ON CERTAIN SPECIAL VALUES OF THE
KATZ TWO-VARIABLE p-ADIC L-FUNCTION

A. AGBOOLA

ABSTRACT. We develop a framework that enables us to study a broad class of special values

of the Katz two-variable p-adic L-functions, including certain special values lying outside

the range of p-adic interpolation.
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2 A. AGBOOLA
1. INTRODUCTION

In this article we shall study a wide class of special values of the Katz two-variable p-adic
L-function by extending the techniques and results of [1, 2, 23, 24|

Let K be an imaginary quadratic field, and let E/K be an elliptic curve with complex
multiplication by the ring of integers Ok of K; then K is necessarily of class number one.
Let p > 3 be a prime of good, ordinary reduction for £. We may write p = pp*, with
POk = 70k and p* = 7*0Ok.

Let

¢ Gal(K/K) — Aut(Er~) = O, = ZJ,
¢ Gal(K/K) — Aut(Ereee) = Of . = Z

denote the natural Z;-valued characters of Gal(K/K) arising via Galois action on E and
E,+ respectively. We may identify ¢ with the Grossecharacter associated to E (and ¢*
with the complex conjugate ¢ of this Grossencharacter), as described, for example, in 23,
p. 325].

Set R := K (Ep~), and let O denote the completion of the ring of integers of the maximal

unramified extension of K,. For any extension L/K we set
A(L) :== AN(Gal(L/K)) :=Z,[|Gal(L/K)]],

and A(L)p := O[[Gal(L/K)]].

The Katz two-variable p-adic L-function £, € A(Rx)o satisfies a p-adic interpolation
formula that may be described as follows (see [23, Theorem 7.1] for the version given here,
and also [10, Theorem II1.4.14]. Note also that, as the notation indicates, £, depends upon
a choice of prime p lying above p). For all pairs of integers j, k € Z with 0 < —j < k, and
for all characters x : Gal(K(E,)/K) — K™, we have

Lo(Wx) = A- L™y, 0). (1.1)

Here L(w_kafjx_l,s) denotes the complex Hecke L-function, and A denotes an explicit,
non-zero factor whose precise description we shall not need.

For any character ¢ : Gal(K/K) — ZX, we write (¢) for the composition of ¢ with the
natural projection Z; — Z,, and we define

Ly(¢,5) = Lp(d(e)" ).

If ¢ lies within the range of p-adic interpolation of £,, then the behaviour of £, at ¢ (i.e. the
behaviour of Ly(¢,s) at s = 1) is predicted by various p-adic generalisations of conjectures

of Birch and Swinnerton-Dyer type due to several people. On the other hand, the behaviour
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of L, outside the range on interpolation is much less well-understood. Variants of the p-adic
Birch and Swinnerton-Dyer conjecture involving special values of £, lying outside the range
of interpolation were first introduced and studied by Rubin in [23, 24], with some subsequent
work by the present author in [1, 2]. (See also [4] for recent work related to this topic, using
a very different approach.) In this paper we shall generalise the framework introduced in
[1, 2]; this will enable us to analyse a broad class of special values of £, in a uniform manner.
For any integer » > 0, we write
£)(0) o=ty 05

Let Yeye denote the p-adic cyclotomic character of Gal(K /K), and define ¢* := ¢~ xcye. Set
T :=7Z,(¢) and W :=T ®z, (Q,/Z,). Let K be the smallest extension of K such that
Gal(K /K. acts trivially on T. Define 7%, W*, and K?, analogously.

In order to study the behaviour of L, at ¢, we introduce an Iwasawa module that is
naturally associated to Ly(¢, s) via the two-variable main conjecture. The Iwasawa module
Xp(Koo, W) that we consider is the Pontryagin dual of a certain restricted Selmer group
Yp(Koo, W). This restricted Selmer group is equal to the classical (or Bloch-Kato) Selmer
group when ¢ lies within the range of interpolation of L,; in general however, the two Selmer
groups are different. The two-variable main conjecture shows that a characteristic power
series of X,(Kus, W) may be viewed as being an algebraic p-adic L-function associated to
Ly(0,s).

We define corresponding compact restricted Selmer groups ¥,(K,T) € H'(K,T) and
Yo (K, T*) C H'(K,T*), and we construct a p-adic height pairing

(= 1o Sp(K,T) X Sy (K, T) — Z,

together with an associated regulator RS;?;)*.
Set

np(0) = rankg, [ (K, T)],

and let X, (K, W), 4y denote the quotient of X, (K, W) by its the maximal divisible subgroup.
Write X, (K, T)ors for the torsion subgroup of X (K, T'). The following result is a special case
of Theorem 8.2 of the main text.

Theorem A. Let ¢ be of infinite order, with ¢ # Xcye. Suppose that Rg?;)* # 0. Then

ords—1 Lp(9, s) = nyp(¢),

and
ﬁl(ﬂnp @) (¢) ~ |EP(K? W)/div’ : ‘Ep(K7 T)tors‘ : R&?,p)ﬂ
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where the symbol ‘~’ denotes equality up to multiplication by a p-adic unit.

By using duality theorems to study n,(¢) (see Proposition 9.4 of the main text), we show

the following result.
Theorem B. Suppose that ¢ is of infinite order, with ¢ # Xcye. Then

np(9) — np(67)| = 1.
Hence, if in addition Rﬁ?}l £ 0, then

|ords—1[Lp(@, 5)] — ords—1[Ly(07, s)]| = 1.

In order to be able to obtain exact special value formulae, we need to impose a further
condition on the characters ¢ that we consider, namely that of being locally Lubin-Tate
(LLT) at p (see Definition 6.7 of the main text). Roughly speaking, this means that the
restriction of ¢ to a decomposition group at a prime q above p is an integral power mgy(¢)
of a character associated to a Lubin-Tate formal group. When ¢ is LLT at p, it is possible
to obtain exact expressions for E,(Jn'“ (¢))(¢) by applying suitable explicit reciprocity laws to
canonical elements y(¢) € X,(K,T) that are constructed using twisted Euler systems of
elliptic units (see Section 11 below).

Let us illustrate a special case of our results in the setting of characters associated to CM

modular forms of higher weight. Consider the characters

O = PR g = TR (R > 0).

The character ¢y is naturally associated to the CM modular form of weight 2k 4 2 attached
to 1, and it lies within the range of interpolation of £,. The behaviour of L,(¢y,s) at
s = 1 is conjecturally well-understood in terms of generalisations of the p-adic Birch and
Swinnerton-Dyer conjecture to the case of modular forms of higher weight. On the other
hand, the character ¢; lies outside the range of interpolation of £,, and the behaviour of
L,(¢x,s) at s = 1 for arbitrary k is less well understood. When k = 0 and ny(¢y) > 1, the
function Ly (¢y, s) was first studied by K. Rubin, who formulated a version of the p-adic Birch
and Swinnerton-Dyer conjecture in this setting (see [23, 24]). This work was subsequently
extended to the cover the case ny(¢x) = 0 by the present author (see [1, 2]). When k > 1,
the function L,(¢y, s) has not previously been studied.
Set

Ty :=Zy(r), Ty = Zy(9y),
Vi =1, ® Qpa Vk* = TI: ® Qp'
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Write
Expy, : Hl(Kp*, Vi) — Qp,
Expy. : H'(K,, Vi) — Q,
for the Bloch-Kato dual exponential maps associated to Vj, and V;*, and
Logy, : HY(K,, Vi) — Q,,
Logy. : HY Ky, Vi) — Qp
for the corresponding Bloch-Kato logarithm maps. For each place v of K, we let
loc, : HY(K,T}) — HY(K,,T}), loc,: H'(K,T;) — H*(K,,T})

denote the obvious localisation maps at v.

Suppose that q € {p,p*} and that m € Z. Let Fry denote a Frobenius element of
Gal(K/K) at q. For any character ¢ : Gal(K /K) — Z) we define an Euler factor Euly(¢, m)
by

“m —1 _
Eulq(gba m) = (1 - <¢chc )(Frq)) : (1 - Qb(Frq)) '
X (1= [P Xeye) "0 (Frq)) - (1= [p7 "0 (Fry)) -

The following result is a special case of Theorems 11.6 and 12.3 of the main text.

Theorem C. Suppose that ¢y, and ¢} are LLT at p, and that L,(¢r) # 0. Then Rg?’;,) #0,
and we have the following equality in Q,:

Buly(¢ ' b+ 1)7" Bl (6,1, k)™ - Ly(¢n) =

QAdey) [y (1), y(@n))ics
Q(@;;) Expy, (locp- (y(¢x))) EXP;; (locy(y(¢%)))

(We refer the reader to Section 6 for the precise definitions of the periods Q(gb,;)lj) and
A5p)-)

Theorem C, (which is a generalisation of [2, Theorem A] to modular forms of higher

L3 ().

weight), relates the value of £, at the point ¢, lying within the range of interpolation to
the derivative of L, at the point ¢; lying outside the range on interpolation. It may be
viewed as being an analogue of the well-known exceptional zero phenomenon observed in
the work of Mazur, Tate and Teitelbaum in the setting of elliptic curves without complex

multiplication (see [14, especially Conjecture 2|, [16, especially page 38]).
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If L£,(¢x) =0, then Theorems 11.6 and 12.3 below also yield the following generalisation
of [23, Theorem 10.1] to the higher weight case, which again illustrates the phenomenon

alluded to above.

