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Chapter 1

Clifford algebra

1.1 Introduction

Historically, Dirac operator was discovered by Dirac (who else!) looking for a
square root of the Laplace operator. According to Einstein’s (special) relativity,
a free particle of mass m in R?® with momentum vector p = (p1,p2,p3) has

energy
E =cy/m2c? +p? = c\/m202 +pi +p3+ 3

For simplicity, we assume that all physical constants are one, including ¢ = 1
(the general case is a recaling). Passing to quantum mechanics, one replaces E
by the operator i%, and p; by _Za%J Therefore the particle now is described

by a state function U(t, z) satisfying the equation
ov I~

Here the Laplacian
62
A=— —.
2
- 05

This motivates Dirac to look for a (Lorentz invariant) square root of A. In
other words, Dirac looks for a first order differential operator with constant
coeflicients

0
D=~
’YJa.’ﬂ] +m’70
such that D? = m? + A. It follows that
Yy +v7 =0 if0<i#j<3; ~i=1land~?=-1 fori=1,2,3.

Dirac realized that, to have solutions, the coefficients ; will have to be complex
matrices. These now come to be known as the I'-matrices.



4 CHAPTER 1. CLIFFORD ALGEBRA

Note that the above equations can be written as

Yivi + v = 204, (1.1)

where 7;; denotes the canonical Minkowski metric. The mathematical study of
this equation is the subject of Clifford algebra and its representations.

1.2 Clifford algebra

Let V be a n-dimensional real vector space, g a non-degenerate quadratic form
on V of signature (p,q). Then there are “orthonormal basis” e; such that

gi5 = g(es,e5) =0, i # j,
B 4, i=1,--.p . (2.2)
g“_g(e“e’)_{ -1, i=p+1,---,p+qg=n

Namely g is diagonalized by e;:

g:x%+.+x12)_x§+l_._x%.

A concrete construction of Clifford algebra, Cl(V, g) = Cl,, 4, can be obtained
by defining it to be the real algebra generated by 1,eq,--- , e, subject only to
the relations

€i€j + €€, = —291] (23)

In other words,

eiej = —ejei, if i £ j;
e2=-1, for i=1,---,p, and e =1, for i=p+1,---,n.

This definition is quite explicit. For example, it is clear that
ler, - ,en, €16, €, €, €, (i1 <ig <-- <ig),---,e1 e, (2.4

is a vector space basis for Cl,,. So as a vector space CI(V,g) = A*V, the
exterior algebra. Thus we have dim Cl,, , = 2™ = 2P 14,

Denote Cl,, = Cl,, . Then we have

Cly = C, where e; corresponds to i.

Cly, = H, the quaternions, and the basis vectors ey, es, ejes correspond to
I,J K.

Clpy =R & R. Here 1 corresponds to (1,1) and e; to (1,—1).

Clpo = M3(R) = R(2). Here e; corresponds to the diagonal matrix with
entries 1, —1, and e to the off-diagonal matrix with entries 1, 1.

The concrete definition comes with a price: ambiguity. It is not hard to
remedy though—we simply translate what the words in the definition means
into rigorous mathematics. The result is a basis-free definition.
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First of all, the free algebra generated by V should be the tensor algebra of
V. To impose the Clifford relation, we look for an ideal in the tensor algebra.
Note that the defining relation (2.3) can be rewritten in a basis-free fashion:

vw + wu = —2g(v, w) (2.5)
for all v, w € V. Equivalently (by polarization),
v? = —g(v,v). (2.6)

Definition: Let T(V) = >°72 ) ®"V be the full tensor algebra of V and I, (V) be
the ideal generated by all elements of the form v®v+g(v)1, where g(v) = g(v,v).
We define the Clifford algebra

CUV,g) =T(V)/I4(V).

In this definition, g is not required to be nondegenerate. Thus, one obtains
the exterior algebra A*V by taking g = 0. It also follows from the definition
that the Clifford algebra has universal property in the following sense. For any
algebra A with unit and any linear map

f: VoA
satisfying f(v)f(v) = —g(v)1 extends uniquely to an algebra homomorphism
f:Cl(V,g) — A.

In particular, given two vector spaces V, V’ with quadratic forms g, ¢’ respec-
tively, any linear map f : V — V' preserving the quadratic forms, i.e., f*¢' =g,
extends to an algebra homomorphism

f:CUV,g) — ClL(V', ¢).

One verifies that Jm = fl o f~2. It follows then that we have the following
representation

feSOV,q) — f e Aut(CL(V,g)). (2.7)

As a simple but important example, o : V' — V sending v to —v extends to
an automorphism a : CI(V,g) — CI(V, g) satisfying a? = 1. This gives rise to
the decomposition

Cl(V,9) = CI°(V,g) © CI'(V, g), (2.8)

where CI°(V, g) (respectively CI'(V, g)) is the +1(—1)-eigenspace of o. Clearly,
CI(V,g) - CU(V,g) C CI'H(V,g) (2.9)

where the superscripts are taken mod 2.

In terms of a basis e;, C1° is spanned by all elements of the form e;, - - - e;,
with k even, and CI' is spanned by all elements of the form e;, ---e;, with k
odd.



6 CHAPTER 1. CLIFFORD ALGEBRA

« is an example of an operation on CI(V,g). Some other important opera-
tions are defined as follows. The reversion of an element is defined so that

(ei, e ) =ei ey

The conjugation is then defined by composing « with the reversion: ¢* =
a((p)™).
Example: For Cl; = C, the conjugation is the usual complex conjugation.
Similarly, for x = xo+x1[+xoJ+ 23K € Clo = H, a* = xg—x1] — 22 — 23K =
Z.

The “norm” of an element ¢ € CI(V, g) is then defined to be

N(p) = ¢ " € CUV,g). (2.10)

This is not really a norm as one in general do not get a scalar, but one verifies
easily that

N(v) = g(v), N(p1p2) = N(p1)N(p2),
provided that N(p2) is a scalar.

1.3 The group Pin and Spin

In matrix algebra M, (R), one considers the multiplicative group of invertible
elements, which is Gl(n,R). In Gl(n,R), one obtains the orthogonal group
O(n) and special orthogonal group SO(n) by bringing in the inner product and
orientation. Similar procedure for Clifford algebra leads us to the groups Pin
and Spin.

For simplicity, we restrict ourselves to Cl,, = Cl,, 0. We define CI)* to be
the multiplicative group of the invertible elements in Cl,,:

ClX ={pecCl, |Ip~! €Cl, such that o~ tp = pp~! =1}.

We note that CI)¢ is an open submanifold of Cl,, and therefore a Lie group with
the Lie algebra Cl,,. The Lie bracket is given by the commutator

[, Y] = pih — Y.

Note also that V' — {0} C CL} since v = — .
Definition: We define the Pin group to be the multiplicative subgroup of C¥
generated by unit vectors of V:

Pin(n) = {vi---vx | v; €V, g(vs) = 1},
and the Spin group
Spin(n) = Pin(n) N Cly = {v1---vay, | v; €V, g(v;) = 1}.

Example: First of all, one has an identification C1% = Cl,,_; which preserves
the norm when restricted to the spin group. It follows then Spin(2) = S' C
C=Cl=0Cl.



1.3. THE GROUP PIN AND SPIN 7

Similarly Spin(3) € Cl = Cly = H and 1 = N(z) = zz* = 2% = |z|? for
x € Spin(3). Therefore Spin(3) lies inside the space of unit quaternions, i.e.,
93. We will see that in fact Spin(3) = S* from the next theorem.

Ezercise. What is Spin(1)?

To understand these groups we need the following definition.
Definition: The twisted adjoint representation is

Ad,: Cl, —  Cl,

r = alpp! 3.1

for o € CLX.
Clearly, one has Ad,,,, = Ad,, 0 Ad,,. It turns out that the twisted adjoint
representation is closely related to reflections.

Lemma 1.3.1 Ifv eV and v # 0, then ;rdv : V—=V. In fact,

g(v,w)v

Ad,(w) =w—2 90

is the reflection across the hyperplane v+ = {u € V | g(u,v) = 0}.

Proof: One computes

T3 (0) = alo)wr—! = —p—Y = tvw—29ww)) = g(v,w)
Adw) =l 9(v) 9(v) 25w

.

Now reflection is an element of O(n). We have

Theorem 1.3.2 There is an exact sequence
1 — Zy — Spin(n) — SO(n) — 1,

where the first two arrows are given by natural inclusions and the third given
by the twisted adjoint representation. In fact, Spin(n) is the universal cover of
SO(n) for n >3, and the nontrivial double cover when n = 2.

Proof: By Lemma 1.3.1, we have a map p : Spin(n) — SO(n), with p(p) =
Ad,. We need to show p is onto and ker p = Z,. That p is onto follows from
a theorem of Cartan-Diedonne which says that elements of SO(n) are products
of even numbers of reflections. .
Clearly, Zs C ker p. Now if p € Spin(n) = Pin(n)NCLY such that Ad,|y =
id, then
wv=vp, YveV.

We claim that only scalars satisfy this equation. In fact, take {e;} an orthonor-
mal basis and write
p = ap + e1ax,
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where ag is even and contains no ej, a; is odd contains no e;. we; = ejp
implies a; = 0 so ¢ has no e; in it. Similarly ¢ has no es,--- ,e, so p =t € R.
But ¢ € Spin(n) so ¢ = vy vy, with g(v;) = 1. Hence t*> = N(p) =
N(vy) -+ N(veg) =g(v1)---g(veg) =1, and t = £1. Hence ker p C Zs.

To see that Spin(n) is the universal cover, we only need to see that the two
points {—1,1} = Zy in the kernel of p can be connected by a continuous path
in Spin(n). Such a path is furnished by

4 4 t t
~(t) = cost+ ejeasint = (eq cos 3 + egsin 5) - (—eyq cos 3 + egsin 5) € Spin(n),
(3.12)
where 0 < ¢t < 7. This shows that Spin(n) is a nontrivial double cover of
SO(n) when n > 2. Therefore it is the universal cover for n > 3 since then

m1(SO(n)) = Zs. [ |

Remark One also has the short exact sequence
1 — Zs — Pin(n) — O(n) — 1.

Remark SO(n) is the rotation group. Spin(n) describes the self-spin of ele-
mentary particles. The short exact sequence here is related to the so called “4rw
periodicity”.
Example: Continuing from the last example, we see that nontrivial double
covering Spin(2) = St — SO(2) = S! is given by the square map z € S* —
22 e St

Also from the last example, Spin(3) is a Lie subgroup of S®. From the
theorem we see that they have the same Lie algebra. Therefore Spin(3) = S3
as claimed before.

Similar argument leads to the identification Spin(4) = S® x S = Spin(3) x
Spin(3) = SU(2) x SU(2).

The map p : Spin(n) — SO(n) induces isomorphism p, : Lie(Spin(n)) —
so(n). We identify a two form with a skew adjoint matrix by the prescription

eiNe;j — (e; Nej)x = —(ej,x)e; + (e, x)e;.

In particular, for an orthonormal basis e;, the skew adjoint matrix corresponding
to e; A e; has entries —1 on the (¢, j)-slot and 1 on the (j,¢)-slot. Thus A =
(A;j) € so(n) is identified with 1 4;;e; A e;.

Lemma 1.3.3 p;!: so(n) — Lie(Spin(n)) C Cl,, is given by

_ 1 1
Py 1(A) = 5 ZAijeiej = ZAijeiej,

i<J

if A= (Ai;) € so(n). Or, using the identification above,

1,1 1
Px 1(§Aijei AN ej) = ZAijeiej.
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Proof: We first observe that Lie(Spin(n)) = span{e;e;|i < j). In fact, v(t) =
cost + e;e;sint = (ejcos 5 + ejsing) - (—e;jcos & 4 e;sint) € Spin(n) with
~v(0) = 1,7'(0) = e;e; implies Lie(Spin(n)) D span{e;ej|i < j). By dimension
counting we have equality.

To compute p,, we do it on basis: Vx € R",

prleieg)e = heolp(r()2) = S hmoly(2(3(0) ]

= eejx — xeje; = —2(e;, x)e; + 2(e;, )e;.

1.4 Classification of Clifford algebra
For simplicity, we consider the complexification of the Clifford algebra
Cl,=Cl,@C=Cl(C", g¢).

The simplification comes from the fact that all nondegenerate quadratic forms
are standard over C: gc = Y.." | 22

i=1%i"
Theorem 1.4.1 One has the mod 2 periodicity

Clyys = Cl,, ®c Cla.

Proof: In terms of basis, Cl, o is generated by ej, - ,e,42 such that
ef =—1, ee; = —eje;, i # J.
Cl,, is generated by €}, - , el such that

=1, e =—cje;, i #j.
Cly is generated by ef, ef such that

me _ "o "on
(ef)* = -1, efeq = —efe].

Now define
f: C""2 = Cl, ®c Cly

by sending e; to e, ® /—1efef for 1 < i < n, and e,41 to 1 ® €}, and e, 12 to
1®ej. Clearly,
flei)f(ej) + f(ej) f(ei) = =2bi;.

Thus f extends to an algebra homomorphism from Cl,,;2 to Cl,, ® Cls. But f
is surjective since the image contains a set of generators:

—e; @ V=1 = f(ei)f(ent1)f(eny2), 1®@€] = flent1), 1@y = fenta).
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Consequnently, f is an isomorphism. |

Remark This isomorphism tells us how to build all the I'-matrices from the
Pauli matrices.
The mod 2 periodicity can now be seen as follows. First of all, we have

Ch=ChierC=CerC=CaC,

Clo=Cly e C=H®r C = (C(Q)

Here the first line comes from explicit construction of isomorphism between
C ®gr C and C @ C, and the second isomorphism can be constructed using the
Pauli matrices as the basis for the quaternions. The theorem above then implies
that

ClL, = { End((C2n/2) if n is even; (4.13)

| End(C®"V"”?) @ End(C2" VY if n is odd.
Definition: The vector space of complex n-spinors is defined to be

n/2]
)

A, =C?

where [n/2] denotes the integer part of n/2. Elements of A,, are called complex
spinors.
So the space of complex spinors are characterized by

Cl — End(A,) if n is even;
" End(Ay) @ End(A,) if n is odd.

Remark Without complexification, the periodicity of Cl,, is 8:
Clyts = Cl, ®g Clg = Cl,, ®r R(16).

This is because one is then not allowed to use v/—1 in the isomorphism and

(V-D)t=1L

1.5 Spin representation

As we see, Cl,, is essentially the matrix algebra. This gives rise to natural
(algebra) representation of Cl,,. We obtain spin representation by restricting
Clifford algebra representation to Spin(n).
Note
Cl :{ End(Ay) n even
" End(A,) ® End(A,) n odd

So Cl,, — End(A,) is identity when n is even, and projections when n odd.
Any element of Cl,, therefore acts on the complex spinors. This is called Clifford
multiplication. In particular, for v € V = R", we have
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Definition: The Clifford multiplication by v on the spinors, denoted by c¢(v),
is the endomorphism ¢(v) € End(A,,) from V C Cl,, C Cl,, — End(A,,). That
is

c(v): A, — Ay
Clearly, the Clifford multiplication satisfies the Clifford relation

c(v)e(w) + e(w)e(v) = —=2(v,w). (5.14)

Definition: The composition A, : Spin(n) — Cl, — Cl, — End(A,) is
called the spin representation of Spin(n).

