}, and we have (g aﬁl act on them by

b b
(g a_1>-(y®1):a2y®1, (g a—l)'(1®1):1®1’

or in the matrix form
a b . a2 0
0 a ! 0 1/)°

This is saying that the Q-action on V5 splits. Hence V1 and V5 are not isomorphic as Q-representations.

However as coherent sheaves J" and P!(Ox) are indeed isomorphic, because the nearly holo-
morphic form Ej splits JV = w(G/X)®?®J as locally free sheaves [Urb14, Remark 2.3.7]. Actually
this non-Hecke equivariant splitting gives rise to Serre’s d operator that acts on a modular form f
of weight k by

of =120f — kPf,

where 6 = qd% and P is the holomorphic funciton on the upper half plane defined as P(q) =
1 =243, 5, 01(n)g" with ¢ = e?™ (cf. [Kat73b, §A1.4]). Serre’s O operator is a holomorphic

differential operator but not Hecke equivariant.
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2.5. Equivalence to Shimura’s nearly holomorphic forms and differential operators.
First recall Shimura’s definition of nearly holomorphic forms and Maass—Shimura differential op-
erators. Let b, = {z € M,(C) : 2 = z, Imz > 0} be the genus n Siegel upper half space and
I' € G°(Z) = Sp(2n,Z) be a congruence subgroup. As usual 7 = (CCL7 27) € G(R) acts on b, by
v Oy

vz = (ay2 4+ by) - (cyz +dy) 7L Put s(2) = (2 — 2)7! and p(y,2) = ¢z + d,.

For an algebraic representation (p, W,) of GL(n) free of finite rank, Shimura defines [Shi00,
§13.11] the space of W,(C)-valued nearly holomorphic forms of degree 7, denoted by N/ (b,,T), to
be the set consisting of functions f € C*°(bhy,, W,(C)) satisfying

(i) f(2) can be written as a degree < r polynomial in the components of s(z) with coefficients
being holomorphic maps from b, to W,(C), and

(ii) f transforms under v € I' by f(vz) = p(u(7, 2)) f(2).
When n = 1 the function f is also required to satisfy the cusp condition, i.e. for every v € SL(2,Z)
there exists a;, € C and M € N such that
T o0
p((v,2) f(v2) =) (rImz) ™Y e M,
i=0 n=0
The Maass—Shimura differential operator Dy, , is defined as [Shi00, §12.9]

f—= p(s)(d=(p(s~) 1))

Now we show that Nj (b, '), together with the Maass—Shimura differential operator Dy, ,, is
nothing but the global sections over I'\ b, of the sheaf V,, equipped with the differential operator D,
defined in the previous sections. Let Y2 be a connected component of Y base changed to C. Then
YS =2 T'(N)\b, as complex manifolds and the universal abelian variety p : Ac — Y{ is isomorphic
to p : [(N)\C" x b,,/Z*" — T'(N)\b,. Here (m1,ms) € Z** and v € T'(N) act on (w, z) € C" x b,
by

(2.5.1)

(w, 2) - (m1,m2) = (w+ mi1z + me, z),

v ('U}, Z) = (’U}IU(")/, 2)717 ’YZ)
Let ¢ : h, — T'(N)\hn be the quotient map and Ay, = C" x h,,/Z*" — b,, be the pullback of Ac via
q. For each z = (z;5) € b, the fibre Ay, ., = C"/A,, where A, is the lattice spanned by e;, the vector
with 1 as the i-th entry and 0 elsewhere, 1 < i < n, and z; = t(zlj, 225,y 2nj)y 1 < j < n. Let Ay,
(resp. )y, n) be the polarization (principal level N structure) of Ay, such that its fibre at z is given
by the real Riemann form E, : C" x C" — R, defined as E.(w;,w2) = —Im (‘w;(Im 2) ! (iwy))
(resp. %61, e %en, %zl, cee %zn) The {ei7zj}1§i,jgn form a basis of Hy(Ay, ., Z). Over b, we
have a global basis (a, 8) = (a1,...,an, B1,...,By) for the sheaf ¢*H}p(Ac/Ye) = Hig(As, /bn)
defined as

n n
i | Y magzi+myje; | = mag, Bi | D mugz+mage; | =mu
j=1 j=1

The basis («, 3) is horizontal with respect to the Gauss—-Manin connection, i.e.
V(i) =V(Bi) =0, 1<i<n.

After base changing to C*°(by,, C), the Hodge decomposition gives another basis of H}(Ap, /bn) ®
C>(hy, C), denoted as (dw, dw) = (dwy, ..., dw,, dws, .. ., dwy,).
12



Neither (dw,dw) nor (a, ) gives rise to an element of (¢*Ty;) (hn) ® C*(hy,C). The basis
(dw,dw) does not satisfy the pairing condition, while («, ) is not compatible with the Hodge
filtration. Nevertheless (dw, 8) (resp. (dw,—dw - s)) does give an element of (q*THX) (bp) (resp.
(¢*T3;) (bn) ® C(by, C)), and it is easily checked that

(2.5.2) (dw, —di - 5) = (dw, B) - ((1) _15> .

By evaluating global sections of V; over Y at the test object (Ahn/hm g, > Vi, N5 (dw, —dw - S)),
we define a map

¢ HO(YS,V5) — NJ (b, T(N))
f — f(A(’)n') )\hnva,th (dw7 —dw - S))’X:()-

Proposition 2.5.1. ¢ is well defined and is an isomorphism.

(2.5.3)

Proof. We need to check that the above defined ¢(f) does land inside Nj (b, (V). First look at

the evaluation of f at the test object (Ahn, Aoy Vb N (dw,ﬁ)). Since (dw, ) is holomorphic we
have

f(Abna)‘hnawbn,Nv (dwaﬁ)) = Pf(l/)7

a polynomial in Y of degree < 7 with coeflicients being holomorphic maps from b, to W,(C).
Combining (2.3.1) and (2.5.2) we get

¢(f) = f(Ahn7 Abrﬂwth’ (dﬂ), —dw - S)) |Y=0
(i (5 )

- <(1) i) ’ f(Ahn’)‘fhmwhn,N, (dw,ﬂ))
= Pf(l/ + S)’XZO
= Py (s).

This shows that ¢(f) satisfies condition (i) in the definition of Ny (h,,'(N)). Under the isomor-
phism

Y=0

Y=0

v Ahnvz — Ahnv'Yz
ww-p(y,z) 7

for v € I'(N) we have
) _ _ ply,z)~t 0 >
dw, —dw - ) = (dw, —dw - ,
v (dw, —dw - s) = (dw, —dw s)( 0 (v, 2)

from which we see that ¢(f) also has the transformation property required in condition (ii). Finally
the bijectivity of ¢ can be seen from the fact that essentially it sends P;(Y’) to P¢(s) and we can
recover one of them from the other. g

We continue to prove the compatibility of D, and Dy, , under the map ¢.
Proposition 2.5.2. Dy, ,o¢=¢oD,

Proof. Let (, ) be the canonical pairing between the sheaf of differentials Qfl]n and the tangent

bundle Ty,. Take 0/0z;; € Ty, and f € HO(Yé’,V;). We show that (Dy, , o ¢(f), 0/0z;) =
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(poD,(f), 0/0zi;). Assume i # j (the computation for the case i = j is the same and we omit it),
the Gauss—Manin connection acts on (dw, ) as

(2:5.4) V[0 8) = (@) (| () = (@)

Let P¢(Y) be as in the above proof. According to the definition of D, by (2.2.2),
(&0 Dy(f),0/02i5) = ((Dpf)(Ap: Mo U, (dw, B)), 0/0zi5) |y

_ 9 Pr(Y) + (ug; - Pr)(Y)

azij Y=s
0 0
= 5, Pr(¥)+ Y Yhiewj + Yigews) - Pr(Y) — Y (VeiYjo + YiegYar) 5o Py (Y)
“ij 1<k<n 1<k<I<n kt Vs
0 0
=5 DY)+ D (swisng +swjens) - Pr(s) = D> (swisj + swysi) 5 —Pr(s).
%ij Y—s Oski
P4 1<k<n 1<k<I<n

Using
0 0
8221 = - <5 (67:@-]- (z — 5)) S) . = —(SikSji + SiSjk),
we get
(poD,(f),0/0zi;) = 0 Pr(Y) + Z (Ski€kj + Skj€ki) - P (s)+%iP (s)
p ) i azij flL s o ki€kj kjcki f azij askl f
0
= oy PrO)+ 3 (oens + swjewi) - Prls)
(2.5.5) = ajqﬁ(f) + ) (Skigks + Skjcki) - S(f)-
v 1<k<n
On the other hand according to the definition of Dy, , (2.5.1)
{Dy,.p 0 &(f): 0/0215) = (p(s)(d:(p(s )$(f))), 0/0z5)
_ 9 —1
= (5) (5= (ot~ 01))
0 st
= golh o (3G ) ol
a n
- 8z.j¢(f) + (Z Ski€kj + Skj£ki> - o(f).
k k=1
Comparing with (2.5.5), we conclude. O

It is also explained in [Shi90, §7] [Shi00, Appendix A8] that the Maass—Shimura differential oper-
ators correspond to the action of the Lie algebra (Lie G)c on nearly holomorphic forms. Therefore
the sheaf-theoretic definition of the differential operators in §2.4 can be viewed as a geometric
interpretation of the Lie algebra action at the archimedean place on automorphic forms whose
corresponding automorphic representations have holomorphic discrete series as the archimedean
component, and we have the commutative diagram (1.0.2).
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2.6. Polynomial g-expansions. We first define the Mumford objects. Then using the moduli in-
terpretation of N (I'(N), R) = H® (X g, V}), we evaluate a nearly holomorphic form at a Mumford
object to get its polymonial g-expansion. We also include formulas for the action of differential
operators on the polynomial g-expansions.

Following [FC90, V.1], let L = Z™ with fixed basis ej,...,e, and L* be its dual. Put Sp to
be the symmetric quotient of L x L and S, >0 to be the intersection of Sy, with the cone dual to
the cone inside S} @z R consisting of semi-positive definite forms. Take a basis s1, ..., Sy(n41)/2
of Sy, lying inside Sf, >0, and set Z((SL,>0)) = Z[[SL>0]|[1/5152 - Sp(nt1)/2]- For B € SL >0, the
corresponding element in Z[[Sy, >o]] is sometimes written as ¢°.

The natural map L — S ® L* defines a period group L C L* ® Gpyz((s, 5)), Principally
polarized by the duality between L and L*. Mumford’s construction [FC90] gives an abelian variety
A/Z((SL,>0)) with a canonical polarization Acan and a canonical basis wean = (W1,cans - - - » Wn,can) Of

w(A/Z((S1,>0)))- The exact sequence

0= L*@ [ [limpm — [ T1(A) = L& Z — 0,
P m l

after base changing to Z((N~1SL >0))[Cn, 1/N], gives rise to a principal level N structure ¥y can
for Az((s;, ). Let Dij € Der(Z((SL,>0)), Z((Sr,>0))) be the element dual to wjcanwjcan and
6i,can = V(Dii)wi,can- For ,8 S SL,ZO we have Dij(qﬂ) = (2 - 5ij)5ijqﬁ with 5ij =0 if ¢ 75 j, and
1if i = j. Then dcan = (01,can, - - - s On,can) together with wean forms a basis of HcllR(A/Z((SLZO)))
respecting both the Hodge filtration and the symplectic pairing.

Evaluating a nearly holomorphic form f € NZ(I'(IV), R) at the test object

Mumy (q) = (A/Z((NflSLZO))[CN,I/Np}7 Acans PN can; Wean; dcan)
defines its polynomial g-expansion

NE(D(N), R) — Z[Cx, 1/N][[INT S 20]] ® Wie(R)[Y] <

260 £ 0, Y) = F(Mumy(0)).

Next we compute formulas of differential operators in terms of polynomial g-expansions. Let X =
(Xij)1<i,j<n be the symmetric matrix with the indeterminate X;; = Xj; as the ¢j-th and ji-th entries
for 1 <14 < j <n. The Xj;’s form a basis of the GL(n)-representation 7. An element a € GL(n)
actson X by a- X =aXa. Let Xl-\j/- be the basis of 7V dual to X;;. Then under the trivialization
(Weans Ocan ), X; corresponds to wj canWj,can and Xz'\]/' corresponds to D;;. From the construction of

Mumpy (¢q) one can see that V(D;;)(wean; Ocan) = (wcan,&an)ui_j, i.e. X(Dij, (Wean, (5can)) = Hij-

Proposition 2.6.1. Let f € N;(I'(N),R) be a nearly holomorphic form with polynomial q-
expansion £(q, Y) € Z|Cx, /N[N, 30]] @ Wa(B)[Y]<r. Then

(D)@, V)= > (Dijf(q,l’)ww{j-f(q,r))®X¢~

1<i<j<n

Example 2.6.2. If we apply the above proposition to the n = 1 case where k = k € N, we recover

the formula given in [Urb14, Proposition 2.4.1] for Dy (denoted 6y there). In this case the image of

the polynomial g-expansion belongs R[Cy, 1/N][[¢"/N]][Y]<, and Dy; = qdiq. Write Y = Y71. The
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representations x and 7 are both one-dimensional and we omit writing down their basis.

D)@Y = Dusa )+ (1 ) y)

— oL@ V) +Yen  fa V) = V2D fa. )

dq oY
d 0

2.7. Holomorphic differential operators. The purpose of this section is to explain Shimura’s
construction of holomorphic differential operators in the sheaf-theoretic context. Let G — H be
an embedding of reductive groups over Q, and we assume both G(R) and H(R) have holomorphic
discrete series. One of the motivations for studying nearly holomorphic forms is that they help
construct differential operators sending holomorphic forms on H of weight ko (often taken to be
a scalar weight) to holomorphic forms on G of a specified weight k. Such holomorphic differential
operators have been considered and applied in many works on studying special L-values, e.g. [Shi00,
Har97, Har08, BS00, CP04, EHLS16, EW16], just to list a few.

Let G = G° = Sp(2n) g and H = Sp(4n) g with Siegel parabolic subgroups Q¢ = Q° and Q.
The Shimura variety Y (resp. Yg) of principal level N is defined over Q({x) and is a connected
component of ¥ = Yg(n) (resp. the Siegel variety parametrizing principally polarized abelian
schemes of relative dimension 2n with a principal level N structure). In the following, sheaves over
Yy and (Lie H, Qg )-modules are denoted with a superscript .

Let v : Yo X Yo — Yy be the embedding corresponding to

G X G — H
al 0 b1 0
ar b as by 0 a2 0 by
<61 d1> x <C2 dz) — C1 0 d1 0
0 C2 0 d2

Denote by p1,p2 : Yo X Yo — Y the projection to the first and second factor.

