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Let E be an elliptic curve with complex multiplication by the ring of integers O
of an imaginary quadratic field K. The purpose of this paper is to describe certain
connections between the arithmetic of E on the one hand and the Galois module
structure of certain arithmetic principal homogeneous spaces arising from E on the
other. The present paper should be regarded as a complement to [AT]; we assume
that the reader is equipped with a copy of the latter paper and that he is not averse
to referring to it from time to time.

An outline of the contents of this paper is as follows. After setting up a certain
amount of notation in Section 0, we give an account of the algebraic p-adic height
pairing on E in Section 1. The pairing that we describe was first introduced by
Bernadette Perrin-Riou (see [PR1], [PR2]). In Section 2 we describe the class invari-
ant homomorphism. This homomorphism measures information regarding the mod-
ule structure of certain principal homogeneous spaces of torsion sub-group schemes
of E. In the next two sections, we describe what we call the modified classgroup of the
Hopf algebra representing a certain torsion subgroup scheme of E, and we explain
precisely how this group is related to the height pairing on E (see Theorem 4-2).
This gives a very direct and explicit link between the Galois module structure of
the principal homogeneous spaces that we consider and the infinite descent on E
described by Perrin-Riou in [PR1], [PR2]. Theorem 4-2 of the present paper there-
fore goes some way towards addressing the point raised in the introduction of [AT]
concerning the precise nature of the connection between the algebraic p-adic height
pairing and the class invariant homomorphism in the present setting. It seems quite
likely to us that a similar relationship exists in the more general context of the p-adic
height pairings described in [PR3]. It would be of some interest to obtain a better
understanding of the relationship between class invariants and p-adic height pairings
in general. (See [A3] for some further remarks on this.)

The final two sections of this paper are logically independent of the previous
sections, although they involve a similar circle of ideas. Here we develop the bare
beginnings of an Iwasawa theory of classgroups of Hopf orders, using techniques
of Kervaire-Murthy and Ullom (cf. [KM]|, [U1], [U2]). In particular, we prove an
elliptic analogue of a result of Ullom (see Theorem 6-4).

1 The author was partially supported by an NSF Postdoctoral Research Fellowship while the
research described in this paper was carried out.
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448 A. AGBOOLA
0. Notation

We begin by fixing a certain amount of notation that will be in force for the rest
of this paper. Let F'/K be a finite extension over which E acquires everywhere good
reduction. Set A = Gal (F/K), and assume that all endomorphisms of E are defined
over F. If o € O we shall sometimes write [a] for the corresponding endomorphism
of E. For any field L, we write L® for an algebraic closure of L, and we set Qp =
Gal (L¢/L).

Let p be an odd rational prime which splits in O with p©O = pp*. Choose 7 € p with
p" = 70 for some h > 1, and write 7* for the complex conjugate of 7. Set ¢ = 77*.

Let E n (resp. Er«n) denote the subgroup of elements of E(Q¢) which are killed by
7™ (resp. 7). (We shall also often write G, (resp. G7) instead of Eyn (resp. Eyp«n).)
Let

Wy - Eﬂ-n X Eﬂ-*n — ’[,an (O’l)
denote the Weil pairing on E. For each R € E,», we define a character X(Ig) € G, by
xR = walg, R) Vg € Bren (0-2)

This identifies G,, with Er«n. If w € Qp and X € G, then w acts on X via x¥(g) =
X(g“’fl)“. The identification (2) preserves this action since the Weil pairing is Qp-
equivariant.

For each R € E n (resp. R* € E +n), we let F[R] (resp. F|R*|) denote the field ob-
tained by adjoining the coordinates of R (resp. R*) to F. We write F,, = Urcp_, F[R]
(resp. F¥ = Ugep .. F|R]). Set Fy = U, F, (resp. FX = U,F¥), and write I’y =
Gal (Fo/F'). Let Noo/F be the unique Z, extension contained in F/F, and set
I' = Gal (N /F).

1. The algebraic p-adic height pairing

In this section we shall describe the algebraic p-adic height pairing on E/F. The
reader may refer to section 3 of [PR1] or to chapter IV of [PR2] for full details of
the results we use.