Theorem D. Assume that ¢, and ¢;, are LLT above p. Suppose also that L,(¢r) = 0 and
that ,Cfgl)(qﬁk) # 0. Then Ly(¢;) # 0, and the following equality holds in Q,:

Euly(¢; L k)" Buly- (6174 b+ 1)1 L8 (67) =

Adiy) [y (@), y(sp)) 5
Qép,0)  Logy (locy (5(67))) Logy (o, (y(dr)))

- Lp(01)-

A brief outline of the contents of this paper is as follows. In Section 2, we establish certain
notation and conventions that will apply throughout this paper. We then recall some general
facts about twists of Iwasawa modules and derivatives of their characteristic power series in
Section 3, and we explain how these facts may be applied to the Katz two-variable p-adic
L-function. In Section 4, we define various Selmer groups that we need, and we prove a
control theorem for restricted Selmer groups. In Section 5, we describe how elements in
restricted Selmer groups may be constructed using twisted units, and we establish certain
basic properties of elements constructed in this way.

In Section 6, we recall certain results concerning explicit reciprocity laws on Lubin-Tate
formal groups, and we calculate the Bloch-Kato logarithms and dual exponentials of the
elements in restricted Selmer constructed in Section 5. We construct the p-adic height
pairing on restricted Selmer groups in Section 7, and we describe how to evaluate the p-adic
heights of elements in restricted Selmer groups constructed via twisted units. In Section
8, under the assumption that the p-adic height pairing constructed in Section 7 is non-
degenerate, we prove a very general leading term formula for a characteristic power series
of a restricted Selmer group over an arbitrary finite extension of K. We compare different
restricted Selmer groups over K in Section 9, and we describe the relationship between the
leading terms of the relevant characteristic power series (see Theorem 9.7).

We recall some basic facts concerning elliptic units and the construction of the Katz two-
variable p-adic L-function £, in Section 10. In Section 11, we apply our previous results
to construct canonical elements in restricted Selmer groups over K using twisted elliptic
units, and to prove a very general exact leading term formula for £, (see especially Theorem
11.6). Finally, in Section 12, we specialise the results of Section 11 to the case of complex
conjugate characters, and we prove a result (see Theorem 12.3) which implies Theorems C

and D above.



SPECIAL VALUES OF p-ADIC L-FUNCTIONS 7
2. NOTATION AND CONVENTIONS

If L is any field, we write Oy, for its ring of integers and L*" for its maximal abelian

extension. We let L denote an algebraic closure of L.

Let K be an imaginary quadratic field of class number one, and let E/K be a fixed
elliptic curve with complex multiplication by the ring of integers Ox of K. We write f
for the conductor of . We fix a prime p > 3 of good, ordinary reduction for E, so that
pOk = pp*. Let

Y Gal(K/K) — Aut(Eps) = Ok, — 2y,
¢ Gal(K/K) — Aut(Byee) = OF o = L

denote the natural Z -valued characters of Gal(K/K) arising via Galois action on Epe and
Ey respectively. We may identify ) with the Grossecharacter associated to E (and ¢*
with the complex conjugate v of this Grossencharacter), as described, for example, in [23,
p. 325].

The symbol g will always denote a prime of O lying above p, and we write i, : K — K,

for the natural embedding afforded by q.

We write Yeye : Gal(K/K) — Z* for the p-adic cyclotomic character of Gal(K/K). If x :
Gal(K/K) — Z* is any character of Gal(K /K), we set x* := X" Xeye and Z,(x) := Z, ® x.
We write (x) : Gal(K/K) — 1+ pZ, for the composition of x with the natural surjection
Z; — 1+ pZ,.

Throughout this paper ¢ : Gal(K/K) — Z) denotes a character of infinite order. (We

shall impose further conditions on ¢ as the need arises.) We let
T:=27Z©9), T :=17Zy(9");

so T and T* are free, rank one Z,-modules on which Gal(K /K) acts via ¢ and ¢* respectively.
Set

Vi=T®g Q) W:=V/T,
V=T ®z, Qp, W :=V*/T",

and write Wyn and W, for the p"-torsion subgroups of W and W* respectively. We view
T'=lm Wy, T" =lim Wy, (where the inverse limits are taken with respect to the obvious

multiplication-by-p maps), and we let w = [w,], w* = [w}] denote fixed generators of T" and

T™ respectively, chosen to satisfy the condition 2.1 below.
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For each integer n > 1, we let
en t Wyn X Wi — ppn

denote the pairing afforded by Cartier duality via viewing Wj» and W, as group schemes

over Spec(K). This pairing satisfies the identity
en(pwn, wy,) = €n(wy, pwy,).

We fix once and for all a generator ¢ = [(,] of Z,(1), and we assume that w and w* are

chosen to satisfy

en(tn, 13) = Gy 21)
for all n > 1.
We write
Kni=KWp), Ki:=KW5), £ =K, K,
and

ICoo = UnZl’Cna /C; = UnZlK;:a R 1= Unzlﬁ"‘

We denote the unique Z,-extension contained in Ko, by K. For any finite extension F/K,

we set
fn:FICn, fn*:FIC:L; gn:Fﬁ”n?
and

Fo=F Ky, Fo:=F Ko, Fo=F- K., B =F Fx

The symbol O denotes the completion of the ring of integers of the maximal unramified

extension of Q,.

Suppose that q € {p,p*}. If F//K is a finite extension, we set
Uq(F') := units in Fy; congruent to 1 modulo g.

We also set

E(F) := global units of F}
E4(F) := the closure of the projection of £(F) into U,(F).

If F/K is an infinite extension with F' = U, >oF,, (where each F), is a finite extension of K),

then we write
Uy(F) = im Uy(F,),  E(F) = ImE(F,), E(F) = lim &(F,),

where the inverse limits are taken with respect to the obvious norm maps.
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Remark 2.1. Note that since the strong Leopoldt conjecture holds for all finite extensions
of K, we have that

E(F) = E(F) ©2 Z,
whenever F/K is finite. Hence, for any algebraic extension F//K, we may also view &(F)
as being a submodule of Uy (F'). We shall do this without further comment several times in
what follows. O

For any extension L/K, we set
A(L) := A(Gal(L/K)) := Z,[[Gal(L/K)]], A(L)o := O[|Gal(L/K)]].

If F/K is a finite extension and x : Gal(F/F) — Z; is a character of infinite order, we
often write F)/F for the extension of F cut out by y. We set

Z,(F) := Ker[x : A(F(X)) — Zy),

and we define a generator ¥, = 0, (F') as follows. We choose a topological generator v, =
Yy (F') such that

log,(X(7x)) = p,

and we set
Dy (F) == x(y e — 1.

For any extension L/K we write M9(L) for the maximal abelian pro-p extension of L
which is unramified away from ¢, and we set X(L) := Gal(M%(L)/L). We let BI(L) denote
the maximal abelian pro-p extension of L which is unramified away from ¢ and totally split
at all places of L lying above q* , and we write Y9(L) := Gal(BY(L)/L).

If M is any Z,-module, then My;, denotes the maximal divisible submodule of M, and
we set M qiy := M/Mgiv. We write My for the torsion submodule of M, and M A for the
Pontryagin dual of M. If M is a torsion Z,-module, then we write T,,(M) for the p-adic
Tate module of M.

3. CHARACTERISTIC POWER SERIES

Our goal in this section is to recall (following [1], but in slightly greater generality) some
basic facts concerning twists of Iwasawa modules and derivatives of characteristic power
series. We shall then apply these results to twists of the two-variable p-adic L-function £,
(where q € {p,p*}) by characters of Gal(R,/K) of infinite order. This will later enable us
to apply the two-variable main conjecture to relate special values of £, to the arithmetic of

certain Selmer groups.
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Suppose that F/K is any finite extension. Let Gr := Gal(§./F), and suppose that

p:Gr — 72, is any character. Then there is a twisting map

Tw, : A(Gr) — A(Gr)

associated to p which is induced by the map g — p(g)g for all g € Gp. It is easy to see that
if f € A(Gr), then

fp) = [Tw,(NI(1).
If M is any finitely generated A(Gg)-module which characteristic power series fi; € A(Gr),

then a routine computation shows that Tw,(f)) is a characteristic power series of M (p~!) :=
M pt.
Set ‘H := Ker(p). Then there is a natural quotient map

HQF/H : A<gF) - A(gF/H)7

and IIg/7(Tw,(fua)) is a characteristic power series of the A(Gp/H)-module M (p™") @,
A(Gr/H). If p1 : G — Z) is any character which factors through Gr/H, then

[Tw,(fan)l(p1) = Mg m(Tw, (far))l(p1),

and there is an isomorphism

M(p™") @agp) MGr/H) = (M @) MGr/H))(p™1)

of A(Gr/H)-modules. Hence we see that we may study the values of Tw,(fa) at characters
p1 which factor through Gp/H by studying the values of the element Ilg, 3 (Tw,(fr)) at
such characters.

Suppose now that p is of infinite order, and let M; be a finitely generated A(Gr/H)-
module. Let fi, € A(Gr/H) be a characteristic power series of M;. We may write

gF/HgAH XGHu

where Ay is of finite order prime to p, and Gy ~ Z,. Let vy be a fixed topological
generator of Gp/H, and let Ilg,, : A(Gr/H) — A(Gyx) be the natural quotient map. We
identify A(Gy) with the power series ring Z,[[X]] in one variable in the usual way via the
map T, () 1+ X
Let Ig,,» denote the augmentation ideal of A(Gr/H), and suppose that n > 0 is the
smallest integer such that the image of fi, in I I / Igﬁ is non-zero. It is not hard to
check that Tlg,, (far, ) is a characteristic power series of the A(Gy)-module M{**, and that
(= 1) ) () = stlnd| 3.1)

Xn
X=0
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where 1 denotes the identity character of Gr/H.
For any character v : Gp/H — Z), we set ¥, := v(yy) 'y — 1. Then if m > 0 is any
integer, it follows from the definitions that we have

(0, )W) = [y = 1)7" Tw (far)](1), (3.2)
where Tw, : A(Gr/H) — A(Gr/H) is the twisting map associated to v.

