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1 Introduction

In [T1} M.J.Taylor began the study of the Galois module structure of certain
Kummer orders arising from group laws of abelian varieties defined over number
fields (see also [ST], [CN-S] and [CN-T1]). The purpose of this paper is to study
similar Kummer orders which are derived from CM abelian varieties over global
function fields.

For any field F we shall write F¢ for a separable closure of F and (2 for
Gal(F¢/F). Let C be a smooth, geometrically irreducible curve defined over a
field k C ;. Set L = k(C), the function field of C over k. Let S ={vy,...,v}
be a fixed nonempty set of places of L and let O; = O, s denote the ring of
functions in L which are regular away from S. O, is the function field analogue
of the ring of integers of a number field. Write O° for the integral closure of O
in L.

Let A/L be a simple abelian variety defined over L with complex multiplica-
tion. This implies (see [M] p.220) that A is either a constant or a twisted constant
variety over L. In what follows, we shall always assume that § contains all places
of bad reduction of A. We shall also suppose that all endomorphisms of A that
we consider are defined over L. The endomorphism ring & =End(A) of A is an
order in a finite-dimensional semisimple division algebra .77 over Q. If %/ is
non-abelian, then (since A is simple) A is isogenous (possibly after an extension
of L) to a supersingular elliptic curve and .% is isomorphic to the quaternion
division algebra over @ which splits at all primes | # p, oo (see e.g. [Mu] p.
256). Choose an endomorphism A € 7 such that the degree of ) is both greater
than one and coprime to p.

Denote by G the group of all points of A(L®) which are killed by A. The
O¢-group scheme of A-torsion points on A is affine and etale (since (|G|,p)=1)
and is therefore equal to Spec(‘'B(L; A)), where B(L; \) = Map o, (G, 0D°), the O, -
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Hopf algebra consisting of 2;-maps from G to D°. It follows that the O, -Cartier
dual of B(L; \) is A(L; A) = (O°G)* % (here 12, acts on both O° and G). A(L; \)
is thus the unique ©;-maximal order in the L-algebra . 4(L; ) = (L°G)™L since
DG is the unique O“-maximal order in the algebra L°G.

Now suppose that Q € A(L) and write

GoN ={Q' €AL) | A =0},

Define the L-algebra Lp(A) (the Kummer algebra) by Lg(A) = Maan(GQ,LC),
and let L(-/'(Q) be the field obtained by adjoining the coordinates of the points of
Go(Mto L. Let Q"D ..., Q") be a set of representatives of {2;-orbits of Gg()).
Then (as an L-algebra),

Lo ~ [[ Lo (1.1
i=1
where L[Q'Y)] is the field obtained by adjoining the coordinates of Q" to L.
(Explicitly, the isomorphism is given by f — [Ii_, f(Q'D), for f € Lo()).
Note also that if G C A(L), then all the fields L[Q""] are the same.) Hence
[Lo(A) : L1 = |G}. « 4(L; M) acts on Lo()) via

(Y a,9(Q) =D af(Q +g),
g g

for f € Lo(\) and Zg agg € AL; N(L).

Let Do(L; A) denote the integral closure of O in Ly()\). Then Og(L; A)
(the Kummer order) is an 2A(L; A)-module. Since S contains all places of bad
reduction of A and (|G|,p) = 1, it follows from (1.1) above and the criterion of
Neron-Ogg-Shafarevitch that Ly(A)/L is unramified at all places of O,. (This
fact, and slight variants of it will be used several times in the sequel.) As 2(L; )
is the maximal order of . -4(L; A), it follows that Do (L; A) is a locally free A(L; A)
module (see e.g. [CR] Proposition 31.2). Thus, if CI((L; A)) denotes the locally
free classgroup of A(L; A), then we have a map

¥ : A(L)/AA(L) — CICU(L; V)

given by ¥(Q) = (Dg(L;A)), where (Do(L;A)) is the class of Og(L; ) in

CI(U(L; A)). As A has good reduction at all places of 9, it follows exactly

as in [T1] that ¢ is a homomorphism, and so in particular the image of 1 is

annihilated by |G|. Observe that since G is abelian, 2(L; \) satisfies the Eichler

condition. Hence Dg(L; A) is a free 2(L; A)-module if and only if 4(Q)= 0.
We are now able to state the first result of this paper.