Remark Here we restrict ourselves to complex spin representations.

Remark When n is odd, the two irreducible representations of Cl,, coming from
the different projections restrict to the same (i.e. equivalent) spin representa-
tion. (C19 sits diagonally.)

Remark The fact that these representations comes from algebra representations
shows that —1 is represented by —Id. Therefore they are not induced from
representations of SO(n).

Definition: The complex volume element wc € Cl,, is

n+1

W(C:Z[ 2 }el...en’

where {e;} is an orthonormal basis. It is independent of the choices of {e;} if
we fix the orientation. And
2 _
We = 1.

Lemma 1.5.1 When n is odd, wc commutes with every element of the Clifford
algebra. In other words, wc is a central element. When n is even, wc anti-
commutes with every v € V. In particular, wc commutes with elements of CI®
and anti-commutes with CI%.

Proof: Clearly it suffices to look at the commutativity of w¢ with a unit vec-
tor e € V. We extend e into a positively oriented orthonormal basis e; =
e, ez, ,e, of V. In terms of this basis, we clearly commutes with e when n is
odd, and anti-commutes with e when n is even. |

When n is odd, the fact that wc is central gives rise to an algebra decompo-

sition
Cl, =ClI & Cl;

via the +1-eigenspaces of wc. This decomposition turns out to coincide with
the decomposition (4.13).

We now assume n =even. Then w¢ anti-commutes with Yo € V', and so
commutes with all elements of Spin(n). Therefore the spin representation A,
decomposes as

A, =A@ A,,
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where A is the +1-eigenspace of c(wc), and A is the —1-eigenspace of ¢(wc).
Definition: [Weyl spinors] Elements of At are called Weyl spinors (chiral
spinors) of + chirality.

Summarizing, we have

Theorem 1.5.2 Ifn =odd, A, is an irreducible representation of Spin(n). If
n =even, A, decomposes into A, = A} ® A two irreducible representations
of Spin(n). The Clifford multiplication of any v € V interchanges AX.

Proof: We only need to verify the irreducibility. This follows from the isomor-
phism CI% = Cl,,_1, the fact that Cl, is a simple algebra when n is even, and
the fact that Spin(n) contains a vector space basis of CI9. [

In fact, for n = even, A,, has the following nice explicit description. In this
case, V = R" = C"/? comes with a complex structure J. The complex structure
J gives rise to the decomposition

VeC=ve0gyl,

We write v = v10 4 0% in terms of the decomposition. Then A,, = A*(V (1)),
with the Clifford multiplication given by

c(w) = V2OV = iy00).
Here the interior multiplication
iy 2 AP(VOD) - AP (O:D))

is given by contraction using the hermitian metric ( , ).

One also has AF = AF(VOD) with A*(V(OD) given by exterior algebra
elements of even or odd degree, respectively.
Remark 1) The complex spinor space A,, is a complex vector space of course.
But sometimes it comes with more structures. When n = 2,3,4,5 mod 8, A,
turns out to be quarternionic, which is useful in index theory. Whenn =6,7,0,1
mod 8, A, has a real structure, which is useful in physics.

2) One version of Bott periodicity states

n n Z, n even
K (pt) = K(S ):{ 0, nodd.

Write S* = ST US™, SE NST = S"~1. Now any z € S"~! C R” defines a
Clifford multiplication
clx) =z 0 Ap — Ay,

and when n is even, ¢(z) defines an isomorphism A7 = A~ Thus
E=8T x AT U S" x Ay

defines a complex vector bundle on S™. Here the notation U, indicate that the
bundles are glued along S N S™ = S™~! via ¢(z). The Atiyah-Bott-Shapiro
construction asserts that [¢] generates K (S™).



Chapter 2

Dirac Operators

2.1 Introduction

In R™, the Dirac operator is
0
D =yi—
Yi oz
where v; = ¢(e;) are the T-matrices ({e;} are the canonical basis of R™). D acts
on the spinor fields

[ RY = Ay,

which are vector valued functions. We now generalize it to manifold setting.

Let (M™,g) be a Riemannia manifold. For any = € M, (T,M,g,) is a
vector space equipped with a quadratic form g,,, and therefore we can form the
corresponding Clifford algebra bundle CI(T, M, g..).

Following the construction in R™, one choose an orthonormal basis {e;}
on an open neighborhood U and then set v; = c¢(e;) to be the matrix (spin)
representation. Also, one naturally replaces 3% by V., on a manifold. Thus,
intuitively, the Dirac operator should now be

D =~V = C(ei)vei

acting on spinor fields ¥ : U — A,. The tricky part here is that the spinor
fields depend on the choice of the basis through the identification

- | End(A,), neven,
Cl(T:M, g,) = Cl,, = { End(A,) ® End(Ay), n odd.
Thus, one needs to study the “coordinate (or rather, basis)” dependence in this
construction.
Thus, let {e.} be a local orthonormal basis on another open neighborhood
V. Then on the overlap, they are related by

e;(x) = e;j(z)Qi(z), Yz eUNYV,

13
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with Q@ = (Qj;) : UNV — SO(n) is the transition function. Since {e;}, {e}}
(over U N'V) generate the same Clifford algebra, their matrix representations
are equivalent. i.e. there exists S(z) such that

SySTh = = ;5.

Thus, for Spinor field ¢ (z) for v and spinor field ¢'(x) for ' to be defined
consistently, they should be related by

¥'(x) = S(z)y(x).

In other words, under coordinate (frame) change Q(x), the spinor field should
transform by S(z). Note that S(z) are lifts of Q(x):

p(S(z)) = Qx), p: Spin(n) — SO(n).

It is now clear how one should proceed. On the Riemannian manifold (M, g),
one chooses local orthonormal frames which are related by transition functions.
One then lifts the transition functions from SO(n) to Spin(n) and use that
to define spinor fields on M. It turns out that there might be some problem
with consistent choice of lifts S so that the spinor fields are well defined on
the manifold. The obstruction here is the cocycle condition and therefore a
topological one. This leads us to the notion of spin structure.

Remark One might wonder why it took so long for such an important concept
to be fully recognized. Part of the reason may be that this is not naturally
associated with the tangent bundle.

2.2 Spin structures

In general, let E— M be an oriented real vector bundle of rank k with fiberwise
metric (, ). Its oriented orthonormal frame bundle P(FE) is a principal SO(k)-
bundle: SO(k) — P(E) — M. Locally P(E) is described by the transition
functions

gap 1 Ua NUg — SO(k),

where {U,} is an open covering of M.
Note that F is then the associated vector bundle via the canonical represen-
tation pg = id : SO(k) — SO(k) C GL(k,R),

E=Px, R\ =P xR/~
with (p - g,v) ~ (p, p(g)v). Locally, transition functions for E are obtained via
vap: UsNUg — GL(k,R)

N /
Jap o
SO(k)
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A very important condition that transition function satisfies is the cocycle con-
dition:
gaﬁgﬁ’}/g'ya =1on Ua N Uﬁ N Ufy.

Such a collection {gas} defines a Cech cocycle [gas] € HE,.(M,SO(k)). In
fact, {gap} and {g, 5} defines the same principal bundle iff [{gas}] = [{g,5}],
i.e. HY(M;SO(k)) classifies all principal SO(k)-bundle. Same thing holds when
SO(k) is replaced by Lie group G.

Now p : Spin(k) — SO(k) is a homomorphism with kerp = {—1,1}, i.e. a
double cover. Hence with a good choice of {U,}, e.g. a good cover where all
intersections are simply connected,

Jap - U, N U@ — SO(/C)

can always be lifted to gag : Uy N Ug — Spin(k). There is only one problem:
cocycle condition! Since p(§asdsyGva) = 9asgsygya = 1, we have

gaﬁgﬁwgva = x1.

Thus, the cocycle condition can fail for the lifts {gng}-
Definition: A spin structure on E — M is a collection of lifts {g,3} such that
the cocycle condition holds
gaﬁgﬂvgva =1
FE is said to be spin of there is a spin structure on E.
To measure the failure of cocycle condition in general, define

w={wapy} : Wapy = §apdpyGva : Ua NUs N U, — Zs. (2.1)

This defines a Cech cocycle: dw = 1 where

(0w)apys = Wapy[ways] ' wayslwass) -

Therefore [w] € H*(M, Zs).
Definition: wy(FE) = [w] € H*(M,Zs) is called the second Stiefel-Whitney
class of F.

Theorem 2.2.1 1) wy(E) is independent of the choice of the lifts. 2) E has a
spin structure iff wa(E) = 0. 3) If wa(E) = 0, then distinct spin structures are
parametrized by HY(M;Zs): {distinct spin structures on E} = HY(M;Zs).

Proof: 1) To show that ws(E) is independent of choice of lifts, let g, ; be a
different lift, then g}, 5 = fagfas With fop : Ua NUs — Za. So w' —w = 6{fap}
and ('] = [w] € H*(M,Zs).

For 2), we note that one way is trivial: the existence of a spin structure
obviously implies wy(F) = 0. Conversely, if ws(E) = 0, then w is a coboundary,
w = 6{fap} with

faﬁ : Uaﬁ — ZQ.
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We can then modify the original lifts gog by fag: §('xﬁ = fapfap. Since w =
6{fap}, the modified lifts g;,; clearly satisfies the cocycle condition.

3) Roughly speaking, each [{fag}] € H'(M,Zs) gives rise to a different
modification. [ |

Remark E is orientable iff wi(E) =0 € HY(M, Z,).

Ezercise: define wq(E) by studying the orientability.
Definition: An orientable manifold M is called spin if TM is spin.
Remark By a theorem of Wu, w;(M) are all homotopy invariants.

Examples of spin manifolds: clearly, all manifolds which have a good cover
with at most two members are spin. Here by good cover we mean a cover
by contractible open sets all of whose intersections are simply connected (note
that we do not require contractible intersections as is usually the case, since we
only need simply connectedness to ensure the local lifts). Examples include the
Euclidean space and all contractible manifolds, and the spheres. Also, products
of spin manifolds are still spin. Some additional examples are as follows.

1) All orientable surfaces.

2) All oriented 3-manifolds since they are parallelizable.

3) All Lie groups since they are also parallelizable.

4) A complex manifold X is spin iff ¢;(X) = 0 ( mod 2) since wq(X) =
c1(X) mod 2.

5) RP"™ spin iff n = 3 mod 4; CP" spin iff n odd (n =1 mod 2); HP™ always
spin (total Stiefel-Whitney class w = (1 + g)"*!, where g is the generator of
cohomology ring in dim 1,2,4 respectively).

6) The two (distinct) spin structures of S': cover S by two intervals inter-
secting at two intervals U, and U_. Since the lifts can always be modified by a
global Zs function, we can always choose one of the lifts, say g, = 1. This leaves
us with two possible choices for g_: +1. The choice of g_ = 1 corresponds to
the periodic boundary condition on the interval and is called Ramond sector
in string theory. The other choice, g = —1, corresponds to the anti-periodic
boundary condition on the interval and is called Neveu-Schwarz sector. Note
that the Ramond sector is actually the nontrivial spin structure since it does
not extend to the disk. The Neveu-Schwarz sector is the trivial spin structure.

7) T? = S' x S! has 4 spin structures coming from different combinations of
the spin structures on each S! factor. These are referred as R-R, NS-NS, R-NS,
NS-R respectively in string thery. Mathematically, H'(T?,Zy) = Zg X Z3. More
generally, for ¥, a compact Riemannian surface of genus g, ¢1(3,) = x(Z4) =
2-2g =0 mod 2. Tt has |[HY (X, Z2)| = |Hom(m1(%,), Z2)| = |Z37| = 2%9 spin
structures. They can be described as follows:

Let H'(X,;60%) be the Cech cohomology of the sheaf §* of nowhere vanishing
holomorphic functions on ¥4, which is the equivalent classes of holomorphic C-
line bundles on ¥,. H'(X,;6*) is an abelian group and the group operation
coincides with tensor product of C-line bundle. One has an exact sequence

0—J— Hl(ZQQG*) 2’1{2(293Z) — 0,
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where J & HY(Z4;R)/H'(S,;Z) = T?9, the Jacobian variety, which describe
different holomorphic on a topological line bundle.

Let 1o = [T%,] = [K5] € H'(S,;60%).

1) There are exactly 2297 € H'(2,;6*) such that 72 = 7.

2) Each such 7 determines a distinct spin structure on X, since the natural
map 7 — 72 is of the form z — 22 in the fibres and therefore restricts to
P(1) — P(7?) the principal S'-bundles, and in the fibre, is 2 — 22 for S — St.

We say the spin structures of ¥, are parametrized by holomorphic square
roots K;f of Ky, .

More generally, if X is a compact Kahler manifold with ¢;(X) = 0( mod 2),
then the spin structures on X are parametrized by holomorphic square roots
K;(/ ? of the canonical (line) bundle Ky.

The definition for the spin structure is intuitive but less formal. One can
formalize it using the language of principal bundles.

Definition: A spin structure on FE is a principal Spin(k) bundle Pg,;, together
with a two-sheeted covering map

& Pspin — Pso

such that &(p-g) = £(p) - p(g) for any p € Pspin, g € Spin(k). Le., on each fiber,
& restricts to the nontrivial double cover p : Spin(k) — SO(k).

2.3 Spin‘structures

All oriented manifolds of dim < 3 are spin. This is not true anymore in dimen-
sion 4, e.g. CP? is not spin. It turns out that there is important generalization
of spin structure called spin® structure which can be viewed as the complex
analog of spin structure and exists on all almost complex manifolds.

To motivate the definition, recall that in the case when the lift g,g to the
Spin group of the transition function g,z does not satisfy the cocycle condition,
but rather wag, = GasdsyJva is a coboundary, was, = 6{ fag}, with

faﬁ 2 Uag — Zo,

one can modify the lifts by fag so that g5 = Gap/ fag satisfies the cocycle
condition. This makes one wonder whether there are more general modifications,
even if wy # 0, by suitably valued fag so that the cocycle condition holds. Of
course fag can not be Zs-valued now. It turns out that S* C C valued fag can
still make it work, being more general than Zs-valued while still freely commute
with other factors. This leads to the so called Spin® structure.

Thus, a Spin® structure consists of lifts g,z together with

faﬁ: Ua,@—>51C(C

such that o
gaﬁgﬁ'yg'ya = faﬁfﬁvf'ya-
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To see what kind of geometric object such fag corresponds, we note that its
square

fozﬁ = fgﬂ : Uaﬁ - Sl
does satisfy the cocycle condition and t}}erefore defines a complex line bundle
L — M with ¢;(L) mod 2 precisely the Cech cocycle defined by

faﬁfﬁvﬁ/a D Uapy — Zo.
It follows then that such "modifying line bundle” satisfies
wo(E) = ¢1(L) mod 2, (3.2)

and the corresponding modifications define a so-called spin® structure.

To give a precise definition, we again use the formal language of principal
bundles.
Definition: [Spin® group| Spin®(n) = Spin (n)xU(1)/{(-1,-1)} = Spin(n)xz,
u(l) cci, =cCl,®C.

Hence we have a short exact sequence

c

1 — Zy — Spin‘(n) — SO(n) x U(1) £ 1, (3.3)

where

P(lp, 2]) = (p(e), 2%). (3.4)
Definition: [Spin® structure] A Spin® structure for a real oriented vector bundle
E — M consists of a principal Spin®(n)-bundle Pg,;ne(n), a principal U(1)-
bundle Py (1) (or equivalently a complex line bundle), and an equivariant bundle
map

Pspine(n) = Pso(m) X Pu()-

The class ¢ = ¢1(Py(1)) € H?(M;Z) is called the canonical class of the Spin‘-
structure.