Let us now explain how (3.2) is related to derivatives of certain p-adic analytic functions
(see [23, §7]). Recall that we write < v >: Gp/H — Z) for the composition of v with the
natural projection ZX — 1+ pZ,. Suppose that x : Gp/H — Z5 is any character of order
prime to p. Then the map from Z, to C, given by s — fy, (vx < v >*"') defines an analytic

function on Z,. Define

ordyy (far,) = orde—y far, (vx < v >S_1),

and set

1 /d

D fun ) i= o (1) nlx <>+

s=1
We write

fir, x) =D far, (vx),
and we extend these definitions to A(Gp) via the quotient map Ilg, ;7. A routine calculation

shows that we have
D™ (97 (vx)) = {log,(v(y))}™,
and
D" ()" far, ) (vx) = {log, (v(12))}" fars ()
= [{log, (v(v))}™ Twy (far )] (X)- (3.3)

We can now see from (3.1), (3.2) and (3.3) that if n, := ord,(fu,), then we may write
fa, =90 F, with F,, € A(Gp/H), and we have

(nv) _ 1 fMl(V <V >S_1>
fMl (V)_?_IH (S—l)”"

= D(nu)(ﬁzyFl/)(V)

= [{log, (v(v#))}™ Tw,(F,)](1)

= {log,(v(yn))}"™ - la(Tw,(F,))(0)
(

e (Tw, (fan))
X

(3.4)

= {log, (v(yr))}"™ -

X=0
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We shall now apply the above discussion to the case in which F' = K, M = X,(R), p =V
is any character of infinite order, and y = 1.

Set Dy, := A%, the fixed field of H, and write Dy, := D2%; then Gal(Dy/K) = Gy =~ Z,,.
Recall that the two-variable main conjecture asserts that if q € {p,p*}, then X(R) is a
torsion A(R)-module, and that the Katz two-variable p-adic L-function £, is a character-
istic power series of Xy(Roo) in A(Roo)o. We therefore see that Tw,(Ly) € A(Rx)o is a
characteristic power series of Xy(R.)(p™h).

Let Ip, denote the kernel of the natural map A(Ry) — A(Ds). Fix any characteristic

power series H éf,ﬁ) of the A(Dy)-module

Xq(Roo) (p71) @) (M(Roo) /Do) = Xg(Rea) (p7) /I Xa(R) (7).

Set

and write

Ngp = 0rds—1 Ly(p, s).

Definition 3.1. For any non-negative integer m, we define

Lp(p, S)

M) () -— i
L™ (p) llir% G- (3.5)
0
Proposition 3.2. With the above notation, we have
Ngp = ordx—o Héf;), (3.6)
and
. Ly(p,s) HE)
(a.0) () = _p\me) ngp . 9GP
‘Cq ! (p) PLI% (S _ 1)nq,p {logp(p(’YH))} ! X Ma.p ) (37)
X=0
where ‘~’ denotes equality up to multiplication by a p-adic unit (which, in this case, lies in
0*).
Proof. This follows from (3.1), (3.2), and (3.4). O

We therefore see that the order of vanishing ng, of £y at p and the p-adic valuation of

anq,p )(p) may be determined by studying H, C(,,I;) , and that this may be done algebraically.
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4. SELMER GROUPS

In this section we shall define various Selmer groups that we require, and we shall establish
some of their properties.

Suppose that F'is a finite extension of K.

Definition 4.1. For each finite place v of F, we write H}(F, V') for the Bloch-Kato coho-

mology group at v associated to V. Hence

Ker[H'(F,,V) — HY(Gal(F,/F™,V if v1p;

vy — T EV) = Y GallF B V) ity
Ker[H'(F,,V) — H'(F,, Bays ®q, V)] if v | p,

where F)'" is the maximal unramified extension of F},, and B, denotes Fontaine’s ring of
crystalline periods.

There is a tautological exact sequence
0—-T—-V—->W—0, (4.1)

and we define Hj(F,,T) and H'(F,,V) to be the pre-image and image respectively of
H'(F,,V) under the maps on cohomology groups induced by the exact sequence (4.1).

For each positive integer n, there is an exact sequence
O—>an—>Wi>W—>0, (4.2)

and we define Hj(F,,Wyn) to be the inverse image of H'(F,,W) under the map on coho-
mology induced by (4.2).
We define similar groups with V' replaced by V* in an entirely analogous manner. 0
Example 4.2. Suppose that ¢ = 1)%)*/. For each place v of F lying above p, we set
i ifv|p;
my(¢) = o
j ifv]|p*

The following table lists the groups H}(Fv7 —) for v | p:

my(¢) <0 my(¢) =0 my(¢) >0
1% 0 0| HYF,V)
T | H(F,T)tors | H'(Fy, T)tors H'(F,,T)
W 0| H'(Fy, W)aiv | H'(Fy, W)aiv

If v { p, then we have
HY(F,,V) = HNF,,W) = 0;
H}(F,, T) = H'(Fy, T)tors,
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irrespective of the values of ¢ and j. 0

Definition 4.3. Suppose that M € {W,W* Wy, Wy} and that g € {p,p*} . If ¢ €
H'(F, M), then we write loc,(c) for the image of ¢ in H*(F,, M). We define
e the true Selmer group Sel(F, M) by

Sel(F, M) = {c € H'(F,M) | loc,(c) € H{(F,, M)for all v} ;
e the relazed Selmer group Sel.q(F, M) by
Selet(F, M) = {c € H'(F, M) | loc,(c) € H}(F,, M) for all v not dividing p} ;
e the strict Selmer group Selg, (L, M) by
Selg, (F, M) = {c € Sel(F, M) | loc,(c) = Ofor all v dividing p} ;
e the g-strict Selmer group Selg.(q)(F, M) by
Selse(q) (Fy M) = {c € Sel(F, M) | loc,(c) = Ofor all v dividing q} ;

e the g-restricted Selmer group (or simply restricted Selmer group for short when q is
understood) X4(F, M) by

Yq(F, M) = {c € Selya(F, M) | loc,(c) = 0for all v { q}.
We also define

Selo(F,T) := lim Sely (F, Wy ), Selo(F,T*) := lim Sel, (F, W;.),

Sq(F,T) = lm Sq(F, W),  Eq(F, T%) := lim Sq(F, W),

If L/K is an infinite extension, we define
Sely(L, M) = li_n>18e17(L’, M), %4(L,M)= lii>n2q(L’, M),
Selo(L,T) = lim Selo(L', T),  Selo(L,T*) = lim Sel (L', T"),
where the direct limits are taken with respect to restriction over all subfields L' C L finite

over K.

For any extension L/K, we set

Sely(L, M) = Xo(L, M),  Sq(L, M)" = X,(L, M).
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Example 4.4. Suppose that ¢ = ¢")*/. By using the table given in Example 4.2, it is not
hard to describe the true Selmer group H }(K ,W) as i and j vary:

j<0 =0 j>0
i <0 Selye (K, W) | Selye (K, W) | Sy (K, W)
i =0 | Sely (K, W) 0] Sy (K, W)
i>0] SE W) S,(K W) | Sela(K, W)

The reader may find it helpful to draw a diagram of the ¢ — j plane to illustrate the table

above. O

The following result is an analogue for restricted Selmer groups of a well known theorem
of Coates about true Selmer groups associated to torsion points on CM elliptic curves |7,
Theorem 12].

Theorem 4.5. Let L be any field such that Foo C L C Fo, and suppose that q € {p,p*}.

Then there is an isomorphism
Xo(L, W) 2 XD (L)(67)
of A(L)-modules. In particular, Xq(L, W) is a torsion A(L)-module.

Proof. The proof of this result is very similar to that of [7, Theorem 12]. We begin by

observing that , since F,, C L, there are A(L)-module isomorphisms
XO(L) (o) ~ Hom(T, XV (L)), XD(L)(¢~")" ~ Hom(X D (L), W).

Therefore, in order to establish the desired result, it suffices to show that there is a natural

isomorphism
Yo(L, W) = Hom (XD (L), W). (4.3)

This follows via an argument entirely analogous to that used to establish [7, Theorem 12]. O

We now state a ‘control theorem’ for restricted Selmer groups.

Theorem 4.6. Suppose that q € {p, p*}.
(a) Let 1x denote the kernel of the quotient map

e, A(Fe) = AMFs).
Then the kernel of the restriction map

S Foes W) = 5o, W)l
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is finite. A characteristic power series in A(Fy) of the Pontryagin dual of the cokernel of

this restriction map is given by
€r = (’7 - ¢_1(7>>_1 H(’Yv - ¢_1(7v))7
vlq

where 7y is a topological generator of Gal(Fu/F'), and, for each place v of Fu lying above
q, 7w denotes a topological generator of Gal(Fu,/Fy) < Gal(Foo/F).

Hence if f € M) is a characteristic power series of Xq(Foo, W), then en'Tlxr (f) €
A(Fx) is a characteristic power series of Xq(Foo, W).

(b) Suppose that L is any field such that F C L C F,, and write I}, for the kernel of the
quotient map N(Fy) — A(L). Then the restriction map

So(L, W) — Sg(Foos W)[IL]

s an isomorphism.

Hence the dual of this restriction map is an isomorphism of A(L)-modules:
Xo(Foo, W) /I, Xy(Foo, W) = X4(L,W).