Theorem 1.2 Let Q € A(L) be a point of infinite order. Suppose that the image of
Q has order m > 1 in A(L)/(DAA(L) + A(L)ory ), where A(L),,,s denotes the torsion
subgroup of A(L). Then there is an integer N\ (which is independent of Q) such
that Y(Q) # 0 if m > N,. Furthermore, if A is a constant variety and if S consists
of a single place of degree one, then ¢(Q) # 0, i.e. we may take Ny = 1.
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We refer the reader to [A] and [AT] for an analysis of the Galois module
structure of Kummer orders arising from points of infinite order on CM elliptic
curves defined over number fields.

The first three sections of this paper are devoted to the proof of Theorem 1.2.
In the fourth section, we give a geometric interpretation of the homomorphism
¥ when A is a constant variety over L. We then show how the zeta function of
A/k may be used to obtain precise information concerning the image of v in the
case that A is a cyclic endomorphism of prime degree.

The results contained in this paper formed a portion of my Ph.D. thesis
(Columbia University 1991). It is with the greatest of pleasure that I thank my
advisor, Professor T. Chinburg for all of his help, kindness and encouragement.
I also wish to thank Professor M. J. Taylor for suggesting that I look at function
fields and for much generous advice, and Professor K. Rubin for many very
helpful conversations. Thanks also to Dr. R. J. Chapman, Professor R. Friedman,
and Mr. J. McKernan for interesting discussions.

2 Preliminary remarks

We shall first prove Theorem 1.2 for constant varieties and then deduce the result
for twisted constant varieties. Thus, from now on until further notice, A denotes
a constant abelian variety. We remark that in this case, A(L),,,, = A(k).

The following proposition is an extension of a result shown to me by Professor
K. Rubin.

Proposition 2.1 Let O € A(L) be a point of infinite order and write L' = L ®y k¢.
If Q has order m' in A(L')/AA(L'), then Q has order dividing m' in A(L)/(MA(L)+
Ak)).

Thus, if Q is not divisible by X in A(L)/A(k), then Q is not divisible by X in
A(Ly)/A(ky), where k [k is any finite extension and L, = L®yk;. Hence L’(&Q)/L’
is a nontrivial finite extension.

Proof Consider the natural homomorphism 7 : A(L)/AA(L) — A(L")/MA(L)
induced by the inclusion A(L) < A(L'). We have the following commutative
diagram

ALAL) D ALY/ ML)

li ! 2.2)

H'(Gal(L'/L),G) — H'(Gal(L*/L), G) — HY(Gal(L* /L"), G)

where the vertical arrows are injective and the bottom row is exact.

From the exactness of the bottom row, we deduce that Ker(Res) has or-
der at most |H'(Gal(L' /L), G)|. On the other hand, the natural homomorphism
A(k)/MA(k) — A(L)/MA(L) is an injection because k is the constant subfield of
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L. Clearly A(k)/MA(k) C Ker(n), from which it follows that Ker(Res) has order
at least |A(k)/AA(K)).

Now Gal(L'/Ly ~ (%, and the isomorphism respects the action of these
groups on G because G is defined over k¢. Hence H '(Gal(L' /L), G) ~ H'({%,G).
Kummer theory on A(k°) yields the exact sequence

0 — A(k)/MAKk) = H' (2, G) — H' (12, AK)).

It is a theorem of Lang (see [L]) that a principal homogeneous space of any
algebraic group defined over a finite field is trivial. Hence H'({2%,A(k<)) = 0
and so |A(k)/MA(k)| = |H'(f%,G)|. Thus Ker(Res) = i(A(k)/AA(k)).

Now since m’Q = 0 in A(L")/AA(L") ie. m'Q € Ker(n), we have that
i(m'Q) € i(A(k)/MA(k)). Therefore m’Q € A(k) + M(L), and so Q has order
dividing m’ in A(L)/(A(k) + DA(L)).