Proposition 2.7.1. Let k be an positive integer (viewed as a scalar weight) and k € X (T°)" be a
generic weight such that the holomorphic projection .. = Vi, — Wi (cf. [Shi00, Proposition
14.2], Proposition 3.7.1, Corollary 3.7.5) exists for e = |k| = Y | ki. Then there exists a nonzero
morphism
Dkt b Wl — plwkirn ® Powirs.

By taking global sections, Dy, 1, induces a holomorphic differential operator sending Siegel modular
forms on Sp(4n) of scalar weight k to Siegel modular forms on Sp(2n) x Sp(2n) of weight (k+k, k+
K).

Proof. First, by our construction of differential operators, there is the map

e., —1 H %y yH,e
Dy v 7w — e Vk®Syme‘rH’

* H,e
Vk®Sym

decomposition. Equivalently, we consider the decomposition of Vk{égyme i asa (g°xg°, Qe X Qa)-

X1 X Y, Y
g_ (X1 Xo H_ (Y1 Yo
X _<tX0 X2>’ Y _<tYo Y2>
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module.
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in n X n blocks. The subspace
(X1, Xo, YW X7, YT 0 WX Y] c WX [Y™)

is stable under the action of g° x g° and Qg X Qg. Here the subscript . means polynomials of
degree equal to e. The quotient of W[ X].[YH] by this submodule is canonically isomorphic to

(2.7.1) Wi[Xole[Y1, Y2
with the induced (g° x g°, Qg X Q¢)-action. Instead of looking at the decomposition of the whole

Voo, , we consider the decomposition of the quotient (2.7.1). First it is easy to
k@Sym® 7 | (501 9°,Q xQar) P 4 ( ) Y

check that (%1 t;_11> X (%2 tabE1> € Q¢ X Q¢ acts on P(Xo, Y1, Y2) € Wi[Xole[Y1, Yol as
1 2

ar b az b - - - - - -
(01 ta111> X <02 tajl) P(Xo,Y1,Y2) = P(a1 Xoas, a7 ' Yi'a7 ' +a7'by, ay ' Yo'ay ' +ay 'bo).

By [Shi00, Theorem 12.7] we know that as representations of Qg x Qg¢,

(2.7.2) Wi Xole[Y1, Ya] = B Vir B Vig
REX(T°)T, |k|=e

By checking the formulas defining the g-actions, we see that this decomposition actually holds as
modules of (g° x g°, Qg x Q¢). Moreover, for each k appearing in the decomposition, the highest
weight vector inside Vk0+,@ X Vkoﬂi is given by [}, det;( Xo)" ~*i+!, where det; is the determinant
of the upper left i x i minor. Therefore, for k € X(T°)", |x|=e, the (g° x g°, Qg X Q¢)-module

View, XV} appears as a quotient of VZ . and one can write down an explicit
k+k k+kx PP q k®Sym® rH (0°x3°,Q6x Q) b
map
mod X1,X2,Y
=220 Wil Xole[ Y1, Yol — Vi B Vieps,

Ve
k@Sym® 7| (go x g°, Qe xQc

which induces a morphism of sheaves over Yg X Y,
Ok,k * //*V]g@syme SH — pTVkJrn ® P;Vker
When the holomorphic projection @71, : Vi 1 > Wetr exists, We define the operator Dy, 1., as
the composition

H,e Ok,k

Dg R
. —1, H k. x * * Phtr % *
Dipr U wy, —> 0V — DYVt @ D5 Viy e — P1Whtr @ PoWhpr-

k®Sym® 7H
It remains to show that such defined Dy, ;4 is nonzero. This can be done by some computation in
local coordinates.

Take an affine open subset Ul = Spec(R') C Yy such that U xy,, (Y x Y) is of the form U x U
with U = Spec(R). Also we pick an ordered basis o = (a1, ..., un) of Hlp (A/U) respecting
both the Hodge filtration and the symplectic pairing such that oY) x o € T} (U) x T} (U) with

oM = (LFay, ..., 5o, faonyt, . . tfasy) and o = (Fapy, ... o, a1, - . .5 LGy ). Then
wil (UT) = R, O, (UT) = R X1, Qv (UxU) = R[X1]1 @ R[ Xo]1, and Q, y, .y, (UT) =
R'[Xo1.

Let 85 € Dergcy) (R, R), 1 <i < j < 2n, be the dual basis of Xg and write 0H = (85) in

o 0

H _ 1 0

n X n blocks as 0 = <t50 X

polynomial P, (Ti;) € Q[Ti;]i<i<j<n and a polynomial @ in Xy, 0o, Y1, Y2 whose degree in 0 is
strictly less than e such that

Ok,k © Dj, = u, (Pe(X0,ij00,45) + Q(X0,00, Y1, Y2)),
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where u, : R — R ® R is the quotient map corresponding to the embedding Y5 x Y5 < Y. The
holomorphic projection @y, is purely defined on Yz X Y, so does not involve any 0y. Thus,

Dyt = Dot © Uy (Pr(X0,4500,45) + Q( X0, 00, Y1, Y2))
=, (PH(XO,z’jalij) +Q(Xo,00,01, 32))

with Q being a polynomial whose degree in 8y is still strictly less than e. This implies that the
differential operator Dy, 1, # 0, and the coefficient for the highest weight vector []: ; det;( Xo) is
[T, det; (Do)~ i+1 + (Do, 01, 02), where the total degree of the homogeneous polynomial of ¢ is e
and every term involves either 01 or Os.

O

Remark 2.7.2. In the construction of Dy ., the increase of the weight is contributed by the co-
normal differential sheaf Q;H SYaxYe: We do not consider the part Q%/nyc because its contribution
will be killed by the holomophic projection.

Remark 2.7.3. Besides Shimura, holomorphic differential operators are also studied by Bocherer
[Boe85], Ibukiyama [Ibu99] uisng invariant pluri-harmonic polynomials and Harris [Har86] using
Grothendieck’s sheaves of differentials. Harris’ approach shows the uniqueness (up to scalars) of
holomorphic differential operators in many cases (including the case considered above). Therefore,
all the holomorphic differential operators constructed in different approaches must be the same up
to scalars. On the other hand, different approaches yield different descriptions of the holomorphic
differential operators, and have their own advantages in applications.

3. OVERCONVERGENT NEARLY HOLOMORPHIC FORMS AND THEIR p-ADIC FAMILIES

3.1. The weight space. Let p be an odd prime number. The weight space W is the rigid analytic
space defined over @, associated to the noetherian complete algebra Z,[[T°(Zy)]]. Its Cp-points
parametrize continuous homomorphisms from T°(Z,) to C;, i.e. W(Cp) = Homeont(T°(Zy), C)y).
For k € W we can write it as kK = (K1, K2, . . ., k) With &; being a continuous character of G, (Z) =
Z) such that s(diag(as,...,an)) = [[;2; wi(a;). If we fix a topological generator of 1 + pZ,, say
1+ p,/tlgl W can be identified with the disjoint union of n-dimensional open unit balls indexed
by T°(Z/pZ), the character group of the torsion part T°(Z/pZ) of the group T°(Z,). Explicitly
we can write the isomorphism as
/\ n
W — T°(Z/pZ) x [[ B(1,17)
i=1
K (%|TO(Z/1)Z)1 k1(1+p),ke(1+p),....kn(1+p)).

Here B(1,17) is the 1-dimensional rigid open unit ball centered at 1. If & C W is an affinoid
subdomain we use A(U) to denote the affinoid algebra of analytic functions on U and A(U)° to
denote the subset of A(U) consisting of power bounded elements.

Given k we say it is algebraic if x(diag(ai,...,an)) = a’fl ]2” ...aP with k;, 1 < i < n, being
integers, and it is arithmetic if it can be written as the product of an algebraic weight with a locally
constant character. If  is arithmetic, we denote by K.z (resp. kp) its algebraic part (resp. locally
constant part).

Let p1p—1 be the group of (p — 1)-th roots of unity. There is a universal character

K™ W X TO(Z,) — pp_1 x B(1,17).

Take L to be an extension of Q, inside C,, complete with a valuation v such that v(p) = 1. Denote
by my, the maximal ideal of Op. For each w € v(my) we can define over L the rigid analytic group
18



TCw = Tizy B(1,p") with B(1,p") being the 1-dimensional closed ball of radius p* centered at 1
and the rigid analytic group 7 = T°(Zp)7T, For any affinoid subdomain & C W there exists
some w € v(mp) such that the universal character Hun‘uxTO(Zp) extends to a map between rigid
analytic spaces

K™ U X Ty — pp—1 x B(1,17).

For such U4 and w we say that the universal character x"" over U is w-analytic. In order to see

the existence of such a w it suffices to look at the case where U is a closed ball inside the iden-
tity connected component W° of the weight space, ie. U = W(t)° = [[in, B(1,p") for some
t € v(mg). Let Yp,...,Y, (resp. Si,...,S,) be the coordinates of W(t)° (resp. the neigh-
borhood a - [[;~, B(1,p*) = -, B(a;,p*) of a = diag(a,...,an) € T°(Z,)) with coordinate
ring AW(t)°) = L(Y1,...,Yy) (resp. L(S1,...,Sn)). The universal character can be extended

log(1+p™'S

i)
to W(t)° x a - [} B(1,p¥) as long as (1 4 p'Y;)%(1 4 p'Y;) '=0#n  belongs to L (Y;, S;) for

all 1 < i < n. The factor (1 + p'Y;)% = P (?) pth;j is always inside 1 + p'Op (Y;), and
log(1+p™'S;) w Q.
the factor (1 + p'Y;) el = exp (log(l + p'Y;) - %) lies inside L (Y;,.S;) if we choose

w large enough such that the supreme norm of the function log(1 + X) over B(0,p!) satisfies

1
[log(1 + X)|B(opt) < p” 1. If the universal weight " is w-analytic over I/, then it is obvious
that any point x € U(L) is a w-analytic weight, i.e. the character x : T°(Z;) — C extends to an
analytic map x : T,y — pp—1 x B(1,17).

Let %7, be the formal group defined by

(3.1.1) w(R) =Ker (T°(R) — T°(R/p"R))

1w

for all flat, p-adically complete Op-algebras R. As a formal scheme %7, is isomorphic to Spf (O (Sy,...
The identity component W(t)° of W(t) has a natural formal model 20(¢)° isomorphic to Spf(Op, (Y1, . ..

Given an affinoid subdomain & C W(t)° and an open formal subscheme ${ of an admissible blow-up
of 2(t)° such that U is the rigid fibre of i, the above discussion shows that for w € v(mp) big
enough the formal universal character

KU UX T, — G
can be defined and it specializes to a formal character x : 7, — @m for each k € U(L).

3.2. The analytic (g, Q,)-modules V, ,, and Vjun,. This section is an analogue of §2.3 in the
p-adic analytic and formal setting. Fix the p-adic field L and w € wv(mp) as in the previous
section. Let 2;, be the category of L-affinoid algebras and Adme, be the category of admissible
Op-algebras, i.e. the flat Op-algebras that are quotients of Op (X7, ..., X;) for some s € N. First
we define several rigid analytic groups and formal groups. Like the formal torus €7, we define the
formal groups sm‘;,w and By ,, over Or, by
§ w(R) = Ker (GL(n, R) — GL(n, R/p“R)),
B1,(R) = Ker (B(R) — B(R/pr))

for all R € Admy, . Define M, 4, to be the unipotent part of B1 .. Let GL(7)an, Ban, Nan, Tay,
Q...; Uan be the rigid analytic groups associated to the groups schemes GL(n), B, N, T°, Q, U, and
GL(n)rig; Brig, Thig, Quig be the generic fibre of the formal completion of GL(n), B, T, Q along p.
The rigid fibre M7, Biw, 1, of the formal groups M7, B1 4, T7 , can be naturally regarded as

rigid analytic subgroups of GL(1)sig, Brig, Tyig- Set I(Zy) = {g € GL(n,Zy) : ¢ mod p € B(Z/pZ)}
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to be the Iwahori subgroup of GL(n,Zy) and N~ (Z,) to be the unipotent subgroup of I(Z,) con-
sisting of lower triangular matrices with 1 on the diagonal. I(Z,) = N~ (Zy) B(Z,) is the Iwahori
decomposition. We define the rigid analytic subgroup Z, of GL(n)yig by Z, = I(Zp) - M3 . Fixing
aset S of representatives in 1(Z,) of I(Z/p!"!Z), the group Z,, can be written as the disjoint union
[,es7v M1, Similarly we define By, = B(Zp) - Biw C Buig. The group 7,7 = T°(Zy) - 7%, C Ty,
is already defined in last section. There is a projection 7 : Q,, — GL(n)an sending <8 Z) to a.

We define the rigid analytic subgroup Q,, C Q,,, as
(3.2.1) Q=7 (Tw)

Note that Q,, is not contained inside Q,;,.

Now take kK = (k1,...,kn) € W(Cp) to be a w-analytic weight and set ' = (—ky,...,—K1)
which is also w-analytic. Extend ' to a character of B,, through the quotient map B, — T..
Define the w-analytic left Z,,-module W, ,, by

Wew(R) ={f:Zw(R) = R: f(zb) = k' (b) f(z), for all b € By(R), © € Z,(R) and f is analytic}

for all R € A, with Z,, acting through the left inverse translation. Because of the Iwahori decom-
position, W, ,, consists of analytic functions on

1 0 0
B(0, p* 1 0
N~(Z/p™Z) x (. ) . :
B(0,p*) B(0,p*) --- 1

Therefore as a module over R we see Wi w(R) = @ n—(z/plwizy R (Tij) 1< j i<y 1€ IN~—(Z/p)7)]
copies of strictly convergent power series in n(n — 1)/2 variables.

From this description we see that there is a natural formal model of Wy, ,,, whose R-points are
ONn-(z/pwz) R (Tij) 1< i<y, for R € Admo, , equipped with a functorial action of I(Z,) and M5 .
We denote the formal model still by Wy, ..

