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Introduction and statement of results

In this paper we shall study the Galois module structure of certain Kummer
orders obtained by dividing torsion points on an elliptic curve.

Let E be an elliptic curve defined over a number field F. We suppose that
all endomorphisms of £ are defined over F, and that E/F has everywhere good
reduction. For any field L, we write Oy, for its ring of integers and L¢ for an
algebraic closure of L; we set Q; = Gal(L‘/L).

Let p > 3 be a rational prime, and write G; for the subgroup of elements of
E(F°¢) which are killed by the endomorphism [ p'] of E. Let B;(F) = B; denote
the Op-Hopf algebra which represents the Op-group scheme of [ pJ-torsion on
E, and let A;(F) = A; be the Cartier dual of B;. A detailed description of
these algebras is given in [T] (see also [ST]). There it is shown that B; is an
Op-order in the algebra B;(F) = B; = Map(G;,F¢)?F, and U; is an O order
in the algebra 4,(F) = 4; = (F°G,)* (where here Qr acts upon both G; and
F€). (Here and elsewhere we shall omit from our notation the dependence of
our constructions on the underlying field ' unless there is some danger of
ambiguity.)

Suppose that Q € E(F), and write

Go(i) ={Q' € E(F°): [p'10' = 0} (0.1)
Define the Kummer algebra Fp(i) by

Fo(i) = Map(Go(i), F©)* (0.2)
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Then [Fp(i) : F] = |G|, and 4; acts on Fy(i) via

<f- 2 a.qg) Q) =3 a, /(0" +9) (0.3)

g€G, geG,

for f € Fp(i) and 3_ ;a,9 € 4.

Let Op(i) denote the integral closure of O in Fy(i). In general Op(i)
does not admit an action of ;. We define the Kummer order €y(i) to be the
maximal W;-stable submodule of Op(i), i.e.

Co(i) = {x € Op(i) | x.U; € Op(i)} (0.4)

It is shown in [T] that €p(i) is a twisted form of B;, and that €y(i) is a
locally free U;-module. Thus Cy(i) defines an element (€p(7)) in the locally
free classgroup CI(;) of ;. Hence we obtain a map

W E(F) — CI(;) (0.5)

given by y(Q) = (€p(7)). Since E/F has everywhere good reduction, the map
i 1s a group homomorphism (see Theorem 1 of [T]), and y4(Q) = 0 if and only
if €p(7) is a globally free U;-module. (We remark that in [T] it is assumed that
E has complex multiplication. This assumption is not necessary for setting up
the basic theory. See [BT] and [Al].) For an interesting geometric description
of the homomorphism y; in terms of line bundles on £ and the connection
with a Galois-module theoretic analogue of a now classical conjecture of Tate,
we refer the reader to [Al].
The following result is a special case of Theorem 1 of [ST].

Theorem (Srivastav-Taylor). Suppose that E is a CM elliptic curve. Then
E(F)tarsion g ker(l//,)

This theorem gives information regarding the Galois module structure of
rings of integers of certain abelian extensions of F'. It may therefore be regarded
as yielding an integral version of the Krdnecker Jugendtraum.

The purpose of this paper is to prove the following result.

Theorem 1. Suppose that E is an elliptic curve. Then E(F )orsion C ker(y;).

The proof of Theorem 1 depends upon the use of elementary intersection
theory to prove integrality results concerning certain resolvent elements that
arise as special functions on E. Our methods differ from those of previous
authors (see e.g. [ST], [CNS], [CNT]) in that we avoid the use of modular
functions and the g-expansion principle in obtaining such integrality statements.
We remark that the techniques introduced in this paper may also be used to
prove an analogue of Theorem 1 in the function field case, and we refer the
reader to [A2] for further details. Finally, we mention that the situation in
which p < 3 has been studied by several authors in the case of CM elliptic
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curves (see [CNS] and the references quoted therein). It seems almost certain
that the intersection theoretic methods of this paper may also be used to obtain
partial results similar to those contained in [CNS], although we have not carried
out this project.

1. Preliminary results

In this section we recall certain results from [T], [BT], [Sh] and [ST] that we
shall require.

We begin by describing the relationship between (Cp(i)) € C/(Y;) and
(€p(j)) € CA;) for 0 < j < i, using the methods of Sect. 2 of [ST].

