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A Ricci curvature bound is weaker than a sectional curvature bound but
stronger than a scalar curvature bound. Ricci curvature is also special that it
occurs in the Einstein equation and in the Ricci flow. Comparison geometry
plays a very important role in the study of manifolds with lower Ricci curva-
ture bound, especially the Laplacian and the Bishop-Gromov volume compar-
isons. Many important tools and results for manifolds with Ricci curvature lower
bound follow from or use these comparisons, e.g. Meyers’ theorem, Cheeger-
Gromoll’s splitting theorem, Abresch-Gromoll’s excess estimate, Cheng-Yau'’s
gradient estimate, Milnor’s result on fundamental group. We will present the
Laplacian and the Bishop-Gromov volume comparison theorems in the first lec-
ture, then discuss their generalizations to integral Ricci curvature, Bakry-Emery
Ricci tensor and Ricci flow in the rest of lectures.
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Chapter 1

Basic Tools and
Characterizations of Ricci
Curvature Lower Bound

The most basic tool in studying manifolds with Ricci curvature bound is the
Bochner formula, which measures the non-commutativity of the covariant deriva-
tive and the connection Laplacian. Applying the Bochner formula to distance
functions we get important tools like mean curvature and Laplacian comparison
theorems, volume comparison theorem. Each of these tools can be used to give
a characterization of the Ricci curvature lower bound. These tools have many
applications, see next two chapters.

1.1 Bochner’s formula

For a smooth function v on a Riemannian manifold (M", g), the gradient of u
is the vector field Vu such that (Vu, X) = X (u) for all vector fields X on M.
The Hessian of u is the symmetric bilinear form

Hess (u)(X,Y) = XY (u) — VxY(u) = (VxVu,Y),
and the Laplacian is the trace Au = tr(Hessu). For a bilinear form A, we
denote |A|? = tr(AA?).

The Bochner formula for functions is

Theorem 1.1.1 (Bochner’s Formula) For a smooth function u on a Rie-
mannian manifold (M™,g),

1
§A|Vu|2 = |Hessu|? + (Vu, V(Au)) + Ric(Vu, Vu). (1.1.1)
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Proof: We can derive the formula by using local geodesic frame and commuting
the derivatives. Fix x € M, let {e;} be an orthonormal frame in a neighborhood
of x such that, at =, V¢,e;(x) =0 for all i,j. At z,

1 ) 1
§A|Vu| = 3 ;eiei<Vu,Vu)

= Z ei(Ve,Vu, Vu) = ZeiHess u(e;, Vu)

K2

= ZeiHessu(Vu,ei) = Zewivu,ei)
= D (Ve,VeuVu,e;)
= > (VeuVe,Vu, &) + (Vie, v Vi, &) + (R(ei, Vu) Vitlel)2)

Now at x,

D (VouVe, Vu,e) = > [Vu(Ve,Vu, ) — (Ve, Vu, Voue;)]

% 7

= Vu(Au) = (Vu, V(Au)), (1.1.3)
and
Z(V[ei’VU]Vm ej) = ZHess u([es, Vul, e;)

= Z Hessu(e;, Ve, Vu)

= ) (V. Vu, V., Vu) = [Hessul*. (1.1.4)

Combining (1.1.2), (1.1.3) and (1.1.4) gives (1.1.1). |

Applying the Cauchy-Schwarz inequality |Hessu|? > % to (1.1.1) we
obtain the following inequality

(Au)?

n

1
§A|Vu|2 > + (Vu, V(Au)) + Ric(Vu, Vu), (1.1.5)
with equality if and only if Hessu = hl, for some h € C*°(M). If Ric >
(n—1)H, then
1 Au)?
§A|Vu|2 > % + (Vu, V(Au)) + (n — 1)H|Vul?. (1.1.6)
The Bochner formula simplifies whenever |Vu| or Au are simply. Hence it
is natural to apply it to the distance functions, harmonic functions, and the
eigenfunctions among others, getting many applications. The formula has a
more general version (Weitzenbock type) for vector fields (1-forms).
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1.2 Mean Curvature and Local Laplacian Com-
parison

Here we apply the Bochner formula to distance functions. We call p : U — R,
where U C M™ is open, is a distance function if |[Vp| =1 on U.

Example 1.2.1 Let A C M be a submanifold, then p(x) = d(z, A) = inf{d(x,y)|y €
A} is a distance function on some open set U C M. When A = q is a point, the
distance function r(x) = d(q,x) is smooth on M \ {q, Cy}, where C, is the cut
locus of q. When A is a hypersurface, p(x) is smooth outside the focal points of

A.

For a smooth distance function p(z), Hessp is the covariant derivative of
the normal direction 0, = Vp. Hence Hessp = I, the second fundamental
form of the level sets p~1(r), and Ap = m, the mean curvature. For r(z) =
d(q,x), m(r,0) ~ an as r — 0; for p(x) = d(x, A), where A is a hypersurface,
m(y,0) = m4, the mean curvature of A, for y € A.

Putting u(z) = p(z) in (1.1.1), we obtain the Riccati equation along a radial

geodesic,
0= |I1|* +m' + Ric(9,, 0,.). (1.2.1)
By the Cauchy-Schwarz inequality,

m2

1111 >
—

Thus we have the Riccati inequality
m2
T Ric(9y, Or). (1.2.2)

m < —

If Ricpm > (n— 1)H, then

2

m < —

—(n—1)H. 1.2.3
(1) (1.23)

From now on, unless specified otherwise, we assume m = Ar, the mean
curvature of geodesic spheres. Let M}, denote the complete simply connected
space of constant curvature H and my (or m%, when dimension is needed) the
mean curvature of its geodesics sphere, then

2
/ my

my = — —(n—1)H. (1.2.4)

n—1
Let sng (r) be the solution to

snf; + Hsng =0
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such that sngy (0) = 0 and sn’;(0) = 1, i.e. sny are the coeflicients of the Jacobi
fields of the model spaces Mp;:

\/—%Sin\/ﬁr H>0

sng(r)=¢ T H=0 . (1.2.5)

\/T?lsinh\/|Hr H <0

Then

o/
sny

myg = (n—1) (1.2.6)

SN g

Asr — 0, mg ~ % The mean curvature comparison is

Theorem 1.2.2 (Mean Curvature Comparison) IfRicy» > (n—1)H, then
along any minimal geodesic segment from q,
m(r) < mg(r). (1.2.7)

Moreover, equality holds if and only if all radial sectional curvatures are equal
to H.

Since lim,_o(m —mg) = 0, this follows from the Riccati equation comparison.
However, a direct proof using only the Riccati inequalities (1.2.3), (1.2.4) does
not seem to be in the literature. From (1.2.3) and (1.2.4) we have

1 2

(m—mpg) <———(m

— —m%). (1.2.8)

Here we present three somewhat different proofs. The first proof uses the
continuity method, the second solving linear ODE, the third by considering
sn% (m —my) directly. The last two proofs are motived from generalizations of
the mean curvature comparison to weaker Ricci curvature lower bounds [111, 7],
allowing natural extensions, see Chapters ?77.

Proof I: Let m% = (m—mp)4 = max{m—my,0}, amount of mean curvature
comparison failed. By (1.2.8)

If m +mpyg > 0, then (mf)’ < 0. When r is small, m is close to my, so
m + my > 0. Therefore mf = 0 for all » small. Let g be the biggest number
such that m#(r) = 0 on [0,7¢] and m¥ > 0 on (ro,ro + €] for some ey > 0.
We have ry > 0. Claim: rg = the maximum of r, where m, my are defined on
(0,7]. Otherwise, we have on (rg, 7o + €o]

iy 1
< — 2.
mi = n—l(m+mH) (1.2.9)
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and m, my are bounded. Integrate (1.2.9) from 79+ € to ro+e€p (where 0 < € <
€0) gives

mf (ro + €o) - /ro-‘reo 1
T

mi(ro+€) = Jrore n—1

(m + myg)dr.

The right hand side is bounded by Ceq since m, my are bounded on (rg, 7o+ €g].
Therefore mf! (ro+¢€9) < mf (ro+e€)e®. Now let e — 0 we get m% (ro+eg) <0,
which is a contradiction.

Proof II: We only need to work on the interval where m — my > 0. On this

interval —(m? — m?%,) = —mi(m — mpg + 2my) = —m (m + 2mpg). Thus
(1.2.8) gives
H H H
(m#) < CmE)® e M oty
= p—1 n—1 — n—1 sng T

Hence (sn3;mi)’ < 0. Since sn%(0)m¥(0) = 0, we have snfm! < 0 and
mf < 0. Namely m < my.

Proof III: We have

2sn’ysng (m — mpy) + sna(m — my)
1 2

(sn%,(m - mH))I

< p— 1sn§{mH(m —myg) — p— 1an(m2 —miy)
2
SNy 2
— (m—mpg)” <

Here in the 2nd line we have used (1.2.8) and (1.2.6).
Since lim,_g sn% (m — my) = 0, integrating from 0 to r yields

sn; (r)(m(r) — my (r)) <0,

which gives (6.3.3).
When equality occurs, the Cauchy- Schwarz inequality is an equality, which

means I] = zzlfl I,,_1 along the minimal geodesic. Therefore all radial sectional

curvatures are equal to H. [ |

Recall that m = Ar. From (6.3.3), we get the local Laplacian comparison
for distance functions

Ar < Agr, forallz e M\ {q,C;}. (1.2.10)

The local Laplacian comparison immediately gives us Myers’ theorem [97],
a diameter comparison. Let S¥ be the sphere with radius 1/v H.

Theorem 1.2.3 (Myers, 1941) If Ricyy > (n — 1)H > 0, then diam(M) <
diam(S},) = n/VH. In particular, ©,(M) is finite.
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Proof: If diam(M) > n/VH, let q,¢ € M such that d(q,q') = 7/vVH + €
for some € > 0, and v be a minimal geodesic connecting ¢,q" with v(0) =
¢,Y(7/VH +¢€) = ¢'. Then ~(t) € C, for all 0 < t < /v H. Let r(z) = d(q, 2),
then r is smooth at (/v H), therefore Ar is well defined at v(w/vH). By
(1.2.10) Ar < Agrat all y(t) with 0 < t < 7/ H. Now lim,_ g Apr = —00

so Ar is not defined at «(7/v/H). This is a contradiction. [

Equation (1.2.4) also holds when my = Ad(z, Ay), where Ay C M}, is a
hypersurface. Therefore the proof of Theorem 1.2.2 carries over, and we have a
comparison of the mean curvature of level sets of d(z, A) and d(z, Ay) when A
and Ap are hypersurfaces with ms < my,, and Ricy; > (n — 1)H. Equation
(1.2.4) doesn’t hold if Ay is a submanifold which is not a point or hypersurface,
therefore one needs stronger curvature assumption to do comparison [?].

1.3 Global Laplacian Comparison

The Laplacian comparison (1.2.10) holds globally in various weak senses and
the standard PDE theory carries over. As a result the Laplacian comparison is
very powerful, see next Chapter for some crucial applications.

First we prove an important property about cut locus.

Lemma 1.3.1 For each q € M, the cut locus Cy has measure zero.

One can show C; has measure zero by observing that the region inside the cut
locus is star-shaped [27, Page 112]. The author comes up with the following
argument in proving that Perelman’s [-cut locus [107] has measure zero.

since the L-exponential map is smooth and the [-distance function is locally
Lipschitz. Proof: Recall that if x € C,, then either = is a (first) conjugate
point of ¢ or there are two distinct minimal geodesics connecting ¢ and x [39],
so z €{conjugate locus of ¢} U {the set where r is not differentiable}. The
conjugate locus of g consists of the critical values of exp,. Since expq is smooth,
by Sard’s theorem, the conjugate locus has measure zero. The set where r is
not differentiable has measure zero since r is Lipschitz. Therefore the cut locus
C, has measure zero. [

First we review the definitions (for simplicity we only do so for the Laplacian)
and study the relationship between these different weak senses.

Definition 1.3.2 For a continuous function f on M,q € M, a function f,
defined in a neighborhood U of q, is an upper (lower) barrier of f at q if fy is
C?(U) and

fa@) = 1(@), fo(x) = f(z) (fy(z) < f(z)) (z€U). (1.3.11)

Definition 1.3.3 For a continuous function f on M, we say Af(q) <c (Af(qg) >
¢) in the barrier sense (f is a barrier subsolution to the equation Af = ¢
at q), if for all € > 0, there exists an upper (lower) barrier f,. such that

Afyela) S c+e(Aflg) > c—e).
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This notion was defined by Calabi [25] back in 1958 (he used the terminology
“weak sense” rather than “barrier sense”). A weaker version is in the sense of
viscosity, introduced by Crandall and Lions in [48].

Definition 1.3.4 For a continuous function f on M, we say Af(q) < ¢ in
the wiscosity sense (f is a viscosity subsolution of Af = ¢ at q), if Ad(q) < ¢
whenever ¢ € C*(U) and (f — ¢)(q) = infy (f — ¢), where U is a neighborhood
of q.

Clearly barrier subsolutions are viscosity subsolutions.
Another very useful notion is subsolution in the sense of distributions.

Definition 1.3.5 For continuous functions f, h on an open domain Q C M, we
say Af < h in the distribution sense (f is a distribution subsolution of Af = h)
on Q, if [ fA < [, ho for all >0 in C3°(Q).

By [73] if f is a viscosity subsolution of Af = h on Q, then it is also a
distribution subsolution and vice verse, see also [83], [71, Theorem 3.2.11].

For geometric applications, the barrier and distribution sense are very useful
and the barrier sense is often easy to check. Viscosity gives a bridge between
them. As observed by Calabi [25] one can easily construct upper barriers for
the distance function.

Lemma 1.3.6 If v is minimal from p to q, then for all € > 0, the function
Tqe(x) = €+ d(z,7v(€)), is an upper barrier for the distance function r(z) =
d(p,x) at q.

Since 74, trivially satisfies (1.3.2) the lemma follows by observing that it is
smooth in a neighborhood of q.

Upper barriers for Perelman’s [-distance function can be constructed very
similarly.

Therefore the Laplacian comparison (1.2.10) holds globally in all the weak
senses above. Cheeger-Gromoll (unaware of Calabi’s work at the time) had
proved the Laplacian comparison in the distribution sense directly by observing
the very useful fact that near the cut locus Vr points towards the cut locus [40],
see also [31]. (However it is not clear if this fact holds for Perelman’s I-distance
function.)

One reason why these weak subsolutions are so useful is that they still satisfy
the following classical Hopf strong maximum principle, see [25], also e.g. [31]
for the barrier sense, see [84, 75| for the distribution and viscosity senses, also
[71, Theorem 3.2.11] in the Euclidean case.

Theorem 1.3.7 (Strong Maximum Principle) If on a connected open set,
Q C M™, the function f has an interior minimum and Af < 0 in any of the
weak senses above, then f is constant on €.

These weak solutions also enjoy the regularity (e.g. if f is a weak sub and
sup solution of Af = 0, then f is smooth), see e.g. [57].
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The Laplacian comparison also works for radial functions (functions com-
posed with the distance function). In geodesic polar coordinate, we have

B 2
Af:Af+m(r,9)%f+%, (1.3.12)

where A is the induced Laplacian on the sphere and m(r, ) is the mean curva-
ture of the geodesic sphere in the inner normal direction. Therefore

Theorem 1.3.8 (Global Laplacian Comparison) If Ricym > (n—1)H, in
all the weak senses above, we have

Af() < Auf(r) (if f'=0), (1.3.13)
Af(r) = Auf(r) (if f <0). (1.3.14)

1.4 Volume Comparison

1.4.1 Volume of Riemannian Manifold

How do we compute the volume of Riemannian manifold? Recall that for a
subset U C R™, we define

Vol(U):/ ldvol:/ ldzy - -dz,,
U U

where x4, - - -, z,, are the standard coordinate. One can compute it with different
coordinates by using the change of variable formula.

Lemma 1.4.1 (Change of Variables Formula) Suppose U,V C R™ and that
Y :V = U is a diffeomorphism. Suppose y(x) =y. Then

/dvol:/ 1dy1~-~dyn:/ |Jac(y)| dxy - - - day.
U U 1%

For a general Riemannian manifold M", let
Yo : Uy — R™

be a chart and set E;, = (wgl)*(%). In general, the E;,’s are not orthonormal.

Let {ex} be an orthonormal basis of T,M. Then

n
Eip: E AiL€CL .
k=1

The volume of the parallelepiped spanned by {E;,} is | det(a;)|. Now

n
gij = E Ak ks
k=1
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so det(g;j) = (det(aij))2. Thus

VOI(U(I) = A(U ) \/ ‘ det(g”” o (1/1(;1) dl‘l .. dxn

By the change of variables formula in R™ (Lemma 1.4.1), this volume is well
defined, namely it is independent of local coordinate charts.

Definition 1.4.2 (Volume Form) Any term

dvol = /| det(gy)| © (V3) das -+ da
1s called a volume density element, or volume form, on M.

Now we can compute the volume of M by partition of unity,

Vol(M :/ 1 dvol = / fa dvol,
) M Za: Y(Ua)

where {U,} are coordinate charts covering M, {f,} is a partition of unity
subordinate to {U,}.

Since partitions of unity are not practically effective, we look for charts that
cover all but a measure zero set. Since the cut locus has measure zero, the best
is the exponential coordinate. For ¢ € M™, let D, C T, M be the segment disk.
Then

exp,: Dy — M\ C,

is a diffeomorphism. We can either use Euclidean coordinates or polar coor-
dinates on D,. For balls it is convenient to use polar coordinate. From the
diffeomorphism

expy : Dy \ {0} — M\ (Cy U{g}),

set

and

0
E, = (equ)*(E).
To compute the g;;’s, we want explicit expressions for F; and E,. Since exp, is
a radial isometry, g, = 1 and g,; = 0 for 1 <1 < n. Let J;(r,8) be the Jacobi

field with J;(0) = 0 and J; (0) = 23-. Then

E;i(exp,(r,0)) = Ji(r,0).
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If we write J; and % in terms of an orthonormal basis {ey}, we have J; =

n
E a;r€r. Thus
k=1

0
det(gi;)(r,0) = |det(aw)| = ||J1 A+ Adp1 A 5“

Let

0

0) = o AN A =],
A, 8) = [lJy A=+ A dues A |

(1.4.1)
the volume density, or volume element, of M is

dvol = A(r,0) drdf,_.

Example 1.4.3 R™ has Jacobi equation J" = R(T, J)T. Thus, if J(0) =0 and
J'(0) = 55,

TN

J(r)
Hence the volume element is
dvol = r™ " drdby,_;.
Example 1.4.4 S™ has J;(r) = sin(r)a%i. Hence
dvol = sin™ " *(r) drdf,,_;.
Example 1.4.5 H" has J;(r) = sinh(r)a%i. Hence

dvol = sinh™~*(r) drdf,,_,.

In fact for space form M}, the volume element is dvol = sn"H_l(r) drdf,_1,
where sny is defined in (1.2.5).

Example 1.4.6 We can compute the volume of unit disk in R™.

! 1
Wy, = / / " Ydrdf,_, = f/ db,_1,
sn—1Jo n Jgn-1

noting that

2 n/2
/ by = oL
- T(n/2)
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1.4.2 Comparison of Volume Elements

Theorem 1.4.7 Suppose M™ has Ricpys > (n—1)H. Let dvol = A(r,0) drdf,—1
be the volume element of M in geodesic polar coordinate at q and let dvoly =
Ap (r,0) drdf,_1 be the volume element of the model space M7.. Then

A(r,0)
AH(T)

This follows from the following lemma and the mean curvature comparison.

is nonincreasing along any minimal geodesic segment from q.(1.4.2)

Lemma 1.4.8 The relative rate of change of the volume element is given by
the mean curvature,

/
%(r, 0) = m(r,0). (1.4.3)
Proof: Let v be a unit speed geodesic with v(0) = ¢, J;(r) be the Jacobi field
along v with J;(0) = 0 and J/(0) = 8%1_ fori =1---n—1and J,(0) = 7/(0)

where {6%17 6%2, --+,%'(0)} is an orthonormal basis of T, M. Recall

A(r,0)  |[Ju A ATyl
A, 0) || i A Ay
For any r = 7o such that 7o, ) is minimal, let {J;(r0)} be an orthonormal
basis of T,y M with J,,(ro) = 7'(r0). Since we are inside the cut locus, there

are no conjugate points. Therefore, {.J;(r)} is also a basis of T’ .,)M. So we
can write

Ji(ro) = Z bik Ji(10)-
k=1

For all 0 < r < rg + ¢, define
jl(T') = szkjk(’f‘)
k=1

Then {J;} are Jacobi fields along v which is an orthonormal basis at v(rg).
Since
||j1 VANRERIAN jn” = det(bi]‘)HJl VANREIRWAN Jn||

for all r € [0,79 + €), and b;;s are constant,

||‘]1/\"'/\Jn||/(r) _ Hjl/\/\jnH/(r)
Tn A dall = Wn Az
At ro, [|[J1 A+ A Jnl|(ro) = 1. Therefore
A'(r, 0 - -
) = 1A AT o

= D (A AT A ATl (1.4.4)
k=1
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Since {J;(ro)} is an orthonormal basis of T, M we have that

n

Ti(ro) = Y _{(Ji(r0), Ji(ro)) Ji(ro).

=1

Plug this into (1.4.4), we get

A) () = S o), Tkro)) = ST (V57 i) (1) = mlro,+/(0)).
A(r,&) k=1 k=1
[ |
Proof of Theorem 1.4.7: By (1.4.3),
(A(r, 9))’ - mAAy — Amp Ay (m—m )A(r, )
Au(r)) — A2 - B Ay (r)
A(r,0)

The mean curvature comparison (6.3.3) gives m — mpy < 0, therefore i) is

nonincreasing in r.

1.4.3 Volume Comparison

Integrating (1.4.2) along the sphere directions, and then the radial direction
gives the relative volume comparison of geodesic spheres and balls. Let I',. =
{0 € S™~ | the normal geodesic v with v(0) = z,7/(0) = 6 has d(v(0),v(r))
r}. Then the volume of the geodesic sphere, S(z,r) = {y € M|d(z,y) =
r} A (z,7) fr (r,0)df,—1. Extend A(r,0) by zero to all S"~!, we have

fsn LA(r,0)d0,—1. Let Ag(r) be the volume of the geodesic sphere
in the model space. If A(rg,8) = 0, then A(rg,0) = 0 for all » > rg, so (1.4.2)
also holds in the extended region.

Theorem 1.4.9 (Bishop-Gromov’s Relative Volume Comparison) Suppose
M™ has Ricpr > (n—1)H. Then

Az, 1)) p Vol (B(z, 1))

an are nonincreasing in 7. 1.4.5
Aun() “" Volu (B() ¢ (145)

In particular,
Vol (B(z,r)) < Volg(B(r)) forall r >0, (1.4.6)

Vol (B(z, 1)) < Vol (B(r))
Vol (B(z, R)) = Volu(B(R))

forall 0 <r <R, (1.4.7)

and equality holds if and only if B(x,r) is isometric to By (r).
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Proof:

d (Ax,r) 1 d (A(r,0)

dr <AH(’/‘)> Volsn—1 /Sn—l dr <AH(T) 10

The monotonicity of the ratio of volume of balls follows from this and the lemma
below since Vol(B(x,r)) = [, A(z,t)dt. |

Lemma 1.4.10 If f(t)/g(t) is nonincreasing in t, with g(t) > 0, then

SR rwa
i = [T g(t)at

s monincreasing in r and R.

Proof: We have

R R
%H(r, R) = —f(r) fr g(tldt + Q(T)QIT f(r)dr.
(S g@yat)
Now
) _ f(r)
a(t) = 9r)
implies
g(r)f(t) < f(r)g(t),

R R
/g(r)f(t)dts/ f(r)g(t)dt.

Thus %H(r, R) < 0. Similarly we have %H(n R) <O0. |

Instead of integrating (1.4.2) along the whole unit sphere and/or radial di-
rection, we can integrate along any sector of S"~! and/or segment of the radial
direction. Fix x € M™, for any measurable set B C M, connect every point
of y € B to z with a minimal geodesic +y, such that v,(0) = z,v,(1) = y. For
t € [0,1], let B, = {~,(t)ly € B}. Since cut locus C, has measure zero, B, is
uniquely determined up to a modification on a null measure set. Integrating
(1.4.2) gives immediately the following localized Bishop-Gromov volume com-
parison [101], see also [130, 35].

Proposition 1.4.11 If Ricyy > (n— 1)H, then for 0 <t <1

AH (td(.’L‘, y))

Vol(Bi) 2t | 1 e 0)

dvoly,. (1.4.8)
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Proof: Since B; is obtained from B by scaling the radial direction with ¢,
Vol(B;) = fexpfl(B)mDT tA(tr,0)drdf, where D, is the injectivity domain of x

in T, M. From (1.4.2) we have A(tr,0) > “jH(tT) A(r,0). Therefore
H(T

(r)
An (td(z,y))
5 An(d(z,y))

A(r,0)drdd =t

Vol(By) > t / An (i) dvol,.

expz L (B)NDy, AH (r)
|

In particular, we have volume comparison for annulus and star-shaped sets.
All these comparisons need to have the same centers or it will depends on the
distance between the centers. When H = 0, we have the following comparison
for nonconcentric balls which does not depends on the distance between the
centers.

Proposition 1.4.12 (Volume Comparison for Nonconcentric Balls) Given
z,y € M, 0<r <R withr+d(z,y) <R, if Ricpy > 0, then

VolB(y, ) < (r)3".

VolB(z,R) = \R

e (1.4.9)

Proof: We will show that for any  <a <1 (so —Ina < 2In(2 — a)),

VolB(y, ) S gn (T )3” .

VolB(z, R) — R
Let v : [0,d(z,y)] — M be a minimizing geodesic from z to y. We will construct
(1t Ay
a sequence of increasing balls centered on . Let k£ = L%J + 2 and

yi = y(d(z,y)+r—(2—a) " tr)for 1 <i < k—1,yp =2, 7; = a(2—a)" " ?r, R; =
(2—a)"1r. We have B(y;+1,7:+1) C B(yi, R;) C B(z,R) forany 1 <i <k—1
and r;/R; = a/(2 — a). Now

VolB(yi, Ri)  VolB(yit1,rir1)
VolB(z,R) — VolB(z, R)

o \" VolB(yi11, Riy1)
2 -« VolB(z,R)

Since y1 =y, Ry = r,yx, = x, by iteration,

VolB(y,r) <

>”<’“‘2) VolB(y_1, Rr_1)

VolB(z,R) — \2—-a« VolB(z, R)
S a \"*? Vol B(yg, k)
- 2—« VolB(z, R)
a n(k—2) e\
> _k
- (2 - a) ( R)

_ n n(k—2) (L)n .
[ee’ R
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ln(1+d(",';,’y>) —nlna

By the definition of k, a"*~2) > o" " met— = ()T > (£)7. W

The Bishop-Gromov volume comparison (Theorem 1.4.9) is a powerful result
because it is a global comparison. The volume of any ball is bounded above by
the volume of the corresponding ball in the model, and if the volume of a big
ball has a lower bound, then all smaller balls also have lower bounds. Hence
the volume comparison has many geometric and topological applications. Here
we give two nice simple applications, see Chapter 3 for topological applications.

By Myers’s theorem (Theorem 1.2.3) diamy, < diam(S%) = 7/v/H if Ricys >
(n—1)H > 0. Cheng [45] gives a characterization of the equality case — a rigid-
ity result.

Theorem 1.4.13 (Cheng’s Maximal Diameter Theorem 1975) Suppose M™
has Ricys > (n—1)H > 0. If diamy; = 7/ H, then M is isometric to the sphere
S% with radius 1/\/ﬁ

Proof: Cheng’s original proof uses the rigidity of first eigenvalue comparsion
(see Section 2.4.1). The following proof uses the rigidity of volume compari-
son, due to Shiohama [122]. Let p,q € M have d(p,q) = n/v/H. By volume
comparison (1.4.7)

Vol B(p,7/(2VH)) Vol B(p,7/(2VH))
Vol M Vol B(p,7/VH)

Voly B(r/(2VH))
Vol B(n/vVH)

Thus Vol B(p, 7/2vH) > (Vol M) /2. Similarly Vol B(q, 7/2vH) > (Vol M) /2.
Since the balls B(p, 7/2V/H) and B(q, 7/2v/H) are disjoint, we have

=1/2

Vol B(p,7/(2VH)) = (Vol M) /2, (1.4.10)

so we have equality in the volume comparison. By rigidity, B(p,7/(2VH)) is
isometric to the upper hemisphere of S%. Then by (1.4.10) VolM = Vol S%.
Hence M is isometric to the sphere S7;. ]

Given a rigidity result, one naturally asks if it is stable. Namely what
happens if diameter is close to be maximal? In the sectional curvature case, we
have the beautiful Grove-Shiohama diameter sphere theorem [65], that if M™
has sectional curvature Kjp; > 1 and diamy; > 7/2 then M is homeomorphic
to S™. For Ricci curvature there are manifolds M™(n > 4) with Ric > n — 1
and diameter arbitrarily close to m which are not homotopic to sphere [3, 102].
On the other hand, these spaces still have very nice structure. If M™ has
Ricyy > n — 1, and for € > 0 small, there are k pairs of points p;,q; with
d(pi,qi) >m—e€,it=1,---,k,and |d(p;,pj) — /2| < € for i # j, then M" looks
like (in Gromov-Hausdorff sense) a k-fold spherical suspension of a compact
geodesic space. Moreover when k, M" is diffeomorphic to S™ [34, 35, ?].
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1.5 The Jacobian Determinant of the Exponen-
tial Map

Besides the Bochner’s formula, another basic entity that encodes Ricci curva-
ture is the Jacobian determinant of the exponential map. The two are in fact
equivalent. However, we will derive the equation about the Jacobian determi-
nant of the exponential map directly since it is very geometric and elegant. We
will show the equivalence with the Bochner’s formula at the end of the section.

Let & be a vector field on a Riemannian manifold M". Consider the family
of maps Ty(z) = T(t,z) = exp,(t{(x)) : M™ — M™, which moves z along the
geodesic in the direction of £(z). Then its differential is given in terms of Jacobi
fields. Indeed, let {e;} be an orthonormal basis of T,, M™. Then

ATy, : T.M™ — TT(t,m)MTL
e; — th(ei):%‘s=0Tt(7€i(5))7

and J;(t) = dTi(e;) is the Jacobi field along the geodesic v(t) = exp, (t&(x))
with J;(0) = e;, J/(0) = (V.,&)(z). Denote by {e;(t)} the orthonormal basis at
~(t) by parallel translating {e;} from z along ~. Then J(t) = (J;;(t))nxn, with
Jij = (Ji, ej), is the Jacobian matrix of T', and it satisfies the Jacobi equation

J'(t)+ K(t)J(t) =0, (1.5.1)

where K(t) = (Kij(t))nxn with Ki;(t) = (R(ei(t),5(t))¥(t),e;(t))), and
J(0) = I, J'(0) = V().
Set J(t,z) = det J(¢,x). Then

I(t,w) = I(t,2) (n(J(t2)T " (82)) = T(t2) (0T (L @),

where we have denoted by U(t,z) = J-J~'. ThenU = J-J 1 —Jj.J 1. J.J 1 =
—K — U?. With this change of variable, (1.5.1) becomes the first order Ricatti
type equation

U+ K+U*=0. (1.5.2)

By taking trace, we arrive at another important equation involving Ricci cur-
vature:

%(tr U) + tr (U?) + Ric(%,4) = 0. (1.5.3)

When & = V) is a gradient vector field, V€ = Hess v is symmetric, which im-

plies U (t, z) is symmetric. Therefore we can use the Cauchy-Schwartz inequality,
2

tr(U?) > M, to deduce

n

(trU)?

i(trU)—i—

yr + Ric(4,%) < 0. (1.5.4)
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Using tr U = %, (1.5.4) becomes

T — (1= 22 < ~Ricli ). (155)

This can be better formulated using the following notations. Let D(t) =

(J@)=, I(t) = —log J(t). Then the above can be rewritten into the following
two important inequalities:

D _ _Ric(4,9)
D — n
(t)?

n

(1.5.6)

ity >

+ Ric(4, 4). (1.5.7)

By using the fact that K (¢) is effectively an (n — 1) x (n — 1) matrix, we can
refine the above estimate by a factor of (n — 1)/n, which will be useful later.
The intuitive idea is that one does not feel the effect of curvature along the
direction of motion (i.e. along geodesics). Choose e1(0) = 4(0)/|7(0)|, then

Klj = Kjl =0.