With Wy, we define the w-analytic (g, Q,)-module V, ,, in the same way as we define the
(9, Q)-module V; from the algebraic representation W, of GL(n) in §2.3. For all R € 2,

Viw(R) = Wy w(R) ®r R[Y] = Wy w(R) ®r R[Yijli<i<j<n-

The action of g = <8 Z) € Qy and p;; €u” on P(Y') € Vi, is given by the formulas
(3.2.2) (g-P)Y)=a Pla b+ a"tYd),
(3.2.3)
_ d L,
(ny; - PYY) = > (Viiewj + Yijew)  PY) = > (VY + YiYa) 5 P(Y), i #1J,
1<k<n 1<k<l<n ki
0
~-P)Y) = Yiier - P(Y) — Yi.Yu—P(Y).
(4 - PYY) = Y Viewi-P(Y)— > Y oy, (Y)
1<k<n 1<k<i<n

The compatibility is checked in the same way as in §2.3 and as Q,-representations there is the
filtration

Fil" Vi w(R) = Vi (R) = Wew(R) ®g R[Y]<,
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satisfying g - Vi, C V) +1. By definition V,gw = Wyw as Qy-representations if we regard the Z,,-
representation Wy ,, as a Q,-representation via the projection Q,, — Z,,. For ¢ € Z we can twist
View by the i-th power of the multiplier v and get the w-analytic (g, Q. )-module Vj ,,(4).

Recall that J is defined to be the algebraic representation Vt}iv of Q. It restricts to an analytic
Q,,-representation and parallel to (2.3.6) we have

Vi, 2 V2, ®Sym"J =Wy, ®Sym"J

as analytic Q,-representations.

A little more generally, given (p, W,) € Repy, f GL(n), an algebraic representation of GL(n) free
of finite rank, the tensor product Wygpw = Wi @ W), is an analytic Z,,-representation, and we can
define the corresponding analytic (g, Q.)-module Vi, ., and Q,-representation Vg o for 7> 0.
All of the above constructions carry over to the universal w-analytic weight k" over an affinoid

subdomain U C W.

3.3. The Andreatta—Iovita—Pilloni construction. We briefly recall the constructions in [ATP 15,
Chapter 3,4,5]. Let o be the Frobenious endomorphism of Or /pOp. For any finite group scheme
H over Op, we denote by H D its Cartier dual and wy its sheaf of invariant differentials. Given
a Barsotti-Tate group G over Oj, of dimension n, the Hasse invariant Ha(G) € det(wG[p]D)(@p_l
is defined to be the determinant of the o-linear endomorphism on wg,p induced by the relative
Frobenius. The Hodge height Hdg(G) € [0, 1] is defined as the truncated valuation of Ha(G).

Let NAdmp, be subcategory of Admgp, consisting of those objects that are normal. Fix R €
NAdmp, and suppose that G is a rank n semi-abelian scheme over S = Spec(R) whose restriction
to an open dense subscheme of S is abelian. Take a positive integer m € Ny and v < 227’"% (resp.

v < 31-4”% if p = 3) such that for any « € S,z the Hodge height Hdg(z) := Hdg(G[p™]) < v.
Write Ry, to denote R/p™ R. We summarize, in the following theorem, some results about canonical

subgroups in families used in [AIP15].

Theorem 3.3.1. ( [AIP15, Proposition 4.1.3, Proposition 4.3.1]) There is a finite flat canonical
subgroup H,, C G[p™] of level m over S, which, at each point x € Syig, specializes to the canonical
subgroup Hp, » C Gz[p™] as constructed in [Farl1, Theorem 6] . Moreover, assuming HE (R[1/p]) ~

(Z/p™Z)", then there is a free sub-sheaf of R-modules F C wg of rank n containing pr—twg,
equipped with an isomorphism

HT,, : Hy)(R[1/p]) @2 Ry = F ©r Ru,
induced from the Hodge—Tate map on HE , for all w € (0,m — vz%ml] N (OL).

Fix N > 3 prime to p. Let K be a finite extension of Q, with valuation v such that v(p) = 1 and a
uniformizer w. Denote by Y the Siegel variety defined over O parametrizing principally polarized
abelian schemes of dimension n with principal level N structure. Let X be a smooth toroidal
compactification. The universal abelian scheme A — Y extends to a semi-abelian scheme G — X.
Set X to be the formal scheme obtained by completing X along its special fibre. On the associated
rigid analytic space X;g = Xan, we have the Hodge height function Hdg : X, — [0,1]. For
v € v(OF) we define the open subset X (v) = {z € X, : Hdg(z) < v}. Let X(v) be the admissible
blow-up of X along the ideal (Ha,p"), and X(v) be the p-adic completion of the normalization
of the largest open formal sub-scheme of X(v) where the ideal (Ha, p¥) is generated by Ha. This
X(v) is a formal model of X (v). By construction the semi-abelian scheme G — X gives rise
to semi-abelian schemes over X (v) and X(v), which we still denote by G. For m € Nyy and
v < szm% (resp. v < gpm% if p = 3), there is the level m canonical subgroup H,, C G[p™].
Define X (p™)(v) = @X(U)((Z/me)”,Hg) to be the finite étale cover of X (v) parametrizing
the trivializations ¢ of the Cartier dual of H,,. The group GL(n,Z/pZ) acts on Xi(p)(v). The
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quotient Xy (v) = Xi1(p)(v))/ B(Z/pZ) by the Borel subgroup is still finite étale over X' (v). As
formal models of &7 (p™)(v), Xy (v), we take X1 (p™)(v), X1w(v) to be the normalizations of X(v)
inside the corresponding rigid spaces. There is the chain of formal schemes

X1(p™)(v) 75 Xiw(v) == X(v).

Let 9,9 (v),D1(p™)(v), V1w (v) be the open formal subschemes of X, X(v), X1(p")(v), X1w(v) that
are the complements of the boundary C. Although 9)(v),1(p"™)(v), Y1w(v) are not moduli spaces,
they admit modular interpretations for R € NAdm (cf. [AIP15, Proposition 5.2.1.1]). Let Y, be
the analytification of Y with the natural open immersion Yan < Xan. Set Y(v), Vi(p™)(v), Viw(v)
to be the fibre products of X (v), X1(p™)(v), X1w(v) with Ya, over Xg;.

By the construction of X1 (p")(v), we can apply Theorem 3.3.1 to construct a locally free sub-
sheaf F C w(g/:{l (pm)(v)) of rank n, equipped with the isomorphism

(3.3.1) HTy, 0tp : (Z/p™Z)" @z Ox, (ym)(v)0 — F Q05 OKw

for w € (0,m —vl5]Nv(Ok).
From now on we assume w € (m — 1+ Shpm— ﬁfl’
the M  -torsor T (v) over X1 (p™)(v) by

|Nv(Ok), so m is determined by w. Define

T () = Isomy, (,m) (1) . (OF, () )

where the subscript 1, w means that we require the isomorphism to be w-compatible with (3.3.1)
as explained below. We always fix the canonical global basis of the n copies of the structure
sheaf O% ,m)(,) and the canonical basis of the Z/p"Z-module (Z/p™Z)"™. Then locally over { =
Spf(R) C X1(p™)(v), an isomorphism « from R™ to F (L) corresponds to an ordered basis a1, ... ay,
of the free R-module F () and ¢ gives rise to an ordered basis 1, ..., z, of HY(R[1/p]). We say
that « is w-compatible with (3.3.1) if a; = HT(2;) mod p”R for all 1 < i < n. An element
a € M ,(R) acts on a by sending it to a o a, or equivalently sending the corresponding basis
(a1,...,0p) to (a1,...,ay) - a. This action makes T¢  (v) a IS, -torsor over X1 (p™)(v).

For a w-analytic weight k € W(K) we can form the contracted product and get a locally free
formal sheaf

Bl = T (0) X Wiy

R,2w

over X1(p™)(v). In particular this tﬁLw is a flat formal Banach sheaf in the sense of [AIP15,
Definition A.1.1.1]. Therefore we can apply the procedure worked out in [ATP15, A.2.2] to get

the associated Banach sheaf @L,w over the rigid analytic fibre X (p™)(v) (see [AIP15, Definition
A.2.1.2] for the definition of a Banach sheaf). For any affinoid subdomain & C X;(p™)(v) and an
admissible blow-up h : X’ — X1(p™)(v) such that U is the rigid fibre of an open formal subscheme

i of X/, the local sections of (Z)L,w over U are
@L’M(U) = h*(n;r@,w(u) R0k K,

which is naturally equipped with a complete norm (independent of h up to equivalence) with
. (4) being the unit ball.
The group I(Z/p™Z) acts on Xi(p™)(v) with Xpy,(v) as the quotient. Under this action the

sheaf (Z)L,w is I(Z/p™Z)-equivariant. In order to see this we need to construct the isomorphism
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wu(7) : w:[hw — '_y*w,];w for each 5 € I(Z/p™7Z). Let '_y*T;w(v) be the fibre product

VT w(v) —— T, (v)

| o ]
X1 (p™)(v) —— X1 (p™)(v).

We have W*(Z;‘,w(”) = Isﬂxl(pm)(v),wofy,w(Ogl(pm)(v)7’7*?) and ’7*‘{72,10 = 77*3;—‘,10(”) x M Wi w-
The sheaf w(G/X1(p™)(v)) is the pullback of w(G/X1w(v)) and hence is naturally I(Z/p™Z)-
equivariant. By construction the sub-sheaf F C w(G/X1w(v)) is an I(Z/p™Z)-equivariant subsheaf
of w(G/X1(p™)(v)) so there is the isomorphism ¢r(7) : F — 4*F. Take an open formal sub-
scheme 4 = Spf(R) C X1(p™)(v) over which the sheaf F can be trivialized. Local sections of 10}; 4,
over il are pairs (o, f) with a € T (v)(4) and f € Wiw®R modulo the equivalence relations
(aoa, f)~(aa-f),ac M, (R). Pick alift v € I(Zp) of ¥ and define
P (7) 1 Ty (0) X W (8) — 7 T5  (v) X Tw W (1)
(a, f) — (pr(A) o a0y, y™" - f).

The map ¢y () is well defined, independent of the choice of the lift v, and patches to an isomorphism
On(7) : ﬁJLw — "y*tfo};,w. Inverting p we get ¢, (7) : (D,Lw — ’y*@,t,w. Since I(Z/p™7Z) is a finite
group, the I(Z/p™7Z)-invariant of the pushforward m,*w,‘;w is a Banach sheaf over Ay (v).

Definition 3.3.2. The Banach sheaf of w-analytic, v-overconvergent, weight x Siegel modular
forms of principal level N is defined as

- I(Z/p™Z
wLw = (7r17*w,17w) Z/p ).

We also want to associate to the Banach sheaf w,Lw a contracted product interpretation, which
will bring us some convenience when defining some morphisms. By taking the rigid fibre of the
1 -torsor T (v) over X1(p™)(v), we get

T W (v) =2 X1(p™) (v) =5 X (0).

The rigid analytic space 77 ,(v) is a M ,-torsor over A} (p™)(v) and the cover my : X1(p™)(v) —
Xiw(v) is finite étale. The group I(Z,) acts on 77, (v) over Aiyw(v) by sending a to p7(7) o a0 .
This I(Zp)-action together with the M5, -torsor structure on 77, (v) makes it an Z,-torsor over
Aw(v). Let S be the category whose objects are affinoid subdomains of A1y (v) admitting local

sections of the projection 7y o m9 with inclusions as morphisms. We can define a presheaf on S by
the contracted product

(3.3.2) TZ o) X7 Wi .

It is isomorphic to the restriction of the sheaf w,t,w to S. We call (3.3.2) a contracted product inter-
pretation of w,t,w. Since the objects of S form a basis of the Grothendieck topology on X} (p™)(v), in
order to construct morphisms between the sheaves over Xty (v), it suffices to construct morphisms
between their restrictions to S. Therefore the contracted product interpretation Tjrx,w (v) xTw Wi

will be useful in constructing morphisms between sheaves that are related to w,];,w. By abuse of
T

notation we will write wi . = T2, (v) X7* Wi 4.
Define the Ok schemes T, = Homy (O%,w(G/X)) and T = Isomy (O%,w(G/X)) over X. Let

T ans 1) o, be their rigid analytifications, and T, T be their formal completions along the special
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fibres. Also take T, yig, T,

w,rig
to be the corresponding base changes to Xy (v). Due to the requirement w € (m — 1 +

to be the rigid fibre of T, T5. Set Toan(v), Tian (v), Teorig(v), 7514 (V)
v

p—1M =

vz%] Nv(Ok), the argument of [AIP15, Proposition 5.3.1] shows that there is a natural open

immersion

T];(,w(v) — 7;71”1%(1)) N 7;>,<an(v)'

Therefore local sections of the projection 77, (v) — Xiw(v) correspond to local basis of the sheaf
w(G/Xrw(v)) satisfying w-compatibility conditions defined by the Hodge-Tate map HT,,. Note that

T7 ,,(v) does not lie inside wxrig(v). When & is algebraic this open immersion induces a canonical

inclusion of wg |, (v) into W1

In [AIP15] another two formal schemes are introduced. They are defined as

IWy,(v) = TF )/ B1,ws and 305 (v) = T o/ Mws
with maps
35 (v) 5 3We(v) =5 X (p™)(v) T Xy (v).

The group %%, acts on I, (v) over JW,,(v), and so on the pushforward of the structure sheaf
g*ijt(v). Define the invertible sheaf £, = g*Oﬁmﬁu(v) [£'] to be the r’-invariant of the T
action on g«Osqp+ (. Take the rigid fibres IWS(v), IW (v), L. There is a B(Z,)-action on
IW,! (v) over Xiy(v) which, together with k, makes 73 L., a B(Z/p™Z)-equivariant Banach sheaf
with respect to the natural B(Z/p™Z)-action on X (p™)(v) over Xy (v). In [AIP15] the invariant
(7r17*7r3’*£,€)B(Z/me) is defined to be the Banach sheaf of w-analytic, v-overconvergent, weight
Siegel modular forms. It is easy to see that the map W, ,, — A}{ by evaluation at identity induces
an isomorphism between (Wl,*ﬂg,*EH)B(Z/me) and the sheaf w,];w in Definition 3.3.2 .

All the above constructions run parallelly for the w-analytic universal weight "™ corresponding
to U C W, so that we can define the Banach sheaf w] over Xy (v) x U and the flat formal

K;un7w
Banach sheaf tﬁLun,w over X1(p™)(v) x 4L
3.4. Nearly overconvergent Siegel modular forms.

3.4.1. The Banach sheaf V,i’,z, and its global sections. Recall that in §2.4 we defined the locally free
sheaf of finite rank J over X, and for p € Repy y GL(n) we have V) & w, ® Sym" J as locally
free sheaves with Hecke actions. Take the rigid analytification of J and pull it back to Afy(v).
We denote the resulting coherent sheaf over Afy(v) still by J. Similarly let J be the locally free
formal sheaf of finite rank over Xy (v) obtained by completing J along the special fibre of X and
pulling it back. Sym” 7 is the rigid fibre of Sym" J. Since Sym" J is locally free of finite rank and
Xiw(v) is quasi-compact, it can be equipped with a Banach sheaf structure by choosing a cover and
local basis. All such structures are equivalent to the one given by the formal model Sym”J. The
tensor product of Sym” 7 with a Banach sheaf is still a Banach sheaf under the tensor product
semi-norm. The flatness of Sym” J guarantees that the sheaf conditions of the Banach sheaf are
preserved under the operation of tensoring with Sym” 7. Also the spaces of local sections of the
tensor product sheaf is complete with respect to the tensor product semi-norm (i.e. there is no
need to take completed tensor product).