Theorem 2.3.1 E has a Spin-structure iff we(E) = ¢ mod 2 for some ¢ €
H*(M,Z).

Remark H?(M,Z) = H'(M, S') classifies all principal U(1)-bundle (or equiv-
alently C-line bundles).

Example: If E is spin, it has canonical Spin® structure defined by Pgpine =
Pspin X U(l)/ZQ

Remark A Spin®(n)-equivariant bundle map Pgpine(n) — Psom) X Py is
equivalent to the existence of local lifts

[gagvfaﬁ]: Uy — Spinc(n)

satisfying the cocylce condition. In other words,

P(Gap) = Gops ]Fczxﬁ = faps
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and o
gaﬁgﬁwgwa = faﬁf,@'yf'ya-
Definition: M is Spin€ if TM has Spin€ structure.
Example: 1) Almost C-manifolds are Spin®: wq(X) = ¢1(X) mod 2.
2) All orientable 4-manifolds are Spin®. (This uses Wu’s formula 22 = wy U
x, Yo € H?(M*;Zy) and Poincaré duality and universal coefficients theorem.)
3) The canonical homomorphism

J: U|(|n) — Spifc(Qn)
Uln) — SO(2n)p>< U(1) (3.5)
g - (g%, det g)

defines a canonical spin® structure on an almost complex manifold. Here j is
defined as follows. For g € U(n), choose orthonormal basis e; of C™ such that
g = diag(e?,--- €¥). Then e;, Je; is a basis for the real vector space R2" (.J
is the complex structure). Now

0 60 i
J(g) = I3_1(cos 5]6 + sin ?kekJek) x 2 20k, (3.6)

Remark The question of more general type of “modifications” leads us to the
Clifford module.

2.4 Spinors

Let M™ be spin, Pgpin(n) the principal Spin (n)-bundle, p,, : Spin(n) C Cl,, C
Cl,, — EndA,, the spin representation.
Definition: [C-spinor bundles] The complex spinor bundle S — M is the
associated vector bundle

S = Pspi'n, X An

Remark If P; — M is a principal G-bundle, p : G — GL(W) is a representa-
tion, then Pg x, W = Pg x W/ ~, where (p- g,5) ~ (p, p(9)s).

In terms of transition functions {gag} of Pg: gag : Uap — G, the transi-
tion functions {f.3} of the associated vector bundle is fo3 = p(gag) : Uag —
GL(W).

For example, if Pgo(y,) is the oriented orthonormal frames of M, p : SO(n) —
SO(n) C GL(R™) is the standard representation, then TM = Pgom) X, R™.
Similarly for exterior bundle, tensor bundle.

Definition: [Clifford algebra bundle] The Clifford algebra bundle CI(M) =
UzemCUT, M, g(x)) is a bundle of Clifford algebras. Note: This is a bundle
associated with Pgo(n)!

Fiberwise Clifford multiplication gives

CHT"M®S5) — C=(95)

v®s — c(v)s.
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Definition: [Spinor fields] Sections of S are called spinors (or spinor fields) on
M.

When n is even, we have the %—spin representations p- :  Spin(n) —
GL(AF) with A,, = At @ A~. Therefore we have the chiral spinor bundles
S* and the decomposition S = St @ S~

We can also define the complex volume element w¢ which is a smooth sec-
tion of the Clifford algebra bundle. In fact, we = (\/—71)[”;1]61 -+ -ep for any
positively oriented (local) orthonormal frame e; of TM. Clearly, S* is the

+1-eigenbundle of c(we) = (v=1)"5 le(er) - - - clen):

St ={s€S|clwe)s=+s}. (4.7)

Similarly, for M (or more generally, E) spin®, we define the spin® spinor
bundle S¢ via S¢ = Pspine Xpe An, where pf, : Spin®(n) C Cl,, ® C = Cl,, —
EndA,,.

Remark Note that pS : Spin®(n) — GL(A,) is induced by

Cl,= Cl,®C— EndA,
e N —  Ac(e)).

Therefore, the transition functions for the Spin®(n) spinor bundle are given by
05190, fap) = Pn(Jap) fap- It follows that if E is also spin, then the spin® spinor
bundle and the spin spinor bundle are related by

5¢=S®LY? (4.8)

where L is the the complex line bundle associated to the given spin® struc-
ture and L'/? is its square root (which exists as a genuine line bundle by the
assumptions).

We also note the following.

1). If M is spin, then M is spin® with the trivial canonical class. In this
case, S¢ =S (L is trivial).

2). As mentioned above, an almost complex manifold M has a canonical
spin® structure associated with the almost complex structure. I.e., Pgpine =
Pyny x; Spin®(2n) with j given in (3.5). Now recall that the complex vector
space of spinors Ay, can be taken to be Ay, = A*V%1 (V = R @ C = C?").
Moreover

P2n - ClQn - End(AQH)

is given by the Clifford multiplication
c(v) = V2" A = dyi0),

if v = v10 4+ 901 Tt follows then that for the canonical spin® structure of an
almost complex manifold M,

S¢ = AT M = A** M. (4.9)
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3). If M is both spin and almost complex, then by the above discussion,
5¢=S® K, /% (4.10)

Or,
S =AM K

2.5 Spin connections

Let (M™, g) be an oriented Riemannian manifold, V its Levi-Civita connection.
As we know, this means two things: 1). V is compatible with the metric g; 2).
V is torsion free. In a local coordinate z*, V is given by the Christoffel symbol

Vo, 0p =150,

Define 1-forms (in the coordinate neighborhood) (Df = Ffjdzi, then VO,; =
&f@xk. In other words, one can also write

V: C®(TM) — C™(T*M & TM). (5.11)

Now, choose a (local) orthonormal basis e1,--- ,e, of TM, then Ve; = @;je;,
ie., Vxe; = @;;(X)e; (we will not distinguish upper and lower indices in an
orthonormal basis and we supress the ® sign here). Then the fact that the
connection is compatible with the metrics means precisely that w;; is skew-
symmetric: @;; = —@j;. Thus we can package them into a skew-symmetric
matrix with entries differential 1-forms: & = (&;;) € so(n). The so(n)-valued
1-form @ still depends on the choice of orthonormal frame e; (which accounts
for the “tilde” here). One obtains a globally defined 1-form by passing to the
orthonormal frame bundle Psop)-

Definition: An affine (spin) connection is a so(n)-valued 1-form w on Py, )y,
such that

1) w(Xp) =X, VX € so(n).

2) g*w = Ady-1(w), Vg€ SO(n).

Here Xp denotes the vector field on P,y induced by the right action of
exptX € SO(n). The curvature of w is the so(n)-valued 2-form Q = dw +
1w, ).

An orthonormal frame on U C M defines a section s : U — Py4n). Then
@ = s*w is the 1-form discussed at the beginning.

More generally, this definition works for any principal bundle P — M with
structure group G. One just replaces SO(n) by G and so(n) by the Lie algebra
g of G. So a connection is now a g-valued 1-form on P, with its curvature
g-valued 2-form.

A connection on the principal bundle naturally induces connections on its
associated vector bundles. Thus if E = P x, W where p: G — GL(W) is the
representation, then p,(w), where p, : g — gl(W), defines a connection on the
frame bundle Pg(g) (here of course we allow all frames, not just orthonormal
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ones. Strictly speaking, one needs to use the bundle map P — Pgrp) =
Px,GL(W), Cf. [KN]). Moreover the induced connection has curvature p,(£2).

This has the following concrete description in a local frame. A local section
s : U — P gives a trivialization of P, which in turn induces a local frame
V1, U for B (via Pgr(g)). Then we have Vo; = s*(p.w)v;.

Proposition 2.5.1 If M is spin, any connection on Pso) (or equivalently,
any connection on M compatible with the metric) naturally induces a connection
on Pspinn), which in turn gives a covariant derivative on the spinor bundle

VI C®(S) = C®(T*M ® S).

In a local orthonormal frame e; and local coordinates x,

1.
V8,0 = Ot 40500 )ele)ele )0 (512
The induced connection is compatible with the Clifford multiplication
VX (e(0)$) = e(Vxv)i + c(v) V. (5.13)
Remark Note that
qiscle)e(es) = goij(clei)e(e;) — clej)eler)) = gwile(ed), clej)].

For physicists, ¢(e;) = 7; are the I'-matrices, and so the connection is usually
written as §@i;[vi, 7).
Remark If we define as before

eiNej: T™™M — TM

via (e; Aej)(v) = (e;, v)e; — (e;, v)e;, then the connection 1-form of a Pso
connection can be written as w = %wijei Aej. And the covariant derivative by
the connection has the local form

1
Vo, X = 0, X + 530 ) €3 A ) (X).

Proof: Since M is spin, we have a principal Spin(n) bundle Ps,;, together with
the double covering map & : Pspinn) — Psom)- Thus if w is the connection
1-form on Pso(y), then pi- L(¢*w) defines a connection 1-form on Pspin(n), where
p« is the isomorphism from so(n) to the Lie algebra of Spin(n) whose inverse is
computed in Lemma 1.3.3. (5.12) follows from Lemma 1.3.3. To verify (5.13),
we do it locally via (5.12):

VS () = X(e(w)) + ~5(X)e(es)ele)e(w)e

4
= ) V) +e(Xops + 185 (X)(~2e(ex)e, v) + 2ei, v)eles)
= VW) + e(Xo+ 255 (X) e A es) ()

= c(v)VX(®) +c(Vxv).
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[
n+1

Recall that we = (vV—1)"2 le; ---e, is the complex volume element. The
following lemma, says that wc is parallel with respect to V5.

Lemma 2.5.2 We have V°(c(wc)y) = c(we) V.

Proof: For any p € M, we once again work in the orthonormal frame e; such
that Ve; = 0 at p. Then, using (5.13), we compute at p,

VI (e(we)$) = (V=D e(e) VE(elea) -+ elen)t)) = -+ = e(we) V.
|

Corollary 2.5.3 When n is even, V° is compatible with the splitting S = ST @
S~=. In other words, V° is diagonal in this decomposition.

Remark The whole discussion extends without change to a vector bundle F —
M which is spin.

Remark If £ (or M) is spin®, then we have £ : Pspine — Pso x Py(1). In this
case, any connection on Pgo together with a connection on Py (1) determines a
connection on S¢.

2.6 Dirac operators

Let (M™,g) be a spin/spin® manifold with spinor bundle S.
Definition: [Dirac operator] The Dirac operator D

D :C*(S) — C™(9)
is the composition
vE c
C*(S) = CX(T"M ® 5) — C™(5),
where c¢ is the Clifford multiplication. In local orthonormal basis {e;},
D = c(e;) V5 . (6.14)
Here we identify e} with e; using Riemannian metric. o
For example, in R", D = :I:i% when n = 1 and D = v/2(0 + 9*) when

n=2.
In local coordinates

D = ¢(dx;) V3, = c(dx’)(0; + idijk(ai)c(ej)c(ek)).

7

Therefore it is a first order differential operator.
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In general, P : C®(E) — C*°(F'), where E, F' are vector bundles, is called
a differential operator of order m, if, in local coordinates,

glel N
P= algmAa(x)aza - lagmAa(x)az, (6.15)

where o = (a1, -+ , o) is a multi-index, 95 = 0g! --- 03 and Ay (z) : By — Fy
is a linear map.
The principal symbol of P is defined as follows. For any & € T M, ¢ = &da®,

oe(P) = (V=1)" Y Au(2)¢*: By — Fy, (6.16)
|a]=m

is a linear map. Here {* = &7 --- &5, In other words, o¢(P) is obtained from

the leading order terms of P by replacing 9,: by v/—1&;, which is really a Fourier
transform. (The choice of cotangent vector is so that o¢(P) will be independent
of the local coordinates.) The differential operator P is said to be elliptic if
o¢(P) is an isomorphism for all £ #0 € T M and all x € M.

Lemma 2.6.1 The Dirac operator D is elliptic. In fact, o¢(D) = /—1c¢(§) is
(up to a multiple of \/—1) the Clifford multiplication.

Proof: This is clear from the local description of D. [ |

We also need to put a metric on S. In order to get a metric which are
compatible with the existing structures, we seek to make the representation

pn o Spin(n) — GL(A,)
unitary.

Lemma 2.6.2 There exists an hermitian inner product ( , ) on A, such that
for any unit vector e € R", and v,w € A,

(e(e)v, c(e)w) = (v, w).

FEquivalently
(c(e)v, w) = —(v, c(e)w).

Proof: Let e; be the standard orthonormal basis of R". Take any hermitian
inner product ( , )p on A,, we use the trick of averaging to get an hermitian
inner product ( , ) such that

(c(ei)v, cle;)w) = (v, w) (6.17)

fori=1,--- ,n and all v,w € A,,. To see this, construct a finite subgroup I' =
{1, teq, - ,Len, -+, Fej ey (i1 < o0 < dg)y - ,ker--en} C CLX

and set
(’U, w) = Z(c(g)v, C(g)w)0~

gel’
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Clearly (c(g)v, c(g)w) = (v, w) for any g € I, since the insertion of ¢(g) in the
right hand side of the definition above simply results in a rearrangement of the
group elements. Thus (6.17) holds. It follows then (c(e)v, c(e)w) = (v, w) for
any unit vector e.

Remark The last step uses the fact the metric on R” is Euclidean which fails
for indefinite metrics.

Proposition 2.6.3 The hermitian inner product on A, as above induces an
hermitian metric (, ) on the spinor bundle S such that for any unit vector field
67

(cle)dh, ¥') = —(¥, c(e)¥). (6.18)
Moreover, it is compatible with the connection
X, ¢') = (VX, &)+ (¥, V). (6.19)

Proof: The first part is clear from the previous lemma. The second part follows
from the fact that a connection is compatible with the metric iff its connection
form is u(k) valued (k = 2[*/? is the rank of S). By the previous lemma, the
representation is now in the unitary group U(k). Hence its derivative takes
value in u(k). [

Proposition 2.6.4 With respect to ( , ), D is formally self adjoint, i.e.,

| (D wyavol = [ (. Di')dvol
M M

for all,y" € C§°(9).

Proof: Once again, we fix a point p € M and work with a local orthonormal
frame e; such that Ve, = 0 at p. Then, at p,

(D, ¢) = (cle))VEW, ¢)
= —(Vu, (cle)t)
= —ei(Wh, cle)d) + (¥, V2 (c(e:)y))
= (¥, DY) — i, cle))).

The second term looks like a divergence term, and it is. Define a vector field
X on M by

(X, Y) =~ c(Y)¥)
for all vector fields Y. Then (again computing at a fixed arbitrary point p)

divX = (V. X, e)
= ei(X, €i> = _ei(w7 C<ei)wl>‘

Now the proposition follows from integration by parts. [ |
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Remark If M is compact but with nonempty boundary 0M, then the proof
above gives the Green’s formula

/ (D, ¢')dvol = / (w0, D )dvol + / (), W)dvol.  (6.20)
M M oM

Here n denotes the unit outer normal of M.

Remark Similarly we have a spin® Dirac operator D, enjoying all the previous
properties, provided one has a spin® structure.