Let Uyp be the (1,1) entry of U and U, be the (n —1) x (n— 1) matrix obtained
by removing the first row and first column in U. Then

trU=U1 +trU,.
Write J = J11 - J1 where [J1; is obtained by solving the equation

Jin
— = U, 0)=1,
T 11, J11(0)

¢ 1
ie. Jin = eloUn)ds  Also let Dy = Ji1, Dy = J 'l = —log iy and
l1 = —logJy. Since the first row of K (t) is zero, by (1.5.2), Uy = — >, U7, <
U?. Hence

Di1 = Jn <0, I > 13, (1.5.8)
For the orthogonal part, note that
tr(UY) = t(U%) -2 Uy +Uf <ex(U?) = U,
J J
tI‘UL = tI‘U* Ull = tI‘U+ZU12j.
J

Hence
tr Uy +trUS + Ric(¥,%) < 0.

From

U11 —|—tI‘UJ_ =trU = (10gj)l = (logjn)' + (10gjj_)/
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and the choice of Uj; we obtain trU;, = jJ_/JJ_. Thus the same argument as
before gives

jjJ. < _ R‘IC(’% 7)

~ 1.5.
D, - n—1" ( 5 9)
: (iL)? o
L > . Ric(%,7). (1.5.10)
As before, the above are equivalent to
JL 1 JL 9 L
— — (1 - —)* < —Ric(%, 7). 1.5.11
A ( nfl)(jl) < (%:9) ( )

The fundamental formula (1.5.3) is actually equivalent to the Bochner for-
mula. Philosophically, (1.5.3) is a equation along a geodesic (the Lagrangian
point of view), while the Bochner formula involves its velocity field (the Eule-
rian point of view); hence they are dual to each other. To see the equivalence
directly, put y(t, z) = exp, t&(x), and let £(¢,z) be its velocity vector field, i.e.
A(t,x) = &(t,v(t,x)). Since 7 is a geodesic, ¥ = % + V€ = 0. On the other
hand, the Jacobian map

J(t7$) = th(.’E) : TajM — TTt(z)M (1.5.12)

satisfies J(t,x) = VE(t,v(t,x)) - J(t,x). Hence U(t,z) = JJ ' = VE(t,~(L, x)).
SO ha) = S (Ave) (o)

= i (G eatta)) + 5000 Vet (t.a)
(=div(Ve(§) + & V(dive)) (¢,7(, x)).
Consequently, (1.5.3) implies that

(—div(Ve€) + € - V(dive) + tr (VE)? + Ric(€,€)) (t,7(t,x)) = 0.

When t = 0, this is the Bochner formula for a general vector field. In particular,
when ¢ = V1, we have

—%A\vw + Vi - V(A) + [Hessyo|? + Ric(Vip, Vab) = 0,

which is exactly the Bochner formula (1.1.1).

1.6 Characterizations of Ricci Curvature Lower
Bound

Proposition 1.6.1 For a Riemannian manifold (M™, g), the following are equiv-
alent:
a) Ricyy > (n—1)H;
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b) The inequality (1.1.6) holds for all u € C3(M);

¢) For every x € M, the mean curvature (Laplacian) comparison (6.3.3)
holds in a neighborhood of x;

d) For every x € M, the volume element comparison (1.4.2) holds in a
neighborhood of x;

e) For every x € M, the local Bishop-Gromov volume comparison (1.4.8)
holds in a neighborhood of x;

f) For D in (1.5.6), DD” < —W,

g) For all f € C(M),t > 0,2 € M,

IV(Ef)P (@) < e 2 DIE(IVf2) (). (1.6.1)

Proof: In the previous sections we proved a) implies b), ¢), d), e) and f). We
will show each b), ¢), d) = a), e) = d) and a) = g).

b) = a): Given any zg € M and vy € T,,M, let u be a C*® function
such that Vu(xg) = vo and Hessu(zg) = Aol,. For example, in terms of a
geodesics frame at zo with coordinate {z;}, write vg = >, aia%i. Then
u= %(x% + -4 22)+ Y, a;x; satisfies the conditions. Plug u into (1.1.1)
and (1.1.6), we have Ric(vo,vo) > (n — 1)H|vg|?, so Ric > (n — 1)H.

d) = a): The Jacobi fields J; has the Taylor expansion

_ .0 9
= "%, " 90,

r3
Ji(r) + ?R(ar )87 +e

plug this into (1.4.1), we have the following Taylor expansion for A,

,r,n+1
A(r,0) ="t — 5 Ric(0r, 0p) + -+ -. (1.6.2)
We have same expansion for Agy. Since A < Ay for all r small, we have

Ric> (n —1)H.
¢) = a): From (1.4.3) and (1.6.2) one gets the following Taylor expansion
for the mean curvature,

m(r,0) = n-1

”
~ IRi 1.6.
" 3R10(8T, or) + (1.6.3)

Same argument as above gives Ric > (n — 1)H.
e) = d): Given any point xg = (rg,6p) € M. Let B¢ be the e-ball at z9. By
(1.4.8)

Vol(Bs) ot AH(td(w,y))dvol
Vol(B¢) = Vol(B¢) Jg. Ap(d(z,y)) v

When € — 0, B¢ — (rg,6), we have

t.A(tT’Q,ao) > tAH(tT’o)
A(To,eo) - .AH(T())’

which is (1.4.2).
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a) = g): Let ¢(s) = e 2" VASE (IVE,_,f|?). Then y(0) = [VE,f|?,4(t) =
e 2=DHL B, (17 f|?). Tt is enough to show 1 is increasing in s.
Y(s) = —2(n— 1)He " VHSE (VE,_,f]?)
+e 2 VHS AR, (IVE,_y f?) + 2E,(V(-AE;,_f), VE,_sf)] .

By Bochner formula (1.1.1) and a),

2V (=AE,_of),VE;_.f)
= 2[Hess Ey_f|? + 2Ric(VE,_ f,VE,_f) — A|VE,_,f|?
> 2(n—1)H|VE;_.f|> — A|VE;_.f*.

Therefore '(s) > 0. |

and Cheeger-Colding’s segment inequality [34, Theorem 2.11], see also [31].
Given a function g > 0 on M", put

l
Fara) = nf [ gta(s))ds,

where the inf is taken over all minimal geodesics « from x; to zo and s denotes
the arclength.

Theorem 1.6.2 (Segment Inequality, Cheeger-Colding 1996) Let Ricpn >
—(n—=1), A1, A C B(p,r), and r < R. Then

/ Fy (1, 22) < cn, R) - 7+ (Vol(A1) + Vol(As)) - / 9, (1.6.4)
A1 XAz B(p,2R)

where ¢(n, R) = 2 SUD(< 5 <u<s,0<s<R %.

The segment inequality shows that if the integral of g on a ball is small then
the integral of ¢ along almost all segments is small. It also implies a Poincaré
inequality of type (1,p) for all p > 1 for manifolds with lower Ricci curvature
bound [24]. In particular it gives a lower bound on the first eigenvalue of the
Laplacian for the Dirichlet problem on a metric ball; compare [79].

1.7 Characterization of Warped Product

Definition 1.7.1 Given two Riemannian manifolds (B™, gnr), (F™,gr) and a
positive smooth function f on B, the warped product metric on B X F is defined

by
9=9s+ f’gr. (1.7.1)

We denote it as B x ¢ F'.
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Warped product metrics are useful in many constructions since quantities
like curvature are easy to compute. Many interesting examples are constructed
by multiple warped product, see e.g. [16, Chapter 9, J], [108], [134, ?]. One
especially important and simple case is when B is one dimensional. One has
the following nice characterization about these warped product. It goes back to
Brinkmann [22], see also [16, 9.117], [34].

Theorem 1.7.2 A Riemannian manifold (M, g) is a warped product ((a,b) x ¢
N,dr? + f2(r)gn) if and only if there is a nontrivial smooth function u on M
such that

Vu #0, Hessu=hg

for some function h: M — R. (f =u' up to a multiplicative constant)

Proof: If g = dr? + f?(r)go simply take u(r) = [ f(t)dt. Then u/(r) = Zu =
f(r) >0, Hessu =u"(r)g = f'(r)g.
Conversely, if u satisfies Hessu = hg, then for any vector field X,

1
X (2|Vu|2> = Hessu(X,Vu) = h - g(X, Vu)

which shows that |Vu| is constant on level sets of u. Let N = u~!(c), a level
set of u, gy the metric restricted to this level set, and r the signed distance to
N defined by requiring that Vr and Vu point in the same direction. Then it is
easy to see that u is a function of r: u = u(r). Hence,

Vu=u'Vr, Hessu=u"dr?+ v'Hessr.

Comparing with the equation Hessu = hg shows that h = v/ and that

"

U
Hessr = —yg
u

on the orthogonal complement of V7. On the other hand, g = dr? + g, with g,
the restriction of g on the level set of r. Since

"

U
Lv,g- = 2Hessr = 2?gr.

Again the Hessian here is restricted to the orthogonal complement of Vr. Thus,
g = dr? + (ku')?gy where ku’(0) = 1. [

Corollary 1.7.3 (M, g) is a Riemannian product ((a,b) x N,dr* + gn) if and
only if there is a nontrivial smooth function w on M such that Vu # 0, Hessu =
0.

Of course this follows from the de Rham decomposition theorem since Hessu = 0
is equivalent to Vu is a parallel vector field. This characterization is useful in
splitting and almost splitting results.
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If @ is finite and lim,_,, f = 0, then the warped product metric ((a,b) %
F,dr® + f?(r)gr) is smooth at r = a if and only if F = S"~! f'(a) = 1 and f
is odd at a. If lim,_,, f > 0 (and also at b if b is finite), in order to be smooth,
the identification on the boundary of [a,b] x F or [0,00) x F' can be: either an
isometry of order two of {a} x F with itself acting freely (and similarly at b if b
is finite), and then f has to be even at a (and similarly at b); or an isometry of
{a} x F with {b} x F and then f has to be the restriction of a smooth function

on R satisfying f(a)f(r+b—a) = f(b)f(t).

Example 1.7.4 Spaces with constant sectional curvature can be viewed as var-
1ous warped product:

R"® =R x; R ! with u =2 and Hessu = 0;

R™\ 0 = (0,00) X, S*™! with u = $r* and Hessu = g;

S"\ {z, =2} = (0,7) Xginr S* 1 with u = —cosr and Hessu = cosrg;

RP"\ {z,Cp} = (0, %) Xginr S with u = —cosr and Hessu = cosrg,
where C,, is the cut-locus of x;

H” =R x R* ! with u = e' and Hessu = eg;

H™\ 0= (0,00) Xginhr S*~ ! with u = coshr and Hessu = coshryg.

Corollary 1.7.5 (M, g) has constant sectional curvature H if and only if there
s a nontrivial smooth function u on M such that Hessu = —Hug.



Chapter 2

Geometry of Manifolds
with Ricci Curvature Lower
Bound

2.1 Cheeger-Gromoll’s Splitting Theorem

The Cheeger-Gromoll’s splitting theorem [40] is the most important rigidity re-
sult for manifolds with nonnegative Ricci curvature. It plays a very fundamental
and important role in studying manifolds with nonnegative Ricci curvature and
later, manifolds with general Ricci lower bound. In a certain sense, the splitting
theorem is an analog of the maximal diameter theorem (Theorem 1.4.13) in the
case of nonnegative Ricci curvature and noncompact spaces.

Definition 2.1.1 A normalized geodesic v : [0,00) — M is called a ray if
d(v(0),~v(t)) =t for all t. A normalized geodesic 7y : (—o0,00) is called a line if
d(v(t),~v(s)) =s—t for all s > t.

Example 2.1.2 A paraboloid has rays but no lines. A cylinder has lines. A
surface of revolution has lines.

Definition 2.1.3 M is called connected at infinity if for all K C M, K com-
pact, there ts a compact set K O K such that every two points in M — K can
be connected in M — K.

A well known fact about existence of rays and lines is the following.

Lemma 2.1.4 If M is noncompact then for each p € M there is a ray v with
~v(0) = p. If M is disconnected at infinity then M has a line.

When a noncompact manifold has a line, it has “maximal diameter”, so it
has strong rigidity when Ricci curvature is nonnegative.

27
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Theorem 2.1.5 (Splitting Theorem, Cheeger-Gromoll 1971) Let M™ be
a complete Riemannian manifold with Ricyy > 0. If M has a line, then M is
isometric to the product R x N1 where N is an n — 1 dimensional manifold
with Ricy > 0.

To use the “big” diameter, it is natural to consider the distance function
from infinity, of course we need to renormalize it so it is finite. This is the so
called the Busemann functions.

Definition 2.1.6 If v :[0,00) — M is a ray, set b} (x) =t — d(z,~(t)).
Lemma 2.1.7 We have

L |b/ (z)] < d(x,~(0)).

2. For x fized, b] (z) is nondecreasing in t.

3. b/ (x) = b/ (y)| < d(,y).
Proof: (1) and (3) are the triangle inequality. For (2), suppose s < t. Then

b(x) = bl (x) = (s—1t) —d(z,v(s)) +d(z,7(t))
d(z, (1)) — d(z,7(s)) — d(v(s),7(t)) <0

Definition 2.1.8 Ifv:[0,00) — M is a ray, the Busemann function associated
to v is

b () = lim b} (2) = lim (¢ — d(z,(1))).

t—oo

By the above, Busemann functions are well defined and Lipschitz continuous.
Intuitively, b7 (x) is the distance from ~(c0). Also, since

bY(v(s)) = Jim ¢ —d(v(s),7(t))
= tlin;t—(t—s):s,

b7 (z) is linear along ~(t).

Example 2.1.9 In R", the rays are y(t) = v(0) ++'(0)t. In this case, b7 (z) =
(x —v(0),7/(0)). The level sets of b are hyperplanes.

The local Laplacian comparison (1.2.10) gives the following key estimate.

Proposition 2.1.10 If M has Ricyr > 0 and v is a ray on M then A(b7Y) >0
in the barrier sense (see Definition 1.3.3).
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Proof: For each ¢ € M, we construct a family of lower barrier functions of b”
at ¢ as follows.

Pick any t; — oo. For each i, connect ¢ and v(¢;) by a minimal geodesic o;.
Then {0(0)} C S™!, so there is a subsequential limit vy € T, M. We call the
geodesic 4 with 4(0) = vy an asymptotic ray of v at ¢; note that in general
different sequence of t; — oo might give different asymptotic rays.

Define the function hy(z) = t —d(z,5(t)) +b7(g). Since 7 is a ray, the points
g = #%(0) and 4(t) are not cut points to each other. Hence the function d(z, 5(t))
is smooth in a neighborhood of ¢ and thus so is h;. Clearly h:(q) = b7(q), thus
to show h; is a lower barrier for b7 we only need to show h;(x) < b7(z). To see
this, first note that for any s,

—d(l’, i’(t» < —d(.’l?, ’7(5)) + d(’?(t)vw(‘s»
= s—d(z,7(s)) — s+ d(¥(t),7(s)).

Taking s — oo, this gives

—d(a,7(1) < V(@) — (). (2.1.1)
Also
b'(q) = lim (¢ — d(g,7(t:)))
= lim (; —d(q,0i(1)) — d(0i(t), 7(t:)))
= —d(g,5(1) + lim (t; —d(oi(t).7(t:)))
= —t+b((1)). (2.1.2)
Combining (2.1.1) and (2.1.2) gives

hi(x) < b7 (x), (2.1.3)

so h; is a lower barrier function for b7 at gq.
Finally, since Ricys > 0, by the local Laplacian comparison (1.2.10)

n—1
Alhe(x)) = —A(d(z,54(t))) > ————=
which tends to 0 as ¢ — co. Thus A(b7) > 0 in the barrier sense. |

With this estimate, the maximal principle (Theorem 1.3.7) and the regularity
result for harmonic functions immediately gives us that the Busemann functions
are smooth and harmonic. Furthermore we show the norm of its gradient is
constant 1; this together with Bochner formula finishes the proof of the splitting
theorem.

Proof of Theorem 2.1.5. Denote by v and ~~ the two rays which form the
line v and let b+ and b~ denote their Busemann functions.

Observe that

br(z)+b (z) = hm (t —d(z, vt (1)) + hm (t —d(z,v (1))
= hm 2t — (d(z, vt (1)) + d(z, v~ (1))

< 2t—d(y" ()7 (1) =0.
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Since b (7(0)) + b~ (v(0)) = 0, b+ + b~ has a maximal at v(0). Also Proposi-
tion 2.1.10 gives

AT +b7) = AbT + A > 0.
By the strong maximal principle (Theorem 1.3.7) b + b~ = 0. But then bT =
—b~. Thus

0<AbT =—-Ab <0,

so both b™ and b~ are smooth by elliptic regularity.

Moreover, for any point ¢ € M we can consider asymptotic rays ¥ and 4~
to 4T and 4~ and denote their Busemann functions by b+ and b~. From (2.1.3)
it follows that

bt (z) + b (q) < bt (x). (2.1.4)

The next step is to show that this inequality is in fact an equality when 4+
extends to the line.
First we show that the two asymptotic rays ¥ and 4~ form a line. By
triangle inequality, for any ¢
d(7"(s1),5 (s2)) > d(¥ (s2),77 (1)) —d(F" (s1),7" (1))
= (t—d(F"(s1),7" (1) = (t —d(F (s2),7" (1)),

so by taking t — co we have

d(7"(s1),7 (52))

\%
=
+

AVAT
S o
+ +

N N N
N

= 81+ So2.

Thus any asymptotic ray to 4+ forms a line with any asymptotic ray to 7.
Applying the same argument given above for b and b~ we see that b+ = —b~.
By applying (2.1.4) to b~

—b~(z) = b (q) < —b ().

Substituting b = —b~ and bT = —b~ we have
bt (x) + bt (q) = b (x).

This along with (2.1.4) gives
bt (z) + bt (q) = b ().

Thus, bt and b+ differ only by a constant. Clearly, at ¢ the derivative of bt
in the direction of (1)’(0) is 1. Since b* has Lipschitz constant 1, this implies
that Vbt (q) = (77)'(0) and |[VbT| = 1. Apply the Bochner formula (1.1.1) to
b we have

0 = |Hessb™ > + (VbT, V(AbT)) + Ric(VbT, VbT).
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Since Ab™ = 0 and Ric > 0 we then have that Hessbt = 0 which, along with
the fact that [VbT| = 1 implies that M splits isometrically in the direction of
Vbt. [ |

Cheeger-Gromoll’s splitting theorem has many geometric and topological
applications. It also has several generalizations. See Sections 3.2.2, 77.

2.2 Gradient Estimate

2.2.1 Harmonic Functions

For a complete manifold M™ with Ricys > (n — 1)H > 0, there are no (non-
trivial) harmonic functions since it’s closed. For noncompact manifolds, there
are in general positive harmonic functions. Using Bochner’s formula, maximal
principle, cut-off function and Laplacian comparison Yau proved a gradient es-
timate for logu, where u is a positive harmonic function [146]. The following
version is from an improved estimate given by Li-Wang [80].

Theorem 2.2.1 (Gradient Estimate, Yau 1975, Li-Wang 2002) Let M™
be a complete Riemannian manifold with Ricpym > —(n — 1)H?(H > 0). If u is

a positive harmonic function defined on the closed ball B(q,2R) C M. Then
|V(logu)(z)| < (n — 1)H + ¢(n, HYR™" on B(q, R). (2.2.5)
In particular, for positive harmonic function u defined on M,
[V(logu)(x)| < (n—1)H. (2.2.6)

Estimate (2.2.6) is optimal. When equality occurs, it implies strong rigidity:
the manifold is a warped product, see [80]. When H = 0, (2.2.6) gives the
following Loiuville type result.

Corollary 2.2.2 Let M™ be a complete Riemannian manifold with Ricpm > 0,
then all positive harmonic functions are constant. In particular, all bounded
harmonic functions are constant.

Proof of Theorem 2.2.1: Let i = logu. Then Vh = %, Ah = % — |%|2 =
—|Vh|2. Apply the Bochner formula (1.1.1) to the function h we have

1
5A|Vh|2 = |[Hessh|* + (Vh, V(Ah)) + Ric(Vh, Vh)
> |Hessh|? — (Vh,V(|Vh|?)) — (n — 1)H?*|Vh|*. (2.2.7)
For the Hessian term one could use the Schwarz inequality

2
|Hess h|? > @ (2.2.8)

Indeed, when H = 0, this estimate is enough. For H > 0, using this estimate
1
one would get (n(n — 1))z instead of n — 1 in (2.2.6). To get the best constant
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for H > 0, note that (2.2.8) is only optimal when Hessian at all directions
are same. Harmonic functions in the model spaces are radial functions, so
their Hessian along the radial direction would be different from the spherical
directions. Therefore one computes the norm by separating the radial direction.
Let {e;} be an orthonormal basis with e; = %, the potential radial direction,

denote h;; = Hess h(e;, e;). We compute

2
S ng
©,J

|Hess h|?

S YRS S

j=2 j=2

- Ah — hyp)?
> h3 +2 hi. (71
> hi + Z Lt —

j=2

- Vh|? + hq1)?
— h2 2 (|

11+2Zh13+—n_1

j=2

S n

n

" 1 2
h2. + ——|Vh|* + ———|Vh|?hq;.

Now hny = 1oz (VvnVh, Vi) = gz (VIVR, Vh), hij = 55 (Ve, VA, Vh) =
ﬁej(‘VhF). Therefore
Vth|2|2 |Vh|4 + <V‘Vh\2 Vh)
Hes 2 g0y : 2.2.9
|Hess h|* > in—1) |Vh]? + — ’ ( )

and equality holds if and only if Hess h are same on the level set of h, i.e.

Hessh = —

IVh|? ( 1

— dh ® dh | .
9= wng™® )

n—1
Plug (2.2.9) into (2.2.7) we get

n o [VIVR22 VA n-—2 ,
— h h
=1 VAE o1 a1 VIVAL VR

—(n —1)H?Vh|?. (2.2.10)

1 2
—A|V >
3 |V >

If |Vh|? achieves a maximum inside B(gq, 2R) then we are done. Assume |Vh|(qo)
is the maximum for some gy € B(q,2R), then V|Vh|?(q0) = 0, A|VA|?(g0) < 0.
Plug these into (2.2.10) gives

4
0> % —(n—1)H?|Vh|?.

n —

Hence |Vh| < (n—1)H.
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In general the maximum could occur at the boundary and one has to use
a cut-off function to force the maximum is achieved in the interior. Let f :
[0,2R] — [0, 1] be a smooth function with

flio,r) = 1, suppf C [0,2R), (2.2.11)
—cR7IfY2 < 1 <0, (2.2.12)
If"]| <eR72, (2.2.13)

where ¢ > 0 is a universal constant. Let ¢ : B(q,2R) — [0,1] with ¢(z) =
f(r(x)), where r(x) = d(x, q) is the distance function. Set G = ¢|Vh|?>. Then G
is nonnegative on M and has compact support in B(g, 2R). Therefore it achieves
its maximum at some point qo € B(g,2R). We can assume 7(qo) € [R, 2R) since
if gqo € B(q, R), then |Vh|? achieves maximal at gy on B(q, R) and previous
argument applies.

If qo is not a cut point of ¢ then ¢ is smooth at gy and we have

AG((]Q) < 0, VG((]Q) =0. (2214)
At the smooth point of r, VG = V¢|Vh|? + ¢V |Vh|?,
AG = A¢|Vh|? +2(V¢,V|Vh|?) + AV

Using (2.2.10), (2.2.14) and express |Vh|?, V|Vh|? in terms of G, VG we get,
At the maximal point ¢¢ of G,

A¢ [Vg|? n_ |[Vg]? 2 ¢
086 > e-2lew tFile, 26
2(n —2) G )
t= 1 (Vh V¢>$ —2(n - 1)H?G. (2.2.15)
Since ¢(z) = f(r(z)) is a radial function, |V¢| = |f’|, by (2.2.12),
(Vh,V¢) > —|Vh||V¢| = —G? Vol S _gi .

¢1/2 = R

Also A¢ = f'Ar + f”. Since f’ <0, by the Laplacian comparison (1.2.10) and
(2.2.13)
A6 > f'Apr—cR™2,
where Agr = (n — 1)H coth(Hr), which is < (n — 1)H coth(HR) on [R,2R)].
Hence
A¢ —cR™'((n—1)H coth(HR) + R™")

>
> —cR'[(n—1)2R ' +4H)+ R']

Multiply (2.2.15) by % and plug these in, we get

0 > 2G—2(n—2)%a%
_% ((”_1)(;”_1) +4(n—1)2H + (32” _2>) —2(n—1)2H>.
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Solving this quadratic inequality gives
(G(q0))? < (n—1)H +c(n, H)R™". (2.2.16)
Therefore

sup |Vh|= sup GY2 < sup GY2< (n—1)H +c(n, HYR™L.
B(q,R) B(g,R) B(q,2R)

If go is in the cut locus of g, use the upper barrier r¢, .(x) for r(z) and let € — 0
gives the same estimate. [ |

Similar estimate also holds for positive functions v with Au = K(u), see e.g.
[31]. See [?, 21, 96] for generalizations.

2.2.2 Heat Kernel

2.3 First Eigenvalue and Heat Kernel Compar-
ison
Given a compact Riemannian manifold M™, let

L*(M) = {¢ measurable function on M | / |p|?dvol < +oc}.
M

With the inner product and induced norm given by

(6,0) = /M pvdvol, ||| = (6,0),

L?(M) is a Hilbert space.
When M is connected and closed, A € R is an eigenvalue of A if there is a
nontrivial ¢ € C?(M) such that

Aj = -\ (2.3.1)

When M has boundary, OM # 0, M is compact and connected, \ is a
Dirichlet eigenvalue if there is a nontrivial ¢ € C?(M)NCY (M) satisfying (2.3.1)
and ¢|sn = 0; X is a Neumann eigenvalue if there is a nontrivial ¢ € C?(M) N
CY(M) satisfying (2.3.1) and %¢‘8M = 0, where n is the outward unit normal
vector field on OM.

From (2.3.1) (and with these boundary conditions)

A =[l] 2 / Vo[2dvol > 0.
M

Hence A = 0 if and only if the eigenfuctions are constant functions.
The set of eigenvalues, listed with multiplicity, consists of a sequence

0< A <A <--- T +o0,
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which represent the energy levels, so the metaphysical principle is that smaller
spaces correspond to larger eigenvalues.

By the mini-max principle, the first eigenvalue has the following upper
bound,

A< o) 72 /M |V ¢|2dvol (2.3.2)

for all ¢ € H}(M), ¢ # 0. Here Hi(M) denotes the completion of C§°(M)
with respect to the norm

/ (16[2 + |V [2)dvol
M

Lower bound on the first eigenvalue is especially useful since it gives Poincaré
inequality.

2.3.1 First Nonzero Eigenvalue of Closed Manifolds

For closed manifold, A = 0 is alway an eigenvalue (with multiplicity one). In
this case we denote A\; the first nonzero eigenvalue. An immediate consequence
of the Bochner inequality (1.1.5) is the Lichnerowicz first eigenvalue comparison
[82], with equality characterized by Obata [100].

Theorem 2.3.1 Let M™ be a complete Riemannian manifold with Ric > (n —
1)H > 0. Then

A (M™) > M (My) =nH. (2.3.3)
Moreover, equality holds if and only if M is isometric to MF;.

Proof: By Myers’ theorem (Theorem 1.2.3) M is compact. Applying (1.1.6) to
an eigenfunction u of A\; gives

A2u?

1
5A|vu|2 > +((n—1)H — A1) |[Vul?. (2.3.4)

Integrating over M, we have

n

A2
02/ ( 1 +((n1)H)\1)Vu2> dvol.
M

Since [, [Vul*dvol = A1 [}, u?dvol and u # constant, we obtain (2.3.3).
Equality in (2.3.3) implies equality in (2.3.4) on all of M. Therefore Hessu =

hI, for some h € C*°(M). Now nh = trHessu = Au = —A\ju, so h = —Hu. By

Theorem 1.7.2, M is isometric to M. |

Stability case!

The estimate (2.3.3) does not give any information when H < 0. In this
case Li-Yau’s method of getting a gradient estimate on the first eigenfunction
by using the Bochner formula and maximal principle gives estimates on Aj.
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When H = 0, Zhong and Yang [148], improving an earlier estimate of Li and
Yau [81], obtained a sharp estimate. The equality case is characterized by Hang
and Wang [69]. From our slightly modified proof below, the equality case follows
quickly.

Theorem 2.3.2 If M™ is a closed compact Riemannian manifold with Ric > 0,
then

2

A(MT) = Pz (2.3.5)
M

where dp; is the diameter of M. Moreover, equality holds if and only if M is

isometric to S with radius d% .

Proof: Let u be an eigenfunction with Au = —Aju. Since A; > 0, fM udvol =
0. We can assume that

1 =maxu >minu=—-k, 0<k<I1.
M M

For small € > 0, let (the oscillation of u from the midpoint of its range, suitably
normalized)

_ 1=k
u 2

Ve = 1tk
(1 +€)T

then

1k 1
{ Ave = =i (ve +ae), ae= 177 1o
1

maxys Ve = miny; ve = —

1 _L
1+e’ 1+e-

Set v, = sinf.. The function #, = sin~! v, has its range in [-Z+0,Z — 4],
where § is specified by

i 1
i ,_@Z .
Sm(2 1+e

Then V6, = & and
Vi-?
NG — Av, n ve|Voe|? A (ve +ae) + v |VO,|?
‘ VI—02 (1 -02)3 N
= —\i(tanf, + acsecb,) + tan 6. |Vo,|>. (2.3.7)

Now, by the Bochner’s formula (1.1.1), we have
1
§A|V06|2 = |Hess 0. |*+(V0., VAO)+Ric(Vo,, Vo) > (VO., VAL,).(2.3.8)

From (2.3.7),
VAl =sec? 0. [ (14 acsinf,) + |VO )]V, + tan 6. V|VO 2. (2.3.9)
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At the maximal point of |VO.|?, A|V6.]? < 0,V|VO.|*> = 0. Hence evaluate
(2.3.8) at the maximal point of |Vf.|? gives

0 > sec? 0. [~ A1 (1 + acsin6,) + | VO[] VO |2
Namely
IVO|* < Ai(1 — acsinfe) < Ay (1+ ac) (2.3.10)

at the maximal point of |[V6,|?, hence everywhere (for the second inequality).
Now, let v be the shortest geodesic from the minimal point of . to the
maximal point. Then

duv/M( T a) > / VO T adt > / V6|t
Y Y

™
2

T_5
> / df. = 7 — 26. (2.3.11)
—3+5

Taking € to zero, we derive that

dyv (1 +4a) >,

1=k " This gives us the optimal estimate when a = 0, but weaker than

Tk
the desired estimate by a factor of H% when a # 0. From now on, we assume
0<a<l.