Definition 3.4.1. The Banach sheaf of w-analytic, v-overconvergent nearly holomorphic forms of
principal level N, weight x (resp. universal weight k" over 4 C W) and (non-holomorphy) degree
r is defined as

V,i;’y’;, = wl’w ® Sym" J (resp. V,ihrnvw = (A)Lunﬂﬂ ® Sym" J).
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The space of global sections of a Banach sheaf over a quasi-compact rigid analytic space can be
equipped with a norm by choosing a suitable admissible covering by affinoids. All such norms are
equivalent and the space of global sections are complete under these norms.

Definition 3.4.2. The K-Banach space (resp. A(U)-Banach module) of w-analytic, v-overconvergent
nearly holomorphic forms of principal level N, weight x (resp. universal weight k"™ over U C W)
and (non-holomorphy) degree r and the corresponding cuspidal part is defined as

Nl = HO (X (0), VET) (resp. NJj", o= HO(Xy (v) x U, VL ),
N vensp = H (X (), VEL(=C))  (resp. Njj', | oo = HO (X (v) x U VEL ,(—C)).

Following [Urb14] we also call overconvergent nearly holomorphic forms nearly overconvergent
forms. R
For later use we also define a locally free formal Banach sheaf %MH over X1(p™)(v) by the tensor

product ﬁ)L’w @8y’ 3. Let f)'z:?;“ be its rigid fibre which is an I(Z/p™Z)-equivariant Banach sheaf.
Then we have V,J.E:Z, = (FL*]}Z:Z))I(Z/me)_

3.4.2. The Q,-torsor Tﬁw(v) and contracted product interpretation of V,E’L,. The definition of the

Banach sheaf V,];ZZU as w,t,w ® Sym" J is already convenient for constructing unramified Hecke op-
erators and Uj,-operators. However, for the construction of differential operators and holomorphic
projections, it is preferable to have a contracted product interpretation involving a Q,,-torsor and
the Q,-submodule V,/,, of the (9, Qu)-module Vj, ,, defined in §3.2.

The Og-scheme Ty, = Isomy (O3, Hip(A/Y)") is defined as in §2.1. Let T, = be its ana-
lytification and 7., (v) be the base change to Xy (v). There is a natural projection

Tﬁ,an(v) — Efan(v)‘
We define the Q,,-torsor Tﬁ’w over Xy (v) as
Tﬁ,w(v) = T?-;(,an(v) X’ijfan(v) T.7->'<,w (’U)

It is not difficult to see that the Banach sheaf V,ijz, admits the following contracted product inter-
pretation

Vi =T W) x2 VI,

3.4.3. Summary. We record below several interpretations of the Banach sheaf V,ZZZ) over Xy (v) and
its global sections, which we will use later for convenience according to different purposes.

(i) Vit = whw ®Sym” 7,
(ii) ,17{1, = (wl,*wg,*ﬁn)B(Z/”mZ) ® Sym" 7, and for global sections

NT,T — HO (IWw('l)), £/§ ® (771 ° 71'3)* Symr j)B(Z/me)7

(iii) i’,fu = (7T1,*1>,IZZU)I(Z/79MZ), and for global sections
Nir = HO (X1 (p™) (v), Vi) EPm D)
m = * r oA~ I(Z/p™Z
= (B (%1 (p™)(v), ®},, © i Sym” 3)[1/p]) " “7"7,

(iv) Vi = T3, () X2 Vi,
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It is easy to see that in all the above constructions we can replace x by the w-analytic universal
weight k"™ corresponding to U C W, and consider the Banach sheaf vir  over Xw(v) XU as well

RUD
as the A(U)-Banach module N,/ = HO (X (v) x U, V,i(fn,w).

U, w,v
In the following we need also to consider the Banach sheaf Vl;?g o 1= w,];,w ® wp, ® Sym" J and

its global sections Nfiép,w,v for some (p, W,) € Repy ; GL(n). Here w, is the base change to Ay (v)
of the analytification of the automorphic sheaf £(W,). From £(W,) one also gets the locally free

formal sheaf of finite rank tw, over X1y (v) whose rigid fibre is w,. When working with Vir  and

KQp,w
Nlép’w?v, we can replace Sym” J and Sym”J in (ii)(iil) by w, ® Sym" J,w, ® Sym" J, and V[, in
(iv) by Vispw:

3.5. The Banach A(U)-module NJ{’ZJU cusp is projective. The goal of this section is to prove

the proposition below following the arguments in [AIP15, §8].

Proposition 3.5.1. NjT is a projective Banach A(U)-module. For every k € U with the

U,w,v,cusp
corresponding mazimal ideal m,, C A(U) we have N;;" @ AU) /meAU) S NI o cusp-

U,w,v,cusp

Proof. We use the interpretation (iii) in §3.4.3 and the same proof works if we replace k" by k" & p
with p € Repy ; GL(n). Our case differs very little from that in [AIP15, §8]. Instead of repeating
the whole proof here, we just point out the main ingredients there and explain that their arguments
for the formal Banach sheaf t'NoLunvw(—C) are applicable to ‘ii];un’w(—C’) = ﬁ:)LunﬂU @ m} Sym” J(—C).
Below for simplicity we write 77 Sym" J as Sym" J.

We use the notation in [AIP15, §8.2]. Let X™* be the minimal compactification of Y. There is
a proper morphism X — X*. Like X(v) one can define X*(v) to be the p-adic completion of the
normalization of the largest open formal subscheme of the blow-up of X* along the ideal (Ha,p")
where it is generated by Ha. We have the projection n : X1(p™)(v) — X*(v). We may assume
that U lies inside the identity component W and take 4 to be the open formal subscheme of
an admissible blow-up of 20° whose rigid fibre is &/. We use the subscript [ to mean reduction
modulo w!. [AIP15, Corollary 8.1.6.2] shows that iﬁlﬁ},w is a small formal Banach sheaf over
X1(p™)(v) with Sym" J; as the required coherent sheaf in the definition of small formal Banach
sheaves (cf. [AIP15, Definition A.1.2.1]).

First we claim that the proposition follows from the following base change property for @Lunyw( -C).
For all [ € N, considering the the diagram

X1 (™) (0); X  — X1 (p™) ()1 X g1

JanI J(T]l+1><].
/

X*(’U)l X L[l ;) X*(U)Z—H X Lll_;,_l

the base change property for 23! (=C) is

(3.5.1) (a1 X 13Dl 141 (=C) = (0 X 1)aDBn (=),

Once this base change property is proved, we deduce that (n x 1)*‘13];“@(—0) is a small formal

Banach sheaf with (7 x 1), Sym” J; as the required coherent sheaf. Then applying [AIP 15, Theorem
A.1.2.2] and the arguments in [AIP15, Corollary 8.2.3.1, 8.2.3.2], we conclude that the module

HO (X1 (p™)(v) x U, Vi (=C)) is a projective Banach A(U)-module and the map

KUD

HO (X (p™)(0) X Uy Vhin 1, (—C)) @ AWU) fm AU) — H(X1(0™)(v), VL, (~C))
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is an isomorphism. The statement of the proposition follows by taking the invariant of the finite
group I,(Z/p™Z).

We are left to show the base change property (3.5.1). Let V/ C V = Z%2" be an isotropic
direct factor of rank r’ and Yj~ be the V’-stratum of X* with universal abelian scheme Ay —
Yy. We start by recalling the description of the localization of the projection from the toroidal
compactification to the minimal compactification at a point belonging to the stratum Yy of X*
given in [AIP15, §8.2]. There are the abelian scheme By — Yy parametrizing the extensions of
Ay by V' ® Gy, and an isogeny By — A}"/,, of degree a power of N. Over By lies My which
is a torsor under the torus with character group Sy, isogeneous to Hom(Sym? V/V'+,G,,). Set
My — My s to be torus embedding associated to a polyhedral decomposition S of the cone
C(V/V') of symmetric semi-definite bilinear forms on V/V'+. In the same manner as in §3.3 one
defines Yy (v), V1 (p™ v+ (v), By (v), My, s(v). Put By (p™)yr(v) = By (v) xay, (Ayr/Hyp,yr)" and
M (p™)vr s(v) = My s(v) Xas,,(0) B1(p™)y(v). Take a geometric point & € X*(v); and consider

the projection X1(p™)(v); — X*(v); localized at &. The completion Xﬂ?)”?(u) is isomorphic to

1,7
a disjoint union of spaces M (p™)yv s(v), Q/Fl(pm)vr with some geometric point § € Y1 (p™)y+(v);.
The spaces fit into the diagram

(352)  Mip)rs(v),, — s M)y s (), /D1 0™ —— X)), -
Bk |

Bi(p™)v: (v) g ———————=V1(0™)vr (v)

Because of the exact sequence

-1

0— 1w, @Sym" 31(~C) > wl  , ©Sym"§(~C) — tb/];,w,lfl ® Sym" J;—1(—C) — 0,

K,w,1 Kyw,l
.i.

wun 4 (—C') will follow from the vanishing result

the base change property for U

(35.3) H (My(p™)vr 5(0), 5 /Ta (0™, 1,1 ® Sym” 31(~C)) =0

for all k € U. The coherent Sym” J has a filtration with graded pieces being automorphic sheaves
attached to algebraic GL(n)-representations that are free of finite rank,and the sheaf Fo];w’l is
an inductive limit of iterated extensions of the trivial sheaf [AIP15, Corollary 8.1.6.2]. Therefore
(3.5.3) is a corollary of the general vanishing result: for all p € Repy ; GL(n) and i > 0,

(3.5.4) H (My(p™)yr,5(0), /T1(p™)vr, w,1(~C)) =0,

where ), is the pullback to Mﬂ@@(l})l g/I‘l(pm)V/ of the automorphic sheaf w, on X. The
proof of (3.5.4) is an adaption of [Lanl7, §8.2] in the situation (3.5.2). It is enough to show

H (D1 (0™ v, HY (M (07 5(0), s B (=C)) ) =0 if i+ > 0.
Over By there is the universal semi-abelian scheme
00—V ®G,, — Gy — Ay — 0,
so using the GL(n)-torsor Isomy , ((’)gvl,w(sz /By)) one constructs a locally free sheaf of finite
rank w, over By:. Its pullback w,; to Bi(p™)y-(v), ; satisfies

* %
1, = har, ;.
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The action of T'y(p™)ys on Sy factors through a quotient I} (p™)ys whose action on the set
{Xe Sy NC(V/V'™)Y 1 XA > 0} is free. Take Sy to be a set of representatives of the orbits. Apply-
ing [Lan17, Lemma 8.2.3.12], [FC90, Theorem V.2.7] we get

1 Ty, B (Ma7)7,5(0), s o (<))

—H (F1(pm)v/, H HI (Bl(pm)vl(v)l7g,£()\) ®mp71)>
AESLNC(V/V' L)V A>0

Mhes, B B0 0) o LN 910,) i =0
0 t>0
Here £()) is an ample invertible sheaf over the abelian scheme B1(p™)y/(v) for A € Sy [FCI0, p.
143]. We reduce to show

(3.5.5) HI (Bi(p™)v(v),5, L) ©10,,) =0 if j > 0.

One observation is that, over By, the sheaf of invariant differentials of the torus part and the
quotient abelian part of the semi-abelian scheme Gy can be trivialized. Hence the sheaf w, can
be constructed using a torsor of a unipotent subgroup Ny+ C GL(n) with the Ny -representation
pINy, - Then [Lanl7, Lemma 8.2.4.16] says that p|y,,, admits a filtration with Ny acting trivially

on each graded piece. Thus w, is an iterated extension of the trivial sheaf, and (3.5.5) follows from

the vanishing results for HY (B, (p/m)\vx (V)15 LX), j >0 [Mum70, §IIL.16]. O

3.6. The differential operators. Let Q}YI () e the sheaf of differentials on A%y (v) defined as

in [FvdP04, Ex. 4.4.1]. Over A1y (v) we have the integrable Gauss—-Manin connection

Vi Hap(G/ X (0)" = Hip(G/ X (0)" @ () (log ).
For a w-analytic weight x € W(Cp) and p € Repy  GL(n), we defined in §3.2 the (g, Q)-module
Vigpw- The Banach sheaf yhr

KQp,w
terpretation Tﬁw(v) x Qw Vigp,w- Using this contracted product interpretation and the construction

in §2.2, we obtain a connection

. T?/’"
vlﬁ@ﬂyw : Vn@p,w KQp,w

= wl,w ®w, ® Sym" J on Ay (v) has the contracted product in-

— VT’TJFI ® QXIW(U) (lOg C) = Vlé;é‘r,w(_l)'

Recall that 7 is the symmetric square of the standard representation of GL(n). Composing it with

tt Vlé:éﬂw(—l) — Vlg:éﬁw we get the following differential operator which can be thought of

as an p-adic analytic version of the Maass—Shimura differential operators
. T7T T77'+1
Dﬁ@fhw : Vn@p,w ’ Vﬁ®p®‘r,w'

Besides, there is the Shimura’s F-operator [Shi00, §12.9], whose construction relies only on the fact
that we have the morphism of Q,,-representations

Vl-:@p,w/vf?@p,w — V;(Eg;},w ® ‘/‘rov(l) = V:@?;}(@T\/,w(l)'

To be explicit, let Z = (Zi;)1<i j<n be the basis of 7V with a € GL(n) acting on Z by A

Then the morphism is given by ~ >° Ziia%j' The r-th iteration divided by r! is an isomorphism
1<i<j<n '

1 0 _ ~
(3.6.1) ﬁ( Z Zijﬁ)r : Vf:®p,w V;:®pl,w — Vno®p®Symr TV,UJ(T)'
1]

" 1<i<j<n
We write the induced operator on the Banach sheaves as

— Vil L),

. phr
en®p,w . V KQPRTV w
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: N fr—1
and its composition with ¢~ : Vﬁ®p®TV’w(1) = Visporyw 8
. TaT T,’V’—l - T,T’—l
Exsopw  Vagpw = Vagparyw(l) = Vigporv

We can also iterate the operators and obtain
Di@p,w

e
Eﬁ@p,w

. Ty"" T,T+E
: Vp,w — Vm@p@Syme TW?