We begin by recalling various elementary facts about Selmer groups. If q is a
prime of F', we write k, for the residue field of F' at q, and we let E(kq) denote the
reduction of E at q. Write E; ((F) for the kernel of reduction of E(F) at q, and define
E, ,(F) = E{(F) via exactness of the sequence

0 — E\(F) — E(F) — [[ E(ky) (1-1)
qlp

Let L be any extension of K over which E is defined. The Selmer group S(L)™
is defined to be the kernel of the natural homomorphism

H'(Qp, Ern) — [[H'(Q,. E). (1-2)
q

(Here L, denotes the local completion of L at the prime q of L.) The Selmer group
S(L)™" is defined similarly. We set S(L) = li_r)nS(L)“n, and we write Y (L) for the
Pontryagin dual of S(L).
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On p-adic height pairings 449
Define Z(F)™" to be the subgroup of S(F)™" which makes the sequence

0—X(F)"" — SE)"" — [[H"Qr,, Exen)

qlp
exact. Set X(F)) = lim (F)™". Then there is a natural injection
E(F)®p Oy — Z(F)

afforded by Kummer theory on E.

Let J(F,) denote the group of ideles of F),, and write U for the subgroup of
J(F},) consisting of ideles which are equal to 1 at all places above p and which are
units elsewhere. Set €,, = J(F,,)/UP F?, and let W,, = Hq‘p tgn (Foq)-

The first step in the construction of the p-adic height pairing is the following result
(see proposition 3-13 of [PR1]).

ProrostTiON 1-1. There is a natural exacl sequence

v

Hom (Eqn, W,,)* — Hom (Epn, €, (p)™* @ > 1, >> Z(F)™ — 0.
(Here €, (p) denotes the p-primary part of €.,,.)

We refer the reader to [PR1] for a proof of this result. We shall give the definition
of the homomorphism 7,, in a moment. Before doing so, however, we first explain
how Proposition 1-1 is used to construct the p-adic height pairing.

We first observe that Proposition 1-1 yields an isomorphism

xm Hom <E7r”7 (gn(p))QF
. .
Hom (En, W,,)%r

n, ' Z(F)T

Define

*n H()m (Eﬂ-n s (gn (p))QF
—
Hom (Eﬂ-n, Wn)QF
by E.(s)(R) = n,'(7* "R). For each n, let Z,,/F, be the maximal abelian pro-p
extension of F,, which is unramified away from primes dividing p, and set X,, =
Gal (2, /F,), Xoo = lim X,,. The global Artin map yields a surjection

(_73{n/Fn): Cn(p) — Xa,
and this induces a homomorphism
B Z(F)™ ) — Hom (Egn, X,) (1-3)

which is defined by E!, = (—, 2,/ F,,) 0 E,.(s).
It is shown in Section 3-2 of [PR1] that we may take inverse limits of (1-3) to
obtain a homorphism

®p: T(F) — Hom (T, Xoo)''.
(Here T} denotes the m-adic Tate module of E.) @ is an isomorphism if the weak
p-adic Leopoldt conjecture holds for F'.

It is an immediate consequence of a theorem of Coates (see theorem 12 of |C])
that there is an isomorphism

f: Hom (T, Xoo)"' — Y(Fo)™,
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450 A. AGBOOLA

and it may easily be shown via Pontryagin duality (see [PR1], pp. 378-379) that
there is a natural homomorphism

ap: Y(Fy)" — Hom (E(F) ® O,,D,).
Hence we obtain a pairing
{,}: Eu(F) @5 Oy x B(F) g O, — O,
given by {z,y} = (ap o f o ®p(x))(y); this extends to a pairing (which we shall also
denote by {,})
{.}: E(F) ®p Oy x E(F) ®0 O — K.
This pairing {, } is the algebraic p-adic height pairing on E.
We shall now give a description of the homomorphism 7,,.
Suppose that f € Hom (Exn, €, (p))*F. Let f € Map (E, J(F,)) be a representa-

tive of f. Write d,,: UM F® — F* for the natural projection map.
Consider the sequence of homomorphisms

Hom (Exn, 6, (p))? — Ext'(Exn, UPFH* @ > d,, >> Ext'(Epn, F)% . (1-4)

Let f; € Ext'(Eg, F2)? denote the image of f under this sequence of homo-
morphisms. It follows via standard theory (see, for example [R], p. 211) that f; is
represented by the map

F(R+S)
FIRFS)

Next, consider the exact sequence

(R,S)*—)dn< ), R,SEEﬂn.