The final paragraph of the proposition now follows immediately. []

Now let k;/k be any finite extension such that G C A(k), and write Ly =
L®yky. Then. 4(L1; A) = LG = . 2(L; \YQiky, U(Ly; A) = O, G = A(L; )i ki,
and O (Li; A) = Og(L; \)Rk;. Hence if Og(Ly; M) is not free over A(L;; M) then
Og{L; A) is not free over A(L; A). Furthermore, it follows from Proposition 2.1
and the hypotheses of Theorem 2.2 that the order of Q in A(L;)/(A(k;)+  A(L1))
is at least as large as the order of Q in A(L)/(A(k) + MA(L)). Thus, for the proof
of Theorem 1.2, we may assume without loss of generality that G C A(L),
AL X)) = LG, AL, A) = O,.G, and that L contains the |Glth roots of unity. We
shall make these assumptions.

We caution the reader that where there is no danger of ambiguity, we shall
feel free to drop the dependence on L and/or A in our notation for 2A(L; M),
Do(L; A), Lo(X), etc.

3 Classgroup theory

We now recall some elementary facts from the theory of tame classgroups over
global function fields. For details of these results we refer the reader to [C1] or
[C3].

Let Rg denote the ring of virtual characters of G and write G for the group
of irreducible characters of G. Since L contains the |G |th roots of unity, the
maximal order 9,G of LG splits, i.e. ;G ~ er(-; ;. Hence we have

Hom(R¢, Divs (L))

C](DLG) o Map(échDL)) =~ Hom(RG DS(L*)) '

Here Divg (L) is the group of divisors of L with support away from S. Dg(L*) is
the subgroup of Divg(L) consisting of the image of the natural map that sends an

element x € L* to its associated divisor D vep(x)P. We shall sometimes
B prime of Oy
view elements of Divg(L) as ideals of Oy.
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A homomorphism in Hom(R¢, Divs (L)) which represents the class (D¢ (L)) €
Cl(O,.G) = CI(A(L)) may be contructed as follows:
Suppose that a € Lp and x € G. Then the resolvent of a at x is

(ah)=>_xtg7Ha? € Lg.

g€eG

Choose dy € Ly such that Ly = do.LG. For each place P of Oy, let O ¢
(resp. D (L)) denote the semi-localisation of O, (resp. Dg(L)) at P. Choose
ag € Dg p(L) such that Op (L) = agp. O, pG. Then (ap|x)dp|x)~" € L, and
the homomorphism we require is given by

X— Y vplapx)doh)™ )P 3.1
m of DL

extended to Rg via linearity.
We now make some further remarks on resolvents. Since

(do|x)? = x(g)do|X) 3.1(a))

and [Lg : L] = |G|, we have the following direct sum decomposition of Ly into
G-eigenspaces:
Lo = P L-do]x)- (3.2)

x€G

It thus follows from (1.1) and (3.2) that

1 /
L59) = L{dg|x)(@}yee)s (3.3)
where Q' is any fixed element of Gg. Since

[(dolx1)(dg [x2)¥ = x1(9)x2(9(dg|x1 )Ndg[x2)] (3.3(a))

for all x1,x2 € G, we conclude that, for all x € G

(dolx)" = x(do|x") (3.4)

for some 7, € L.

As A/L has good reduction at all places of L (since A/L is a constant variety)
and (|G|, p) = 1, it follows from the criterion of Neron-Ogg-Shafarevitch and the
definition of Ly that Ly /L is unramified at all places of L (and not just at all
places of O, as in §1). The following result is a simple extension of Proposition
4.3 in Ch. 1 of [F} from fields to Galois algebras.

Proposition 3.5 Let apg € Og p(L) be such that D¢ (L) = ap.Or.pG. Then
for all x € G, we have (agp|x) € Dj ¢ O
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Let us now recall the isomorphism (1.1) and focus our attention on a fixed
component L[Q'] say, of Ly. Write O(Q'D)Y for the integral closure of £, in
L[Q'D]. From (3.1(a)), we deduce that (dg |x)(Q'")I®! € L* for all x € G. As
L[Q'®]/L is unramified at all places of L, it follows that the O(Q'Y?)-submodule
(do x)(Q").0(Q0) of L[QD] is an ambiguous ideal, i.e. that