.yt ; f,r—e
. Vp,w Vn@p@Syme ™V’

for e € N. A section of the sheaf V7 lies inside VI . for 0 < 7 < r if and only is it is

KR p,w KR p,w
o /11
annihilated by E.J o
3.7. The holomorphic projection. Besides the definition of the space of nearly holomorphic
forms, its algebraic structure and the Maass—Shimura differential operators, another main ingre-
dient in Shimura’s theory of nearly holomorphic forms is the holomorphic projection. Shimura’s
construction [Shi00, Proposition 14.2] can be adapted to our p-adic analytic context.
Define the functions Logy, ..., Log, on the weight space W by

log, (ki(1 + p)*)
Log;(k) := —2 ’ ’
log,,((1 +p)*)

for kK = (K1,...,6n) € W and some t € N sufficiently large. Let K(Log,,...,Log,) be the the

fraction field of K[Log;,...,Log,]. For an affinoid subdomain & C W such that x"" |, is w-analytic,
we prove in this section the following proposition.

)

Proposition 3.7.1. There is an A(U)-linear continuous map

o Ni"  — NS @k K(Logy,...,Log,)

U,w,v

whose restriction to NZL’?UU 1s the identity.

In order to simplify notation for the rest of this section we omit all the subscripts from the

differential operators and E-operators as well as the subscript w from yir , .
KU QRSym® 7®Sym® 7V,w

Suppose Spm(R) C Aiw(v) is an affinoid subdomain such that there exists a section a €
T »(©)(R), and we regard o as a basis (a1,...,a2,) of Hj,(A/R) satisfying certain conditions.

Given D € Derg (R, R) in order to decide the action of V(D) on sections of V,i:fn@) , over Spm(R),
we need to consider the element X (D, «) € g ® R defined by

V(D)a=a-X(D,a).

Let X(D,a) denote the image of X (D, «) inside the quotient g/q = u~. The Levi subgroup M

acts on u~ by conjugation. Hence a € GL(n, R) acts on X (D, a) by sending it to &= 'X (D, a)a"".
This GL(n)-action is isomorphic to 7. Given o € T, (v)(R) and a basis {eiti<icn(ni1y/2 of the
GL(n)-representation 7, the dual basis {ez‘vhgign(nﬂ)/z gives rise to a basis {Deiv’a}lgz‘gn(nﬂ)ﬂ
of the tangent space Derg (R, R). One can check by definition that the element X (D,v ,,«) inside

u~ ® R is independent of the choice of « € T, (v)(R), and we abbreviate it as X (e;’).

Lemma 3.7.2. {X(De_v)}1< (i) form a basis of u= @ R = 7V (R), which is dual to the basis
o <i:<n(n+
{ei}lgign(nﬂ)/z'
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Proof. The statement is an equality statement and does not depend on the choice of {ei}lgign(n +1)/2°
Hence it suffices to prove it for the Siegel variety Y, and we can further reduce to the Siegel upper
half space b, and take « to be the holomorphic basis (dw, 3) of ’HcllR(Ahn/l‘)n) constructed in §2.5.
Denote by KS the Kodaira—Spencer map. Explicit computation using (2.5.4) shows that

(3.7.1) KS(dw;dw;) = 2mi-dz;; 1<i<j<n.

Put X = (X;;) asin §2.6. Then (Xj;)1<i<j<n can be regarded as a basis spanning the representation
7. It is dual to the basis p;; of u™. (3.7.1) shows that dz;; corresponds to X;; under the basis

(dw, B) so 0/0z;; = DXiVj,(dw,,B)' By (2.5.4) we have X (X}%) = y;; and the statement is proved. [

The morphism 7 ® 7V — triv of GL(n)-representations induces the contraction operator

e . T77‘ s T,T
0°: Vﬁ““@Syme TRSym*® 7V Vn““ :

Lemma 3.7.3. The composition

ene e . 1sh0 De | te 0° e E° 5,10
E 9 D . Vliun(Xszme v — Vn““@Syme ’TV®Syme’T ? Vﬂun ? Vﬁ““@Syme Vv

s an OXIW(U)Xu—lmear morphism of Banach sheaves over Xiy(,) X U, induced by an endomorphism
of the Q,,-representation V,?ur,@Syme v

£‘®Syme 7V RSym® 1®Sym® 7V -
from a morphism of the corresponding representations such that E¢6¢D¢ = §¢E¢D¢. Therefore it is
enough to show that the map E°D°® : Vl;?,myme N V/::B‘@Syme 7V @Sym® r@Sym® 7V
a morphism of Z,,-representations. Still take X = (X;;) as a basis of 7 and write Vi,un o, = Wieun [ Y]
with ¥ = (Yij)1<i<j<n as in §3.2. Locally over Spm(R) C Ay (v), we fix a section a € 757, (v)(R)
and let DXiVj,a be the basis of Derg (R, R) associated to Xi\; and «. With these choices of local

coordinates the map E°D° can be written as

Proof. There exists a contraction map e - Vl Vl;ﬂ,(gsyme ~v induced

is induced from

E°D®: Ty, (0)(R) X2 Voo me v (R) — Ty ) (R) x ) Viinogone v gsyme rasyme rv (1)
(a,u) = (@, Paue( X, Y)),

with Py (X, Y) being a homogenous polynomial of degree e in X and degree e in Y whose
coefficients lie in V,Sm,@Syme ~v(R). The claim that E°D® is induced from a morphism of Z,-
representations is equivalent to the equality

(3.7.2) 0 (Pajue(X,Y)) = Paaue(X,Y),

for all @ € Z,,(R) and u € V,Sun@)syme .v(R). Note that by (2.2.2) the operator E° annihilates all
terms in D¢ ((a, u)) involving derivations of the base ring R or the action of q C g, because they

do not increase the degree in Y. We get

Pauel X, Y) = 3 (XX Pawet(X, 1)) X,

1<i<j<n
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where X (X}7)- is regarded as an element of u™ through u™ = g/q. We show (3.7.2) by induction.
The e = 0 case is true by definition of the contracted product. Assuming it is true for e — 1, then

@ Pauel X, Y) =0 Y (XX Pawe1(X,Y)) Xy

The second equality uses the compatibility of the action of g and Z,, and the third equality follows
from Lemma 3.7.2. (|

Denote by ¢(k"", e) the endomorphism of Wiunggyme rv = Vfglr]@syme ,v giving rise to E°0°D°.

Lemma 3.7.4. There exists an element @ € End(Wyumgsyme +v ) and a nonzeron € K[Logy,...,Log,]
such that @ o (k"™ ,e) = (k"™ €e) o g = 1.

Proof. As an A(U)-Banach module, we have Wy oy = @y (z/,wiz)AU) (T), the direct sum of
IN~ (Z/p[w]Z)\ copies of strictly convergent power series in T' with 7" = (Tj;)1<i<j<n. Let wo =
A(U)[T] be the polynomial part of one copy. Fix a basis Z = (Z;)1<ij<n, Zij = Z;i of 7V with
a € GL(n) acting by a- Z ="' Za™" . Then Wyungsyme v w = ©y- (z/plwiz) AU)| Z]e (T) where
the subscript e means homogenous polynomials of degree e. Like W°, set W02 = W% ® Sym® 7V =
AU)[Z)e[T]. Both W° and W2 are closed under the action of gl(n). Only Lie algebra action is
involved in the differential operators, so p(k"", e) restricts to an endomorphism of the gl(n)-module
WO, We can write W0 as a direct sum of its weight spaces W2 = @ AWg , and each Wg ) is free of
finite rank generated by some monomials of the form H1§i<j§n Tfj“ Th<k<i<n Z,i’;l, Sij,te > 0,
> tr = e. The endomorphism (k" e) restricts to an A(U)-linear map ) : Wg N Wg ) for each
A and the corresponding matrix, with respect to the basis consisting of monomials, has entries in
Ok[Log;,...,Log,|. The first claim is that the determinant of ¢, in non-zero. For x € U write
@), to denote the specialization of ¢y at x. Fix an arbitrary x = (k1,...,kn) € U and consider
k+k= (ki +k, ... k,+ k) with k varying in N. Set Q(k) to be the determinant of ¢y ;45 It
is a polynomial in k£ and is non-zero as observed in [Shi00, (14.3)]. Hence the determinant of ¢y
cannot be zero. Then in order to show the existence of the ¢, it suffices to show that there exists
n € Ok|Log,,...,Log,| such that the minimal polynomial Py of ¢y divides n in Ok [Log;, ..., Log,]
for all A. Let L be the algebraic closure of the field K(Logy,...,Log,). For a generic k € U, the
specialization W0 of W at & is isomorphic to the irreducible Verma module with highest weight
k. According to [BGGT71, Lemma 5], for generic &, the gl(n)-module W2, = W? ® Sym® " admits
a Jordan-Holder series with irreducible Verma modules as graded pieces and the length is finite,
independent of k. Let [ be this length. It follows that the subset of L, consisting all the eigenvalues
of )y for all A, is finite, and also for each vector u € Wg A with x generic, the dimension of the
space Span{¢}’, (u) : m € N} is bounded by I. Therefore as A varies the degree of the minimal
polynomial P is uniformly bounded and all the roots are contained in a finite set. This implies
the existence of the desired n € Ok[Log,,...,Log,]. O
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Proof of Proposition 5.7.1. Let ¢,n be as in the previous lemma for e = . Then 7'} induces the
morphism

D, : Yo — Pl ®k K(Logy, ..., Log,),

KU RSym” 7V, w KU QSym” 7V,w

which is the inverse of E"0"D". Set &, =1 —0"D"®,.E". Then
E'o,=E(1-0"D"®.E")=E"— (E"0"D"®,)E" = E"— E" =0,

showing that 7. sends NLT{ZU into N/" ' @, K(Logy,...,Log,). Meanwhile < is identity on

U U,w,v

NJ,’Z;; because E” annihilates NJ,’Z;;. By induction we obtain the desired o/ = @ oats0---04,. [

Corollary 3.7.5. There exists a nonzero n € K[Logy,...,Log,| such that each F € Nlj‘[:u » can be
written as

nF=Fy+0DFy+---+0"D"F,

with F; € NJ{’;Symi o
3.8. Unramified Hecke operators. Let ¢ be a prime integer with (¢,Np) = 1. For v, €
GSp(2n,Z¢)\ GSp(2n,Q¢)/ GSp(2n,Z), the action of the Hecke operator T, on N,Ijz,,v can be
defined in the standard way using algebraic correspondence of ¢-(quasi-)isogenies of type ~y. Let
Yiw, k be the moduli scheme over K parametrizing principally polarized abelian schemes (A, \) with
a principal level N structure and a self-dual full flag Fil, A[p]. Define C,, C Yiw x X Yiw,x to be
the moduli space, whose R-points C.,,(R) for any K-algebra R consists of (quasi-)isogenies

™ (Ala)\l?d}N,l?Fil. Al[P]) - (A2>)‘2517Z}N,27Fﬂo AQ[p])

of type 7, with degree being a power of £. Here for i = 1,2, A\;,¥n,; and Fils A;[p] need to satisfy
™Ay = v(y) A1, To YN = YN, ™o Filg Aj[p] = Fils Az[p]. Being of type 7y means that under
certain Zg-basis of the Tate modules T;(A;), the matrix of the morphism induced by 7 on Tate
modules is 7¢. Denote by p1 (resp. p2) the projection of C.,, to the first (resp. second) factor. Put
Cry (V) = Coyan Xpy Vig. g.an Viw(v). Then we have the picture

(3.8.1) Cqe(v)

Viw(v) Viw (V).

Write pj T,/ (V) = Cryy (V) X p; Yy (v) Ti o (v)- Due to the functoriality of the Hodge-Tate map and the
canonical subgroups, the (quasi-)isogeny 7 induces an isomorphism 7* : p3 7,7 (v) = pi T/, (v) (cf.
[AIP15, Lemma 6.1.1]). Applying 7* to the first factor of the contracted product p; T,/ (v) x <» Viw
we obtain

sV, o pivEs

R,aw*

The Hecke operator 7%, is defined as the composition
* * * % Tr
HO(yIW(U), V;i:z;) pi) HO(C’Ye (U)7p2vf1;:rw) ﬂ——> HO(C’}’Z (U)vplvl::u) —p; HO(yIW(U)a Vl:zj)
Such defined T, maps bounded functions to bounded functions so it defines an action on N,Ij:w

by the discussion of [AIP15, §5.5]. Its action also preserves the cuspidal part (see Remark 3.9.5).
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3.9. The U,-operators. Let Tt = {diag(p™,...,p*,p™ % ... ,p®~ ) € T(Q):a; < ---
an,ap > 2ap}. Set

IN

I; 0 0 0
o pLs 0 0 . (L, 0
(3.9.1) Wi = | g 0 L 0 1<i<n—-1 and ~p,= (0 oL, )
0 0 0 ply

We want to attach a Hecke operator to each element of 7. All such operators will be called
Up-operators. An element v, € T can be uniquely written as v, = p® [[_, 'y;jj with sg € Z,
s1...,8, € N. We make the scalar p act on Yiy i by sending (A, A, ¥y, Fils A[p]) to (A, A @Z)N o

p, File A[p]). This action is invertible and induces a map on the global sections of the sheaf Vi ws
which we take as the Hecke operator corresponding to p € TF and denote by (p). We define the
Hecke operator attached to p® as (p)* for all sy € Z. It remains to define the operators Up;
associated to vy, ; for 1 <7 < n.