The estimate (2.3.10) can not be improved when the righthand side is inde-
pendent of the points. To get a more precise estimate for |V6,|?, the estimate
will have to be a function. Motivated from (2.3.10), we look for estimate in the
form of A1(1 4+ a.¢(f)). For this purpose, we consider

h(f) = max |VO.|*
x€M,0.(x)=0
Then h(f) € C° ([-5 + 6,5 —6]) and h(—F +0) = h(F — &) = 0 since —F + 6
and § — 4 are minimum and maximum points of ¢, respectively. Now define

¢(0) € C° ([-5 + 6,5 — &]) so that
h8) = (1 + a.6(6), (2.3.12)

with a =

and the goal is to get an estimate on ¢(0).

By (2.3.10), h(0) < A1(1 4+ a¢), so ¢(d) < 1. Since h(f) vanishes at the
end points of the interval [—g +6,5 — 5], ¢(—5 +0) =o(5 —0) < —1. Since
¢ is only continuous, we will get an estimate on its upper barrier (see Defini-
tion 1.3.2).

Using the Bochner formula and maximal principle again we get the following
key estimate for upper barrier of ¢.

Lemma 2.3.3 Lety(0) be an upper barrier function of $(0) at 6y € (=5 + 6,2 — ).
Moreover, y'(80) > 0 and |y(6y)| < 1. Then

Y (o) — 2tan g - v/ (o) — 2sec? by - y(0p) > —2tan O - sec by. (2.3.13)
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The proof of the lemma will be deferred at the end. The lemma motivates
us to consider the solution of the ODE

y"(0) — 2tan @ - y'(0) — 2sec? 0 - y(0) = —2tand - sech. (2.3.14)
Rewrite this as

(y' — 2tanfy)’ = —2tan0 - sec,
we find the general solutions are

y = —2tan@ -secf + c; (O sec® 6 + tan ) + ¢y sec? .

In order for the limits of the solutions to exist at § = —%, %, we have to let
ca=0,c1 = %. This leads us to ¢ : [-5, 5] = R,

{ ¥(0) = 2(0sec® 0 + tanf) — 2tanf -secd, 0 € (—3,%)
v(F) =1 v(-5) =

So 1 satisfies the ODE (2.3.14) and is an odd function which is continuous on
[-Z,Z]. We computer ¢'(0) = 2sec®0 [£(cosf + fsinf) — 1 —sin® @] > 0 on
(—%,%). Hence [¢(6)] < 1.
Now we show
™ ™
¢(0) <9(8) on [-5 +6,5 —4]. (2.3.15)
Otherwise,

s 2, (600) = p(0) = b >0,

Since ¢(=% +0) = ¢(§ — 5) < —1 and |(0)| < 1, the maximum is achieved

at an interior point 0y € (—% +4,5 — 5). Then y(0) = () + b is an upper
barrier of ¢(0) at 6y. Clearly y'(6y) > 0. Moreover

=1 <9(0) < y(bo) = (6o) +b=p(bo) <1
Hence Lemma 2.3.3 yields
#(60) = y(0y) < sinfly — sinfycosbyy’ (6y) + %cos2 0o y" (60)

= sinfy — sinfg cos Oy 1’ (0o) + % cos? 0y 1" (6)
= (o)

which contradicts to b > 0.
Now we can finish the proof of the theorem. By (2.3.12), (2.3.15), we have

IVO* < M(1+ act(e)).
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Choosing ~ as before, we obtain

50 df
dyv/ M > / Ardt > —_—
o ¥ v ~z+5 1+ ac(9)

_ /55 1 1 "
0 \/1+ae'¢} \/1_ae¢
796 4k;—1
= 2 1 aZky?k(0) | do
/0 (+Z a2 <>)

> 7r—26+faf/ V2(0)do
4 0

Letting € — 0%, hence § — 0, we get
da/A > T+ §a2/2 $2(0)do
0

Therefore, \; > ;Tz and the inequality is strict unless a = 0.
M

;Tz, the inequalities (2.3.11) (2.3.10) (2.3.8) all
M

become equalities as € — 0. Therefore we have \; = |V0|?, Hessf = 0 and
M = 8' x N splits isometrically.

Now when a = 0 and A\ =

Proof of Lemma 2.3.3. Consider the function

G(z) = [VOe(2)]* = M1 + acy(be(@))),

then G(z) < 0,G(x¢) = 0, where 0y = .(x0), i.e. G(z) achieves the maximum
value at zg. By maximum principle,

‘V9€|2(1170) = )\1(1+aey(96( )))
VIVO*(20) = Aacy (0c(x0)) - (VOe) (o),
AlVO*(x0) < Aac(Aly(0e)]) (o).

By (2.3.8) and (2.3.9),
AIVO|? > 2sec? O [~ A1 (1 + acsin0.) + [VO|?]|VO:|* + 2tan 0. (V|VO|?, VO.).
By (2.3.7),

Aly(0c(x))] Y'|VOc(2)* +y A ()

= (v +y tan6.)|VO.|* — \i(tan 6. + a. sec.)y’

Combining these together and dividing by Aja.|V0.|?, we have at z,

tan 6 + acsecl.

2sec? 0, [—sinf, + y]+2tan by’ <y’ +y tanf.—
14 aey

y'.(2.3.16)
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Since |y(6p)| < 1, 0 < ae < 1, we have

tanf. + acsec.  ac ysinf, — 1
1+ acy "~ cosf. 1+ aey

tan 0, —

Also y/(6y) > 0, therefore (2.3.16) gives

2sec? 0 [—sinf, +y] + 2tan by’ <y

at xg, which is (2.3.13). |
For compact manifolds M™ with Ric > —(n—1)H?, Li-Yau [81] also obtained
the lower bound estimate \; > (’ZT(”) exp(—Cy(n)dy H), see [116, 79).
M

For noncompact manifolds

2.3.2 Dirichlet and Neumann Eigenvalue Comparison

As another application of Laplacian comparison, one has the following Dirichlet
eigenvalue comparison theorem of Cheng [45].

Theorem 2.3.4 Let M be a complete Riemannian manifold with Ric > (n —
1)H. For anyx € M,R > 0, if 0B(z, R) #, then

M (B(z, R)) < M(R), (2.3.17)

where MI(R is the first Dirichlet eigenvalue of R balls in the model space M.
Equality holds if and only if B(x, R) is isometric to By (R).

(contradiction to metaphysics?, understand in barrier sense, B(z, R) may not
be a regular domain.)

Before we give the proof, let us look at the eigenvalues of By (R). Write the
metric of M% in polar coordinates g = dr? + sn% (r)ggn-1. Then

Ag = sn};”% <sn”H168T) + Sn;I2ASn—1.

Using separation of variables, one finds that eigenfunctions ¢ of eigenvalue A
are of the form ¢ = T'(r)G(0), with G(f) eigenfunctions of S?~1:

Asn—lG + VG = O,
while T'(r) satisfies the ODE

T" 4+ (n— 1) =27 4 (A= )T =0.

sny sny;
For Dirichlet boundary condition on By (R), T is also required to satisfy T'(R) =
0. There is an additional requirement for T at » = 0 coming out of the smooth-

ness of ¢ at the origin r = 0.
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For the eigenfunction ¢ associated with the first eigenvalue A (R), we must
have G = 1 and v = 0 (since ¢ does not change sign hence nor can GG). Therefore
¢ =T(r) with

T" + (n — 1)2%T’ FAT =0, A=M(R). (2.3.18)

We can now turn to the proof of the theorem.
Proof: Consider the test function ¢(y) = T'(d(z,y)). Obviously it satisfies the
Dirichlet boundary condition on B(z, R). Also, since T' > 0, (2.3.18) gives

snfy ()T (r) = —)\/0 snfy H(s)T(s)ds < 0.

Hence, by the global Laplacian comparison, Theorem 1.2.10,
AT(r) > AgT(r) = =AT(r).

Multiplying this inequality by 7'(r) and integrating over B(z, R), we obtain

M(B(x.R)) < |62 / Vo[2dvol < A = M (R),

B(z,R)

with the equality holds iff we have equality in the Laplacian comparison. Hence
B(z, R) must be isometric to By (R) in that case. [

2.3.3 Heat Kernel Comparison

The volume element comparison (1.4.2) can also be used to prove a heat kernel
comparison [43].

2.4 Isoperimetric Inequality

2.5 Abresch-Gromoll’s Excess Estimate

Abresch-Gromoll’s excess estimate [1] gives the first distance estimate in terms
of a lower Ricci curvature bound, giving a new tool for studying manifolds with
Ricci curvature lower bound. It is in the spirit of splitting theorem, instead of
having a line, one only has a long segment.

Definition 2.5.1 Given p,q € M, the excess function associated to p and q is
e(z) = d(p,x) + d(q, ) — d(p, ).

Clearly, e is a nonnegative Lipschitz function with Lipschitz constant < 2.
The key tool is the following estimate for Lipschitz functions whose Laplacian
is bounded from above. It uses the maximal principle and Laplacian comparison.
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Theorem 2.5.2 (Abresch-Gromoll, 1990) IfRicys > (n—1)H(H < 0) and
U:B(y,R) C M™ — R is a Lipschitz function with

1. U >0,

2. Lip(U) < a,

3. U(yo) = 0 for some yo € B(y, R) and
4. AU < b in the barrier sense.

Then U(y) < ac+ G(c) for all 0 < ¢ < R, where G(r(x)) is the smallest
function on the model space M}, such that:

1. G(r) >0 for0O<r < R.
2. G'(r) <0 for0 <r <R.
3. G(R) =

4. AgG =b.

Proof: For late use we construct G explicitly. Since Ay = 3%22 +myg (7”)% +A
(see (1.3.12) and (1.2.6)), we would like to solve the ODE

G” + mH(r)G' =b.
For H = 0, this is
G"+(n—-1G/r = b,
or G"r*+(n—-1)G"r = b?

which is an Euler type O.D.E. For n > 3, the solutions are G = G + G, where

G, = %rQ and G, = ¢1 + cor~ (772,

Now G(R) = 0 gives
b 2 —(n—2)
—R*+c1 + xR =0,
2n

while G’ < 0 gives

= (n—2)eor— ™1 <0
for all 0 <7 < R. Thus ¢ > ;-5 R™.
Hence G(r) = 2= (7“ + = 2Rn r—(n=2) 7j2R2>. Note that G > 0 follows
from G(R) =0 and G’ < 0.

For H < 0,

aoy=o [ [ (ZRIN
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By the Laplacian comparison (Theorem 1.3.8) we have AG > AyG = b.
Consider V. = G — U. Then AV = AG — AU > 0. Fix 0 < ¢ < R. Apply the
maximal principle to V' : A(y,c, R) — R gives

V(z) < max{V|spr), Vo) }

for all z € A(y,c,R). By assumption V]spr) < 0 and V(yo) > 0. If yo €
A(y, ¢, R), then max V]yp() > 0, so V(y') > 0 for some y' € dB(y, c). Since

U(y) —UY') < ad(y,y’) = ac

and

we have
Uly) <ac+U(Y') < ac+ G(c).
Now if d(y,y0) < ¢,

Uly) = Uly) —Ulyo) < ad(y, o)
< ac<ac+ G(c).

This finishes the proof. [ |

By applying this result to e(z) Abresch-Gromoll obtained an estimate for
thin triangles. First we fix some notations. If v is a minimal geodesic connecting
p and ¢ with y(0) = p and v(1) = ¢, let h(z) = Orgigld(a:,y(t)) be the height.

Then
0 <e(z) < 2h(z).
Let y be the point along v between p and g with d(z,y) = h(z). Set

S1 = d(pux)v tl = d(pv y)
S2 = d(Q7x)7 ty = d(Qa y)

DRAW A PICTURE!!
Example 2.5.3 In R",

s1= /B2 + 13 =t1\/1+ (h/t1)2 < t1 (1 + (h/t1)?).

Thus
e(x)

81+ 89—t —to
R% /[ty + h?/ts
h(h/tl —‘rh/tg)
2h(h/1),

IA

IN

where t = min{ty,ta}. Thus e(x) is small if h?/t is small.
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If M has nonnegative sectional curvature then the Toponogov comparison
shows that s; < \/h? + t%, so the same estimate holds. For manifolds with
nonnegative Ricci curvature obtained an estimate along the same line.

Theorem 2.5.4 (Abresch-Gromoll 1990) If M™(n > 3) has Ricy; > 0,
h(z) < ?, where s = min{s, sa}, then

AN

e(r) <8 (s) . (2.5.19)
Proof: Recall e(z) > 0, Lipe < 2. Let R = h(z). By Laplacian comparison
(Theorem 1.3.8), on B(z, R),

n—1 n—-1 _4(n-1)

A <
¢ 81—h+82—h7 s(x)

IA

Thus by Theorem 2.5.2, with a = 2,b = 4(572;)1),

e(z) <2c+ G(e)

for all 0 < c < h.
The function ac+ G(c), 0 < ¢ < h is convex and the infimum is assumed at
the unique ¢g € (0, h) with a + G'(cp) = 0 or more explicitly,

n— b n n b n
Co 1:%(}1 _CO)S%}L .

Therefore

e(x)

IN

b 2 n
2 :2 2 n 2—1’L_ 2
¢+ Gleo) CO+2n<CO+n2h “ n2h>

A
[N}
33
[
[N
7 N
IS
3‘@
>
3
N———
i
IN
o
VRS
w |3
N———
i
|)—l

Remark There is similar estimate for Ricyy > (n — 1)H: e(z) < hF(%) for
some continuous F' satisfying F'(0) =0 [1].
Using the above estimate Abresch-Gromoll proved that

2.6 Almost Splitting Theorem



Chapter 3

Topology of Manifolds with

Ricci Curvature Lower
Bound

3.1 First Betti Number Estimate
For a manifold M, its first Betti number is the dimension of the first cohomology,
by (M) = dim Hy (M, R).

By Hodge theorem H;(M,R) is isomorphic to H!'(M), the space of harmonic
1-forms. Using this and Bochner’s formula we can give a quick estimate on
by (M) for manifolds with nonnegative Ricci curvature [17].

Theorem 3.1.1 If M™ is a compact Riemannian manifold with Ric > 0, then
b1 (M) < n, with equality holds iff M isometric to the flat torus T™.

b1 (M) is closely related to the fundamental group w1 (M). In fact Hy(M,Z) =
w1 (M) /[m (M), 7 (M)], the abelianization of 7y (M). Since H(M,Z) is abelian,
the set of its torsion elements, T, is a normal subgroup. Hence I' = Hy(M,Z)/T
is a free abelian group. Moreover,

b1 (M) = rank(T") = rank(I"”),

where I is any subgroup of I' with finite index.

Let M = M/[m (M), 71 (M)]/T be the covering space of M. Then I acts
isometrically as deck transformations on M. To estimate b;(M) one needs to
choose a good finite index subgroup of I'. This is possible when M is compact.

Lemma 3.1.2 (Gromov, 1980) For fized x € M there is a subgroup I < T,
[T : TV] finite, such that T = (y1,..., 7, ), and

45
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1. d(z,vi(z)) < 2diamy,
2. For any v € I" —{e}, d(z,vy(x)) > diam,.
Proof: For each € > 0 let I'; < T be generated by
{veT:d(z,v(x)) < 2diamps + &}.

We will show that diam(M /T.) < 2diamy; + 2¢ so M /T, is compact and T
has finite index.

Let 7. : M — M /T, be the covering projection. If diam(M /T.) > 2diam s+
2e, we can find z € M such that d(z,2) = d(m.(z),7.(2)) = diamys + . Now
there exists v € I such that d(y(z), z) < diamps. Then

d(me(z), m(v(2))) = d(me(x),me(2)) — d(me(2), 7 (v(2))) 2 €,
d(z,v(z)) < d(z,2)+d(z,v(x)) < 2diamy + €.

We have v € T'. and v € T, a contradiction.
There are at most finite many elements in {y € " : d(z,v(x)) < 3diam;}.
Hence there is € small such that

{yeT:d(z,v(z)) <2diamp } = {y €T : d(z,v(x)) < 2diamys + €}.
Pick such an € > 0, we have I'. <T' with finite index, and

FE = <717 R 77m>a d(%'ﬂc@)) S 2dlaIn]w

Now we modify these generators (by choosing the longer ones) to get I.
First, since rank(I'.) = b1(M), we can pick a subset of linearly independent
generators 71, ...,v, S0 that I’ = (y1,...,7p,) has finite index in T..

Let IV = (31,..., %, ), where 4% = lx171 + -+ + Lipyr and the coefficients
ly; are chosen so that fx is maximal with respect to the constraints:

1. d(z,A(x)) < 2diamys and
2. span{q1, ..., 9k} < span{~yi,...,vx} with finite index

forall k=1, ---,b;.

Then I'" < T has finite index and first property of the Lemma is satisfied.
To verify the second property, suppose there exists v € I'—{e} with d(x,y(z)) <
diamy;, write

y=may+ -+ e,
with my # 0. Then d(z,7?(x)) < 2d(z,v(x)) < 2diamy;, but
7= 2mad 4 2my
= (terms involving v;,% < k) + 2my Lk Ve,

which contradicts the maximality of £p. [ |
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Theorem 3.1.3 (Gromov, Gallot) Suppose M™ is a compact manifold with

Ricyr > (n — 1)H and diamy; < D. There is a function C(n, HD?) such that

bi(M) < C(n,HD?) and lirg C(n,z) = n and C(n,z) = 0 for x > 0. In
z—0—

particular, if HD? is small, by (M) < n.

Proof: When H > 0, by Myers’ theorem (Theorem 1.2.3), b1 (M) = 0. So we
can assume H < 0.

Let I' = (71, ...,7,) be as in the lemma. Then, for i # j, d(v;(z),,(x)) =
d(z,~v; v (z)) > diamys. Thus

B(~i(x),diamys /2) N B(v,(x), diamy/2) = 0
for i # j. Also

B(vi(x),diamys /2) C B(x, 2diamps + diamyy/2)
for all 4, so that

b1
U B(vi(x),diamys/2) C B(z,2diamy; 4+ diamy,/2).
i=1

Hence

b < VolB(z, 5diams/2)
' = VolB(z, diamy; /2)

By the relative volume comparison (1.4.7),

VolB(z, 5diam; /2) < Voly B(5diam s /2)
VolB(x,diamy;/2) — Voly B(diamy/2)

Since diamy; < D, when H < 0 we have

. n o=
Voly B(sdiama/2) _ Voly B(5D/2) _ ", T eyt 0
Vol B(diamy; /2) — VolgB(D/2) 0 H<0

fUD\/ﬁﬂ(sinh r)yn—1ldr ’

Therefore by < C(n, HD?).
To get a better estimate when HD? is small, consider

Us)={yel'iy=lyi+ -+, [+ +]| <sh

Then
U B(().D/2) C B(x,2Ds + D/2),
~y€eU(s)
whence
VolB(x,2Ds + D/2)
U <
#U(s) < VolB(z, D/2)
Volg B(2Ds + D/2) _ ( (254—%)2:2@ ion g
> VOIHB(D/2) N (sinhr) r H <0

fODmﬁ(sinh r)yn—ldr ’



48CHAPTER 3. TOPOLOGY OF MANIFOLDS WITH RICCI CURVATURE LOWER BOUND

n+1

If by > n+1, then U(s) > (n%rl(s — n)) (see Example 3.2.3). For s =

n+1+3"(n+1)""!, we can find €(n) > 0 small such that when HD? > —¢(n),

0 2

fODm/Q(sinhr)"—ldr B (%)n(D\/ﬁ)"

S 1 — . P P
s+ 2)PVH (ginh )=t dr _202s+ )"(DV-H)" i+ (357

We get

9 n+1
which is impossible when s > n + 3™(n + 1)"*1. Therefore we have by (M) < n
when HD? > —¢(n). |

Gallot proved this using Bochner technique [55].

The celebrated Betti number estimate of Gromov [61] shows that all higher
Betti numbers can be bounded by sectional curvature lower bound and diameter
upper bound. Sha-Yang first constructed examples showing this is not true for
Ricci curvature. They constructed metrics of positive Ricci curvature on the
connected sum of k copies of S? x S2 for all k > 1 using semi-local surgery
[119]. Recently using Seifert bundles over orbifolds with a Kéhler Einstein metric
Kollar showed that there are Einstein metrics with positive Ricci curvature on
the connected sums of arbitrary number of copies of S? x S3 [76].

For M™ with Ricys > (n — 1)H and diamp; < D, the number of generators
of w1 (M) is uniformly bounded by C(n, H, D).

3.2 Fundamental Groups

In lower dimensions (n < 3) a Ricci curvature lower bound has strong topological
implications. R. Hamilton [70] proved that compact manifolds M3 with positive
Ricci curvature are space forms. Schoen-Yau [115] proved that any complete
open manifold M3 with positive Ricci curvature must be diffeomorphic to R3
using minimal surfaces. In general Ricci curvature lower gives very good control
on the fundamental group.

For manifolds with uniform positive Ricci curvature lower bound, by Myers’
theorem (Theorem 1.2.3), the fundamental group is finite. Any finite group can
be realized as the fundamental group of a compact manifold with positive Ricci
curvature since any finite group is a subgroup of SU(n) (for n sufficiently big)
and SU(n) has a metric with positive Ricci curvature (in fact Einstein).

For manifolds with nonnegative Ricci curvature, the volume comparison and
Cheeger-Gromoll’s splitting theorem give many structures on the fundamental
group.

We first recall a rough measurement on the size of a group introduced by
Milnor [94].
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3.2.1 Growth of Groups

Suppose T" is a finitely generated group, say I' = (g1,...,gx). Any g € T can
be written as a word g = ng where k; € {1,...,k}. Define the length of

i )

this word to be Z [n;|, and let |g| be the mininimum of the lengths of all word

2
representations of g. Note that | - | depends on the choice of generators.
Fix a set of generators for I'. The growth function of I is

I(s)=#{gel:|g| <s}.
Example 3.2.1 If T is a finite group then I'(s) < |T|.
Example 3.2.2 IfT' = Z ® Z, then T = (g1, g2), where g1 = (1,0) and g2 =
(0,1). Any g € T can be written as g = s191 + s2g92. To find T'(s), we need to

count the number of elements with |s1|+ |s2| < s. By counting the numbers with
[s1]=0,1,2,---,s we have

25+ 1+ 2(2(s—t)+1)
t=1
= 2542541,

T(s)

a polynomial of degree 2.

Example 3.2.3 LetI'=7Z @ --- ® Z. With respect to the standard generators,
————

k>1
I'(s) corresponds to the number of elements (s1,- -+, Sk) with [s1]4+---+sk] < s.

k
(kK
Let i be the number of s;’s which are not zero. Then I'(s) = Z A < ) <s>
i) \i
i=0

Example 3.2.4 For the free group I' = Z x - - - x Z, with respect to the standard
|

k>2
generators, the growth function is given by
k(2k—1)* -1
I'(s)= ———2——.
(s) 1

Definition 3.2.5 T is said to have polynomial growth of degree < n if for each
set of generators the growth function I'(s) < as™ for some a > 0.

I' is said to have exponential growth if for each set of generators the growth
function T'(s) > e*® for some a > 0.

Note that for each finitely generated group I' there always exists a > 0 so
that T'(s) < e®*

Lemma 3.2.6 The type of growth of a group v is independent of the choice of
generators. If for some set of generators, I'(s) < as™ for some a > 0, then "
has polynomial growth of degree < n. If for some set of generators, T'(s) > e**
for some a > 0, then ' has exponential growth.
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Proof: If {g1,-- -, gr} and {h1, - -, by} are two sets of generators, let T'y(s), I'(s)
be the corresponding growth functions. Write each generator h; in terms of
g1, -+, gk and g; in terms of hy,---, h;. There are sg, g such that all the length
are bounded as follows,

|hilg < S0, |9iln < to.

Therefore T'j,(s) < Ty(sos) and I'y(s) < T'y(tos), which gives

rh%) < Ty(s) < Thtos).

The functions have the same type. [ |

From this and Examples 3.2.3 and 3.2.4 we have the abelian group ZF has
polynomial growth of degree k and the free group Z x Z has exponential growth.

Gromov gives the following beautiful characterization of groups with poly-
nomial growth, they are not too far away from abelian groups [67].

Theorem 3.2.7 (Gromov, 1981) A finitely generated group I' has polyno-
mial growth iff T' is almost nilpotent, i.e. it contains a nilpotent subgroup of
finite index.

3.2.2 Fundamental Group of Manifolds with Nonnegative
Ricci Curvature

First as an application of their splitting theorem (Theorem 2.1.5) Cheeger-

Gromoll showed that for a compact manifold M with nonnegative Ricci cur-
vature, 1 (M) has an abelian subgroup of finite index [40].

Theorem 3.2.8 (Cheeger-Gromoll 1971) If M™ is compact with Ric,, > 0,

then its universal cover M =~ N xR¥, where N is a compact (n—k) dimensional
manifold. Thus there is exact sequence

0—F—-m(M)— B, —0,

where F' is a finite group and By is the fundamental group of some compact
k-dimensional flat manifold — Bieberbach group.

This immediately implies Theorem 3.1.1. Also it gives

Corollary 3.2.9 If M™ is compact with Ricy; > 0 and Ricys > 0 at one point,
then w1 (M) is finite.

Remark This corollary improves the theorem of Bonnet-Myers. The corollary
can also be proven using the Bochner technique. In fact, Aubin’s deformation
gives another metric that has Ricy; > 0 everywhere.

Proof of Theorem 3.2.8. By Theorem 2.1.5, M = N x R¥, where N contains
no line. We show NN is compact.
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First note that isometries map lines to lines. Thus, if ¢ € Iso (M ), then
¥ = (Y1,1), where 1y : N — N and 9, : R¥ — R¥ are isometries. Suppose
N is not compact, so N contains a ray v : [0,00) — M. Let F c M be
a fundamental domain of M, so its closure F is compact, and let p; be the
projection M — N. Pick any t; — co. For each ¢ there is g; € m (M) such that
gi(v(t;)) € pi(F). But pi(F) is compact, so we may assume g;(y(t;)) — p € N.
Set v;(t) = gi(y(t+t;)). Then ~; : [—t;,00) — N is minimal, and {7;} converges
to a line ¢ in N. Thus N is compact.

To see the exact sequence, let py : 71 (M) — Iso(RF) be the map ¢ =
(11,19) +— 1)a. Then

0 — ker(py) — m1 (M) — Im(ps) — 0

is exact. Now ker(ps) = {(¢¥1,0)}, while Im(¢p2) = {(0,%2)}. Since ker(p2)
gives a properly discontinuous group action on a compact manifold, ker(ps) is
finite. On the other hand, Im(ps) is an isometry group on R¥, so Im(py) is a
Bieberbach group.

Given a compact Riemannian manifold M, Milnor [94] and Svarc [?] discov-
ered that the growth rate of w1 (M) is the same as the volume growth of the
universal cover of M, M. This is conceivable since M is the number of 7y (M)
copies of M glued together. Hence control on the volume growth of the univer-
sal cover gives control on the growth of m (M). M. Anderson generalizes this
relation to give a sharper estimate when M is noncompact [4].

Theorem 3.2.10 (Anderson, 1990) If M™ is a complete Riemannian man-
ifold with Ricyr > 0 and there is x € M, o > 0 such that Vol(B(x,r)) > ar® for
all r big, where 0 < 8 < n, then any finitely generated subgroup of m (M) has
polynomial growth of degree < n— 3. Moreover, when 3 = n (Euclidean volume
growth) mi (M) is finite and |m (M) < “=, where wy, is the volume of the unit
ball in R™.

Any Riemannian manifold satisfies the volume growth condition for 5 = 0,
so this recovers Milnor’s result.

Theorem 3.2.11 (Milnor, 1968) If M™ is complete with Ricyr > 0, then any
finitely generated subgroup of m (M) has polynomial growth of degree < n.

When 8 = n, Peter Li had proved |71 (M)] <
78).
Proof of Theorem 3.2.10: Let 7 : (M, %) — (M, z) be the universal cover of
M with the induced metric. Then Ric,; > 0, and 71 (M) acts isometrically on
M. In order to take account of the volume of M, one covers M with fundamental
domains. For each g € m (M), let Fy ={y € M | d(y,¥) < d(y,92)}, the half
space closer to Z than gZ. Then F = ﬂgeﬂl( M)F is a Dirichlet fundamental

using a heat kernel estimate

Wn
[e3

domain, so that the translates gF cover M and have pairwise disjoint interiors.



52CHAPTER 3. TOPOLOGY OF MANIFOLDS WITH RICCI CURVATURE LOWER BOUND

Let ' = (g1,...,9k) be a finitely generated subgroup of w1 (M). Set | =
max d(g;Z,Z). If g € T satisfies |g| < s, then

g(B(,s)NF) C B(&, (14 1)s).

Therefore
['(s)Vol(B(Z,s) N F) < VolB(&, (I + 1)s).

Since Ric,; > 0, the Bishop volume comparison (1.4.6) gives us that
VolB(Z, (I +1)s) < w, (I +1)"s™.

Vol(B(z,s) N F) = VolB(z, s) since 7 : B(Z,s) N F — B(x,s) is a bijection.
Using the assumption on the volume growth we have

nn n
r(s) < wn(l+1)"s _ wr(l4+1) 1P
asP a
for all s large. Since w is a positive constant, we have shown that I' has
polynomial growth of degree at most n — 3.
When 3 = n, let T be a finite subgroup of 71 (M). Since I is finite, there is

I such that d(gz,z) <! for all g € T. Then we have for all g € T,
9(B(#,8) N F) C B(&,l + s).
As above we get

VolB(z,1 + s) < wp (I +s)"

I <
It = VolB(z,s) —  as®

Let s — oo, this gives |I'| < “=. We have the order of all finite subgroup of
71 (M) is uniformly bounded by £z. Hence 71 (M) is finite and | (M)] S.%‘.

e

Example 3.2.12 Let H be the Heisenberg group

1 =z =z
0 1 y rx,y,t € R B,
0 0 1
and let
1 ny no
Hy = 0 1 mng 'n; €E7Z
0O 0 1

Then H/Hg, is a compact 3-manifold with m(H/Hz) = Hyz. The growth of Hy,
is polynomial of degree 4, so H/Hy has no metric with Ric > 0.
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If M™ is a complete noncompact manifold with positive sectional curvature,
then M™ is diffeomorphic to R™ [60]. For positive Ricci curvature, the manifold
could have infinite topological type [118]. Sormani [123] found the following
nice property about fundamental groups of noncompact manifolds with positive
Ricci curvature, namely one can see the fundamental group at infinity.

Definition 3.2.13 Suppose M™ is noncompact. Then M is said to have the
geodesic loops to infinity property if for any ray v in M, any g € m (M,~(0))
and any compact K C M there is a geodesic loop & at vy, in M \ K such that
(i)t o @o |l is homotopic to a loop o at v(0) with g = [a].(We say & is
homotopic to a along )

Example 3.2.14 Let M = N x R. If the ray v is in the splitting direction,
then any g € m (M, ~(0)) is homotopic to a geodesic loop at infinity along ~.

Theorem 3.2.15 (Sormani, 2001) If M™ is complete and noncompact with
Ricys > 0 then M has the geodesic loops to infinity property.

This result follows from Cheeger and Gromoll’s splitting theorem (Theo-
rem 2.1.5) and the following construction of a line.

Theorem 3.2.16 (Line Theorem) If M" does not have the geodesic loops to
infinity property then there is a line in the universal cover M.

