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Let II be a cuspidal automorphic representation of GSp(4, Ag) and 7 be a cuspidal automor-
phic representation of GL(2,Aq). Fix an odd prime p. The goal of this article is to construct a
p-adic interpolation of the critical values of the degree eight L-function for IT x 7 twisted by finite
order Dirichlet characters x. By using the integral representation for L(s,II x 7 x x) discovered

by Furusawa [Fur93], we prove the following theorem:

Theorem 1.0.1. Assume that I1 is tempered and I1 (resp. 7) contains a p-ordinary holomorphic
cuspidal Siegel modular forms porq of weight (I1,1l2) (resp. p-ordinary cuspidal modular forms

ford of weight 1) with algebraic Fourier coefficients, where ly,la,1 satisfy

min{—ly +lo+ 1,1l + 1y — 1} > 3.

(See §3.1.1 for the definition of being p-ordinary.) Also assume that porq (Tesp. fora) is fized by

the right translation action of [12 Syms(Z,)

Fiz a choice of the following auziliary data:
1

1 Z, .
0 1, ] (resp. [0 1 ]) for all finite places v of Q.



2 ZHENG LIU

Q b
S= [[b ﬂ € Sym3(Z)>o,

2
a unitary Hecke character A of K = Q(v/—det S),

— a finite set S of places of Q containing p,o0 such that for all v ¢ S, @ord, ford, A are
spherical at v, c € Z)5, 4det S = disc(K,/Qy),

— an open subgroup UP of 7P containing [Togs 25 -

(i) There exists a p-adic measure £1§Lw € Meas <QX\A6 f/Up, Qp) satisfying the interpolation
property: For all finite order characters x : QX\/AS JUP — C* and integers k such that s = k
forly +1la+1 even (resp. s =k+ % for Iy 41y +1 odd) is a critical point for L(s, I x & x ),

i.€.
_min{—l1+l22+l,l1+l2—l} + 9 S k S min{—l1+l22+l,l1+12—l} o 1’ ll + lQ +l even,
(1.0.1)
_min{—l1+12;-l,l1+lz—l} + 2 S k +% S min{—l1+l22+l,l1+lg—l} _ 1’ ll + lQ +l Odd,
we have

Bg,A (Spord) WC(ford)
Pord SOOFd) P(forda ford)

‘Cﬁ,ﬂ ((X| : ‘k)p.adic> = P( : IOO(k7HOO77TOO’AOO)

Ep<k,ﬁx%xx)-LS(k,ﬁxfrxx>, I1 + 1z +1 even,

Ep(k;—i—%,l:[xfrxx)-Ls(k+%,f[><7~r><x>, I+ 1o+ 1 odd.

Here 11 (resp. i) denotes the contragredient representation of 1 (resp. ), Ep(s, TIx 7 x X) is
the modified Euler factor at p for p-adic interpolation defined in [CPR89, Coa91] (see (4.1.1)
for an explicit formula in our case here), and I (k, s, Too, Aoo) is an archimedean integral
(4.2.5). Bg’A(gpord) is the Bessel period indexed by (S, A) with a modification at p defined in
(4.2.1), We(fora) is the Whittaker period indexed by ¢ defined in (2.1.2), and P(pord, Pord),
P(ford, fora) are defined in terms of Petersson inner product in (4.2.2)(4.2.3).

(ii) When Iy = ly =1, for x,k as above, we have the more precise interpolation formula:

BT (Spord) WC(ford)
rs .|* adic ] = cvVdetS 26, S
ILm ((X| | )p. d ) P(‘Porda (Pord) P(forda ford)

Eoo(k,f[xfrxx>Ep(k:,1:IX7?xx>‘L5<k‘,f[><ﬁ'><x), l1 + 1o+ 1 even,

X
z’EOO(k—l—%,ﬁxfrxX)Ep(k—i—%,f[xfrxx)-Ls<k+%,ﬁxﬁxx>, li + 1o+ 1 odd,

where Eoo(s,f[ X T X X)) is the modified Euler factor at oo for p-adic interpolation defined
in [CPR89, Coa91] (see (4.1.2) for an explicit formula for our case here).

(111) If 11, does not belong to Ila or IVa in the classification in [RS07], then there exists a choice
of (5,A) and forq such that Bé,/\ (¢ord) We(fora) # 0.

Remark 1.0.2. The construction of p-adic L-functions for GSp(4) x GL(2) has also been studied
in [Aga07,LPSZ18,LZ,LR]. The region of the weights in the above theorem is the same as those
considered in [Aga07,LR], and is different from those in [LPSZ18,LZ]. The cyclotomic variable
is not included in the constructions in [Aga07,LR,LZ].
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The construction in [Aga07] uses the same integral representation as our construction, but
other than missing the cyclotomic variable, the interpolation formula also contains a factor of
local zeta integrals at p, which is not computed or shown to be nonzero.

[LPSZ18,L7Z,LR] uses a different automorphic integral studied [Nov79,Sou84|. This integral
involves Eisenstein series on GL(2) with Whittaker models of representations of GSp(4), appear-
ing in the local zeta integrals, while the automorphic integral we use involves Klingen Eisenstein
series on GU(2,2) with Bessel models of representations of GSp(4) appearing in the local zeta
integrals. In some sense, the automorphic integral we use here is computationally more com-
plicated than the one used in [LPSZ18,LZ,LR]. On the other hand, because of the appearance
of Whittaker models, the construction in loc.cit needs to use non-holomorphic Siegel modular
forms and higher coherent cohomologies for GSp(4). Our construction uses holomorphic Siegel
modular forms and can bring technical convenience for potential arithmetic applications (for
example studying congruences and Euler systems).

Remark 1.0.3. Furusawa’s integral has been used for studying the algebraicity of critical values of
L(s,II x m) in [Fur93,PS09,Sah09,Pit11,Sah10] with assumptions mostly resulting from the dif-
ficulty of choosing test vectors and calculating the corresponding local zeta integrals. The main
difference between our approach for handling the local zeta integrals is that by using Garrett’s
generalization of the doubling method [Gar89], we reduce the study of the local zeta integral
in [Fur93] to another local integral (2.1.8) involving degenerate principal series on GU(3,3),
which turns out advantageous for studying the local zeta integral for our purpose. (Garrett’s
generalization of the doubling method is also used in [Sah10], but instead of reducing to studying
the local integral (2.1.8), the author computes the local integrals for Garrett’s generalization of
the doubling method and shows that the corresponding local sections for the Klingen Eisenstein
series agrees with the ones used in [PS09,Sah09] to compute local integrals in [Fur93].)

Our main focus in this paper is to study, from the perspective of p-adic interpolations, the
local zeta integrals in Furusawa’s formula at finite places with minimal assumptions on II,, 7.
(Although the methods and calculations here are ready for use to construct four-variable p-adic
L-functions for Hida families on GSp(4) and GL(2), we do not purse this generality here to avoid
adding extra length to this paper.) For the construction of p-adic L-functions, we address the
following two aspects:

e Choose nice sections at p for p-adic interpolations and compute the corresponding local zeta
integrals in a uniform way for all 1I,,, 7, appearing as local components of automorphic rep-
resentations of GSp(4, Aq), GL(2, Aq) which are ordinary at p, without assuming conditions
on (S,A) at p.

e Show that at ramified finite places, a convenient section can be chosen such that the local
zeta integral is computable for all IL,, 7, without assuming conditions on (S, A).

When computing local zeta integrals at p for p-adic interpolations, there are often two types of
simplifications. One is to assume that the local representations are unramified, and the other
is to assume that certain characters are sufficiently ramified. The factors coming out from the
computations for these two types have apparently different shapes, but both can be interpreted
as products of y-factors as explained in the work of Coates and Perrin-Riou [CPR89, Coa91].
Thus one expects that a nice strategy for the computation handles all the cases uniformly by
exploiting the feature of U,-eigenvectors with nonzero eigenvalues. The local zeta integrals
in Furusawa’s formula at ramified finite places have been studied in [PS09, Sah09, Pit11] with
assumptions on II,, 7, as well as on (S, A), and applied to extend the results on algebraicity of
critical values of L(s, [Ix ) in [Fur93]. Their assumptions on (S, A) causes the assumption on the
existence of a nonzero so-called fundamental Fourier coefficient (as defined in [Fur93, (0.1)]) for
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a form in IT of a specific level. This existence has been proved in [Sah13,SS13] for scalar-weight
forms of square-free level. Our choice of test sections allows us to bypass this issue.

Notation. We fix an odd prime number p.
We use v to denote a place of Q. We fix the additive character

e—27ri{x}v, v # 00

7/%@ = ®¢’U : Q\A — G:Xv ¢U(m) = { e27ri:n )

, v = 00

where {x}, is the fractional part of .
For an imaginary quadratic field X and a finite place v of Q, we write

Ko :IC®Q Q’Ua OIC,v = Ok ®z Z,.

We will use A, T, = to denote Hecke characters of K*\Ag. We denote by A°, T¢ Z€ their compo-
sitions with the complex conjugation of K£/Q, and write Ag, Tq, Zq to mean their restrictions to
R \Ag, and A,, Y, =, to mean their restrictions to X®Q,. For any algebra R and 3 € Ox ®z R,

denote by 3 the element obtained from 3 by applying the complex conjugation of £/Q to the
first factor.
For a positive integer n, define the algebraic group GSp(2n) over Z as

GSp(2n, R) = {g € GL(2n,R) : Yy [_2 10"] 9=y [_(i 10"} , Vg € RX}

for all Z-algebra R. Given an imaginary quadratic field K, define the algebraic group GU(n,n)
over Z as

n

GU(n,n)(R) = {g € GL(2n,0cx ® R) : g [_(i 1()”] g=1, [_2 10"] , Vg € RX} .
For a Z-algebra R, we put

Her,(Ox @7 R) = {8 € M,(Ox ®7 R) : B= B},  Sym,(R) = {8 € My(R): '8 =8},

and if R is an integral domain, we put

=)
=
S

B12
/811 5

% B2z -

»
SN
S

Sym;,(R) =

‘.\,‘

€ Sym,, (Frac(R)) : B;; € R for all 4, j

For an algebraic group G over Q, we write [G] to denote G(Q)Za(Q)\G(A).
Given a character 0 : Q; — C* or a character © : K — C*, we let

(1.0.2) 0° =1 -0, 0° =1, -O.

K,p

Acknowledgment. I would like to thank Ming-Lun Hsieh for suggesting considering Furusawa’s
automorphic integral for GSp(4) x GL(2), and Bin Xu, Hang Xue for useful discussions. During
the preparation of this paper, the author was partially supported by the NSF grant DMS-
2001527, and by the NSF grant DMS-1440140 while the author was in residence at MSRI during
the spring of 2023 for the program “Algebraic Cycles, L-Values, and Euler Systems”.
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2. FURUSAWA’S FORMULA AND THE DOUBLING METHOD

Let II be an irreducible cuspidal automorphic representation of GSp(4, Aq) and 7 be an irre-
ducible cuspidal automorphic representation of GL(2,Aq). Denote by II, 7 their contragredient
representations. Let y be a finite order character of QX\/Ag. By combining Furusawa’s for-
mula for the degree eight L-functions for GSp(4) x GL(2) [Fur93] and Garrett’s generalization
of the doubling method for Klingen Eisenstein series on unitary groups [Gar89], we express
L(s, I x 7 x X) as an integral involving a form in II, a form in 7 and a Siegel Eisenstein series
on GU(3,3). Then we make some preliminary calculations of the local zeta integrals, which will
be used for proving the interpolation property of the later constructed p-adic L-function.

2.1. The integral representation for L-functions for GSp(4) x GL(2). First, we introduce
some preliminaries: Bessel models for GSp(4), forms on GL(2) and GU(1,1) (mostly following
Section 1 in [Fur93]), and Siegel Eisenstein series on GU(3,3). Then we prove the formula in
Theorem 2.1.1 which we will use for constructing p-adic L-functions.

2.1.1. Bessel models for GSp(4). Take

X
5= |7 2] esm@

2

and put £ = Q(v/—det S). Fix a square root vb? — 4ac € K and put

N b+ vb? — 4ac
g=—.
2c

Let
Ts = {A € GL(2) : "ASA = det A - S} .
We identify it with the subgroup

A
{[ detA-tA_l} :AeTg} C GSp(4),

which we will also denote by Ts. For 3 € K ®q R with R any Q-algebra, let

-1 -1
o 1 1 3 1 1 _ |as 1 3 ag 1
S N | L e R N B I S
Then we have the isomorphism

Resy/q GL(1) —> Ts, 3 [25(3)

g (3)] '

X] with X = X. Put

Denote by U(S;iseg( 1) the unipotent subgroup of GSp(4) consisting of [12 1
2

Sie
Rs = TsUgt -

Given a Hecke character A : K*\AZ — C*, define the character As : R(Ag) — C* as

A ([18(3) %5(3)] [12 ﬁ]) = A(3)ne (Tr SX).
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Suppose that ¢ be a cuspidal automorphic form on GSp(4) with central character equal to
Aq. The global Bessel period for ¢ with respect to (S, A) (and the fixed additive character 1)
is defined to be

Boaw) = [ A5'0)- ¢t} dr
[Rs]
We also define the function Bs s (¢) on GSp(4,Aq) as

BsA(¢)(g) = Bsa(g- @) = . ]Agl(m ~p(rg) dr.

For an irreducible cuspidal automorphic representation II of GSp(4, Aq) with central character
wi = Aq, the subspace of functions on GSp(4,A) spanned by {Bsa(y) : ¢ € II} is called the
space of the global Bessel model of type (S,v,A) for II.

Fix an isomorphism II = ), II,. By [NPv73],
dim Homp (q,) (I, As ) < 1.

Suppose that IT has a nontrivial global Bessel model. Then Hompgq, ) (Ily, As ;) is one-dimensional
for all v. From it, we pick ngxv and denote by Bsnif\v (¢y) the function on GSp(4,Q,) sending

gy to BSHKU (gv - @v). Then there exists nonzero Cs a i € C such that for all ¢ € II with image
&, ¢v under our fixed isomorphism II = ), II,, we have

(2.1.1) Bsa(#)(9) = Csan - [[ Baw, (00)(90)-

2.1.2. Automorphic forms on GL(2) and GU(1,1). We have the isomorphism
(Res,C/Q GL(1)) x GL(2)/{(a,a™! - 15) :a € GL(1)} = GU(1,1)
(a,9) — ag.

Given a modular form f on GL(2) and a Hecke character T : K*\A{ — C* with Tq equal to
the central character of f, we can define the form f* on GU(1,1) as

f(ag) = T(a)f(9), a € Ag, g € GL(2,Ag).

For an irreducible cuspidal automorphic representation 7 of GL(2,Aq) with central character
wr = Tgq, al = { fr.fe 7} is an irreducible cuspidal automorphic representation of GU(1,1).
Given ¢ € Q, we have the global Whittaker period for f € m:

1
(2.1.2) We (f) = /Q\AQf <[ ﬂ) Ypg (—cz) da.
We define the function Wi (f) on GL(2,Aq) as

W0 =Welg n=[ ([' 4]o) - wsel-enas

Fix an isomorphism 7 = @), ,, and for each place v, pick a nonzero Whittaker functional
W e HomUGL(2>(Qv) (Tws Yev)
where Ugr,2) C GL(2) is the standard unipotent subgroup, and 9 ,, is the character of Ugp,(2)(Qy)

x} to ¥y, (cx). For f, € m,, denote by WZv(f,) the function on GL(2, Q,) sending g

sending [1 1
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to W[ (g - fy). The existence and uniqueness of the Whittaker models for the m,’s tell us that
there exists a nonzero C¢ » € C such that for all f € 7 corresponding to @, f» € @, o,

(2.1.3) WalF)(9) = Cor - IV (£)(00).
Let
T . T 1 =« T,
WM =[S (' 1]s) vrat-enra g € GU(L1)(8q).
and
WX (fo)(ag) = Tola) - WE(f)(9), (a,9) € Ky x GL(2,Q,).