(do1x)(Q'M).D(Q") =D, O(Q'D), (3.6)

where D, is a fractional Oy, ideal. (Here, by a fractional O;-ideal, we mean a
finitely generated O;-submodule of L. Note that the remarks immediately after
(1.1) together with (3.2) and the fact that L contains the |G|th roots of unity
imply that D, is independent of the choice of component L[Q'"]/L.)
Write

= Y. vpd)P. (3.7)

P of Oy

From (3.1), (3.5) and (3.6), we deduce that (Dy) € CI(O,G) is represented by
the element of Map(G, CI(9,)) given by

X+ (0y)7! (3.8)

where (0, ) denotes the class of 9, in CI(O).
We remark that this map in fact lies in Hom(G , CI(})) since it follows from
equation (3.4) that

(ax’) = (ax)r- 3.9

4 Kummer theory

Consider the homomorphism &’ : A(L) — HomgL(G,L* /LGy given by Q +—
{x = (dg|x)'°'}. Suppose that Q € Ker(e'). Then (dg|x) € L* for all x € G,
and so from (3.3(a)) we deduce that L(%Q) = L ie. that Q € MA(L). Hence
¢’ induces an injective homomorphism & : A(L)/ A(L) — HomgL(f},L* JLXIG1,
The following proposition is essentially the same as Proposition 8 of [T1].

Proposition 4.1 Let U denote the group of units of O1. Then Q € Ker(y) if and
only if (@) € Homg, (G, U .L*I6 /L*IC1),

Proof Using the notation of §3, we have that /(@) = 0 if and only if for all
x € G, 0y = X, O, for some X, € L*. If this is the case, then (dglX)X; ' is a
unit of Oy and so e(Q)(x) is represented by [(do X)Xy Weley. O

Now since L(%Q) = L({(dQ’x)}xec), it follows from Proposition 4.1 that
if ¥(Q) = 0, then L(%Q)/L is a Kummer extension of L obtained by adjoining
|Gith roots of various units of ©;. Moreover, from Proposition 2.1, L(%Q)/L
is a non-trivial, non-constant extension. Also, as remarked in §3, L(%Q)/L is
unramified at all places of L since A/L is a constant variety. An element of L is
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a unit of Oy if and only if it is an S-unit of L. In particular, we may observe
at this point that if S consists of a single place of degree one, then O] = k*,
and Theorem 1.2 in this case follows immediately from Propositions 2.1 and 4.1
above. To proceed further, we need the following result.

Proposition 4.2 Write L' = L ®; k¢ and let n € N with n coprime to p. Let S’
denote the set of places of L' lying above S and suppose that there is an S’-unit
a of L' such that L' (o!/™) /L' is an everywhere unramified extension of degree n.
Then there is an integer N depending only upon S’ and L' such that n|N.

Proof Write U(S") for the group of S’-units of L', and let Div®(S’) be the group
of divisors of degree zero of C /k¢ whose support is contained in S’. Then we
have an exact sequence

0— k™ > U@y —-Divi(§) T -0, 4.3)

where T is a finite group.
Write (o) for the divisor of «, and suppose that

d
(o) = z a;v;,
i=1

where a; € Z and the v; are places of L'. Since L'(a!/")/L’ is everywhere
unramified, we have that n|a; for i = 1,...d. Set

d

a;
D= E —I'U,'.
n
i=1

As L'(a!/")/L’ has degree n and k¢ C L', it follows that the image of D in T
has order n. Hence, taking N = |T|, the proposition follows. []

The next result relates the order of Q in A(L)/AA(L’) to the degree of the
extension L'(3Q)/L’.
Lemma 44 Let d = [L'(3Q) : L'] and write m’ for the order of Q in
A(L')/MA(L"). Then m'|d.

Proof Write H = Gal(L’(%Q)/L’), and fix Q' € Gg. For each h € H, we have
Q™ = Q' + 54, with 5, € G C A(k). Hence

P=Y 0"=dQ +s, (4.5)

heH

with P € A(L) and s € A(k®). Thusd.Q = AP —5),i.e.d.Q =0in A(L")/AA(L"),
and now the result follows. []
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Now suppose that A has dimension ¢, and write A for the group of |G|-
torsion points of A(k€). Then A|g| =~ (Z/|G|Z)*, and G is a subgroup of Aig|.
Hence there exist xi,...,xs with 1 < s < 2t such that G =< X1y+-v3sXs >
From (3.3) and (3.3(a)), it follows that L’(%Q) = L'({dg|x:XQ}.,) Thus if
for example d = [L'(%Q) : L'} > 2N?, then we must have [L'((dg|x; Q) :
L'l > N for at least one j, 1 <j < s. If this is the case, then we deduce using
Proposition 4.2 that (dg|x;XQ@)/¢! ¢ U .L*I1/L*I% (where U = D7), which
(from Proposition 4.1) implies that ¥(Q) # 0.