3.9.1. The operator Uy, . Let Cy, C Yiw i X Y1w,k be the moduli space parametrizing the quintuples
(A, X\, ¥, Fils Alpl, L), with (A, X\, ¥n, Fils A[p]) being the moduli problem defining Yiyw x and L C
Alp] satisfying L @ Fil,, A[p] = A[p|]. Denote by m : A — A/L the universal isogeny. There
are two projections pi1,p2 from C, to Yiw k. The first one is by forgetting L, and the other
sends (A, A\, ¥y, Fils A[p], L) to (A/L,N 7 o ¢n,Filg A/L[p]), with X defined by 7*\ = pX and
Fil; A/L[p] = m o Fil; A[p], 1 <4 < n. Consider C,(v) = Cpan Xp; Yiy.x Viw(v) C Viw(v) X Viw(v),
which parametrizes (A, A\, ¥, File A[p], L) with Hdg(A[p>°]) < v and Fil, A[p] = Hi, the level 1
canonical subgroup. According to [Farll, Theorem 8], there is the diagram

ylw/ \

yIW )

(3.9.2)

The universal isogeny 7 induces an isomorphism 7* : p§Tﬁ7w(%) = P Ts (V) (cf. [AIP15, Lemma

6.2.1.2]) that gives rise to 7* : V,.i P p1V . The operator U, is defined as the composition

Ho(ylw(p)(;)),Vlf) 22 HO(Co(v), p3ViL) < HO(Co(v), p}VIL)

—n(n+1)/2 my
p p1

(3.9.3)
Ho(ylw(v)7 V;ii:u)

See §3.9.5 for the normalizer p~—™("+1)/2,

3.9.2. The operators Up;, i =1,...,n — 1. First for w = (wji)1<k<j<n satisfying

(i) wjr, = w or w — 1 for some w as before,

(i) wjt1ke = wik, and wj k-1 = Wi,
we introduce the w-analyticity, generalizing the w-analyticity for a scalar w. Recall N~ (Z,) C I(Z,)
is the subgroup of lower triangular elements with 1 as diagonal entries. Let N, be the rigid analytic
group

1 0 0 1 0 0
B B(0, p*21) 1 0 pZy + B(0, p™2) 1 0
N™(Zyp)- : : S : : .
B(0,p¥mt) B(0,p*"2) .- 1 pZy + B(0,p")  pZy+ B(0,p*"2) -+ 1
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Then I’Q = /\@ To—1 Ny is a rigid analytic space with the group 7,_; Nan acting by the right
multiplication. Due to the requirement (i)(ii) on w, the space Z/, is also stable under the left

multiplication by the group Z,,. Like in §3.2 we define the Z,,-module W w by

W. (R) = f+I,(R) = R, f|y- is analytic and f(xtn) = /() f ()
nar(F) = { for all @ € I),(R),t € Tg_1(R),n € Ngn(R) }

for all R € Ay. The group Z,, acts on it through the left inverse translation. We write w’ < w if
w;k <wj forall 1 <k < j <n. For w' < w the module W w is contained in Wy, ., and elements
in W, ., satisfy stronger analyticity condition. By the same formulas as (3.2.2), (3.2.3) we define
View- The contracted products 77, (v) xTw W, ,, and Tt (V) X Qu Y, ,, define sub-Banach sheaves

wlw of w,.iw, and V,J.Ew of V,];’IU.

Next we extend the action of Z,, on Wy ., to A} = Z,,7°"Z,,, where T°~ = {diag(p b ph) e
GL(n,Q) : by > -+ > b,}. With this extension the Q,,-action on V[, extends to A = Q,T 9,

where T~ = {diag(p™,...,pln,pbo=b1 ... pho=tn) ¢ T(Q) : b > > by, bo 2 2b1}. Given
h = W'tph” with b, b € T, and t;, € T°, we make it act on f € W, ,, by

(3.9.4) (f - h)(@) = F(h~ aty).

It can be checked that this is a well defined action and has norm less or equal to 1 with respect
to the supreme norm on Wy, . If t} = diag(p®,...,p%), then h sends Wi w into Wy v, with
w;k = maxp<ics<j{Wst + bs — by, wjr, — 1} < wjy, increasing the analyticity.

Now fix 1 <4 < n—1 and consider the moduli scheme C; over K parametrizing (A, \, ¥, Fils A[p],
where (A4, \, 9y, Fils A[p]) is the moduli problem defining Yj,, and L C A[p?] is a Lagrangian sub-
group such that Llp] @ Fil; A[p] = A[p]. Denote by 7 : A — A/L the universal isogeny. Define the
projection py : C; — Yiy i by forgetting L, and ps : C; — Yy ik by sending (A, A, ¥n, Fils A[p], L)
to (A/L, N, 7oy, Fils A/L[p]). Here the polarization )\ is defined by 7*\ = p?\ and Fil, A/L[p]
is defined as

Fil; A/L[p] = =(Fil; Alp ) 1<j<i,
Fil; A/L[p] = =(Fil; A[p] + p~ ' (Fil; A[p] N L)), i<j<n,
Fil; A/L[p] = (Filan— ]A/L[p]) n+1<j<2n.

For example if 21,...,Zn, Tpyi1,...,To, is a basis of A[p?] compatible with Fil, A[p] and the Weil
pairing, then L can be taken to be (pit1,...,PTn, PTyt1, - - DT2—is Ton—it1, - - -y T2n) and corre-
spondingly Fils A/L[p] is

<p3:1> c--C <p£17"‘7pji> - <p.’i1,.. . 7p£’i7'fi+1> c--C <p"i17"‘7pji7i.i+17'” ,I‘n> T

where Z; stands for z; mod L.
Set Ci(v) = Cian Xp;,Yiy.an Viw(v). In order to form a diagram analogous to (3.8.1), (3.9.2) we
need
Proposition 3.9.1. ( [AIP15, Proposition 6.2.2.1]) If Hdg(A[p*>]) < p(gp;i) and Fil, Alp] is the
canonical subgroup of level 1, then Hdg(A[p™]/L) < Hdg(A[p™]) and the Fil,, A/L[p] defined above
is the canonical subgroup of level 1 of A/L.
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Then we have the diagram

(3.9.5)

Ci(v)

yIW(U)'

Now the pullback 7* : p§7'7_zan(v) = pfﬁiaﬂ(v) does not send p§7'7_zw(v) into p}"ﬁ_ﬁw(v), but to

wa(U

plo—; 0 0O 0
0 L 0 0 _
AT 0 0 pr, o | Q0 CPITL0) 0 A
0 0 0 pL

Given local section (a,u) of the contracted product p37;;,, (v) x < VI

Rw?

there is a v, € Aé » Such
that (7*a) oy, lies inside pj7;;,,(v), and we can define

(396) T 3T (0) X0 VI — i To o (0) X2 VI,
(,u) — ((7*a) 075" 7a - 1),

w—Llw—1Y, ifl<k<n-—i<j<n, . . ,

with w’), = max{wjk w— 1), i< o RTESIET g easy to see that the right hand
J Wik, otherwise

side of (3.9.6) does not depend on the choice of v, and 7* is well defined.

The operator U, ; is defined as the composition

HO Dy (v), Vi) 225 HO(Ci(v), p3Vin,) > HO(Ci(v), piVIn)
(3.9.7) = v, w T w
— Ho(ylw(v), Vn:;/)

The normalizer p~*("*1) is justified in §3.9.5.

3.9.3. A compact operator Uy. From (3.9.3), (3.9.7) we see that the composition Uy, o Upp—1 0
Let res : NI°" — N,i,’rw,v be the natural

'|',T‘ 3 3 T?T
-0 Up1 maps Ny, continuously into IV, Row—1,pv

K,w—1,pv*
restriction map. Define the operator U, as

Up=resoUppolUyp_10---0Up1 NPTy NPT

KW, R2w,v*

In the following we show that the map res : N for — N,I;Zw is a compact morphism between

K,w—1,pv
two K-Banach modules. To this end it will be convenient to use the interpretation (ii) of N,I;Z,,U in
§3.4.3, i.e.

NiT = HYIWy(v), L @ (1 0 m3)* Sym” J)BE/P"Z),

K,W,v

Since the group B(Z/p™Z) is finite, there is a continuous projection from H°(ZW,,(v), L, ® (71 o
m3)* Sym” J) to its B(Z/p™Z)-invariant part. Thus it is enough to show the compactness of the
restriction

HY(IWy—_1(pv), L, ® (moms)* Sym” J) — HO(IWw(v), L, ® (m omg)* Sym” 7).

Note that the sheaf £,, ® (w1 o m3)* Sym” J is coherent. Applying [[X1.05, Proposition 2.4.1] we
reduce to prove that ZW,,(v) is relatively compact inside ZW,,—1(pv) (relative to Spm(K)).
According to [KLO5, Definition 2.1.1], given a quasi-compact rigid analytic space Z and V C Z, an
admissible open quasi-compact subset, V is called relatively compact inside Z (relative to Spm(K)),
written as V € Z, if there exists a formal model 3 of Z together with an open sub-formal scheme
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U C 3 with rigid fibre Ui, = V), such that the closure U of the reduction Wy inside 3 is proper
(over Spec(k), k = Ok /w).

Lemma 3.9.2. X (p™)(v) is relatively compact inside X1 (p™)(pv).

Proof. First note that X'(pv) € X since X is proper. Then using [X1.05, Proposiion 2.3.1] we get
X(v) € X(pv). Both of the projections X;(p™)(v) — X (v) and X;(p™)(pv) — X(pv) are finite.
The statement follows from [K1.05, Lemma 2.1.8]. O

Proposition 3.9.3. ZW,,(v) is relatively compact inside TWy,—1(pv).

Proof. By construction we have the formal model f : 3,1 (pv) — X1(p")(pv). By the previ-
ous lemma we can take an admissible formal blow-up Xi(p")(pv)’ — X1(p™)(pv) with an open
formal subscheme X1 (p™)(v)" C X1(p™)(pv)’, such that X1(p™)(v)ye = X1(p™)(v) and the closure

X1(p™)(v)j inside X1(p™)(pv)h is proper. Base changing f via the blow-up we get
IWy—1(v) —— TWy—1(pv)’ .
| =]
X1 (p™) (v) —— X1 (™) (pv)’

There is an open covering of X1(p™)(pv)’ by affine open subschemes such that over each member
Spf(R) of it, 3Wyy—1(pv)" Xz, (ym)(pv) SPE(R) is isomorphic to

1 0 o0
sorcmy 7O O gy om0,y
pw*%(o, 1) pw*1%(0’ 1) - 1
= Spf (R ZJ>1<]<z<n)
Over 320,,—1(pv)’ X x, () (pvy SPE(R) one can define the ideal sheaf attached to the ideal generated

by p and Tj;, 1 < j <4 < n, which is independent of the choice of the coordinate T;;. Such locally
defined ideal sheaves glue together to an ideal sheaf .# over J2,,_1(pv)’. Let JW,_1(pv)” be
the blow-up of 320,,_1(pv)" along ., and take I, (pv)” to be its open sub-formal scheme where
the ideal sheaf .# is generated by p. From the local description of .#, we know that the closure
30, (pv)§ of IW,, (pv)g inside IW,,—1(pv)q is proper over the base X1 (p™)(pv);. Take IW,,(v)” to
be the inverse image of X1 (p™)(v)’ under the projection I, (pv)” — X1(p™)(pv)’. Then IW,,(v)”
is an open sub-formal scheme of J,,_1(pv)” with rigid fibre equal to ZW,,(v). Now we have the
picture

I, (v)(© 3¢ pv) g IW,,—1(pv);

| l o J(/

X1(p") () X1 (p™) (v)o—— X1 (p™) (p

with the vertical map h being proper. Due to the properness of the scheme X1 (p™)(v); and the map
g (implied by that of h), the scheme 3¢ is proper. Then the closure of J20,,(v){ inside 320,,_1(pv);
must be proper since it is contained in 3. d

All the arguments apply to the universal weight case by working relatively over U C W as well
as the cuspidal case by replacing Sym” 7 with Sym” J(—C'). We record the following corollary.
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Corollary 3.9.4. The operators U, : N,ijzw — Nljﬂ,,v and U, : N/I::U,v,cusp — N,Ijzw,cusp (resp.
Uy : NJ{’:UU — NJ,’:UU and Up : NZE’ZMCHSP — Nzif/:vvcusp) are compact operators of K-Banach

spaces (resp. A(U)-Banach modules).

3.9.4. Tensoring with T,7". We consider the algebraic GL(n)-representations (pag, W,,,,) that are

obtained by taking tensor products of symmetric powers Sym*® 7,;, and Sym® Tg{g with ej,e2 € N.

Iw
action of GL(n). The notation p, 7,7 will be saved for the A} -modules which are obtained from
the algebraic ones by a renormalization explained below.

First we define two characters x1, x2 on the semi-group A} . Given h = h't,h” with b', h" € T,

and t;, = diag(p®,...,p") € T°~, put

Here we add the subscript to indicate that the action of A7 is the one given by the algebraic

xi(h) =p~r, x2(h) = p*.
We define the A} -modules 7, 7" as
T 1= Talg Q@ X1, V= Taﬁg X X2-

Then by taking tensor products of 7, 7", we associate to each p,j the renormalized A;w—module

p. The reason we consider this renormalization of p,j, is that it makes the action of Aé on V;

w
integral.

Then all the U,-operators can be constructed for ngmw,v in exactly the same way as when p

is trivial and Corollary 3.9.4 holds for the action of U, on N, hr and NI" There is

KQp,w,v KQp,w,v,cusp"*
no need to distinguish p and p,; when constructing of V,ig) pw- Lheir difference only concerns the
action of Uy,-operators.

3.9.5. The normalizations of the U,-operators. We show in this section that by our choice of the
normalizations of the U,-operators, all the eigenvalues of the compactor operator U, acting on

N, lé v are p-adically integral for all w-analytic . Since Vi, ,, has a filtration with V2® p@Syme 7V w
as graded pieces, it is enough to consider the case r = 0.

For a positive integer [ € N, let Y] be the Siegel variety modulo p' and Y;[1/Ha] be the ordi-
nary locus. Denote by S(p™); the finite étale cover of Y;[1/Ha] parametrizing, the quintuples
(A, N\, 9N, File *Ap™]%, (¢j)1<j<n), where (A, \,9¥n) is a principally polarized ordinary abelian
scheme of relative dimension n with principal level N structure defined over an O/ pl-algebra,
and Fil, *A[p™]% is a complete flag of the free Z/p™Z-module *A[p™]¢ with trivializations of graded

pieces ¢; : Z/p™Z ~ Fil; / Fil; 1 "A[p™®. Put &(p™®) = limlimS(p™);. The Hodge-Tate map gives
I m

rise to the embedding

(3.9.8) S(p™)—— JW

g+

(v),

Xrw(v)
which induces an injective map

(3.9.9) res: Nt = HY(G(p™),5)[1/p],

where 27 is the pullback to &(p>) of the locally free sheaf V) of finite rank over X. In the
following we define U,-operators acting on H°(&(p™), }) such that res is Up-equivariant. Then

the integrality of the U,-eigenvalues on 1V, lé? pw,w T0llows. We deal with the case of the operator Uy ;

for 1 <+4¢ < n — 1. Other cases are basically the same.
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First we construct the correspondence analogous to (3.9.5)

Ci,m,l(o) )
y K
S(™): SP™

where C;,,;(0) parametrizes the sextuples (A, A, 9y, Fil, tA[pm]ét,(gbj)lSjgn,L) whose first five
components form the quintuple defining S(p");. The flag Fil, tA[pm]ét gives a self-dual flag of
Fil, A[p] and L C A[p?] is the one used in defining C;. The projection p; is forgetting L. The
universal isogeny 7 : A — A’ = A/L induces a map ' : "A'[p™]¢* — *A[p™]¢t and a well-defined
mapp-tﬂ_l . tA[pm]ét SN tA/[pm]ét. Set Fﬂj tAl[pm—l]ét — p'tﬂ'_l(Fﬂj tA[pm]ét)ﬂtA/me_l]ét and d’; —

portogy, if1<j<n—i

p-rlog;, ifn—i+1<j<n
to (A, N, 7 o1y, Filg tA'[pm™ 1], (¢’ )1<j<n). Taking the inverse limit with respect to m followed

J
by the direct limit with respect to I, we get €; »o(0) = hg&inszl(O) and the correspondence
[ m

i 00 (0)
S(p™) S(p™).