Then (2.1.3) gives

(2'1'4> (fT = c:7r HWM’ fv gv)

2.1.3. The Siegel Eisenstein series on GU(3,3). Let Qqu(s,z) C GU(3,3)) be the standard Siegel
parabolic subgroup consisting of elements whose lower-left 2-by-2 blocks are 0. Let = : K*\AZ —
C* be a Hecke character, and I,(s,x, =) be the degenerate principal series on GU(3,3)(Q,)
consisting of smooth functions £, (s, x, =) : GU(3,3)(Q,) — C such that

—_ 2A B —_ -1 SJr% —_
fu(s, X, E) 0 |9 = Z,(det A)x, (det AD 1) det AD 1,2 £,(s, X, Z)(9)

for all g € GU(3,3)(Q,) and E[

unramified, we denote by ff)ph(s, X, Z) the unique section in I, (s, x, Z) invariant under the right
translation by GU(3,3)(Z,) and taking value 1 at 1.
The Siegel Eisenstein series associated to a section £(s, x, Z) inside I(s, x, Z) = Q. I,(s, X, Z),

g} € Qcui3)(Qu). If v is a finite place where x,,Z, are

the restricted tensor product with respect to fiph(s, X, Z), is defined as
E¥(g;£(s, x, 2)) = > £(s, X, 2)(79)-
7€EQcu(3,3)(R\ GU(3,3)(R)
(The sum converges for Re(s) > 0 and has a meromorphic continuation to s € C.)
2.1.4. The integral representation. Let
GSp(4) xarLa) GU(1,1) = {(g,h) € GSp(4) x GU(1,1) : vy = vp}.
We fix an embedding
1 GSp(4) X GL(1) GU(L 1) — GU(3,3)

A B
(2.1.5) A B . |@ b . a b
C D 0 C D
y 0
For a positive integer n, let
n
(2.1.6) (5,2 (0c o Nm)) = [T Lo (25 + . Zx*n )
j=1

with i /q the quadratic character of QX\Aa associated to the extension K/Q.
Theorem 2.1.1. Assume that ZA°YC = triv.
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(i)
/ E%8(4(g,h); £(s,x. E)) - ¢(g) - ¥ (h)E"(det h) dhdg
(2 1 7) [GSp(4)xGrL)GU(1,1)]
= CS,A,H : Cc,fr ) H Zv (fv(sa X E)v BSH;/J\U (9011)7 WgU’TU (fv))
with
Zo (2005, 5),, B, (), WE T (1))
(218) -/ £4(5,0.2) (87 Melns 9.1)) - B4 (00)(0)
o (RE\ GSp(4) X 611 CU(L,1) ) (Qu)

% Wgu,Tv (£2) <[_01 (1)] h> E;l(det h) dhdg,

where Ry C GSp(4) xaray GU(L,1) is the subgroup

[ ][ 20 o o)

and

(ii) Suppose that
- m IL Y, 2, x are all unramified and @, f, are spherical at v,

b
-S= g 02: belongs to Ma(Z,,) with ¢ € Z and b? — dac = disc(K,/Qy).

2
Then

Zy (ff}ph(g, X5 2),, ng\v (p0), ng,Yv (fv))
(2.1.9)

1 _ - 1 -
=d3, <s + 2,:(XONm)> L, (s + 5,1‘[ X T X X> 'BSH:?\U(SOU) wreTo(f,).

Proof. (i) Let Pgu(a,2) C GU(2,2) be the Klingen parabolic subgroup consisting of elements of
the form

r % * *
a uf*_l b ’ r € Res/q GL(1), [‘Z g] € GU(1,1) with similitude v.
c * 0

Its Levi subgroup is isomorphic to (Resx/q GL(1)) x GU(1,1). It follows from the (generalized)
doubling method [Gar89] that, for t € GU(1,1)(Aq) with v(t) = v(g),

/ ESies (z(g, hit); £(s, X, E)) : fT(hlt) Eil(det hit) dh
[U(1,1)]
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equals

EKling (g; (I)f(s,X,E),fT> = Z q)f(s,x,E),fT (’79)7
Y€ Pasp4)(RQ)\ GSp(4,Q)

the Klingen Eisenstein series on GU(2,2) associated to the section

GSp(4 —_ B
Pr(oz) g7 € g (EBAT) @ (x]- [ 0 NmBx - [i 0o v)

Pasp(a)

given as

(2.1.10) Do nm)fr(9) = / £(s, %, ) (S (g, hat)) f¥ (hat) 7 (det hyt) dhy.
U(1,1)(Aq)

Therefore, we have

LHS of (2.1.7) = / EXine (g; <I>f<s,x,s),fr) - (g) dg.

(GSp(4)]
Applying [Fur93, (2.4) Theorem] to the right hand side gives

1

LHS of (2.1.7) = /

X
/ D502, 1| 19| ¥(ex)dr - Bsalp)(g)dg
(Rs\ GSp(4) ) (Aq) JQ\2g

1

1
Plugging in the formula (2.1.10) and using that S~! <[ b "5] , [_lm 1]) S € Qausa), we
1

obtain

LHS of (2.1.7) = / £(5, . Z) (S "4lns 9, 1) - Bsa () (9)
(R&\ GSp(4)x cr(1)GU(1,1)) (Ag)

x /Q . 7 <E J h) W(ex) dz dhdg

f(87 X5 E’) (8_12(773 9, h)

/(Ré\ GSp(4)xar(1)GU(1,1)) (Ag)
1
% B A(¢)(9) - Wel(fT) ([_1 ] h> dhdg

Plugging (2.1.1)(2.1.4) into it proves the factorization (2.1.7).

(ii) When everything is spherical and S satisfies the condition in (ii), it follows from [Fur93,
Theorem on p.105] that

S —

2111 L (54 B 7 )
— (b = ]_ . .
e L T S L (s + L BC(r) % T-T=(x o N))

From the definition of section @ (, \ =) s, it is easy to see that its valuation at 14 is computed
by the local zeta integral of the standard doubling method. The formula in [LRO05, Proposition
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3] gives us

(I)fv(s,x,E),fT (14)

1 —1
(21.12) ~ % (‘”2 E<X0Nm>> Ly (s +1,BC(m) x T™'Z(x o Nm))

1 -1
=ds3, <$+2,E(X0Nm)> Ly(25 + 1,Zqx?) Ly (s + 1, BC(7) x T7'Z(x 0 Nm))
Combining (2.1.11) and (2.1.12) proves (2.1.9). O

2.2. Classical scalar-weight sections for Siegel Eisenstein series and a special case
of archimedean zeta integrals. We assume that x., = are both trivial on Rsy. Suppose
that = has oo-type (f, —7) For an integer ¢ = r mod 2, inside the degenerate principal series

I(s,x,Z), we have the classical section of scalar weight t:

(2.2.1) o) <g B [2‘; g])

3(p_ ,
= oo ()2 g 36T (det g) T det(€i + D) | det (€ + D)2+,

We can explicitly compute the zeta integrals in (2.1.8) for v = oo in the special case where

(85X E) = £L.(5, X, 2), oo 2 Dy and 7o = Dy for some integer ¢ > 3. Here D;y (resp. Dy)

denotes the holomorphic discrete series of GSp(4, R) (resp. of GL(2,R)) of scalar weight ¢ with
trivial central character (resp. central character sgn’).

Proposition 2.2.1. Suppose that oo € Dyt (resp. foo € D) belongs to the Koo -type of scalar
weight —t. Then

Zoo (o5 2), Be iy (00) WP (fic)

:zfsf%f%iftﬂj(ﬂ_c)fsf%Jr%|as _ @S’f2sft .

(s 3t=3 -1
( +F(2 J)r +() =  Be i (900) WP (foo)-

Proof. We have

Zoo (£h0(5, X B), Bt (90) WP () =/ FL (15 93 5. E) - Be i (900) (9) dg
(Rs\ GSp(4))(R)
with
Fl(ns g5 8,%, E) =/ £2.(5,X.B) (8 (s g, hah))
(2.2.2) VLDER)

x WPeEsS (£ ) ({_1 1} h1h> -2 (det hyh) dhy,
where h € GU(1,1)(R) with v, = v,. Let
2 — 0
Ap=| VTGS || €GLE.R)
v —(as—as)?

Then by the Cartan decomposition for GL(2, R), we have

.
GSp(4, [R) = RS([R) _— a1 A E |RX,CL S [Rzl K
)
a
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Since the right translation of Ky, on ¢ (resp. Ff (—;s,%,Z)) is by the scalar weight —t (resp.
t), the integral Z, can be rewritten as
(2.2.3)

Zoo (o522, B (90c) WIS (fc)

_/[RX /100 FQ; (ns {MO[ o] Aal[aﬂ aﬂ ;s,x,E) Btht;v(%o) dMO[aa_l] Aal[afl a]] 385 Xs

x m(a? —a=?)(Adet Ag) 3 d*ad* \.

o)

Bé)irfw(SOOO) A Voo Zc)\ a +a” )) .
ag — aS

(1]

)

By [Fur93, (4.3.4)],

B4 (90) ([[ -
(2.2.4)

We also need a formula for F'_. Any section f..(g;s,x,Z) € Io(s, X, Z) satisfies the property
that for all [‘c‘ g} € GU(1,1)(R),

? * * *
= _1 a * b [
foo(S,Xa‘—') 8 l/fil g, |:b Cl:| h
c * 0

- I — e
::W(x(aa - bC)) XOO(V 1P2:)|V lpﬂgo 2. fOO(S7X7‘:‘) (S 11 (gah))
Plugging this into (2.2.2), we get

t a * b = R t -1
Fo i1 = Zoo (1) Xoo (VT 1T) [V ¥l ? - (5, 2) (87 (14, 1))
. Z‘* , U(L1)(R)

W2 () (|5 5 ) 2ty an,

We know that hy — £ (s, x, E) (S~ '4(14, h1)) is a multiple of the matrix coefficient (hjwy, wY,)
with w; a vector inside the lowest Koo-type of the discrete series of U(1,1)(R) for which
e [ cos 0 5}“9] acts on the lowest Koo-type by €'@e™?. Thus,

—cos 6 sin 6
(2.2.5)
r x *
t a x b = O R = Dy, Bas b a
Foo I/i_l = :'OO(F) XOO(V F;)|V ;F|OO : Ct(S, Xoos *:*OO) : Wq: ’ (foo) D —¢)’
c * 0

with Ci(s, x,E) computed by

Ct<37Xoo;Eoo) = /( Y )féo(‘S?Xa E’) (871Z(147h1)) <h1w t, W_ t> (det hl)dhl
U(1,1

_ / £ (5., 2) (S~Ma(La, b)) (hSw_p, w",) dhy,
SL(2,R)
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where h$ € SL(2, R) such that h1h] " € U(1)(R), and (hiw_¢, wY, ), (RSw_¢,wY,) denote matrix
coefficients for a vector w_; inside the K-type of weight —t in (D;)Y. Combining (2.2.5) with

__ 2 1 —/=1a? 1 v—1a®
10 A a — —(ag—as)? V1+a* V1+at Vita*  V14at
ag 1 a "t a~ L

we see that

0 14-a% vla? _ 1|’
)‘Ao[a ail] -
FL, ([ At [ ]] ;S,x,:> = Xoo(A)

1+a? 1+a?
X Ct(Sanano) ’ Wg_)t(fOO) <_W_l

For WP*(f..), we have the formula

)

Dy (det h)Y/2(—ci + d) "o (c(ai — b)(—ci+d)~t), deth >0
=W (f) { 0, deth < 0.

It follows that

Féo <|:)\AO[ ail] Afl[a—l ]:| ;57Xa5> = Ct(SaXOOano) : cht(foo)

0

€U(2,R)

3
s—l—2

4\
(a2 +a7?)(as — as)?

MWa? + a_2>

(2.2.6)

s+3

4\ 2 )\t/Qi—t(QZ + a—2)t/2 Yo (i@)\(a2 +a_2))

(a®> +a=?)(as — as)?
Plugging this and (2.2.4) into (2.2.3) gives us
(2.2.7)

Zoo (5, 2), Byl (900) WP (£20) )
D, s = |—2s8—
- Ct S 3 Xoo) HOO) ’ BS trtlv(gooo) WDt(f ) —f2? +t’a5 OZS‘ 25t

><7r/ / )\S“L*_* (a® +a=2)75F @D (zc)\(a +a” )) (a —a™3) dad\

X ]I[R>0 ()‘)

Dt D, —to2s+t —s— 343 e D (s 750
= Ci(5, Xoos Boo) - BEY (000) WP (foo) - 17122 (20) =¥ +3 g — | 20702 ),
2s+t—1
The factor Ci(s, Xoos Ecc) can be computed easily as follows. For h§ = [CCL Z} € SL(2,R),

£0(5, %, E) (ST 11y, h9)) (WQw—y,wY,) dhy
=(a+d+ (c—b)i)la+d+ (c—Db)i| > (a+d—(c—b)i)”"
— |CL + d+ (C . b)i|_2s_3_t,

which are invariant under the left and right translations by SO(2,R). Applying the Cartan
decomposition for SL(2,R), we have

o0
C1(8, Xoor Boo) = 7r/ (x 4+ )23 (22 — 27 %)z e
1

=272 (25 1+ ¢)7!

(2.2.8)
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Combining (2.2.7) and (2.2.8) proves the proposition. O

2.3. Big-cell sections for Siegel Eisenstein series. For our purpose of constructing p-adic
L-functions, at the place p and finite places where the conditions in (ii) of Theorem 2.1.1 are
not satisfied, we use the big-cell sections as the test sections for Siegel Eisenstein series.

Given a Schwartz function ®, on Her3(K,), we define the big-cell section fl;igfeu(& X,Z) €

£05M (s, x, E) (9 = [Q@[ g])

== (det(ygt@_l) X (det(ugt@_1€_1)> ‘det(ygt@_lei_l)

I,(s,x,Z) as

(2.3.1)

3
s+2

P, (c71D).

v

From its definition, it is easy to see that the section fzigfen(s,x,E) is supported on the big

-1
Bruhat cell QGU(3,3)(QU) {13 3] QGU(3,3)(Qv)~

In the next three subsections, we compute local zeta integrals for big-cell sections associated
to certain Schwartz functions ®, of the form

w1l W21 1031
_ w11
D, | 21w W32 | =Pyt sym | ooy +ivo;
w 2
(2_3_2) w31 1032 33

W21 +1091
2

) Dy 2(w33)

w22

_ 1
o1 — o as 1 w31 W3
X (I)U,Lalt — (I)v,() _ 1 — — R
ag — Qg ag 031 1032

with @, 1 sym @ Schwartz function on Symy(Qy), Py 141, Pv2 Schwartz functions on Q;, and
P, 0 a Schwartz function on M 2(Q,).