The natural surjection [p/] : G; — G; induces a surjective homomorphism
A; — A; of Hopf algebras (which we shall also denote by [p'~/]) given by

(P71 (Z ow) = ¥ o([p1g). (L.1)

gea, geG,

Similarly, the inclusion G; — G; induces an inclusion 4; — 4; of Hopf alge-
bras. Since these maps are induced by homomorphisms of group schemes, we
can pass to the integral level and deduce that U; may be viewed as either a
quotient algebra or a subalgebra of ;.

Next, we observe that G; acts on Map(G;,F¢) via translations, i.e.

fUh)y=flg+h) Vf€EMap(G,F),g.h € G, (1.2)
The isomorphism G;/G; ~ G,_; induces identifications
FGij = (F°G;)Y (1.3)

and
Map(G;_;,F®) = Map(G;, F°)%. (1.4)

The identifications (1.3) and (1.4) in turn induce isomorphisms of 2;_; with
a subalgebra of U; and B,_; with a subalgebra of B;.

Proposition 1.1. There are isomorphisms

Fo(j) ~ Zi_j.Fo(i) (1.5)
as A;-modules, and
. 2 .
Co(j) ~ F_%.%(z) (1.6)

as W-modules. These isomorphisms are compatible with the inclusions
Co(j) — Fo(j) and Cp(i) < Fp(i).

Here X, j = Xycq, g viewed as an element of A;, and 4; ( resp. W;) acts
on the right hand side of (1.5) (resp. (1.6)) via the homomorphism [ p'~/].
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Proof. See Sect. 2 of {ST], especially Proposition 1. (It is assumed in [ST]
that £ has complex multiplication, but this assumption is not necessary for this
particular result.) I

The following result is an immediate consequence of Proposition 1.1.

Proposition 1.2. Suppose that Qy(i) is a globally free W;-module. Then
Co()) is Wj-globally free for all 0 < j < i. [

Proposition 1.2 implies that, in order to prove Theorem 1, we may replace

p' by a higher power of p. Let [ and [’ be distinct odd primes not equal

to p. Then, by replacing p' by a higher power of p if necessary, we shall
henceforth assume that

=1 mod(ll'). (1.7)

We next observe that it follows from the definition of €y(7) that y;(Q)
in fact depends only upon the image of Q in E(F)/p'E(F). Hence, in order
to prove Theorem 1, we may assume that Q € E(F) is a p-power torsion
point. We shall make this assumption from now on. Observe that, with this
assumption, we have

P(€y(i)) =0 (1.8)

in CI(U;).
We shall now describe certain results concerning the algebras 2; and B;.
For each prime q of O, let G, denote the O, -group scheme obtained
by localising and completing the Op-group scheme afforded by G; at g. Then
there is an exact sequence

0— G}y — Gig — Gy — 0 (1.9)

of Op4-group schemes, where Ggq is the connected component of the identity
of Gig, and G, is the maximal étale quotient G, /GY, . The group scheme Gj,
is represented by the algebra B = Map(G;,(F), OF; y¥; we remark that
B;, is the unique maximal order in the algebra B = Map(G| (F;),Fy ¥

Let F(X,Y) € Og,[[X, Y]] denote the formal group afforded by the kernel
of reduction modulo q on E(Fy). If b is an endomorphism of £, we write
[6](X) for the power series corresponding to the induced endomorphism b of

& (X Y). Define an Opq-ideal f; of Of, [[X]] by

fa =[P Op, [IX]). (1.10)

Then the algebra B), := OF,[[X]]//; represents the group scheme GY (see
e.g. 11, Sect. 7 of [BT]). Here BY, is viewed as an order in the algebra
BY, = Map(G? (F¢),F$)% via the rule that

[b)X Xg) = [b)(g) (1.11)

0
for g € G}, (F¢), where g denotes the parameter for g on the formal group & .
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Let %,q denote the local completion of the algebra B; at g, and set

Biq(F) = Big = Bigq Qo,, Fq- The exact sequence (1.9) splits when restricted

to the closed fibre of Spec(Op ) (cf. e.g. [Sh] p.68). Hence there are isomor-
phisms of algebras

B, ~ B, @B, (1.12)

and
Biq ~ B, ®B),. (1.13)

Write j: B;qg — ng for the obvious projection map. We record the following
result for future use.

Proposition 1.3. Let I;, denote the maximal order in the algebra B;,. Sup-
pose that n € Wy is such that j(n) € BY,. Then n € Byq.