Proof. Let N denote the maximal extension of F., that is unramified away from all places
of §~ lying above p. Consider the following commutative diagram:

locg«

0 — Ng(Foe, W)  ——  HWN/Fo, W) — [l H' N/ Foc, W)

| l l

0 —— Sg(oos W) Ip] —— HYN[Foo, W)[Ir] —25 HY(N, /Foons W)

vlq*
in which the vertical arrows are the obvious restriction maps.
Applying the Snake Lemma (together with the inflation-restriction exact sequence) to this

diagram yields the exact sequence
0 — Ker(a) = H' (Foo/Foo, W) L5 T[ H' Boero/ Foorws W*) —
vlg*

— Coker(ar) = H*(Foo/Foo, W) = [ [ H* Boorn/ Foows W) — 0. (4.4)

v|g*
Now,
H (Foo/ Foo, W) =~ Hom(Gal(Foo/Fno), W),
[T H Gooin/ Fooan W) ~ | | Hom(Gal(Fooo/ Foo), W), (4.5)

v|g* v|g*
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and, as Gal(Foo/Foo) = A X Z, with pt A, we have
H?(Foo/Foos W) = H (Foo/ Foo, W) = W,
2> G/ Foors W) = [ [ B Booro/ Foos W) = [ [W-.

v|g* v|g* v|gq*

We now deduce that g; is non-zero, and therefore has finite kernel (since H(Foo/Foo, W)
is divisible), and that g, is injective. It follows from (4.4) that Ker(a) is finite, and that

there is an exact sequence
0 — Ker(ar) = H' (Foo/Foo, W) 2 T[ H' Boorw/ Foows W) — Coker(ar) — 0. (4.6)
vlg*

It follows from (4.5) that

CharA(fm) (Hl(%oo/fom W))A =7 ¢_1(7)3

Chal"A(]:OO) H HI(SOO,U/FOO,M W) = H(%) - gb_l(’yv))'

v|g* vlg*
Hence we deduce from (4.6) that
Charp(r.,)(Coker(a))* = ep = (y — ¢~ (7)) H(% — ¢ (),
vlq*
as asserted.

(b) In this case we consider the commutative diagram

locq*

0 ——  Ng(LW) —— H'W/LW) — [l H'No/Lo, W)

A | |
0 —— So(Fuo W)I] —— HYN/Fu, W) =25 [0 HY N Frs W)
We have that
Ker(8y) = H (Foo /L, W) = 0,

Ker(8s) = [ [ H'(Foow/Lu, W) =0,

v|g*

Coker(3s) = HX(Foo /L, W) = 0,

(cf. [20, p. 40], for example), and so the Snake Lemma implies that 3; is an isomorphism,

as claimed. O
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Corollary 4.7. For any field L with F' C L C F,, we have an isomorphism
Xo(L,T) = Xy(Foo) (07 1) /T (Xo(Foc) (071)) (4.7)
of A(L)-modules.
Proof. This follows directly from Proposition 4.6 and Theorem 4.5. U

Remark 4.8. If we take F' = K in Proposition 4.6, then it is easy to check that ex €
A(Kx)*. We therefore see from Proposition 4.6(a) and Corollary 4.7 that the element
HC(,,I;) € A(K) fixed in Section 3 is a characteristic power series of Xq(K,W). Let us
also remark that as £, € A(Rx)o is a characteristic power series of X;(R), it follows that

Twe(Ly) is a characteristic power series of Xq(Re, W). O

5. KUMMER THEORY

In this section we shall explain how to construct elements in restricted Selmer groups

using twisted units. We begin by recording the following standard cohomological result.

Lemma 5.1. Let F/K be any finite extension, and set N,, :== F K. Suppose that L and
M are fields with F C L C M CN,,. Then for every integer m > 1, the restriction maps

H (L, Wyn) = H'(M, Wign), H'(L, pipn) — H'(M, )
are injective, and they induce isomorphisms
H (L, W) 2 BN, Wy S50 (L) 2 (M, ) S50
A similar result holds if L and M are replaced by L, and M, with
F, C L, C M, CNuo
for any finite place v of F.
Proof. See, for example, [20, page 140]. O

We now recall some basic facts about twisting cohomology classes by Galois characters
26, 11.4 and VI].
Fix generators w = [w,] of T" and w* = [w}] of T*. Set
¢ =[Gl = len(wn, wy)] € Zp(1).
Write 77! := Hom(T™, Z,), and let w*™! = [w;~!] € T*! be the generator of T*~! defined

by w™! : w’ + 1. Observe that we have

7' ® Z,(—1) = Hom(T*, Z,) ® Z,(1) ~ Hom(T*, Z,(1)) ~ T,
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and that the image of w* ' ®( € T* ' ®Z,(1) in Hom(T*, Z,(1)) is the map w* — ¢, which
is in turn identified with w € T via the e,-pairings.
Let F'/K be a finite extension.

Lemma 5.2. For each integer n > 1, the map
popr — Wpns G = wy,
induces an isomorphism

Twity : HY(F ) = HY(F, W),

Proof. This is straightforward, and follows immediately from the fact that Gal(F/F) acts
trivially on w}. d
Lemma 5.3. Suppose that ¢ € H(F,Z,(1)). Then the image of ¢ under the composition
of maps

(Tw) ) Twl™)

Hl(f;,an) = HI(F;7HP”) %Hl(Fvﬂp") LHl(f;,an)

is equal 10 Y- ccaFs /) ¢* (o).
Proof. See [26, Lemma 11.4.3]. O
For each integer n > 1, let v, : H*(F;, Wpn) — H'(F;_;, Wpn-1) be the composition of

maps

HY(F5 W) <5 HN(Fy W) =5 HNF W),

n—1s n—1""p
Lemma 5.4. (a) There is a natural isomorphism
lim H'(F;, Wye) = lim B (73, ),
where the left-hand inverse limit is taken with respect to the maps o, and the right-hand
tmverse limit is taken with respect to the obuvious corestriction maps.
(b) Suppose that w = [u,] € lim H'(Fy,Z,(1)), and, for each n, write wa;),l(un) €
HY(F:,Wyn) for the image of u, under the sequence of maps

TW(ZL
HY(F, Z,(1)) — HY(FL, i) —o— HY(F, W),

Then

(un)) = Tw! ) (Un-1)-

an (Tw(n) (17*71

¢*71
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Hence it follows from part (a) above that the maps Tvv((;),1 induce a homomorphism

TW¢*—1 : @Hl(}—;, Zp(1>> - @Hl(}—;’T>
U= Twym1(u) = [Twyea1(u),]

Proof. (a) See [26, Proposition VI.2.1].

(b) This follows via a routine computation. O
Definition 5.5. For each u = [u,] € lim H'(F}, Z,(1)), we define P,(¢) € H'(F,T) by

Pu(6) 1= Tweyet (u)o. (5.1)
O

We shall study the behaviour of P,(¢) using Kummer theory on the multiplicative group.

The main result that we shall use to do this is the following.

Proposition 5.6. (a) There is an isomorphism of Gal(F}/F')-modules
HYF W) = Hom(W;n,f;:X/f;Xpn); ff. (5.2)
For each place v of F}, there is also a corresponding local isomorphism

HY(F

Wye) = Hom(Wo., Fo 0 JF).

,U

(b) There is an injective homomorphism
kg - HI(F7 T) - llf_nHl(fZa ZP<1))7
where the inverse limit is taken with respect to the obvious corestriction maps.

Proof. (a) The isomorphism (5.2) is defined as follows. We first identify F**/F:*P" via
Kummer theory, and then we define f by f(w?) = TW((;i)_l( f). Tt is not hard to check that
the map f — f is a Gal(F/F)-isomorphism.

(b) Suppose that ¢ = [¢,] € lim H'(F,Wyn) ~ H'(F,T), and consider the composition of
maps

Hl( 1y Hpnt1) — Hl(}-;aﬂp”“) - Hl(F;>Np”)> (5.3)
where the first arrow is given by corestriction and the second arrow is induced by the natural
map fin+1 — fin. Recall from Lemma 5.1 that there is an isomorphism H'(F, W) =~
HY(F, W )GalFn/E) Tt is not dificult to check that (5.3) maps é,41(w ;) to &, (w}). We
may therefore define
(w) = [En(wy)] € lim H' (L, i),
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where the inverse imit is taken with respect to the maps (5.3). Since

@Hl(f;:?MPn) = linHl(]::m Zp(l))7
where the right-hand inverse limit is taken with respect to the obvious corestriction maps
(see e.g. [26, Appendix B, Section B3|), we may therefore view ¢(w*) as being an element
of lim H'(Fy, Z,(1)), and we write

kg(c) = [rg(c)n] € lim H' (F;, Zy(1))
for this element.

It follows from the construction of k, that for each integer n > 1, we have

kig(C)n = Twgemi(c,)  (mod F¥")

in HY(F}, ppn) =~ F* /F>P". This implies that r, is injective. O

Corollary 5.7. Suppose that u = [u,] € lim H'(F;,Z,(1)). Then we have

g (Pu(@))n = Y. ¢ 0)o | uy (mod F)

ceGal(Fy/F)

in H(Fy, ) = Fo [ F0".
Proof. This follows directly from Lemma 5.3 and the definition of k. U

We remind the reader that for each construction we have carried out in this section, there

are corresponding local constructions in which F'is replaced by F,, for any finite place v of

F.

Now set
Ifufb*) = Ker[¢p™ : A(FL) — Z,),
and put
I =yt - 1,
where 7* is any topological generator of Gal(F7, /F) such that log,(v*) = p. Then "ﬁﬁf*) is a

generator of the ideal Il(f*).

For each integer n > 1, let 19%‘?;) denote the projection of 19;?*) into Z,[Gal(F}:/F)].

Lemma 5.8. We have

Iw) N oo =—(p—1)p" mod p"IyZ,[Gal(F}/F)).
o€Gal(F:/F)

Proof. The proof of this assertion is identical to that of [23, Lemma 6.3]. O
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Proposition 5.9. Suppose that u = [u,] and v = [v,] are elements of lim H'(F;;, Z,(1))
such that u = 19;?*) -v. Then P,(¢) = 0.