2.4. Local zeta integrals for big-cell sections I. Given an integer m > 1, we define the
following level groups:

KGSp(Zl),v(w;n) = {g S GSp(47 Zv) :g=14 mod w:}n}’
1% % *

(2.4.1) Késp@)’v(w;”) = {g € GSp(4,Z,) : g = [ 1 :] mod w;”},

Kespyo(@y) = {9 € GSp(4,2,) : g = [ 4,] mod w}'},
and for G = GL(2) or GU(1,1),
Kgy(wy') ={9€G(Zy): g=13 mod wy,'},
Kgo(@y) ={g€G(Zy):g=["]] modw]'}.
We define a Schwartz function ®, with

* =% %

(2.4.2)

(2 4 3) (pv,l,sym - ]lSme(ZU)a (I)v,l,alt = ]l4q:2w12}mlv7
A —1
(I)U,O = ]lKGL(Q),U(w;’,")v (I)v72 =F ]lfc(l%»w;’)”Zv)'

The big-cell sections associated to this type of ®, will be used at finite places other than p where
the input for the local zeta integrals has ramification.

Proposition 2.4.1. Suppose that S € Sym5(Z,), and take an integer m > 1 such that Bg’j\v(cpv)
(resp. WL (fv)) is fized by Késp(4)v(wm) (resp. KéL(Q)U(wm)) and Xy, Equ are trivial on
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1+ w'Z,. Let ®, be the Schwartz function on Hers(KC,) given in (2.4.3). Then

big-cell — v T, Lo
Zv(fv?évce (87X7:)7Bg,AU(§0U)7W@ r (fv))

l4c?w!™|, - 1,
= . B v - D o ).
(1 = [@ul$) (1 — [@u]2)? S5Av \ 11, eo | W (o)

Proof. Write

_|A B h—|® b
9= 1c bp|° e o’
and let
A B _
|:Q: ©:| S ll(ﬁsgah)
Then
1 —ag as 1 —as os
¢= 1 ¢ _[1}l , D= 1 b _[1
1| [-]as 1]A ¢ 1| |-[as 1] B 0
Put
d=c—a-c'TrSAC, ¥ =0—b-c!TrS4AC .
Then
det € = ¢’ det C,
and

. C_1D+c’_1augC_1 [OZS@S Oés] to-1 -1 [048] E/—lyh
¢ 1D = os 1 1

¢ty las 1)'C! 1
By the definition of the big-cell sections in (2.3.1),
fzfgfeu(s, =) (Silz(nsg, h)) - ;' (det h)

=, (v*¢(det C) ' (det h)™!) xo (VP (det C)72) [T (det C) |s+%

v
C—ID + Vcl—lac—l [azo_@ 658:| tC—l C—l |:d3:| I/E/_l
)

x @, 1 1
v/ tag 1]'C! 1.
Let
T =s(d)"'C, t=vd 1
and
W =C"'D, w =1, u=vda.
Then

v —lac—1 |¥8OS As| -1, vp |¥SOS Qs T
as 1 as 1

Clil ag 1 ty—1 ag 1
”[ E’l] [ag 1} = lae 1| T
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and

£05< (5, %, ) (S (09, b)) - =7 (det h)

3
=3, (E’ det T) Xo (t(det T)2) }t(det T)Q{f;r2
= as+as
X Dy oy (W tu-'T [Sfii i } T) Byt (Wdet T) - By (T) - By 5(w).
2

Also, we have

1, AC™! —v'Cc1 [1o, C~'D
1, C 1o

I sl e T ]

9

1 ¢ o] _[1 —e'TSACT| [ @
-1 e 1 —a —b

1 —eTtTrSACT) [1 v [ 1+vtad -~ (92 v tad
T 1 1 vl —v1¢a 1—vtad -
_ 1 —c'TrSAC— 1] | [1 14 vw w

B I 1 ¢ t —u 1—uww

1 —e ' TrSACT + T w ’ 1 1+uw  ww?

B 1 t —u 1—wwl|’

Using W, w,u,T,t as the coordinates, we have

1 — |wyle
(1- |wv’§)(1 + ‘wv‘v)

x/ ydetT\;3|t|§/ oo dWdwdu d*T d*t,
GL2(QU)XQ1>;< Symg(Qu) XQu X Qy

/(PJS\ GSP(4)XGL(1)GU(171)) (Qu)

and

B (o) e (1) (| 1) =A@ ter o)

ngfAv(w)([tvf—l _T] [12 KD

([ J[57)
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It follows that
big-cell = v vy v
2o (225 (5,0, 2), BEY (90), W T (1)

1 — |wylw

(A= =)+ (@)

/ et TI; 32 - Z, (det T) xo (H(det T)2) |t(det TY?|H3
GL(2,Qu) x Q5

asas as+as
X / q)v,l,sym (W +u - T {Oés-‘ras i :| T) . (I)v,l,alt (u det T) . (I)w() (T)
Sme(Qv)XQv X Qu 2

X @y (w) Py (et w) - ng\u(%) <{t”f‘1 _T] [12 K])

2
x W (f) ([1 t] [H“w e D AW dw du d*T d*t.

—u 1 —uw
The conditions on ¢y, fu, 2,0, Xo and choice of ®,, in (2.4.3) implies that

%@%ﬁ@maﬁ&&mww“mﬁ

~ @l L,
- - |4 m. 1 (K, m
(1 — ‘wv|4 ( + ’ U‘ ) | C wv "L} VO ( GL(Q),’U(wU ))

<[ Buaw) (et ) B (v) <t,12 _12) WE (1) (1 t) dw d*t

Q;
|4c? 8™, |

_ . v 1L, *]—2 . T
u—mmm—mmm+mm>1+mn%M<b ]@QW%%>

2.5. The U,-operators. Given integers m; > mg > 0 (resp. m3 > 0), we define the U,-

operator UET%I;(;L,)Q (resp Ufmg )) on as

Uffnli(’%% = / action by u v o du,
(2.5.1) Vasp (&) wyme

GL(2) . @, d
Upms = action by u o—ma | du-
UaL(2)(zv)
It is easy to see that

UGSp(4) (UGSI(J)(4))’"1_’”2 <U31SE(4)>M2’ UGLE@) _ (folL@))m“‘

v,mi,ma ’U71,
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In the following, given ¢, € Il,, f, € m,, we consider ¢, m; my, fv,m,; defined as

mi

Wy

1
<70’L),Tnl,7n2 — HU |:12 2:|

([, 7 i)

A simple computation gives the following proposition.

(2.5.2)

Proposition 2.5.1. Suppose that ¢, € I, (resp. f, € m,) is an eigenvector for Uslsg(zl)

with eigenvalue A\, (vy) (resp. eigenvector for UE’lL@) with eigenvalue A\, (fy,)). If the test section
(s, X, B) € Lu(s, X, B) is invariant under the right translation by 1 (Kgsp(a),0(@h") X Kgr@)o(@")),
then for all my > mo > 2, mg > % and n > 0,

Zy (fv(37 X, 5), BSHJ\U (Pv,m1+n,matn); WgU’TU (fv,m3+n)>
— (Av(@v))\v(fv))n : Zv (fv(saX?E)78gf1’\v(gpv,m17m2)’ ngTU (fv,mg)) :

2.6. Local zeta integrals for big-cell sections II. In this and next subsections, we compute
the local zeta integrals in the special case where the test vectors in II, and m, are of the form
in (2.5.2) with ¢, and f, eigenvectors for U,-operators with nonzero eigenvalues. This case will
be used for the place p in the construction of p-adic L-functions.

Proposition 2.6.1. With ¢,, fy, A\(©y), A\o(fu) as in Proposition 2.5.1, and the Schwartz
function ®,, of the form in (2.3.2), we have
(2.6.1)

big-cell - v vydwv
Zo (275" (5,3 2), B (P ma) WET (fumy))

sl g1 4.5
=C- lim ()\U(gpv))\v(fv))_n/x/GL(zQ )/ \detT|U+2]V]U 27|y 2xo (vrdetT)E, (det T)

n—oo

=T
X @y 1 a1 (V) Puo (T) - u(—er) - Bgfku (Pv,m1+n,matn) (rlyl trpad; >

v—1det T>

X ng(fv,ngrn) <_ -1 dr dXTdXI/,

r

where

1 — |wyle
(1 = |wol3) (1 + [@plo)

- / Byt sgm (W) AWV | Bys (w) duo,
Sym2(Q’U)

and the superscript 3 stands for the adjugate matriz, i.e. for X = [

Taz  —T12
—ro1 x|
Proof. 1t suffices to show (2.6.1) for Re(s) > 0. We fix a sufficiently large integer e such that
(1) @, issupported on Hers(w, *Ox ,) and is invariant under the translation by Hers(w{Ox ,),

. . . 1 e . . . 1 e
(2) ©v,mi,ms is invariant under KGSp(4)7v(wv) and fy m, is invariant under KGL(Q)W(W”).
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Write
(2.6.2) g = [é g] € GSp(4,Q,), h= [i‘ g] € GU(L, 1)(Qy).

Given n > 0, we partition (GSp(4) x¢r,) GU(1,1)) (Q,) as
(GSp(4) xara) GU(1,1)) (Qu) = Ui U Uy U Usy,
with U, defined as: Given (g,h) € (GSp(4) xar1) GU(1,1)) (Qu),

(g7 h) € Z/{l,n <~ CilD S Sym2(w;2n+ezv)7 Clilb c w;2n+ezv
(97 h) € u27n — CilD S Sym2(w;2n+ezv)7 Clilb ¢ w72n+ezv
(9:h) € Uz <= C'D ¢ Symy(w, " +Z,).

Let
Lin = / £ (5:05) (87108 9,0)) - BER, (Pmysnmain) (9)
(2.6.3) (@t
W i) ([ ] 1) 20 et and,
Then

Ly (fv(57 X E), Bg}\v (@v,m1+n,m2+n)a WgU’TU (fv,m;g-i—n)) = Il,n + IQ,n + I37n'
By Proposition 2.5.1, (2.6.1) will follow if we can show

lim (Ay(90)Ao(fo)) I1, = RHS of (2.6.1),

nh—>n(;10 (AU(SOU))\U(fv))_nIZn = nh—{%o ()\U(QOU))\U(fv))_nIZ%,n =0.

Bounding I3 ,.

Without loss of generality, we assume that x,, =, and the central characters of 11, and 7, are
unitary, and @, is the characteristic function of certain compact open subset of Hers(/C,).
With g, h as in (2.6.2) and writing

S7h(ns g.h) = [Qé g]
we have
e e 3 e e R
1 |—[es 1]A ¢ 1| [~ [es 1] B 0
Let
(2.6.4) r=ca ' —c 'TrSACT.
Then

det & =det C - ra,
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and
C1D 410 Fs] [as 1] (AC~'D — B) ! [5‘3} r1(ca~1b — 0)
¢l = 1 1 i
o'r1[as 1] (AC-1B D) alr1(~ [as 1] AC~! {‘ﬂ b+9)

C™D 4 1y, C ! ["‘zgg O‘S] ‘c-1 ¢! {Oﬂ rialy,

a trlyy [as 1]'C? a b +r~ta~ta 1y,

Plugging these into (2.3.1), writing

A B 1, AC7'1[0 —v'C7'1[1, C7'D
9=1lc D 0 1, ||Cc 0 0 1y |’
0 1], _[1 —ca ][0 wva ']l alb
-1 0| |0 1 —a 0 o 1 [’

and putting

(2.6.6) W=C"'D, w=alb,

we get
b = T Jancnaomces Je o
3,?’!_ 4
(1 = feufs) (L + [@olo) \(@L2.0) %K) JQx o, Ja, x(symy (@) —symy (@i 2oz,

x |3 r 2a ta  (det O)~ 2|SJrz Xv( “2a7ta(det O)~ )uu (V r~ta ' (det C)~ )

el il et el P
ag 1

(2.6.5)

(2.6.7) x @,
a~lr~t]as 1] Z/tC”1 w+r~tala 1y

0 —v'C 1 [1, W
X ’l/]v(_@r) . Bgf}\v (@v,m1+n,m2+n) (|:C 0 :| |:O2 12:|)

—_1
XW§7”T“(fv,m3+n)<[_()a V% } Ll) w}) | det C|3|adl,|v|, * dw dW dr d*vd*C d*a,

where T4 = {(15(3),3) : 5 € Resg/q GL(1)} € GL(2) X gp,1)Resk/q GL(1). It follows from [Sugs5,
Lemma 2-4] that

(2.6.8) GL(2,Qu) x K = zzlfl,% Ts(Qp) <[wi 1] GL(2,7,) x ICUX) :

where 1, is a non-negative integer defined in equation (2-3) in loc.cit. (For our purpose of
bounding Is, I3, we do not need to know the exact value of p,.) Thus, we can write

! X
t—1 @, S 3K 1= —pw, ho € GL(2,Z,),
vC _15(3)[ 1:|h07 a=3r v -, TGQ UGIC

Also, it is not difficult to see (cf. [Fur93, Lemma 3.5.3] that there exists a constant By > 0 such
that, for any U C K,

vl (renz@) (|7 ] ere.z) «v)) < il o),
Write

tp —1 -1 w1 w2
hg Why ™ = LU? w4] , w1, Wa, wq € Q.
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Then from (2.6.7), we get
(2.6.9)

s+1 —s4+1
La< S B / / / / / 25 oo
‘ | Z GL(QZ ) ’CX X . v 3 (m,g +EZ )3 Qo T v

1> — iy
g, | Wi +r v lw?l asas we +r v iwl % 5
O lwy + r‘ly—lwl . 70‘5"’0‘5 wy + 171 0

1
X Dy 1 alt (T_lV_lwi(det ho)) - ®u0 <[€£S ﬂ {w v@sY U} o) - @y o(w + TVYD)

as whash
_wé 1 w1 w9
-1 1 wy wa| [Re O
X %(—07‘) : ng\v (@U,m1+n7m2+") voo ! ].2 ! |: 0 th01:|
v
v 1

X AWE T (fo,mg+n) (|:_,r—qn—1 TSU} [(1) Qﬂ)‘ dw dwy dwy dwy dr d*vd*yd* hg

Let

By = ord, () + max {—ordv(ag), —ordy(ag), —ord, (asas), —ord“%), O} .

Since hg € GL(2,Z,), the nonvanishing of ®,, ; ¢ and ®, in (2.6.9) implies
(2.6.10) rvlwl € w7, y € w, POL,,
which, together with the nonvanishing of ®,, 1 gym, implies

(2.6.11) wi, wy € w, <527,

The nonvanishing of ®, 1 sym also implies

(2.6.12) r Tl € —wy + w2,

For n > 0, (2.6.11) plus W ¢ Sym(w, 2**¢Z,) implies that

(2.6.13) wy & w, "7,

It follows from (2.6.10)(2.6.12)(2.6.13) that rvyh € w2 °w, 2¢~2P27,,. Combining this with the
nonvanishing of ®, 2, we get

(2.6.14) w € w,Z,.
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Thus, when n > 0 and the product of the Schwartz functions in (2.6.9) does not vanish, the
second condition in our choice of e implies

(2.6.15)
—w, 1 w1 w2
v -1 1 wo W4y h() 0
BSH,AU (Yv,m1+n,ma+n) Vw;l 1 [ 0 thol}
v 1
I —w! 1
—1 1 —r~tw= [hy 0
= Bgf}\v (‘:01)7”11 +n,m2+n) va—l 1 |: 0 th01:|
v 1
1 w! —1
1 T Ty -1 hp O
= BSH:;\v (@v,m1+n,m2+n) 1 I/w;l 1 |: 0 th01:|
1 r1 -1
whtn -1
rvw, " -1 hg O
= %(@T) ’ BSH,ZXU (‘Pv,m1,m2) ! va—l—n 1 [ 0 thEI]
T_lwg -1
and
(2.6.16)
0 rvn| |1 w wrTrl
WgU,TU (fv’m3+n) <|:_T_1r)_1 0 :| |:O 1:|> = ngvT’U (fl),mg) ( v U _w;n,r_—lt)—1> .