0— FF — F* — F*/F* — 0;
this gives the Qp-equivariant exact sequence
Hom (Exn, F") — Hom (Exn, F*/F?) — Ext'(Epm, F*) — Ext' (B, F7).

Now Ext'(Eg,F?) = 0 since F® is divisible. Hence there exists (3 €
Hom (En, F*/F*) which maps onto f; € Ext'(Ez, F?). Any two different choices
of (3 differ by an element of Hom (E,n, F¥) = Hom (Eqn, fign) =~ Ep«n. Since f;
is fixed by Qp, it follows that for each ¢ € Qp, we have 37 = h,[3, where h, €
Hom (En, pign) =~ Eqn. The element n,,(f) € H'(Qr, Exn) is defined to be the coho-
mology class represented by the cocycle {0 — h,}. It may be easily checked from
the description that 7, (f) is trivial at all places q with q|p. Hence n,,(f) € Z(F)™"),
as claimed.

We conclude this section by remarking that it is the homomorphism 7,, that lies
at the heart of the construction of the p-adic height pairing. In Section 4, we shall
relate 7, to the Galois module structure of principal homogeneous spaces arising
from points on E.

2. The class invariant homomorphism

The purpose of this section is to recall various facts that we shall require concerning
the class invariant homomorphism. For full details, we refer the reader to [A1], [AT],

IBT] and [T1].
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On p-adic height pairings 451

Let B,, denote the Op-Hopt algebra which represents the Op-group scheme of

[7*™]-torsion on E, and let A, denote the Cartier dual of B,,. Then B,, is an Op-order

in the algebra B,, = Mapg, (G, Q°), and 2, is an order in the algebra A,, = (F°G,)%

(where Qp acts upon both G,, and F°). Let F.»\Qp denote a set of representatives
of Qp orbits of E;n. Then the Wedderburn decomposition of A,, is given by

A4,= ]| FIR
REE n\Qp

(see e.g. [Al], lemma 3-3). It is shown in [T1] that

A, = { > fog'If € Bn}

geGp

and

A, = {(w*)‘” > flog'If € %n}.
9€Gn
Let §/OF denote the Néron model of E/F. The endomorphism 7*" of E yields
the exact Kummer sequence of commutative group schemes

00— &rmn — E@>1" >>E — 0.
This in turn yields the following exact sequence of flat cohomology:
0 — Epen — EQp)@ > 7" >> E(Op) — HY(Op, Exen).

Since E(F) ~ &(OF) (via the universal property of the Néron model), we obtain a
homomorphism
E(F) &(0r)
T E(F)  1m"&(OF)

Thus each point Q € E(F) yields an element of H'(Op, &,+n); this element is repre-
sented by an algebra €g(n) which is a principal homogeneous space of B,,. It may be
shown that €g(n) is a locally free 2,,-module, and so determines an element (€g(n))
in the locally free classgroup CI(2,,) of 2,,. Hence we obtain a map

Ui E(F) —s C1(,,)

defined by ¢, (Q) = (€g(n)). It is shown in [T1] that if E/F has everywhere good
reduction, then 1, is a homomorphism. (For a discussion of ¢, in terms of the
geometry of &, we refer the reader to [A2].)

Let us now make a remark on (alois action. Write Cg(n) = €g(n) ®p,. F; then
Cg(n) is a principal homogeneous space of B,,, and so determines an element sg(n) €
H'(F, Ex+n). In general, Cg(n) is not stable under the action of G,. However,
(Co(n)®@F,)/F is a Galois algebra with Galois group isomorphic to Gal (F,,/F) x Gy,
where for g € G, and v € Gal (F,,/F), we have

4 H](DF7£}T{‘*”)'

79y =(9)

(i.e. Galois action of v on G,). If ¢ € Cg(n) ® F° and o € Qp, then it follows from
Galois descent (cf. [BT], pp. 181-183) that

CJ — CSQ(n)(U) .
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452 A. AGBOOLA

We shall write PH(B,,) (resp. PH(B,,)) for the group of principal homogeneous
spaces of B,, (resp. B,,). and we let PH,(B,,) (resp. PH,(B,,)) denote the group of
principal homogeneous spaces of B,, (resp. B,,) that are locally trivial at all places di-
viding p. There are natural injections PH(8B,,) — PH(B,,) and PH,(B,,) — PH,(B,).