Remark There is also twisted Dirac operator: if M is spin, £ — M is an
hermitian vector bundle with a unitary connection V¥, then

Dp=c(e;)(VE @1+10VE): C®(S®E) — C®(S® E). (6.21)

All properties extend as usual.

Remark As we discussed before, when M is spin, all spin® structures are de-
termined by the square root L'/? of some line bundle L (the square root exists
under the assumption). We have S¢ = S ® L'/? and D, = D1/2.

Remark Finally, when M is almost complex, it carries a canonical spin® struc-
ture associated with the almost complex structure, and S¢ = A%*M. When M
is Kihler, it can be shown that D, = v/2(0 + 0%).

2.7 Clifford module

From the construction of spinor bundle and Dirac operator, one can extract out
the useful idea of Clifford module, which we now discuss.

A complex vector bundle € — M is a Clifford module if there is a Clifford
multiplication

c: CX(T*M®E)  —  C%(E)

V*® s — c(v*)s (7.22)

satisfying the Clifford relation, i.e.,
c(v)e(w*) 4+ c(w*)e(v*) = —2¢g(v*, w*).

A Clifford connection on € is a connection V¢ compatible with the Clifford
multiplication:
V& (e(v*)s) = c(Vxv*)s + c(vF)Vs.
Such a connection always exists (since it exists locally).
Given these, a Dirac operator on € can be constructed as before, via the
composition:
&
D: C®E) L C°(T*M® &) S C(E). (7.23)

As before, locally, D = c(e;)VE .
If M is spin, it turns out that all Clifford modules are of the form S ® E for
some vector bundle F ([BGV]), and the corresponding Dirac operator is simply
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the twisted Dirac operator. But, as the case of spin® shows, Clifford modules
exist even when M is not spin. In fact, a very interesting example here is the
exterior algebra bundle.

1) de Rham operator—starting with the de Rham complex

0— QM) S QM) S .- L ar (M) — 0,
we roll up the complex to get &€ = A*M = &, _(APM. This can be made into a
Clifford module by the Clifford multiplication

c(va=v" Ao —iya,

where the contraction iy« : APM — AP~1M via the metric. It can be charac-
terized by the following two properties:
(i). If « € A'M = T*M, then

e = g(v*) ).
(ii). It acts as a graded derivation
ipe (A B) = (iy=) A B+ (=D A (iy3).

Exzercise: Show the Clifford relation holds.
The Levi-Civita connection, extended to &, is a Clifford connection (in fact,
that is exactly how the connection is extended).

Proposition 2.7.1 The Dirac operator associated to the Clifford module & =
A*M and the Levi-Civita connection is

D=d+d: Q' (M)— Q (M)

Proof: The connection being torsion free implies that d = e A V.. This,
together with the fact that the connection is also compatible with the metric,
implies that d* = —i,,V,, (the adjoint of €’A is i.,, and the metricity implies
that the adjoint of V,, is —V,,). |

We note that D? = dd* + d*d = A is the Hodge Laplacian. We also note

that, while d 4+ d* does not preserve the degree, A does: A : QP(M) — QP(M).
We will denote by a subscript p the restriction to QP (M).
Remark The de Rham theorem states that for closed manifold, H?(M,R) =
kerd,/Imd,_1. The Hodge theorem does even better: the p-th cohomology is
isomorphic to the space of harmonic p-forms, H?(M,R) = ker A,. In other
word, dimker A, is the p-Betti number, a topological invariant. (Note ker A, =
kerd, Nkerds | =kerd, N (Imd,_1)*.)

2). The J-operator—We first recall the definition of an almost complex
manifold.

Definition: An almost complex manifold M is a manifold with an almost
complex structure. That is, an endomorphism

J: TM —-TM
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such that
J? = —1.

It follows that the (real) dimension of M must be even, dim M = 2n.
With the almost complex structure, the complexified tangent bundle decom-
poses into the (+i)-eigenbundles of J:

TM®C=T"MaoT1% M, (7.24)

which induces
T*M ®C = (T"'M)* @ (T™' M)*.

Hence,
A*M ® C = @pyg=r APIM,

where
APIM = AP(THOM)* @ AP(TO M)*.

Then & = A%*M is a Clifford module with the Clifford multiplication
c(v) = \/i(’l}o’l/\ — y10).

A complex manifold is an almost complex manifold, of course. Conversely,
by the Newlander-Nirenberg theorem, an almost complex manifold with an inte-
gral almost complex structure is a complex manifold. That is, there are complex
local coordinates z1,- - , z, such that the transition functions are holomorphic.
In this case, a0 ,% is a basis of 719, which is then called the holomor-
phic tangent bundle. Similarly, 8%1, BN %_n
tangent bundle 791,

For a complex manifold M, we have

is a basis of the anti-holomorphic

d=0+0,
where
0: C> (M, AP1M) — C> (M, AP+1a),
fdziy Ao Ndzy NdZj N NdE, — Of Adzy, A AdZE,
and
d: C>(M,AP1M) —  C%(M,APatL),
fdziy N--- Ndzy, Ndzj, N---Ndz, — Of Ndzy, N--- Ndzj,
with of i of
of = a—Zidzi, af = a—zzdzz

More generally, if W — M is a holomorphic complex vector bundle (i.e.
transition functions p.5 : U, — GL(n,C) are holomorphic), the d-operator
extends to

0:C®(M,A" @ W) — C®(M,A> o W)
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by acting only on the form part. (By the holomorphy of W, this is well defined.)
By taking W = APOM = AP(T1OM)* we recover the previous discussion.
A covariant derivative V on W is called holomorphic if

vl =9
where
VOl 0%°(M, W)~ C°°(M, T*M @ W) % ¢ (M, A% M & W).

Proposition 2.7.2 (Chern connection) If W — M is a holomorphic vector
bundle with an hermitian metric, then there is a unique holomorphic covariant
derivative V'V on W which preserves the metric.

Proof: In alocal coordinate basis, the hermitian metric is given by an hermitian
matrix valued function h(z). Then

VW =d+hton

is the desired connection. [ |

In particular, the curvature of the Chern connection is given by
Fj, = h™100h — (h"'0n) A (h=10h).
If W = L is a holomorphic line bundle, this simplifies to
Fj, = d0log h = 0d1log |s|?

if s is a local nonvanishing holomorphic section.

We now assume that M is Kahler, i.e., there are Riemannian metric g and
almost complex structure J such that J is parallel with respect to the Levi-
Civita connection, VJ = 0. Clearly, this implies that V preserves the splitting
(7.24).

Proposition 2.7.3 Let W be a holomorphic vector bundle with hermitian met-
ric on a Kdhler manifold M, and V, VW be the Levi-Civita and Chern connec-
tion respectively. Then the tensor product connection V€ =V ®1+10 VW is
a Clifford connection on the Clifford module & = A®*M ® W. The associated
Dirac operator is

D =V2(0+9%).

Proof: Let Z; be a local frame of T"°M and Z* the dual frame for T%'M.
Then, Z;, Z; is a local frame of TM ® C. Hence,

d=Z'ANVz +2Z'ANVg,.
Since V¢ preserves the splitting (7.24), we conclude

5=ZiAVZi.
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One can then show that -
[ |

Finally we remark that 92 = 0 and the Delbeault theorem says that
HY(M,0(W)) = ker ,/Imd,_1.

2.8 Bochner-Lichnerowicz-Weitzenbock formula

Let V be a connection (say, the Levi-Civita connection) on (M, g) and E — M
be a vector bundle with a connection V7.
Definition: [Connection Laplacian] The connection Laplacian (or flat Lapla-
cian) V*V : C*(E) — C*(FE) is defined by

ViVs=-> (VEVE -VE s,

=1

where e; is a local orthonormal frame for T M.

Clearly, V*V is independent of the choice of local orthonormal frame. It is a
second order differential operator with principal symbol o¢(V*V) = [¢|?, hence
also elliptic.

Now let V be the Levi-Civita connection and V¥ a unitary connection with
respect to an hermitian metric (, ) on E.

Proposition 2.8.1 The connection Laplacian is a nonnegative operator and is
formally self adjoint. In fact,

/ (V*Vs, s')dvol :/ (VEs, VEs")dvol
M M
for all sections s, s’ with compact support.
Proof: As before, we fix an arbitrary point p € M and choose e; such that
Ve; =0 at p. Then, at p,
(V*Vs,s') = —(VEVEss)

= —ei(Vfis, s') + (Vis, Vfis')

= (VFPs,VES) +divV
where the vector field V is defined by (V,W) = (VE,s,s’) for all vector fields
W. Now, the desired formula follows by integration by parts. [ |

We now assume that M is spin. Then the spinor bundle S is an hermitian
vector bundle on M with an unitary connection induced from the Levi-Civita
connection. The Dirac operator D acts on sections of S. The following theo-
rem reveals the intimate connection between the Dirac operator and the scalar
curvature.
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Theorem 2.8.2 (Lichnerowicz formula) We have
2 * 1

where R is the scalar curvature of (M, g).

Proof: Fix p and e; as before. Then, at p,

D? = c(ei)Vic(ej)ij = c(ei)c(ej)VfiVeSj

= foini + Zc(ei)c(ej)Vfinj

i#]

1
= -VSvS 4 5 > elei)ele;)(VEVE —vE V)

i#£]
1
= V'V+ ic(ei)c(ej)RS(ei, e;)
So far, we have only used the Clifford relation and the compatibility of the

connection with the hermitian metric. Now we have RS (e;, e;) = 1 R;jic(ex)c(er)
where R;ji; is the Riemann curvature tensor. Thus

%C(ei)C(ea‘)RS(ez"@j) = éRijle(ei)C(ej)C(ek)C(el)

= éZ[% Z (Rijii + Rjrit + Ryiji)c(eqi)c(ej)cler)
l

1,7,k distinct

+ Z Rijic(ei)c(ej)c(e;) + Z R;jjic(ei)c(ej)e(e;)]c(er)
= iRijilc(eJ’)C(el) = —iRic(ej,el)c(ej)c(el) = iR,

Here we have used the symmetries of Riemann curvature tensor, including the
first Bianchi identity. [ |

Corollary 2.8.3 If, in addition, M is closed and R > 0, then ker D = 0. In
other words, if g has positive scalar curvature, then there is no harmonic spinors
on (M, g).

Proof: If s is a harmonic spinor, Ds = 0, then, using Lichnerowicz formula,

1
0= D% =V*Vs+ ZRS.

Taking inner product of the above identity with s and integrating over M yields

1
0=/ |Vss|2dvol—|—f/ R|s|?dvol.
M 4 Jur

Since R > 0, we must have s = 0. |
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As we point out in the proof of Lichnerowicz formula, one actually have the
following generalization. If &€ — M is a Clifford module with Clifford connection
V¢, and D is the associated Dirac operator, then we have the following Bochner-
Lichnerowicz-Weitzenbock formula

D?=V*V + R, (8.25)
where

1
R= ic(ei)c(ej)R8 (i, e;5).

As an application, we deduce the following Bochner formula.
Corollary 2.8.4 Ifw is a 1-form on a Riemannian manifold M, then
Aw = V*Vw + Ric(w),
where Ric(w) is the Ricci transformation defined by
Ric(w) = Ric(w?, ¢;)e’

in terms of local basis e; and its dual basis €*; w# denoting the metric dual of
w.

Proof: We apply the general Bochner-Lichnerowicz-Weitzenbock formula (8.25)
to the Clifford module & = A*M and D = d +d*. Since both D? = A and V*V
preserve the degree, so does R. We now compute

R(w) = geledele)Rlese)e

- _%c(ei)C(emR(euej)w#»€k>ek

- _%C(ei)C(emR(@uej)w#»ek>c(ek)1'

We are now in the exact form to apply the first Bianchi identity as in the proof
of Lichnerowicz formula. Hence

Rw) = (R(es €)™, ej)c(en)]
= Ric(e;,w?)e’.
|

Noting that (Ric(w),w) = Ric(w#,w#), one deduce the classic Bochner van-
ishing theorem.

Corollary 2.8.5 If a closed Riemannian manifold M has positive Ricci curva-
ture, then its first Betti number vanishes.
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Proof: Proceeding exactly as before, one obtains that ker A; = 0. By Hodge
theory, by (M) = dimker A; = 0.
Remark A variation of the Bochner formula is
Alw]? = 2|Vw|? = 2(w, Aw) + 2Ric(w™, w?).
In particular, for w = df, one has
A|VF2 = 2|Hess(f)|> — 2(Vf,VAS) + 2Ric(V f, V f).
To see this, one notes
Alw* = —2{(w, V*Vw) + 2|Vwl|?

and plugs in the Bochner formula for V*Vw.

The Bochner vanishing theorem shows that the topological invariant by (M) is
an obstruction to positive Ricci curved metrics. As we learned earlier, on a spin
manifold, positive scalar curvature implies ker D = 0. Unfortunately, dim ker D
is not a topological invariant. It turns out that the topological obstruction here
is coming from something more subtle—the index of the Dirac operator.
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Chapter 3

Index of Dirac Operators

If E and F are complex vector bundles on closed manifold M and P : C*°(M, E) —
C>(M, F) is an elliptic differential operator, then the standard elliptic theory
implies that P is Fredholm, i.e., dimker P < oo and dimcokerP < oo. This
leads to the definition of index:

indP = dim¢ ker P — dim¢ cokerP € Z (0.1)

The most important property about index is the homotopy invariance. That
is, for a continuous family of elliptic differential operators P; : C*°(M, E) —
C* (M, F), indP; is constant in ¢. This leads Gelfand to ask

Question: How to express indP in terms of topological quantities?

The Atiyah-Singer index theorem is a full and far-reaching answer to this
question.

3.1 Index of Fredholm operators

Let H°, H' be Hilbert spaces, P : H® — H'! a closed linear operator with dense
domain.

Definition: [Fredholm index] P is called a Fredholm operator if dimker P <
00, dim coker P < oo, where coker P = H'/ImP. And we define its index

indP = dim ker P — dim cokerP € Z. (1.2)

Recall that the formal adjoint P* : H' — HP° is defined via the equation
(Pu,v)g1 = (u, P*v)go.
We have some simple properties of Fredholm operators.

Proposition 3.1.1 a) If P is Fredholm, then its adjoint P* : H* — H° is also
Fredholm.

35
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b)If P is Fredholm, we have the orthogonal decompositions
H° = ker P®(ker P)* = ker P@ImP*, H' = ker P*®(ker P*)* = ker P*®ImP.
In particular, ImP and ImP* are closed subspaces. And
indP = dim ker P — dimker P* = —ind P*. (1.3)

¢) There exists a bounded operator Gy : H' — HO such that 1 — GoP and
1 — PGy are orthogonal projections onto ker P and ker P* respectively.

Proof: We sketch the proof of the second property. Since dim cokerP = d < oo,
there are d vectors vy, --- ,vq € H! such that any v € H' can be written as

v=Pu+civi + -+ cqug
with u L ker P. Moreover, this representation is unique. It follows then that
P: (ker P)*@C?— H!

defined by P(u,c1,--- ,cq) = Pu+ c1v1 + - -+ + cqug which is a closed operator
with dense domain, has its inverse P! everywhere defined. By the Banach
theorem, P~! is bounded. That is,

|ul| < C||Pull, VYu € Dom(P)n (ker P)*

for some constant C' > 0. This implies that ImP is closed and hence H' =
ker P* @ (ker P*)* = ker P* @ ImP. [

The operator G, which is essentially the inverse of P restricted to (ker P)*,
is called the Green’s operator of P. It follows from c) that

indP = Tr(1 — GoP) — Tr(1 — PGy).