We can take B3 > 0 (depending on ¢,, f, and my, mg, ms, e) such that for all go € GSp(4, Z,),
(2.6.17)
Bgf/)\v (@ﬂ,ml,mz) (

—1
ual

-1

Va2

a -1,2|—-Bs|,,—1,2|—-B -1.2 —1,2 —e—val,(c)
! az ‘| §B3|V a1|v 3|l/ a2|u 5 v ay, vV ap € Wy v Zva
go
=0, otherwise,

< Byv'adl, %5, vlaa e w @)z,
WE (fuma)
c v,ms Va—l

=0, otherwise.
In order for (2.6.15) to be nonvanishing,

7"21/ e w2n—e—valv (c) Z,,

which, together with (2.6.10), gives

(2.6.18) 1 c an—Ql—Se—valv(c)‘

(2
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Now plug (2.6.15) and (2.6.16) into (2.6.9), integrate over w, w1, ws,wy, apply the bound
(2.6.17) and the conditions (2.6.10) (2.6.18). We get

+3, -5+
sl < Bufo[ 27252 ) /,C / / [ 525l 2 2 ey (o)

1>—p Nz,

X ]IWQH*QZ*SE*V?LI’U(“?)Z (V ).B3|w12}l+2n 1|U B3|w 2n 2 | B3 - By ’w2nr2m)m B3 dXt),
v v

—e— BQO

_ 2 —4e—2B S+ 33
— BiB}|, |, 2 / ey
K¥nw, " 720k,
1
—1+2ls—2lB3 —s+5—Bs —1-4B;3
X Y |ml; > V] Irl, :
1>—py valy, (1) <2l—2n+3e+valy (c) valy, (r)<l+e—val, (V)

When n > 0, Re(s) > 0, a direct computation (using ). 2" < 2z% foralla € Z, 0 < 2 < 1)
n>a

gives that

2n—5e—2By—valy(e) ) s—n(3+6B3)+B
‘In73| < 1GBlB§,|wv|S n—>be >—va. (a:))s n(3+6B3)+ 4’

where B, is a constant depending on e, ¢, i, B2, B3, independent of n, s. It follows that, when
Re(s) >0, lim ()\U(SOU))\U(fv))inI&n =0.

n—oo
Bounding 15 ,.

Like bounding I3,, we can assume that x,,=, and the central characters of II, and =, are
unitary, and @, is the characteristic function of certain compact open subset of Hers(/C,).
Now (g,h) € Uz,. Write g as in (2.6.5), and

Sl S e b

Then
. - i | I T
WIS (o) (B) = o (~ Db 1>'W@“’T”<fvvm3>([ g Lﬂv‘z”b‘la 1])

—w, b

Because C~'D € Sym,(w, ?™*¢Z,), by the third condition in our choice of e, we have

B w01 -1
Bgf}u (@U,m1+n,m2+n>(g) - ¢U<TrSAC 1) ’ Bsnj\v ((Pv,m1,m2) <|: ) ’wan:| [12 2:|> .

Because b~la € w?t1=¢7Z,, for sufficiently large n, we have

ig- - _ ig- - _ 0 b
2619) €0 D) (5 e 0u1) = 55 (S Mt | g 3])-

Put

r=0b"t —¢c 'TrSAC, w = w, b aq, W = C™'D € Symy(w, >""Z,).
With [%,:l g} =S <17gg, [_V ]) we have
1 —ag 1 —ag as
= ! [—[vaA b ] =1 7 _[l]b
1 ° 1] [=[as 1B
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% —¢! [5‘5} b
det€ = —b~ v det C, ¢ lp = 1
—b [Oég 1] tc-1 v~ lobr
Then
I — 1— |wyle
2T (1= (w0 + @)
></ / / \Vbﬁ(det0)72|f;+%
TE(Qu)\(GL(2,Qu)xKJ) JQ¥F Jwy T Zy xSymy (w—2mtez,) JQ,
. i W —o [0‘5] b
X 2, (—vb(det C) 1) x, (vbb(det C)2) - @, 1
—b [as 1} tc-1 v1pbr
w'Ct -1
X hy(—er) - Bey (Pomyma) ({ wv"C] [12 2})
S —w; bt 1 0 3ILE —4 XX v X
W (fymg) (|77 \ et CI20bl, vl dr dW duw d* v d*Cde.
’ —wpb| |lw 1
Writing

I B
V'O =s(3) [w” 1] ho, vb !t =3yt 1> —pw, ho € GL(2,2,), 3,9 € K},

noticing that ®,, is nonzero only if W € Sym,(w, “Z),), and using (2.6.8), we have

_ _ +§ _ +§
Bal< Y Bl [ JREET
KX xQF Joog 17, xSymy(wy °7,) JQy

1>—po
X Ev(_wi‘)) Xv(wgl’/_ll)ﬁ) : (I)v,l,sym(W) : q)v,l,alt(o)

-1
X By ([gs ﬂ [wiasn U} ho) iy (—er) - Dy 2 (vyir)

s whash §
wé‘”‘
wy —h
X ng\v (¢v,my,ma) oo ln [thol 0]
v, "
[ ——n,—1
% ng’r'”(fv,mg) < @y Y —w”m)] [(1) i}}) dr dW dw d*v d*y.

By our assumption that @, is a characteristic function and the second condition in our choice
of e,

Uy(—er) - @y o(vyir) dr| < Lg-ez, (ev 7 197Y) lew??|, L.

.
The nonvanishing of ®, ¢ in the above integral implies that

—e—B
) ewve 2(,)IC,vy

and the nonvanishing of W{ oY _term plus w = w, "b~la € @l =¢Z, and the second condition
in our choice of e implies that

—2n, -1, —-1z-1

w, vy € w07,
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Hence,

‘IQ,n’ < Bl‘c‘gl Z ’wv‘gls_l_E)E /ICX Q /EHZ ]IWJE*BQZU(U>']IW3”*362 (V_lg_lﬁ_l)
lZO*Hv v XKy Wy v
l+n

1247

. —w, "yt 1 0
X ch’Tv(fv,mg) <[ ! —wﬁl/ﬁ} |:w 1])' dwdyd v

There exists Bs > 0 such that the bound for BSHKU in (2.6.17) holds and for all go € GSp(4, Z,)
and w € w, 17,

— — — — Ly (c
- “as < Bslvta?|; B lvta3| P, vla? vldd € w, *©z,,
Bg'y, (v,mims) vay'! 9o
V(lzl

ot —ho
< A= 1001sE  [BE (o oa) . P

S,A,

=0, otherwise,
a 0 1 < Bslvlaal; B, vlaa e w7,
(| )
=0, otherwise.
Then, with n > 0, Re(s) > 0,
+5 11—
Lonl < Blely moly T S0 / / o, [ R sy 7 )

1>—py

> B3 ‘w2l+2ny ‘_B3’w12)nl/_1’;B3 'BS ‘wv—2ny—1m—3—l‘;B3 dXUXm/

—BlBgyd 1’wv‘ 2nB3—6e+1 Z | 2ls 1-21B3
v
1>—py
S(s+24B),,)—s+3+3B ) —lp—1g5—1y gxX g JX
X[w /icimw;e By D\UU\ PTOTTTRT L sy (V0T ) d Ty d

A direct computation (using > 2" < 227 for all a € Z, 0 < < 1) shows that

n>a
|12,n| < 16|C|;1BlB§’wv|$}2n—7e—2,uv—4Bg)s—5n—8nt+B4’

with By a constant depending on e,c, iy, B2, Bs, independent of n,s. It follows that, when
Re(s) > 0, nh_)rgo ()\U(cpv))\v(fv))fnb’n =0.

Rewriting Iy .

With g, h as in (2.6.5) and r, W, w as in (2.6.4)(2.6.6), by our choice of e, when (g, h) € Uj »,

©o.mi+nmatn (T€SP. fums4n) is invariant under the action of {102 I{V] (resp. [(1) lﬂ) The
2
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computation leading to (2.6.7) gives

1-— a1 1
L= Il / / / | det O 2 |adly " 2 [u 25t 2 252
(1 = |wol5) (1 + [@olv) Jrz@u\(@LEen)xk) Jor Ja.,

o (Pt 4t 0)) =, (e a0
X ©y 1 a1 (7 w(det )71 @, (rhis(a) VIO

_Jto-1 .
g ¢U( ) gA (¢v7m1+n7m2+n) <|:g' VtOC :|> 'ngrv(fv,mg-i-n) <[_Oa VC:) :|>

~ astas
X / (I)v,l,sym (W + T_IVC_I |:2;S+O;SS i :| tC’_1> dw
Symy (wy, 2" TZ,) 2

2

x/ Pyo (w+rtata ) dw drd*vd*C d*a.
—2n+eZU

When n > 0,
~ as+as
/ q)v,l,sym <W + 7“_17/0_1 [SSSJFO;?S 2 :| tC_1> aw
Sme(wv 2n+eZ ) —= 1
_ _ o a m _
]lsymz( o 2ntez,) (T ot [Oésg‘*‘oi % }tc 1>/ Dy, 1,5ym (W) dW,
2 Sme(Qv)

and

/ nteg ‘1>v,2 (’w + T‘_la—la—ly) dw = ]]_w;2n+ezv (r 1a—1a—1y) /v (I)v,2 (U)) dw,

so we have
(2.6.20)

Iln:C' 25—3

| det |22 |adly " 2 |2 2|

o

Té(Qv)\(GL(Q Qu)xK3) / Qu
x xo (VPr7?ata (et C)7?) - 2, (v*rta T (det O) )
X (I)'U,l,alt (7"7 y(det C)i ) ‘I)uo (’I" Zg(a)illjtcfl)

—viC1 - va~!
X wv( ) SA (‘Pv,m1+n,mz+n> (C ) 'Wq:vx'l’(fv,m3+n) (a )

X Lgym, (wy2ntez,) (T‘va‘l [fffi as—fms] tO*) I -20tey (rta™'a"'v) drd*vd*Cd*a,
with
1—|w
‘- |wv|3>|<1v+|f ele) /sym2<Q  Botam (W) AW | @us (w) du.
Let
T =15 (a) ' v'C7Y, V' = —vata !
Then
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We can replace fT, @\ (GL(2,Q0) XK )fQ - d*vd*C d*aby fQ fGL < d*Td*V, and (2.6.20)
becomes
Li,,=C- / / / ydet:r\gs|y|‘s+2| 02 3 (VT H(det T)2r2) B, (r det T)
GL(2 QU v
X @y 1 (VT det T) - @40 (r'T)

_T - /
X 1hy(—cr) 'Bsn,qj\v(‘pm1+n,m2+n) (V/ tp—1 > 'ch(fv,m3+n) (_1 V)

« 1 —1 / 1tT asas 04542*045 T 1 -1/ d dXTdX /
Sym2( 2n+eZ ) O‘SgaS 1 . w;2n+ezv (7‘ V) T .

Apply change of variables 77 = 1T, v = v/~r~1det T. We get

L,=C / / | det T’]v+2\ i : |rly 2 Xv (V'rdetT') 2, (det T")
o JGL(2,Qu) / Qo

_T/
X (I)v,l,alt (V”) ‘I>v,0 (T/) : 1/)1,(—(1:7“) : Bgfj\v (‘Pv,m1+n,m2+n) (le//l tr,ad] )

V'L det T’
,

X ng(fv,ngrn) (_ —1

as+as

X g, (w07, (V”(det )t [S%Oéi 2 ]T’) A niey, (V"N det T') drdT’ d¥0".

Let

15t ms—5) 57 " N = '
I,=C- |det T, 2 [y 2|rlo 2xo (V'TdetT") B, (det T")
GL(2,Quv) Y Qo

iT/
X (I)v,l,alt (V”) (I)'U,O (T/) ’ ¢v(_®r) ' ngxv (‘Pv,m1+n,m2+n) <T'_11/”_1 tT/,adj >

V"L det T’)

X W (foms+n) ( -1 dr dT" d*v"

r

When @, 1 1 (V) ®y0 (T7) # 0, the product of the two characteristic functions in the last row
of the above integral for Iy , is nonzero only if

V" (det T')*1 ¢ ntdetBay or V' et T ¢ w;Z”JreZU,
which implies
det T/ c wgn—4e—B2+lzv or V// c wgn—?)e-i-l‘

Hence, when Re(s) is sufficiently large, |11, — I7 ,| = O (|=y[*) as n — oo. We obtain

lm (A (po) Ao (fo)) Tin = lim (Algw)Ao(fo)) 17, = RHS of (2.6.1).

n—oo

0

2.7. Local zeta integrals for big-cell sections III. Denote by Qggp(4) the standard Siegel

tyadj
o ﬂ with D € GL(2), § € GL(1) and

BD~! € Sym,, and denote by Bar,(2) the standard Borel subgroup of GL(2) consisting of upper

parabolic subgroup of GSp(4) consisting of [
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triangular matrices. Next, we apply Proposition 2.6.1 to the special case:
GSp(4)
Qasp(4)
GL(2)
GL(2)
and obtain a formula which will be used to compute the local zeta integrals at p for our p-adic

interpolation. Here oy, is an irreducible admissible representation of GL(2, Qy), M1, 3, Mo, 15 e 2

. GSp(4
are continuous characters of Q;, and IndQGI;i(i) O, X M, 3 (resp. Ind BG(<Z Ny 1 XN, 2) denotes

the (normalized) induced representation of GSp(4, Q,) (resp. GL(2,Q,)) associated to

IT, = a subquotient of Ind O, X M, 3

T, = a subquotient of Ind Ny 1 XN, 2,

§'D* B b
@7.1) P B @) o) o b @)
Gi . GSp(4)
iven w, € oy, we define dagp(4),v(—;wy) € IndQGSp<4> O, X M, 5 88
(2.7.2)

A B _ _ _
e (8= @0 | i) = Tsum@€ D) (et €)1 oy et C) i, (Cus

and let V(w,) C Indgzz(g) o, X 0,3 be the subrepresentation generated by dgsp(a),w(—;wy).
When oy, is isomorphic to a quotient of Ind Bc;i(i) My 22N, .1, we define d)GL » € Ind Bci(i) N, 2X
N1 AS

b _ _ _
273 oo (h= |0 1) =120 D @ sty et 1)

It is easy to see that the above defined ¢Gsp(4)7v(—;wv) is an eigenvector for UUG Sﬂ(n) for all

m > 0 (defined in (2.5.1)) with eigenvalue
(2.7.4) (Wi, (@) s (@) |u3) ™

and when w, is the projection of ¢qr,(2),v, the corresponding ¢agp(a),(—;wy) is an eigenvector

for UE’ fnpl(ﬁQ for all m>mg > 0 with eigenvalue

(11,2 (@), a0 [2) ™ (011, 2 (@), ) ™

GSp(4)
Qasp(4)

On, X 1, s having a

Proposition 2.7.1. Suppose that 11, is isomorphic to a quotient of V(w,) C Ind

GSp(4)
Qasp(4)

Ty
Nm,.s With oy infinite dimensional, and is the only subquotient of Ind

nonzero (S, A,)-Bessel functional.