We now turn our attention to locally free classgroups. Let J(A,,) denote the group
of finite ideles of A,,. The theory of classgroups (see e.g. chapter VI of [ CR]) furnishes
us with isomorphisms

J(An) Map (En, J(Q%)%"

) = Tt ) A7 ™ T (Det (%2,) Map (B, (P &)

This notation may be explained as follows. Suppose that v € J(A,). Then u de-
termines a map Det (u) € Map (Exn, J(Q°))®F which is defined by

Det (u)(R)g = ' (ug).

The second isomorphism in (2-1) is induced by the map u — Det (u) from J(A4,)
to Map (Epn, J(Q°))%.

We shall now describe the construction of an idele in J(A,,) representing the class
(€ (n)) € CI(A,). Define the resolvend map

r: Co(n) — (Co(n) ® F,)|Gy|
by

r(c) = Z g "
9eGn

Then 7 is a homomorphism of A, -modules (but not of algebras, since it does not
preserve multiplication). It is a standard result in Galois theory that r(c) is invertible
if and only if Cy(n) = c A,.

For each prime q of F', choose a local generator ¢, € €g(n), such that €q(n), =
cq Wy q. and let ¢ € Cg(n) satisfy Cg(n) = cA,. Then we have that r(c) = 7(cq) uq,
with uy € A7 . The idele (uq) € J(A,) represents the class (€g(n)) € CI(2,).

3. The modified class invariant homomorphism

In this section we shall describe a map that we call the modified class invariant
homomorphism. It is this map that gives the link between the module structure of
principal homogeneous spaces and the algebraic p-adic height pairing.

Let Jy(2,,) denote the subgroup of [[, Det (27, ) consisting of those elements that
are equal to 1 at all places dividing p. If q is a prime of F, we write G, (Fy) for
the subgroup of elements of G,, that are rational over Fy. The modified classgroup
C1'(2,,) of A, is defined as follows:

J(An)
Cr(,) = .
We remark that (unlike C1(21,,)) CI'(21,,) is an infinite group, and there is a natural

surjection
en: C'(A,) — CLAL,).
Now suppose that € € PH,(8B,,). with C =€ ® F. For each q|p, there is a natural

Downloaded from https://www.cambridge.org/core. Access paid by the UCSB Libraries, on 03 Sep 2021 at 23:47:25, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/50305004197002296


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0305004197002296
https://www.cambridge.org/core

On p-adic height pairings 453

isomorphism of Fj-algebras and A,, ;-modules
iq: Cq — Bnq:
iq is only defined up to an element of Autg, (B, ) = G, (F;). There is also an isomor-
phism
Jnat Brg — Ang
of A, -modules (but not of algebras) defined by
QW=D o
9€Gn

Suppose that C' = c A,,, and set

Vn,q(€) = Jq 0 1q(C).

Then v, 4(c) gives a well-defined element of A7 /G, (F;) Ay,. We define the modified
clags invariant homomorphism

Yl PH,(B,,) — C1'(2,,)

by explaining how to construct an idele in J(A,) representing v/ (€). Suppose that
€, = g W, 4 for each prime q of F. Then 1}, (€) is represented by the idele whose
components are given by

r(e)r(c)™ a4 p
Vn,q(c) Q|p~

It may be easily checked that this gives a well-defined homomorphism independent
of the choices of ¢ and ¢,. We shall abuse notation and write 1], (Q) for ¢} (€g(n)) if
Q e\,

ProposITION 3:1. Suppose that Q € Z(F)™ ") Then e, o ! (Q) = 1, (Q).

Proof. Choose a generator ¢ € Cg(n) such that Cgo(n) = c A, and €y(n), = ¢, 4
for all places q|p. Then v, (Q) is represented by the idele

r(e)r(c) ™ akp
L qlp.

Hence the class (e, 09, (Q)) ¥, (Q)~". is represented by the idele (v,) that is equal to
Vnq(c) for q|p and equal to 1 elsewhere.