Proof: Let v be aray, g € m1(M,~(0)) such that g does not satisfy the geodesic
loops to infinity property. Let o be a representative of g based at (0). Then
there is a compact set K such that there is no closed geodesic contain in M \ K
which is homotopic to « along . Let Ry > 0 such that K C B(vy(0), Ry), and
r; > Ry — o0o. Then any loop based at «(r;) which is homotopic to « along ~
must pass through K. Let & be a lift of « to the universal cover M connecting
%(0) to g7(0), 4 the lift of v starting at 4(0), g7 the lift of v starting at ¢%(0), &;
a minimal geodesic connecting ¥(r;) and g7(r;). Since «; = wod; is homotopic to
a along v, there is ¢; such that «;(t;) € K. By triangle inequality ¢; > r; — Rp.
Set I; = L(cy), the length of ;. Then I; — t; > d(a;(t;),v(r;)) > i — Ro.
Therefore as ¢ — oo, the geodesic segments @; extend to infinity from both
sides of &;(t;). The projections of &;(t;) all lie in K, so a subsequence has a
limit. Hence a subsequence of &; converges, which gives a line.

GRAPH ]
Theorem 3.2.15 gives

Corollary 3.2.17 A noncompact manifold with positive Ricci curvature is sim-
ply connected if it is simply connected at infinity.

Using the loops-to-infinity property Shen-Sorman proved that if M™ is non-
compact with Ricys > 0 then H,,_1(M,Z) = 0 [120]. See [?] for more applica-
tions of the loops-to-infinity property.
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Combining Theorem 3.2.11 with Theorem 3.2.7, we know that any finitely
generated subgroup of 1 (M) of manifolds with nonnegative Ricci curvature is
almost nilpotent.

From the above one naturally wonders if all nilpotent groups occur as the
fundamental group of a complete non-compact manifold with nonnegative Ricci
curvature. Indeed, extending the warping product constructions in [98, 15], Wei
showed [134] that any finitely generated torsion free nilpotent group could oc-
cur as fundamental group of a manifold with positive Ricci curvature. Wilking
[138] extended this to any finitely generated almost nilpotent group. This gives
a very good understanding of the fundamental group of a manifold with non-
negative Ricci curvature except the following long standing problem regarding
the finiteness of generators [94].

Conjecture 3.2.18 (Milnor, 1968) The fundamental group of a manifold with
nonnegative Ricci curvature is finitely generated.

There is some very good progress in this direction. Using short generators
and a uniform cut lemma based on the excess estimate of Abresch and Gromoll
[1] (see (2.5.19) ) Sormani [125] proved that if Ricp; > 0 and M™ has small
linear diameter growth, then (M) is finitely generated. More precisely the
small linear growth condition is:

) diamdB(p, ) n n—1\"""
limsup ———= < 5, = .
1:11_}5£p r <# (n—=1)3"\n—-2

The constant s, was improved in [143]. Then in [141] Wylie proved that in
this case m (M) = G(r) for r big, where G(r) is the image of m1(B(p,r)) in
m1(B(p,2r)). In an earlier paper [124], Sormani proved that all manifolds with
nonnegative Ricci curvature and linear volume growth have sublinear diamter
growth, so manifolds with linear volume growth are covered by these results.

In a very different direction Wilking [138], using algebraic methods, showed
that if Ricps > 0 then m (M) is finitely generated iff any abelian subgroup of
m1(M) is finitely generated, effectively reducing the Milnor conjecture to the
study of manifolds with abelian fundamental groups.

Kapovitch-Wilking [74] recently announced a proof of the compact analog of
Milnor’s conjecture that the fundamental group of a manifold satisfying (??) has
a presentation with a universally bounded number of generators (as conjectured
by this author), and that a manifold which admits almost nonnegative Ricci
curvature has a virtually nilpotent fundamental group. The second result would
greatly generalize Fukaya-Yamaguchi’s work on almost nonnegative sectional
curvature [54]. See [135, 136] for earlier partial results.

3.2.3 Finiteness of Fundamental Groups

When the volume is also bounded from below, by using a clever covering ar-
gument M. Anderson [5] showed that the number of the short homotopically
nontrivial closed geodesics can be controlled and for the class of manifolds M
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with Ricy; > (n — 1)H, Volyy > V and diamy; < D there are only finitely
many isomorphism types of 71 (M). Again if the Ricci curvature is replaced by
sectional curvature then much more can be said. Namely there are only finitely
many homeomorphism types of the manifolds with sectional curvature and vol-
ume bounded from below and diameter bounded from above [64, 103]. By [106]
this is not true for Ricci curvature unless the dimension is 3 [149].

Lemma 3.2.19 (Gromov, 1980) For any compact M™ and each & € M there
are generators 1, ...,k of m (M) such that d(Z,~;Z) < 2diamys and all rela-
tions of w1 (M) are of the form ~v;v; = 7.

Proof. Let 0 < € < injectivty radius. Triangulate M so that the length of
each adjacent edge is less than €. Let z1,...,x be the vertices of the triangu-
lation, and let e;; be minimal geodesics connecting x; and x;.

Connect z to each x; by a minimal geodesic 0;, and set 0;; = ajfleijai. Then
l(o;j) < 2diamps + €, so d(Z,04;%) < 2diamps + €.

We claim that {o;;} generates m1(M). For any loop at z is homotopic to a 1-
skeleton, while o;3,0;; = 041, as adjacent vertices span a 2-simplex. In addition,
if 1 =0 € m (M), ois trivial in some 2-simplex. Thus ¢ = 1 can be expressed
as a product of the above relations.

Theorem 3.2.20 (Anderson, 1990)) In the class of manifolds M with Ricp >
(n—1)H, Volp; >V and diamy; < D there are only finitely many isomorphism

types of w1 (M).

Remark: The volume condition is necessary. For example, S%/Z, has K = 1

and diam = 7/2, but 71(S3/Z,,) = Z,. In this case, Vol(S3/Z,) — 0 as n — oo.
Proof of Theorem. Choose generators for 71 (M) as in the lemma; it is

sufficient to bound the number of generators.
Let F' be a fundamental domain in M that contains Z. Then

k
J~(F) c B(#,3D).

i=1
Also, Vol(F') = Vol(M), so
~ H
p < Vol B(z,3D) < VolB*(3D)
- VolM - \%4
This is a uniform bound depending on H, D and V.

Theorem 3.2.21 (Anderson, 1990) For the class of manifolds M with Ricpr >
(n — 1)H, Volyy > V and diamp; < D there are L = L(n,H,V,D) and
N = N(n,H,V,D) such that if T' C w1 (M) is generated by {v;} with each
£(v;) < L then the order of I" is at most N.

Proof. Let T' = (y1,...,vk) C m1(M), where each ¢(v;) < L. Set

U(s) ={veT: | < s},
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and let F C M be a fundamental domain of M. Then ~;(F)Nv;(F) has measure
zero for i # j. Now

U ~(F) c B(&,sL+ D),
YEU(s)
SO

1B (sL + D
#U(s) < VolB” (sL + D)
14
Note that if U(s) = U(s + 1), then U(s) = I'. Also, U(1) > 1. Thus, if T has
order greater than N, then U(N) > N.
Set L = D/N and s = N. Then
VolBH (2D)

N<UN)L ———.
SUW) <=

VolBH (2D)
|4

Hence |T| < N = + 1, so I is finite.

3.3 Volume entropy and simplicial volume

Given a compact Riemannian manifold (M",g), let M be its universal cover
and € M. The volume entropy measure the exponential growth rate of the
volume in the universal cover. It is related to the growth of fundamental group
and the topological entropy.

Definition 3.3.1 The volume entropy of M is

h(M,g) = lim anolB(xm)'
r—00 r

Proposition 3.3.2 (Manning, 1979) [?] The limit in (3.3.1) exists and is
independent of the center T € M.

(3.3.1)

Proof: Given any two points Z,7 € M, there is deck transformation g € m (M)
such that d(Z, gg) < d, the diameter of M. Since VolB(g,r) = VolB(gy,r), we
have

VolB(Z,r — d) < VolB(g,r) < VolB(Z,r + d). (3.3.2)
For any b > 0, let ¢, = inf,_y; VolB(Z,b0/2). Since M is compact, c; > 0. We

may assume VolB(Z,r) is unbounded, so there is b such that ¢, > 1. Note that

~ b b
B@r+s)c J  Bs+z)c U B@s+5+0),
jEB(E,r—%) yey

where Y is a maximal subset of B(Z,r — g) whose points are pairwise b apart.
The cardinality of Y, #Y < ¢, 'VolB(#,r) < VolB(&,r). Therefore

3b
VolB(Z,r + s) < VolB(&,r) - VolB(&, s + 5 +d). (3.3.3)
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Now if ks <r < (k+ 1)s, then

30
VolB(Z,r) < VolB(Z,(k+1)s) < VolB(&, ks)VolB(Z, s + 5 d)

IA

3b g
VolB(z, s) <VOIB(i, 5+ 5 + d)> ,

3b
r'InVolB(z,7) < r~'InVolB(%,s)+ kr~'InVolB(Z,s + ) +d)

3b
< r7'InVolB(Z,s) + s~ ' In VolB(Z, s + 5+ d),

3b
limsupr~* In Vol B(%,7) < s~ In Vol B(Z, s + B +d) forall s

T—00

and so

limsupr ' In VolB(#,7) < liminfs™'InVolB(z,s + %b +d)

r—o00 §—00

= liminfs™ ' InVolB(Z, s).
This shows the that lim, .. 77! 1InVolB(Z,r) exists. By (3.3.2) the limit is
independent of Z. [ |

3.4 Examples and Questions

Many examples of manifolds with nonnegative Ricci curvature have been con-
structed, which contribute greatly to the study of manifolds with lower Ricci
curvature bound. We only discuss the examples related to the basic methods
here, therefore many specific examples are unfortunately omitted (some are
mentioned in the previous sections). There are mainly three methods: fiber
bundle construction, special surgery, and group quotient, all combined with
warped products. These method are also very useful in constructing Einstein
manifolds. A large class of Einstein manifolds is also provided by Yau’s solution
of Calabi conjecture.

Note that if two compact Riemannian manifolds M™ N"(n,m > 2) have
positive Ricci curvature, then their product has positive Ricci curvature, which
is not true for sectional curvature but only needs one factor positive for scalar
curvature. Therefore it is natural to look at the fiber bundle case. Using Rie-
mannian submersions with totally geodesic fibers J. C. Nash [99], W. A. Poor
[113], and Berard-Bergery [14] showed that the compact total space of a fiber
bundle admits a metric of positive Ricci curvature if the base and the fiber
admit metrics with positive Ricci curvature and if the structure group acts by
isometries. Furthermore, any vector bundle of rank > 2 over a compact man-
ifold with Ric > 0 carries a complete metric with positive Ricci curvature. In
[568] Gilkey-Park-Tuschmann showed that a principal bundle P over a compact
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manifold with Ric > 0 and compact connected structure group G admits a G
invariant metric with positive Ricci curvature if and only if 7 (P) is finite. Un-
like the product case, the corresponding statements for Ric > 0 are not true in
all these cases, e.g. the nilmanifold S' — N? — T2 does not admit a metric
with Ric > 0. On the other hand Belegradek-Wei [13] showed that it is true in
the stable sense. Namely, if F is the total space of a bundle over a compact base
with Ric > 0, and either a compact Ric > 0 fiber or vector space as fibers, with
compact structure group acting by isometry, then E' x RP admits a complete
metric with positive Ricci curvature for all sufficiently large p. See [139] for an
estimate of p.

Surgery constructions are very successful in constructing manifolds with
positive scalar curvature, see Rothenberg’s article in this volume. Sha-Yang
[118, 119] showed that this is also a useful method for constructing manifolds
with positive Ricci curvature in special cases. In particular they showed that
if M™*t! has a complete metric with Ric > 0, and n,m > 2, then S"! x
(Mm'H \ Hf:o DZ"+1> Ura D"x]_[fzo ST, which is diffeomorphic to (S"_l X Mm‘H) # ( k8™ x Sm),
carries a complete metric with Ric > 0 for all k, showing that the total Betti
number of a compact Riemannian n-manifold (n > 4) with positive Ricci cur-
vature could be arbitrarily large. See also [6], and [140] when the gluing map is
not the identity.

Note that a compact homogeneous space admits an invariant metric with
positive Ricei curvature if and only if the fundamental group is finite [99, Propo-
sition 3.4]. This is extended greatly by Grove-Ziller [66] showing that any coho-
mogeneity one manifold M admits a complete invariant metric with nonnegative
Ricci curvature and if M is compact then it has positive Ricci curvature if and
only if its fundamental group is finite (see also [117]). Therefore, the fundamen-
tal group is the only obstruction to a compact manifold admitting a positive
Ricci curvature metric when there is enough symmetry. It remains open what
the obstructions are to positive Ricci curvature besides the restriction on the
fundamental group and those coming from positive scalar curvature (such as
the A-genus).

Of course, another interesting class of examples are given by Einstein mani-
folds. For these, besides the “bible” on Einstein manifolds [16], one can refer to
the survey book [77] for the development after [16], and the recent articles [?, 18]
for Sasakian Einstein metrics and compact homogenous Einstein manifolds.

Contrary to a Ricci curvature lower bound, a Ricci curvature upper bound
does not have any topological constraint [85].

Theorem 3.4.1 (Lohkamp, 1994) If n > 3, any manifold, M™, admits a
complete metric with Ricys < 0.

An upper Ricci curvature bound does have geometric implications, e g. the
isometry group of a compact manifold with negative Ricci curvature is finite.
In the presence of a lower bound, an upper bound on Ricci curvature forces
additional regularity of the metric, see Theorem 8.5.13 in Section ?? by Ander-
son. It’s still unknown whether it will give additional topological control. For
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example, the following question is still open.

Question 3.4.2 Does the class of manifolds M™ with |Ricy| < H,Volyy >V
and diamy; < D have finite many homotopy types?

There are infinitely many homotopy types without the Ricci upper bound [106] .
This is the only known topological obstruction to a compact manifold supports a
metric with positive Ricci curvature other than topological obstructions shared
by manifolds with positive scalar curvature.

What can one say if the dimension n is fixed? For example, is the order of
the group modulo an abelian subgroup bounded by the dimension? See [138]
for a partial result.
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Chapter 4

Gromov-Hausdorff
convergence

Gromov-Hausdorff convergence is very useful in studying manfolds with a lower
Ricci bound. The starting point is Gromov’s precompactness theorem. Let’s
first recall the Gromov-Hausdorff distance. See [68, Chapter 3,5],[108, Chap-
ter 10], [23, Chapter 7] for more background material on Gromov-Hausdorff
convergence.

Given a metric space (X,d) and subsets A, B C X, the Hausdorff distance
is

dp(A,B) =inf{e >0: B CT.(A) and A C T.(B)},

where T, (A) = {z € X : d(z, A) < €}.

Definition 4.0.3 (Gromov, 1981) Given two compact metric spaces X,Y,
the Gromov-Hausdorff distance is dgp(X,Y) = inf {dg(X,Y) : all metrics on
the disjoint union, X [[Y, which extend the metrics of X and Y}.

The Gromov-Hausdorff distance defines a metric on the collection of isometry
classes of compact metric spaces. Thus, there is the naturally associated notion
of Gromov-Hausdorff convergence of compact metric spaces. While the Gromov-
Hausdorff distance make sense for non-compact metric spaces, the following
looser definition of convergence is more appropriate. See also [68, Defn 3.14].
These two definitions are equivalent [127, Appendix].

Definition 4.0.4 We say that non-compact metric spaces (X;,x;) converge in
the pointed Gromov-Hausdorff sense to (Y,y) if for anyr > 0, B(x;,r) converges
to B(y,r) in the pointed Gromov-Hausdorff sense.

Applying the relative volume comparison (1.4.7) to manifolds with lower
Ricci bound, we have

61
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Theorem 4.0.5 (Gromov’s precompactness theorem) The class of closed
manifolds M™ with Ricyy > (n—1)H and diamy; < D is precompact. The class
of pointed complete manifolds M™ with Ricps > (n — 1)H is precompact.

By the above, for an open manifold M™ with Ricy; > 0 any sequence
{(M", z,r] 29)}, with r; — oo, subconverges in the pointed Gromov-Hausdorff
topology to a length space M,. In general, M, is not unique [105]. Any such
limit is called an asymptotic cone of M™, or a cone of M™ at infinity .

Gromov-Hausdorff convergence defines a very weak topology. In general one
only knows that Gromov-Hausdorff limit of length spaces is a length space and
diameter is continuous under the Gromov-Hausdorff convergence. When the
limit is a smooth manifold with same dimension Colding showed the remarkable
result that for manifolds with lower Ricci curvature bound the volume also
converges [47] which was conjectured by Anderson-Cheeger. See also [31] for a
proof using mod 2 degree.

Theorem 4.0.6 (Volume Convergence, Colding, 1997) If (M, x;) has Ricps, >
(n—1)H and converges in the pointed Gromov-Hausdorff sense to smooth Rie-
mannian manifold (M™, x), then for allr > 0

zli>rgo Vol(B(z;, 7)) = Vol(B(z,7)). (4.0.1)

The volume convergence can be generalized to the noncollapsed singular limit
space (by replacing the Riemannian volume with the n-dimensional Hausdorff
measure H") [35, Theorem 5.9], and to the collapsing case with smooth limit
MP¥ in terms of the k-dimensional Hausdorff content [36, Theorem 1.39)].

As an application of Theorem 4.0.6, Colding [47] derived the rigidity result
that if M™ has Ricys > 0 and some M, is isometric to R™, then M is isometric
to R™.

We also have the following wonderful stability result [35] which sharpens an
earlier version in [47].

Theorem 4.0.7 (Cheeger-Colding, 1997) For a closed Riemannian man-
ifold M™ there exists an e(M) > 0 such that if N™ is a n-manifold with
Ricy > —(n—1) and degg(M,N) < € then M and N are diffeomorphic.

Unlike the sectional curvature case, examples show that the result does not hold
if one allows M to have singularities even on the fundamental group level [102,
Remark (2)]. Also the ¢ here must depend on M [3].

Cheeger-Colding also showed that the eigenvalues and eigenfunctions of the
Laplacian are continuous under measured Gromov-Hausdorff convergence [37].
To state the result we need a definition and some structure result on the limit
space (see Section ?? for more structures). Let X; be a sequence of metric
spaces converging to X, and u;, tieo are Radon measures on X;, X .

Definition 4.0.8 We say (X;, p;) converges in the measured Gromov-Hausdorff
sense 10 (Xoo, fhoo) if for all sequences of continuous functions f; : X; — R con-
verging to foo : Xoo — R, we have

/X s /X el (4.0.2)
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If (M, p) is the pointed Gromov-Hausdorff limit of a sequence of Rieman-
nian manifolds (M, p;) with Ricyps, > —(n—1), then there is a natural collection
of measures, p, on M, obtained by taking limits of the normalized Reimannian
measures on M for a suitable subsequence M} [53], [35, Section 1],

= lim Vol, () = Vol()/Vol(B(p;. 1). (4.0.3)

In particular, for all z € My, and 0 < r; < ro, we have the renormalized limit
measure p satisfy the following comparison

p(B(z,r1))  Voln, 1 (B(r1))
#(B(z,12)) ~ Voln,—1 (B(r2))

With this, the extension of the segment inequality (1.6.4) to the limit, the gradi-
ent estimate (?7), and Bochner’s formula, one can define a canonical self-adjoint
Laplacian A, on the limit space My, by means of limits of the eigenfunctions
and eigenvalues for the sequence of the manifolds. In [29, 37] an intrinsic con-
struction of this operator is also given on a more general metric measure spaces.
Let {A1:-++,},{M 00y -+, } denote the eigenvalues for A;, Ay, on M;, Mo, and
®j.i, ®jc the eigenfunctions of the jth eigenvalues Aj;, \j . In [37] Cheeger-
Colding in particular proved the following theorem, establishing Fukaya’s con-
jecture [53].

(4.0.4)

Theorem 4.0.9 (Spectral Convergence, Cheeger-Colding, 2000) Let (M, p;, Vol,)
with Ricyy, > —(n—1) converges to (Moo, p, 1) under measured Gromov-Hausdorff

sense and Mo, is compact. Then for each j, Aj; — Ajoo and ¢j; — @)oo uni-

formly as i — oo.

As a natural extension, in [52] Ding proved that the heat kernel and Green’s
function also behave nicely under the measured Gromov-Hausdorff convergence.
The natural extension to the p-form Laplacian does not hold, however, there is
still very nice work in this direction by John Lott, see [86, 88].
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Chapter 5

Comparison for Integral
Ricci Curvature

5.1 Integral Curvature: an Overview

What’s integral curvature? A natural integral curvature is the LP-norm of
the curvature tensor. For a compact Riemannian manifold M™, x € M, let
o(z) = max, v er, m | K (v,w)|, where K(v,w) is the sectional curvature of the
plane spanned by v, w. The LP-norm of the curvature tensor is

1/p
[|Rm||, = (/ o(x)pdvol> .
M

When the metric ¢ scales by A2, the sectional curvature scales by A~2, volume by
A", s0 |Rm), scales by A7 ~2. Therefore when p = 5, [[Rm], is scale invariant,
while for p < %, one can make [[Rm||, small just by choosing A small, not a
very restrictive condition. Sometime the normalized norm,

1 1/p
|[Rml|, = (VolM /M U(x)pdvol> ,

which scales like curvature, is more appropriate. When M is noncompact, one
can define the integral over a ball (see below).

Bounds on these integral curvatures are extensions of two sided pointwise
curvature bounds to integral. What about one sided curvature bound? Or
integral curvature lower bound? Here we specify for Ricci curvature. Given
H € R, we can measure the amount of Ricci curvature lying below (n — 1)H in
LP norm.

For each € M™ let p (x) denote the smallest eigenvalue for the Ricci tensor
Ric : T, M — T, M, and Ric” (z) = ((n — 1)H — p(z)),. = max {0, (n — 1)H — p(z)},
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amount of Ricci curvature below (n — 1)H. Let

P
|Ric? |, (R) = sup (/B( R)(Rie’_’)p dvol> . (5.1.1)

Then ||Ric” ||, measures the amount of Ricci curvature lying below (n —1)H in
the L? sense. Clearly ||Ric”||,(R) = 0 iff Ricps > (n — 1)H.

Similarly we can define Ricci curvature integral upper bound, or for sec-
tional curvature integral lower bound ||[KH||,. When H = 0, we will omit the
superscript, e.g. denote ||Ric” ||, by ||Ric_||,.

Why do we study integral curvature? Many geometric problems lead to in-
tegral curvatures, for example, the isospectral problems, geometric variational
problems and extremal metrics, and Chern-Weil’s formula for characteristic
numbers. Integral curvature also makes sense on some singular spaces, e.g.
polyhedral surfaces. Since integral curvature bound is much weaker than point-
wise curvature bound, one naturally asks what geometric and topological results
can be extended to integral curvature.

In general one can not extend results from pointwise curvature bounds to
integral curvature bounds. This can be illustrated by an example by D. Yang
[144].

Recall a very important result in Riemannian geometry is Cheeger’s finite-
ness theorem [28]. Namely the class of manifolds M™ with

|Ka| < H, Volyr > v, diamy, < D

has only finite many diffeomorphism types. A key estimate is Cheeger’s estimate
on the length of the shortest closed geodesics. This is not true if |[Ky| < H is
replaced by ||Rml||, is bounded. In fact we have [144]

Example 5.1.1 (D. Yang 1992) For all p > % there are manifolds M such
that

|Rm|, < H, Vol > v, diam < D
but ba(My) — o0 as k — oo.

Hence some smallness is needed. For p < 3, this still does not work as Gromov’s
Betti number estimate [61] does not extend [56].

Example 5.1.2 (Gallot 1988) For any e > 0,D > 0,n > 3, there are M}
such that

diam(My) < D, ||K_|l3 <e K-

n <€,
2
but ba(My) — oo as k — oo.

This is not the end of story. Most results extend when the normalized LP

n

norm [|[Rmll,, ||Kf[||p, or ||Ricfl||p is small for p > 5. Namely we need the

error from pointwise curvature bound to be small in L? for p > %. There is
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a gap phenomenon. Some of the basic tools for these extensions are volume
comparison for integral curvature, use Ricci flow to deform the manifolds with
integral curvature bounds to pointwise curvature bound (so called smoothing),
D. Yang and Gallot’s Sobolev estimates [56, 144, 111, 112, 50].

5.2 Mean Curvature Comparison Estimate

Recall the mean curvature comparison theorem (Theorem 1.2.2) states that if
Ric > (n — 1)H, then m < mpg. In general, without any curvature bound,
we can estimate m# = (m —mp), (set it to zero whenever it is not defined),
amount of mean curvature comparison failed in L2, in terms of Ric?, amount
of Ricci curvature lying below (n — 1)H in LP when p > % [111].

Theorem 5.2.1 (Mean Curvature Estimate, Petersen-Wei 1997) For any

p> 75, HeER, and when H > 0 assume r < ﬁ, we have

O e e ) (5:22)

Clearly this generalizes the mean curvature comparison theorem (Theorem 1.2.2).
In fact we prove the following which also gives a pointwise estimate.

Proposition 5.2.2 (Mean Curvature Estimate, Petersen-Wei 1997) For
any p > 5, H € R, and when H > 0 assume r < 7=, we have

2VH’
" (mH2p (n=10Cp =D\ [" ity
/O(mf)2 A(t,0)dt < ( % —n )/O(R Y A(t,6) dt,
(5.2.3)
2p—1 p(n—1 et »
P00 < eo-1p (g ) [ ity
(5.2.4)

where A(t, 0) is the volume element of the volume form dvol = A(t,0)dt Ad6,_1
in polar coordinate.

Proof: By (1.2.2) and (1.2.4) we have

(m—mpg)(m+mg)
n—1

(m—mpg) <— + (n—1)H — Ric(Vr, Vr). (5.2.5)

On the interval m < my, we have mf = 0, on the interval where m > my,
m —mpg =m4, and (n — 1)H — Ric(Vr, Vr) < Ric”. Therefore we have
(mH)? H

M)y T T RicH (5.2.6)

H\/
(m+)+n—1 n—1
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Multiply (5.2.6) by (mf)?P=2A we get

( H)Qp

Ay 2

(Y (mtl P24+ S .

mpgA < RicI_{(mf)zp*z.A.

To complete the integral of the first term we compute, using (1.4.3) and m —
< mH
myg = m+ 5

(2p — 1)(mIy (mI) 22 A = (mi)2» 1 A)" — (mI)2P =1 A’
((mID =1 4)" = ()= (m = mar) A = ()PP~ mir A

> ((mi)»=1A) = () A — (ml)> " my A

Therefore we have the ODE

((mf)zp—lA)' + (25_11 — 1) (mI)P A + (4p -2 1) (mI2P " tmy A

n—1
< (2p — 1)Ric? (mi)?P—2 A (5.2.7)
When p > 7, n_l —-1= 25’ i > 0. Hence if mg > 0 (which is true under our

assumption), we can throw away the third term in (5.2.7) and integrate from 0
to r to get

2p—n

((mI1)?P=1A4) (r) +

n—1

/ (mi)*Adt < (2p — 1)/ Ric” (mI)* =2 Adt.
0 0

This gives

IN

(mI)?P=1A) (r) (2p — 1)/T Ric” (mf)?P=2 A dt, (5.2.8)

2p_n/ (mf)2p./4dt
0

n—1

IN

(2p—1) / Ric? (m)2P=2 A dt. (5.2.9)

By Hoélder’s inequality

r r 1 % r %
/ Ric” (mf)>P=2 Adt < < / (mf )ZPAdt) ( / (Ric? )pAdt)
0 0 0

Plug this into (5.2.9) we get (5.2.3). Plug this into (5.2.8) and combine (5.2.3)
we get (5.2.4). |

When H > 0 and r > ﬁ, my is negative so we can not throw away the

third term in (5.2.7). Following the above estimate with an integrating factor
Aubry gets [§]

Proposition 5.2.3 Forp> 5, H >0 <r< we have

’ zf
sin4p_”_1 (\/ET) (mf)2p71 (7'7 G)A(Tv 0)

< (2p— 1) ( n-l )pl /T(Ricl_{)pAdt. (5.2.10)

2p—mn 0

\/7)
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Proof: Write (5.2.7) as

1 @Wp—n—1)m _
(Gt yr=t.a) 4 L ity

+ <2p — n) (miH)?* A < (2p — DRic” (mf)?P—2 A

n—1

n—1)ymp

(4p—
The integrating factor of the first two terms is e/ Gl =sin**~""Y(V/Hr).
Multiply by the integrating factor and integrate from 0 to r we get

0

IN

sin? "L (VHr)(mI) P (r,0) A(r, 0) + -n / (m!)?P sin*? "~ (v Hr) Adt
0

n—1

< (2p—1) / Ric” (mf)?»=2sin?="~Y(VHr)A

0

Using Hélder’s inequality as before we get
/ (mih)?P sin?" 1 (VHr) A(t, 0) dt
0
—1(2p—-1)\" ["
< ((”)(p)) / (Ric™ )P sin®? "~V (VHr).A(t, ) dt
0

2p—n
and this gives (5.2.10) as before. |

All estimates hold for the mean curvature of hypersurfaces.

5.3 Volume Comparison Estimate

From (1.4.3) one naturally expects that the mean curvature comparison esti-
mates in the last section would give volume comparison estimate for integral
Ricci lower bound.

First we give a comparison estimate for the area of geodesics spheres using
the pointwise mean curvature estimate (5.2.4). Recall A(x,7) = [, A(r,0)d0,,_1,
the volume of the geodesic sphere S(z,r) = {y € M|d(z,y) = r}, and Ag(r)
the volume of the geodesic sphere in the model space.

Theorem 5.3.1 Let x € M", H € R and p > 2 be given, and when H > 0

2
T
assume that R < SV Forr < R, we have

A(x, R\ (Alz,r)\ 7 . s
<AH(R)> _(AH(T)) < C(n,p, H, R) (|Ric”|[,(R)) ™" ,(5.3.11)

p—1

where C(n,p, H, R) = (W&)—M)ﬁ fOR(AH)fmv%ldt. Furthermore when

r =0 we obtain
2p—1

A, R) < (1+C (n,p, H, R) - (||Riclf||p(R))""’%1> An(R). (5.3.12)
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The proof below much simplifies the proof in [51].
Proof: Recall

d (ALY _, L AGE) g A(LY)
dt(AH@)‘(m M La@ =™ Au()
Hence
d (A, )\ 1 d (A(t,0)
dt(AH(t)) ~ VolSn—1 /SH dt(AH(t)>d9”1

1 H
_— my A(t,0)d0, 1.
T oA Ol
Using Holder’s inequality and (5.2.4) yields

/ 1 m A(t,0)d0,_
Sn—

</Sn1(mf)2p1,4d0n_1> o (A(ac,t))l_Tlfl

C(n,p) (||Ricfl||p(t))2p%l (A(x’t))l—#

—1

IN

<

)

1
p—1\ 2p—1
where C(n,p) = ((2p —1)P (%) ) " Hence we have

£ (458) et ()

(5.3.13)

Separation of variables and integrate from r to R we get
1

() - ()

AH(T)

_on-1l B i o [ i
S((Qp—l)@p—n)) (IRicZ (7)) /T<AH) dt.

The integral fTR(AH)f%%dt < fOR(AH)fﬁlfldt converges when p > 4. This
gives (5.3.11).