(i) If py € 1L, is the projection of pasp(a)n(—;wy) € V(wy), then there exists a linear functional
Igf}\“v € Homyy q,) (0, Ay) such that for all A € GL(2,Qy,),

A _ 0
B&g%( 5%@)=mﬁ@wmﬂmwmmumamlﬁﬂm 2% (ou(AYwn).

(ii) In addition to the assumptions in (i), if we further assume that A, is unitary, oy, is

unitarizable and isomorphic to a quotient of Ind GL(2) Nu,.2 XN, 1 and w, is the projection
BGL(Q) U v
of paL(2),v; then when my > mg > 0,
wy'l
— —-m _ —m 11, o2
(2.75) (M1 (@), sl @ol2) T (M2 (@) sl@olo) - Bgy, (00) 2 .
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is independent of mi, mo, and this number is nonzero unless v = vb splits in K = Q(v/— det S),
1/2 —-1/2
Ay = Ag and Ty, = An| : ’v/ y Ny ,2 = AB| : |v / .

Proof. (i) First, we show that our assumptions imply
(2.7.6) Homrpy (o, , Ay) # 0.

By [Wal85, Lemma 8] and [Tun83, Propositions 1.6,1.7], Hompy (op,,Ay) = 0 implies that v
does not split in K, g, = St ® 1, o det and A, = 7, o Nm for some character 7, of Q) or o,
is supercuspidal. By checking the table in [RS16, Theorem 6.2.2], when this happens, (under
our assumptions, IT, can only be I1a,IVa,Va,VIa, X XIa), II, does not have nonzero (S, A)-Bessel
functional.

For every ¢, € Tnd&SPM)

Qasp(4)

such that the function
g / S (g [12 ﬂ) 4y (TrSX) dX
QO 2

is supported on Qggp(4)(Qw) [12 —12 Qasp(4)(Qy) [Liul6, Lemma 3.2]. It follows that there

om, X Nm,.s, there exists an open compact subgroup 2 C Sym,(Q,)

v

exists an open compact subgroup €' C Sym,(Q,) such that for all open compact subgroups
containing €/,

b —12) Ly (TrSX)dX = [ ¢ 1) (TrSX) dX
Q Y 12 X v Q v 12 X v ’

We denote the stable value by
/St _12
s ( > <y (TrSX) dX.
symy(@) A2 X

Take nonzero Ig}}\”v € Hompy (oq,, Ay). Then

on st _12
(2.7.7) o — I ( /S b (12 b > - y(TYSX) dX)

ymy (Qu)

gives a nonzero element in Homp,(q,) (V (we,), Ay). Since we assume that any subquotient of
V(wg,) other than II, has no nonzero (S, A,)-Bessel functional, (2.7.7) factors through II, and
gives a nonzero Bessel functional in Hompq,) (Ily; Ay). Thanks to the uniqueness of Bessel

models, we can rescale Igrkv such that (2.7.7) gives rise to our fixed ng\v. Then
A
11,
BS,Av (907)) ( 5tAadj)

st _1 A
= [0 / b <[ 2} [ . ad} ;wv> )y (TrSX) dX
S,Ayu < Symy(Qs) 1, X 5 tAadj

=Ny (8) |0]5%/2 - Lgym, (z,) ((5det A)! - TASA) - 1T (0w (A) wy) -
ii) We only need to show that
(i)
—m1 —mo mi
218 (matmlml?) " (matmlml ) i, (5 (T ) w)

v

is independent of m1, mg as long as m; > ms > 0, and is nonzero except the situation described
in the proposition. To do the computation, we separate into two cases.
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v does not split in £ = Q(v/—detS). In this case, we have K} = Q; U, with compact U, =

(@) v inert
Koo ) X A )
{ Og , Uw,OF , v ramified. My 2 Sy 15 Ao

GL(2)

We can define an element Iy € Homrpy (Ind Bewa)

by

In(¢) = | ¢(s(3))A, " (3) ds

Uy

If the induction Indgzgi) Miy.2 X N, 1 1S reducible, then o, is isomorphic to the Steinberg rep-

resentation twisted by a character n,. (2.7.6) implies A, # 1, o Nm ( [Tun83, Proposition 1.7]),
so Iy factors through o,,.

It suffices to show that I ([

mi
v

mqi—m

| B0 ) Ul o) o)
v

multiplied by a nonzero number that does not depend on mj, ma when m; > mo > 0. With
3 € Ok, written as 3 = x + yas, 2,y € Q,, we have

w.

|z +ylas+as) vy
i) = |7 o v ) o],

and when m1 >> mg, by the definition of ¢gr,(2),, in (2.7.3), we have
(2.7.9)

mi m1—m2

w n m - —
(|: ' Wm2:|> baL@),0) (1)) =Nm,1 (@)™ N, 2 (@) ™ ol 2 - ]lwl"rT"Qas&sZp (y 155)
v

((90 +yas)(r + yas)
X M, 2 -
yasag

(z +yas)(x + yas

) 1/2
(yasas)? v '

) M, 1 (yaS@S) )

1

With m; > mg, when the right hand side does not vanish, y~ "z is very close to 0, so

m1—m2

ma —
(7" o] ) fo1010)05(6) = s ™ s @)™l 5 s (056) - )

Ay(3) = Av(yas) = Ay(as) - M, 17, 2(Y)-

Plugging this into the integral, we get

mi1—mo

mi
IO <|:wv m2:| ¢GL(2)7U) :nHm?(wv)mlnHv,l(wv)mz‘wv|v 5

Wy

_ _ vol((1 + o™ —""2a07,,) N U,
Xnni,,l(&gag)Av (CVS) (( - ml—mf U) U).

The factor in the second row is nonzero and does not depend on my, mo as long as my > mso > 0.

v = vo splits in £ = Q(v/— det S). Denote by g, the projection I, — Ky = Q,. Let W7 be
a Whittaker functional of o, with respect to v,. Then up to rescale,

mi
w.
Ay m v
S,A, wy 2

N /QX v ([t 1] [—in(as) —in(as)]_l [wznl wqﬁnz} wy) A
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(Under our assumption that A, is unitary and o, is unitarizable, the integral converges abso-
lutely.) With my > ma,

(I A By
— W ({t 1] @ 0p(as — as) ™! {Q“(a%_ ) ﬂ [wyl_m 1} “’”)
=1, 17, 2 (@42 00(as — as) ™) -y (t) - W ([QD(@S e 1] wv) |

GL(2,Qv)
Bar(2) (Qu)

a
Whittaker model, we can compute W ({w” 1] wop> by

/QU %o <[1 _xl] [a 1])%(_@ dz = / Uﬂzv(a*w)-nm,l(aﬂa\;l“wv(—x) dx

=1z,(a) - M, . (a)lal,

Since when Ind (Mry.25 M, 1) is reducible, its one dimensional subrepresentation has no

Plug it into the above equation. We get

my
w.
A m Oy
S,A, @ 2
1/2

mi1—mz2
=, a1, 2 (7 00(Gis — ) ™) 1,1 (2o(is — as)) (1, (@0)l=uly/?)

< [tz (enlas = as) ) - v, Ol AL 1) ¥t

v

Since mj > mg, the integral over Q) equals

_ 1
[ Om AT O = 5 (Gt

and

_ -1
( )ml ( m2 77L1 2 7”2 Io—v wz}rbl
Ny ,2\Wo My 1 wv) ’wv‘v S,A, M2 Wy

v
_ _ T
—tidaleslas — as) 7 (Gomlide).

(2.7.10)
independent of mq, mo. If (2.7.5) is zero, the computation shows that -, (%»7711,1,11\0) ~ 0, so
Nirya = Mol - |11,/2_ By interchanging v and b, we also know that 7y, ; = Ag|- |11}/2. Hence, we have
Ay = Ag, and also Ny, » = ApAsn s = Ayl - =172, -

Proposition 2.7.2. Assume the assumptions in (i) of Proposition 2.7.1 and also suppose that

GL(2) Ny, 1 XN, 2 with f, € T,

T, 18 infinite dimensional and is isomorphic to a quotient of IndBGL(Q)

the projection of

b _ _ _
71 R e R R PR
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Then

big-cell = v vyl v
Zo (255 (5,26 2), BER, (Povnsna ) W™ (Fums)
+

—C. (_1) -1 —s -1 3/2 miTm2 A ms | /T
= Xv Xv 777rv,177nv,3(“3) e[, nnv,a(wv)|wv|v (fo) 2 (fv)
1 )Y 1 !
X Yo (s +5:0m, X xvn;v,1> Yo (s + 50y X xw;,,l,3>
sty 1 X
X [ vl Xy w260 (V) - F Ryt ar (v) A7

mi
< FR) ()4 T G i adaulden D) 125, (o (77 [T ] ) ar
GL(2,Qu) o “

with the constant C' as in Proposition 2.6.1.

Proof. Under our assumptions on f,, a straightforward computation shows that

et () = Beead™) i a(d) e ) a2 WE ()
Plug this and the formula in (i) of Proposition 2.7.1 for BH“ ,(py) into (2.6.1). We obtain
Z, (f‘;fé':e“@ Y. E), BE Aq,«ov,,mﬁn et WE T (Fom i)
—C- lim (M) / / / et TS 2 (0272 [r[2 2 xy (v det T) 2, (det T)
n—o0 GL(2,Q,) JQy

X @y 1 () Boo (T) - ho(—er) -}y (—wy T2y [y T2y )2

m m1
X Lgym,(z,) <w12)n7”1/(det T)71 [wv 1 wﬁu] TST [wv w?ﬂz])

mi1+n
O, w.
< 1% ( (_T [ ; me w,,)

X WGZTU (fv) ]]'Zv ( 2n+2'm3®u r det T) . |wgn+2mgcyflrdet T"Ll;/2
X 77;},1 (=@ t8) ey 2 (@i t™8y det T) dr d*T d*v,

and by plugging in (2.7.4), it becomes
big-cell = v o, o
Zy (fvj<g1>fe (s, x; 5)’Bg,AU (¢Uvm1+n7m2+n)vwg ’ (fv,m3+n))

(27.12) 3/2\ ™M tm2 m 1/2 v .
=C- (nn 3(wv>‘wv’ ) Ao(fo)™ '77Hu,3AQ7v777rv,1(_1) e[V E W (fo) - nlggoln

with
1
I — / / / et T w5 2 )5 % x (v det T) 2, (det T)
$Janeae) Ja,

X M (1) My (7) iz (v et T) - @4yt (V) @oo (T)
mi

X 1y (—cr) -Igl}f <anv <T [w” m2]> wv>

AR w,,

wy't it

X Lgym,(z.) <w "rv(det T) [ w{}”] 'TST [ v w;m})

x 1z, (w2 cvrdet T) dr d*T d*v.
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Let
! 1, (StE, s—=
In = / / / |det TS vy 2 |r|y 2x0 (vrdet T) E, (det T)
X JGL(2,Qy) JQu
X s (1) et () ey 2 (V71 det T) - @y 1 e (V) Poo (1)

m
X Py (—cr) - Iglkju (O’Hv (T [wv wm2]> wv> drd*T d*v.

v
When Re(s) is sufficiently large, |I,, — I}| = O (|w,|}®) as n — co. Hence,

. . /
lim I, = lim I,
n—oo n—o0

mi

_ _ )
N /GL(ZQ )|thT|f’+1 XMl 1 Mg (det T) - @y (T) - ISTY, (GH” (T [ ) meD w”) T

_1 L 41 L
X /Q wv(_cr) ’ |T“f} 2. Xvﬁml,177nv1,3(7") dT/QX |V|f) 2. Xvnnvl,3777rvl,2(1/) ’ (I)U,l,alt (V) d*v

v

For the integral involving T, by applying the functional equation by Godement—Jacquet [GJRS11,
Theorem 13.8] for GL(2), we get

1 -1
the integral involving T =y, <s + 500, X XUUWUIJAle)

x / (Fo) (T) - |det T1; - x; iy Aqoldet T)
GL(2,Qv)

. -1 |wyt
x ISy <anv (T [ v WZ”QD wv> d*T.

For the integral involving r, we can rewrite it as

s+3 1 — 1 —
(1 - ‘wv|v) Z |w21|v QXvUﬂvl,lnnvl,s(wZn) /ZX ¢v(_cw;nr0) 'Xv77ﬂ-v17177nvl,3(7"0) dXTO
me”Z v

s—i—l _ _ _ _
= 1@l Xm0 - F (ol 1 s)° (e
me”Z

_s—1 1 _ _ — — o
=lc|s” QXUInm,mnv,s(@)/Qx P 2 xomy e () - Flxeny, 1mm ) (r) dr.

v

(See (1.0.2) for notation (Xvﬁ;vl,ﬁﬁvl,s)o-) Then, applying the functional equation for GL(1), we
have

1 1 -1
the integral involving 7 =[ely 5 e o(6) 0 (5 3o

—st+1 - . _ o
T G e, 0) - G i) ()

v

el 1 o\t
ol h M a0) - (s ol )

Also, we have

. . . 1 I —s+1
the integral involving v =, (S + 2 Xuﬁml’gnnvlﬁ) / |V|w sty X; 1177Tv,277nv,3(1/) cF®y 1 alt (v) d*v.
QY
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Combining these formulas, we get a formula for lim I,,. Then the proposition follows by plugging

n—oo
the formula for lim I, into (2.7.12) and using that
n—oo

1 o\t 1 )
Yo (5 + 57 Oy X Xvnlﬂl;AQi;) =T <5 + 570-1\;/ X Xv771,11;>

1 -1 1 -1 1 -1
Yo <5 + aXanql;gv_l> Yo (5 + -, Xv"72,11;£u_1> = Yv <5 + =, T,y X Xv£1;_1> .

<<

2 2 2
g

The following proposition shows that we can apply Proposition 2.7.2 for the local zeta integrals
at p for p-ordinary II with II, isomorphic to a holomorphic discrete series.

Proposition 2.7.3. Let Il be a p-ordinary irreducible cuspidal automorphic representation of
GSp(4,Aq) (see 3.1.1 for the definition of being p-ordinary) with oo =2 Dy, 1, 11 > 1o > 3. Let
A be a Hecke character of K = Q(v/—detS). If Il has a nonzero (S, As)-Bessel functional,
then I1, and (S, A,) satisfies the conditions in Proposition 2.7.2.

GSp(4)

Proof. The p-ordinarity of IT implies that II,, is isomorphic to a subquotient of V' (w,) C Indg o (0p, My.3)
P

GL(2)

for some w, € o, and o, isomorphic to a quotient of IndBGL(z)

My T,z Satisfying

(Mm1p.25 M,1) With characters

(2-7-13) valy (ﬁnp,l(p)ﬁﬁpl,g(]?)) = -l +1, valy (771'11;,2<p)771;p1,3<p)) =—ly+2.

In the notation of [RS07], II,, is isomorphic to a subquotient of nnp’lngjﬁ X nnp’QnEZ},S X My, 3-

Now suppose that Indgizijz) (0ps7n,,3) is reducible. Then by the classification in [RS07], the

possibilities are IIIIV,V,VI. (2.7.13) plus Iy > 3 excludes V,VI, so we are left with the following
two possibilities:

(i) lo = 3, T)np,znﬁpl,s =1 |p 77Hp,1171§p{3 # |- |12), with ITTa and IIIb appearing as subquotients
of the induction, and II, belongs to Illa

(ii) 1 = lp = 3, 771'[1),27]1;1,1,3 = |*|p Myuni, s = |-|2, with IVa and IVc appearing as subquotients
of the induction, and II, belongs to IVa.