Proof- This follows easily from the immediately preceding discusion together
with the fact that B; is the maximal order in B;,. O

It follows from the argument given in Sect. 2, Proposition 1 of [T] that
the algebra 2; is described explicitly by

A; = {p“i Y. f@)g:f € fB,}- (1.14)
9geG,

If M/F is a finite extension, then, since E/F has everywhere good reduction,
we have that

Bi(M) = B(F) Qo Ou, W(M)=U(F)Qo, On (1.15)

and
B,(F) = B(M)¥,  W(F) = W(M)¥. (1.16)

We shall now give an alternative description of Go(i) as a Q-twist of the
algebra ‘B; (see Sect. 4 of [T]).

Let N/F be a finite extension containing the coordinates of G; and Gp(i#).
Then there is an isomorphism of N-algebras (and A;-modules) B{N)~ Np
induced by translation by any @’ € Gp(i). So there is an isomorphism of N-
algebras and 4;-modules given by

¢:Bi®r N — Foli)®r N (1.17)

where &(b @ n)(Q' + g) = b(g)n for b € B;, n € N, and g € G;. (Here Qp acts
on both terms of (1.17) via the second factor.) Then we have

Co(i) = [&(B; ®o, Oy (1.18)
For any finite extension M/F, it follows that

Co(D) (M) = Co(i)(F) R0, Ow,  Co(D)(F) = Co(HM)* . (1.19)
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We conclude this section by recalling the following result from [T] regard-
ing a change of basefield. For any finite extension M/F, there is a commutative
diagram
Vi M
—

E(M) CI(AM))
Tragr l l Res (1.20)
EF) Y5 )

where Tryyr is the trace map, and Res is the restriction map on classgroups
defined in Sect. 4 of [T].

2. Néron symbols and intersection multiplicities

In this section we shall recall some elementary facts conceming intersection
theory on curves and arithmetic surfaces. For full details, we refer the reader
to Chapter III of [L] and to [G].

Let N be a number field, and let v denote a non-archimedean absolute
value on N. Write 7, for a uniformising parameter in Oy, and suppose that v
is normalised so that v(n,) = 1. We write g, for the cardinality of the residue
field of N,, and for each « € N,, we set |a|, = qv_”(“).

Suppose that C/N, is a complete, non-singular, geometrically irreducible
curve, and assume that C(N,) is non-empty. Write Div’(C(N,)) for the set of
elements of degree zero in the free abelian group on C(N,), and view this as
a subgroup of Dit’(C/N,).

If Z € Div®(C/N,) is the divisor of a rational function f, and Z' = 3 n,(P;)
is a 0-cycle in Dit’(C/N,) whose support is disjoint from that of Z, then we
set

f@y=1[rey". (2.1)

(It is easy to see that this is well-defined.)
The following theorem is due to Néron (see Sect. 3 of [G] for a proof).

Theorem 2.1. Let Z € Dit®(C(N,)), Z' € Div’(C/N,), and suppose that Z,Z'
have disjoint supports. Then one can define (in precisely one way) a real
number (Z,Z'), satisfying the following properties:

(1) The pairing (Z,Z'), is bilinear.

(2) If Z' = (f) is principal, then (Z,7"), = log| f(Z)|,.

(3) The pairing is symmetric, ie (Z,Z'),=(Z'.Z), if Z'€
Dit®(C(N,)).

(4) Write supp(Z') for the support of Z', and fix Py € C(N,)\supp(Z'). Then
the map

C(N)\supp(Z') — R

defined by P — {(P) — (Py),Z'), is continuous. [J
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(We remark that the above pairing may also be defined when v is
archimedean, but we shall not require this fact.)

Since we are assuming that v is non-archimedean, the pairing (Z,Z’), may
be described in terms of intersection multiplicities. In order to explain this, we
shall first of all recall some basic facts concerning intersection theory on an
arithmetic surface. (We refer the reader to Chapter III of [L] for further details.)

Set ¥ = Spec(On), and let X be a regular arithmetic surface over Y, with
n:X — Y. Write © for the structure sheaf of X. Suppose that W, W’ are
effective divisors on X without common component, and let x be a closed
point of X. The intersection number i, (W, W') is defined by

(W, W') = length(Dx/(f,9)), (2.1)

where length is that of an O,-module, and W (resp. W’) is represented locally

by a function f (resp. g) in a neighbourhood of x.
The intersection W.W’ is defined by

WW' =3 (W xl; 22)

this is a finite sum and should be viewed as a O-cycle on X.
Let y be a closed point of ¥, with associated valuation v. Then the number
i,(W.W'") (which we shall also sometimes write i,(W.W')) is defined by

B (WW'y = 30 (WWk(x)  k(y)] (2.3)

where the sum is taken over all x € supp(W) N supp(W') lying above y. (Here
k(x) (resp. k(y)) denotes the residue field at x (resp. y).)