Now since € (n), = ¢, 4 for all places qp. it follows that v, 4(c) is a generator of
A, ; as amodule over itself. Hence for each q with gp, we have v, 4(c) € U5, |, and now
the result follows, since the idele (v,) lies in the denominator of the classgroup. [

Let m be a positive integer. We shall now give the definition of the mth Adams
operation [m] on CI'(2,,). (There is also a similar operation on C1(2,,) which is defined
in an identical manner.)

For any commutative F-algebra S, say, there is a natural map [m]: S|G,,| — S|G,|

defined by
ml D 59 =D seg™

geGy geGy,
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454 A. AGBOOLA

Now suppose that a € Cl'(2,,) is represented by the idele (v,) € J(A,). The mth
Adams operation [m] : CI'(2,) — CI'(2A,,) is defined as follows: [m]a is the class
represented by the idele ([m]v,) € J(A,). It may easily be checked that this gives a
well-defined operation on Cl1'(21,,).

PRrROPOSITION 3-2. Suppose that Q € Z(F) ™). Then ([m] (Q)) (W (Q))~™ = 0 for
all positive integers m.

Proof. It is shown in lemma 4-15 and proposition 7-5 of [AT] that ([m]r(c))
(r(c))™™ € Aj, and that ([m]r(cy))(r(cq)) ™™ € A7 . This implies the result.

4. The class invariant and the p-adic height
In this section, we shall describe the link between the homomorphisms v, of
Section 3 and 7, of Section 1. We thus obtain a direct relationship between the
class invariant of @ on the one hand, and the p-adic height of @ on the other.
We begin by observing that there is a natural homomorphism

Map (Ern, €, (p)°F
—_— Q
[ Ly, Hom (Ern, prgn (Fy))2r

&q: CI'(,)

defined as follows. Suppose that a € C1'(21,,) is represented by the idele (v,) of J(A,,).
Then &, () is represented by the map R +— (Xr(vy)) of Map (Exn, J(F€)%r.
The following result is an immediate consequence of Proposition 3-2.
PROPOSITION 4-1. Suppose that Q € Z(F)™ ). Then
Hom (En, € (p))®"
Hq|p Hom (ET(" y Hqm (Fq))QF .

We are now able to describe the relationship between 1/, and n,.

En o (Q) €

ThHEOREM 4-2. Suppose that Q € Z(F)™ ). Then 1, 0 &, o Y (Q) = Q.

Proof. This follows from carefully unwinding the definitions of the homomorphisms
involved. We begin by observing that &,04/(Q) is represented by
f € Map (Exn, J(F¢))? defined by

F(R) = xr(us) akp
= Xr(Vna(0) alp.
Let fi € Ext'(En, F)? denote the image of &, o ¢/ (Q) under the sequence of

homomorphisms (1-4). Then f; is represented by the map

f(R + S))
R,S) —d, (121 2)
(%, 5) <f<R>f<S>

i.e.

XR+5(Vna(€))
(R, S) — : .
L st @
Next we note that since C,,(Q) is a principal homogeneous space of B,,, there is
an isomorphism (of algebras and A,, ® F°-modules)

i'": Ch(Q)® F° — B, ® F°.
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On p-adic height pairings 455
There is also an isomorphism
j B, ®F°— A, ® F°
of A, ® F¢-modules (but not of algebras) defined by j'(f) = > cq. flg)g™". Set
I sl
VnRe{zaTI Zfll“om Section 1 that there is a natural surjection
Hom (Eyn, (F€)*/F?) — Ext'(Em, F¥).

Define 5 € Hom (En, (F°)*/F*) by B(R) = xr(V,(c)) (modFZ*). Then 3 +— f;
under the above surjection.

The fact that 7, o &, o ¥/, (Q) = @ now follows from the definition of 7, together
with the remarks on Galois action on principal homogeneous spaces in Section 1.

5. Further remarks on classgroups

The remainder of this paper is devoted to an analysis of a certain piece of Cl(2,,)
via the techniques of Ullom and Kervaire-Murty (see [ KM|, [U1], [U2]). In order to
carry out this analysis, we shall require certain results proved in [AT]. We therefore
assume from now on:

(i) that F'/K is abelian, and that F' and K(E,~) are linearly disjoint over K

(i) that the prime p is completely split in F/K.