It suffices to show that if Dj, ;, has a nonzero (S, A )-Bessel functional, then at most one
GSp(4)
Qasp(4)
Theorem 6.2.2], this is automatically true if K does not split at p, and if p splits in K as pp, we

only need to show that ApAﬁ_1 # (nnp,lngpl,g)ﬂ in case (i), and Ap[\ﬁ_1 # ]-|§2 in case (ii). Suppose
that D, ;, has a nonzero (S, A )-Bessel functional with A having type (k1, k2). Then we know
that —ly +lo < k1 — ko <l — lo [PTB11, Theorem 13.4]. Hence, in case (i), lo = 3, we have

valy, (ApAﬁ_l(p)il) > —I;+3. Combining this with (2.7.13), we see that ApA’E_1 # (nnp,lng;g)ﬂ.
In case (ii), l; =l = 3, we have val, (ApAﬁ_l(p)> = 0, which implies ApAﬁ_1 # -5

irreducible subquotient of Ind (0ps Mm,,3) has anonzero (S, Ay )-Bessel functional. By [RS16,

O

3. THE EISENSTEIN MEASURE

3.1. The setup.
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3.1.1. The assumptions on Il and w. From now on, we assume that we are given a tempered
cuspidal automorphic representation IT of GSp(4, Ag) with a unitary central character wy and a
cuspidal automorphic representation 7 of GL(2, Aq) with a unitary central character w; satisfying
that

— o = Dy, 1,, the holomorphic discrete series representation of GSp(4,R) with trivial
central character and Harish-Chandra parameter (I3 — 1,10 — 2), (I >l > 3)

— Too = Dy, the holomorphic discrete series representation of GL(2,R) with trivial central
character and Harish-Chandra parameter [ — %, (1>2),

— min{—l1+l2+l, l1+ 1 —l} > 3,

— II and 7 are both p-ordinary, i.e. II (resp. m) contains an U,-eigenvector ¢ (resp. f)
such that (for all m; > mg >0, m > 0)

USSP o= AN 20, val,(A\1) = =1 — 1, val,(Ag) = —lp + 1,
USE@ f = \m f, val,(\) = —I,

where the U,-operators are defined as in §2.5. (We call such a ¢ (resp. f) a p-ordinary
Siegel modular form (resp. modular form).)

Lot ¢ — 0, Iy +1Ila+1even,
CETY L, L+l +1odd.

3.1.2. The auxiliary data. In order to construct the p-adic L-function for II x mw, we pick the
following auxiliary data:

— an imaginary quadratic field K and a positive definite symmetric form
a B
5= [0 2] sy

2
such that K = Q(v/— det S),
— a (unitary) Hecke character A : K*\Ag — C* with A\AE = wy and, denoting its co-type
of A by (%, =), —=l1 +1la <7y <1y — o,
— a (unitary) Hecke character T : K*\AZ — C* with T|AE = Wwr.

(Note that by [PTB11, Theorem 13.4], the conditions on A are necessary for Il to have a
nontrivial (S, A)-Bessel model.) We put = = (AY)~°.

We also fix a positive integer N coprime to p and a positive integer mg such that

1¥Gsr.1 £ {0}, wKaro.s £ {0},
with
KGSp(4),f = H GSp(4,7,) x H KéSp(4),U (wZaIU(N)) % KéSp(éL),p(me)’
viNp v|N
(3.1.1) . . )
Kar),r = H GL(2,Z,) x H KGL(2),v (WX“( )> X KGU(LI),p(me))
vINp v| N

(where the level groups Késp(4), Késp(4), KéL(Q) are defined in (2.4.1)), and moreover

S € Symy(Z,), c € Z,}, 4det'S = disc(K,/Qy), for all v { Npoo,
AyliyNog, = TolitNog, = triv, for all v | N,
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Put

U% =] zf < [[ 1+ Nz..
vtNp v|N

3.2. Nearly holomorphic automorphic forms and the ordinary projection. Let G =
GSp(4) or GU(1,1) and

oo — {z € Symy(C) : Im(z) > 0}, G = GSp(4),
“7\ {zeC:mz >0}, G =GU(1,1)

be the symmetric domain of G. A smooth function on F(z) : Hg — V, with V a finite
dimensional C-vector space, is called nearly holomorphic of degree < e if there exist holomrphic
functions Fi(z),...,F.(z) on Hg and polynomials Py, ..., P, in C[Sym,] (resp. C[Sym,]) of
degree < e such that

F(z) =Y _Fj(z)- P; (Im(2)7").
j=1

Let Koo C G(R) be a maximal connected compact subgroup identified with U(2,R) (resp.

U(1,R)) via ai + b — [ “ 2 . Given a finite dimensional algebraic representation p : GL(2) —

—b
V, (resp. GL(1) — V},), we fix a linear functional ¢}, projecting V), to its highest weight space.
p induces a representation p : Koo — V,(C). Let Kg y C G(Ay) be an open compact subgroup.
For z € Hg, we write

Im(z)z Re(z)Im(z)"2
9(z) = _1 .

0 Im(z)"2
The space of nearly holomorphic automorphic forms on G of weight p, level Kqg ¢, and degree
< e is defined to be

for all gy € G(Aq,f) there exists F :Hg — V,(C)
Na(Kapp) =4 ¢ e A(G)KG,f nearly holomorphic of degree < e such that

gp(gfg(z)koo) = lhw <p(k‘oo)ﬁ(z)> for all ks € Koo, 2 € Hg

We let N&(Ka. 5, p,Q) C N&(Ka,f, p) denote the subspace consisting of the forms ¢ such that
for all gy € G(Aq,s), the Fourier coefficients of ¢(grg(z)) belong to Q[Im(z)~].

Theorem 3.2.1. (1) dime N&(Kg 5, p) < 00.

(2) N&(Ka.p.p) = Na(Ka,r,p, Q) ®q C.

Proof. These can be deduced from [Shi00, Lemma 14.3, Proposition 14.10] or by interpreting
nearly holomorphic forms as the images of global sections of automorphic vector bundles under
a C™-splitting of the vector bundle Hly as in [Eis12, Section 6] and [Liul9, Section 2]. O

In the following, we assume that Kg ¢ contains Kéyp(poo). Then it is easy to see that the

U,-operators preserve N&(Kq, ¢, p, Q). Also, if we normalize them as

7GSp(4)  _  ma(li+1)+ma(lz—1) 17GSp(4 FGU(L1) _ omal 77GU(L,1
Uity = pm i ame =l gie(D, Upimstt) = ™ Ui,

thn the prcic o of O, (rep. G5 on
NéSp(4) (KG,fv Plylas Qp) = NéSp(éL) (KG,fa Pl 12 Q) ®Q Qp
(resp. NGy, (Ea,f o, Q) = Ny (Ka.r o, Q) ©g Qp)
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is bounded uniformly for all m; > mg > 0,mg > 0, where p;, ;, (resp. p;) is an irreducible
representation of GL(2) (resp. GL(1)) of highest weight (l1,l2) (resp. [). This boundedness plus

-~ n!
the finiteness of the dimension in Theorem 3.2.1 implies the convergence of h_)m (Uf QS I{(4)) on
gl 2,

|
e A . FGU(L1)\™ e A
NGSp(4)(KGSp(4),f7 Plyl2> Qp)v and nlggo (Up,l ( )) on GU(l,l)(KGU(l,l),fu P, Qp) We define

GSp GU(L,1)

ord 2 €ord as these limits.

the ordinary projectors e
Put

Ml17l2 (KGSp(4),fa Qp) = NgSp(4) (KGSp(4),f7 Pli,las Qp)a
Mi(Kaua,,p Q) = M) (Kaun).f: P ias Qp)-

Proposition 3.2.2. The ordinary projector eiipw (resp. eg;rg(l’l)) maps the space of nearly

holomorphic forms EJON&SPM) (KGSp(4)7fapl1,lza Qp) (resp. goNéU(l’l) (KGU(1,1),f,Pl>Qp)) into

My gy (Kaspay, 1 Qp) (resp. My (Kaua ), Qp))-

Proof. This follows from the observation that the normalized Up-actions on the non-holomorphic
part are divisible by p. O

3.3. The choice of sections for Siegel Eisenstein series. For each finite order Dirichlet
character x : Q\Ag /UGRE — €%, and each integer k satisfying the condition (1.0.1), we choose
a suitable section in f(s, x,Z) € I(s, x, E), place by place, such that when k, x varies,

GSp(4) GU(1,1)

Sieg(, . -
€ord  €ord <E ( ) fk(s’ X '_‘) |s: 2k+2€71 ,GSp(4)><GU(1,1))

is interpolated by a p-adic measure valued in p-ordinary holomorphic automorphic forms on
GSp(4) x GU(1,1) of weight (I1,[2;1). Here for an automorphic form F' on GU(3,3), we write
Flasp4)xau(i,1) to mean the extension by zero of its restriction (via (2.1.5)) to GSp(4) xarn)
GU(1,1).

3.3.1. The archimedean place. Let ng(g 3 C (Lie GU(3,3)(R)) ®r C be the subalgebra of con-
sisting

-1
N 11, 13 1; X[ 13 13
PGuBs).x =9 i-13 —i-13 15] [i-13 —i- 13

=% ®1+ Y
= X X b

For 1 <i4,5 <3, put

X € Her3(K ®q R).

+

+ _
'uGU(S 3),ij H E;i+E;; Ei—Ej; ,
S T GU(se), P e+ e Vd

where v/d is a purely imaginary number in K. The sections we will use are obtained by applying
such differential operators to the classical scalar-weight sections in §2.2.

For an integer k£ such that
_min{—l1+l2—;l, l1+l2—l} o< k—i—; < min{—h—i—lg—;—l, ll—l-lz—l} 1

s =k + § is a critical point for L(s, I x 7 x X)- In order to get this L-value, we will use

(3.3.1)

t —_
Dth’A,ll,lz,l ) fO’g(S, X 5)7
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where £l (s, x, Z) is defined as in (2.2.1) with

€
tk:{ 2k+e+2, k+5

(33.2) 2%k —e+4, k+5&

IN IV
M\H:?\H

and the differential operator Dy, ,, 1,11 € ([:[]JEU(3 3)] is

I 3ty —ly —lg—1 ll_l% ll_lg_TA
_ = - A el + +
Dtk,m\,ll,lz,l - (OéS - 048) 1 (27TZ) 2 . (MGU(3,3),31 ('U'GU(3,3),13
—lFlgHl—t I +lg—l—t
+ + 1 22 k M+ _ M‘l’ f 1 22 k
x det |MGUG3I HGuEa)2 GuE3).21 ~ FouEs)e
+
HGu(s,3)31 Hcu(s,3),32 2

(Note that the condition (3.3.1) and the condition on the oco-type of A guarantees that the
exponents above are all non-negative, and also that the definition of ¢, and A(—1) = w,(—1)
guarantee that all the exponents are integers.)

3.3.2. The place p. It is well-known (by the theory of Jacquet modules) that the ordinarity of IT
(resp. 7) at p implies that there exists continuous characters nm, 1, 7, .2, 7,5 : Q) — C* (resp.
Nrp, s Mp,2 © Q) — C*) such that

N . GSp(4
I1,, = a subqutient of Ind P )(Unp,1, Ny 25 Miip.3)s

(3.3.3)
mp = a subqutient of IndgL(z) (Nrp 1Ny 2)s
where the inductions induce the characters
dar  *  x %
da * % a %
2 as — 77np,1(al)nnp,2(a2)77np,3(5) [ d] — Wwp,l(a) 777rp,2(d)7
* oap
and
Valp (nl‘[p,l 771%},3@)) = -l +1, Valp (77Hp,2 7);;,:;@)) = —ls + 2,
(3.3.4)

val,, (n;p{l nﬁp’g(p)> =-[+1.

7SSp(4)

If p € II (resp. f € ) is a p-ordinary form with Upm, m.-eigenvalue Ay 1(0)™ A, 2(p)™2 (resp.

UE’ 7171(32)—eigenvalue Ap(f)™3), then we have

M1 () = P72 Ny M5 (D), Mo2(0) =P My 5 (D),
fry pi

M () =" 0 ey 2(p)-

Our choice of f,(s, x,Z) will depend on the nebentypus of the ordinary vectors in II,, 7.
Inside the induction, the nonzero eigenvalues for Ug S}i(ﬁ%m my > mg > 0 (resp. Upcf 712(2), m > 0)
are (1,1 72 (0) 22" (0 s )P) T2 (gt 115 (0) P2) " (mity o i () ) (vesp.
<17;p171 Nrp,2(P) p) m) The condition (3.3.4) implies that these eigenvalues are pairwise distinct.
The (generalized) eigenspace for each nonzero eigenvalue is one dimensional. In particular, the

ordinary vector inside InngpM) (My.15 M1y 25 M) (TESD. IndgL(Z) (Mp,15 Mrp,2)) is unique up to
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scalar. One can easily write down the ordinary vectors as

a1 az by by

1
_las as b3 b4 1 1 c2 dy da 3 4 2|1/2
I= et e di dy Lz, (e C4)ﬂsym2(zp)<[63 04] [dg dy "VQ(CICQ_C{;C“) c3‘p
c3 ¢4 d3 dy

X 77Hp,1(03) 77Hp,2(02 - 0516104) nnp,S(Vg(Clc4 - 0203)71)7
a b _911/2
h = c d_ — ‘I/hc ‘p

M (Vne ™) Ny 2(0).

We also easily see that the ordinary vectors in II,, 7, have

{7GSp(4) m

-eigenvalue = 1(p)p? —1.(p) "
p,m1,ma €18 = \"np,1 M, 3\P) P Thip,2 T, 3\P) P )

m

UISTI;L(Q)—eigenvalue = (777;171 Nrp,2(P) p) ,

and they have the nebentypus such that the right translation of B(Z),) is via the character

a; ¥ x x|
a * %
2 Sas ’—>Unp,l(al)ﬁnp,z(a2)77np,3(5)
* 5a1_
a |
L (@) 1, 2()

We define CI>X;7AO

o po as the Schwartz function on Hers(KC,) with Fourier transform
B L, M7 p

w11 012 1013
F (I)Xg,Ag,nﬁp me, | P12 w22 1023

W13 023 w33
w1247
o w11 B 0, 0-1 o-1
= Lsym,(z,) <m+m ) Az, (W33) - Xyl 271, 3

2

2

_ 10131023 — V1310
o o—1 o _o—1_o—1 13'V23 131U23
X 1(ag—as)0k., (tg3) - Ap(mls) an’2(m13m13) “Xp"hrp, 1", 1 < as — as ) :

((as — ag)(g — m12)>

w22

(See (1.0.2) for the notation of superscript ° attached to a character.) For our construction of

p-adic L-functions, we will use
big-cell

f 5, X, 2)-
p@xg,Ag,ngP,ngp( %)

(This choice of (I)xg, Ag makes the nebentypus at p of the restriction of the corresponding

s M1y M
Siegel Eisenstein series match those of the p-ordinary forms in II and 7.)