We now review about trace class operators.

If T: H° — H' is a compact operator, then T*T is a compact self-adjoint
operator and hence its spectrum consists of eigenvalues of finite multiplicity
except the zero eigenvalue. Let s; > 0 be the nonzero eigenvalues of T*T
repeated according to multiplicity.

Definition: 1) The trace norm is

1/2
T =" s
=1

2) T is of trace class if ||T]|; < oo.

Note that if T is trace class and A, B are bounded, then BT A is also of
trace class and || BT All1 < [|A||||BIIIT||1- In particular, the space of trace class
operators is a two-sided ideal in the space of bounded operators.
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Definition: [Trace] If H is a Hilbert space and T : H — H is of trace class,
then

oo

Tr(T) = > (Teies),
i=1
with {e;} an orthonormal basis, is independent of the choices of the orthonormal
basis, and is called the trace of T.
The following is an important property of the trace: for B bounded and T'
trace class,

Tr(BT) = Tr(TB), or equivalently Tr([B,T]) =0.

More generally, Tr(B1By - By,) = Tr(B, B -+ B,_1) or with any cyclic per-
mutations, as long as one of B; is of trace class and the rest are bounded. In
fact

Tr(AB) = Tr(BA)

as long as both AB, BA are of trace class (even though A, B may not be indi-
vidually bounded).
Also,

Te(T*) = Te(T).

The Lidskii Theorem gives the trace in terms of the eigenvalues and kernel
representation.

Theorem 3.1.2 (Lidskii Theorem) Let \;, denote the eigenvalues of T counted
with multiplicity. Then

Te(T) = Ak
k
IfT: L? — L? is defined by a continuous kernel function T(z,vy), i.e.,

(Tf)(x) = / T, ) (4)dy,

then

EHU:/T@JMm

Remark Note that the trace norm | 7|, = Tr(T*T)z. Similarly, one can define
p.l
T[], = [Te(T=T)2]>.
Coming back to the index, we note the several equivalent formula for the
index.

indP = dimker P — dim cokerP
= dimker P — dim ker P*
= dimker P*P — dim ker PP*
= Tr(1 - GoP)—Tr(1 — PGy).



38 CHAPTER 3. INDEX OF DIRAC OPERATORS

Theorem 3.1.3 (Heat equation method) Assume that P is Fredholm, and
P*P and PP* have discrete spectrum; further e '*"F and e t*'P" are trace
class for all t > 0. Then

indP = Tr(e " F) — Tr(e PP
for allt > 0.

Proof: We present two proofs here.
1). We compute

d . . . .
%[Tr(e*tp PY—Te(e PP = —Te(P*Pe " P) 4 Tr(PP*e )
= —Te(P*e PP P) 4+ Te(PP*e PP

= Tr[P, P*e PP = 0.
Thus Tr(e 7" F) — Tr(e *PF") is a constant. Now

lim [Tr(e ") — Tr(e 7)) = dim ker P* P — dim ker PP* = indP,

t—oo

which finishes the proof.
2). Denote the eigenspace for P*P with eigenvalue A by Ep-p()):

Ep-p(A\)={ue H* | P*Pu=\u }.
Similarly,
Epp-(\) ={ve H' | PP*v=)v }.

Clearly, P : Ep«p(\) — Epp~(\). Moreover, for A # 0, P defines an isomor-
phism P : Ep-p(\) — Epp- () since its inverse is given by A=1P*. Tt follows
then that

Tr(e Py — Tr(e tPFP7) = Z e dim Ep-p(\) — Z e N dim Epp-(\)
A A
= dimker P*P — dimker PP* = indP.

The following formula, used very often in noncommutative geometry, already
hints at the invariant property of index.

Theorem 3.1.4 The operator P : H® — H' is Fredholm if and only if there
is a bounded linear operator G : H' — HO such that 1 — GP and 1 — PG are
both trace class. Moreover,

ind P =Tr(1 — GP) — Tr(1 — PG).
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Proof: The proof of the first part can be found in any standard functional

analysis book. For the formula, we compute, using the Green’s operator Gg:
indP = Tr(1—- GoP)—Tr(l — PGy)

Tr(1 — GP) — Tr(1 — PG) + Tr((G — Go)P) — Tr(P(G — Gy))

= Tr(1-GP)-Tr(1 - PG),

where we have used the property of trace and the fact that both (G — Gg)P and
P(G — Gy) are trace class since (say) (G —Go)P = (1-GoP)—(1-GP). &

Such G is called a parametrix of P.

We now continue with some more properties of index.

1). Trivial properties: ind P = 0 if P is self adjoint. Also, ind P = dim H® —
dim H! if H®, H' are finite dimensional.

2). Stability: Let P: H° — H' be Fredholm and G a parametrix. If B :
H°® — H' is a small perturbation in the sense that |BG|| < 1 and ||GB| < 1,
then P — B is also Fredholm, and ind (P — B) = ind P.

Proof: A parametrix G’ of P — B can be obtained by the Neumann series

G'=GY (BG)"= (> _(GB)")G.
n=0 n=0
It follows that
1-G'(P-B) = (i(G’B)”)(l — GP)
n=0
1-(P-B)G = (1- PG)(i(BG)")
n=0

are both trace class. Furthermore, the traces of (GB)"(1 — GP) and (1 —
PG)(BG)™ coincide for n > 1, since the factors under trace sign can be inter-
changes cyclically. [ |

Of course, the stability implies the homotopy invariance for elliptic differen-
tial operators.

3). Additivity: If P: H° — H' and Q : H' — H? are Fredholm, then so
is QP : H* — H? and ind QP = ind Q + ind P.
Proof: Let Gp and G be parametrixes of P and @, respectively. It is easy to
see that GpG( is a parametrix of QP. Further

Tl‘(l - GPGQQP) = Tl"(]. — GPP) + Tl"[Gp(l - GQQ)P]
= TI‘(l — GPP) + TI‘[PGP(l — GQQ)]
Tr(1 — GoQ) + Tr(1 — GpP) — Tr[(1 — PGp)(1 — GoQ)].
Similarly

Tr(1 — QPG pGQ) = Tr(1 — QGg) + Tr(1 — GpP) — Tr[(1 — GoQ)(1 — PGp)).
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The formula follows. [ |

4). Multiplicativity:
Remark Index theory and SUSY: In any QFT, the Hilbert space H splits
H = HT @ H~ with HT the space of Bosonic states and H~ that of Fermionic

states. Define
r_ (1 0
(=1) <0 -1 )

(Here F stands for Fermion counting operator.) A SUSY theory is by definition
a QFT where there are hermitian operators (supersymmetries) Q;, i =1,--- , N
such that

a). Q; interchanges H*. Or in terms of the anti-commutators {Q;, (—1)F} =
Qi(-1)F + (-1)FQ;=o.

b). @Q; are symmetries of the theory. In other words, if H is the Hamiltonian,
then [Q;, H] = 0.

¢). One further has the following anti-commutating relations:

{Qi,Q;} =0, ifi#j; {Q:Q:}=2H for all i.

Strictly speaking c) is only satisfied by non-relativistic theory. For relativistic
theory, the Lorentz invariance dictates that, for example, when N = 2,

Q%:H+Pa Qg:H—Pa

and
Q1Q2 + Q2Q1 = 0.

Here P is the (linear) momentum operator. Thus H = (Q? + @3). But this
reduces to ¢) when things can be considered in Hy = ker P.
One of the most important questions for a SUSY theory is, whether there is
a state |2) such that
Q;|Q) =0, Vi? (1.4)

Consequences of (1.4) includes the existence of minimum energy (or vacuum)
state. Also, the theory will contain bosons and fermions of equal mass.

Alas, nature does not behave that way! Hence in a realistic SUSY theory,
one would want no solution of (1.4) and it is said that then SUSY is “sponta-
neously broken”. Index theory can help rule out theories in which SUSY are
not “spontaneously broken”. In fact, from a), any @ = @; will have the form

(0 Q-
Q(Q+ 0)'

If ind @4+ # 0, then (1.4) has solutions!

3.2 Chern-Weil theory for characteristic classes

Roughly speaking, the theory of characteristic classes associates cohomology
classes to a vector bundle which measures the global twisting of the vector
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bundle. Euler class is one such example which gives the obstruction to nowhere
vanishing sections. Chern-Weil theory uses curvature to construct de Rham
cohomology classes, and is thus a geometric approach to characteristic classes
(one loses the torsion information however).

Let E — M be a vector bundle on M, either complex or real.
Definition: A connection on F is a linear map

VE. C®°(M,E) — C*(M,T*M ® E)
satisfying the Leibniz rule
VE(fs) = df @ s+ fVFs,

for all f € C°(M) and s € C*(M, E).

Thus, for trivial bundle, the exterior differentiation d gives us the trivial
connection. More generally, d + A, for any A € C*(M,T*M ® E), is a con-
nection. This, and partition of unity, gives us constructions of connections
on any vector bundle. Conversely, any connection on the trivial bundle is of
the form d + A. In fact, if VZ, VE are two connection on a vector bun-
dle E, then, by the Leibniz rule, their difference VZ — V¥ is tensorial; i.e.,
VE-VE=AcC®M,T*M @ E).

Denote by Q*(M, E) = C*(M, A*M @ E) the space of E-valued differential
forms. The connection V¥ extends to

V. QP(M,E) — QP (M, E)
by the Leibniz rule
VE(w®s)=df @ s+ (—1)%8“w A Vs
The curvature of VF is then defined by
RE = (VEY =VEoVEP: QM E) - Q*(M,E).
Proposition 3.2.1 The curvature RF is tensorial:
R®(fs) = fR"s
for all f € C°(M) and s € C>*(M, E).

Proof: Apply Leibniz rule. [ |

Thus R € O?(M,End(FE)) is a 2-form with values in End(E), where End(E) =
E ® E* is the vector bundle of fiberwise endomorphisms of E. In fact, for any
vector fields XY,

RP(X,Y) = VEVY - VEVE - Vi y,

is the usual curvature expression. Similarly, (R®)* € QO2¢(M, End(E)).
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To extract differential forms out of it, we recall the trace functional. Taking
fiberwise, it gives a linear map

tr: C°°(M,End(E)) — C*(M).
Once again, it extends to
tr: Q" (M,End(E)) — Q" (M) (2.5)
by tracing over the endomorphism part:
tr(wA) = wtr(A),

where w € Q*(M) and A € C*°(M,End(F)) (and we now suppress the ten-
sor sign). Similarly, the commutator extends to (a super-commutator on)
Q*(M,End(E)) via

[wA, 1B] = (wA)(nB) — (~1)%E~ < (nB)(wA).

Here the wedge product on the forms is implied. Clearly, the trace vanishes on
the super-commutators:
tr[4, B] =0 (2.6)

for all A, B € Q*(M,End(E)).
Now, for any A € Q*(M,End(E)), we define

[VE Al =VFoAd—(-1)140VF € Q*(M,End(E))
(One verifies that indeed [V¥, A] is tensorial.) Note second Bianchi identity
[VF RF] =0. (2.7)
Lemma 3.2.2 For any connection VE on E, and A € Q*(M,End(E)),
dtr(A) = tr([VEZ, A)).

Proof: . First of all, by (2.6) and the tensorial property for difference of
connections, the right hand side is independent of V. The equation is also
local. Thus we can verify it locally, where the vector bundle becomes trivial.
For the trivial bundle, we can take V¥ = d to be the trivial connection. Then
the equation follows trivially. [ |

Now let
f(x) = ap+ a1 + agx® + - € C[[z]]

be a formal power series. Define
F(RE) = apl + a1 RF + ag(RF)? +--- € Q*(M,End(E)). (2.8)

Note that this is in fact a finite sum.
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Theorem 3.2.3 (Chern-Weil) 1). The differential form trf(RF) € Q*(M)
15 closed.
2). The cohomology class [trf(R¥)] € H*(M) is independent of the connection
VE.
Proof: We have

dirf(R”) = x[V", f(R®)] =0

by the second Bianchi identity.
To see 2), let V¥ and V¥ be two connections. Consider the path V{ =
(1 —t)VE 4+ tVF of connections. First of all

d -
&vf =VE - V¥ c QY (M, End(E)). (2.9)

Denote its curvature by RE = (VE)2. Then

dRE
L (RE)) = ti(

E
a((VF, L7 (RE)
7'(REY)

avF

— E t

- tr([vt ) dt
aVE . ne
SL/(RE)).

d(VP)?
dt

d /
Stf(RE) = il 7'(RE))

dtr(
Integrating, we obtain
trf(RE) — trf(RP) = dw,

with

[t avE .
w—/o tr( 7 FI(Ry))dt.
|

Definition: A characteristic class for E is an element of the ring in H*(M)
generated by all cohomology classes [trf(RE)], for all f € C[[x]].
Thus defined, all characteristic classes will be trivial for the trivial bundles.
We now assume that E is a complex vector bundle.
Example: 1) The Chern character is defined by
V-1

1 —
RP) = tr(e*F 17, (2.10)

ch(E) = ch( o

Clearly, it satisfies
ch(E @ F) = ch(E) + ch(F).

In fact this holds true for any characteristic class [trf(R¥)] defined by a single
trace. The Chern character also satisfies

ch(E ® F) = ch(E)ch(F)
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which, combined with the additivity, explains the name character. The nor-
malization factor here is so that ch(gRE) € H*(M,Q) is in fact a rational
class.

2). The total Chern class is

7V_1 RE
2

v—1
2T

V-1

c¢(E) = ¢ o

) =det(I+ RE) = exp(tr[log(I + RE))). (2.11)
Since it involves products of traces, the total Chern class is no longer additive.

Rather, it satisfies the Whitney product formula
¢(E®F) =c(E)c(F). (2.12)
Here the normalization is so that ¢(E) € H*(M,Z) is integral. Writing
co(E)=14c1(E)+co(E)+---

into its homogeneous components, we have the i-th Chern class ¢;(E) € H* (M, Z).
It follows from the Whitney product formula that if £ admits a nowhere
vanishing section, then the top Chern class ¢, (E) (k = rankFE) of E vanishes.
Note the following properties:
i). ¢;(E) =0 for ¢ > rank E. Also, ¢;(E) =0 if 2i > n = dim M.
it). (Naturality) c(f*(E)) = f*¢(E) for any smooth map f from another mani-
fold N to M.
In fact, the Chern classes can be defined axiomatically by i), ii), the Whitney
product formula, and the following normalization

e(Ly=14zx

for the canonical line bundle L — CP'. Here z € H?(CP',Z) is the generator.
Remark In our definition, ¢(E) depends on the complex structure of F and the
smooth structure of M.

In practice, characteristic classes are manipulated via the so called Chern
roots. By choosing an hermitian metric on E and thus a unitary connection
VE  its curvature R is skew-hermitian. Hence we can (formally) diagonalize

z; 0 -~ 0
= 0 a3 - 0

~ _—RE-| . (2.13)
2 T
0 0 Tk

where z;’s are 2-forms. Therefore
det(T + ERE) = ﬁ(l + ;)
27 e )
= 1+Z£¢+Z%%+-~-+Hm~

i i#] i
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Thus, we have

a(B) = in:Tr(\é—:TlRE),

c(E) = Zzixj = (Z :172-)2 - Zz?

i#j i
—1 o myy2 —1E0
= (Tr R —Tr R
(YL RE) — (Y RP)?)
¢i(E) = oi(x1, - ,x), the i-th elementary symmetric function,

V-1

cx(E) H,TZ = det(TlRE).