Now write Xy for the generic fibre of X, and let Dit®(Xy ) denote the group
of divisors on Xy of degree zero. For any irreducible divisor Z € Div(Xy), its
Zariski closure Z in X is an irreducible horizontal divisor on X. Conversely,
every irreducible horizontal divisor on X arises in this way. Extend the associa-
tion Z — Z by linearity to all of Div(Xy); if Z = ) .n;(P;) is a divisor on Xy,
we write Z = Y, n;(P;) for the associated irreducible horizontal divisor on X.

Suppose that Z,Z’' € Dit®(Xy) and that all the components of Z Z' are
rational over N. Write Xy, for the generic fibre of X Xy Spec(Oy,). Then
Z,7' may be regarded as elements of Dit®(Xy,) with components rational over
N,. Hence, if in addition Z,Z’ have disjoint supports, then we may refer to
(Z,Z"}, as in Theorem 2.1 (cf. [L], Chapter III, Proposition 4.4).

Let X, := n~!(y) denote the fibre of = above y. We are now in a position
to describe the Néron pairing in terms of intersection multiplicities (see Sect.
3 (especially (3.7)) of [G]).

Theorem 2.2. With the above notation, suppose that Z,Z' € Dit®(Xy) have
disjoint supports and that all the components of Z,Z' are rational over N.
Suppose further that X, is smooth. Then,

(2,2}, = —i)(Z.Z))log(g,). O (2.4)
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Remark. If X, is not smooth, then the term i,(Z.Z') in (2.4) must be modified
(cf. Chapter III, Theorem 5.2 of [L]).

3. Intersection multiplicities on elliptic curves

We retain the notation of the previous section, and we suppose in addition that
X is an elliptic surface over Y with X, smooth for each closed point y of Y.
(We continue to write v for the valuation attached to y.)

Suppose that P, 01,0, are distinct points on Xy. We assume furthermore
that these points are rational over N, and we set P’ =P + 0», Q' = O + 0.
Since the map X — X given by T — T + (J, is an automorphism of the surface
X, it follows that we have

iL(PQ,) = iy(P’.Q’). (3.1)
Hence
i)’(P-Ql) = iy(Q-S),

where § = P — (; and O is the origin of the group law on X.

This enables us to apply the following technique (see [S] p. 85-91). Let
w=+0 be a differential of the first kind on Xy, and choose a parameter z such
that @ = dz + (higher order terms) about O. (So we may take z = s/¢, in terms
of Weierstrass coordinates s,7 on Xy.) Write P for the reduction of P € Xy.
Then

i(OP) = 0 if P+0
= v(z(P)) otherwise.

So the local intersection multiplicity i,(O.P) is determined by the parameter
z(P) of P on the formal group about the origin. The following result is an
immediate consequence of the preceding discussion.

Proposition 3.1. Suppose that Z = (P),Z’ = (P') are divisors on Xy which are
rational over N. Then i,(Z.Z") is non-zero only if the points P,P’ coincide
when reduced modulo v. O

4. Special functions

We now return to the setup and notation established in Sects. 0 and 1. Thus,
E/F is an elliptic curve with everywhere good reduction, / and I’ are distinct
odd primes and Q € E(F) is a p-power torsion point. (Recall that p > 3
is a prime satisfying p' = 1(modulo//").) The purpose of this section is to
describe two special functions on E that will play a crucial role in the proof of
Theorem 1.
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Let E; (resp. E;-) denote the group of [ (resp. /') torsion points of E, and
write F(E;) for the field obtained by adjoining the coordinates of the points in
E; to F. Let § and ¢ be two independent /-torsion points. Choose a function
Dy 4, rational over F(E;) such that the divisor of Dyg is given by

1-1 =
(Do) = > (k0) — > (¢ + k0). (4.1)
k=0 k=0

(In what follows, we shall write D for Dy g4.) D(z) and D(z + 6) have the same
divisor, and so,

D(z +0)=wD(z) € F(E)). (4.2)

Since 1.8 = O, it follows that »/ = 1.
We write

W:G,'XG,‘—>/Jpr (43)

for the Weil pairing on G; x G;. Suppose that v € G;. Then we define a ho-
momorphism y, : G; — uy by

w@)=w(ly,v), y€G:. (44)

It follows that the characters of G; are precisely the y,’s.
Next, consider the function H(z) = D(p'z)/D(z). H(z) has neither a zero
nor a pole at z = O and H(Q) = p’. The following result is immediate.