[
1mi 1 : . sin(\/ﬁt n—1
Similarly, using (5.2.10) instead of (5.2.4) and that Ag(t) = e
forH>0,0nehasforp>g,H>0,ﬁ<T§R< \/Lﬁ’

A(z, R) -1 Az, r) %1
(o)™ - () |
o e L e (vED)T
S((zp—l)@;—n)) (IRic=1,(R)) / EmQ(\)/Et) .
(5.3.14)
Using (5.3.13) we have
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Theorem 5.3.2 (Volume Comparison Estimate, Petersen-Wei 1997) Let

re€M", HeR and p > 5 be given, when H > 0 assume that R < 2\7/Tﬁ' For
r < R we have
Vol B (z,R) \ 77 [ Vol B (z,r) \ 7
Volg (B(R)) Volg (B(r))
< O (n,p.H,R) - ([Ric" ()™ (5.3.15)

2p

n— 2p 1 2p—1 .
where C(n,p, H, R) = (m) fo Ap(t (m) dt, increas-
ing in R.

Note that when |[Ric”||,(R) = 0, this gives the Bishop-Gromov relative
volume comparison.

Proof of Theorem 5.3.2: Since \Xcilﬁg(:) §°: ﬁf{gjﬁ,
0

we have

d(VolB(x,r))_ (z,7) [y Aa(t)dt — Ag(r) [) Az, t)dt
y —

5.3.16
Vol B(r) (Voly B(r))? ( )
Integrate (5.3.13) from ¢ to r gives

A(a?,’l“) A(x,t) " . H T M s
An(r) A =P /t (IIRicZ |, (s)) An(s) "

il ()Pt L
< C(n,P)(”R A'Jf((t))) /tA(:c,s)l_st
i, (r 7T N 1
< clnp UL Vol B )T (5317)

An(t)
Hence
Alx,m)Ag(t) — Ag(r)A(z,t)
< C(n,p) (IIRic™[[,(r) ™ * Ap(r)r¥T (Vol B (z,r))' "% .

Plug this into (5.3.16) gives

% (W) < C(n,p) (IRic™ () ™ Ag(r) <V01,Lg(r)>2l (\my%ll.

Separation of variables and integrate from r to R we get

2p

<((2p—q>_(2;—m>%(lfiw’f||p e / Anlt (VolHBU)ZM a
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2p 2p
The integral fTR AH(t) (WB@)) e dt < fOR AH(t) (WBU)) et dt con-
verges when p > 7. |

For applications the volume doubling estimate is often more useful. From
(5.3.15)

. (VolB(z,R)

VolH(B(R))> = <1 — C (n,p, H,R) (Voly B(R))™ - (MP(RDQJH) 7

where
C (n,p, H, R) (Voly B(R)) %= < R%-1C(n,p, |H|R?).

Hence

> (\m) 7 <1 — C (n,p, |H|R?) (RQ||Ric£’|p(R))2”pl> .
(5.3.18)

Therefore we have

Corollary 5.3.3 (Volume Doubling Estimate) Given o < 1 and p > %,
there is an € = e(n,p, |H|R?,a) > 0 such that if R2||Ricfl||p(R) < €, then for

allz € M™ and r1 <19 < R (assume R < 2\/”? when H > 0),

VolB(x,r)
VolB(z,r2)

VOlH (7‘1)
Volg (ra)

> (5.3.19)

Proof: From above we have
Vol B (z,71) 7T < Volg B (r1) T (1—n)
Vol (B(z,72)) = Vol (B(r2)) "
where

P _
—1

n=C (n,p, H,rz) (Voly B(r2)) 7 - (|[Ric”T[ (r2))
To control 1 we note that it is almost increasing in ro. In fact, since C(n, p, H, R)
is increasing in R,

Vol (B(z,12)) Vol (B(R)) ‘

n(r2) < n(R) - (
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By (5.3.18), when RQHRicpr(R) is small depends only on n, p, |H|R?,
VolB(z,R) \ 7T _ [ Volu (B(R)) T
Vol (B(z,r2)) - Voly B (r3) '

Hence 7n(r3) < 2n(R). Now n(R) can be made arbitrary small if R2||Ricfl||p(R)
is small enough depends on n, p, |[H|R?. |

We note that to apply the volume doubling, one needs a smallness condition

on |Ric” HP(R), the normalized one, which is a more natural condition than

the smallness of ||Ric?

more stringent.

l,(R). As R gets bigger, the smallness needed has to be

Definition 5.3.4 We call a set T C M is a star shaped set at x if for any
y € T, a minimal geodesic connecting x,y also lies in T.

Obviously the ball B(z,r) is a star shaped set at . By integrating only
along the direction lies in the start shaped set at x, we get the same volume
estimate for any set which is star shaped set at z, with Ric? also only integrate
in T. This will be useful in applications.

5.4 Geometric and Topological Results for Inte-
gral Curvature
Volume comparison is a powerful tool for studying manifolds with lower Ricci

curvature bound and has many applications. As a result of (5.3.15), (5.3.11),
(5.3.3) many results with pointwise Ricci lower bound (i.e. |Ric?|,(r) = 0)

can be extended to the case when ||Ricf||p(r)(p > n/2) is very small, although
many times serious extra work is needed. As shown by Examples 5.1.1, 5.1.2

the smallness of ||Riclpr(r) for p < n/2 or general boundedness of ||Ric§||p(r)
for any p > 1 does not give any interesting results.
In [56] Gallot obtained lower bound for certain isoperimetric constants when

HRicI_{Hp is small and p > n/2. This gives in a standard way lower eigen-

value bounds and Sobolev constant bounds (for L' C L%) Using this
and Bochner technique Gallot proved various interesting topological results for
integral curvature [56]. For example,

Theorem 5.4.1 (Gallot 1988) Givenp >n/2,D > 0,H <0 there exist con-
stants e(p, H, D), C(p, H, D) such that if M™ is a compact Riemannian manifold

with diamar < D, |Ric? || < e(p, H.D), then bi(M) < n - C(p, H, D).

This extends Theorem 3.1.3 (for H < 0) to integral Ricci curvature lower bound,
see also [72]. Gallot also obtained bound for all higher Betti numbers. In this
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case the bound depends in addition on [[Rm||,. Replacing that by the smallness

of |[K# ||p would give a true generalization of Gromov’s Betti number estimate.

In [110] using the volume estimate (5.3.15) for tube of hypersurface instead
of balls P. Levy-Gromov’s isoperimetric inequality (Theorem ?7?) is generalized
to integral Ricci curvature, improving Gallot’s estimate. In particular one gets
a bwound for the classical Sobolev constant coming from the embedding L' C
L»-7,

With (5.3.3) several pinching and compactness results can be extended quickly
[111]. For example Gromov’s precompactness theorem (Theorem 4.0.5) extends

immediately when ||Ric? ||p is small. In fact 7777 [9]. (5.3.3) also gives volume
growth when the volume is bounded from below. Therefore combining with D.
Yang’s compactness [144] one has

Theorem 5.4.2 (Petersen-Wei 1997) Given an integer n > 2 and numbers
p>n/2,H < 0,v>0,D < co,A < o0, one can find e(n,p, H, D) > 0 such
that the class of closed Riemannian n-manifolds with Volp; > wv,diamy; <
D,||Rm||, < A, HRicpr < e(n,p, H, D) is precompact in the C% o0 < 2 — 2,
topology.

Example 5.1.1 shows the smallness of ||Ric” |, is necessary.

In [112] using (5.3.3) and D. Yang’s estimate on Sobolev constants [144]
the basic tools — maximal principle, gradient estimate, excess estimate are
extended to integral Ricci curvature. With these and (5.2.3) some of Colding’s
[46, 47] and Cheeger-Colding’s [35] work (e.g. Theorems 4.0.6, 4.0.7) are also
generalized.

Using (5.3.11) Cheeger-Yau’s lower bound of the heat kernel (Theorem ?7)
is extended in [51].

On the other hand, unlike pointwise Ricci curvature lower bound, Ricci cur-
vature bounded from below in L? does not automatically lift to the covering
spaces. Therefore certain topological implications, such as those on the funda-
mental group, for Ricci curvature bounded from below in LP does not follow
immediately since we need to apply volume comparison on the covering space.
Aubry [8, 9] showed the mean of the integral Ricci curvature on the geodesic
balls of the covering space can be controlled by the mean of the manifold, allow-
ing several topological extensions of pointwise Ricci curvature to integral Ricci
curvature.

Proposition 5.4.3 (Aubry 2009) Given an integer n > 2 and numbers p >
n/2,H < 0,D < oo, one can find e(n,p,|H|D?) > 0 such that if M™ satisfies
diamy; < D,D2||Ricl_{||p < e(n,p, |[H|D?) then for any non-negative function ¢

on M, any normal covering m: M — M, z € M and R > 2D, we have

1

= n+1_2(n—1)|H|D?
ST THID® % S B(%C,R) p<3"tle Lo (5.4.20)

where ¢ = 7@ and § a1 ¢ = <=7 Jos -
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Proof: To relate the integral on B(Z, R) to the one in the base, it is natural
to cover B(Z, R) with a subset T C M which is union of fundamental domains.
Let N = maxyen #{m '(y) N B(Z,R)}. Since R > D, we have N > 1. Now
for each y € M, choose N distinct points 4; € 7~ 1(y),i = 1,---, N such that
d(z,7y;) < d(z,7) for any § € 71 (y) \ {#i,i = 1,---,N}. Let T be the union
of these g;,i = 1,---, N for all y € M, i.e. T is the smallest Dirichlet domains
contains B(Z, R). Hence B(Z,R) CT C B(Z,R+ D) and {7 ¢ = fu ¢.

Now we show T is also star shaped at . Given 7 € T, connect Z,y with
a minimal geodesic . Assume there exists Z € v\ T. Then there are distinct
nontrivial decktranformations o1, -+, 0N such that each 0;Z € T. Since y € T,
there exists 1 < ¢y < N such that o;,y ¢ T. Le.

d(z,7) < d(Z,04,79), dT,z)>d(T,04%).

d(z,z) + d(z,7)

=d(Z,0:,2) + d(0i,Z, 04,7

d(Z,04,7).

Combining above we have equalities everywhere. We have a minimal geodesics

connecting Z, 0;,§ which contains o;,z. Hence the geodesic 0;,7 contain Z and
04, = Z, a contradiction.

d(z,y)

(AVARIVS

Hence —_—
0
B(%C,R) VB R LY
and we only need to control va?(g Ol V%E)igﬁg(’f;g)) . Apply Corollary 5.3.3

to T', we immediately get (5.4.20) with smallness depends on R. To get smallness
only depends on D, we need to integrate a little more carefully.

Denote Ar(x,r) = A(z,7) NT,Br(x,r) = B(z,r) NT. By (5.3.17), for
R—D <t<r <R+ D, applying to the start shaped set T, we have

AT(:Z?, T’)AH(t) — AH(T)AT(J?, t)
< C(n,p) ([Rie],(T)) ™™ Ay (r)(2D)7T VoI T.

Integrate this with respect to ¢ from R — D to R and r from R to R+ D gives

R

(VolBr(z, R+ D) — VolBr(z, R)) /R_D Ap(t)dt

[ _p R+D
< (VOIBT(x,R) +2C(n, p)Vol T (D2||Ric’j ||p(T)) ) / Ap (r) dr.
R

Namely

VolBr(z, R + D) ( / =20 (p2TRic, (1) ™ / o AH>

VOIBT(.T, R) R—D R

R+D
<[ an
R-D
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Since Ay (R) is increasing and % is decreasing in R, for any R € [2D, 00),

we have

R+D n—1 n—1
R An < 2D (SnH(R+ D)) <9 (an(3D)> < 3ne2(n—D|H|D?

f]iDAH ~— D \sny(R—D) sng(D)

2p—1

e oo H T 1 b Vol Br (z,R+D)
Therefore if D ||R1C_||p < (37&20(“@)82(%1)',,‘132) then NolBr(z.R) <

, proving the right part of the inequality in (5.4.20). The left
part of the inequality follows similarly with by constructing T" for B(Z, R — D)
and controlling %‘W [

With Proposition 5.4.3, Theorems 3.1.3, 3.2.10, 7?7, 7?7, 7?7 can be easily
extended to the integral curvature, since in these cases one only needs to use
volume comparison on balls of radius comparable to the diameter [8, 72, 9].
One does not have extension of Milnor’s result (Theorem 3.2.11) directly to
integral curvature, even when one assumes the manifold is compact since one
needs to use volume comparison for balls of arbitrary large radius in the cover.
We conjecture it is still true. Namely

371—‘,—162(7L—1)\H|D2

Conjecture 5.4.4 Forn € N, p > &, there exists a constant €(n,p) > 0 such

that if a compact Riemannian manifold M™ has Diamps < 1 and ||Ric(i||p(1) <

e(n,p) then the fundamental group of M is almost nilpotent.

This would recover the recent result of Kapovitch-Wilking [74] (Theorem ?7?).
When H > 0 the mean curvature estimate (5.2.4) only hold for 0 < r < 2%.

Therefore the extension of Myers’ theorem (Theorem 1.2.3) to integral curvature

is not immediate at all [110, 8]. Using (5.2.10) and volume comparison on a star

shaped set, Aubry obtained a complete extension [8].

Theorem 5.4.5 (Aubry, 2007) Given p > n/2, there exists an € = e(n,p) >

0 such that if M™ is a complete Riemannian manifold with ||Ric™™* I, <€ then
M is compact with finite fundamental group and

diam; <7 (1 + C(mp)eflﬂ) .

Here one implicitly assumes the volume of M is finite. This is easily obtained
with the following estimate also by Aubry. For p > n/2,

VolM < VoIS™ (1 + C(n, p)|[Ric"!|,)) - (5.4.21)

Namely the volume is finite whenever |Ric” !|, is finite. The volume and
diameter estimates are proved together.

Proof: Let {B(x;,27)}icr be a maximal family of disjoint balls in M. Con-
sider the Dirichlet domains T; = {y € M|d(y,x;) < d(y,z;),Vj # i}. Then
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B(z;,27) C T; C B(x;,4m), T; is star shaped at z; and M = U;T; up to a set of
measure zero.Therefore

/ Ric" 1y = > / (Ric™ )P
M ier /Ti
> P VolT; = a?VolM,

iel
where a = inf;c; ||Ric” ™ [|,(T). Now the diameter and volume estimate follow
from the following key local diameter estimate.
Lemma 5.4.6 If M™ contains a subset T' such that B(x, Ry) C T C B(z, Rr)
with Ry > Ry > m, T is star shaped at x, and

- 4
¢ = R3||Ric" || (T) < B(n.p) (1 - 1;) :

then diamy; <7 (1 + C(n,p)e%) (and M CT).

Proof: First we show for 7 <r < Rp,

Arp(z,r) < S0P =Dy (5.4.22)
T

(For this estimate we only need €71 < §-) Inorder to do comparison for r > ,
A 2
we take the model space with constant sectional curvature H, = (%) <1,

where € = €21 . From (5.3.14) for star shaped set, we have for t € (s 7]s
(e YT (a7
sin" ' (vH,r) sin" " (VH,t)
1

n—1 e 1 - r )
(Ghm)  (mel) | ™
Since /H,s € (5, ),

" 1 T2 [" 1 72 (r —t)
/t Sin2(\/Fr5)d$ : (5) /t (m — \/ES)ZdS B A(m — /Hyt)(m — VH,r)

B 72 (r —t) L
A — /Hit)e — 4de”

r—t

Here we use the fact that ¢t — 7 Is decreasing. Since sin(v/H,r) = sin(m —
€') = sin(e’) < €, we have

/ 2p—1
Ap(z, 1) < Agp(z,t)7T (Gt))

sin((m —€) ¢

o7 n—1 B (VoI \ Tt
| €21,
4\ (2p—1)(2p—n) Rt
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For 1 € [y, iyl sin(m — €)1) > sin§ = 3. When ¢ < %, one

T—e'
has %r < r. Now using the inequality (a + b)?P~—1 < 22P=2(g?P~1 4 p2r—1)
we have

m2p—1 ( n—1 =1 yolT
(

A < 22pHn=3(yn=l 4
r(z,7) < (€) r(z,t) + 4p 2p — 1)(2p — n) Rr

(61)71—1

for all t € [ﬁn %r}
By mean value theorem, there exists to € [ﬁr, ﬁr] such that

3(m—¢) [T 3 [ 3
AT(x,to)=%/6(ﬂ ) Ar(e,)de < = | Ar(e, fdt = VoIT.
2m—e

Hence

2p—1 -1 p—1
< . 2p+n—3 ™ n
Ap(z,7) < [3 2 + » <(2p “T2p—n)

VolT
r

p(n—1)
€ 21

which is (5.4.22).
Therefore, for m < Ry < 2, T = B(z, Ro), 6 € (0, 82T) if y € M with
d(x,y) > 7+ 0, then B(y,d) C Bz, 7+ 2)) \ B(z,n), and

T+20

VolB(y,0) < / A(x,r)dr < 26C(p,n)VolB(z, Ro)epéz:i). (5.4.23)

™

Next we give a lower bound for VolB(y, 9).
From (5.3.18), for 0 < r < R < Ry, we have

(e )™ 2 (1) (1 conpt),

where € = R%HRichp(Ro) < R%HRic’j*al(Ro) =¢, and for z € B(x, Ry) with
0<r<R<Ry—d(z,z),

1 2
VolB(z,r) \ 277 T\ 31 R2%e\ 7T
—_— > (= 1-C — .
<VolB(z,R)> = (R) < (n.p) ( R
Iterate this estimate with a sequence of balls of increasing size as in Proposi-

tion 1.4.12, but with % < a = a(p,n) <1 close to 1 such that a1 > % and
for 3 <p<mn, (2- a)?P~ma™ < 1, for € < €(n, p) small, we have

5 2n 2p’—1
(3 — O(n,p)e‘zﬁl) (1;)) T C(n,p)é""ﬁl] ;

when p’ = max(n,p). Hence for € small,

VolB(y, ) < r"

VolB(z, Ry) — R}

2n 2p’'—1
no|1 2/ —1 o
VolB(y, ) > LI (6 —C(n,p)ezr’—1 VolB(x, Rg).(5.4.24)
Ry |2 \ Ry
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To finish the proof, note that when ¢ < ¢(n, p), %ﬁfm > %g—: for R <
T

Ryp. Hencee > (1)7 (%)2‘% R2||Ric’1*1|\p(BT(x,R)) > %R2||Ric’1’1||p(BT(x,R))
and we can assume Ry = 27 so m < Ry < 27. Now from (5.4.23) and (5.4.24),

2n
. 5\ Tt T _ 2np(n—1) !
either (ﬂ) 2'=1 < 4C(n,p)e’, where 3 = D2y —1)E=T) = 2;_1, or

J\" / p(n—1

In either case we have & < C(n,p)e@Pi(lT;(i?’l")*l) < C(n,p)eto, hence M C
B(z, Ry). Let z be any point of M. By above B(x, Ry — m — C(n,p)ein) C
B(z, Ry). Therefore

VolB(z, Ry) _ VolB(z, Ry — 7 — C(n,p)em)
VolB(z, Ry) — VolB(z, Ry)

< 1 Ry — 7 — C(n,p)eto n>1 Ro—m\"
-2 2m — 4 2m

and € > § (%); ||Ricf_1\|p(B(z,R0). Now the same estimate for z applies

n
2
Rofﬂ'

to z by replacing € with 4 ( ) " €, this gives the diameter estimate.

5.5 Smoothing

Another method to [50].
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Chapter 6

Comparison Geometry for
Bakry-Emery Ricci Tensor

6.1 N-Bakry-Emery Ricci Tensor

The Bakry-Emery Ricci tensor is a Ricci tensor for smooth metric measure

spaces, which are Riemannian manifold with a measure conformal to the Rie-
mannian measure. Formally a smooth metric measure space is a triple (M™, g, e~ dvol 9)s
where M is a complete n-dimensional Riemannian manifold with metric g, f is a
smooth real valued function on M, and dvol, is the Riemannian volume density

on M. This is also sometimes called a manifold with density. physics dilaton,
analytical reasons. These spaces occur naturally as smooth collapsed limits

of manifolds with lower Ricci curvature bound under the measured Gromov-
Hausdorff convergence [53].

Definition 6.1.1 We say (X;, p;) converges in the measured Gromov-Hausdorff
sense to (Xoo, floo) Uf for all sequences of continuous functions f; : X; — R con-
verging to foo : Xoo — R, we have

/X Fidu; H/Xx Foodpioo. (6.1.1)

Example 6.1.2 Let (M™ x FN, g.) be a product manifold with warped product
metric g = g + (ee=F)2gp, where f is a function on M, F is compact. Then,
as € — 0, the Riemannian measure dvoly_ goes to zero, but with respect to the

renormalized Riemannian measure dvoly, = dvolg, /volume of a unit ball ofg.,
(M™% FN dvol,,) converges to (M™,e~N¥dvol
Hausdorff convergence.

gn ) Under the measured Gromov-

The N-Bakry-Emery Ricci tensor is

1
Ric}v = Ric + Hessf — Ndf ®df for N > 0. (6.1.2)

81
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As we will discuss below, N is related to the dimension of the model space. We
allow NV to be infinite, in this case we denote Ricy = Ric?<> = Ric+ Hessf. Note
that when f is a constant function Ric}v = Ric for all N and we can take N =0
in this case. Moreover, if Ny > Ns then Ricjpv1 > Ricjcv2 so that Ricﬁc\’ > Mg
implies Ricy > Ag.

The Bakry Emery Ricci tensor (for N finite and and infinite) has a natural
extension to non-smooth metric measure spaces [?, 7, 130] and diffusion oper-
ators [10]. Moreover, the equation Ric; = Ag for some constant A is exactly
the gradient Ricci soliton equation, which plays an important role in the theory
of Ricci flow; the equation Ric}v = )\g, for N positive integer, corresponds to
warped product Einstein metric on M X £ FN. See [?] for a modification of

the Ricci tensor which is conformally invariant.

We are interested in investigating what geometric and topological results for
the Ricci tensor extend to the Bakry-Emery Ricci tensor. This was studied by
Lichnerowicz [?, ?] almost forty years ago, though this work does not seem to
be widely known. Recently this has been actively investigated and there are
many interesting results in this direction which we will discuss below, see for
example [?, 114, 87, 11, 107, 12, ?, 2, ?, 7, 2, ?]. In this note we first recall
the Bochner formulas for Bakry-Emery Ricci tensors (stated a little differently
from how they have appeared in the literature). The derivation of these from
the classical Bochner formula is elementary, so we present the proof. Then we
quickly derive the first eigenvalue comparison from the Bochner formulas as in
the classical case. In the rest of the paper we focus on mean curvature and
volume comparison theorems and their applications. When N is finite, this
work is mainly from [114, 12], and when N is infinite, it’s mainly from our
recent work [?].

The most well known example is the following soliton, often referred to as
the Gaussian soliton.

Example 6.1.3 Let M = R" with Buclidean metric go, f(z) = %|z|*. Then
Hessf = Ago and Ricy = Ago.

This example shows that, unlike the case of Ricci curvature uniformly bounded
from below by a positive constant, the manifold could be noncompact when
Ricy > Ag and A > 0.

Example 6.1.4 Let M = H" be the hyperbolic space. Fized any p € M, let
f(x) = (n—1)r? = (n — 1)d*(p,xz). Now Hess r? = 2|Vr|?> + 2rHessr > 21,
therefore Ric; > (n —1).

This example shows that the Cheeger-Gromoll splitting theorem and Abresch-
Gromoll’s excess estimate do not hold for Ricy > 0, in fact they don’t even
hold for Ricy > A > 0. Note that the only properties of hyperbolic space
used are that Ric > —(n — 1) and that Hess 2 > 2I. But Hessr? > 2I for
any Cartan-Hadamard manifold, therefore any Cartan-Hadamard manifold with
Ricci curvature bounded below has a metric with Ricy > 0 on it. On the other
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hand, in these examples Ric < 0. When Ric < 0 (Ric < 0) and Ricy > 0(Ricy >
0), then Hessf > 0 and f is strictly convex. Therefore M has to homeomorphic
to R™.

Example 6.1.5 Let M = R"™ with Fuclidean metric, f(x1, -+, xn) = x1. Since
Hess f =0, Ricy = Ric = 0. On the other hand Vol (B(0,r)) is of exponential
growth. Along the x1 direction, my —mg = —1 which does not goes to zero.

6.2 Bochner formulas for the N-Bakry-Emery
Ricci tensor

With respect to the measure e~/dvol the natural self-adjoint f-Laplacian is
Ay =A—-Vf.V. In this case we have

Af|Vul> = A|Vul? — 2Hess u(Vu, Vf),
(Vu,V(Asu)) = (Vu,V(Au)) —Hessu(Vu, V) — Hessf(Vu, Vu).

Plugging these into (1.1.1) we immediately get the following Bochner formula
for the N-Bakry-Emery Ricci tensor.

1 1

5Af|vu\2 = |Hess ul*+(Vu, V(A yu))+Ric} (Vu, Vu)—l—NKVf, Vu)|?.(6.2.3)
When N = oo, we have

1

iAf|Vu\2 = |Hess u|? + (Vu, V(A ju)) + Ricy (Vu, Vu). (6.2.4)

This formula is virtually the same as (1.1.1) except for the important fact that
tr(Hessu) = Au not Ay(u). In the case where N is finite, however, we can get
around this difficulty by using the inequality

(Au)? |1 2o (Ay(u)?
> 2.
- +N|<Vf,Vu>| e (6.2.5)
which implies
1 2o (Ay(w)? N
= > — . 2.
2Af|Vu\ Z Nin + (Vu, V(Afu)) + Ricy (Vu, Vu) (6.2.6)

In other words, a Bochner formula holds for RiC]fV that looks like the Bochner
formula for the Ricci tensor of an n+ N dimensional manifold. Note that (6.2.5)
is an equality if and only if Au = £ (Vf, Vu), so equality in (6.2.6) is seldom
achieved when f is nontrivial. When f is constant, we can take N = 0 so (6.2.6)
recovers (1.1.5).
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6.3 Eigenvalue and Mean Curvature Compari-
son

From the Bochner formulas we can now prove eigenvalue and mean curvature
comparisons which generalize the classical ones. First we consider the eigenvalue
comparison.

Let M™ be a complete Riemannian manifold with Ric} > (n — 1)H > 0.
Applying (6.2.6) to the first eigenfunction v of Ay, Aju = —A\u, and integrating
with respect to the measure e~fdvol, we have

(Aru)?
0> / <N+ — X[ Vul* + (n — 1)H|Vu|2> e T dvol.
M n

Since [, |Vu|?e~/dvol = Ay [;, u*e~Fdvol, we deduce the eigenvalue estimate
7]

M > (n—DH (1 + NJr1nl> . (6.3.1)

When f is constant, taking N = 0 gives the classical Lichnerowicz’s first eigen-
value estimate A\ > nH [82]. When N = oo, we have [10]

A > (n—1)H. (6.3.2)

This also can be derived from (6.2.4) directly. One may expect that the estimate
(6.3.2) is weaker than the classical one. In fact (6.3.2) is optimal as the following
example shows.

Example 6.3.1 Let M = R! x S? with standard product metric go, f(z,y) =
%x? Then Hessf((%, %) =1 and zero on all other directions. We have Ricy =
1go. Now for the linear function u(z,y) =z, Aju= —z. So \y = 1.

On the other hand (6.3.2) is never optimal for compact manifolds since equality
in (6.3.2) implies Hessu = 0. Note that Ricy > (n — 1)H > 0 on a compact
manifold implies Ric}v > (n—1)H' > 0 for some N big, hence one can use
estimate (6.3.1).

Now we turn to the mean curvature (or Laplacian) comparison. Recall that
the mean curvature measures the relative rate of change of the volume element.
Therefore, for the measure e fdvol, the associated mean curvature is my =
m — O, f, where m is the mean curvature of the geodesic sphere with inward
pointing normal vector. Also m; = A;(r), where r is the distance function.

Let m% be the mean curvature of the geodesic sphere in the model space
ME | the complete simply connected k-manifold of constant curvature H. When
we drop the superscript k and write my we mean the mean curvature from the
model space whose dimension matches the dimension of the manifold. Since
Hessr is zero along the radial direction, applying the Bochner formula (6.2.3)
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to the distance function r, the Schwarz inequality |Hessr|* > % and (6.2.5)
gives

(my)?

i
< N
My = n+N -1

— Ric} (0r,9,). (6.3.3)
Thus, using the standard Sturm-Liouville comparison argument, one has the
mean curvature comparison [12].

Theorem 6.3.2 (Mean curvature comparison for N-Bakry-Emery) IfRiC}V >
(n+ N —1)H, then

my(r) < mi (). (6.3.4)

Namely the mean curvature is less or equal to the one of the model with dimen-
sion n + N. This does not give any information when NN is infinite.

In fact, such a strong, uniform estimate is not possible when NV is infinite.
To see this note that, when H > 0, the model space MI’}JFN is a round sphere
so that m" ™V (r) goes to —oco as 7 goes to 75+ Thus (6.3.4) implies that if

N is finite and Ric}v > X > 0 then M is compact (See Theorem 6.4.5 in the
next section for the diameter bound). On the other hand, this is not true when
N = oo as the following example shows.

Thus, when N is infinite, one can not expect such a strong mean curvature
comparison to be true. However, we can show a weaker, nonuniform estimate
and also give some uniform estimates if we make additional assumptions on f
such as f being bounded or 0, f bounded from below. In these cases we have the
following mean curvature comparisons [?] which generalizes the classical one.

Theorem 6.3.3 (Mean Curvature Comparison for co-Bakry-Emery) Let
p € M™. Assume Ricy(0r,0;) > (n—1)H,
a) given any minimal geodesic segment and o > 0,

my(r) < my(ro) = (n—1)H(r —ro) forr >ro. (6.3.5)

b) if 0. f > —a along a minimal geodesic segment from p (when H > 0 assume
r < ﬂ/?\/ﬁ) then

my(r) —mp(r) < a (6.3.6)

along that minimal geodesic segment from p. Equality holds if and only if the
radial sectional curvatures are equal to H and f(t) = f(p) — at for allt < r.
c) if |f| < k along a minimal geodesic segment from p (when H > 0 assume

r < m/4vH) then
my(r) < my*(r) (6.3.7)
along that minimal geodesic segment from p. In particular when H = 0 we have

Ak —1
my(r) < LS00 . (6.3.8)
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Proof:

2
m - — Ric;(9r, or). (6.3.9)

n —

If Ricy > (n — 1)H, we have

!

mYy < —(n—1)H.

This immediately gives the inequality (6.3.5).
From the Riccati inequality (1.2.2), equality (1.2.4), and assumption on Ricy,
we have

m2

—m2
—H 1 Hess f(0,,0,). (6.3.10)

/
_ < _
(m—my) —

As in the third proof of the mean curvature comparison theorem (Theorem ?7?),
we compute

(sn%(m—mH))/ = 2snysng(m —mpg) + sny(m —mpy)
2my m? —m?
< 2 _ _ H Hess X
sny; (n — 1(m mey) 1 + Hess f(0;,0y)

n—1

_ ( (m —mn)’ )
= snjy | ———— + Hess f(0,, 0;)

< sn%Hess f(0,,0,). (6.3.11)

Here in the 2nd line we have used (6.3.10) and (1.2.6).
Integrating (6.3.11) from 0 to r yields

snZ (rym(r) < sn% (rymg(r) +/ sn?; (t)0,0, f (t)dt. (6.3.12)
0
When f is constant (the classical case) this gives the usual mean curvature

comparison.
Proof or Part b. Using integration by parts on the last term we have

sn%(r)mf(r) < s (r)ymp(r) — /Or(sn%[(t))’atf(t)dt. (6.3.13)

Under our assumptions (snZ(¢)) = 2sn’y(t)sny(t) > 0 so if 9,f(t) > —a we
have

snz(r)mf(r) <sn%(r)mpy(r) + a/ (sn%(t))'dt = sn%(r) (mp(r) +a).
0
This proves the inequality (6.3.6).