Proof. Recall that we have an injection
kot H(F.T) — lin H'(F;, Z,(1)
(see Proposition 5.6(b)), and so to prove the desired result, it suffices to show that x4 (P, (¢)) =
0.
Now for each integer n > 1, Corollary 5.7 yields

H¢(Pu<¢)n o 1(‘7>U u, (mod fixpn)

aeGal Fz/F)

¢ oo 19%);)% (mod F*P")
oeGal( .7:*/F

=—(p—1)p"v, (mod F*P")
=1 (mod Frrvhy,
Hence (P, (¢))n is trivial for all n, and so it follows that (P, (¢)) = 0, as required. O

The following result describes how norm-coherent units may be used to construct elements

of restricted Selmer groups.

Proposition 5.10. Let q € {p,p*}, and suppose that u = [u,] € H (F},Z,(1)). If
loc,(u) € 9" - lim H'(F},, Zy(1))

for every place v of F lying above q*, then P,(¢) € L4(F,T).

Proof. Proposition 5.9 (with F' replaced by F), for v | q*) implies that

loc,(Pu(¢)) =0

for each place v of F lying above q*. Since Twy«—1(u) € lim Sel,ai(F,;, T') (cf. [26, Proposition
B.3.3]), the result follows. O

We shall now recall a number of basic facts concerning Kummer pairings and cup products.

Definition 5.11. Suppose that F'/K is a finite extension, and that q € {p,p*}. For each

integer n > 1, we define a pairing

(= =) HY(Frg, Zp(1)) x H (Fy, W) — Wi (5.4)
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by
(U Y1), = Y[t F2 ) Frog]) =t 00t ) -
with agﬁz(umyn) € Z/p"Z.
The pairings (5.4) fit together to yield a pairing
(=)  lim (g, Zy(1)) X HY(Fo, T) — T

that is defined as follows. Suppose that y = [y,] € liLnHl(Fq,an) ~ H'(F,,T), and
u = [u,] € lim H'(F, 4, Zy(1)). Then we set

(uay)gj‘:) = [(Un7yn)§j‘:)yn] € than =T,

Hence, if we write agiz;) (u,y) = [agﬁ%(un, Yn)| € Z,, then we have that

¢ ¢ *
(U, y)%q) = ag‘—'q) "W
O
The following result describes the relationship between the Kummer pairing (—, —);f:) and
the cup product pairing
U: H'(F,,T) x H'(F,, T*) — Z,. (5.5)

Proposition 5.12. Suppose that y = [y,] € H (Fy, T) and y* = [y] € H' (Fy, T*). Then

(ko). ¥ = (yUy") -,

1.€.
O‘Eg; )(’%(y)ay*) = [aﬁéﬁ}(/%(y),y;;)] = (yUy").
Proof. For each integer n > 1, let
U: Hl(Fq,an) X Hl(Fq,W;n) — Z/p"Z

be the cup product pairing ‘at level n’ afforded by (5.5). To prove the desired result, it

suffices to show that we have

(s (s y2)50 ) = —(yn Uy) - ]

for every n > 1.
Recall that §, q = F; ,(f1pn), and that there are Gal(Fy/§n, q)-isomorphisms

~ ) "
Wp” — Hpn; Wy, — en<wna ’LUn),

~

* . * *
W = pipn;  wy, = en(wn, wy,),
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which in turn induce isomorphisms of cohomology groups

Hl(gn,q, an) ; Hl(%n,qyﬂp”) = Si,q/ 1>1<,It)1n7
H (Fn.q, W) = H'(Fnqr tpn) =~ iq/&j%n

Via these isomorphisms, over §,, 4, the Kummer pairing (—, _>(§:*7)1 may be identified with
the Hilbert pairing
X X
(= —): XL% X XL%%_’MP”
defined by
@y

(@.6) = 5

where o, denotes the local Artin symbol [a, Fi*/y q], and b1/P" is any p"-th root of b in F. b
We now recall (see e.g. [28, Chapter XIV]) that the Hilbert pairing may in turn be
identified with a cup product pairing

U: Hl(Snjq,upn) X Hl(Sn,q,,upn) — fpn

so that
(bl/p" )oa

Y (@Ub) -G,

Via functoriality of cup products, we therefore deduce that

(5 (W) y2)50 ) = —(yn Uy) - w0

for every n > 1, as required. O

Corollary 5.13. Suppose that F/K is a finite extension, and that q € {p,p*}. If y* €
HY(F,,T*), then we have

P,(p)Uy" = a%{)(locq(u), y).

6. FORMAL GROUPS AND EXPLICIT RECIPROCITY LAWS

In this section we shall recall various results that we need concerning explicit reciprocity
laws, and we shall explain how these may be used to evaluate the cup products locg(P,(¢))U

y* (cf. Corollary 5.13) in terms of certain p-adic measures associated to w.
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6.1. Formal groups. Suppose that q € {p,p*}, and let F be a height one Lubin-Tate
formal group defined over Ok 4. Recall that [(,] denotes the generator of Z,(1) that was
fixed at the begining of this paper in Section 2. For each n, let é’n denote the parameter of

¢, on the multiplicative formal group G,,. We choose an isomorphism

~

e G = F; (X)) € O[[X]] (6.1)

over O, and we set
Up = VFn = 77F<éﬂ)
We write
F[p"] .= Okq- vn

where here Ok, acts on v, via F) for the group of p"-torsion points on F. We have that
.q g

v = vp = [1,] is a generator of the p-adic Tate module Tg of F. We write
kr @ Gal(Ko/Kq) — 2
for the formal group character afforded by Galois action on TF, and

Q. = 0 (0) (6.2)
for the p-adic period associated to our choice of isomorphism 7ng. Then, for each o €
Gal(K 4/ K,), we have

7, = (r - X ) (0 . (63)

We denote the formal group logarithm associated to F by Ag(X) € Ok 4[[X]], and we write
log, for the g-adic logarithm associated to Gy,.

For each integer n > 1, we set L,, := K,(v,,), and we write H,, for the unique unramified

extension of K, of degree p"~!(p — 1). We put M,, := L, H,, and we set
Lo i=Ups1Ly, Hoo = UnsiHy, Moo = Upsi M, (6.4)
We define Ly = Hy = K.
For each n > 0, there is an injective Coleman homomorphism
COlHnLoo/Kq : U(HnLoo) - AO(HnLoo); B M(ﬁn)
(see [10, Chapter I]), and these maps combine to yield an injective homomorphism
Colpr /iy : UMy) — Ao(Mu); B+ pig.

The Coleman map Coly,/x, is canonical; in particular—and this will be of crucial use to
us—it does not depend upon the choice of formal group F used in its construction (see [10,
Proposition 1.3.9]).
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There is also an ‘unramified Coleman map’
Coly_/k, U(Hy) — Ao(Hwo)

that is defined as follows (cf. [23, Theorem 7.2]). Suppose that 8 = [3,] € U(H), and write
Fry, € Gal(H/K,) for the Frobenius element. Then it follows via local class field theory
that there exists

a=[aM] ecUMy), o™ =[] ecUH,- L), (6.5)
such that for each n, we have
o) = g, (6.6)
This in turn implies that

(Colst, 1. jre, (™)) € lim Ao(Loo - Hy) = Mo (M),

n

and we define
Colyi_ ., (8) = [Colp, L /x, (™).

The map Coly_, K, 18 injective and is independent of all choices made in its definition.

We shall apply the above constructions in the setting afforded by the following result.

Proposition 6.1. Let Ny, be any totally ramified Z,; extension of Ky, and let m(Ny) be
a uniformiser of Ok ,q that generates the group of universal norms of this extension. Then
there exists a height one Lubin-Tate formal group F(Ny) associated to m(Ny), such that
Lo, = Ny (using the notation of (6.4)).

Proof. This is a standard result which follows via local class field theory; see [17, Chapter
V, §5], for example. -

6.2. Explicit reciprocity laws. We retain the notation established in the previous sub-

section.
Definition 6.2. If r is any non-zero integer, then there is a twisting homomorphism
Twy, : lim H'(Ly, Z,(1)) — thHl(an T¥" (1))
B Twer (8) = [Twir (B)n]-
We define Qg(Xeyeriy) € H' (Kq, TR (1)) by

QB(XCyCHTF) - TWHIE (6)0 (67)
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For each non-zero integer r, we set
Ve (1) :=T%(1) @z, Q.
and we put v®"(1) := v®" ® ¢. We write
DR(Vi" (1)) := (Bar ®x, V(1)) Fa/ K,
where B;g denotes the de Rham period ring of Fontaine. We put

tF = QnF . t,

where t denotes the canonical element of Byr upon which Gal(K,/K,) acts via the p-adic

cyclotomic character Xy, and we identify K, with DR(Vg" (1)) via the map

Ky = DR(VE" (1)) (6.8)
r oty @uv(1)®.
With this identification, let
Expyer ()« Kq — Hp(Kq, V" (1)) € H (Kq, Vg (1))
and

H'(Kq, V" (1))
Hj(Kq, V" (1))

EXpt/}@T(l) : Hl(Kq,VP@T(l)) — — K,

denote the Bloch-Kato exponential and dual exponential maps respectively. We have

HY (K, V&r (1)) ifr > 1;

Hp(Kq, Ve (1) = ,
0 if r <-—1.

If r < —1, then Exp;‘/@(l) is an isomorphism, while Expvk@r(l) is the zero map; if r > 1, then
F

the reverse is true. We write
LOgVP@T(U : Hl(an V(1) — K,

for the inverse of EXPVP@T(U when r» > 1, and we call this map the Bloch-Kato logarithm
associated to V" (1).
Ify e H'(K,, V") and y* € HY(K,, V]?(_T)(l)), then we have (at least up to sign):

L T * E ¥ —r * f > 1
Uy = ogyer (y)  EXplacn ) (y7) ifr2 (6.9)

Expler(y) - Logyecn ,(y*) ifr < -1
F F (1)
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Definition 6.3. For each non-zero integer r and each character p : Gal(K,/K,) — 2, set

Euly(p, ) := (1 - [ P ]T(Frq))_l (1= pr(Fry)) ™

Xeye

(-2 @) - 0.

p-p

Theorem 6.4. Suppose that 3 € U(La) C lim H'(Ly, Zy(1)).
(a) If r > 1, then

Logyer (1) (@5 (Xeyerp)) = (=1)" - (r = 1)1 - Eulg(kp, 1) - 2,7 - /g (@) " dg.