™

It follows that all other characteristic classes of F are polynomials of the Chern
classes. This illustrates the fundamental importance of Chern classes.

In particular, if L — M is a (complex) line bundle, we have

ci(L) = ERL. (2.14)
27

Remark Dirac magnetic monopole corresponds to complex line bundles over
S? (or equivalently, principal U(1)-bundles over S2. Then ¢; is the monopole
charge. The fact that c¢; is an integer is interpreted as the Dirac quantization
condition.

As another example from gauge theory, consider £ — M a vector bundle
with structure (gauge) group SU(N). Then the curvature RE is a su(IN)-valued
2-form. It follows that Tr(RF) = 0. Hence c¢;(E) = 0. Therefore

1

e2(E) 472

1
Tr(R®)? = — Tr(RF A RF). 2.15
H(RF)? = 5T ) (2.15)
For dim M = 4, this is the so called instanton number. When M is oriented,
R¥ decomposes into its self-dual and anti-self-dual parts R¥ = Rf + RP using
the Hodge *-operator. Thus

1

1

= 3[T(RY A RY) + Tx(RE A RP) + 2Te(RY A RE)
1

= @[TT(RE A *RY) — Tr(RE A +RE))

1
- —H(|Rf|2 — |RE|?)dvol

3). The Todd genus for a complex vector bundle £ — M is defined by

=1 E
v—1 Y—R
e ar —
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We now turn to real vector bundles.
Example: 1). Pontryagin classes. By putting a metric on a real vector bundle
E, we can take an orthogonal connection V¥, whose curvature R” will then be
skew symmetric. The total Pontryagin class is defined by

E E E

p(B) = p(%) = det(I + %) = det(I — %) (2.17)

L+p1(E) +pa(E) +--- .

Thus, p; € HY(M).
Here RF can be diagonalized into block form

0 Y1

-y 0
0w
-y 0

Here y; are two forms and 2] = k = rank F. In the case when k = 2] + 1, there
is an additional zero row and zero column.

Thus,
l
p(B) = [+,

i=1
and thus p;(E) = o;(y}, -+ ,y?) is the i-th elementary symmetric function of

Yl - ,ylz. It follows then, for example,

1, RF 1. R¥ RF

E) = 2 - Ty ()2 = T (= A ). 2.18
pi(B) =) i = —5T(5)" = =5 Tr(5 - A o) (2.18)

It also follows that all other characteristic classes are polynomials of the Pon-
tryagin classes.
Remark For the complexification EC = E ® C, we have

Y1
—Y
V=1 _gc
Y " RE _
2T
Ui
—Y

Therefore ¢;(E®) = 0 for i odd, and p;(E) = (—1)%co;(E®) € H¥(M, Z).
Definition: We define p;(M) = p;(TM). Similarly for other characteristic
classes, i.e., the characteristic classes are a real manifold are defined to be those
of its tangent bundle.

Remark A priori, p;(M) depends on the smooth structure of M. But a theorem
of Novikov say that p;(M) is actually a homeomorphism invariant (note that
our p;(M) has no torsion information).
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Definition: [A—genus] Using Riemannian curvature R, we define the A-class

~ R R/Am
A(=) = det!/?(———
(271') ¢ (sinhR/4ﬂ')7
and the fl—genus
- ~ R
Aoy = [ A
M ™
In terms of the Chern roots,
[n/2]
i Yi/2
A(—) = _—
(27r) Zl;[l sinhy; /2
Now (note that Sinzh/ j 73 is an even function.)
iy T2 1 4
@) = Gonaz ~ 1T tammt T
We deduce )
Azl—ﬂpl—k---. (2.19)

Remark Since Pontryagin classes are integral, we see that A(M ) € Q. We will
see later from Atiyah-Singer index theorem that for spin manifolds, A(M) € Z.
This is the so called integrality theorem.

Definition: [L-genus| Similarly, the Hirzebruch L-genus is defined via

x
L(w) = tanhz
That is,
R R/2m
L) = dett/2(— 22Ty,
(271') ¢ (tanhR/Qﬂ')
and R
Lon = [ Lih.
M ™
Using
- o1 27 2%
L) =14 (-1 s B,
k=1 ’

(By denotes the Bernoulli numbers) and Chern roots, we find

1
L=1+zpi+ . (2.20)

In particular, in dimension 4, (2.19) and (2.20) yield
L(M) = —8A(M). (2.21)



48 CHAPTER 3. INDEX OF DIRAC OPERATORS

We have defined our characteristic classes using traces and determinants.
These are example of invariant polynomials. In general, given a Lie group G
with Lie algebra g, an invariant polynomial P of G is a polynomial function on
its Lie algebra g (it depends polynomially on the coefficients in any basis) such
that it is invariant under the adjoint action of G on g:

P(AdjA)=P(A), VAeg, V,geG.

Then, given any vector bundle F — M with structure group G, P(gRE )
(for complex vector bundles) defines a cohomology class. And the Chern-Weil

homomorphism is
"G — H*(M) (2.22)

P - P(—“lRE).

27

Here I*(G) denotes the space of invariant polynomials of G.

Example: Let G = GL(k,C). Then g = gi(k,C) and the adjoint action

Ad,A = g~'Ag is just conjugation. Clearly, Tr(A") (for any r € N) is an

invariant polynomial (of degree 7). It turns out that invariant polynomials of

GL(k,C) are generated by Tr(A") (r =1,--- , k). The same is true for GL(k,R).
However, for G = SO(k), there is one additional invariant polynomial—the

Pfaffian, which defines the Euler class.

Lemma 3.2.4 There is an invariant polynomial of SO(k), called the Pfaffian,
Pf: so(k) = R

such that, for any A € so(k),
Pf(A)? = det A.

Proof: The Pfaffian is defined to be zero in odd dimension k. We now assume
k is even. Recall that we have a 2-form associated to a skew symmetric matrix.
Thus, setting | = k/2, we define for A = (A;;) € so(k)

1
_ 1 1 _ %Ai-ei/\e,v
Pf(A)ey A -+ Neg = il <2Aijei A ej> = [e i J} " (2.23)

where the subscript (k) means taking the top degree (k-th) component.
We first show that Pfaffian is invariant. Let g € SO(k). Then

Pf(g  Ag)er A - Aey

[e%(gflAg)meiAea}
(k)
_ [69*(%Aijem€j)]

(k)
= Pf(A)e; A--- Neg,

1

where we have used that g~! = ¢g* and detg = 1.
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Now any A € so(k) can be written A = g~ Dg, where g € SO(k) and D is
in block diagonal form
0 ap
—aq 0

0 a;
—aQy 0
Therefore Pf(A) = Pf(D) = a; - - - a; and hence Pf(A4)? = det(A) as claimed.

[ |
Note that in fact

1 .
Pf(A) = 1 > sign(0) As1)o@) * Aai—1)o(1)-
: gESk

Remark It turns out that the invariant polynomials of SO(k) are generated by
Tr(A") together with the Pfaffian.

Consider an oriented real vector bundle £ — M of rank k. By giving E a
metric and taking an orthogonal connection, we get a so(k)-valued curvature
2-form R¥ = (Rf).

Definition: We define Pf (%) by the invariant polynomial Pf. That is
¢ RF 1 . E E
p (ﬁ) = @n Z sign (o) Ry (1)0(2) * Bo(21—1)0(21)-

oESk

In particular we have Pf (%) for an even dimensional Riemannian manifold.
In dimension 2, we find
R ) = 1
2r’ 4w
where K denotes the Gaussian curvature.
For dim M = 4, one finds

1
Pf( (R12 — Rgl) = %Kdvol,

R 1 .
PH ) =52 > signRo(1)0(2)Ro(3)0(4) (2.24)
oESy
In physicists’ notation, Pf(%) = 3217r2 €l Red.

Using the special structure in dimension 4, this formula can be made more
explicit. In fact, the curvature decomposes

([ W+ SId z

R= ( Z W-+£1d )’ (2.25)
where W = W+ + W~ is the Weyl curvature, Z the traceless Ricci, and S the
scalar curvature. It can be verified that

R 1 1
Pi(o ) = g5 (IWI* = |Z]* + 57 5%)dvol. (2.26)
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In comparison, the Pontryagin classes depend only on the Weyl curvature
part W. For example, in dimension 4,

1

y (W2 — W~ [*)dvol. (2.27)

p1(M)
In fact, one has

Theorem 3.2.5 The Pontryagin classes p;(M) of M depend only on the Weyl
curvature W, and is thus conformally invariant.

Proof:

Remark If £ — M is a complex vector bundle, it has an underlying real
vector bundle E®, which is canonically oriented by the complex structure. A
unitary connection R¥ on E gives rise to an orthogonal connection on E® via
the inclusion U(k) — SO(2k). Since the canonical inclusion A € GL(k,C) —
AR € GL(2k,R) has the property that det A® = |det A|?, we deduce that

Pf(E®) = (=1)*cr(E). (2.28)

3.3 Atiyah-Singer index theorems

Let M be a closed spin manifold. The Dirac operator
D: C*®(M,S)— C>(M,S)
is self adjoint elliptic first order differential operator. By standard elliptic theory,
D: L*(M,S) — L*(M,S)

is self adjoint Fredholm operator. Here L?(M,S) denotes the space of L? sec-
tions of S. Moreover, ker D C C*°(M, S). Thus, indD = 0.
But, when the dimension n = dim M is even, the spinor bundle S splits

S =S5"& S5, given by c(wc) = (\/jl)[nTﬂ]c(el) ccen).
Lemma 3.3.1 The Dirac operator D anti-commutes with c(wc).

Proof: This is clear, since D = c(e;)VE and c(wc) anti-commutes with the
Clifford multiplication c(e;) and is parallel with respect to V. |

Hence, with respect to the decomposition S = ST & S,

D= ( DO+ D(; ) (3.29)

and (DT)* = D~. In physics literature D* are usually referred as the chiral
Dirac operators. The index of the chiral Dirac operator DT,

indD" = dimker DT — dimker D™ € Z

is given by the Aityah-Singer index theorem.
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Theorem 3.3.2 (Atiyah-Singer index theorem for chiral Dirac operator)
For an even dimensional closed spin manifold M,

indD* = /M A(ﬁ) = A(M).

The proof of this index theorem and other index theorems in this section
will be deferred to the next Chapter. We note here however that we can now
deduce the topological obstruction to positive scalar curvature metrics.

Corollary 3.3.3 (Lichnerowiczl If M is a closed spin manifold with a metric
of positive scalar curvature, then A(M) = 0.

Proof: This clearly follows form the vanishing theorem for harmonic spinors
and the Atiyah-Singer index theorem for chiral Dirac operator. [ |

Example: The so called K3 surface is a quartic in CP?, which is spin, but
A =2. Thus K3 can not have any metrics of positive scalar curvature.

Coupling with gauge fields leads us to the twisted Dirac operator. Thus, let
E — M be an hermitian vector bundle with unitary connection V. Denote by
F the curvature of VZ. When dim M is even, the twisted Dirac operator

Dg: C*M,S®QFE)— C®(M,S®FE)

also has the off diagonal structure with respect to the splitting S ® E = ST ®
Eae S ®E:
_( 0 Dg
Dg = ( Dt 0 ) . (3.30)

Theorem 3.3.4 (Atiyah-Singer index theorem for twisted Dirac operator)
With the assumptions above and for closed M, we have
R —1F

indD} = [ A(Z=) A ch( 5
M T m

).
Using Chern roots we note that

ch(

V—1F 1 V—=1F 4
= rank F + Tr( o )JraTr( o )RR
1
= ranquLcl(E)Jri(c%(E)702(E))+... .
Hence, when dim M =4 and E = L a line bundle, we have
. 4 1 1,
indD] = —ﬂpl(M) + 501(L) (3.31)

1 1
= — | ’(RAR) - — [ FAF.
19272 /M X )~ 5 /M
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Remark If M is only spin®, then its spin® Dirac operator D¢ is formally a

twisted Dirac operator: D¢ = Dj./2, where L is the canonical line bundle of

the spin® structure. It turns out that this formal twisting does give the right
formula for the index of spin® Dirac operator, i.e.,

- R

indD{ = [ A(—=)A ezt (L),

M T

This is discussed in the following section.

3.4 Supertrace and Clifford module

In dealing with the index of Dirac operator, we have made use of the Zs-grading
of the spinor bundle S given by ¢(wc). The essential feature here is that

(c(we)* =1, and Dc(we) + c(we)D = 0.

This turns out to play an essential role which can be generalized as follows.
Definition: [Super vector bundle] A vector bundle E — M is called super, or
Zo-graded, if there is a bundle endomorphism ¢ : E — E such that 02 = 1.

The endomorphism o defines a splitting £ = E+ @ E~ as before. Elements
of ET are called even while those of E~ are said to be odd. Conversely, any
splitting gives rise to such an endomorphism.

Associated to a super vector bundle E, we have a so called supertrace.
Definition: [Supertrace] The supertrace

Trs: C*°(M,End(E)) — C™(M)
is defined by
Tre(A) = Tr(c A).

In other words, if we write A € C°°(M,End(E)) in block forms with respect
to the splitting E = ET ® E~,

All A12
A= 4.32
( Ay Ag ) (432)

then
TI'S(A) = TI(AH) — Tr(AQQ).

Just as ordinary trace, the supertrace extends to
Trs : Q*(M,End(E)) — Q°(M)
w®A — wlrg(A).

The Zs-grading of E induces a Zo-grading on End(E). In fact End*(E) is
the endomorphisms that commutes (anti-commutes, resp.) with o. That is, in
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terms of (4.32), End™ (E) consists of diagonal block forms and End™ (E) the off
diagonals. Write deg A = 0 if A € End*(E), and degA = 1 if A € End™ (E).
This extends to A € Q*(M,End(F)) where the degree will be the combined
degree of differential forms (mod 2) and that of endomorphisms.

Definition: [Supercommutator] The supercommutator for homogeneous ele-
ments A, B € Q*(M,End(E)) is

[A,B] = AB — (—1)desAdee Bp g

and extends by linearity to all elements. Here the product is in terms of both
the wedge product on differential forms and composition in endomorphisms.

Lemma 3.4.1 The supertrace vanishes on the supercommutators: for any A, B €
(M, End(E)),
Trs[A, B] = 0.

Proof: Check on the homogeneous elements. (Note: (super)trace of odd ele-
ments are zero; hence one only needs to check when both are even or both are

odd.) [

Remark Recall that for an elliptic differential operator P : C*(M,E) @
C* (M, F) on a compact manifold M, its index can be written via heat equation

method as
indP = Tr(e ") — Tr(e tFF").