To see the rigidity statement suppose that 9, f > —a and ms(r) = mu(r)+a
for some r. Then from (6.3.13) we see

asn; < /T(sn%[(t))'atf(t)dt < asn?. (6.3.14)
0



6.3. EIGENVALUE AND MEAN CURVATURE COMPARISON 87

So that 0, f = —a. But then m(r) = my —a = mpg(r) so that the rigidity follows
from the rigidity for the usual mean curvature comparison.
Proof of Part c. Integrate (6.3.13) by parts again

snjy (r)my(r) < Sn}“q(T)mH(T)—f(r)(sn?{(r))’ﬂL/Or F(#)(snp)" (t)dt.(6.3.15)

Now if |f| < k and r € (0, ﬁ] when H > 0, then (sn%)”(t) > 0 and we have
sn%; (rymy(r) < sn¥(r)mg(r) + 2k(snf; (1)) (6.3.16)

From (1.2.6) we can see that
2 l l 2 2
(sng(r))" = 2snlysny = sy

so we have

myg(r) < (1 + n4k1> mpy(r) = m (). (6.3.17)

Now when H >0 and r € [4;ﬁ, 2\/’%],

/O’“ FB)(sn)" (t)dt < k( /0 T (s 0t~ / ) (sn?{)”(t)dt>

4avH
2
= k Wil an(2r)> .
Hence
4k 1
my(r) < <1 + " sin(2\/ﬁr)> mp (r). (6.3.18)

This estimate will be used later to prove the Myers’ theorem in Section ??. H

In the case H = 0, we have sng(r) = r so (6.3.15) gives the estimate in [?]
that

2 2 ("
_ ;f(r) + 772/0 f(t)dt. (6.3.19)

These mean curvature comparisons can be used to prove some Myers’ type
theorems for Ricy, and is related to volume comparison theorems, both of which
we discuss in the next section.
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6.4 Volume Comparison and Myers’ Theorems

For p € M™, we use exponential polar coordinates around p and write the
volume element dvol = A(r,0)dr A df,,_1, where df,,_; is the standard volume
element on the unit sphere S"~1(1). Let A (r,0) = e~ A(r,0). Using (1.4.3)
we have

!/

S (0) = (A (r,0))) = my(r.0). (6.4.1)
!

And for r > ryg >0

0 " me(r
Ap(r,0) g mire) (6.4.2)
Af (7"07 9)
Combining this equation with the mean curvature comparisons we obtain vol-
ume comparisons. Let Vol¢(B(p,r)) = fB(p " e~'dvol,, the weighted (or f-

)volume, Vol% () be the volume of the radius r-ball in the model space MF.

Theorem 6.4.1 (Volume comparison for N-Bakry-Emery) [11}] IfRic}V >

(n+ N —1)H, then % is nonincreasing in R.

In [87] Lott shows that if M is compact (or just |Vf| is bounded) with
Ric}v > ) for some positive integer 2 < N < oo, then, in fact, there is a family
of warped product metrics on M x SV with Ricci curvature bounded below by
A, recovering the comparison theorems for Ricﬁy .

When N = oo we have the following volume comparison results which gen-
eralize the classical one. Part a) is originally due to Morgan [?] where it follows
from a hypersurface volume estimate(also see [?]). For the proofs of parts b)
and c) see [?].

Theorem 6.4.2 (Volume Comparison for co-Bakry-Emery)  Let (M", g, e~/ dvol,)
be complete smooth metric measure space with Ricy > (n—1)H. Fizp € M™.
a) If H > 0, then Vol (M) is finite.
b) If 0. f > —a along all minimal geodesic segments from p then for R > r >0
(assume R < m/2vH if H>0) ,
VOlf(B(p7 R)) < eaR VOIT}ELI (R) ] (643)
Vol;(B(p,r)) Vol (r)
Moreover, equality holds if and only if the radial sectional curvatures are equal to
H and 0, f = —a. In particular if 0, f > 0 and Ricy > 0 then M has f-volume
growth of degree at most n.
¢) If | f(z)| < k then for R>r >0 (assume R < 7/AVH if H > 0),

Vol (B(p, R)) _ Vol *(R)
Voly(B(p,r)) — Voly™*(r)

In particular, if f is bounded and Ricy > 0 then M has polynomial f-volume
growth.

(6.4.4)
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For Part a) we compare with a model space, however, we modify the mea-
sure according to a. Namely, the model space will be the pointed metric mea-
sure space Mz, = (Mfr, g, e "dvol,O) where (M%, gr) is the n-dimensional
simply connected space with constant sectional curvature H, O € Mj;, and
h(z) = —a - d(z,0). We make the model a pointed space because the space
only has Ricf(0,,0,) > (n — 1)H in the radial directions from O and we only
compare volumes of balls centered at O.

Let A% be the h-volume element in Mz ,. Then A% (r) = e*" A (r) where
Ap is the Riemannian volume element in M};. By the mean curvature compar-
ison we have (In(Af(r,8)) < a+mg = (In(A%))’ so for r < R,

A(R.0) _ A3y (R.0)
Ap(r,0) — A% (r,0) "

Namely ﬁé((:,%)) is nonincreasing in r. Using Lemma 3.2 in [150], we get for

O<T’1<T,O<R1<R,T1§R1,T‘§R,

(6.4.5)

[ Ap(t.0)dt _ [ Agy(,0)dt

- < == . 6.4.6
[ As(t,0)dt — [7 A% (t,0)dt ( )
Integrating along the sphere direction gives
l¢(A 1%
Vo f( (pa Ry, R)) < Vo H(R17 R) (647)

VOlf(A(p,Tl,T')) - VOI(;I(TMT) .

Where Voly(r1,7) is the h-volume of the annulus B(O,r) \ B(O,r1) C M.
Since Volg (r1,7) < Voly(r1,7) < e Volg(ry,r) this gives (6.4.3) when r =
R; = 0 and proves Part b).

In the model space the radial function h is not smooth at the origin. How-
ever, clearly one can smooth the function to a function with 0,h > —a and
83h > 0 such that the h-volume taken with the smoothed h is arbitrary close
to that of the model. Therefore, the inequality (6.4.7) is optimal. Moreover,
one can see from the equality case of the mean curvature comparison that if the
annular volume is equal to the volume in the model then all the radial sectional
curvatures are H and f is exactly a linear function.

Proof of Part b): In this case let AT;IJFM be the volume element in the simply
connected model space with constant curvature H and dimension n + 4k.

Then from the mean curvature comparison we have In(Ay (r,0))’ < In(A%™*(r))".
So again applying Lemma 3.2 in [150] we obtain

Voly (A(p, Ry, R)) _ Voly™"(R1, R)

< . 6.4.8
Vols(A(p,71,7)) Vol}f‘lk (ry,7) ( )
With vy = Ry = 0 this implies the relative volume comparison for balls
1 B n+4k
Voly (B(p, R)) _ Vol (R) (6.49)

Vol (B(p,r)) ~ Vol (r)
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Equivalently
Vol (B(p, R)) _ Voly(B(p,7)) (6.4.10)
VER) T vt

Since n 4+ 4k > n we note that the right hand side blows up as r — 0 so one
does not obtain a uniform upper bound on Volf(B(p, R)). Indeed, it is not
possible to do so since one can always add a constant to f and not effect the
Bakry-Emery tensor.

By taking r = 1 we do obtain a volume growth estimate for R > 1

Vol (B(p, R)) < Vol;(B(p, 1))Vl (R). (6.4.11)
Note that, from Part a) Vol;(B(p,1)) < e~/ ®Petw, if 3,f > —a on B(p,1). W

Part a) should be viewed as a weak Myers’ theorem for Ricy. Namely if
Ricy > A > 0 then the manifold may not be compact but the measure must
be finite. In particular the lifted measure on the universal cover is finite. Since
this measure is invariant under the deck transformations, this weaker Myers’
theorem is enough to recover the main topological corollary of the classical
Myers’ theorem.

Corollary 6.4.3 If M is complete and Ricy > X > 0 then M has finite funda-
mental group.

Using a different approach the second author has proven that the fundamen-
tal group is, in fact, finite for spaces satisfying Ric + Lxg > A > 0 for some
vector field X [?]. This had earlier been shown under the additional assumption
that the Ricci curvature is bounded by Zhang [?]. See also [?]. When M is com-
pact the finiteness of fundamental group was first shown by X. Li [?, Corollary
3] using a probabilistic method.

On the other hand, the volume comparison Theorem 6.4.1 and Theorem 6.4.2
Part c) also give the following generalization of Calabi-Yau’s theorem [147].

Theorem 6.4.4 If M is a noncompact, complete manifold with RichV > 0,
assume f is bounded when N is infinite, then M has at least linear f-volume
growth.

Theorem 6.4.2 Part a) and Theorem 6.4.4 then together show that any man-
ifold with Ric}v > A > 0 and f bounded if N is infinite must be compact. In
fact, from the mean curvature estimates one can prove this directly and obtain
an upper bound on the diameter. For finite IV this is due to Qian [114], for Part
b) see [?].

Theorem 6.4.5 (Myers’ Theorem) Let M be a complete Riemannian man-

ifold with Ricﬁ«v >(n—1)H >0,

n+N—-1 m
n—1 H*

b) when N is infinite and |f| < k then M is compact and diamp; <

4k
(n—1)VH "

a) when N is finite, then M is compact and diamp; <

va T
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For some other Myers’ Theorems for manifolds with measure see [?] and
[?]. The relative volume comparison Theorem 6.4.2 also implies the following
extensions of theorems of Gromov [68] and Anderson [5].

Theorem 6.4.6 For the class of manifolds M"™ with Ricy > (n—1)H, diamy; <
D and |f| < k ([Vf| < a), the first Betti number by < C(n+4k, HD?) (C(n, HD?,aD)).

Theorem 6.4.7 For the class of manifolds M™ with Ricy > (n — 1)H, Vol >
V, diamy; < D and |f| < k (|Vf| < a) there are only finitely many isomorphism
types of w1 (M).

Question 6.4.8 If M™ has a complete metric and measure such that Ricy > 0
and f is bounded, does M™ has a metric with Ric > 0%
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Chapter 7

Comparison Geometry in
Ricci Flow

Perelman’s reduced volume monotonicity [107], a basic and powerful tool in his
work on Thurston’s geometrization conjecture, is a generalization of Bishop-
Gromov’s volume comparison to Ricci flow.

7.1 Reduced Volume Monotonicity

7.2 Heuristic Argument

This little note presents explicit curvature formulas in §6.1 of Perelman’s paper
[?]. In particular it verifies (mod N~!) the geometric interpretation of Hamil-
ton’s matrix (trace) Harnarck quadratic and that the Ricci tensor of the warped
metric are equal to zero. The mod N~! computation of the curvatures is also
done in [?] using Christoffel symbols. Here we do the computation using Gauss
equation and Koszul’s formula.

Recall that M = M x SV x Rt with the metric:

- - - N - - -

9ij = 9ij» Yop = TGap, Joo = 5+ R, Gioa = Gio = Goao =0, (7.2.1)
where i, j denote coordinate indices on the M factor, «, 3 denote those on the
S¥ factor, and the coordinate 7 on RT had index 0; g;; evolves with 7 by the

backward Ricci flow (g;;)r = 2R;j, gap is the metric on S™ of constant curvature
1
N )
We first compute the curvatures of M without 7-direction using Gauss equa-
tion by viewing M x SV as isometrically embedded submanifold of M. Let
n = (2L + R)~"Y/22 be its unit normal vector. Denote {X;} local coordinate

fields of M and {U, } local coordinate fields of S. Then the second fundamental
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form
(B(X:, X;)m) = (Vx,Xjin) = —=n(X;, X})
_ LN ey (N gy
So
N —1/2
B(Xi,Xj) = —(; + R) Rijn. (7.2.2)
Similarly
1 N ~1/2
B(Ua, Uﬁ) = —5(5 + R) gagn, B(Ua, Xz) =0. (723)
By Gauss equation
iy <X g ) = (2] j ) - iy ) j j 5 ) (2
(R(X;, X)) Xk, Xi1) (R(X5, X)Xk, X1) — (B(X;, X)), B(X;, Xi)) + (B(X;, X1), B(X;, X&)
N
= (R(Xs, X)Xk, Xi) — (E + R)"' [RuRjr — RjRix] (7.2.4)
. 1 N
(R(X;,Us)Us, Xj) = 0— 5(5 + R) " Rijgas, (7.2.5)
- 1 N _
(R(Ua, Up)Uy,Up) = (R(Ua; Ug)Uy, Us) = 7 (5= + B) ™" [9a09py — garGs0] (7.2.6)
1 L 1 N _
= ONT [9040957 - g,mgge] - Z(E +R) ! [QQGQB’)/ - ga»ygge]
N 1 TR
_ (N 1 TR _ 2.
(27_ + R) IN [gaegﬁ'y gavﬂﬁ@} (7 7)
(R(X:, X)) Xe,Us) = 0 (7.2.8)
(R(X;,Up)U,,Ug) = O. (7.2.9)

For curvatures involve normal direction, note that

Uasn] =0, [0, X,] = %(% +R)I(X:R)n.

By Koszul’s formula we have

Vo, Xi = 0,
Van = —1(ﬁ+R)*1Z(XR)g”€Xk
n 9\, - l 2]
- _1,N 172
VUQTL = 27_(27_ + R) Uom
= N —1/2 Ik
Vin = (5 +R) > Rig" Xy

1k
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Therefore
(R(Ua,n)n, X;) = 0, (7.2.10)
(R(Ua,n)n,U5> = 7<@nﬁ[j n Ug>
_ (N 124 | (N papd LN
n (27'+R) dr (27+R) 2T TGop 472(27+R) TGop
1 N R
= 4(2 +R)*(R, + )gag (7.2.11)
By (7.2.2)
~ N
Vi Xj =5+ R)"Y2Ryn + Vx, X;. (7.2.12)
So
(Vx,Vum X)) = —sXil(oe + Ry S (XiR)g™*lg -—17 RS (XR)g ™ (Vi X, X;)
X; Vnlly Aj 9 % 2 - l kj 2 - l X; ks
_ LN ey _L N gy e
= S+ RGRIGR) - 5 (5 + R) ™ Hess(R)(Xi, X;),
T N N —1/2 d [ N —1/2p lk ] N k
<van7:anj> - (2T+R) -~ dr (27+R) Rzlg gk] (27_+R ;R’ng ng
_ LN e N (N Ry KR (R
= 2(2T+R) ( 972 +RT> Rz]+(2 +R %:Rzlg Rk] (sz)‘r )
~ 1 N
—(Vix; s Xj) ~(5- + R *(X:R)(X,R).
427
Thus
~ 1 N _ N
(R(Xi,n)n, X;) = 5(5-+R) 2{(—22+R>R”+ (XR)(XjR)]
N Ik
g+ R)” "1 Rag Rk;—*H€88(R)(Xi»Xj)—(f%2frl)
Lk

Last we need to look at the normal component of the curvature tensor. By
(7.2.3) we have

Vo, Us = —%(% + R)"Y2g,5n + Vi, Up. (7.2.14)
Therefore
(R(Xi, X;)Xp,n) = (Vx,Vx, X — Vx,Vx, Xp,n)
= S+ R (KR Ry — (X, R) R
(2 4 R) (Vi Ri) (X, Xi) — (Vx, Ric) (X, X)]

2T
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(R(Uas Ug)Uysm) = 0
(R(X;, Ua)Upyn) = ~(o

4(27
<R(UaaXi)Xj,n> 0.

+R)"3(XiR)gas

From above, mod N~1, all curvature tensors of M are zero except

(R(Xi, X)) Xi, Xo) = (R(X4, X;) X3, Xa)
(R(Xi, E)waﬁ = *ZRM + ;Rzlg Ryj — §H635(R)(XZ>XJ) = (Rij)+
1 1
= 7§Rij +AR;; + 2Rk R — ZRilglkRkj — §H€SS(R)(Xi,Xj)
Lk
- 0 . .
(R(X3, X)Xk, §> = —(Vx,Ric)(X;, Xi) + (Vx, Ric)(Xi, Xk)-

These are exactly the coefficients R;jr;, M;;, Piji of Hamilton’s Harnack
quadratic. R
Any two form w on M can be written as

w=U;;X] N X7 + Widr A X[ + two form with sphere components.

Then mod N~1, the curvature operator R acts on w is

(R(w),w) = (R(Xi, X;) X, X))UijUpy + 2(R(X;, X;) X, o
which is exactly Hamilton’s matrix Harnack quadratic. Therefore Hamilton’s
matrix Harnack inequality can be interpreted as the curvature operator R is
nonnegative (mod N~1). This is suggested to me by John Lott.

By taking trace in the manifold directions we get the trace Harnack quadratic.

Namely let

wr = ep A (dr + X7™),
where {ej} is an orthonormal basis of TM and X is a vector field on M. Then

Z(ﬁ(wk),wk) = Z(R(X er)er, X +2Z R(X, ey) €k 5- —|—Z

k k
1
= Ric(X,X)— (VR,X) — Q—R — 5R- mod N7
T

which is exactly Hamilton’s trace Harnack quadratic. Note that this is not

RNZ'C( + X, 5> —|— X), since we need to take trace in all directions for Ric.
For Ricci curvatures we take trace of the curvature tensors and get

- 5 N
RZC(Xi,Xj) = <R(XZ,7”L)7”L, Xj> + Rij - (7

2T
k,l

= SR K—QNQ VR, ) Ry + (X, R)(XjRﬂ

9 ~
—)Uij Wi + (R(X;, E)a,

_ N
+R)™" Y [RijRis — RijRal g™ — *(

0.0

86>
88

X)W

VR
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N —1 Lk 1
2 )r— =H X, X 2.1
+(2T + R) %;Rzlg Ryj — (Rij)~ 9 ess(R)(Xi, X;) (7.2.15)
Rice(X;,Uy) = 0 (7.2.16)
Ric(Ua,Us) = (R(Ua,n)n,Us) — 1N ZR 'r
1C\Uq, Upg = ( o, )N, Upg 2 27_ ij 9 — Gap
1, N 5 2R?
_ LA - _ 2.1
4(27_ + R) (RT N )gaﬁ (7 7)
X L N -2 2
Ric(n,n) = Z(Q—JrR) VR (7.2.18)
5. 1 N —3/2 ik
Ric(Xin) = —5(-+R) [zk:(XjR)Ring} (7.2.19)
Js
Ric(Uy,n) = 0. (7.2.20)

So Ric =0 mod N—1. )
The scalar curvature of M is

. 1N o, 1N R
R = 2(2 + R)"%||VR|* — (T+R) (AR+T+RT)
1, N N _ . R
= S RIVRP + (o + B (Ricl? ~ )
T T
- 1 N 92 2 N —1 . 2 -
= SO R IVRIP + (o 4+ R)[Rico | + (R )]

So the scalar curvature is positive when R < 0 or R > 5-.
A= (,% +A  (mod N71).
Consider a metric ball in (M, §) centered at some point p where 7 = 0. The

shortest geodesic between p and an arbitrary point ¢ is always orthogonal to
the SV fiber. The length of such curve y(7) is

™(q)
) = [ R e

/“q) ﬁ¢ T ),

~ /2N / VHR A P (F)P)dr + O(N-3).

The shortest geodesic should minimize

7(q)
7) = /0 VT(R A+ A (1)]?)dr.

The metric sphere S(p, \/2N7(q)) € M is O(N~1)-close to the hypersurface
7=17(q). modN~1,

A((0,p), \/2N7(q)) B f(Mg(T))(2NT(x))N/2Vol(SN)dvolM

A(N +n+1,0,v2N7) (V2NT)N+nVol (SN+n)
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N
(2N)N/2Vol(SM) f(Mg(T))( T(q)—ﬁL(m)—&—O(N_Q)) dx

(V2NT)N+7Vol(SN+7)
_ Vol(SY) a I 1\ B
= e, (- aey) oW

N L
As N — oo, (1 — #%) — e 2v7. In fact Perelman gave a heuristic argu-

ment that volume comparison on an infinite dimensional space (incorporating
the Ricci flow) gives the reduced volume monotonicity.

7.3 Laplacian Comparison for Ricci Flow



Chapter 8

Ricci Curvature for Metric
Measure Spaces

8.1 Metric Space and Optimal Transportation

Ricci curvature lower bound of a metric measure space is closely related to the
convexity of an entropy functional on the space of probability measures. In
this section we state the basic definition and properties of metric spaces, length
spaces, and optimal transport problem and the space of probability measures.
These materials can be found at [23, 68, 131, 132].

8.1.1 Metric and Length Spaces

Some good references of this subsection are [23, 68], we refer to these for proofs
and more details.

Given a metric space (X,d), v : [a,b] — X a continuous curve, the length of
v is defined by

L(v) = sup sup > d(y(yi-1), v(wi)-
keN a=yo<y1<--<yp=b ;5
v is called rectifiable if it has finite length. A curve is called a geodesic if it is
locally a distance minimizer and has a constant speed.

Definition 8.1.1 A metric space (X,d) is called a length space if d(x,y) =
inf., (length(v)) for all z,y € X, where the infimum runs over all continuous
curve v connecting x,y. (X,d) is called a geodesic space if for all x,y € X,
there exists continuous curve vy connecting x,y such that d(z,y) = L(7).

For a geodesic space (length space), there is a (an e-) midpoint point between
every two points. For complete metric space, the converse is also true.

99
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Proposition 8.1.2 Let (X,d) be a complete metric space. (X,d) is a geodesic
space (length space) if and only if for every x,y € X there exits a (an e-)
midpoint.

Proof: We will show the equivalence in the case of geodesic space. The other
case is similar.

=: If (X,d) is a geodesic space, for every two points z,y, there is curve
7 : [a,b] — X with y(a) = z,v(b) =y, L(y) = d(x,y). Let L(t) = L(v[,. Since
L(t) is continuous in ¢, there exists ¢ € [a,b] such that L(c) = $L(v). Choose
z =(c), we have d(x,z) = d(y, z) = 3d(x,y). So z is a midpoint of z,y. Here
we did not use the completeness assumption.

<: Given z,y € X, we need to construct v : [0,1] — X such that v(0) =
z,7(1) = y and L(y) = d(z,y). Assign y(3) to be a midpoint of z,y, (1) to
be a midpoint of = (0) and (1), and 7(2) to be a midpoint of v(3) and
y = v(1). Proceeding this way, we define v for all dyadic rationals between 0
and 1. From the construction, for every two dyadic rational ¢;,¢;

d(y(t:),7(t5)) = [t = t5] - d(2, y).

So the map v defined on the set of dyadic rationals is Lipschitz. Since X
is complete and the set of dyadic rational is dense in [0, 1], this map can be
extended to a continuous map on the entire interval [0,1]. Thus we obtained
v :[0,1] — X connecting = and y with L(y) = d(z,y). [

X is locally compact if every point has a compact neighborhood. These
spaces enjoy the following nice property [23, Theorem 2.5.23].

Proposition 8.1.3 If (X,d) is a complete, locally compact length space, then
every closed metric ball in X is compact and (X, d) is a geodesic space.

8.1.2 Optimal Transportation

If f: X — Y is measurable, 4 a measure on X, the push forward of y under f
is (fup)(B) = p(f~1(B)) for all measurable subsets B of Y.

Let (X,u) and (Y,v) be probability spaces. A probability measure 7 on
X XY is a transference plan between p and v if

(Projx)«m=p, (Projy).m =v, (8.1.1)

where Projy and Projy are projections of X xY onto X and Y respectively. If
7 satisfies (8.1.1) we say 7 has marginal g on X and marginal v on Y. In this
case, 7 is also called a coupling of u and v. Intuitively, 7(z,y) represents the
amount of mass transported from z to y. The equation (8.1.1) means

m(AXxY)=p(4), (X xB)=v(B)

for all measurable subsets A of X and B of Y, which is equivalent to

[l +vwanten) = [ pdut [ i
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for all measurable functions (p, ) € L*(du) x L(dv).

A Polish space X is a separable (i.e. it contains a countable dense subset),
complete metric space. Denote by P(X) the space of Borel probability measures
on X. We equip P(X) with the weak topology, namely p € P(X) converges
weakly to p if for all ¢ € Cy(X) (i.e. ¢ is bounded and continuous), [ ¢dpuy
converges to [ ¢dp as k — oco.

Define II(p, v) to be the set of all Borel probability measures 7 on X x Y
with marginals © on X and v on Y. It is a convex set, which is also nonempty
since the product measure pu x v € II(u, V). Given two Polish spaces X, Y, u €
P(X),v € P(Y), and ¢ a nonnegative measurable function (the cost function)
on X x Y, the Kantorovich’s (an Nobel Laureate in Economics, 1975) mass
transportation problem is to minimize the linear functional (the total cost)

T— c(x,y)dmr(z,y)
XXY

on II(y, v).

Originally arising from economics, the mass transportation problem has
turns out to be actually very useful in physics, PDE, geometry etc..

Example 8.1.4 (The discrete case) Suppose X = {x1, -, 2x}, Y ={y1, -, Yk}
are discrete spaces where all points have the same mass:

k k
g Og;y V= E dy,; -
i=1 j=1

Any measure in II(p,v) is represented by a k X k matric @ = (m;;), where
Ty > 0, >, my; = 3 for all j, and > = + for all i. The solution of
Kantorovich’s minimizing problem is given by a permutation matriz divided by
k [?7, Page 5]. (distance and cost function?)

el
=

M:

A fundamental property of Polish space is the following characterization of
precompactness of probability measures which underlies the proofs of several
basic facts in optimal transportation problem.

Theorem 8.1.5 (Prokhorov’s theorem) If X is a Polish space, then a sub-
set P of the probability measures of X is precompact for the weal topology iff it
is tight, i.e. for any e > 0, there is a compact set K. such that (X \ K.) <e
for all p € P. (reference?)

By Ulam’s lemma, a probability measure on a Polish space is automatically
tight (i.e., the set of single probability measure is tight). Also note that a Borel
probability measure on a Polish space is automatically regular. See [?] for the
proofs of these results.

Using these one can readily prove the existence of a minimizer of Kan-
torovich’s mass transportation problem.
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Theorem 8.1.6 (Existence of a minimizer) Let X,Y be two Polish spaces,
pe€PX),vePY), and let c: X XY — [a,+00] be a lower semi-continuous
cost function with a € R. Then there is a coupling of (u,v) which minimizes
the total cost C(m) = [y c(z,y)dm(z,y) on I(p,v).

Proof: Since X,Y are Polish spaces, we have pu, v are tight. Namely for any
€ > 0, there are compact sets K. C X and L. C Y such that p(X \ K.) < ¢/2
and V(Y \ L) <¢€/2. Since X x Y\ K. xL.=X x (Y\L)U X\ K.) xY,
for any coupling 7 € II(y, v), we have

T(X XY \Kcx L) < p(X\K)+v(Y \ L) <e.

Hence II(p,v) is tight. By Prokhorov’s theorem, II(u,v) is precompact. The
equations (8.1.1) for the marginals pass to the limit, so II(u, v) is also closed.
Therefore II(u,v) is compact. Let {m} € II(u,v) be a sequence such that
the total cost C(my) converges to the infimum. We have {m} (a subsequence
if necessary) converges to some 7 € II(u,v). Since ¢ > a and is lower semi-
continuous, we can write ¢ = lim;_,, ¢;, where ¢; is a nondecreasing sequence
of continuous functions with a < ¢; < ¢. By monotone convergence,

/cdw = lim [ gdr=lim lim [ ¢dr, < klim cdmy,.

l—o0 l—o0 k—oo —00

Thus 7 is an minimizer. [ |

We refer the reader to [132, Theorem 4.1] for a more general case. Any
minimizer 7 is called an optimal transference plan.

When X =Y, the optimal transport cost C(, v) = inf ey, fXXy c(z,y)dmr(z,y)
defines a distance on P(X) when the cost function ¢ is a distance of X. So we
can use P(X) to study X.

8.1.3 The Monge transport

As we discussed above, given two Polish spaces X, Y, two probability measures
p€ P(X),ve P(Y), and a cost function ¢: X x Y — R, the mass transporta-
tion problem seeks a Borel probability measure 7 on X x Y that couples p and
v, and minimizes the functional

/ e, y)dn(z, )
XxY

on IT(y, v). Such minimizers always exist when the cost function ¢(x, y) is lower
semicontinuous and bounded from below. A minimizer 7 will be called an
optimal transport from u to v.

In applications, a special type of optimal transport, formulated by Monge
(hence the name), plays an important role. A Monge transport is a transference
plan that comes from a map F': X — Y such that

F.(p) =v. (8.1.2)
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In this case, the transference plan 7 = (Id x F'),(u). It is called optimal if the
transference plan 7 is optimal.

When X =Y and we consider measures that are absolutely continuous with
respect to a fixed measure, a Monge transport satisfies the so-called Monge-
Amperé equation. Fix p € P(X). Consider ug = po(z)p € P(X) and py =
p1(z)p € P(X). When F : X — X is differentiable almost everywhere (such
as Lipschitz) and gives rise to a Monge transport from pg to uq, (8.1.2) (with
w replaced by po and v by pq) is equivalent to the Monge-Amperé equation

p1(F(z))det DF (z) = po(x), po-a.e.. (8.1.3)

Here the determinant of Jacobian factor det DF(z) is associated with the
measure . That is

det DF(z) = lim M (8.1.4)
D a(B(@))

When the cost function is given by the square of the distance, there is an
important case when an optimal transport is given by a Monge transport. More-
over, there are more structures and regularities there. It was first proved in the
Euclidean space with its usual distance by Brenier [?] and later generalized to
general Riemannian manifolds by McCann [?].

Theorem 8.1.7 (Brenier-McCann Theorem) Let (X,d) = (M, g) be a com-
plete connected Riemannian manifold and c(x,y) = d*(x,y) where d is the Rie-
mannian distance. If probability measures pro = po(x)dVolg, u1 = p1(x)dVol, are
absolutely continuous with respect to the Riemannian measure and both pg, p1
are compactly supported, then there exists a convex function f: M — R such
that

F(z) = exp, (V() : M — M

defines an optimal Monge transport between pg and py. Moreover, it is the
unique optimal transport between pg and p.

8.1.4 Topology and Geometry of P(X)

Given a Polish space X, the space of Borel probability measures P(X) inherits
several topological and geometric structures of X.

Definition 8.1.8 (Wasserstein distances) Let (X, d) be a Polish metric space.
Forp>1, p,v e P(X), the (p-) Wassenstein distance is

1/p
Wy(p,v) = inf / d(z,y)Pdr(z,y) . (8.1.5)
well(p,v) XxX

If 7 is an optimal transport from p to v with respect to the cost function
c(w,y) = d"(x,y), then

Wyt = ([ degyrantea) ”



104CHAPTER 8. RICCI CURVATURE FOR METRIC MEASURE SPACES

In particular, when 7 = (Id X F'). () is given by a Monge transport F' : X — X

Wy(u,v) = (/X d(a:,F(z))pdu(x)> 1/?” (8.1.6)

Proposition 8.1.9 W, defines a metric on

Pp(X) = {# € P(X)| /d(xo,x)pdp(x) < 400 for some xy € X}

Proof: It is clear that W, is finite, symmetric, nonnegative and W, (u, u) = 0. If
W, (1, v) = 0, let m be an optimal transportation plan then dr(z,y) is supported
on the diagonal (y = z). Thus for all ¢ € Cy(X), [@du = [@(x)dr(z,y) =
[ ¢(y)dr(z,y) = [ ¢dv, which implies p = v.

To show the triangle inequality, we need the following gluing lemma [131,
Lemma 7.6].