The assumption (i) implies that the Wedderburn decompositions of A,, and B,, are
given by

An:ém, Bn:éﬂ*. (5-1)

i=0 i=0
Let {x;}", denote a sequence of characters of G7, such that x; has order ¢ and
X¥1 = xi. We assume that the above decomposition of A,, is induced by ;- x;.
We shall now describe two different homomorphisms from ClI(2,,) to CI(2,,_). It
is most important that the reader keep in mind the distinction between these maps.
Let a € CI(U,,), and let m,, € J(A,) be a representative of a in (2-1). Then
gn(a) € Cl(A,,—) is defined to be the class represented by the element

R+— xr(m,), R € E n-
of Map (Ern—1, J(Q°))* . This gives us a homomorphism (‘passage to quotient’; see
chapter 1, section 4 of [T2])
Gn: CL(A,) — CLW,—y).
The other map that we wish to consider is the restriction map on classgroups.

Suppose that a € CI(2,,) and m,, € J(A,) are as above. Then res,, /,,_{(a) € CI(2,,_;)
is defined to be the class represented by the element

R+~ (Indg" xg)(m,), RE Epn-

of Map (Epn—1, J(Q))%F. (Here Indg:il X r denotes the character of G,, induced from
Gn—1 by xr.) Now a straightforward computation shows that we have

(Indg xp)mn) = J[  xa(m.)
{R'€Gn|lq]R'=R}

= Ng,/p,_ (Xr) (M)
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456 A. AGBOOLA

for any choice of R' € G, with [¢|R’ = R. Hence a representing map for res,, /,,_(«) €
Cl(A,,—) is given by

R+— Ng,/p,_,(Xr)(My) = H Xr (My).
{R'€Gnllq|R'=R}

We shall now focus our attention on certain natural automorphisms of CI(2,).
Write k: Qp — Zg for the character giving the action of Qr on the 7-adic Tate module
T, of E. Let Aut(G,) denote the group of automorphisms of G,,. Then there is a
canonical isomorphism Aut (G,,) — Gal (F,,/F) given by 7 — o,. This isomorphism
induces an action of Aut (G,) on A,, via Galois action on each factor occuring in the
Wedderburn decomposition (4-1) of A,,. We now examine this action. Suppose that
m = Zg a,9 is an element of A,,, and that R € E . For each 7 € Aut (G),), we have

[Xr(m)]7" = > af w.(R, )"

9€G,

> ag wa (R, g77)

geGy

> agwa (R, g)

9€Gn

> agwa(r(o7)R, g)

geGy
> agwn(R, k(o)g)
geGn

= Xr(|K(or)|m).

Now [k(o,)]: An — A, is a homomorphism of algebras. Hence Aut (G,,) preserves
the denominator of (2.1), whence it follows that Aut (G,,) acts on Cl(2,,) via its action
on A,. Thus, CI(2A,,) is an Aut (G,,)-module.

We next observe that Aut (G,) ~ A x I';;, where |A| = p — 1, and [, is cyclic of
order ¢". Set I' = lim I, (where here the inverse limit is taken with respect to the
natural quotient map I';, — T',_y). Then lim CI(2,,) (inverse limit taken with respect
to the restriction maps res,, /,_) carries the structure of a I'-module in the obvious
manner.

Let CI(2,)? denote the p-primary part of CI(2,), and set 2(F) = lim C1(2,,)"
(where here again the inverse limit is taken with respect to the restriction maps
resy/n—1). Then 2(F) is a A = Z,[[T"[]-module.

6. The kernel group
Write 4 ,, for the Op-maximal order of A,. The kernel group D(2,,) of A, is
defined to be the kernel of the natural homomorphism ClL(2l,) — Cl(.#,). Since
W, = M4 for q ¥ p (see proposition 2-1 of [AT]), it follows from standard theory
that

M,
DL,) ~ o

~ -1
W0, Az (6-1)

The following result is proved in section 9 (see especially (9-7)) of [AT].
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On p-adic height pairings 457

PROPOSITION 6-1. There is a natural homomorphism

0% modp
8,2 D(A,, —mer 6-2
) — — 7. ) (6-2)

where ITm (OF, ) denotes the image of O, mod p. This homomorphism is defined as
Jollows. Set L,, = F, F;; then via the existence of the Weil pairing, we see that pgn C Ly,
Let f € Gal(L,,/F(jqn)) denote the Frobenius automorphism for the primes of F(juqn)
above p. Suppose that o € D(W,,) is represented in (6-1) by an element m € M3, . Then

64(@) = Ni, s, (X (m)) X1 (m) ~ Im (D, )mod .