Lemma 4.1. The divisor of the function H(z) is given by

1—

1 I—1
(Hz)= > (K0+g)—>(p+k0+g)|. O
9eG\O Lk=0 k=0

Define the resolvent function R,(z) by

_ 1« D(pz)
Ry(z) = PiyeG,D(Z‘F’Y)XV( 7)- (4.5)

Note that R,(z) is well-defined independently of the choice of D, and that
R,(O) = 1. Also we have (using the fact that p' = 1(II')):

D(p'(z + 0)) = D(p'z + 0) = w.D(p'0), (4.6)
and
D(z+y+0)=wD(z+7). 4.7)
Hence
Ry(z 4+ 0) = Ry(2). (4.8)

We shall now determine the divisor of Ry(z).
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Proposition 4.2. (a) If v= 0, then R\ (z) = 1.
(b) If v=0, then

-1 1

REN= 2 | +kO+g+¢)— Y (k0 +g+ @)

g€G, Lik=0 k=0
where V' is any point in E(F) satisfying [p']v' = v.

Remark. This is Theorem 3 of [ST]. We give an argument below (which is
somewhat different from that in [ST]) for the convenience of the reader and
because we believe that the more algebraic techniques used here may be of
use in treating the case of higher dimensional abelian varieties.

Proof. (a) We have that

, i -1
(D(p'z))= ) [Z(k0+g)~ 2 (¢ +k0+g) (4.9)
9€G, k=0 =0
and I~1 -1
(D(z+7)) :};)(k0~y)—k§;o(¢+k0 -7 (4.10)

Hence D(p'z)~' and 3° . D(z+y)~ ! have the same polar divisor. It
follows from (4.8) that Rp(z) gives a well-defined function on the elliptic
curve E/(6), with at worst a simple pole. This implies, via the Riemann-Roch
theorem, that Rp(z) is constant. Thus we have

Ro(z) = Rp(0) = 1. (4.10a)

(b) Let f,(z) be a function on E whose divisor is given by

(@)= 20 +g9) - X (9 (4.11)
g€G, geG,
where v/ is any point in E(F°) satisfying [p']v’ = v. Then we have
Sz +4) -
=)
for all A € G; (see e.g. [Si] Chapter III, Sect. 8). Define

w(A,v) (4.12)

-1

Fy2) = [[ £tz + k). (4.13)
k=0
Then
-1
(Fu2) =3 | O +g+k0)— 3 (g+kf) (4.14)

k=0 } geG, 4€G;
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and furthermore we have that

Fy(z+7)
Fy(z)

for all y € G;. It follows from the definition of F\,(z) that

=w(ly,v) = 1(y) (4.15)

Fy(z +0) = F\(z). (4.16)

We also have that
Ry(z +7) = R{(2).:(7) (4.17)

for all y € G,.
Next, we observe that

(D)) =% [Z(¢+k0+g)— Z(k0+g)} (4.18)

ge€G, Lk=0 =
and
(F(z—¢)) = 22; [Z(V +¢+k9+g)~kZ(k0+g+¢)} (4.19)
ge 0
Hence
- hLez-¢) &
Polar divisor of = 3 > (k0 + ). (4.20)
D(piz) 4G, k=0
Now
. Ru(z) .
Polar divisor of ——— = Polar divisor of —_— (=
D(p'z) gé,D(zﬂ;) 1(=7)
=1
= > Y .(k0+g) 4.21)

g€G, k=0

Thus, it follows from (4.15)(4.16) that the quotient F\(z — ¢)/R\(z) yields a
well-defined function on the elliptic curve E/(G;, 0) with at worst a simple pole.
This implies, via the Riemann-Roch theorem, that F\,(z — ¢)/R,(z) is constant.
So,

Fy(z — ¢) = c1.R(2), (4.22)

and since R,(Q) = 1, it follows that ¢; == F\(—¢). Thus we have

R\(z) = F/(=¢) "Fi(z - ¢), (4.23)

and now part (b) of the proposition follows. [
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5. Integrality results

We shall now use the results in Sects. 2 and 3 to obtain integrality statements
concerning special values of the functions R,(z) and H(z).