Recall that m > 1 is the order of O in A(L)/(DA(L) + A(L)rs) and that
A(L)ors = A(k), since A is a constant variety. From Proposition 2.1 and Lemma
4.4, we have that m < m' < d. Hence if e.g. m > 2N?%, then ¥(Q) # 0, which
completes the proof of Theorem 1.2 for constant abelian varieties.

We now turn to the case in which A is a twisted constant variety. Thus,
from now on until further notice, assume that A is a twisted constant variety and
let M /L be a finite extension over which A becomes isomorphic to a constant
variety. Write dy = [M : L] and let d; = |A(M )yrs |-

Associated to the field M and the set of places Sy of M lying above S is an
integer Ny as in Proposition 4.2. Suppose e.g. that m > 2d;d,N% . It follows via
the natural injections A(L)/MA(L) — H(Gal(L¢/L),G) and A(M)/MAM ) —
HY(Gal(M*¢/M),G), together with the inflation-restriction sequence of Galois
cohomology, that the kernel of the natural map A(L)/MA(L) — AMM)/AA(M ) is
killed by d,. Hence the image of Q in A(M )/(DAM )+A(M ),ors) has order at least
m/did, = 2N . Now reasoning exactly as in the already treated constant case,
we deduce that (Dg(M; ) # 0 in CI(AM ; X)). As DoM;A) = Dp(L;A) ®p,
Ou and ApM;A) = Ap(L; A) ®p, Ou, this implies that (Dg(L;A)) # 0 in
CI(A(L; A)), as required.

Let us now return to the case of an arbitrary CM abelian variety A as in
the statement of Theorem 1.2. We conclude this section with some remarks
on a simple consequence of the proof of that theorem. It is well known that
A(L")/A(L"ors is a finitely generated &7-module. Hence, if @ € A(L) is a point
of infinite order, then Q is not infinitely divisible by A in A(L’). This implies
that the degree of the extension L’({;Q)/L’ tends to infinity with n.

Theorem 4.5 Let Q € A(L) be a point of infinite order. Then for all sufficiently
large n, Op(L; A") is not a free Ug(L; \")-module.

Proof Let M, Ny, and ¢t be as above (so in particular if A is a constant variety,
then M = L). Suppose that n is sufficiently large that [M'(5:Q) : M'] > 2d|Nj}.
Then Og(M;A") is not a free AM; A\")-module, which in turn implies that
Do(L; A") is not A(L; A")-free. []
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5 Realisable classes

In this section we give a geometric interpretation of the homomorphism ¢ which
enables us to relate the image of v to the Hasse-Weil zeta function of A when
A is a constant variety. This raises interesting questions regarding the analogous
situation over number fields which we hope to pursue elsewhere.

Let us begin by recalling certain basic facts regarding the theory of class-
groups of sheaves (see [C2]). We identify C with its associated scheme over
Spec k¢, and we write ¢7 for the structure sheaf of C /k¢. Set L' = L ®; k. The
places of L' may be identified with the set of closed points of C /k¢. Let G be a
finite group with (|G|, p) = 1. Define (PG to be the sheaf of rings whose sections
over each open set U of C/k© are given by @G(U) = Z(U)G. If S is a finite
collection of closed points of C and U = C — S then @G(C — §) = Oy 5G,
where here O,/ sG denotes the ring of functions in L’ which are regular away
from S.

Let 901 be a sheaf of ?G-modules. 9 is said to be locally free of rank r
if each stalk 9p is a free %pG-module of rank r. Thus, if U = C — § is an
open subset of C as above, then (V) is a locally free ¢#G (U )-module. The
locally free classgroup CI(PG) of (@G is defined to be Map(G, Pic(C)), where
Pic(C) denotes the Picard group of C. Each locally free (G -module 90t defines
an element (M) € CI(PG) as described in §2 of [C2]. It is shown in [C2]
that for all such open subsets U of C, (DUU)) € CKEGU)) = Cl(Dy 5G) is
completely determined by (9) € CI(ZG).