Now set V,, = ker (¢,|D(2,,)). We remark that classes in V,, may be represented
by elements m € /7 , satisfying x;(m) = 1 for i < n. It is easily seen that
resy /n—1(D(UAy)) € DA, —;) and that res,/,_((V,) C V,—. In the remainder of
this section, we shall determine the structure of !&1 V.. (where the inverse limit is
taken with respect to the restriction map on classgroups) as a A-module. We begin
by examining lim Ker (6,,|V/,).

Lemma 6-2. lim Ker (6,|V,,) = 0.

Proof. Suppose that (s,) € lim Ker (6,[V},). Then each class s, € V,, may be rep-
resented (via the isomorphism (6-1) by an element m,, € .7, , satisfying x;(m,) = 1
for i < n.

Fix n, and choose M > n. Suppose that s); € Vi is represented by my, with
Xi(mar) = 1fori < M. Since s, = resyr/n(Snr), it follows that there is a representative
mu (M) € ,ﬂfw of s,,, say, which is such that x,(m,(M)) = Ng,,/r, (xar(mar)). and
Xi(myn(M)) =1 for s < n.

Now sy € ker(0n). and so there is a global unit uy—y € 0% such that
Npy ey (Xar(mar)) = upr—g(mod p). This implies that x,(m,(M)) = u, yn. where
u, € OF is a global unit, and v, € OF . The local unit 7, may be made as p-
adically close to 1 as we please by choosing M to be sufficiently large (as may be
seen by an argument very similar to that given in lemma 3.2 of [U2]). Hence m,, (M)
lies in the denominator of the RHS of (6-1) for all sufficiently large M, and so it
follows that s,, = 0. This establishes the result. [

Hence we deduce that the natural map

6 = lim 8, lim V, — [im —eetn™00F
=liméd,: limV, — lim ——2——
e — Im (D% )
(where the right-hand inverse limit is taken with respect to the norm map) is an
injection. We remark that 6 is clearly a I'-homomorphism.
We shall now show that 6, |V, is surjective, whence it follows that §, is an isomor-
phism. This is an immediate consequence of the following lemma.

LEMMA 6-3. Let q be any prime of F' lying above p. Then
=07

(1+pOpy)Nr,../r, (OF, q

+1aq)

Proof. The proof is via classfield theory. We begin by observing that
[Dgfpmq :Ng,../F, (D%M’q)] = p, since F.q 4/ F, 4 is totally ramified. Now 1 +pOp is
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458 A. AGBOOLA

topologically generated by 1 + p, and so to prove our result it suffices to show that
the Artin symbol (1 + p, F,11,4/Fy,q) is non-trivial.
We have the following sequence of maps:

Fo@ > Artin >> Gal (Fioty,/Fy)@ > transfer >> Gal (Frv1,q/Fn )

Under this sequence of maps, 1+pOp , maps surjectively onto the p-Sylow subgroup
of Gal (Frt1,q/Fn,q) since [O% ;0 1+ pOp,| is of order prime to p. The result now
follows from the fact that Gal (Fy41,4/Fy q) is a p-group.

Thus, we have now shown that

0z mod
lim V, ~ lim —Feo MO0 ,
— — Im (D%ﬂ_])

where the left-hand inverse limit is taken with respect to the restriction map on
classgroups and the right-hand inverse limit is taken with respect to the norm map.
Now let # o (resp. £ ) be the maximal abelian pro-p extension of Fi, which is
everywhere unramified (resp. unramified away from p), and set Yo, = Gal (Z o/ H ).
It follows from classfield theory (cf. the argument given in Section 3 of [U2]) that

0% mod
Jim Lo MOCR -y
— Im (D}fﬂnil)

as I'-modules. The following result, which may be regarded as an elliptic analogue
of theorem 3-6(a) of [U2], is now immediate.

THEOREM 6-4. There is a canonical isomorphism of A-modules

limV, ~ V...
—
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