For any finite extension N/F, let &/Ox denote the Néron minimal model
of E/N. If Z =3 .n(P;) is a divisor on the generic fibre &, then we write
Z =) .n(P;) for the Zariski closure of Z on &. Our principal tool will be
the following proposition.

Proposition 5.1. Let f be a function on E with divisor Z, and suppose that
Z' € Dit™(E). Assume also that all components of Z,Z' are rational over N.
Then for each finite place v of N, we have that

ord(f(Z)) = i(ZZ)).

In particular, f(Z') is an algebraic integer if and only if i,(Z.Z') = 0 for
all finite v.

Proof. This follows immediately from Theorem 2.1(2) and Theorem 2.2. []
Fix a choice of v € G; with v+ 0 and set Z; = (R,(z)), Z, = (H(z)) (these

are divisors on E); so

-1 -1
Z=3 [Z(V'+k9+¢+g)—l§(9+k0+¢)] (5.1)

geG, Lk=0
and
-1 I—1
Z =3 {Z(k0+g)—2(g+k0+¢)}. (5.2)
geEGA\0 Lk=0 k=0

(Note that the divisor Z; depends upon our choice of v, although we omit this
dependence from our notation.)

Let i be a primitive I'-torsion point of £, and let § be any p-power torsion
point of E. Define a divisor Z3 on E by

Zy =+ ¥) - (O). (5.3)

Now choose N/F to be a sufficiently large extension that all components
of the Z;’s are rational over N, and regard each Z; as being a divisor on &y.
We observe that

(a) supp(Z3) is disjoint from supp(Z;) U supp(Z;).

(b) Z3 and Z; (i = 1,2) can only intersect on vertical fibres of §/0Oy lying
above places v dividing p, I or . This follows from Proposition 3.1 together
with the fact that Uj.:lsupp(Z /) contains only points that are killed by /,/’ or
a power of p.

In this section, we shall evaluate i,(Z3.Z;) (i = 1,2) for all such finite
places v of Oy.
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Proposition 5.2. If v|l, then

-1

i(Z1.23) = 3 (k6 + $).(0)).

k=0
In all other cases, i(Zy.Z3) = 0.

Proof. Suppose that v t /. Then supp(Z,) and supp(Zs) are disjoint when re-
duced modulo v, and so we deduce from Proposition 3.1 that i (Z.Z3) =0 in
this case.

If v|l, then it follows from the fact that the local intersection multiplicity
is both bilinear and translation invariant (see Sects. 2 and 3) that we have

1—1
iv(Zl-Z3) = Z lv((kg + ¢)(.Q))

k=0

as asserted. (J

We nbserve from Proposition 5.2 that i,(Z;.Z3) = 0 for all finite v, and

that i,(Z,.Z5) is independent of the choice of § and of v+0. For any two
algebraic numbers a and b, write @ ~ b if a/b is a unit. The following result is
an immediate consequence of Propositions 5.1 and 5.2 together with equation
(4.10)(a).
Proposition 5.3. (a) R.(f + ) is an algebraic integer for all p-power torsion
points B of E and all v € G;. Furthermore, R,(B + V) is a unit at all primes
not dividing 1.

(b) Let Sy, B, be any p-power torsion points of E. Then

Ry(Br+ ) ~ R(B2 + )
for all v € G;.

Proof. This follows from the immediately preceding discussion together with
the fact that Rp(z) = 1 for all z. O

We now turn our attention to the function H(z).
Proposition 5.4. If v|p, then
i(ZoZ3) =~ ) ix((2)(9)).

QGGI\Q
In all other cases, i,(Ly.23) = 0.

Proof. Suppose that vt p. Then supp(Z,) and supp(Z;) are disjoint when
reduced modulo v. Hence it follows from Proposition 3.1 that i,(Z,.Z3) =0
in this case.

If on the other hand v|p, then again it follows from Proposition 3.1 to-
gether with the fact that the Jocal intersection multiplicity is both bilinear and
translation invariant that

i(Z2.23)=— 3. i,((8)(0)). O
gEG\O
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Proposition 5.5. H(f + ) is a global unit for all p-power torsion points f.