Assume throughout this section that A/k is a constant variety. Suppose that
A € End(A) is such that the kernel of X : A(k€) — A(k€) is cyclic of prime order
[ with (I,p) = 1. Suppose that Q € A(L). Then Q defines a k-rational section
0 : C — A of the structure map A — C, and for each i € N, we may form the
pullback diagram (of varieties over k°):

A — Coli)
N Lty 5.1)
Ae— C
Q

Co(i)/C is a possibly reducible, everywhere unramified Galois cover with Galois
group G; ~ Ker(\ : A(k) — A(k®)) which is cyclic of order I'. As Cg(i)/C is
Galois, all of the irreducible components of Cy(f) are isomorphic to a variety B;,
say. Since (5.1) is a pullback diagram, it follows that the function field k°(B;) of
B; /k¢ is isomorphic to the field L' (%Q). We deduce from this and from (1.1)
that the algebra of functions on Cg(i)/k¢ is isomorphic to Mapnu (GQ()\" ),L%) =
Lo(X) = L{y (i), say.

Let (i) be the structure sheaf of the variety Cg(i)/k¢. Since Co(i)/C
is everywhere unramified, the direct image sheaf 7(i).@(i) is a locally free
@G;-module, and so it yields an element (1(i).@(i)) € CI(PG;). We have a
decomposition (see e.g. [M] p.72)
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). G) = P %, .2
x€G;
where
Ly ={a € n(i)Gpli) : & = x(9)a} Vg € G; (5.3)

Let (%, ) denote the class of %, in Pic(C)(k¢). The following proposition is
simply a reformulation of certain results contained in §2 of [C2].

Proposition 5.4 The class of n(i).Gp(i) in CI((ZG;) is given by the map x —
£

Proof Write £ for the generic point of Cg(i)/C. Then (Zg,)¢ = L'G; and
M@ Cp())e = L’Q(i). If P is a closed point of C, then (@G)p = GpG;,
while the stalk (n(i)«@p(i))r is equal to the semilocal ring of Ly at P.
Since 7(i). (i) is a locally free (?G; module of rank one, we may choose
dg € Ly(i) such that (n(i).G(i))e = dg-(G;)e, and ap € Ly(i) such that
@) G (i))p = ap (G;)p for each closed point P. This implies that the stalks
of the line bundle £, are given by

Lye = dolx)-% (5.5(a))
Fp =(ap|X).CG, P closed (5.5(b))
Hence the Weil divisor associated to %), is given by
Dy = Y vp((arlx)(dolx)™P (5.6)
Pclosed

However it is shown in §2 of {C2] (see Proposition 1 and the remarks following
Lemma 4) that (n(i).Gp(i)) € CI(?G;) is given by the map x — (D,), where
(D) denotes the class of (Dy) in Pic(C)(k€). This establishes the result. O

Now if § is a non-empty set of closed points of C/k® and U = C - S,
then (i) G(i)U) = OoLs N), and OGU) = OpG; = AL N), us-
ing the notation of §1. Thus (n(i).(i)) € CI?G;) completely determines
(DgL'; X)) € CIAL'; M) for all choices of S.

If S consists of a single place of degree one over k, then somewhat more is
true. For each i, we have a Wedderburn decomposition

AL N) = (LG =] L (5.7)

r=|

Each L, /L is a constant field extension, since the values taken by the characters
in G; lie in k°. It follows from (5.7) that

AL Xy = (0°G)™ =[] Ou, (5.8)

r=1
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where ), denotes the integral closure of Oy in L,.

Since § consists of a single place of degree one over k, the natural homo-
morphism CI(O,) — CI(O,) is injective for each r (see e.g. [C3], Lemma
2). This implies that the natural homomorphism CI(A(L; X)) —. CI(AL’; X)) is
also injective. Hence, in this case (Dg(L; A')) € CI(AU(L; \')) is determined by
M)+ Gp()) € CH@G;). In particular, if A does not divide Q in A(L’), then it
follows from Theorem 1.2 that (n(i).p(i)) # 0 in C(OG;).