Lemma 8.1.10 Given Polish spaces X1, Xo, X3, p; € P(X;), and w2 € (u1, u2),
7oz € I(ua, u3), then there exists m € P(x1 x Xo X X3) with marginals w2 on
X1 X X2 and 23 ON XQ X Xg.

Now consider 1, po, i3 € Pp(X), and optimal transference plans w2 be-
tween pi1, f1o, and mes between po, ug. Denote X; the support of ;. Let 7 be as
in the gluing lemma and 713 the marginal of m on X7 x X3. Then 713 € TI(p1, p3).
We have, using the triangle inequality, the Minkowski inequality and the defi-
nition of coupling,

1/p
Wp(pa, p3) < (/ d(ﬂﬁlvffs)pdﬁl?J(thUS))
X1><X3

1/p
= (/ d($1,z3)pdﬂ(xl7x27z3)>
X1 ><X2 ><X3

1/p
(/ [d(z1,22) + d(@2, 23)]" dr (x4, $2,$3))
X1 XX2 ><X3

1/p
(/ $1,x2)pdﬁ($1,$2,$3)>
X1 XXox X3
1/p
</ d(xg,zg)pdﬂ(xl,xg,x3)>
X1 XXox X3

+
1/p
= (/ I1,$2)pd77($1a372))
X1 ><Xz

1/p
+ / Hfzyfcs)pdﬁ(m,wa))

Xox X3
Wi (s p2) + Wy (p2, p13)-

IN

IN
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Since W), (9, dy) = d(x,y), the map x — J, gives an isometric imbedding of
X — Pp(X). Note also, by the Hélder inequality, W, < W, when 1 < p < ¢, so
W1 is the weakest of all.

Proposition 8.1.11 (W, metrizes P,) Let (X,d) be a Polish space. Then
the Wasserstein distance W, metrizes the weak convergence in P,(X). Namely
Wp (g, 1) — 0 iff i converges weakly to p.

For a proof, see [132, Theorem 6.8]. A quick corollary of this is

Corollary 8.1.12 (Metrizability of the weak topology) Let (X,d) be a Pol-
ish space. If d = ﬁ (or any bounded distance inducing the same topology as

d), then W, of d metrizes the weak topology of P(X).

Proposition 8.1.13 (Topological properties of P,(X)) Let (X,d) be a Pol-
ish space. Then

a) The set of all normalized configurations %Zle 0y, with k € N and
T,z € X is dense in (Pp(X), Wp).

b) Pp(X) is a Polish space.

¢) (Pp(X),Wp) is a compact space or a length space if and only if (X,d) is
s0.

d) (P2(X), W) has nonnegative Alexandrov curvature if and only if (X,d)
does.

Proof: a) Let D be a dense sequence in X, P be the space of probability mea-
sures that can be written as Y a;d,,, where the a; > 0 are rational coefficients,
and the z; are finitely many elements in D. By choosing k£ to be the common
denominators of a; and repeating some z;, > a;0,, = %Zle 0g,. From the
proof of Theorem 6.16 in [?], P is dense in P,(X). Therefore %Zle Oy, 1s
dense in P,(X).

b) See the proof of Theorem 6.16 in [132].

c) Since X isometrically imbeds in P,(X), one direction (=) is clear. Also
diam(P,(X)) = diam(X).

<: When X is compact, by Prokhorov’s theorem (Theorem 8.1.5) P,(X) is
compact in weak topology, by Proposition 8.1.11, it also compact in W),

Assume that (X,d) is a length space and let € > 0 and u,v € Py(X) be
given. By Proposition 8.1.2 it is enough to construct an e-midpoint n of u, v.
From b) and Example 8.1.4 there are ji = ¢ Zle Op,, U = %Zle dy, such that
WP(N’& /_1') < 6/37 WP(Va 17) < 6/3 and

1 k 1/19
Wy, v) = (k Zd(ﬂ%yi)p> .
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For each i = 1,---,k let z; be an ¢/3 midpoints of z; and y; and put n =
3 Ele d.,. Then

1 1/p 1 k ) o 1/p
Wy(,m) < (kzd(lii,zi)p) < <kZ|:2d($i,yi)+3:| >

i=1 i=1
1/(1 v 1
€ €
< S| £ d@iy)” 3=5 p,v)+ 5.
< 2(’6;_1: <x7y>> FE= W)
Hence Wp(11,m) < Wy (p,v) + €. Similarly Wy (v,n) < W, (1, v) + . We have

that 7 is an e-midpoint of u,v.

d) See [129, Prop. 2.10 (iv)] for a proof . [

Minimizing geodesics in P,(X) are also related to minimal geodesics in X.
Given a length space (X, d), let I'(X) be the set of minimal geodesics equipped
with the topology of uniform convergence:

I(X) = {y |~ :[0,1] — X with d(v(0),7(1)) = L(7)}-
For each t € [0,1], e; : I'(X) — X with e;(y) = ~(¢) is the evaluation map.
E:T(X)— X x X with E(y) = (7(0),v(1)) is the “endpoints” map.

A dynamical transference plan consists of a transference plan 7w and a Borel
measure IT on I'(X) such that E.II = 7. It is optimal if 7 is optimal. If IT is an
optimal dynamical transference plan, then for ¢ € [0,1], put us = (es)«II. The
family {p}+ejo,1) is called a displacement interpolation.

Proposition 8.1.14 (Geodesics of P,(X)) Let (X,d) be a complete, separa-
ble, locally compact length space. Assumep > 1. Given any two o, 1 € Pp(X),
and a continuous curve {ufo<i<1 in Pp(X), the followings are equivalent:

a) {p}o<i<1 s a minimizing geodesic in Pp(X);

b) {1 to<i<1 is a displacement interpolation.
Moreover, Pp(X) is a geodesic space.

Proof: b) = a): Let II be a dynamical optimal transference plan such that
(e¢)«Il = py. Given 0 < ¢t <t/ < 1, (e, ep )]l is a particular coupling of
(Mh Mt')7 SO

Wl )= </X><X d(zo, z1)” d((e:, et’)*H)(on,xl)> "

1/p
_ ( / d(v(t),v(t’))pdﬂ(v)>
I'(X)

= -0 ([ rae) = Wy i),

Let ¢ : [0,1] — P(X) with ¢(t) = ps. Then L(c) < Wy(po,p1), so L(c) =
W, (o, 1) and {p fo<i<1 is a minimal geodesic.
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Now we will show the existence of minimal geodesics (and hence P,(X) is a
geodesic space).

By Proposition 8.1.3 X is a geodesic space, so the endpoints map F : I'(X) —
X x X is Borel and surjective. Given (xg,71) € X x X, E~!(z0, 1) is compact.
It follows that there is a Borel map S : X x X — I'(X) so that E oS =Idx«x
[. Given po, 1 € Pp(X), let m be an optimal transference plan between 1o and
w1 and put IT = S, (7). The corresponding displacement interpolation joins pg
and p;. By above this is a minimal geodesic connecting o and pg.

a) = b): We can assume that for all ¢,¢' € [0, 1],
Wyt pr) = |t = ¢'[Wp(po, p11)- (8.1.7)

Let 7728)1) be an optimal coupling of (ug, 11), 71'8)1) an optimal coupling of
’ 72

(uo,u%), and 7751%)71) an optimal coupling of (u%,ul). By the gluing lemma

on X x X x X with

1)
(3>
on the product of the

(Lemma 8.1.10), we have a probability measure 778)l 0
T
¢h)

(0.1) O the product of the first two Xs and =
of the last two Xs. Let Wgé)l) be the marginal of 7

(0,3.1)
and 775121) are optimal couplings, we have
25

marginals m on the product

first and last Xs. Since Wgé)l)
)2

) 1/p
(/ d(wo, z1)" d”<o71>>
XxX

P 1/p
< (/ [d(x()vx%) + d((E%,iL’l)] d’/T(O 1 1)>
XXX xX 2

w \ B\
< )P ) »

B (/xXx Ao 73) d”(oé)) " (/XXXd(xz’xl) in ;,n)

= Wp(lilalié) + Wp(ﬂ%#ﬂ) = W, (10, 1),

using (8.1.7). Thus 7r(1)1) is an optimal coupling of (g, 1) and equality holds

(©
everywhere in the above. It follows that the measure Wg(l)); 1
'3

B where

is supported on

1
BW = {(mo,x;,xl) €EX XX xX:d(wo,xy) =d(xy,m1) = 2d($0,m1)}.
Fort € {0,1,1}, definee, : B — X by et(xo, 21, 21) = 2. Then (e,g),urgé)l H=
R
Ht-

Proceeding in the same manner, for each k£ > 1, we obtain a probability

k k . . k
20)2%2%2%1) on X2 *1 such that its marginals WEiQ),k’jz,k)

are optimal couplings for all 0 < 7,5 < 2F. TI®) is supported on

measure [I*) = 7

k 2k 41
B():{(xo,x#,a:z%g--,xl)eX +1.
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dzg,za)=dxa,x2)=--=d(@mw_,,21) = Z_kd(xo,xl)} .
2k 2k 2k —F

For t = 2,0 < i < 2F, define ¢, : B® — X by ey(xq, -, x1) = x4, then
(et)*H(k) = Ht-

Given (xg,---,x1) € B®), one extends it to a continuous curve y*) : [0,1] —
X by using the map S above (in the proof of the existence of geodesics). Namely
for t € (35, G&t), define F®)(t) = et(S(m#,x%)). L(v*®)) = d(zg,z1) so it is
a minimal geodesic. Now extend II*) for t € (5, &) by I*) = S*(Tl'(k) )).

k> k i i41
22 (572 5%

So we have a family of probability measure II*) € P(I'(X)) which satisfy
(e¢)TIF) = yy for all ¢t = i/2F. To be able to pass to limit, we shall check
the tightness of the sequence. For any e > 0, since pg, uy are tight, there are
compact sets Ko, K1 such that po(X\ Kg) <€, u1(X\ K1) <e Theset Fg&i—»&
of minimal geodesics joining Ky to K3 is compact. Now

IO\ TS ) < po(X \ Ko) + (X \ K7) < 26,

Hence the family {TI®)} is tight. There is a subsequence converges weakly
to some probability measure II. T'(X) is closed, so II is still supported in T.
Moreover for all dyadic time ¢ = /2! in [0, 1], we have, if k is larger than I,
(e¢),ITI*) = p;, and by passing to the limit, we have (e;).II = j; also. (e;),II is
weak-* continuous in ¢. It follows that (e;).II = u; for all ¢ € [0, 1]. |

8.2 N-Ricci Lower Bound for Measured Length
Spaces

In this section we discuss various notions of Ricci curvature lower bound for
measured length spaces.

8.2.1 Via Localized Bishop-Gromov

In this subsection a metric measure space is a triple (X, d, u), where (X,d) is a
complete separable metric space and u is a Borel measure on X which is locally
finite, positive and has full support, i.e. 0 < p(B(z,7)) < oo for all x € X and
r > 0. If 4 do not have full support, one can just work on supp[u].

From Proposition 1.6.1, one can define Ricci curvature lower bound for met-
ric measure spaces using (1.4.8). However, there is serious difficulty defining
the set By in (1.4.8), especially for general metric spaces where one has to deal
with the issue of branching. Following [101] we will define B, using optimal
transportation. Denote (see (1.2.5) for the definition of snp)

Hn(r) = (SnH(tr))Nl'

sng(r)
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Definition 8.2.1 Given H € R,N € [1,00), we say a metric measure space
(X,d, p) satisfies the (H,N)-Localized Bishop-Gromov property, LBG(H,N),
if for p-a.e. x € X, every measurable set A C X (A C B(x,n/vH) if H>0),
there exists a displacement interpolation {p}o<i<1 C Pa(X) such that po = 0,
pr = p(A)~" - pla, and

dpe = (e0). (£¢S7 (d(z,7(1)) p(A) dTI()) (8.2.1)

holds as measures on X, where II is an optimal dynamical transference plan
associated to {fu fo<i<1-

This notion is from [101], where it is called the measure contraction property;
for a very similar version see [?], also [] for other versions.

To see the relation with (1.4.8), assume that there exists a measurable map
d: A — T satisfying ego ® = x, e; 0o ® = idy, and II = ®,puy. Then the
inequality (8.2.1) can be rewritten as

dp > (er 0 @) (£¢f7y (d(w,y)) xaly) diay) ) (8:22)

where x 4 is the characteristic function of A.

The geometric meaning of the map ® is that for each point of A it assigns,
in a measurable way, a minimal geodesic from x to the given point. This is the
case, when for almost all y € A, there exists exactly one geodesic connecting
T to y, e.g. complete Riemannian manifolds or more generally, non-branching
metric spaces.

Now set ¥y = ¢; o @ and for any measurable subset B C A, By = ¥4(B).
Then integrating (8.2.2) yields

j(By) = /B £ (dx, ) duly), (8.2.3)

which is exactly (1.4.8)

Thus, (8.2.1) is slightly stronger than (1.4.8). In certain sense, (8.2.1) is
an infinitesimal version of Bishop-Gromov rather than just localized, but the
difference is minimal and we will not differentiate. Instead, we note that a
complete Riemannian manifold M™ with Ricys > (n—1)H satisfies LBG(H,n).
Another class of examples is Alexandrov spaces with lower curvature bound.
Namely if (X,d) is an n-dimensional complete locally compact length space
with curvature > K in the sense of Alexandrov, and H" is the n-dimensional
Hausdorff measure on X, then (X, d, H") satisfies LBG(K,n) [?, 101].

As a function of H,r, CS)N(r) depends only on H7?, so if (X,d, u) satisfies
LBG(H,N), then the scaled metric space (X, ad, fu) with o, 3 > 0 satisfies

LBG(H/a? N), as in the case of usual curvature bounds. Since QS?N(T) is
increasing in H when H < 0or H > 0andr < ﬁ,foro <t<1,0<L shp(tr)

sng(r) —
1, (X,d, ) satisfies LBG(H, N) implies (X, d, 1) satisfies LBG(H', N') for all
H' < H,N >N.
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For metric measure spaces satisfying LBG(H, N) the Bishop-Gromov rela-
tive volume comparison theorem also holds. Let A(z,r, R) = B(x, R) \ B(x,r)
be an annulus and A(z,r) = limsup;_o 5 w(A(z, 7,7 +9)).

Theorem 8.2.2 (Bishop-Gromov Volume Comparison) Let (X,d, i) be a
metric measure space satisfying LBG(H, N) for real numbers H € R, N > 1.
Then for any x € X, the functions

@1) g 1B
s (1) /Oan L(t)dt

where r < = sz > 0. In particular, if H =0 then

are non-increasing in T, (8.2.4)

A(x,r) - (r)N—l w(B(z,T)) < (r)N
=TT )

A(z,R) — R w(B(z,R)) —

The latter also holds if N =1 and H < 0.

Proof: Given 0 <r < R,§ > 0, apply LBG(H, N) for x =z, A = A(z, R, (1 +
0)R),t = r/R and integrate both sides of (8.2.1) on A(x,r, (1 + J)r) yields

(A, (14 0)r) = — u(A(z, R, (L + 6)R)) _inf (G (AR)-

1<AL1+46

((er/R)*H)(A(mv ) (1 + 6) ))

I=v] i

Now

((er/r)«ID(Alw,r, 1+ 6)r)) = T((er/r) " [A(z,7, (1 +8)r)])
> I((er) ' [A(2, R, (1 +0)R)]) =
7 (

for we have (e1)™'[A(z, R, (1 + 0)R)] Nsuppll C (e, r)~'[A(z,7, (1 + d)r)] by

the condition that (eg).II = d,. Hence

Az, r, (1+8)r)) > u(A(z, R, (1+5)R))El<iréfl+6 TV (AR). (8.2.5)

Similarly we have

LA (r/R)
HAG, (1= 0)r), 1) 2 p(AGe, (L= R, B) 7 int_ CTAPDOR). (8:26)
By construction p(B(z,r)) is nondecreasing, so it has at most countably many
discontinuities. Hence given any r > 0, there is 0 < rg < r such that u(B(z,r))
is continuous at ro. But pu(B(z, (1+0)r)) — pu(B(x,r)) = u(A(z,r, (1+)r)), so
from (8.2.5) and (8.2.6), the fact that u(B(z,r)) is continues at ro > 0 implies
that it is continuous for all r > ro (7 < 7a if H > 0). Therefore u(B(z,1)) is

continuous on Ry . In particular we have p(0B(z,r)) =0 for all r > 0.
Inequality (8.2.5) can be rewritten as

WAz, R, (1+0)R)) _inf (AP (R).

1
5 AT (L4 0)r) = w5 p 1<AS1+5
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Similarly for (8.2.6). Since u(B(z,r)) is monotonic, it is differentiable almost
everywhere. Therefore the above inequality shows that p(B(x,r)) is in fact
differentiable everywhere on R,. Thus A(z,r) is well-defined and finite and
equals the derivative of u(B(x,r)). Letting 6 — 0 gives

A(z,7) > Az, R) <:§5((;))>N1 :

which is the first part of (8.2.4).

By Lemma 1.4.10 the ratio of the integrals % is also non-increasing.
Since u(B = [, A(z,t)dt, this completes the proof. [ |

Corollary 8.2.3 (Doubling) If (X,d,u) satisfies LBG(H, N) for real num-
bers H € R, N > 1, the doubling property holds on every bounded subset
X' c X. In particular, every bounded closed subset X' C X is compact.

Proof: If H > 0 or N = 1, the doubling constant is < 2V. If H < 0 and N > 1,
by (8.2.4),

/L(B(.%‘,2T 2f sinh 2\/715)]\’ Ldt B
p(B(z,r)) fosmh(\ﬁt)N i < 2% cosh(V—Hr)" 1.

The doubling condition implies that every bounded closed ball in X is totally
bounded, therefore compact. [ |

Corollary 8.2.4 (Hausdorff dimension) If (X,d, u) satisfies LBG(H, N) for
real numbers H € R, N > 1, then X has Hausdorff dimension < N.

Proof: By (8.2.4), the function f(z) = limsup,_,r"u(B(z,r))~! on X is
locally bounded. Thus the N-dimensional Hausdorff measure H" on X is also
locally bounded and the Hausdorff dimension of X is < N. [ |

Corollary 8.2.5 (Bonnet-Myers theorem) If a complete metric measure space
(X,d, p) satisfies LBG(H,N) for real numbers H > 0 and N > 1, then X is
compact and has diameter < TF/\/H

Proof: By (8.2.4) and Lemma 1.4.10, we have for any = € X, s,t € [0, 2\/’%]
with s < ¢,

w(A(z,s,t)) S p(A(x 7% - 7# )

fst(SnH(T))NfldT a fr S (sug(r))N-1dr .
Le.,
w(A(z, s, t)) > u(A(z, Wi t, TE s)). (8.2.7)
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If there are zg,z; € X with d(zo,z1) > gt for some ¢ > 0 (WLOG we
choose € < ﬁ) , connect g, 1 with a minimal geodesic + : [0, ﬁ +e - X
with v(0) = xo,’y(% +¢€) = x;. With 6 € (0,¢), apply LBG(H, N) for z =
v(e+2§), A = B(z1,d) and ¢t = % and integrate both sides of (8.2.1)
on A; = e;(suppIl) to obtain

pA) = (B, 0) inf (H“d(””) ((e0). (A

(-t ()
— (1 W/f/i‘s 5) (21,5 (an€+25>

sng (30
On one hand,

\%

Ay C B(x, t(d(z, 1) 4 0)) C Blxo, 7/VH).
On the other hand,

A, € X\ Blxo, d(xo, z) + t(d(z,21) — 8)) € X \ B(zo, n/VH — 25).
Thus we have, by (8.2.7),

p(As) < p(A(o, 7/VH = 26,7/VH) < p(B(w0,26)) < 2 u(B(xo, 5)).

Therefore we obtain, since N > 1,

w(B(xo,0) . n(,  e+d sng (e + 20) N’lﬂoo
,u(B(acl,(S))ZQ (1 w/\/ﬁ—(S)( sy (30) >

as § — 0. This is a contradiction since we can reverse the roles of zo,z;. W

While the definition of Ricci lower bound using the localized Bishop-Gromov
comparison is very geometric and enjoys very nice geometric consequence, the
following example shows it not ideal.

Example 8.2.6 If M is a compact Riemannian manifold with Ricy; > 0,dimpy; <
N —1(N > 1) and diamy; < L, then M satisfies LBG(H,N) for some H > 0.
Proof: For r small, % has the Taylor expansion t + £(1 —t*)|H|r? + - - -.
Hence for ¢t € [0,1] and r € [0, L], there exists 0 < ¢y < 1 such that C(t) (r) <
-1 (1 +(N-1)(1- t2)HT’”2) for all 0 < Hr? < cy. Choose cy < 57, then
we also have

V=2 > ¢N-1 (1 S (N —1)(1—¢ )H; )
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Since M satisfies LBG(0, N — 1), we have M satisfies LBG(H,N) for 0 < H <
CN/LQ. .

Hence an n-torus will satisfy LBG(H, N) for some H > 0 and N =n + 1,
which cannot happen in the classical sense. Also a small convex subset of RN ~!
satisfles LBG(H, N) with H > 0 and thus the property LBG(H, N) is not local.

8.2.2 Entropy And Ricci Curvature

Given a metric measure space (X,d,u), let P2(X, ) be the subspace of all
v € P2(X) which are absolutely continuous with respect to pu, i.e.

Po(X, ) = {v € P2(X) |v = pu},

where p : X — [0, 00) is a Borel measurable function satisfying [ p(x)du(z) = 1
and [ d*(zo,z)p(x)dp(z) < oo for some zp € X.
The relative (Shannon) entropy of v € Po(X) with respect to u is defined

(v) = { lim,_.q fp>€plogpd,u if vePy(X,p)

2.
+00 otherwsie (8.2.8)

Given a real number N > 1, the Rényi entropy functional Hy , : P2(X) —
[0, oo] with respect to p is

Hyyv) = = [ o7 (8.2.9)
X
where p denotes the density of absolutely continuous part v in the Lebesgue
decomposition v = v¢ + v* = pu + v° of v € Py(X).
Lemma 8.2.7 H,, and Hy ,,(N > 1) are lower semicontinuous on P2(X) and
satisfy
A}im N1+ Hy,(v)] =H,(v).

Furthermore, —u(X)Y/N < Hy ,, <0 and —log(u(X)) < H,.

Proof: The lower semicontinuity follows essentially from definition. To see the
relationship between the two entropy functions, note that

N{1+ Hy ()] = /X Un(p)dv,

where Un(r) = Nr(1 —r=/N). Since limy .o, Uy(r) = rlogr (by L'Hopstal),

the desired equation follows from the Lebesgue monotone convergence theorem

(strictly speaking, one applies it to the region {0 < p < 1} and {1 > p}).
Clearly Hy , < 0. On the other hand

1/N
Hyuw) = = [ oWz ([
suppv suppv

—p(supp )N > —p(X)MN, (8.2.10)
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where we have used Jensen’s inequality.
Similarly,

H,(v) = —/ log(p~!)dv > —log </ pldy>
supp v suppv

= —log(u(suppr)) = —log(u(X)). (8.2.11)
[ |

Some remark is in order. For any subset A C X, the uniform distribution
measure (with respect to ) on A is

oo XA,
p(A)"™
where x 4 is the characteristic function of A. Note that Hy ,(va) = —pu(A)Y/N
(and H,,(va) = —log(1s(A))). Hence (8.2.10) ((8.2.11) resp.) expresses the intu-
itive idea that the uniform distribution measure on supp v achieves the minimal
entropy (among probability measures with support contained in supp v).
Originally arising from thermodynamics and statistical mechanics, the no-
tions of entropy have played fundamental roles in information theory. The rele-
vance to the Ricci curvature lower bound comes from the following observation
which relates Ricci curvature lower bound to certain convexity of the entropies.
Recall that P2 (X, 11) is a length (geodesic) space. Given a length space (X, d)
and a real number k € R, a function F': X — R is called k-convex if for each
geodesic v : [0,1] — X,

F@(1) < FG) + (1= HFR0)) — 511 - 0P((0),1(1),  (8:2.12)

for all ¢ € [0,1]. In case that (X,d) = (M,g) is a Riemannian manifold and
F € C?(M), (8.2.12) is equivalent to Hess F' > kg. The k-convex functions on
Pa(X, 1) are also called displacement k-convex.

Theorem 8.2.8 For a Riemannian manifold (M, g), the followings are equiv-
alent:

1). The Ricci curvature of (M, g) is bounded from below by k, Ricpr > k;

2). The Shannon entropy H, (v) (or the Rényi entropy Hy ,,(v)) is displacement
k-conver on Po(M) (for N > n, resp.).

Proof: 1) = 2): Given Ricys > k, we need to derive the inequality
k

- it(l - t)<W2(M07 Ml))zv (8213)

for each geodesic p; in (P(M),Ws). By Theorem 8.1.7, us = (F})«(po), where

Fi(z) = exp,(—tVy(x)) for a convex function ¢ and F; gives rise to Monge
transports. Write pu; = pidvol. Then the Monge-Amperé equation (8.1.3) yields

pt(Fe(x))Ji(z) = po(x), a.e.

H(p) < tH(pa) + (1 — ) H(po)



8.2. N-RICCI LOWER BOUND FOR MEASURED LENGTH SPACES 115

where J; = det(dFi(x)) is the determinant of Jacobian.
Thus,

H(u) = pt(x) log p(x)dvol,

1

pe(Fi(y))log pi(Fi(y)) i (y)dvoly,

po(y) loglpo(y)J; (y)dvol,

~

Il

(ko) — / log J(y)dpo(y),
M
using the Monge-Amperé equation. Consequently,

—H (pe) +tH (p1) + (1 — t)H(p0)
— ~H () + [ togJdpo +t{H(no) ~ [ 1o Jidyo] + (1~ 1) (o)
M M

:/ 1othdu0—t/ log J1dpyg. (8.2.14)
M M

On the other hand, y; = log J; satisfies the differential inequality
" 1 /\2 . / /
Yy + g(yt) + Ric(Fy, F) < 0.
Hence,
Y/ +kIFP <0

using Ricys > k. Note that, since Fi(z) = exp,(—tVp(z)) is a geodesic (for
fixed x), for ¢t € [0, 1],

|F{(z)| = d(z, F1(z)) (8.2.15)

is independent of ¢. Thus,

t(l—t
wl@) > tn(x) + LD

Plus this back into (8.2.14), we obtain

t1—t

kW o, )

) o+ 1= o) = Uk [ =
M

using (8.1.6) and (8.2.15).
2) = 1)
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8.2.3 The Case of Smooth Metric Measure Spaces

Recall that a smooth metric measure space is a metric measure space (M™, g, u)
where M is an n dimensional smooth manifold, g is the Riemannian metric
which gives rise to the distance function, and the measure p = e~/ dvolg, where
f is a smooth real valued function on M and dvol, is the Riemannian measure.
There is well-defined notion of Ricci curvature for smooth metric measure spaces,
via the N-Bakry-Emery Ricci curvature Ric}v . Besides interests of its own in
diffusion process, Ricci flow etc., the class of smooth metric measure spaces
gives us a good collection of examples which interpolates between the smooth
manifolds and the general metric measure spaces.
Fort €[0,1], N >n, and K € R, set H = %5 and define

N—-1 @)
- () - 2

Theorem 8.2.9 For a smooth metric measure space (M™, g, 1), p = e’fdvolg,
the followings are equivalent:

1). The Bakry-Emery Ricci curvature of (M, g, ) is bounded from below by K,
Rin > K,‘

2). The Shannon entropy H, (v) is displacement K -convex on Pao(M).
Furthermore, the followings are equivalent:

1)n. The N-Bakry-Emery Ricci curvature of (M, g, p) is bounded from below
by K, Ric} > K;

2)n. The Rényi entropy Hy ,(v) satisfies the following (convexzity) inequality:
for any po = popt, w1 = p1p € P*(M), if F: M — M is the optimal Monge
transport and p; is the geodesic from g to py in P*(M), then

Hy () < —(1—=1) /M B (d(a, F(2)) ¥ polx)” ¥ duo(x)
—t/ B (d(z, F(2))¥ py(F(x)) ™ dpso () (8.2.17)
M
for allt €10,1].

Remark For K = 0, 6}21\, = 1 and the entropy inequality simplifies to the
usual convexity inequality

HNJL(Mt) <(1- t)HNw(/JO) + tHN,M(Ml)-

Remark The entropy inequality can be reformulated using the optimal trans-
port m = (Id x F'). (1) as follows.

Hyum) < ~(1-1) /M B e ) ¥ ) dn(a)

1
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for all t € [0, 1].

The reason that (8.2.17) and (8.2.18) are convexity type inequalities can be
found in the following lemma (using (8.2.16)), which also plays a basic role in
our proof of Theorem 8.2.9.

Lemma 8.2.10 A C? function ®(z) on [0,1] satisfies the differential inequality
" < —kd (8.2.19)
for k < w2 iff for all xg,x1 € [0,1] and t € [0, 1],
(1= t)ao + tar) > 65 |2y — 2o|)®(20) + 67 (J21 — wo|) P (21).(8.2.20)
Here

100 = () = 20,

(8.2.21)

If k = 7% and ® is nonnegative, then (8.2.19) implies (and hence is equivalent
to) ®(x) = csinmx, ¢ > 0, while for k > m2 and ® is nonnegative, (8.2.19)
implies (and hence is equivalent to) ®(xz) = 0.

Proof: =: Without loss of generality, we assume that zo = 0,27 = 1. Let

sng (1 —t)
Snk(l)

sy (t)
SIg (1)

®o(t) = 6 (1)®(0) + 67 (1)B(1) = ®(0) + o(1).
Then
O = —kdy,  Bo(0) = (0), Bo(l) = B(1).

Hence by using the maximal principle, one obtain ®(¢) > ®¢(¢). (For k < 0,
the maximal principle applied to ¥ = ® — ® yields right away that W > 0. For
k = 0, the statement is the usual convexity. For k > 0, we refer to [?].)

<=: For any = € (0,1), apply (8.2.20) tozg =z —¢€, x1 =z +ecand t = %
for € > 0 sufficiently small. From the Taylor expansions,

B(xo) = D(z)— D (2)e + %qﬂ'(m)e? + O,
b)) = D(z)+ D (2)e + %@”(a:)ez + o),
i) = S0+52) 40,
we derive (8.2.19). |

We now give the proof of Theorem 8.2.9.
Proof: We show 1)y <= 2)n; the other case being similar (and also to the
proof of Theorem 8.2.8).
1)y = 2)n: For po = pop, 1 = pr1p € P?(M), by the Brennier-McCann
Theorem, there is a convex function ¢ : M — R such that

Fi(z) = exp, tVp(z)
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provides the unique minimal geodesic p; = (F})« (o) = prp from pg to pq.
Taking into account of the weight e~/ in our measure p, we introduce the
Jacobian determinant

Ji (z) = /@I F@) qet DFy(2) = &f @)~/ (Fe(2)) 7, (8.2.22)

Indeed, J{ () is simply the ratio of change of the infinitesimal measure of p
under F;, and the Monge-Amperé equation (8.1.3) becomes

po() = pu(Fulw) J{ ().
Claim:
(@)~ = 1-6)8 V (d(w, F(2))) ¥ +B{ y (d(w, F(2)))~ (7] (2)) ¥ (8.2.23)

for all ¢ € [0,1] (note that (J (z))~ = 1).
Granted, we have

1—+ _1
M) = = [ o R == [ pF) A @

using the change of variable formula and the Monge-Ampere equation. The
desired inequality (8.2.17) then follows by plugging in the claim.
To show the claim, set

f2)— f(Fy(a
e (z) 1\5 t(ﬁ))j%'

®,(t) = (J] (z))~ = (8.2.24)

Using that ¢t — Fi(x) is a geodesic, we compute

—Hessf(F}, F}) + df(]i‘t)Q _ 2df]£[Ft)§

P
” 2
(bu, o W

LN\ 2 ..
1-N[J J

. " : 2
o, [ 10 L S W O 4
= o | Hessf(FLF) + = t7 =2 J
N J 2
—-n n -
= <j+N_ndf(Ft)>
. N/T np

Here we have made use of (1.5.5).
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Since t — Fi(x) is a geodesic, |Fy(z)| = d(z, F(z) is independent of ¢. Hence

Kd(x, F(z))?