Now E=E®F is Zo-graded with the obvious grading. Put

p:(g %).
Then the heat equation formula can be rewritten as
indP = Tr, (e *F"). (4.33)
In particular, we have
indD* = Tr, (e *P%). (4.34)

We now consider a Clifford module & — M with a Clifford connection V€.
Then its curvature decomposes as

RE = RS + F&/5, (4.35)

where

1
Rs(ei,ej) = ZRijle(ek)C(el)

is the part coming from the spinors (formally). Here F€/3 in fact commutes
with all the Clifford multiplications, and is called the twisting curvature of &.
(Here is the proof: define F€/S = R® — R and show that it commutes with all
the Clifford multiplications using the compatibility of connections with Clifford
multiplications.)
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Example: If M is spin and € = S ® W, then F¢/5 = FW.
Remark The Bochner-Lichnerowicz-Weitzenbock formula can be rewritten us-
ing twisting curvature as

D? = V*V + ¢(FE/5) + % (4.36)

where 1
C(FE/S) — §F8/S(€i7 ej)C(ei)C(ej)’

and R here denotes the scalar curvature of M.

Assume now that the Dirac operator D of the Clifford module € is self adjoint
with respect to some metric of € and the Riemannian metric on M. Further,
let 0 be a Zs-grading of € which anti-commutes with D. Denotes by Tr, the
supertrace with respect to o.

Theorem 3.4.2 (Aityah-Singer index theorem for Clifford module) Let
M be an even dimensional oriented closed manifold. Then with the assumptions
above, we have

~ —Tr&/S
ind:D+=/ A(E) Teé/S(e* 2 ),
M

s

where the relative supertrace Trf/ 5 s defined by
Tr8/5(A) = 272 Tr, (c(we) A).

Example: Continue from the previous example, for M spin and € =S ® W,

— &/s — w
Tr;g/s(e 12I:r ) = Tr(e \/?f )

is the Chern character of W.

3.5 Classical examples

1). Gauss-Bonnet-Chern formula—The Atiyah-Singer index theorem ap-
plied to the Clifford module € = A*M gives us the famous Gauss-Bonnet-Chern
formula for the Euler number.

As we have seen before, for € = A*M, the Dirac operator D = c(e;)VE =
d + d*. Here the Clifford multiplication is given by

c(e;) = e; N\ —ig, .

i

Now o = (—1)4°8 defines a Zy-grading that clearly anti-commutes with d + d*.
Using Hodge theory, we compute
indDt = dimker(d 4+ d*)|qeven — dimker(d + d*)|qoad
= dlm ker(d*d + dd*) Qeven — dlm ker(d*d + dd*)|Qodd

= > h(M)= Y bi(M) =x(M).

i=even i=odd
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To compute the right hand side of the Atiyah-Singer index theorem, we first
figure out the twisting curvature. Now

& .
R%(e5,e5) = —Rijriep A oie, .

To express this in terms of the Clifford multiplication, we introduce another
Clifford multiplication:
5(65) = e\ +1i,. (537)

One verifies easily that
E(ei)é(ej) + é(ej)é(ei) = 26ij. (538)

Moreover, it commutes with the previous Clifford multiplication

cle;)é(ej) = é(ej)c(e). (5.39)
Thus,
RE(eives) = —pRumlelen) +aer)) (@Eer) = c(e)

= R%(ej,e) — iRijklé(ek)é(el).

That is, we have

F&5(ej,e5) = —iRijklé(ek)é(el).
Or as 2-form valued endomorphism,

F&/S = —%Rijklei A e é(ex)é(er).

We now turn to the relative supertrace.
Lemma 3.5.1 Let n be even. Then
(—1)%8 = c(we)é(we),

where

cwe) = (V=1)""2E(ey) - - - &en).

Proof: Clearly ¢(we)l = é(we)1l when n is even. Hence

c(we)é(we)(es N---Neg,) = c(we)é(we)(cles,) - cle,)l)
= (=DPecleq) - clei,)e(we)é(we)l
= (=DPcley) - cleq,)e(we)e(we)l
(=1)Pc(es,) - --clei,)l = (=1)Pes; A--- Ney,

It follows that the relative supertrace is really the supertrace defined by
é(we). We now denote this supertrace, defined by é(we) on € = A*M, simply
by Tr.
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Lemma 3.5.2 Forl = {iy,--- ,i,} C{1,2---,n}, definec(er) = c(e;;) - - - (e, ).
Then

i 0, if T#{1,2--- ,n},
TI“s(C(el)) - { 2n(_\/j1)n/2’ if (iI’ T 7ip> = (1’ o n)

Proof: If 1 # {1,2--- ,n}, we have a j ¢ I. Then

- 1. N~
c(er) = —5[(e;), e(es)é(er)]
is a supercommutator. The first part follows. The second part is trivial. W

Remark This simple algebraic fact plays significant role in the proof of local
index theorems and is the reason for the so-called “fantastic cancellations”.
Remark Note the equivalent statement that trace vanishes on all ¢(er) except
the scalars.

Lemma 3.5.3 For A = (A;;) € so(n), we have
Try(ezAis(e)e(ei)y = on/2(_1)"/2 A=1(2/=T1A)Pf(2V/—1A).

Proof: First of all, the same proof for Pfaffian shows that the left hand side is
invariant under the adjoint action of SO(n). Thus we can assume that A is in

block diagonal form,
(4%)
-y1 0

A =
( 0 Yn /2 )
“Yny2 0
Hence,
n/2
TrS(Q%Az‘jE(ei)é(ey)) — Trs(ez yié(em—l)é(em)) — TTS(H eyz‘5(€2i—1)5(62i))
i=1
n/2
= H(COS Yi + sin yié(egi_l)é(ezi))
i=1
n/2
= 2" (—y/—1)"/? H siny;
i=1
= 2"2(—1)"2A7 1 (2V/=1A)PE(2V—1A).
Here we have used the previous lemma. [ |

Remark Using the previous remark, we also have
Tr(e%AwE(ei)é(ej)) — 9on H oS Y;
= 2"ATY(2V/=1A)L(2vV—1A),
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where
x/2

L) = tanhz /2"

Noting that the equality in the lemma extends to even differential form
valued endomorphisms, we plug in A = 74£TFIR, ie., 2v/=14 = E, to obtain
the Gauss-Bonnet-Chern formula.

2). Hirzebruch signature fromula—Our second classical example concerns
the signature of a closed oriented manifold, a topological invariant, defined as
follows.

Let M be a 4k dimensional closed oriented manifold. The cup product
defines a bilinear form on the middle dimensional cohomology,

B: H?*(M,R) x H*(M,R) — R (5.40)
@8) — @uaM = [ ans.
M

The second interpretation uses de Rham theory. By Poincaré duality, B is
non-degenerate. It is also symmetric. The signature of M is defined to be the
signature of this symmetric bilinear form B,

7(M) = sign B. (5.41)
Note that
T(M)=dimVy —dimV_
where V. are, respectively, the maximal subspace of H2*(M,R) on which B is
positive (resp. negative) definite.
Remark The signature is clearly a homotopy invariant.

It turns out that the signature 7(M) is the index of a geometric differential
operator. To see this, we first recall that the Poncaré duality for a closed
oriented Riemannian manifold of dimension n can also be expressed in terms of
the Hodge x-operator,

x: APM — A""PM.
It is characterized by the equation
a A *8 = {(a, f)dvol.

We also note the following basic properties:

i). #2 = (=1)("*DP on AP M.

ii). d* = (—=1)"P+D+1 4« dx on QP(M).

iii). * is parallel with respect to the Levi-Civita connection.
Now let n = 4k and set o = (—1)P(P~1/2+k% on APM. Then

oc: N"M — A*M
is a Zo-grading: ¢ = 1. Thus
ANM =N, Mo AN M (5.42)
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decomposes into the £1-eigenspaces of o. The forms in A% M are called self-dual
(resp. anti-self-dual).
Also, d* = —odo, which implies that d + d* anti-commutes with o,

o(d+d*) + (d+ d*)o = 0.

Hence o commutes with A = dd* 4+ d*d. Therefore, o induces an automorphism
on the space of harmonic forms H* = ©,HP, HP = ker A:

o: H" — H*.

Thus,
H =H, & H".

Note that
o=x: NFM — A*M

leaves the middle degree forms invariant. Thus
H = 33 @ 32
Lemma 3.5.4 We have
7(M) = dim H2* — dim 3.

Proof: If « #0 € J—Ci’“, then o = *a. Therefore,

Bla,a) = /Ma/\a

= / a N\ xa
M

= /|a|2dvol>0.
M

Similarly, o # 0 € H2*, then o = — % . Hence,
Bla,a) = —/ la|?dvol < 0.
M

The lemma follows. [ |

Coming back to the operator d 4+ d*, since it anti-commutes with o, it will
be of off-diagonal form with respect to the splitting (5.42).
Definition: [Signature operator] The operator

A= (d+d*): C®(M,A" M) — C®(M,A* M)

is called the signature operator.
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Lemma 3.5.5 The index of the signature operator is the signature,
indA = 7(M).
Proof: We have
indA = dimker A — dimker A* = dim H’ — dim H*.

Now,
H* = H* @ (prarHP)

and the splitting is invariant under o. Therefore,
HE = HE @ (Dprean ) £

We now see that the contributions from dimensions other than the middle
dimension cancel out. In fact,

BpcaH?  —  (BprorHP)+

1
a — 5(04 toa)
defines an isomorphism. Hence
dim(@p;ﬁgkg{p)i = dim @p<2kj‘fp.

Thus,
indA = dim H2* — dim H* = 7(M).

Applying the Atiyah-Singer index theorem, we arrive at

Theorem 3.5.6 (Hirzebruch signature theorem) Let M be a closed ori-
ented manifold of dimension 4k. Then

0= [ LG,

Proof: To compute the right hand side of the Atiyah-Singer index theorem, we
follow the same route as the Gauss-Bonnet-Chern and arrive at

indA:2"/2/ L(E):/ L(E),

where L(z) = /2 while L(z) = —2—. The apparent difference in the

tanh z /2 tanhx *
formulas produce the same result when integrated over M, since we only take
the top degree forms and the factor 2"/2 clearly compensates for the change of

scale by % |
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In particular, in dimension 4,

Thus,
(M) = —8A(M)

for 4-manifolds. Now A(M ) is an integer if M is spin. Therefore, the signature
of a 4 dimensional spin manifold is a multiple of 8. In fact, one has

Theorem 3.5.7 (Rohlin) The signature of a 4 dimensional spin manifold is
a multiple of 16,
7(M*) =0 mod 16.

When dim M = 8, the signature formula becomes

(M) = 2 (Tps ~ ) (M)

This formula played a crucial role in the discovery of exotic sphere.

Remark Thinking about spaces one step more complicated than the spheres,
Milnor considered closed manifolds M?" of dimension 2n which is (n — 1)-
connected. By Poincaré duality, all cohomology groups are trivial except the
top, the bottom and the middle:

H(M)=7, H"(M)=Z®---®Z, H*™(M)=Z.
Homotopically, such spaces have a simple structure:

M?™ =y, (S™V -V ST Uy e

where 2"

is a 2n-cell and f attaching map. Clearly, signature plays an impor-
tant role in the study of such spaces.

Assuming now that dim H"*(M) = 1, then 7(M) = +1. By fixing the ori-
entation, we can assume that 7(M) = 1. In dimension 4 (2n = 4), CP? is the
only space satisfying these assumptions. Things are more interesting in dimen-
sion 8 (2n = 8). In this case, M® ~} 5% Uy €8, and Whitney showed that the

homotopic S* in fact can be made to be smoothly embedded,
St M.

Thus M3 is made by attaching an 8-cell €® to (the disk bundle of) the normal
bundle v(S4).

This leads Milnor to studying rank 4 vector bundles E — S*. Such bun-
dles can be constructed as follows. Decomposing S* into the upper and lower
hemispheres,

D*=DtuD?,
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E can be obtained by gluing two trivial bundles on D% by the gluing map
(transition function)

f: 8% —S0(4).

Now, R* = H can be thought as the quaternions, and S C H the unit ones.

Setting
Fla)y = o'yt
gives us a family of rank 4 vector bundles E; ;.

Let NN; ; be the sphere bundle of F; ;. It is the boundary of the disk bundle,
to which the 8-cell is attached. Thus, we must require IV; ; to be a 7-sphere, if
it were to be used to construct the 8 dimensional manifolds considered above.
It turns out that for N; ; to be a homotopic sphere if and only if ¢ +j = £1. So
take 7 = ¢ — 1. In this case, Morse theory shows that it is in fact a topological
sphere.

The question now is: is it also a differentiable sphere? If so, one would be
able to construct a smooth manifold M?® as before, whose signature is one,

1
L= (M%) = = (Tp2 = p1) (M"),
Or equivalently,
(M) + 45
pZ(MS) — pl( ; )

The first Pontryagin class can be computed explicitly, using the isomorphism
HY(M®) — HY(SY),

pL(M®) = 2(i — j) = 2(2i — 1).

Hence, if N;;_1 is a differentiable sphere, the associated 8-manifold M3
would have
4(2i —1)% + 45
- .
Keeping in mind that Pontryagin classes are integral, we gingerly plug in ex-
perimental values of i:

pa(MP) =

The rest is history.

3). Riemann-Roch Theorem—Let M now be a closed Kahler manifold of
dim¢c =n. If E — M is a holomorphic vector bundle with an hermitian metric
and unitary connection V¥, its arithmetic genus is defined as

X(M,E) = (~1)¢dim H(M, O(E)). (5.43)

q=0
Now recall that & = A%*M ® E is a Clifford module with associated Dirac
operator D = 1/2(0+09*). Further o = (—1)? on A% M ® E defines a Z,-grading
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on the Clifford module €. From Delbeault theorem and the Hodge theory we
deduce that
indD* = x(M, E).

Applying the Atiyah-Singer index theorem we arrive at the Riemann-Roch-
Hirzebruch theorem.

Theorem 3.5.8 (Riemann-Roch-Hirzebruch theorem) With the assump-
tions as above, one has

VIR )
T )

(M. B) = [ TaE ) e

V—1FF
2
where R0 is the curvature of the holomorphic tangent bundle TV°M and the

Todd genus is defined in (2.16).

The derivation is similar to the previous two examples so rather than going
through it we look at a special case of the theorem: M a Riemann surface (i.e.,
n =1) and F = L a holomorphic line bundle. Then

VIR VIR0 JIFP

V—1F¥

Td( 27 )=1- 47 - ch( 2w )=1- 2w
Thus the Riemann-Roch-Hirzebruch theorem becomes
v—-1
dim H°(M, O(L)) — dim H*(M, (L)) = —~— [ (R"° +2F%).

47 M

To see what the right hand gives, we let L be the trivial line bundle first. In
this case, dim H(M,O(L)) = 1 and dim H*(M,O(L)) = g is the genus of M.
Hence the above formula gives

YL [ o,

1 — =
g 47T M
On the other hand
v—1
—~ = | Ff=degL
271' M

is the degree of the holomorphic line bundle L. Therefore, the Riemann-Roch-
Hirzebruch theorem can finally be stated as

dim H°(M, (L)) — dim H*(M,0(L)) =1 — g + deg L.

This is the classical Riemann-Roch formula.
Remark If M is complex but not Kéhler, then D = v/2(9+ 0*) +1.0.t.. By the
stability of index, the Riemann-Roch-hirzebruch formula still holds.

The classical examples all come from some complexes. This is generalized by
Atiyah-Singer to the so called elliptic complex, which consists of vector bundles
Ey,- -+, E,, together with

D: 00— C®E) 2 oxE)2 ... Pt 0B, — 0
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such that
1). each D; is a differential operator of order p;
3). for any nonzero cotangent vector £ € To M,

0 (Eo)s " 22O (), “PO . oPn© by g

is an exact sequence.
Define the index of the elliptic complex by

indD = » (~1)" dim H'(D),
=0

where '
H (D) = ker Di/ImDi_l.