Suppose for the rest of this section that A € End(A) is such that the kernel
of A : Ak®) — A(k®) is cyclic of prime order ! with (I,p) = 1. We now turn
our attention to the line bundles £, x € G;. Since Cp(i)/C is everywhere
unramified, the degree of the line bundle det(n(i).(i)) is zero (see e.g. [H]
Ch. IV Ex. 2.6). As Cg(i)/C is cyclic and £, ® £, = £y, for x1,x2 € Gi,
we deduce that %, is a line bundle of degree zero for all x € G;. Thus in fact
(Fy) € Pic®(C)(k¢) = J (k¢), where J denotes the Jacobian of C. Let Hg(i) be
the subgroup of J(k¢) generated by {(ZX)}XEG,-' We shall refer to Hgp(i) as the
associated subgroup of Q (at level i). Hy(i) is cyclic of order dividing /', and it
determines Cp(i) up to isomorphism. It follows immediately from the definitions
of Cp(i) and Hy(i) that Hy(i — 1) = 1.Hg(i).

Let Q1,...,Q, be a basis of A(L) modulo torsion. For each @j, let A% denote
the highest power of A which exactly divides @; in A(L'). (So (n(i).Cp(i))) €
CI(PG;) is trivial for 0 < i < 5; and is non-trivial otherwise.) Write H; =
lim Ho, (i +5;), where the inverse limit is taken with respect to the multiplication

i
by ! map. Theorem 1.2 implies that H; NH;, = 0if j; # j,. Set H = H; X - - - x H,.
Then H is a subgroup of T;(J), the [-adic Tate module of J.

Suppose that # = lim .F%; is a subgroup of T;(J) with each %, cyclic of

4
order dividing /‘. We shall say that .5 is realisable if ¥ is a subgroup of H.
This is equivalent to saying that for each i, there is a point Q%) € A(L) such that
H; = Hyo (i)
Let 0 € §2; denote the Frobenius element of k. Write P4(x) for the char-
acteristic polynomial of ¢ acting on T;(A). The following result characterises
realisable subgroups.

Theorem 5.9 Let S be a subgroup of Ti(J) as above. Then % is realisable if
and only if FEFA® = (.

Proof Let ¢, denote the structure sheaf of A/k¢. Exactly as in the discussion
concerning the sheaf 1)(i). (i), we have a direct sum decomposition

NG, = @ Z), (5.10)
x€6;

where the £ are line bundles of degree zero. For any point @ € A(L), the
group Hy(i) is generated by {(Q*°(g>2)}xeéi' where 0* % denotes the pullback
of Z along Q. As A and C are defined over k, we have
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It is a theorem of Tate (see e.g. the Main Theorem of [Ta] or Theorem 1 of
Appendix 1 of {M]) that the natural homomorphism

Z, ®z Hom (A, A) — Homg, (T1(A), Ti(A))™ (5.12)

is an isomorphism. This implies that P4(o) annihilates Pic®(A)(k©). Tt follows
from (5.11) that H*4) = 0, and so in particular that F#’2(@) = 0.
For the converse, recall that from standard theory we have

r = rank(A(L)) = rankz[Homy(J , A)]. (5.13)
Via the theorem of Tate quoted earlier,
rankz[Hom, (J, A)] = rankz,[Homgz, (T;(V ), Ti(A)%]. (5.14)
As o acts semisimply on Ty(J) and T;(A), it follows that
Ker(Pa(o) : Ti(J) —» Ti(J)) ~ Z; (5.15)

(c.f. e.g. Theorem 1 of {Ta} or Theorem 2 of Appendix I of [M]). Write H' =
Ker(Pa(o) : Ti(J) —» Ty(J)). Then H C H', H ~ Zj, and H; is not contained in
I.Ty(J)forj=1,...,r.Hence H =H. []

Recall that P4(x) is the numerator of the zeta function of A/k. Thus, as in
the tame number field case (see [T2] or [F]), and the cyclotomic function field
case (see [C2]), we have yet another instance of the Galois module structure of
rings of integers being determined by an L-function.
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