"
P < -

D,

At this point one is tempted to appeal to Lemma 8.2.10 to derive the Claim.

However, one runs into a discrepancy of power ~. This is remedied by sepa-

rating out the direction of motion as detailed in §1.5. Indeed, using the notations
there, we set

_1
B,11(t) = Jia(t), B, (1) = (ef(m—f(m(x))jl) =

1 N—-1
Then ¢, = ®7;®,Y . By (1.5.8) ®,,11(?) is concave:
Q,11(t) > (1 —t)+tP,11(1).

On the other hand, the same computation as above, but using (1.5.11) instead,
yields

Kd(z, F(z))?
- N-1

Kd(z,F(x))>
N—1

(I)Z,L < oL
Hence Lemma 8.2.10 gives, for k =

®, 1 (t) > 00 (1) + 6 (1)@, (1).

Combining these using the Holder inequality, we arrive at

Ou(t) = ((1=0)+1@,n()F (5701 + 6 (1)@, (1) 7
> (=% EW)F 1) 9,(0),
which is precisely the Claim. |

8.2.4 Via Entropy Convexity

The discussion on the Ricci curvature lower bound in the case of smooth met-
ric measure spaces leads directly to the following generalization of the Ricci
curvature lower bound for general metric measure spaces, introduced first by
Lott-Villani [] and Sturm [] independently. The entropy convexity condition
characterized a metric measure space satisfying a Ricci curvature lower bound
and a dimensional upper bound, hence named the curvature dimension condi-
tion.
Definition: Let (X,d, ) be a metric measure space satisfying

0 < u(B(z,r)) < oo, Ve e X, r € (0,00).
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For K € R, N € (1,00), we say that (X,d, u) satisfies the curvature dimension
condition CD(K, N) if for any puo = pop, 1 = p1p € P(X), there exists a
minimal geodesic u; from pg to pp such that

Hyum) < —(1—1) /X B ) i) Hdn(a.y)
_t/ g?N(d(%y))%ﬂl(y)_%dﬂ(aj,y) (8.2.25)
XxX

for all ¢ € [0,1]. Here 7 is the optimal transport from pg to p1. If N = oo,
we say that (X,d, u) satisfies the curvature dimension condition CD(K, o) if
H,(v) is displacement K-convex.

As mentioned, the curvature dimension condition CD(K, N) for a metric
measure space expresses the idea that some kind of Ricci curvature of the space
is bounded from below by K and some kind of dimension of the space is bounded
from above by .

An immediate consequence of the definition is the scaling property: if (X, d, )
satisfies CD(K, N), then (X, cd,c i) (c, ¢ positive constants) satisfies CD(K/c?, N).
Also, note that /BS)N is increasing in K and decreasing in N. Hence, if (X, d, u)
satisfies CD(K, N), then (X, d, 1) also satisfies CD(K’, N’) for any K’ < K, N’ >
N. Finally we remark that in the definition above, we would have needed to
impose the condition

N-—-1
w(X\ Bz, T)) =0, Ve e X

if K > 0 and N < oo in order to stay inside the domain of B%?N (r). However,
as we will see from the generalized Bonnet-Myers Theorem 77, this is always
the case.

Remark In the definition of Lott-Villani [], the condition CD(K, N) is defined in
terms of entropy functional associated to certain class of convex functions (the so
called displacement convexity class) for which the entropy used here is a special
example. Moreover, they allow probability measures that are singular with
respect to p. For a large class of metric measure spaces, that is, nonbranching
and proper, these two definitions turn out to be equivalent.

An important consequence of the condition CD(K, N) is obtained by special-
izing to delta measures and uniform distribution measures. This is the so called
generalized Brunn-Minkowski inequality, which expresses the effect of Ricci cur-
vature lower bound on the shape of the space in terms of the motions of the
geodesics. Before stating the result, let us introduce the generalized Minkowski
sum.

From now on, we assume that (X, d) is a complete, locally compact, separable
length (or geodesic) space. For subsets A, B C X and t € (0,1), define

Zi(A,B) = {y(t) | v: [0,1] — X is aminimal geodesic, v(0) € A,v(1) € B}.(8.2.26)
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In other words, Z;(A, B) is the set of time ¢ locations of all minimal geodesics
starting from A and ending at B. For example, Z;({z}, B(z,r)) = B(z,tr). We
also introduce the notation

— (t) L
Bapt,K,N)= meg,lgeBﬁK’N(d(x’y)) N, (8.2.27)

Theorem 8.2.11 (Generalized Brunn-Minkowski) If a metric measure space
(X,d, p) satisfies CD(K,N), and A, B are measurable subsets of X, then,
1). for N € (1,00), we have, for any t € (0,1),

W(Z(A,B)¥ > (1 —1)Bap(l —t, K, N)u(A)¥ +tfa,p(t, K, N)u(B)¥;

2). for N = 00, and 0 < p(A), u(B) < oo, we have

log u(Z4(A, B)) > (1~ 1) log p(4) + tlog p(B) + (1~ D B

for any t € (0,1).

Remark In general the Minkowski sum of two measurable sets may not be
measurable. In that case, we take the upper measure (?) of the set.

Proof: We show the case when N € (0,1), the other being similar. First of all,
one can reduce to the case when both A, B are bounded; otherwise, one applies
the bounded case to ANB(x, R), BN B(x, R) and take the limit R — co. Now if
both p(A), u(B) = 0, the statement is trivial. Assume that p(A) =0, u(B) > 0.
Fix a point z € A and consider

s
w(B)

Then the minimal geodesic u; from pg to pq has suppus C Z:(A, B) (Cf. Propo-
sition 8.1.14). Now CD(K, N) becomes

Mo = 5r7 M1 =

Hy (o) < —t / O (d, ) ¥ u(B) ¥ dr(z, y)
XxB

for the optimal transport 7 from pg to py. Since suppm C A X B, we obtain

Hy (i) < —tBap(t, K, N)u(B)~.

On the other hand, Lemma 8.2.7 gives us

Hy (1) > —p(supppe) > —p(Zi(A, B))™.

Combining the two gives us the generalized Brunn-Minkowski inequality in the
case when u(A) = 0.
Now assume that both A, B are bounded and of positive measure. Set

N0=7XAH H1 = XBM
w(A)"™ 1(B)
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in CD(K, N) yields

Hy () < —(1 = 6)8a,p(1 =, K, N)u(A)¥ — t8a p(t, K, N)u(B)*¥.

Again, using Lemma 8.2.7 and suppu; C Z;(A, B), we arrive at the desired
inequality. |

8.3 Stability of N-Ricci Lower Bound under Con-
vergence

A prime feature of the curvature dimension condition is its stability under the
measured Gromov-Hausdorff convergence. The usefulness of this comes partly
from the following precompactness.

Theorem 8.3.1 Let (M;, g;, voly,,x;) be a sequence of (pointed) complete Rie-
mannian manifolds with Ricy, > K, dimM; < N for some K € R, N €
N. Then a subsequence converges to a pointed proper metric measure space
(X,d, u,x) in the sense of measured (pointed) Gromov-Hausdorff convergence.

The stability of the curvature dimension condition is proved in [].

Theorem 8.3.2 Let (M;, g;,voly,,x;) be a sequence of pointed proper metric
measure spaces satisfying CD(K, N) for some K € R, N € (1,00] and converges
to a pointed proper metric measure space (X,d, u,x) in the sense of measured
(pointed) Gromov-Hausdorff convergence. If 0 < u(B(z,r)) < 00, Vx € X, r €
(0,00), then (X,d, p, x) satisfies CD(K, N).

8.4 Geometric and Analytical Consequences

As we have seen, an immediate consequence of the curvature dimension con-
dition is the generalized Brunn-Minkowski inequality. In this section we de-
velop geometric and analytic consequence of the curvature dimension condition,
mainly from the generalized Brunn-Minkowski inequality.

First, the generalized Bishop-Gromov volume comparison theorem.

Theorem 8.4.1 (Generalized Bishop-Gromov) If a metric measure space
(X,d, ) satisfies CD(K,N), then

Bz, R) _ S sny ()N 1dt
W(B(z,r) ~ fTsup(O)Nde

with k = 5=, forallz € X and 0 <r <R (and R < n/Vk if K >0).
N—1
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Proof: Let A(x;ri,m2) = B(x,72) \ B(x,r1) denote the annulus with radius
ro > 11. Then for any ¢ € [0,1], Z;({z}, A(x;r1,12)) C A(z;try, tre). Hence by
the generalized Brunn-Minkowski inequality,

Az try, try)) > tN By w(A(zre,7m2)),

where

sny (td) )N—l _

_ nf (t) = inf
By in B n(d(z,y)) deﬁ’m] <tsnk(d)

yEA(z;iry,r2)
Hence

1nfd€ [r1,72] h(td

ur T ) r,ry,r
M(A(x’t 1,1 2)) >tbupde[r1,r2] h( ):u( ( y I'Ly 2))7 (8‘4'1)

where we have denoted h(t) = sny(t)V 1.

Choose an integer L sufficiently large so that t; = (r/R)l/L < 1. Then by
(8.4.1),

p(B(z,r) \{z}) = ZM(A(m;tthtl{l?“))

Z - 11nfde[ter h(tl_ld)
SUDdeltyr,r] h(d)

Y

w(A(z;tpr,r)).  (8.4.2)
On the other hand,

1(A(x;r, R))

L
> (At Pt )
=1

L Supde[tl L, l L—1 ]h(d)

s
=1 i fde[tl’L L1, h(ﬁL+1 ld)

IN

(A tor,r))

L -1 -1
Rt Supgep, ror MEL  d)
— — 2 A t .4.
r infde[tLr,r] h(d) :u( ({E, LT, T))<8 3)

again by (8.4.1).
Combining (8.4.2) with (8.4.3) gives us

7 inf ey 0 h(d) z;’ol tl—l inf e (s, . h(t ')
R SUPaeltrr,r] h(d) Ez 1 SuPde[tLR R] h(tl ld)

p(B(z,r)\{z}) > u(A(z;r, R)).

Thus,

L
w(B(z,r)\ {z}) Ztl 'R sup h(d)
=1

delty Rt R]

= (1 —tp)Ru(B(z,r) \ {z}) Ztl U sup  h(tSta)

dE[tLR R]
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infgepe, r,p h(d) -1 -1
> (1 —tp)r————=—"——"u(A(z;r, R)) E iy inf  h(t; “d
- ( L) SUDge(t 7] h(d) deftyr,r] ( L )

infde[tLr r d > -1 .
= p(A(x;r, R))— -t -t inf h(d).
Supde[tLr 7] d ; L de[tlLT,tlL_lr]

Taking L — oo, we arrive at

R T
p(B(a,r) \ {x})/ sng ()N 71 dt > p( Az, R))/O sny, (t)N L.
Or equivalently,

f snk N 1dt

w(A(z;m R)) < —fo s ()N Tdt

w(B(z,r) \ {z}).

Letting R — 7, we deduce that u(0B(z,r)) = 0. In particular, u({y}) =0
for all y # x.

This implies that if u({z}) # 0, then X = {x} is a single point. Otherwise,
p({z}) =0, and p(B(z,r)) = p(B(z,r) \ {z}). Plug this back into the above

inequality we have an mequahty that is equivalent to the generalized Bishop-
Gromov volume comparison. |

An immediate consequence here is that the volume doubling constant

wp  HBG.20)

wexr<r W(B(z,7)) (8.4.4)

is bounded for each R € (0,00). Thus X must be proper.

Corollary 8.4.2 If a metric measure space (X,d, ) satisfies CD(K, N), then
X s proper.

The second major consequence of the curvature dimension condition is the
generalized Bonnet-Myers Theorem.

Theorem 8.4.3 (Generalzied Bonnet-Myers) If a metric measure space (X, d, j)
satisfies CD(K,N) with K > 0 and 1 < N < oo, then

N -1
di X) < R
jam(X) < e

Furthermore, each x € X has at most one point of distance m,/ % from x.
Proof: By rescaling we can assume that K = N — 1. For the first part of
the statement, suppose that there exist z,y € X such that d(z,y) > 7. Set

0 =d(x,y) — 7 > 0 and take a minimal geodesic v : [0,7 + §] — X from x to
y.Without loss of generality, we can assume that § < /2.
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For any € € (0,9), let t = (m—d—¢)/m. Then 0 < t < 1. Now the generalized
Brunn-Minkowski inequality yields
. N-1
N inf <sm(t7")>

w(Zi({y (6 + €)}, By €))
/“L(B(ya 6)) re(r—2e,x) \ t sinr
: N-1
¢ (SDW—%))>

sin(m — 2¢)

v

T—0—¢ (sin(5+e)>N_1

T sin(2¢)
where we have used that t(m — 2¢) < tm =7 — 6 — e. This implies that

W20 + ). B.9)
=0 1(B(y,¢))
On the other hand, for any 2’ € Z;({v(d + €)}, B(y,¢€)), 2’ = n(t) for a
minimal geodesic 7 : [0,1] — X such that 7(0) = v(d +¢€), n(1) = z € B(y, €).
Then

d(v(6+€),nt)) =td(v(6 +e€),2) <tld(y(d+¢€),y)+el=7m—0F —e.

d(z,n(t)) > d(x,z)—d(z,nlt) >7+0—€e— (1 =t)d(y(d+¢€),2)
> 7+d—e—(1—t)mr=m—2e.

This means that
Zy({y(6+¢)},B(y,e)) C B(v(6 +¢€),mr—d—¢€)\ B(x,m—2¢) C A(x : ™ — 2¢, ).

Now the generalized Bishop-Gromov volume comparison applied repeatedly
gives us that

wWZ({v(6 +€)}, B(y,e)) < p(A(z:m—2¢m))
T sinV T rdr
f7r726
fﬂ_% sinV 1 rdrM(B(x’ ™= 2)
0
2¢ . N-—-1
sin rdr

= f{oge = w(B(z,m — 2€))

0

u(B(,2)
2N (B(z, €)).

IN

INIA

Here, in the last step we have applied the generalized Bishop-Gromov with
K = 0. It follows then that

i B, €))
=0 u(B(y,¢))

which is clearly a contradiction as we can switch z and y.

= o0,
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For the second part of the theorem, assume otherwise and let y # z € X
such that d(x,y) = d(z,z) = . Then, for any r € (0,7/2),

N sin™V =1 rdr
I sinV L rdr
. sinV L rdr (B( )
= T —————uBz,m—r

IN sin™ =1 rdr

> (AT —r,m)).

w(B(z,r)) > p(B(z, 7 —r))

On the other hand, B(y,r) C X \ B(z,7 —r) and X = B(z,7) UJdB(z,7)
(by the first part). Hence u(B(y,r)) < p(A(x;m — r,m)) since p(0B(x, 7)) = 0.
Therefore, we deduce that

w(B(x, 7)) = p(B(y,r))-

Exchanging x and y (and applying the same argument to z, z), we obtain that,
for any 0 <r < /2,

w(B(x,r)) = w(B(y,r)) = p(B(z,7)) = p(A(z;m —r,7)).
Now take € < 3d(y, z)
2(Br.6) = u(Blye)+u(B(ze) = u(Bly,e) UB(z, )
(A(

which is a contradiction. [ |

There is also a weak version of the Cheng’s Maximal Diameter Theorem.
Recall that a metric space (X,d) is non-branching if for any z, g, z1,22 € X
with d(zg,z1) = d(zo, z2) = 2d(z,21) = 2d(z, z2) we have z1 = z3.

The following result is shown in [].

Theorem 8.4.4 Assume that the metric measure space (X, d, i) is non-branching
and satisfies CD(N — 1, N) with 1 < N < co. If further diam(X) = =, then X
is homeomorphic to a (spherical) suspension of a metric space.

Remark While the spherical suspension cannot be improved in the presence of
singularity, it is an open question whether the homeomorphism can be improved
to an isometry.

Proof: Fix 2,25 € X with d(zy,2s) = m. Then the previous proof gives

w(B(xn,7)) + p(B(rs, ™ —1)) = p(X), (8.4.5)

for all r € (0, ).

Claim: For any z € X, there is a unique minimal geodesic from zy to zg
passing through z.

Granted, we define

Y = { v | 7 unit speed minimal geodesic from =y to zg },
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and

dy (71,72) = sup dx(y1(t),72(1)).
0<t<m

Then one readily verifies that

T: XYY —X
(v,t) — (@)

is a homeomorphism.

Thus it remains to prove the claim. First of all, note that the non-branching
condition implies that if z € X with d(xn,2) + d(zs,z) = m, then there is a
unique minimal geodesic from x to xg passing through z. Now for any z € X
with r = d(xn,2) > 0, let y(¢) be a minimal geodesic from z to zg. Let 2’ be
the last point on + lying inside B(xy, 7). Then d(zy, 2') = r.

On the other hand, we must have d(zg,z’) = 7 — r. If not, one would find
a point on 7y which lies outside both B(xy,r) and B(zg, ™ — ). Since a small
ball always carries positive measure, this would contradict to (8.4.5).

Therefore ~(t) passes through zy if 2’ # z by the first observation. But this
contradicts to the condition that diam(X) = . [

8.5 Cheeger-Colding

From comparison theorems, various quantities like the volume, the diameter, the
first Betti number, and the first eigenvalue are bounded by the corresponding
quantity of the model. When equality occurs one has the rigid case. In Section 5
we discuss many rigidity and stability results for nonnegative and positive Ricci
curvature. The Ricci curvature lower bound gives very good control on the
fundamental group and the first Betti number of the manifold; this is covered
in Section 6 (see also the very recent survey article by Shen-Sormani [121] for
more elaborate discussion).

Many of the results in this article are covered in the very nice survey articles
[150, 31], where complete proofs are presented. We benefit greatly from these
two articles. Some materials here are adapted directly from [31] and we are very
grateful to Jeff Cheeger for his permission. We also benefit from [59, 32] and
the lecture notes [137] of a topics course I taught at UCSB. I would also like
to thank Jeff Cheeger, Xianzhe Dai, Karsten Grove, Peter Petersen, Christina
Sormani, and William Wylie for reading earlier versions of this article and for
their helpful suggestions.

From comparison theorems, various quantities are bounded by that of the
model. When equality occurs one has the rigid case. In this section we con-
centrate on the rigidity and stability results for nonnegative and positive Ricci
curvature. See Section 4 for rigidity and stability under Gromov-Hausdorff con-
vergence and a general lower bound.

The simplest rigidity is the maximal volume. From the equality of volume
comparison (1.4.6), we deduce that if M™ has Ricy; > n — 1 and Voly, =
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Vol(S™), then M™ is isometric to S™. Similarly if M™ has Ricps > 0 and
lim,_ o %ﬁ’:jr) =1, where p € M and w,, is the volume of the unit ball in R",
then M™ is isometric to R™.

From the equality of the area of geodesic ball (the first quantity in (1.4.5))
we get another volume rigidity: volume annulus implies metric annulus. This
is first observed in [34, Section 4], see also [32, Theorem 2.6]. For the case of
nonnegative Ricci curvature, this result says that if Ricps» > 0 on the annulus
A(p,ri,m2), and

Vol(8B(p,r1)) it

Vol(0B(p,r2)) — ra"t

then the metric on A(p,r1,79) is of the form, dr? + r2g, for some smooth Rie-
mannian metric g on 9B(p,r1).

By Myers’ theorem (see Theorem 1.2.3) when Ricci curvature has a positive
lower bound the diameter is bounded by the diameter of the model. In the
maximal case, using an eigenvalue comparison (see below) Cheng [45] proved
that if M™ has Ricy; > n—1 and diamy; = m, then M™ is isometric to S™. This
result can also be directly proven using volume comparison [122, 150].

Applying the Bochner formula (1.1.1) to the first eigenfunction Lichnerowicz
showed that if M™ has Ricp; > n — 1, then the first eigenvalue A1 (M) > n [82].
Obata showed that if A\; (M) then M™ is isometric to S™ [100].

From these rigidity results (the equal case), we naturally ask what happens
in the almost equal case. Many results are known in this case. For volume we
have the following beautiful stability results for positive and nonnegative Ricci
curvatures [35].

Theorem 8.5.1 (Volume Stability, Cheeger-Colding, 1997) There exists
e(n) > 0 such that

(i) if a complete Riemannian manifold M™ has Ricpy > n — 1 and Voly, >
(1 —€(n))Vol(S™), then M™ is diffeomorphic to S™;

(ii) if a complete Riemannian manifold M™ has Ricys > 0 and for somep € M,
VolB(p,r) > (1 — e(n)) wpr™ for all v > 0, then M™ is diffeomorphic to R™.

This was first proved by Perelman [104] with the weaker conclusion that M™ is
homeomorphic to S™ (contractible resp.).

The analogous stability result is not true for diameter. In fact, there are
manifolds with Ric > n — 1 and diameter arbitrarily close to @ which are not
homotopic to sphere [3, 102]. This should be contrasted with the sectional
curvature case, where we have the beautiful Grove-Shiohama diameter sphere
theorem [65], that if M™ has sectional curvature Kj; > 1 and diamy; > 7/2
then M is homeomorphic to S™. Anderson showed that the stability for the
splitting theorem (Theorem 2.1.5) does not hold either [6].

By work of Cheng and Croke [45, 49], if Ricas > n — 1 then diamy, is close
to m if and only if A\; (M) is close to n. So the naive version of the stability for
A1(M) does not hold either. However from the work of [46, 35, 109] we have
the following modified version.
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Theorem 8.5.2 (Colding, Cheeger-Colding, Petersen) There exists e(n) >
0 such that if a complete Riemannian manifold M™ has Ricy; > n—1, and radius
>7m—¢€(n) or \py1 (M) < n+e(n), then M™ is diffeomorphic to S™.

Here \,,;11(M) is the (n+ 1)—th eigenvalue of the Laplacian. The above condi-
tion is natural in the sense that for S™ the radius is 7 and the first eigenvalue is
n with multiplicity n 4+ 1. Extending Cheng and Croke’s work Petersen showed
that if Ricps > n—1 then the radius is close to 7 if and only if A, 41 (M) is close
to n.

The stability for the first Betti number, conjectured by Gromov, was proved
by Cheeger-Colding in [35]. Namely there exists e(n) > 0 such that if a com-
plete Riemannian manifold M™ has Ricy,(diamy;)? > —e(n) and by, then M is
diffeomorphic to T™. The homeomorphic version was first proved in [47].

Although the direct stability for diameter does not hold, Cheeger-Colding’s
breakthrough work [34] gives quantitative generalizations of the diameter rigid-
ity results, see Section 77.

Although the analogous stability results for maximal diameter in the case of
positive/nonnegative Ricci curvature do not hold, Cheeger-Colding’s significant
work [34] provides quantitative generalizations of Cheng’s maximal diameter
theorem, Cheeger-Gromoll’s splitting theorem (Theorem 2.1.5), and the volume
annulus implies metric annulus theorem in terms of Gromov-Hausdroff distance.
These results have important applications in extending rigidity results to the
limit space.

The following version (not assuming E(p) = 0, but without the sharp esti-
mate) is from [31, Theorem 9.1].

Theorem 8.5.3 (Excess Estimate, Abresch-Gromoll, 1990) If M™ has Ricps >
—(n—=1)4, and for p € M, s(p) > L and E(p) <€, then on B(p,R), E < ¥ =
U(5, L7 e|n, R), where ¥ is a nonnegative constant such that for fived n and

R WU goes to zero as §,¢ — 0 and L — oo.

This can be interpreted as a weak almost splitting theorem. Cheeger-Colding
generalized this result tremendously by proving the following almost splitting
theorem [34], see also [31].

Theorem 8.5.4 (Almost Splitting, Cheeger-Colding, 1996) With the same
assumptions as Theorem 8.5.3, there is a length space X such that for some ball,
B((0,z), +R) C R x X, with the product metric, we have

don (B(p, iR),B((o,x), iR)) <.

Note that X here may not be smooth, and the Hausdorff dimension could be
smaller than n — 1. Examples also show that the ball B(p, %R) may not have
the topology of a product, no matter how small 6, ¢, and L~ are [6, 92].

The proof is quite involved. Using the Laplacian comparison, the maximum
principle, and Theorem 8.5.3 one shows that the distance function b; = d(z, y;)—

d(p,y;) associated to p and y; is uniformly close to b;, the harmonic function
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with same values on 0B(p, R). From this, together with the lower bound for the
smallest eigenvalue of the Dirichlet problem on B(p, R) (see Theorem 1.6.2) one
shows that Vb;, Vb; are close in the Ly sense. In particular Vb; is close to 1 in
the Lo sense. Then applying the Bochner formula to b; multiplied with a cut-
off function with bounded Laplacian one shows that |Hessb;| is small in the Loy
sense in a smaller ball. Finally, in the most significant step, by using the segment
inequality (1.6.4), the gradient estimate (2.2.5) and the information established
above one derives a quantitative version of the Pythagorean theorem, showing
that the ball is close in the Gromov-Hausdorff sense to a ball in some product
space; see [34, 31].

An immediate application of the almost splitting theorem is the extension
of the splitting theorem to the limit space.

Theorem 8.5.5 (Cheeger-Colding, 1996) If M has Ricy;, > —(n — 1)¢;
with 6; — 0 as i — 00, converges to Y in the pointed Gromov-Hausdorff sense,
and Y contains a line, then' Y is isometric to R x X for some length space X.

Similarly, one has almost rigidity in the presence of finite diameter (with
simpler a proof) [34, Theorem 5.12]. As a special consequence, we have that if
M has Ricp, > (n — 1), diamy;, — 7 as ¢ — oo, and converges to Y in the
Gromov-Hausdorff sense, then Y is isometric to the spherical metric suspension
of some length space X with diam(X) < . This is a kind of stability for
diameter.

Along the same lines (with more complicated technical details) Cheeger and
Colding [34] have an almost rigidity version for the volume annulus implies
metric annulus theorem (see Section 5). As a very nice application to the
asymptotic cone, they showed that if M™ has Ricy; > 0 and has Euclidean
volume growth, then every asymptotic cone of M is a metric cone.

As we have seen, understanding the structure of the limit space of manifolds
with lower Ricci curvature bound often helps in understanding the structure
of the sequence. Cheeger-Colding made significant progress in understand the
regularity and geometric structure of the limit spaces [35, 36, 37]. On the
other hand Menguy constructed examples showing that the limit space could
have infinite topology in an arbitrarily small neighborhood [92]. In [126, 127]
Sormani-Wei showed that the limit space has a universal cover.

Let (Y™, y) (Hausdorff dimension m) be the pointed Gromov-Hausdorff limit
of a sequence of Riemannian manifolds (M}, p;) with Ricp;, > —(n — 1). Then
m < n and Y™ is locally compact. Moreover Cheeger-Colding [35] showed that
ifm=dimY <n, then m <n-—1.

The basic notion for studying the infinitesimal structure of the limit space
Y is that of a tangent cone.

Definition 8.5.6 A tangent cone, Yy, at y € (Y™,d) is the pointed Gromov-
Hausdorff limit of a sequence of the rescaled spaces (Y™, r;d,y), where r; — 0o
as © — 00.

By Gromov’s precompactness theorem (Theorem 4.0.5), every such sequence
has a converging subsequence. So tangent cones exist for all y € Y, but might
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depend on the choice of convergent sequence. Clearly if M is a Riemannian
manifold, then the tangent cone at any point is isometric to R™. Motivated by
this one defines [35]

Definition 8.5.7 A point, y € Y, is called k-regular if for some k, every tan-
gent cone at y is isometric to R*. Let Ry, denote the set of k-regular points and
R = UrRyg, the reqular set. The singular set, Y \ R, is denoted S.

Let p be a renormalized limit measure on Y as in (4.0.3). Cheeger-Colding
showed that the regular points have full measure [35].

Theorem 8.5.8 (Cheeger-Colding, 1997) For any renormalized limit mea-
sure i, 1(S) = 0, in particular, the regular points are dense.

Furthermore, up to a set of measure zero, Y is a countable union of sets,
each of which is bi-Lipschitz equivalent to a subset of Euclidean space [37].

Definition 8.5.9 A metric measure space, (X, i), is called p-rectifiable if 0 <
u(X) < oo, and there exists N < oo and a countable collection of subsets, Aj;,
with u(X \ UjA;) = 0, such that each A; is bi-Lipschitz equivalent to a subset
of RYU) | for some 1 < 1(j) < N and in addtion, on the sets Aj, the measures i
and and the Hausdorff measure H'U) are mutually absolutely continous.

Theorem 8.5.10 (Cheeger-Colding, 2000) Bounded subsets of Y are p-rectifiable
with respect to any renormalized limit measure (.

At the singular points, the structure could be very complicated. Follow-
ing a related earlier construction of Perelman [106], Menguy constructed 4-
dimensional examples of (noncollapsed) limit spaces with, Ricp» > 1, for which
there exists point so that any neighborhood of the point has infinite second
Betti number [92]. See [35, 91, 93] for examples of collapsed limit space with
interesting properties.

Although we have very good regularity results, not much topological struc-
ture is known for the limit spaces in general. E.g., is Y locally simply connected?
Although this is unknown, using the renormalized limit measure and the exis-
tence of regular points, together with d-covers, Sormani-Wei [126, 127] showed
that the universal cover of Y exists. Moreover when Y is compact, the fun-
damental group of M; has a surjective homomorphism onto the group of deck
transforms of Y for all ¢ sufficiently large.

When the sequence has the additional assumption that

Vol(B(p;, 1)) > v > 0, (8.5.1)

the limit space Y is called noncollapsed. This is equivalent to m. In this case,
more structure is known.

Definition 8.5.11 Given € > 0, the e-reqular set, R, consists of those points
y such that for all sufficiently small r,

dGH(B(y,T),B(O,T)) < €r,
where 0 € R™.
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Clearly R = NR.. Let 7036 denote the interior of R..

Theorem 8.5.12 (Cheeger-Colding 1997, 2000) There exists e(n) > 0 such
that if Y is a noncollapsed limit space of the sequence M[* with Ricpy, > —(n—1),

then for 0 < e < ¢(n), the set 7026 is a(e)-bi-Holder equivalent to a smooth con-
nected Riemannian manifold, where a(e) — 1 as € — 0. Moreover,

dim(Y\ Re) < n — 2. (8.5.2)

In addition, for ally € Y, every tangent cone Y, at y is a metric cone and the
isometry group of Y is a Lie group.

This is proved in [35, 36].
If, in addition, Ricci curvature is bounded from two sides, we have stronger
regularity [2].

Theorem 8.5.13 (Anderson, 1990) There exists €(n) > 0 such that if Y is
a noncollapsed limit space of the sequence M with |Ricys,| < n — 1, then for
0 <e<e(n), Re =R. In particular the singular set is closed. Moreover, R is
a CY* Riemannian manifold, for all a < 1. If the metrics on M]* are Einstein,
Ricyr = (n — 1)Hg;, then the metric on R is actually C*°.

Many more regularity results are obtained when the sequence is Einstein,
Kahler, has special holonomy, or has bounded LP-norm of the full curvature
tensor, see [7, 33, 38, 41], especially [32] which gives an excellent survey in
this direction. See the recent work [42] for Einstein 4-manifolds with possible
collapsing.
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