3.3.3. The places dividing N. For a place v | N, we will use

big-cell —_
£hiEeel(s ., 3)
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with
w1l W91 1031
w11

Py |21 wa2 W32 | =gy, (Nzy) <“’21+m21
31 132 w33 2

_ ~1
X T2 pn3 a1 ~ o 1 1o (N) as 1 031 032
N2 \ “ag — ag Ko@) \ |as 1 3] 1032

3.4. The Fourier coefficients of Siegel Eisenstein series. Given 8 € Her3(K), the (3-
Fourier coefficient of the Siegel Eisenstein series is computed as

ie —_ ie ]— —_
E3*(g;£(s, . 5)) =/ Eoee <[03 f]g;f(s,sz)) Yag (—Tefy) dp
Her3(K)\ Hers(Ax) 3

When (3 is non-degenerate,

Si
(3.4.1) E5(g:%(s, X, E)) HWﬁv 9vi (s, X, E))

w2142
2

W > (]:_1]1—@(1+sz)) (w33)

with

342 Wosttox D)= [ atnD ([, |G L o) v 1m0 ae

A
When g is degenerate and g = [ thll} , (3.4.1) also holds if there exists v such that £(s, x, E)

is supported on the big Bruhat cell.
For a finite place v where y,, =, are unramified, we have

Wao ([ g2 09)

==, (det(vA™1)) xp (det(A1ATY)) | det(vﬂflﬁlfl)ﬁ;% ~d3(s,Z(x o Nm))
X Lt 0.+ (v BB) -, , gy (Bl 79)

where hvyy_ltg—l,@m is a monic polynomial in Z[X], and is the constant 1 if V‘ltﬁl[ﬂl belongs to

GL(3, Ok ) [Shi97, Theorem 13.6, Proposition 14.9], and the factor d3 , (s, E(Xon)) is defined
in (2.1.6).

For a big-cell section associated to a Schwartz function ®, on Her3(K,) defined in §2.3, an
easy computation gives

) _ _ _ s_3
W30 ([m zfml] ;f'gjgje”(s,x,z)> ==, (det(A™)) xy (det(AIAY)) [det(pAA Y[ 2
x Fb, (w“ﬁtﬁﬂ) .

For the classical scalar-weight archimedean sections, by [Shi82, Theorem!4.2], we have

L2 Lyt (ot 12
Wﬁ,oo ( [ ( 27 > 2 Z(tjl _)1/2 ] ; fto}z)(& X E))
0 ( 2 ) o

tk+1)

tp—1
93(s+E5=) jty, 3(s+

= 2 tL+3 . .
Yhte—1 Hj:() r (5 + 75 = J) s Zhteml
2

S=
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3.5. The Siegel Eisenstein measure. Let UY, = [[ Z¥ x [[(1+NZ,) C Z*. For each finite
viN v|N

order Dirichlet character x : \Aq/UxR} — €%, and each integer k lying in the range (3.3.1),

let

2 tp+3 .
e (s 4 kS — ]) .
Sleg H]—O 2 deoo —_ Sieg . —
. $,=Z(xoNm))- - FE < fr(s, x, =
k,x 23(s+tk;1) it 7T3(S+tk2+1) 3 ( (X )) ( k( X ))ﬁ s:%*;*l

(35.1) E

with (s, x,Z) given as

—_ — big-cell —_
f1(s, 08 = Q@ (5,5 Q £,5: (s, E)
vtNpoo v|N '

big-cell - t -
® fp,l‘i’;:;,l\gyég’ﬂ; (S’ X5 '_') ® Dtkﬂ“Ayll,l%l ’ fo]z)(sa X5 ‘—')7

where the local sections are chosen in §3.3.
Write Y = (Y35), < ; i<3» and denote by ClY] the ring of C-valued polynomials in entries of Y.

Proposition 3.5.1. For 2 € GL(2,Ay ;), v € A} and B € Her3(K), there exists

(3.5.2) (E,ffff)ﬁ ([% utﬂ_l]j> e C[Y]

such that
(3.5.3)

@S};ﬁﬁ({% - L) (Y:<2—))ﬁ

o p (z7t5>1/2 z+tz(z ) 1/2
o ieg 27 2 2i . .
B /Her3(/C)\Her3(A;c < 0 13 VtQ_l_I:|f ! 0 (z,tg)—1/2 ]oo> QIZ)AQ ( Tr,@g) ds

2%

We know that (3.5.2) is 0 unless 8 > 0, and for 8 > 0, we have the formula

(55, ([ﬂ VrQHD (¥ =0)

= Z(det (v A1) x(det (PATIATY)) | det (pATATY) [
< 11 hy 1980 (Eo,vxﬁ(wv)\wul%“‘l) [[7®%, (N) ( 91, 821, )

vfNpoo v|N
Buobos — BioBas\ (Brabas — BuoBas\~ F
o om 3 S sl g 12523 — 12323 12323 — B1223 2
X ApAoo(B13) - mip 5 (B13B1s) (BrsBis) 2 -y %%pj < e — G ) < as — as )
Iy +lg—1

X T’Hp 37771'39;

o—1, o— 1<( g—ag) ﬂ12—512 >< S—Oés ﬁ12—512)>

Bio—B1» B3 [323D_k_§_1 1 €< 1

< XC (ﬁu — o det [513 523}) ( det [513 Ba3 (det 3) » k+523
' Prs Pas <512 B2 det [513 B23:|> I E+re<l
P13 P23 ’ 2 =2
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Proof. This is a straightforward computation. Because the section at p is supported on the big
cell, we have

RHS of (3.5.3) zdé\[poo( (x o Nm)) H Wa.w ([ ytﬁl_l] aff;ph(sa%E))

vfNpoo
W 2 gbigreell =) e (1. gl -
X ,6,'0 tQ_l—l yTu,® N(S’X7'_') ’ /Bup 39 p@ 0 A0 .0 o (S’ X ‘_')
v s XV, T Xpihps M a’77rp
v|N v P

HJZZOP (8 + @ —j) Wy ([(Z%tz)l/z thg(zgitg)—l/Z
y B

t —_
] ’ Dtk»"'AJl,lQ,l : fog(sv X *:‘))

93(s+50) ity 7r3(3+tk+1 0 (52)" Dot
s==0==
From the formulas in §3.4 and the choice of ®ye Ao o ne, in §3.3.2, we obtain
P
(3.5.4)
RHS of (3.5.3) for l1 = l2 == tk
=Z(det (A1) x(det (A A1) | det (AU FH22
X H guqflﬁv[ﬂlv,v (“Q va(wv)‘wU|2k+€ 1) H'F(I)voval (N) ( tmvﬁm )
vfNpoo v|N
o o 2 ool o1 [B12B23 — 12823\ o1 o1 ( (s —as) (B2 — Bi2)
X Ap(ﬂlg!) 771@,,2(513513) T, %77%,1 < as — ag Hp}s wp,é 9
2k4e—1 es 1
y B2 — b2 512 do Brz Pas 2miTrBz (det ) » kg2
Xp "8 Bas)) € e <1
1, k+§<3.
For general l1,l2, [, it is easy to see that Dy, , 1, 151 2™ 1Bz ig the product of 27182 with a poly-

o . g\ ! A :
nomial in the entries of ( Zziz> , therefore there is a polynomial (Eklf(g>,6 <[ 1/511} ) €

ClY] such that (3.5.3) holds. Although the precise formula Dy, ,, 1, 15, - e2mTBz {5 hard to
compute in general, it is easy to see that
(3.5.5)

Dt Nl - 27rzTr,@z
ksTAL1,02,
I811—l§+r1\ Bl1—l§—m\ (B /8 B B ) 11+12+l t (ﬁ B )l1+12—l—tk
_ 13923 — P13023 12 — 2 ;
= (Oég — 075)11 ¢ 13 13 62mTrﬂz.

+ terms with degree > 1 in entries of (%z — z)~!

Combing the equations (3.5.4) and (3.5.5) and regrouping some terms prove the formula for

Sieg 2 g
(E’%X )ﬂ [ l/tQ_l_l]f (Y’ =0). -
Proposition 3.5.2. There exists a p-adic measure
£ € Meas (QX\AS,f/U” s My, (Kaspay,f, Qp) @ Mi (Kgu,i, s Qp))

such that for all finite order Dirichlet characters x : QX\Aa/U%IRi — C*, and integers k lying
in the range (3.3.1)

E ((X’ : |k)p.adic) = eiip(4)eg%1(2) (ESleg}GSp(4)><GU(1 1))
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Here the level group Kqsp),f, Kar(2),r are defined in (3.1.1) and the Eisenstein series Esi;g 18
given in (3.5.1).
Proof. Thanks to the strong approximation for Sp(4) and SU(1,1), we can pick v; € AQ 5

i=1,...,c1, and 1/ €A ’J’Z, aj € Alev j = 1,...,co, such that each connected component of
the Shlmura Varlety for GSp( ) x GL(2) of principal level N contains a point corresponding to

1 a
([ : Vi'12i| , [ ! V;aj—li|> for some 7,j. Taking the Fourier coefficients at these points gives an

injection
Eg-exp t My, (Kasp(a), s Q) @ My (Kgu g Qp)
(3.5.6) — P QSymy(Q)20 x Qo]
1<i<ey
1<j<c2

Denote by X the set of pairs (x, k) as in the statement in the proposition. Let

1
ESieg a5 v
A(i,j)(ﬁQXv k) = ( kx )g ([ 2 Vel
0, Vi # Vj
and define the modified A’(i i) (B; x, k) as

A (Bsx. k) (ﬂu Brz det[ 13 23] det(8)~ > . k>,

Bz P23
A(i,j) (B; X k)? k<0.
(Note that with this modification, the formula for A’(” (B; x, k) is the one in Proposition 3.5.1
-2
2
with the last term replaced by simply <’8 12-P12 ot [gm 223]> , and has a uniform shape
13 23
for both k+ § > % and k+ § < 1.) For B; € Symy(Q), B2 € Sym,(Q), define
agig) (B1, B2; X, k) = Z Ay (Bix: k),
ﬁEHer_g(/C)>o
Bi1 Bi2+B12
[ ,3122512 522 =P1, B33=P2
af; (B, Bas X, k) = > (i) (B X k).
ﬁEHer§(K)>0
Bi1 Bi2+B12
[512;512 522 =p1, B33=P2

It is not difficult to see thata (61, B2; X, k) is interpolated by a p-adic measure

Qo) (B1, B2) € eas (Q\AS ,/UR, Q)

(i.e. for all (x, k) € X, the value of a ”)(61,62) at (x| | )p-adic €quals a’”)(,é’l,ﬁg;x, k).)
The form ESlig is is obtained from applying differential operators to a holomorphic form on
GU(3,3), and by our choice of the differential operator Dy, ,, 1, 1,1, it has weight (I1,l2) for
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GSp(4) and weight [ for GU(1,1). Hence, we know that

U Nce;sp(4) (Késp(z;),fKésp(@,p(poo); Pl1,las @p)

>0 ONGua (KéU(l,l),fKéU(l,l),p(poo)7 Pl Qp)

1 a;
At <[ : V_.12} g(z1), { ! ”. 371] g(z2)> 21 € Hagp(a), 22 € Hguq, 1y, the (81, B2)-th Fourier coeffi-

GS GU(1,1 Sle
cient of Ugmbty), UsitD) g|GSp(4)XGU(1 1)> equals

S awy ([P s [ ] e B k)

zE€Z [pm1i—m27

Si
(3.5.7) Eleg‘csp 4)xGU(1,1)

+ terms with degree > 1 in entries of p™2Im(z1) ™!, p™Im(z) ! with p-integral coefficients.

It follows from (3.5.7) and Proposition 3.2.2 that the p-adic limit
lim > agy ([% ] 6 [P ]9 Bas X, k)

n—oo
x€Z/p"Z

exists. Denoting this limit by aq.q (i ;) (81, B2; X, k), we have

GSp(4) GL(2) S _ .
Eg-exp (eord €ord ( leg‘GSp 4)xGU(1, 1))>ﬁ1,ﬁ2 = Qord,(i,5) (617 BQ) X k:)

By noting that

B12—B12
Bz — P12 P13 Pos nooiea_ 0 z - Pis n
Tdt Bis Bos det(8)' =1 modp", ifB= _51_2g/812 0 B mod p",
B13 B23 0
we have
Jimo Y ag g ([7 978 [ ] 0" Bk )
(3.5.8) ‘ sl )
27}1}010 Z agy ([P0 10"B [P 7] ,0™Bas X, k) = aora i) (B1s Bas X, k).
x€Z/p"Z

Since X is dense in Homeopt <Q \A f/UJZ\),, Q ) from (3.5.8), we deduce that

m ST dl (7 ]06 [ 5] .0m8)

n—00
x€Z/p"Z

exists in Meas (Q \A f/UJIi,, Qp) and denoting the limit by ag.q ¢ jy(81, B2), we have

€g-exp (egip(4)eii( ) ( Sleg‘Gsp(z; )xGU(1, 1)>>,B B = aord7(i,j)(/81762) ((X| : ‘k)p-adic> .

Sieg
(Note that the level of E} ‘Gsp )X GU(L1)
under the level group in (3 1.1) and belongs to the domain of €4.exp.)

depends on x, but its ordinary projection is invariant

Putting all the ag.q (i ;)(81, B2) together gives rise to an element

Exverp € Meas (Q\AG ;/UR Q[Syms (@50 x Qo)
satisfying that for all (y, k) € X,

Eq_exp <(X| * |k)p—adic> = Eg-exp (eiip(4)egﬁ(2) (ESleg‘GSp 4)xGU(1, 1))>
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Because the image of £4.exp in (3.5.6) is finite dimensional, it is closed in @1<i<¢; Qp[Symy(Q)>0x
1<j<er

Q>0]. The density of X in Homeont (QX\AS, ; JUR, Q;) imply that £ exp takes values inside

the image of £4.exp. Thus, there exists

E € Meas (QX\ASJ/UJ%,MZMQ (K(;Sp(z;),fa Q) ® M, (KGU(LI),f>©p)>

such that €4.exp(E) = Eg-exp. This & is the desired p-adic measure.

4. THE p-ADIC L-FUNCTION

4.1. The modified Euler factors for p-adic interpolations. With II,7 as in §3.1.1 and
characters 0, 1, .25 My 3 My 15 M2+ Qp — € as in (3.3.3)(3.3.4), unfolding the definitions
in [CPR&9, Coa9l], we have the the modified Euler factor at p and oo:

(4.1.1)
1 x 7 11 7! L i\t y -t
Ep(S, II x 7 % X) = (37 Xanpvlan,l) Vp (37 Xp777rp71771‘[p72> Yp (S,ﬂ’p X XP”IL,,S) ,
(4.1.2)
EOO(S,H X T X X) 26_(45”1“2“)'?1“@ <S n % _ 2) I'e <5 N % - 1>
-1 l l i — 1 I
(4.1.3) x I'e <s+1+22+—1> I'c <s+122+> ’

where I'c(s) = 2(2m)7°T'(s).