Proof. Recall that H(Q) = p'. From Proposition 5.1 applied to Z; and Zz, we
have, for each finite place v of N

ord, (%) = i(ZaZs)
ie
ord, (W—+‘—”—)> -~ Y W@ if olp
p gEGN\Q

= 0 otherwise. (5.4)

for all p-power torsion points f.
Set 8 = Q. Then H(}y) = D(p'¥)/D() = 1 (since p' = 1(II")), and so we
have

ordy(p™') = — L i((8)(Q)) if v|p

gGG,\Q
= 0 otherwise. (5.5)

From (5.4) and (5.5) we deduce that ord,(H(f + 1)) = 0 for all finite v
and all p-power torsion points . Hence H(f + i) is a global unit, as asserted.
O

6. Proof of Theorem 1

In this section we shall use our earlier results to give a proof of Theorem 1.
Let us begin by recalling the salient facts concerning the situation with which
we are dealing.

We assume that E/F is an elliptic curve with everywhere good reduction,
and Q € E(F) is a p-power torsion point. The numbers / and [’ are distinct
odd primes, and we suppose further that p’ = 1({/I'). We have that 0 and
¢ are independent /-torsion points, while ¥ is a primitive /’-torsion point of
E.

Let M be the field F(E;; ), and define a function # on E by

_D(p'z+y)
"= D)

Then the functions D(z) and A(z) both lie in the function field M(E). Observe
that A(z) = H(z + /), since  is an /’-division point and p' = 1(I!").

(6.1)

Lemma 6.1. For the field M as above, we have

(M FI(+ (= DI+ 1) = 1)
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Proof. The group Gal(M/F) is a subgroup of GL,(IF;) x GLy(IF;). The result
now follows from the fact that for any prime g, the group GLy(IF,) is of order

g(g+1)g— 1) O

Lemma 6.2. Let w = HCF{I(I + 1)(I ~ 1)?|l%p is an odd rational prime}.
Suppose that ¢ > 3 is a prime. Then gt w.

Proof. Choose a prime /; such that /y = 3(q) and /; % p. (This may be
done, via Dirichlet’s theorem on primes in an arithmetic progression.) Then
gt (I, +1)(I; —1)?, and the result follows. [

Next, we observe that if O is any p-power torsion point in E(F), the
function A defines an element 2y of My(i) by the rule

ho(Q)) = h(Q"), Q' € Go(i). (6.2)

Note that hp(Q') is always finite. If we take Q = O, then we have that
Go(i) = Gj, and (6.2) defines a function 2y on G;. We define a resolvend
element p € 4,(M) by
> ho(g)g™". (6.3)

1
P yea,

Proposition 6.3. Let O € E(F) be a p-power torsion point. Then hg €
Co(i)(M).

Proof. Let N be some large extension of M containing the coordinates of
all points of G; and Gg(i). From Sect. 1 (see (1.17)-(1.19)) it follows that
Co(i)(M) = E(B«(N)) N Mp(i). Hence, since hg € Mp(i), the result will fol-
low if we show that Ay € E(Bi(N)).

Let .#;(N) denote the maximal order in the algebra B;(N). Proposition 5.5
implies that i'l(hQ) € M{N)* (cf. (1.17)). We shall show that £~ '(hg) €
B,(N), for each prime q of Oy.

Set = £~ '(hg) and suppose that q t p. Then #;(N), = BN )y, and so
we have that n € B,(N),, as required.

Suppose now that q|p. It follows from Proposition 1.3 that, in order to
show that 1 € B;(V),, it suffices to show that j(n) € ng(N ). For this we use
an argument motivated by that given in Proposition 5 of [ST]. I am grateful
to the referee for supplying some of the details given below.

Set Z; = (h(z)), a divisor on &y, and write Z, for the associated divisor on
the Néron model £/Oy. We claim that the fibre &, of & over g does not occur
in Z4. For observe that this is the same as saying that ord(q)(h(z)) = 0, where
ord.,,) is the discrete valuation of the function field N(E) corresponding to
the generic point of &,. Now

D(p'z+y) _ [PT(DE+¥))
h = H v = R
(z)=H@Ez+Y¥) DGt 9) Dz + )
where [p']* : N(E) — N(E) is the algebra homomorphism induced by the mor-
phism [p'] : & — &. Since [p']* fixes a uniformiser for Oy, which is also a
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uniformiser in Ogyuq) (Where Og denotes the structure sheaf of &), we see
that ord,q)([P')* f) = ord,qy(f) for all f € N(E). Hence

ordwa)((z)) = ordwq ([P'1"D(z + ) — ord,uq)(D(z + §)) = 0,

as asserted.

Now let £ denote the reduction of £ modulo q, and write & for the residue
field of Oy at q. Since i(z) € O ), we may define h(z) € k°(E) to be the
(non-zero) image of A(z) in the residue field of w(q) (noting that this latter
field is naturally contained in k°(E)). The divisor of A(z) on £ is contained
in the intersection of the fibre &, with the divisor Z4. All points appearing in
the divisor of A(z) have order dividing /I, and so cannot be p-power torsion
points.