By our choice of the normalization of the A;w—action on V' in the previous section, the group
I(Zy)T°~ I1(Zy) acts on it integrally. This guarantees that the map 7* : p50, — p7*0, can be defined
in a manner similar to (3.9.6). Once we have checked that Im (Trp;) C p" D HO(&(p™), T7), we
can define the operator Up,; as

The projection pg sends (A, A, ¥n, File tzél[pm]ét, (Pi)i<j<n, L)

* p~ it Trpy

H(&(p™), W) 5 H'(€i.00(0), p5B,,) <= HO(&;,00(0), pV}) H°(&(p™),T,).
It is not difficult to see that with such defined Uy-operators on H%(&(p™),t,), the map res is

Up-equivariant.

In the rest of this section we show the inclusion
Im (Trpy) € p"™ TV HO(S(p™), 7).

Essentially this containment reflects the fact that the projection p; is ramified and p D) g its
pure inseparability degree. Thanks to the projection formula we have
p1,:010}, = p1+0¢, _(0) ® Ty,
Therefore it suffices to show
(3.9.10) Tr py (pL*OQ:i,oo(O)) - pi(n+1)06(poo).
Let S(p™)o be the reduction of &(p>) and take yo € S(p™)o, yh € pa(p; (yo)) . We show

—_—

(3.9.10) in the formal neighborhoods &(p>°), . Ciyoo(O)(yo "
the Serre-Tate coordinates [Hid04, §8.2, 8.3]. The formal neighborhood ngz);)yO is isomorphic to

) We explicate the projection p; using

Homsym(Tpi‘lgg X TptAgg,@m). A point z € &(p™),, corresponds to a bilinear map ¢ : T, A% x
T,'ASt — Gy, that is §ymmetric if we identify 'A%t with AS' via the polarization. Given any
basis z1,...,x, of T,A%  let ‘r1,..., "', be its image under the polarization, which is a basis of

Yo’
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tAf/E. Write q(z;,';) = 1+ Ty, 1 < j,k < n. We know that Tj;, = Ty;. The {Tjk}lgg‘gkgn

is a Serre-Tate coordinate of &(p>), . Similarly for G(poo)yé with a given basis zf,..., 2], of
TpAé§ we get a corresponding Serre-Tate coordinate {T{k} . The isogeny m : Ay, —
Yo T ) 1<j<k<n ]
A, induces a map on the Tate modules. Now fix basis z1,...,z, and 2/,..., 2, of T,AS and
Yo , 2, 1 n ., P Yo
TpAZE, such that with respect to them the matrix for the map 7 : T, PAZB — TpAZE is given by
0 0

<p18i pgo [). Then under the basis ‘1,..., %, and z},...,"%], of T,'AS and T,'A
(2

from #1,...,2, and 2, ...,z by the polarization, the matrix for r : TptAf/Z — TptAgg is given by

t  obtained
Yo

In-i 0 (0 S0 x E(pF ¢ G
(p 0 Ii>‘ For each (z,2') € Q:i,oo(o)(y()’yé) C 6(p™),, x &(p )y{)’ let ¢ : T,AS) x TptAyE — Gy,

(resp. ¢ : TpAgz X TptAjz — @m) be the corresponding bilinear map for z (resp. 2’). We have
q(zj,'n(z},)) = ¢ (7(z;),2}). Translating to the coordinates T}, and T]{k, we see that T]{k can be

taken to be the local coordinates of @@)(yo )’ and the projection p; : Q:m)(yo ) Gipz)y0
is given by
Ok[[Tjk]] — Ok [[Tj,]]
Tjk._>(T]fk+1)p—1 if1<j<n—i<k<n,
Ty — (Tl + )7 — 1 ifn—i+1<j<k<n.

An easy computation shows that the pure inseparability degree of p; is p!™®*+1) and Im (Trp1) C
PO [[Ty])-

Before ending this section we include the following remark concerning the Hecke actions preserv-
ing the cuspidality.

Remark 3.9.5. The injection (3.9.9) is equivariant under the action of both unramified Hecke
operators and Up-operators. It is also easy to check that
NG = NfZpw OV HO(S(™), T (—=C)[1/p]

K®p,w,v,cusp KR p,w,v

Hence it is enough to notice that the space H(&(p™), U} (—C)) is preserved under those op-
erators. This follows from the fact that classical cuspidal nearly homomorphic forms are stable
under Hecke actions, and that the classical cuspidal nearly homomorphic forms are dense inside

HO(&(p>), T,(—C)).

3.10. Interchanging the Hecke and differential operators. Let p be as in §3.9.4. In this

section we discuss the commutator of the U,-operators and unramified Hecke operators, with the
: tr

operators Dygpw and Egg) . acting on IV,

wopwv- Recall that the operators Dygpw and Exgpw are
defined as the compositions

Vl{@ w t+

LT Py r—+1 r+1

DH@PJU * Ve@p,w,v ’ Vn®p®7a1g,w,v(_1) ’ Vﬁ@p@ﬂw,m
LT Er®pw yyr—1 ™ yyr—1

Ergpw : Vn@p,w,v — Vn@p@fﬁg,w,v(l) - VH®P®TV:U):U'

We first show that the Uj-operators and unramified Hecke operators commute with the connection
Vw@p,w and the operator €., and then see how interchanging the order of the Uj,-operators and
the maps t*, ¢~ leads to a certain power of p.
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Lemma 3.10.1. The Up-operators and unramified Hecke operators commute with the connection
Vigpw and the operator €z pw -

Proof. The Q-representation J admits a filtration 0 — triv — J — Ta\{g(l) — 0. The operator
€rpw Dy definition is induced from the quotient morphism J — T;{g(l), and is easily seen to
commute with all U,-operators as well as unramified Hecke operators.

The commutativity of the connection Vg, ., with all the Hecke operators is a result of the
functoriality of the Gauss—Manin connection, which says that for any map of abelian schemes

A5 A,
f
S— 3R

we have

FHLAYR) 55 PHL(AR) @ f 0% —— FHL(AR) @ Q)

Jw* O Jw*@l
Hip(A/S) v HL(A/S) ® QL

Let 7 be the universal isogeny A — A" = A/L over C;(v). By the definition of the operator U, ;,
1 <i<n—1,in order to prove that it commutes with the connection Vg, ., we only need to
show the following diagram commutes.

* Tvr 7 * T’T
%
p2vn®p,w plvn®p,w

Jpﬁvx@w,w JP’{V'e@p,w

) +1 ﬁ-*®1> ? +1

Write a local section of pj ,ié:iu = 3T () X% VI as (o, u), with u € V[, and o a

K’®p7w “®P’w
w-compatible local basis of p5H}p(A/Viw(v)). For any g € Qu, (a,u) = (aog,g7" - u). Take
v € Ag,, such that m™*a o vt € piTy),,(v). If D is a local section of the tangent bundle of C;(v)
then

(P19 D) o 7)(@,0) = V(D) ((n°c 0971, 7))
= (r*aoy™ !, D(y-v) + X(D,m*aoy71) -y v)
= (m*aoy™", D(y-v) + X(D,a0y ") -y v)

(v Dy )+ X(Dyaoqy™) -y 0)
=7 (a, Du+ (' Dy+ Ad(y )X (D0 07)) - v)
=7 (o, Dv+ X(D, ) - v)
= (7 0 iV, (D)) (a, v),

where the third equality follows from the functoriality of the Gauss—Manin connection. The com-

7’;"_*

mutativity of Vg, with other Hecke operators are shown similarly. O
Define two characters v, p, v, g from T" to Q* , sending ¢ = diag(p™, ..., p%,p™ =~ ... plo—n)
to vy p(t) = pro—2a1 vpE(t) = p® =20 where a; < --- < ay, ag > 2a,. Both vp.p and vy g are

trivial on scalar matrices. Evaluated at 7,; € T defined as (3.9.1), we have v, p(vpi) = p?,
Up.E(Ypi) =1 for 1 <i <n—1, and vp p(Vpn) = Vp,E(Vpn) = p. Let £ be an unramified prime.
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Define the character v, : GSp(2n, Z)\ GSp(2n, Q;)/ GSp(2n,Z;) — Q*, sending v, to [v(7,)[,*
where v is the multiplier character.

Lemma 3.10.2.

(1) VP;D("YP) : t+U7p = Uth+7 tiU’Yp = VP,E("YP) : U’th77
(ii) I/g(’yg) . t—’—TW = th—i_, t T, = I/g(’yg) Tt

Proof. (ii) is obvious since the corresponding representations differ by a twist of the multiplier
character. (i) is basically the same as (ii), but when defining the Up-operators, we renormalized
the algebraic representations 7, Taﬁg to the Azw—modules 7, 7V by twisting the characters x1,
X2 to ensure the integrality. Therefore given 7, = diag(p®,...,p%, p™~® ... pW~%) ¢ Tt
the commutators of U, with ¢, ¢~ should involve the similitude v,(,), as well as the character

x1(v,) = p2a, x2(7,) = P2 with v, = diag(p®,...,p"). Explicitly the commutators are
p,0(Vp) = Vp(Vp) pTI = vp(Vp) 'Xl(%c:)a and vy B(7p) = vp(7p) pT e = vp(p) 'X2('7;)_1- O
Corollary 3.10.3.

1) vp,p(p) - DrgpUy, = Uy, Drgp, EropUy, = Vp,e(p) - Uy, Exsp

(i) ve(ve) - DrapTy, = Ty Drgps ErgpTy, = ve(ve) - Ty, Exzp-

In particular, for the compact operator U, we have
an_l : Dn@pUp = UpD/-c@pa En@pUp =p- UpEn®p-

3.11. The slope decomposition. We consider the slope decomposition of the operator U, acting
on Ng;ﬁwusp = U,>0 NLT{’;U,U’CUSP. We have seen that each NJ,’;UM cusp 18 @ projective A(U)-Banach

module with the action of U, being compact. Applying the Coleman-Riesz—Serre theory on the

spectrum of compact operators as developed in [Buz07], one can define the Fredohlm determinant
P.(T) = det (1 = TUp| yt.r , which belongs to AU){{T'}}, the A(U)-algebra of power se-
U, w,v,cusp

ries with convergence radius being infinity. Because of the integrality of the operator U,, all the
coefficients of P,(T') are power bounded, i.e. P.(T) € AU)°{{T}}.

Proposition 3.11.1. The sequence

Bk w
(3.11.1) 0— Nfr=1 s NiT e N

K,W,V,Cusp KW,V cCuUsp KQSym” 7V w,v cusp

— 0
1S exact.

Proof. Let n: X1(p™)(v) — X*(v) be as in §3.5. Combining the vanishing result (3.5.3) there and
(3.6.1), we get the exact sequence of small formal Banach sheaves over X*(v)

- < %Ezw o
0 — B 1 (—0) — B, (—0) =5 B0 e v W (—C) — 0.

Due to the smallness we know that the augmented Céch complexes of the above sheaves are exact
after inverting p [AIP15, Theorem A.1.2.2]. Thus we deduce the exactness of the sequence

0 — HO (X (p™)(v), VI (=C)) —HO (X, (p™) (v), VT, (—C))

iIE|112 w m Ty
S HO (2 (p™) (v), VI (—~C)) — 0.

KQSym"” 7V,w

The proposition follows by taking the invariants of I(Z/p™Z). O
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Combining (3.11.1) and the equality

Ef:,wUP = prUpE,‘Z,wv

we see that there exist Cy.(T') € A(U)°{{T'}} such that
P.(T)=P,_1(T)C.(p"T).

Therefore we can define Py (T') € A(U)°{{T}} as the limit

P (T) := rlggo P.(T).
Given Q(T) € A(U)[T] dividing P (T') one checks by definition [C0l97, p.434-435] that for suffi-
ciently large r, the resultant Res (Q(T), Poo(T)/P-(T)) is a unit in AU), so Q(T) divides P,(T).

Now take Q(T') € A(U)[T] whose constant term is 1 and the leading coefficient is a unit of A(U),
such that Py (T) = Q(T)S(T) with S(T) relatively prime to Q(T). We call such a Q(T') admissible

for N;’i’wusp. If » > 0 we can apply [Buz07, Thm.3.3] to get the slope decomposition
(3.11.2) NZIL{’,:LJ,U,CuSp = Ng),u,cusp @ Fé,u»

satisfying

(i) the direct summand N,/ ., is a projective A(U)-Banach module of finite rank, and also we

have det (1 - TUP|NEM Cusp) =Q(T),
(ii) the operator Q*(Up) is invertible on Fy),;,, where Q*(T) = T4eRQ(1/T).

Since Q(T) is of finite degree and is picked such that Res (Q(T'), Poo(T)/P,(T)) is a unit in A(U)
for r > 0, the module Né,uwsp stops increasing after r is sufficiently large. We define Ng 14 cusp as
Ngg,u,cusp for r > 0. The subscripts w, v are omitted since all eigenvalues of U, acting on Ng 1/ cusp
are nonzero, and it follows from the property of increasing analyticity and overconvergence of the
operator Uy, that the module does not depend on w,v. Elements in the finite rank projective A(U)-
Banach module Ng 1/ cusp are Q-finite slope families of cuspidal nearly overconvergnent forms, and
we have the Q-finite slope projection

QU - le,iuo,v,cusp — NQM:CUSP‘
3.12. p-adic splitting of V,i’,fu over ordinary locus. Let YV, X, X, X(v), X1w(v), X = Xy,
X (v), A1w(v) be defined as in §3.3. Over X (resp. Y') there is the semi-abelian scheme p : G — X
(resp. the universal abelian scheme p : A — Y). Denote by p : Gy — Xo (resp. p: Ag — Yp) the
reduction modulo w. Set X¢ ord, Yo ora to be the ordinary locus of Xy, Yp. Fix a lift 0 : O — Ok
of the Frobenius of the residue field k = Ox /w. Let F': X ora — X0,0ra be the absolute Frobenius
and consider the commutative diagram

XO,ordC %(0) Spf(OK) )
lF Ju Ja
Xo,0ra— X(0) Spf(Ok)

where u is the lift of the absolute Frobenius defined by sending an ordinary semi-abelian scheme
G to its quotient by G[p|°, the connected part of G[p], and composing with the base change by o.
The isogeny A — A/ A[p]° induces, by pullback, a morphism

© :u M p(A/D(0)™" — Hap(A/D(0))

of formal coherent sheaves over X(0). By [Kat73a, Theorem 4.1], the locally free formal sheaf
HLp(A/D(0))% of rank 2n has a unique ®-stable locally free formal sub-sheaf £l of rank n, over
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which @ restricts to an isomorphism. This 4y, gives rise to a splitting, called the unit-root splitting,
of the Hodge filtration:

Hip(A/D(0))" = w(G/X(0)) & Ly
Moreover i1y, is stable under the Gauss—Manin connection. The unit-root splitting pulls back to
X1w(p)(0), and induces a projection J — Oz, (p)(0)- Taking the generic fibre we get the projection

(3.12.1) H(X1(0), Vi) = H (X1 (0), w). , ® Sym” ) — HO(X1,(0), w], ).