(b) If r < —1, then

* T 1 ' T
Expyer ) (@p(Xeyehw)) = = Buly(kp,7) - - /g kr(2) " dpg.
! .

Proof. Part (a) is simply a restatement of [29, Theorem 3.3|, in our setting, while part (b)

is [29, Theorem 6.2]. These are in turn generalisations of earlier results of Colmez [9]. O

We shall also require an analogue of Theorem 6.4 in which we consider cohomology classes
that arise via twisting norm-coherent systems of local units by unramified characters of
infinite order.

Suppose therefore that x : Gal(H/Ky) — Z, is a surjective character, and set x*
X" Xeye- Then x* cuts out a totally ramified Z-extension K. c(,X ) = Un>0K ) of K. q> and

X*|Ga1(Fq/Kg,W) = chc‘Gal(E/Kg*)-
It follows from Proposition 6.1 that there exists a height one Lubin-Tate formal group
F(KYX)) defined associated to a uniformiser (K" of Ok, , such that the m(KY)-adic
Tate module Ty o), of F(Kc(,x*)) is isomorphic to Z,(x*) as a Gal(K4/K)-module.

F(K,
As x* = X!+ Xeye, there is a twisting homomorphism

Twy-1:U(Hy) — liinH (H,, T K‘gx*))); B = Twy-1(8) = [Twy-1(8)n)-

ny F(

For each § € U(Hy), we define Q(x*) € H' (K, Ty, (KX =) by

Qs(x") == Twy-1(B)o. (6.10)

A result of Bloch and Kato [5, Example 3.10.1] implies that if we identify K, with

DR(VF(KéX*)) as described above (see (6.8)), then the Bloch-Kato logarithm

LOgV H (Kq7V K(X ) ) - Kq

F (X))
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and the formal group logarithm /\F(K(X*)) (extended via linearity to H' (K, VF(K(X*) )) are the
q q
same. In particular, we have that
Logy ) (@o(x")) = Aggeon(@a000) (6.11)

F(KgX
for every f € U(Hx).

For each integer n > 1, the isomorphism

induces an isomorphism
tn e = FEONP™; G 2,

say. If we set V,, := K éﬁ) - Hy, then ¢, induces an isomorphism (which we denote by the

the same symbol)

o HY (N ptye) = HY (NG, F(EQ) [p)
which is Gal(K,/H,)-equivariant. Let m,, denote the maximal ideal in the ring of integers
of the completion of N,,.

Proposition 6.5. (a) The following diagram commutes:

H'(Nopyr) == HNGFUGT) )

T T

Gm(‘“ﬂ) ~ Oan e ) F(Kéx*))(mn)
Gn(m,)" — OF"  ~ prF(KY ) (m,)

(Here the vertical arrows denote the natural maps afforded by Kummer theory on G, and
FIKM))
(b) If € Gy, (m,,), then
Ap(sce) (&) = Qe - 1084(7) - (mod m?")
on G (m,) /G (m,)?"

Proof. (a) This follows directly from the definitions of M (K0 and ¢,,.
q

(b) (cf. [23, Corollary 9.2].) Observe that the map

)

Ar(sc)) © Mg * Gm = G

is a multiple of the logarithm map log,(1+X) € Ok 4[[X]] of G,,. Comparing the derivatives

of )\F( © Np(rex) and log, at X = 0 yields

Kéx*))

Aricie) © ) (X) = Qe Jogg(1 ),
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and this implies the desired result. 0

Recall (see (6.4)) that, with our present notation, we have that M., = KC(IX*) - H.

Theorem 6.6. Suppose that 3 € U(Hy), and that x @ Gal(Hw/K,) — Z) is surjective.
Set pg = Coly_/k,(B) € Ao(Mx). Then

@) = (= xig ) - (1= 20 g @) (612

Log
Y p

F(Kéx

Proof. From (6.11) and Proposition 6.5(b), and applying (6.5)and (6.6), we obtain the fol-

lowing, where all congruences are taken modulo m2":

—

1 (@3¢ = A (@)
S et (Tt (B)a)

o€H, /Ky

Z (QF(KSX*>) . logq(ﬁn)> i

o€H, /Ky

= QF(K§X*>) . Z x o) .1qu(@5)

c€H, /Ky

Lo
gVF(Kgx

= Qe D X (0) - logg(ag” )

oc€H, /Ky

ey (1= x(Frg) ™
x> xTHo) logg(ad” ). (6.13)

c€H, /Ky

=0

It follows from [10, 11.4.6] that, writing p,m = Col (a™), we have

KX H, /K,

(1—X(Frq))- 3 x‘l(a)-logq(oz()z)oﬁé X (@) - dptg.- (6.14)

oc€H, /Ky
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We therefore deduce from (6.13) and (6.14) that

-1
*V) 1 -1, _ x(Frq)
Loy, 10, (@) = Ry (1= x(Frg) - (1= X5
X lim X(x) - dptgm
n—oo qu
_ X(Fro)\ ™
- QF(Kng*)) (1 = x(Frq)) b (1 - » : )
x/ x(x) - dug,
OKy

as asserted. O

6.3. Global cohomology classes. We shall now describe how Theorems 6.4 and 6.6 may
be applied to the global cohomology classes P,(¢) € H'(K,T) constructed in the previous
section. In order to do this, we have to impose certain conditions on the extension K’ /K

and upon the character ¢* which we shall now explain.

Definition 6.7. Let g € {p,p*}, and suppose that x : Gal(K/K) — ZX is a character of
infinite order. Write x4 for the restriction of x to Gal(K 4/K,). We shall say that x is locally
Lubin-Tate (LLT) at q of type mq(x) € Z if the following two properties are satisfied:

(a) xq s surjective;

(b) We have

Xa lcai(®, JKI)= Xglfé(X) |cal(®, JKD) -

Plainly if x is LLT at q of type mq(x), then x ! is LLT at q of type —mg(x).

The reason for this terminology is as follows. Let K c(,X“) /K4 denote the Z extension cut
out by x. If mg(x) # 0, then Proposition 6.1 implies that there is a height one Lubin-Tate
formal group F (XK, éx“)) defined over K such that Kc(,x”') /K is the division tower associated
to F(Kéxq)). Over K", the formal groups F(KC(IX“)) and G,, are isomorphic, and so (b)
implies that

_ ,mq(x) o
Xq ’Gal(Fq/Kgr)— “F(q,chm) |Gal(Kq/K§|‘r) .
We therefore deduce that
— .ma(x)
If mg(x) = 0, then Kéx“)/Kq is the unique unramified Z;-extension of K. O

Suppose now that ¢* is LLT at q of type mg(¢*). If mq(¢*) # 0, then we may identify 7*

with TE(Z%(::? via the map w* — v®ma(¥"). This is a Gal(K 4/ K)-isomorphism. (We remind

the reader that this isomorphism depends upon a choice of isomorphism between the formal
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group F(KC; ) and the multiplicative formal group G, over O (see (6.1)).) The element
locg(Py(9)) (see (5.1)) is then identified with the element Q. (u)(xcycﬁ;&qui))) (see (6.7)).

If mg(¢*) = 0, then ¢; is unramified, and ¢q = d)Z_l “ Xeye cuts out the totally ramified
Z)-extension Kq o of K. In this case, the element loc,(P,(¢)) is identified with the element
Qiocy (w)(¢q) Of (6.10).

We introduce the following notation to enable us to state our results in a uniform fashion.

Definition 6.8. Suppose that ¢* is LLT at q of type mgq(¢*); so we have that

% _ mq(¢¥)
Pq = Fr(K; )

(a) If v € HY(K,, T), we define

Cogy (z) = Logy (x) if mq(¢*) < 0; (6.15)
Expy (z) if mq(¢*) > 1
(b) Define
Buly(¢*~", —mq(¢")) if mg(¢*) < —1;
. -1\ —1
Culy(¢"™") = ¢ (1 — o2 (Fry)) - (1 . ‘*ﬁ%) if mg(¢*) = 0. (6.16)
Euly(¢*™", —mg(¢*) ™" if mg(¢*) > 1.
(c) Define
(=)™ (mmg(97) = L Qe i ma(6%) < —1;
dq) = Ve, o) if mg(¢*) = 0. (6.17)
(ma(g") = 1)! - Oat?) if mg(¢7) > 1
0

The following result is now a direct consequence of Theorems 6.4 and 6.6.

Theorem 6.9. Suppose that ¢* is LLT at q of type mq(¢*). Then, using the notation
established in Definition 6.8, we have that

Logy (locg(Pu(9))) = Culg(¢™ 1) - Q(d57) - Ga() - ditiocy (u)-

Okyq
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7. THE p-ADIC HEIGHT PAIRING

Let F/K be a finite extension. In this section we shall use the methods of [18] and [20]

to construct a p-adic height pairing
¢ x
= N Sq (R T7) x 54 T) — Z,

and we shall describe some of its properties.

Let us first recall the statement of the weak g-adic Leopoldt hypothesis for F'.

Definition 7.1. Let M /K be any finite extension, and consider the diagonal injection

in Oy — HO@U.

v|q

Let in(Oj;) denote the g-adic closure of iy (Ogy) in [],, 05, and set

5(M) = rkz(03,) — tkz, (i (O})).

The weak q-adic Leopoldt hypothesis for F asserts that the numbers 6(L’) are bounded as
L’ runs through all finite extensions of F' contained in FZ. The strong q-adic Leopoldt
hypothesis for F asserts that the numbers §(L) are all equal to zero.