Consider the formal group afforded by E1(N,), the kernel of reduction of
E modulo q. Let ¢ = #(z) denote the parameter of a point z € E;(N,) on this
formal group, and write o for the parameter of any p-power torsion point in
Ei(Ny). For any point z € E;(N,), we have the following expansion of hasa
Laurent series in £°[[¢]}:

h(z+a') =Y bt
i=0

with by =0, since the divisor of & contains no p-power torsion points. Hence
we have that A(z + ') is a unit in Opn,[[t]], i.e.

Wz +a') = Y byt
i=0

with by € Oy, and b; € Ong. It therefore follows that j(y) € SBEQ(N ), as as-
serted. This completes the proof. [

The following corollary is now an immediate consequence of (1.14).

Corollary 6.4. The resolvend element p lies in A;(M). O

We now prove a special case of Theorem 1.
Theorem 6.5. Let Q € E(F) be a p-power torsion point. Then
Co(i)(M).p = hg. (M),
and so Cp(iY(M) is WM )-free.

Proof. The proof of this assertion is similar to that of Theorem 5 of [ST].

We shall show that the equality holds everywhere locally; this will imply
the desired result. Let q be a prime of Oy. Then we may write €u(i) (M), =
xq-Wi(M),. For some A, € 4;(M,), we have

Xq-PAq = ho. (6.4)

We shall show that in fact 4, € W(M s this will establish the result.
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We begin by observing that, since hg € Cp(i)(M) and UM ), = {x €
A(My) : Co(i)(M)qx C €u(i}(M)q}, we have that

plq € A(M)q. (6.5)
Next, recall that if x € Mg and v € G;, then we have the Lagrange resolvent

) = 2 Xl (6.6)

9€G;
If ¢ € G;, then (x-‘/|xv) = (x|, )-xv(g"), and so for each 1 € Q°G,, we have

(Al = Geli)-a(4). 6.7)
Hence (6.4) implies that

(a1 )-200(0)-210(Aq) = (holv)- (6.8)

Now the proof of Theorem 3 of [T] implies that if Q' € Gp(i), then

(gl X(Q') ~ p'. Also, we have that x.(p)=R,(¥), and (|, }Q') =
P'RAQ’ + ). Hence, evaluating (6.8) at Q' € Gp(i), we obtain

PRV 1(Aq) ~ P'RAQ" + ). (6.9)
Next, we recall (see Proposition 5.3) that

, 1 if v=0
Ry(Y) ~ R(Q + ) ~ { an [ —unit if v+0. (6.10)

This implies that x,(4q) is always a unit, and that y,(p) is also a unit at
q unless v== O and q|l. There are now two cases to consider.
Case 1. Suppose that q t /. Corollary 6.4 implies that p € U;(M ),. Since also
xv(p) 1s a unit for all v in this case, it follows that in fact p € (M )7. Thus,
from (6.4), it follows that 1, € U;(M),, and so we have that 44 € W(M);
since y,(4q) is a unit for all v € G;.
Case 2. Suppose that q|/. Then, since / t |G|, it follows that W, (M), is the
maximal order. Now we deduce that 4, € W (M); since the y,(4q) are units
forall ve G, O

We are now in a position to prove Theorem 1.
Consider the trace-restriction square (1.20):

EM) % cuum)y)
Trwl lRes (6.11)
EF) 5 ClF))

If Q € E(F) is a p-power torsion point, we may regard Q as lying in E(M),
and Theorem 6.5 implies that

¥, r(Tr(Q)) = Res(Ym(Q)) = 0 (6.12)
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Next, we observe that we also have

Y, r(Tr(Q)) = Y r(IM : F1Q) = [M : F1; r(Q) (6.13)

Hence we obtain that

M : Flir(Q) =0 (6.14)

ie.
M FI(€y(i)) = 0. (6.15)

Now let / and !’ vary among all odd primes not equal to p. Then it follows
from Lemmas 6.1 and 6.2 that wy); r(Q) = 0. Now recall that |G; |y, r(Q) = 0
(see (1.8)). Since p > 3, we have that (|G;|,w) =1 by Lemma 6.2, and so
finally we deduce that (€p(i)(F)) = 0 in CI(2;(F)). This completes the proof
of Theorem 1. [J
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