The Igusa tower &(p™) defined in §3.9.5 is étale over X1 (0) with the group T°(Z,) acting on it.
The space of p-adic forms of weight x consists of functions on &(p>) that are x’-invariant under
the action of T°(Zy), i.e.

ME*4C = HY(&(p™), Og ) ) [K]-
Composing (3.9.9) with r = 0 and (3.12.1) we obtain the map
gp . NT,T N M;’g—adic[l/p],

KW,

sending nearly overconvergent forms to p-adic forms.

Let k € W(K) be an arithmetic weight with algebraic part kalg and finite order ;. Set

(N, p") = {(Z Z) el(N):¢=0 modp™, a modp™e N(Z/me)} .
Denote by N/ (I'1(N,p™), K) the space of weight k), degree r classical nearly holomorphic Siegel
modular forms of level T'y (IV, p"™) with nebentype k¢ at p.

Proposition 3.12.1. The following restriction of §, to classical nearly holomorphic Siegel modular
forms

E _ .
Epat s NL(T1(N,p™), K) — Nl = ME %1 /p]

18 injective.

Proof. Take f € Ker§, . Under the map ¢ : Ni(I't(N,p™), K) @k C — N (b, ['1(N,p™)) defined
as (2.5.3), the image ¢(f) of f is a polynomial in (Im z)~! with coefficients being holomorphic maps
from the upper half space b, to Wy, (C). By definition ¢ is equivalent to the projection from V] to
VY through the C*° splitting, given by the Hodge decomposition of ’H}lR(Ahn/hn) ® C*(by,,C). Let
S C b, be the subset consisting of ordinary CM points. It is analytically dense inside h,. At each
point of S, the unit-root splitting agrees with the C'*° splitting [[Kat78, Lemma 5.1.27]. Therefore
f € Ker&, o1 implies that ¢(f) =0 and f=0. 0

In general it is conjectured that for all w-analytic weight x, the map &, is injective. The injectivity
is proved in the n = 1 case.

Proposition 3.12.2. ( [Urb1/, Proposition 3.2.4]) Whenn =1, G = GL(2) q, the map
& NIn, o — ME %[ /p]

RTIRY}
18 injective.
Below we replicate the proof given in [Urbl4] with more details.

Proof. Suppose that there exists a nonzero f € Ker¢,. In the GL(2) case, we can identify Vi (v)

with the open subset Y(v) of Y. Let {U;} be an admissible cover of Y(v), such that each U;

is an affinoid subdomain, and there is a basis (s, 3;) of HLp(A/U;) giving rise to a section of

ﬁw(v) — Y(v) over U;. Denote by Uy the rigid fibre of the formal invertible sheaf $ly. After

a refinement of {Uf;} if necessary, we can assume that over U; org = U; N Y(0) there is a section
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Bi of Uy such that (i, ;) gives a section of Ty, (v) — Y(v) over Ujoq. Then there exists
Xi € A(Uiora) such that (a4, 8)) = (o, 5s) ((1) )f Evaluating f at (A/U;, (o, Bi)), we get
P:i(Y) € AUs)[Y]<r. Then &,(f) = 0 implies that Pr;(\;) = 0, i.e. A; is algebraic over the
function field of ; for all i. Applying [BDR&0, Theorem 1] we know that there is 0 < v' < v such
that \; € AU NY(v')) for all i. It follows that there is an invertible subsheaf U}, C H)p(A/V(V'))
extending Uy C H}z(A/Y(0)). By the rigidity of analytic functions, one deduces that U}, is stable
under the Gauss-Manin connection V. Now consider the convergent F-isocrystal Rpyig.(A/Y)
over Yy/(Ok, o), and we use £ to denote its restriction to Yy ora/(Ok,0). By definition £ is an
overconvergent F-isocrystal over (Y{ ord, Y0)/(Ok, o). The inclusions Yy — 9(v'), Yo — D (V' /p)
are both closed embeddings and fit into the following commutative diagram

%,ordc—> Yoo Q‘j(’l)//p) — Spf(OK) >

N
YO,ord( }/()C Q.j (7),) Spf(OK)
where u is the map defined by sending an abelian scheme A to A/Hj, its quotient by the level 1

canonical subgroup, and composing with the base change by o. The isogeny A — A/H; induces,
by pullback, a morphism

©:u Hap(A/D(pv) — Hap(A/D()).

The triple (Hi5(A/Y(')),V,®) is a Y(v') realization of the overconvergent F-isocrystal € (cf.
[Ber96, §2.3.2]). The unit-root splitting ly; corresponds to a convergent sub-F-isocrystal & of €
over Yy/(Ok, o). The extension Uy, of Uy over Y(v'), stable under V, makes £ an overconvergent
isocrystal over (Y{ ord, Y0)/Or. By the discussion at the end of [Ber96, §2.3.9], £ is actually a
unit-root overconvergent F-isocrystal over (Y ord, Y0)/(Ok,0). Then [Cre87, Theorem 4.12] (cf.
also Remark 4.15 there) says that the representation pgr : m1(Yora,0) — Z; associated to & has
finite local monodromy. However according to a theorem of Igusa [[Kat73b, Theorem 4.3], the image
of pgr of the inertia group at each supersingular point of Yy surjects onto Z . O

3.13. Polynomial g-expansions and p-adic g-expansions. The embedding (3.9.8) induces, by
restriction, the injective map
(3.13.1) N — H(S(p™), Sym” J)[1/p].

For each geometrically connected component &(p™)°

§2.6, one can define a map

, with the Mumford object constructed in

¢+ SpE(O[1/4[IN 181 50]]) — S(™)°,

The canonical basis (Wean, 0can) induces an isomorphism ¢* Sym” J ~ O [1/t][[N LS. >0]][Y]<r,
which, together with (3.13.1), defines a p-adic polymonial g-expansion map

€ugpoly * Vi1 o — Ox[[NT1S 0] Y] </ [1/p]-

Remark 3.13.1. Note that the image of €, 4 o1y are polynomials in ¥ with scalar coefficients, while
the polynomial g-expansion f(q, Y), defined as (2.6.1) for a classical nearly holomorphic form f of
an arithmetic weight k, is a polynomial in Y with coefficients inside the representation Wy. To
obtain the polynomial g-expansion here from the polymonial g-expansion in (2.6.1), one simply
applies the canonical map ecan : Wi, — Al, defined as the evaluation at the identity matrix in
GL(n).
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If ¢ is the number of geometrically connected components of 21 (p>)(0), we can choose ¢1, ...,
such that ¢; maps Mumy(g) to the j-th component . We define the polynomial g-expansion map
€g,poly aS @‘;:1 €,;,gpoly- Lhen it follows from the irreduciblity of the Igusa tower S(p™) [Hid04,
Corollary 8.17], that the map €, 01y is injective. Similarly we can define the polynomial g-expansion
map for families of nearly overconvergent forms which is again injective.

Proposition 3.13.2. The polynomial q-expansion maps

€qpoly  Nimw — (Ok[[NT'Sp20ll[Y1[1/p]) ™,

,00 o — Gc
€qpoly : N, — (AU)°[INT S soll[Y[1/p))
are injective.

In §3.12 we defined a map &, : N,i[jfu,v — ME™°1 /p] using the unit root splitting. Composing
&§p with the g-expansion map for p-adic forms, we get the map

€ i NEo, — ME*[1/p] — (Ok [N 'S, 20])[1/p)) ¥,

R,W,v
and call it the p-adic g-expansion of nearly overconvergent forms. Recall that in the construction
of Mumy (q) we defined a basis (wean, 0can) - The locally free sheaf spanned by the dcan is exactly
the unit-root part. Therefore e aqgic is nothing but 5q,p01y’¥=0- In the case when the map §, is
injective, the p-adic g-expansion 4, adic Will also be injective. For families we define the p-adic
g-expansion simply as €4 poly| y—o-

Proposition 3.13.3. Suppose that the subdomain U C W is a closed ball centered at an arithmetic
point and Q(T) € A(U)[T] is admissible for N&’iivcusp. Then after being restricted to NQ i cusp
the p-adic g-expansion map

Eq,p-adic * NQ,M,Cusp — (A(u)o[[N_lsL,EOH[1/p])®c
18 injective.
Proof. Take F' € Ng,cusp With €¢padic(F) = 0. Then Proposition 3.12.1 implies that for each
arithmetic weight x € U(Q,) such that the specialization F}; is a classical nearly holomorphic form,
we have F;, = 0. We reduce to show that the subset of U (@p) consisting of points k with F; being

classical is Zariski dense inside . By the construction of Ng 4 cusp, We know that F' € Né U cusp
for some r € N. Then F' can be written as (Corollary 3.7.5)

nF = Fy+0DF, +---+0"D'F,

with F; € N;;Symi‘rv o and n € K[Logi,...,Log,| nonzero. By Corollary 3.10.3 there is a
bound, depending on Q and r, on the slopes of Fy, I, ..., F,. Therefore if an arithmetic weight
kelUu (@p) is outside the zeroes of 1 with k,, dominant and sufficiently regular with respect to
that bound on slopes, then the classicity of Fy , ..., Fy x can be deduced from [AIP 15, Proposition
7.3.1] and [BPS16], from which the classicity of F,; follows. Since U is a closed ball centered at an
arithmetic point, such arithmetic points outside the zeroes of 1 with algebraic parts dominant and

sufficiently regular are Zariski dense in U. O

3.14. Families by ¢g-expansions. Keep the assumption on/, Q as in Prop. 3.13.3. Let ¥ C U(Q,)

be a Zariski dense subset consisting of arithmetic points. Define NS”ZS?iﬁSp

sub-A(U)-module of (.AO(L{)[[N_lSLZO]][X][l/p])@c (resp. (AO(U)[[N_lSL,ZO]][1/p])@c) consisting
of those elements whose specialization at almost all k € ¥ is contained in €4 o1y (NQ, x,cusp) (resp.
Eq,p-adic(INQ k,cusp)) -

(resp. Ng,u,cusp) to be the
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Proposition 3.14.1. With U, Q as in Proposition 3.13.3, the polynomial g-expansion map induces

an isomorphism from Ng i cusp t0 Ng’aoclisp.

Proof. We follow the argument of [Wil88, Theorem 1.2.2], [Hid93, Theorem 7.3.1]. Abbreviate
AU), Noucusps NQ,. rcusps NS”Z?CIE;SP, as A, N, N, N>PY_ Let I be the set consisting of mono-
mials ¢% HYﬁjk, where a;, € N, 1 <5<k <n,and §; € Nfl,S'L,Zo with the subscript 1 <i <e¢
meaning the i-th connected component. By taking coefficients there is a natural embedding of
(A(U)O[[N_ISLQO]][X][l/p])@c into the direct product A’. Denote by K(A) the fraction field of
A. The A-module N is finite projective. Let d = rank4(N) = dimg 4 (N ® K(A)) < oo, and
pick F1,...,F; € N such that they span N ® K(A) over K(A). Write their images inside A’
under the polynomial g-expansion map as (a(Fj,i))i ¢ 1 < j < d. Thanks to the injectivity of
the map €4 poly, we can choose i1,...,%q such that D = det (a(Fj’it))lgj,tgd # 0. We claim that
DNEPY C g, 00 (N). Otherwise there exists G = (a(G,i))ieI € DN®PW\g, 1 (N). Subtract-

ing from G a linear combination of the g, poiy (F})’s, we get a nonzero G’ € N=PY with a(G, i) = 0
for all 1 <t < d. Since ¥ is Zariski dense there exists some x € ¥, such that specializing at k, the
vectors €q poly (F1)k, - - - Eqpoly (Fa)x and G, are @p—linearly independent and G, = &4 poly(f) for
some f € N,. The injectivity of 401y shows that F ,..., Fy,, f are linearly independent inside
N,; which is impossible. Therefore N¥PY = ¢, 1 (N) ® K(A) N AL, We also deduce that NPy
is a finitely generated A-module because A is noetherian. In fact A is a noetherian UFD and a
Jacobson ring [BGR84, §5.2.6 Theorem 1, 3]. Now take an arbitrary G” € &4 poy (V) ®@ K (A) NAZ,
we want to prove that G” actually lies inside €4 pory(N). Since A is a UFD we can take some
n € A such that nG” € g4 poy(N) and for any 7’ strictly divides n, we have 7’'G” ¢ g poty (V).
Take F' € N such that nG” = g4 poy(F). If m is a maximal ideal of A containing 7, then the
polynomial g-expansion &g poly (Fk,,) = 7(km)Gr, = 0, which implies that F,,, = 0 and F' € mN
by Proposition 3.5.1. This shows that F' € ﬂnEm mN. The A-module N is finite projective so
there exists aq,...,a; € A such that each localization N,, is free of finite rank over A,, which
is still a noetherian UFD [Mat80, Lemma (19.B)] and a Jacobson ring [Stal5, Tag 00G6]. Let
M,-..,M be all the prime factors of n. Each n;A4,, is a prime ideal that is the intersection of all
maximal ideals in A,, containing n;. It follows that \/nA., = (;7jAa, = ﬂnem,mEMax(Aai) mA,,

and /Ny, = ﬂnem,mEMax(Aai) mNg,. Then from F € (), ., mNV, we deduce that F' € \/nN,, for all

i, and hence I’ € \/nN. By our choice of 7 this implies that 7 is a unit in A. O

If we apply the same argument to Ng,u,cuspv due to the lack of injectivity of the map 4 p-adic at
all points in U, we only get a weaker result.

Proposition 3.14.2. With U,Q as in Proposition 5.13.3, there ezists a nonzero n € AU) such
that nN(g?u’cusp belongs to g p-adic(NQ u,cusp) -
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