We remark that the strong Leopoldt hypothesis is known to hold for all abelian extensions
of K (see [6]). O

Next, we recall that B9 (F.,) denotes the maximal abelian pro-p extension of F,, which is
unramified away from q and totally split at all places lying above q*, and that Y@ (F.) :=
Gal(B(Fy)/Fs). The construction of the pairing [—, —];?21 rests upon the following key
result.

Theorem 7.2. If the weak q-adic Leopoldt hypothesis holds for F', then there is a natural
1somorphism

¢*
\If%q

) S (F,T7) 5 Hom(T, Y9 (Fop ) 63 F/F).
As the proof of this theorem is very similar to that of [18, Théoreme 3.2|, we shall just
describe the main outlines, and we refer the reader to [18] for more details.

Recall from Proposition 5.6 that we have an isomorphism
HY(Fo, W) = Hom(Wy, FX JFXP"); f e f,

and that there are similar local isomorphisms at each finite place of F. Suppose that
h € Xg(Fn, Wyn). Then it follows from the local conditions defining Yg-(F,, W) that, for

each finite place v of F', we have:

(a) h(u) € F&" for all v | g;
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(b) p™ | vz, (h(uw)) for all v fq*.

(There are no local conditions imposed at places lying above g*.)

Now let G,, := Gal(F,/F), and write J,, for the group of finite ideles of F,,. Let V4
denote the subgroup of J, consisting of those elements of J, whose components are equal

to 1 at all places dividing ¢, and are units at all places not dividing q*. We set

Cn,q = Jn/(vn,q . n)7 Qn,q = H,U/p" (fn,’u)a

vlq

and we note that the order of €2, ; remains bounded as n varies.

Proposition 7.3. There is an exact sequence
Hom (W, 2,.4)" — Hom(Wyn, Gy, q) " 2 Xy (F, W) — 0. (7.1)

Proof. The proof of this Proposition is identical, mutatis mutandis, to that of [18, Proposition
3.13]. OJ

Now let 7/, be the map obtained from 7, via passage to the quotient by the kernel of 7,
and write C,, 4(p) for the p-primary part of C, 4. Then it may be shown exactly as on [18,

pp. 387-389] that passing to inverse limits over the maps 7! yields an isomorphism
Epq : im Sg. (F, W) = Sg- (F, T*) = Hom (T, lim C,, 4(p)) /7).

(Here the inverse limit lim C\, 4(p) is taken with respect to the norm maps F* — F,°;.)

The proof of Theorem 7.2 is completed by the following result.

Proposition 7.4. If the weak q-adic Leopoldt hypothesis holds for F', then there is an iso-

morphism
Hom(T, lin C’mq(p))Gal(]:oo/F) ~ Hom(T, y(q) (foo))Gal(]'—oo/F)‘
Proof. This may be shown in the same way as [18, Lemme 3.18]. 0

We can now describe how the isomorphism \I/;?q) may be used to construct a p-adic height
pairing
(=, =19) S (F, T) x Sg(F,T) — Zy.
Recall (see Theorem 4.6(b) that the restriction map
BB, W) = Sq(Foo, V) (7.2)

is injective, and that there is a natural isomorphism (see Theorem 4.5)

Y o(Foo, W) = Hom (X' W (F,), W). (7.3)
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The local conditions defining the restricted Selmer group X4(F, W) imply that (7.2) and

(7.3) induce an injection

Sq(F, W) — Hom(YW (F..), W), (7.4)

and taking Pontryagin duals yields a surjection
Hom(T, YV (Fy)) — Xo(F,W). (7.5)
Composing this with the natural surjection
Xo(F, W) = [Sq(F, W)ai]"
and taking Gal(F,./F')-invariants yields a homomorphism
By + Hom(T, Y0 (Foe)) S0P/ — [S4(P W )]
Next, we observe that we have a canonical isomorphism

[Zq(F7 W)diV]/\ = Hom(Tp(Zq(F’ W)div)7 Zp)
= Hom(T,,(E4(F\ W), Zy),
where the last equality holds because
Tp(Bq(F, W)aiv) = T, (34(F, W)).
Also, for each n > 1, we have a surjective map
Eg(F, Wyn) — Zg(F, W)
with finite kernel. Via passage to inverse limits, these yield a map

Vg(ET) — Ty(3q(F, W)

which also has finite kernel.

It follows from the above discussion that we may view Bl(f?l as a homomorphism
B Hom(T, Y9 (Fio)) S F=/T) — Hom(S4(F, T), Z,).
We thus obtain a map
B o W) g (F,T*) — Hom(S,(F, T), Z,),
and this yields the desired pairing

(=, =1%) B (F,T) x S4(F,T) — Zy.
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Definition 7.5. If z4,...,2,, and z7,..., 2}, are Z,-bases modulo torsion of ¥4(F,7T) and
g+ (F,T*) respectively, then we define the regulator Rgf; associated to [—, —];?ZI by

¢ * ¢
R = det([z], 2,]\0)).

We conjecture that RE?()] is always non-zero. 0
We now turn to the local decomposition of [—, —]Ele Suppose that

Yy = [yn] S ZV]q(F’ T), Y= [yr*L] € Zv]q*(Fv T").

For each positive integer n, we define g, 4« to be the map

3 (")
Qg g (F,T7) _her, Hom(T, y(q)(foo))Gal(foo/F) - HOm(an,Cn’q)Gal(fw/F)’

where the second arrow is the natural quotient map afforded by the isomorphism described
in Proposition 7.4.

For each ¢ € Wy, let n(s) denote the exact power of p that kills ¢. Let S, ((y) denote
any representative of 7, !(y2)(<) in J,. For each finite place v of K, define {y*,y}$) to be
the unique element of Z,/p"Z, such that

w3 -« = v ([SucWn)os P/ Fanl),
where [S,,. (y2)y, F2*/Fp.0] € Gal(F2/F, ) is the obvious local Artin symbol.
Proposition 7.6. (¢f. [18, Lemma 3.19])
(a) For any ¢ € Wy, we have
", 9 ¢ = yu(ng (W) (S), F/F), (7.6)
where [qn.q(y)(s), F*/F,) € Gal(F*/F,) is the obvious global Artin symbol.

(b) We have
"y = "y s, (mod pn9z,), (7.7)

where the sum is over all finite places v of F,.

Proof. (a) This follows immediately from the following commutative diagram:

5 ‘I/(¢*3« 5<¢) 5
Yo (F, T%) %% Hom(T, YO (F,)) G F=/F) 20 Hom(%4(K,T),Z,)

! | !

. =1 Hom(Wyn, C,, q) 81T/ F) n
Yo (K, Wp") ! pKer(njl) Hom(34(F, Wy ), Zy/p"Zy)
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In this diagram, the second arrow on the bottom row is induced by the map
fro (e {sme[f(6), F**/FD)Y),  f € Hom(Wyn, Cp ) /")

and is well-defined because [z, F?*/F,] = 0 for all z € Q, 4 Note also that here we have
canonically identified Z,/p"Z, with Hom(W,», W) via the map

f—={s— B¢}

(b) This follows from the local decomposition of the global Artin symbol afforded via class
field theory, viz. if a € J,, then

[, Fab/fn] = H[avaFSb/fn,v]a

v

where the product is over all finite places v of F,,. O

Let us now explain how Proposition 7.6 may be applied to elements in restructed Selmer
groups that are constructed via twisted units in Section 5. Suppose that v = [u,] €
liLnHl(]:n,Zp(l)). Suppose also that, for each place v of F with v | q, we have that
u =9 . 3, for some B, = [Bun] € lim H'(F, 4, Zy(1)). Then Proposition 5.10 implies
that P,(¢*) € X (F,T*). Suppose now that y is any element of X (F,T"). The following
result, which expresses [Pu(qﬁ*),y];?)

)q
immediate consequence of Proposition 7.6 and Corollary 5.13.

in terms of Kummer pairings and cup products, is an

Proposition 7.7. We have that

[Pu(¢"), 9 = (8o, 1oy (1))

vlq

= Ps,(¢") Ulocu(y).

vlq

8. A LEADING TERM FORMULA

We retain the notation of the previous sections. Recall that F,,/F denotes the unque
Z,-extension contained in F/F. Set I'p := Gal(F)/F, and fix a topological generator
vr of I'r. We identify A(Fy) with the power series ring Z,[[X]] via the map vp — X + 1,
and we let Héf;) € A(Fx) be a characteristic power series of Xy(Fw,W). In this section,
we shall calculate the p-adic valuation of the leading coefficient of H c(lz), assuming that the

weak g-adic Leopoldt hypothesis holds for F', and that the p-adic regulator R;?ZI is non-zero.
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The following result is a straightforward consequence of work of Ralph Greenberg on the

structure of certain Galois groups.

Proposition 8.1. Suppose that F satisfies the weak q-adic Leopoldt hypothesis. Then the

A(F)-module Xq(Feo, W) contains no non-trivial finite submodules.

Proof. Tt is not difficult to show that a slight modification of the arguments given in [11,
§4] may be used to prove that if I satisfies the weak g-adic Leopoldt hypothesis, then
the A(F)-module X9(F,,) has no non-trivial, finite submodules. For brevity, we omit the

details. The result now follows from Theorems 4.6 and 4.5. O

Suppose now that the weak g-adic Leopoldt hypothesis holds for F', and that Rgle # 0,
i.e. that the p-adic height pairing

—, —}gq N (F,T%) x B(F, T) — Z,

is non-degenerate. Set

ni) () := kg (S4(F, T)).

q

Theorem 8.2. With the above hypotheses and notation, we have that
F
ordx—g Hc(|,¢>) = nff)(cb),

and

7P )
9.0 ~ |Zg(F, W) e - [Sq(F) T tos] R}‘?’g

x 87 (9)

X=0

Proof. We first observe that there is a surjective homomorphism
Xq(Fow W) - [Eq(F’ W)diV]/\;

this implies that Hé’? is divisible by X 6" (9). Lot Z+ denote the kernel of this map. Then

the Snake Lemma yields the exact sequence
0= (Zs)'" = Xg(Fooy W) 55 [S4(F, W )an]" —
— (Zoo)ry = Xq(Foo, W)r, — [Eq(F, W)ai]" — 0.
We now observe that the kernel of the last map
Xo(Foo, W)ry = [Sq(F, W)aw]"
is dual to the cokernel of the map

Yq(F,W)aiy — Zq(Fo, W)'F.
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Since Xg(F, W) ~ X4(Fy, W)'r (via Theorem 4.6(b)), it follows that this cokernel is iso-
morphic to Xq(F, W), iy, which is finite.