The Atiyah-Singer index theorem in this case states

indD = (—1)" <6(T1*M)(Z(—1)ich(Ei))Td(TM ® <C)> [M]. (5.44)
=0

A single elliptic operator P : C*°(E) — C*(F) corresponds to a (much
shortened) elliptic complex

0— C®(E) L c=(F) —o.

3.6 Proof of the local index theorem

A great theorem such as Atiyah-Singer index theorem has great many different
proofs, each having its own merits. We indicate the proof of local index theorem
modelled after Getzler. We will concentrate on the Dirac operator and make
remarks for the general Clifford module.

The outline is as follows:
Step 1—McKean-Singer formula for the index;
Step 2—Ilocalization; usually via the asymptotic expansion of heat kernel;
Step 3—Getzler’s rescaling;
Step 4—heat kernel for generalized harmonic oscillators.

We now start with Step 1. Thus, let M™ be a closed even dimensional spin
manifold, and

D: C*®(M,S)— C®(M,S)

the Dirac operator acting on spinor fields. Recall that o = ¢(wc) is a Zs-grading
on S, and the heat equation method gives

indD* = Tr,(e*P%).

Since D is a self adjoint elliptic differential operator, the spectrum of D?
consists of eigenvalues of finite multiplicity. Let ¢ € C*°(M,.S) be a spectral
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decomposition of D?. That is, ¢ is an orthonormal basis of L?(M,S) which
are eigensections of D? with eigenvalue Ay,

0< A <A< KA <
Then the heat operator

e~tP* . 0°°(M, S) — C*°(M, S)

is given by
2 o0
(e s)(x) = Y e (s, on)pn(@)

k=1
M

where -

K(ta,y) = e Mop(z) @ ¢i(y)
k=1

is called the heat kernel of D?. Here ¢} (y)s = (¢} (y),s(y)) is the metric dual.
Hence,
K(t,z,y): Sy — Sy.

We record the basic properties of heat kernel in the following proposition.

Proposition 3.6.1 1. The heat kernel depends smoothly on x,y € M and
t € R = (0,00). That is,

K(t,z,y) € C°(Rt x M x M,7;S @ 7558%),

where T, (resp. wa) is the projection onto the first (resp. second) M factor.
2. The heat kernel K(t,x,y) satisfies the heat equation with respect to either
variable,

(0 + DQ)K(t, x,y) =0.

3. The heat kernel converges to the delta function as t goes to zero.

Consequently, using Lidskii’s theorem, we have
indD*t = / Trs (K (t, 2, z)dvol. (6.45)
M

This is the McKean-Singer formula. Note that K(¢,x,2) : S, — S, ie.
K(t,z,z) € End(Sy).

Example: In R", D? = Al with A = - 88—;. Since u = e~ *2 f is the solution
of the initial value problem '

{ (O +A)u=0, t>0,
u|t=O:fa
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one can solve using any standard method (Fourier transform, for example) to
obtain

e B f(x) = u(x) = A K(t,z,y)f(y)dy,
where )
K(t — —le—y|*/4t_

In particular, the heat kernel along the diagonal

1

K(t,fl’,w) = W

is singular as ¢ — 0. Note however, in taking supertrace, we have the difference
of two heat kernels. The “fantastic cancellation” conjectured by McKean-Singer
says that, in fact, all singular terms cancel out, leaving us with the local index
density:

, R
}LI%T‘rS(K(t,m,m))dx = A(g

). (6.46)
This is now referred as the local index theorem.

Step 2: For small time, the Euclidean heat kernel approximates any heat
kernel. This leads to the asymptotic expansion for heat kernel.

Theorem 3.6.2 We have an uniform asymptotic expansion ast — 0

1

K(t,x,w) ~ W

[ap(z) + ar(x)t + - -~ak(x)tk +--]

where ay () is a universal polynomial in the derivatives of coefficients of D? at
x.

In particular, the limit as ¢ goes to zero of Trs(K (¢, z,z)) depends only on the
operator D? near x. This enables us to localize the problem to a neighborhood
of x.

We now fix a point xg and let x be the normal coordinates around zg. Thus
z = 0 at xg. We trivialize the spinor bundle S in the normal neighborhood
by parallel translation along radial geodesics from zy. In fact, by extending
everything trivially outside the normal neighborhood, we can assume that M =
R”™ with a metric which is Euclidean outside a compact set.

For simplicity, we will first see what the usually rescaling will give us. The
usual rescaling is obtained by dilating the coordinates. Namely, given € > 0, for
any section a(t,x),

(6ca)(t,z) = a(et, eéx).

Then, clearly, we have

lim Tr(a(t,0)) = ELI% Tr(dca)(t,0).

t—0
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We will of course napply this to a(t,z) = K(t,=,0), the heat kernel for D?.
On the other hand, €2 §.K is the heat kernel K, for
D? = 5. D% L.
Here the factor €2 is from the volume form (or the measure). Therefore
}ii% t2Tr(a(t,0)) = t2 lg% Tr(e? (6.a)(t,0)).

Now, )
D? = Alds + O(e?).
This can be easily seen from the Lichnerowicz formula and the local formulas

Sca(t,x)6 " = a(et,e%x); 80,071 = e—%am,

where the smooth function a(t, ) acts as multiplication. Since the coefficients
in the asymptotic expansion for heat kernel are universal polynomials in the
derivatives of the coefficients of the operator at the given point, it follows that

lim Tr(e2 (6.K)(t,0)) = lim TrK(t,0,0) = Trko(t,0,0).

oey|2
Here Ko(t,z,y) = We_i‘ - Idg is the heat kernel for D2 = Alds. Com-
bining all these, we obtain

. n rankS

This, up to a Tauberian theorem, is the Weyl’s asymptotic estimate on
eigenvalues of Laplacian. It is essentially the leading term aq in the asymptotic
expansion of the heat kernel. It is of course far away from the local index
theorem, which concerns the n-th term a,,.

Step 3: Getzler’s rescaling is a modification of the usual rescaling that
captures the essence of the “fantastic cancellation” through supertrace. Roughly
speaking, it is a rescaling that incorporates the Clifford degrees. Recall that
K(t,xz,x) € End(S;) are linear combinations of Clifford multiplications c(es)
where I = i1, ,ip,71 < --- < 4, are multi-indices. In fact, since we have
trivialized the spinor bundle S, this continues to hold true for K (t,z,0). Now,
roughly speaking, for any

at,r) =Y ar(t,z)e(er),
I

the Getzler’s rescaling is defined as

(0ea)(t,z) = Z ay(et, 6%1‘)6_']‘/26(81).
I

Here |I| = p is the order of the multi-index.
Similar to Lemma (3.5.2), we have
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Lemma 3.6.3 ForI={iy,---,i,} C {1,2--- ,n},

_ 0’ ifl#{lv2"'7n}7
Trs(c(er)) = { (_2\/f1)n/2, if (i1, ip) = (1,---n).

Proof: The proof is the same, with c(ey) replacing ¢(ey) (also note that dim .S =

on/2), [
Thus, we have
Lemma 3.6.4 For any a(t,z) = >, ar(t, z)c(er),

}iH(l) Trs(a(t,0)) = lir% Try (e (6ca)(t, 0)).

Once again, K (t,z,y) = €2 (5.K)(t, z,y) is the heat kernel for
D? = e5.D?671,

provided we define what is the rescaling on the spinors. To this end, we embed
S into A*M, in which the Clifford multiplication becomes

cle;) = ;N\ — ie,.
We now rescale A*M by its degree:
dc(es, N Ney,) = e P 2e Ao A €i,-

This rescales S accordingly.
And once again, to compute D?, we have

5ef<ta x)(S;l = f(€t7€%m); 553175;1 = 6*%31“
where f(t, ) is a scalar function. However, we also have now
Scc(ei)o ! = cc(er),

where
_1 1.
cele;) =€ 2e; A\ — €2i,,.

In particular, we note that

lin% e%ce(ei) =e;N.

€—

Now we define the Getzler’s recaling on the kernel functions accordingly. For
any a(t,z) =Y ;ar(t,z)c(er),

(bca)(t,z) = Z ay(et, e%x)cg(ej).
T

Then, we have
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Lemma 3.6.5 For any a(t,xz) =Y, ar(t,z)c(er),
lim Tr, a(t, 0)) = (~2v/=1)"/?[lim €% (3a)(t, 0],
where [ |,y means taking the degree n term (the top degree term,).

Proof: We have lim; .o Try(a(t,0)) = (—2v/—1)"%a12..,,(0,0). On the other
hand, lim, g €% (6.a)(t,0) = a12..,(0,0)e; A --- A e,. Comparing the two we
have the desired identity. [ |

By the Lichnerowicz formula,
D? = V'V 4+ B
_gij (Op, + i&ab(azi)c(ea)c(eb))(arj + i&ab(axj )e(ea)c(er))
JrgijI‘fj(axk + id)ab(axk)c(ea)c(eb)) + %.

Here x4, - ,z, are local coordinates near the origin 0, which we can choose so
that
2
9i7 = 04 + O(|z[%),
and e, --,e, are orthonormal basis which we choose to be obtained from
parallel translating 0, ,--- , 04, at 0 along radial geodesics. From Riemannian

geometry, we have
Wab(0z;) = _%Rijabxj +0(|z[?),
where R;jqp is the curvature tensor at the origin 0 It follows then
D? =L + O(e),

where 1
L==> (0n — ;0z))”
i
is the generalized harmonic oscillator. Here
1 a b
Qij = §Rijabe Ne
is the curvature 2-form at the origin. And we conclude that K. converges to
K, the heat kernel of the generalized harmonic oscillator L.
Step 4: It turns out that the heat kernel for £ can be computed explicitly.
We first look at the case of the harmonic oscillator.
On the real line R, the operator
d? 2.2
is called the harmonic oscillator. Without loss of generality, we let A = 1, the
general case being a change of variable. Note that

H=ast —1=0a"a+1,
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with annihilation and creation operator given respectively by

a=(Lia), o=l

1.d
idr g

T —x).

They satisfy
[H,a) = —2a, [H,a*]=2a", [a,a™]=2.

The eigenfunctions of H are obtained by applying the creation operator a™
to the vacuum ug = e~%*/2 wwhich is solved from the equation aug = 0. Thus
ug, = i*(at)*ug = Hy (m)e‘x2/2 is an eigenfunction of H with eigenvalue 2k + 1,
where Hy(x) is the k-th Hermite polynomial. Since wuy forms a complete basis
of the L? space, this gives the spectral decomposition of H. In particular

1
1—e2t " 2ginht’

Tr(eftH) _ Z 67(2k+1)t — et
k=0

Lemma 3.6.6 (Mehler’s formula) The heat kernel of H is given by

1

1 2t 1/2 1
) sinh th

K(t = — - -
(t2,9) (47Tt)1/2(sinh2t exp( 2 tanh 2¢

(2 + %) +

Y).

Proof: We present two proofs here.
First proof: Since H is quadratic both in differentiation and multiplication and
is self adjoint, we start with the ansatz

K(t,z,y) = exp(a(t)x?/2 + b(t)zy + a(t)y®/2 + c(t)).
Then
(O+H)K (t,x,y) = [a' (t)2?/24+V (H)xy+a’ (t)y? /24 () —(a(t)x+b(t)y)? —a(t) +22| K (t, 2, y) = 0
gives us ODE’s
—d=ad>-1=0%, =a,
which yields

1

a(t) = —coth(2t+C), b(t) = sinh(2t + C)

1
, c(t) = -3 log(sinh(2t+C))+D.
Initial condition then gives C' = 0 and D = log(27)~'/2. This is the Mehler’s
formula.
Second proof: The second proof explores the algebraic structure in harmonic

oscillator. Let
X=-0% Y=22 Z=2x0,+ 0,

Then H = X +Y and

[X,Y]=-2Z, [X,Z]=4X, [Y,Z]=—4Y.
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That is X,Y, Z generates the Lie algebra sl(2,R). In fact the isomorphism is
given by
X—=2ny, Y—=2n_., Z-— 2

(01 B 0
"={oo) "7L1o0

are the standard generators for si(2,R).
Now it can be computed that

where

o
~_
Q
I
7N
O =
=
[

)

eft(2n++2n,) — 67201(t)nJr6724:73(t)o¢67202(t)n,7

with .
o1(t) = oa(t) = A tanh2t, 273(") = cosh 2t.
Thus,
eftH — efﬁl(t)XeO'g(t)Zefo'z(t)Y'

Since

e_"lXu(x) = (471'01)_1/2/e_(”_y)2/4”1u(y)dy,

e Y u(z) = e*””Qu(x),

e Zu(z) = e%u(e?x),

composing according to the above formulas, we obtain

eHu(z) = / K (t, 2, y)u(y)dy,

with
exp([—3 (cosh 2t) (2% + y?) 4 xy]/ sinh 2t)

K(t,z,y) =
(t,2,9) (27 sinh 20)1/2 ’

which is the Mehler’s formula. [ |

By a change of variable, we have that the heat kernel for —j—; + 2222 is

1 22Xt

A
(47t)1/2 (sinh 2\t

~ 2tanh 2)\tx

K(t,,0) = /2 exp( 2).

On R", we define a generalized harmonic oscillator to be

1
H=— Z(@xl + EQijIj)27

K2

where = (€;;) is an n x n skew-symmetric matrix.
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Lemma 3.6.7 The heat kernel for the gemeralized harmonic oscillator H is
given by

1 tQ/2 1 tQ/2
% _ /2 (4= —— == (R I
(taxao) (4ﬂ.t>n/2 det (Slnth/2> eXp ( 4t (tanth/2>” v xj)

Proof: One verifies the heat equation and initial condition for K(¢,xz,0). We
just look at the heat equation, the initial condition being easy:

(9, + H)K(t,z,0) = 0.

Since both sides are analytic with respect to the coefficients €);;, it suffices to
prove the result when € is a real matrix (our final 2 is a 2-form valued matrix).
In a suitable orthonormal basis, 2 can be block diagonalized into 2 x 2 blocks.
Thus, the problem reduces to the case when n =2, and Q15 = A, Q97 = —A. In
this case,

A A
H = —[07, + 07, + ()@l + 23)] = 5 (2200, — 210s,).

1 tA/2 12
K(t,2,0) = — = M2 ).
(t,2,0) Amrt sint\/2 P < 4t tant)\/Z‘x| )

By the previous lemma, K(¢,x,0) is the heat kernel for the first part of H,
—[02, + 02, + (3)*(x? + 23)]. To see that it is also the heat kernel of H, we
simply note that K (t,z,0) is a function of |x|?, and hence is annihilated by the
infinitesimal rotation —3 (220,, — 19s,). [

Combining all the discussion above, we have proved the local index theorem
for chiral Dirac operator.

Theorem 3.6.8 Let M™ be a closed spin manifold of even dimension and
K(t,z,y) the heat kernel for D*. Then

tlgr(l) Trs (K (¢, z,z))dx = A(%)
Proof: We compute
lim Try (K (t,,2)) = (=2v/=1)"/2[lim ¢% (8K) (¢, 0)] )

= (=2V=1)""*[Ko(t,0,0)](n)

9 1 1/2 13/2
= (VD) et (sinht/ﬂ/2>](”)

Q/dn
— 2 (4R
[det (sinh Q/47r> Jmy-
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