4.2. The main theorem. Let II, 7 be as in §3.1.1. For a p-ordinary Siegel modular form ¢
with Ug%igi{Z—eigenvalue Ap, (@)™ Ap2()™2, and a p-ordinary modular form f € 7 with UI%L(Q)—

eigenvalue \,(f), we define the modified Bessel period Bg A(¢) and modified Petersson norms
P(p, ), P(f, f) as follows.

p™1
—_ — m2
(4.2.1)  BE () =Ap1(0) ™ Ap2(p) ™ - Bsa [ T ]w ’
p~ ™2 P

(4.2.2)  Plp,p) =Ap1(0) " Apa(p) ™

p™
1 m _
X / 90(9) 2 ) |:1 2:| [ P p~™1 ] : WH(VQ) ! dga
[GSp(4)] 2 poo p=m2 »

with mq > mo > 0, and

ma3
[QL(2)] poo Py
with ms > 0. (By (ii) of Proposition 2.7.1, we know that the right hand side of (4.2.1) does not
depend on the choice of m1, ms as long as mq — me, mg are sufficiently large. The independence
of the right hand side of (4.2.2) and (4.2.3) on my,mg, mg for m; > mg > 0, mg > 0 is
easy to check. Also, by [MVW&87, Theorém on page 91] and [Art04, GT19], we know that
N=NRw; ov.)
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Theorem 4.2.1. Let II, 7 and and € € {0,1} be as in §3.1.1. Fiz the auziliary data S, A, N
as in §3.1.2, and take holomorphic p-ordinary forms poq € IEese@.s  fo 4 € nleL@.r with
algebraic Fourier coefficients (where the level group is defined in (3.1.1)). There exists a p-adic
measure

LY . € Meas (QX\/ASJ/UK,,QP)
satisfying the interpolation property: For all finite order characters x : QX\Aé/Uﬁf — C* and
integers k such that s = k + § is critical for L(s, Il x 7 x x) (or equivalently satisfying (3.3.1)),

(4.2.4)
k _ Bg,A ((pord) Wc:(ford)
Egjr ((X| - | )p-adiC) o P((pord, Word) P(ford, ford)

X Ioo (koo Moo, Aso) - Ep (kz—i—%,ﬁxﬁxx) LS <k+§,ﬁxﬁxx),

with the E,-factor defined in (4.1.1) and

(4.2.5)
Ioo(ka My, Too, Aoo)

2 tp+3 .
iy [T (s + 52— )

tt+1

2k —etltly+lo
2
tp.—1

23(8-&-7]“2 )7T3(8+ > )'Ltk

=(-1*c

(—(as — as)?)

— D, ==
X Zoo (Dtk7rA,l1,lg,l : fto]é(sa X ‘:‘)7 Bgi{f ([12 12] ' @ord,oo) 7Wg)lv~ooc ([1 1] . ford,oo)) L_gk+5,1 :
=2ete—d

(See §3.3.1 for some mnotations. Since WP (fs) is supported on GL(2,R)+ (2.2.6), we know
that the archimedean integral above is independent of x.)

Proof. Let ¢! 4 =11 <[1 _12] ) ©Yord- By considering the transfer of II to GL(5) [GT19,
2 N

Theorem 8.1.2] and using the nonvanishing of L-functions at s = 1 for cuspidal automorphic
representations of GL(n) [JS77] and II being tempered, we can deduce that the degree 5 (partial)
L-function of II twisted by a finite-order character is nonvanishing at s = 1. Then the argument
s L < ) ’g0grd>
in [Gar92, page 478-480] shows the algebraicity of -
of %. Hence, we can define the linear functional

L porarfora Mz s (Kaspa),f(N), Q) @5, Mi (Kar),;(N), Q) — Q

. Also, we know the algebraicity

as
g@ord’ford (SD & f) = P(Soorda @ord)ilP(ford’ ford)il : Apyl(¢ord)7ml )‘P,Q (@ord)imz )‘p(ford)imz

) YL (PR L f> .

p™1
ma
X<%0®f7n<[12 12]1)00{ ’ p~ ™1 ]
p~ "2

with my > mg > 0, mg > 0. (One can check that the right hand side is independent of
mi, Mg, Mg once my — ma, Mg, m3 are sufficiently large.) We denote its Q,-linear extension to
Mll)ZQ (KGSP(4)7f7Qp) ®Qp Ml (KGI:(z),f7Qp) alSO by g@ordaford' Since g@ordvford iS a Qp_linear
functional on a finite dimensional Q,-vector space, it is p-adically continuous, so we can apply
it to the p-adic measure £ in Proposition 3.5.2 to get

/’I’g,ﬂ' = og‘ﬁordyford (5) € Meas <QX\A(>Q<7f/U]p<f’ Qp) °

Next, we compute the interpolations of Mﬁ,ﬂ' By the integral representation stated in The-
orem 2.1.1, and the computation in Proposition 2.4.1 of local zeta integrals for the types of

p
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sections chosen in §3.3.3 for v | N, we have

Bs a (#ora) Wel fora) [e*N|
N k 5,A (Pord) WelJord v
it (X %) padic) = '
1, (( | | )p @ C) P(@Orda@ord)P(fordaford) 1_;\] (1 - |wv|v)2(]~ - ‘wﬂ|122)
(4.2.6) !
2k +e—1 2k+e—1 00 SR
xfp< 2 )I‘X’( 2 )'LNP (k+ g Mxxx)
with
ig-ce = 11 iy X
Zp <f]p37§:'x011/\0 nS ,no (S?X":')7BS§\p ((pord’p’mth),ch p(ford7p7m3))
P’ p My ip
I,(s) = -

HP
A1(Pord,p)™ A2(Pord,p) ™ A fora,p) ™ 'BS,Ap (Pord.p)

2
Tk p t t
Io(s) = 9—3(s+ B0) sty —3(s+ 5 HF (S Lt 2+ 3 j)

J=0

_\ D, =
X Zoo (Dtkm,lhlz,z £ (5,0 B), Bo g ([1, 2]+ Pordioo) W= ([4 1]+ ford,oo)) :

We need to compute I,(s). It follows from Proposition 2.7.2 and our choice of ®ys o

o1, Mp
in §3.3.2 that
-1 —s s [ ~
Ip(s) = xp(=1) Xp 1y 110, 5 (€)lelp ™ - W (forap) - Ep ( 5+ 5, I @ x x
(4.2.7)
—ma —ma 3/2 TmaTme H;n -1
X )\1(900rd,p) >\2((Pord,p) (nnp,?,(p)p ) BS,AP (onrd,p) : Ip,l(s) Ip,Q(S)u

with

— +l _
Ip,l(s) = /X |V‘p5 : “Xp 177%,277%,3(”) cFP@p 1 alt (v) d*v,
Q

r

1
o) = [ (PO ()T e et T) - 12, (o0 (T 7" i) ) ar
GL(2,Q,

where

(428) o, 0—1_o—1

‘F(I)P»lyalt(y) = Xpnﬂ-p,Znnp,s(V)?

w3 3| |as 1
w0 ([ m [ )

L(ag—ae)0x, (023) - Ap(W013) 75} (10131013)

om0~ lne—1 (‘513m23 - m131'_023>
plimp, 1My, 1 ae — :
5 — Qs

It is easy to see that

(4.2.10)

Ip71(8) =1.

—1
Writing 7' = [gi gz] [gz ﬂ with 11,92 € K,
(F®p0) (T) - | det T|, > x;, ', 1 Mg p(det T)

(4.2.11) =, e, 1hep (~(as - as)?) |~(as — as)*], "

< Low, (1) A5 ((as — as)ns) 77! ((Oés ~ag) (1 ‘_’1>) .
D2 D2
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We can also write
(4.2.12)

—1
op _q |p™ op as 1 1 D2 [p™
IS,AP (Up (T 1 |: pm2:|> U)o'p) = IS,Ap (Up <|:O_[§ 1:| |:Ui Uz:| |: pm2:|> wap>
-1
_ 7o as 1 n1/n2 1] [p™
T, (J’” (LS b pWD w"”)
91/92—01/02 0 my
_ Tp ag—a p
— Ap(‘)?) . ISaAp (JP <|f13(l)1/1)2§—<}2(01/02) 1] |: pm2:|> ’U/a'p>
as—as

In our setting here, we can use
(4.2.13) op = a quotient of IndgL@) (Ny.25 Mripn)s
and w,, € 0, is a multiple of the projection of the section
a b _ _ _
(4.2.14) h = [c d} — 1z,(c Ld) - |(det h)e 2\11/2 N, (€) Mu2((det h)e h

Then with my > my, from (4.2.11)(4.2.12), we see that when F®,,o(T") # 0,
(4.2.15)

Igi\p (O'p (Tl [p pmz}) w(,p)
_—1/9 (] op 1
s -2 (o))
3/2 mi+ma I,
)) - (o) By (T,

Then with (4.2.11)(4.2.15), we have

p™1
:AP(UQ) My 1 <(O‘S - 6‘8)71(% - b p—m1 ] (Pord,p> .
p ™2

Sl

(4.2.16)
HOIp
- p ag — g -1 _ Ry _ _ . = 21—s+1
lpals) == disc(KC/Q) L Xp Myt (—(as — @s)?) Ap(—as + as) |- (as — as)?|
p™1

mo

p

mi+ma hus
X (Un,,,s(]?)p3/2) Bg,i\p (Hp

Combining (4.2.7)(4.2.10)(4.2.16) gives

I(s) = - (%) "

as — Qg _ s
‘ Xp(=1) Xp 1y 1100, 5 (0) el
p

1+pt disc(K/Q)

~1 qe)? = _ \2|—s+l 1 -~
T - - A — — — . E =, H
(4.2.17) X Xp 1,1 (—(as = G9)?) Ap(—as + as) |~ (as — as)?| p <5 + 5 X @ x X)
p"t

1T m2 .

BS,I;\Z, (H;D P p~ ™1 @ord,p) We?* (ford,p)

« pm2

i
A1(ord,p) ™ Az (Pord,p) ™ BS,];\p (Pord.p)
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We can write (4.2.17) as

2k+etltlg+l 2k+e +’ TA
Iy (5) =Chynir- (—1)Fe 7 (—(as — 048)2>
p™1
mo .
BS,Ap <HP P p~ ™1 @ord,p) Wc (ford,p)
]. ind —m
pr<s+2,for><X : T .
Al(@ord,p)ml /\2(8001'<1,p)m2 Bgfl)\p (Sﬁord,p)
with
1— (&) pt? -
- ~ - | N7, (p)p ag — Qg
Ck HWSZCkSag—ag2ks+1' .
XL ( ) ‘ |jD |( ) p U]]IN (1 _ |wv|1))2(1 _ |wv|12;) 1 _|_p—1 dlSC(’C/Q) )

2k+tetltly+lo
2

< Xp(=D(=D* - O '+ 1 0, 1000,.0) (€) €

X (xp ' | e, 1) (—(as — as)?) Ap(—as + as) (—(as — as)?)

2k+e+l—rp
— =T A

Plugging this formula into (4.2.6), we get

il ((x]+ %)padic)
o <2k +e— 1) Bé,A (wora) W (fora)
= Uk, x, I, .
X 2 P(‘)Oordv L)0':)rd)1:)(f01rda ford)

Ute—1 - Ute—1 -
ono(k,Hoo,woo,Aoo)-Ep<+;,forxx)-LNpoo(H,Hx%xx>

with

2ketl4ly +1 _ 2ktetlory 2k +¢e¢—1
oo<k7HOO77TOOaAOO) = (_l)kc 2 e (_<Oég - aS)Q) ’ oo ( 2 > .

One can see that Cj, y 1.+ (%*'241) is interpolated by a p-adic measure u € Meas (QX \/Ag’f/U]’\’[, Qp)
and the convolution with p gives an invertible map from Meas ( \A Qf JUR, Qp) o itself (i.e.
the p-adic Mellin transform of p belongs to (OQ [Q* \A as/U M Q) ). Therefore, we can take
Egm € Meas (Q \A(S f/Uﬁ,, Qp) such that /‘H,n = * EH,W. O

This proves part (i) of Theorem 1.0.1. Next, we prove parts (ii) and (iii).

Proposition 4.2.2. In the setting of Theorem 4.2.1 and further assuming that l{ = lo =1, we
have the more precise interpolation formula:

L (0 F)p.acic)

B:QE,A (‘Pord) Wo:(ford)
P(Spordyﬁpord)P(fordyford)
Ep<k—|—%,f[xﬁxx)Eoo(k—i—%,ﬁxfrxX) ~LNp°O(k+§,f[><7~r><X>.

(4.2.18)  =|c*(as — as)|27%¢ -

with the E,, E« factors defined in (4.1.1)(4.1.2).
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Proof. When [; = ls = [, we can compute I, (s) as follows. In this case, the (S, A)-Bessel period
vanishes on II unless A, = triv, so we can assume that Ay, = triv. Let

Ity
S “aU(3,3),11 “gU(3,3),12 “gU(3,3),13 :
Dy = (2mi) "2 - det “éU(3,3),21 “gU(3,3),22 “gU(3,3),23
“aU(3,3),31 “gU(3,3),32 MEU(3,3),33
Then

Dylfk,l - Dtk70,l,l,l € <ps+p(4)ap$(171)> C[ng(&g)]a

where we view pgp(4) X p{rj(

D 2° . o - -
Bs v ([1, 1]+ @ord.o0) (vesp. W= ([1 ] ford o)) is anmihilated by pg, gy (resp By )

we have

11) 85 @ subalgebra of ng(&:,)) via the embedding (2.1.5). Because

—_ D, ==c
Zo (Dtk,o,l,z,l 285 (5, . B)s By i ([1, 1] @ord,oo) s W= ([1 1] 'ford,OO))

—_ Dy, ==c
= 4o (D,lgk’l . ftolg(S,Xa :), Bgftlrilj ([12 12] : Soord,oo) 7WEZ’ o ([1 1] : ford,oo)) .

On the other hand, by [Shi00, Theorem 12.13,Lemma 13.9], we have

2 1+3 .
3tp—3l  t,+3l T'(s+ 32— -
( 2 ) : ff)o(&Xa:)'

D; l-fé’é(s’x,5>:(2ﬂ'i> 3 .42 o /
' j=0 U (s+ %52 —j)
Therefore,
2
. i 1+3
I (s) =236+ 7 =36+t T T o
(s) T i H s+ 5 J

§=0
= Diy 15 2 Di,E
X Zoo (féo($7X7:')7 BS,triv ([12 ! ] ’ <Pord,oo) , We l ([1 1} . ford,oo)) '
Plugging in the formula in Proposition 2.2.1 for ¢ = [, we get

Io(s) = |c|*5*37l+%|ag I o PSS S B

30—3 I+1 1—1\?
T — | T — | —_—
X <s+ 5 ) (s+ 5 ) <s+ 5 )

g3l 3 _ 1 —92g5— — i € ~ ~
=le| 5" F T2 |ag — ag| 725 270 T (st A242) L g (s+§,H><7r><X).

Then
Lo (b, o, o0, Aso) = (—1)R ™55 (—(ag — as)?)” 7 I (2’“6_1)
(4.2.19) 2
= |c(as — as)| - 275 - Eoe (k: i mx 77) .
2
(4.2.18) follows from plugging (4.2.19) into (4.2.4). O
To see (iii) of Theorem 1.0.1, since @orq is cuspidal holomorphic invariant under [102 Symlz(Zv) ]
2
b
for all finite places v, there exists S = E 21 € Symj3(Z)~¢ such that its Fourier coefficient
bl C

indexed by S is nonzero. Then one can choose A such that Bs s (¢ora) # 0. If IT,, does not belong
to Ila or IVa in the classification in [RS07], (ii) of Proposition 2.7.1 implies Bg Al@ord) # 0. Let
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fo € m be the p-ordinary modular form new at every finite place v # p. Then Wi(fy) # 0.

-1

Writing ¢ = mpt with ptm, let foq = [m 1] - fo, then fo.q is p-ordinary and
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