We therefore deduce that the multiplicity of X in H é? is equal to ngF) (¢) if and only if
(Zo)rp is finite, which in turn is the case if and only if the cokernel of £ is finite. Recall
that (see Theorem 4.5)

Xo(Foo, W)FF =~ Hom (T, X9(F,,)) e/ F)
and note that the homomorphism £ may be written as the following composition of maps
Hom(T, X9 (F..))9F=/F)  Hom(T, YV (F,,))F=/F) - 5 (F,W)" —
— [Z(FL W)/ aw]”

(see (7.4), (7.5)). It follows that the cokernel of & is finite if and only if the p-adic height

pairing [—, —];?zl is non-degenerate.
We now see that if [—, —]gf; is non-degenerate, then (Z,)r, is finite. This implies that

(Zso)''F is also finite, whence it follows via Proposition 8.1 that (Z,,)'# = 0. Hence we have

7P
3 ~(Zoo)re| ~ [Sq(F, W) ai] - | Coker(€r)].
an (¢>)
X=0
Now
| Coker(Ep)| = [(Sq(F, W)ai)" : Er(Xq(Fo, W)'H)]
= [Tp(2q<Fa W)) : \pF(Eq(Fa T))]
=R | [Kex(Sq(F,T) — T,(S4(F,W)))] |
= RE) - [Sg(F Tiors).
Hence
Hyo S (6*)
(j;) ~ |Eq(F’ W)/diV| ’ |EQ(F> T)t0r8| ’ RF,q*v
X”q (¢)
X=0
as claimed. 0

Corollary 8.3. We have that
ords=1 Ly(6, 5) = n{(9),
with equality if and only if Rg?q) #£0. If Rg?q) # 0, then
L (6) ~ [Sq(, W) i - (S Thons| - R

Proof. This is a direct consequence of Theorem 8.2 and its proof (see also Remark 4.8). O
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9. RESTRICTED SELMER GROUPS OVER K

In this section we shall use Poitou-Tate duality to study the relationships between the

ranks of different Selmer groups over K. Throughout this section, we take F' = K, and so

(in accord with our earlier notation), we write

ng(¢) = 1y (9) = tkg, (Sq(K, T)).

We set

nstr<¢> = I‘kZp (Selstr(K7 T))7 nrel(¢) = I‘kZp (Selrel(Ka T))7

and we let r4(¢) denote the Z,-rank of the image of the localisation map

locg : S(K,T) — H' (K, T).

Lemma 9.1. We have that vkz (H'(K4,T) = 1. Hence r4(¢) is equal to 0 or 1.

(9.1)

Proof. The first assertion follows from [13, Proposition 1, p.109], while the second assertion

is an immediate consequence of the first.

Lemma 9.2. We have that
Ng(@) = Nste (@) + 74(9).

and

nq(¢) = Nyet(9) + Tq*(¢)

Proof. The first equality follows at once from the exact sequence
0 — Sely(K, T) — So(K,T) =% HY(K,,T),
while the second follows from

locg*

0 — S4(¢) — Selya(K,T) —— H' (K, T).

Lemma 9.3. We have that
nrel(¢) = nq(gb) - rq*<¢) + 1.

Proof. We first observe that the Poitou-Tate exact sequence yields

0— Sg(K,T) — Selyq (K, T) = H (Kq, T) — Sq (K, W),

The cokernel of « is equal to the Pontryagin dual of the image of the localisation map

locg: : Sqe (K, W*) — H' (Kq, W*),

O

(9.2)

(9.3)

(9.4)
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and so has Z, rank r4(¢*). Hence
rkz, (Im(a)) = 1 — rq(¢7),
and so

Mel (0) = (@) — g (¢7) + 1,

as claimed. O
Proposition 9.4. We have that
74(@) = 79 (9)] = [nq(d) — ng (@) = 1.

Proof. The equality |rq(¢) — 4 (¢)| = 1 follows from (9.3) and Lemma 9.3 (with q replaced
by q*). The equality |ng(¢) —ng-(¢)| = 1 is then a direct consequence of (9.2) for nq(¢) and

ng(4). O

] (#)

Proposition 9.5. If the p-adic height pairing [—, — K.q IS non-degenerate, then we have

Tq(ﬁb) = Tg* (¢").

Proof. The pairing [—, ](¢ yields a pairing
= =]\, : Sl (K, T%) x Sely (K, T) — Z,
via restriction. We claim that if [—, ]%))q is non- degenerate then so is [—, ]ﬁ?)str To see

why this is so, suppose that x € Sely, (K, T*) satisfies [z, y] ks for all y € Selge (K, T). As
[—, —]ﬁ?}q is non-degenerate by hypothesis, it follows that Sely, (K, T) is strictly contained in
Y4(K,T), and that r4(¢) = 1. It is not hard to check that for any z € 3,(K,T) satisfying
locg(2) # 0, we have that [«, z]%)q = 0 for all @ € Selg, (K, T*). This implies that [z, y]w) =0
for all y € ¥,(K,T), which contradicts [—, —](1?7)‘1 being non-degenerate.

It therefore follows that if [—, —]&?’)q is non-degenerate, then ng(¢) = ng-(¢*) and ng,(¢) =

Netr(¢*). We deduce from Lemma 9.2 that r4(¢) = rq-(¢*), as asserted. O

1 (the other

possible cases will follow via symmetry). Then we have that r4(¢*) = rq(¢) = 0, ng(¢) =

nrel(¢)a M= (¢) = nrel(¢) +1, and
Eq<K7 W)div = Selrel(Ku W)diw Eq* (K7 W)div = Selstr(K7 W)div-

To continue our analysis, let us suppose that q is chosen so that rq(¢) =

Proposition 9.6. Suppose that rq(¢) = 1.
(a) We have that

| Selrel(K W)/d1V|

1S4 (K, W) /divl =[H (K¢, T") : locg (Zg (K, T7))]. (9.5)
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(b) We have that

| Selyel (K, W)/ aiv| _ [Hl (Kq, T): locq(Selrel(K, 7)) '
’Eq* (K, W)/diV| |H* (Kq> T)torSH 10Cq<selrel(Ka W))/diV|

(9.6)

Proof. (a) Since rq(¢) = 1, we have (as remarked above) that Xq(K, W)aiy = Seliel (I, W)aiv,

and the Poitou-Tate exact sequence implies that there is an exact sequence
0 — Sy(K, W) — Selia(K, W) = HY Ky, W) % S (K, T7)".
The kernel of « is equal to the Pontryagin dual of the cokernel of the map
Yo (K, T%) — H' (Kg, W)" ~ H' Ky, T%),

and so (9.5) follows.

(b) There is an exact sequence

locy

0 — Xg (K, W) — Selyat (K, W) — locg(Selet (K, W)) — 0. (9.7)
If M is any cofinitely generated, torsion Z,-module, then we have
Ext'(Qp/Zp, M) =~ M/aw, Ext'(Qy/Zy, Maiy) = Ext*(Q,/Z,, M) = 0.
Since r4(¢) = 1, and H'(K,, W) is of Z,-corank one, we have that
Hom(Q,/Z,,locq(Selia (K, W))) = Hom(Q,/Z,, locg(Sele (K, W) )aiv)

= Hom(Q/Zy, H' (Ko, W)ar)
= Hl(Kq, T)/Hl(Kq, T)tors-

Hence, applying the functor Hom(Q,/Z,, —) to the exact sequence (9.7) yields

0— X (K, T) — Sela(K,T) — H' (Kg, T)/H" (Kq, T) ors —
- Zq* (Ka W)/div - Selrel(Ka W)/div - 1OCq(Selrel(K7 W))/div - 07

and this immediately implies (9.6). O

Recall that Hc(lf;) € A(K) denotes a characteristic power series of Xy (K, W). Let us
set

)
(K) * o q,¢
Hoy (0= 575
X=0
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Theorem 9.7. Suppose that rq(¢) = 1, and that the p-adic height pairings [—, _]%),)q and

[—, —]ﬁ?,)q* are non-degenerate. Then we have
| Selret (K, W)/ div| ~
K) (14
H%(0)
4K T)eons| R,

[HY (Kge, T) : locg: (Sq- (K, T%))] ~

K *
HE)(0) [H'(Kq,T) : locy(Sela (K, T))]
|Zq* (K, T)tors|Rg?7)q* |H1 (an T)tors” 1ocq(selrel(K7 W))/div|
Proof. This follows directly from Theorem 8.2 and Proposition 9.6. 0J

10. ELLIPTIC UNITS AND THE TWO-VARIABLE p-ADIC L-FUNCTION

In this section we shall first briefly recall some basic facts concerning elliptic units and
the construction of the Katz two-variable p-adic L-function (see [10]). We then explain how
elliptic units may be used to construct canonical elements in restricted Selmer groups and
we describe how certain special values of the p-adic L-function may be expressed in terms
of these canonical elements.

Throughout this section N, will denote a Z;-extension of K.

10.1. Elliptic units. Recall that f denotes the conductor of the elliptic curve E/K. Let
a be any ideal of Ok with (a,6fp) = 1, and write I(a) for the set of ideals of Ok that are
coprime to a. If m € I(a), we write wy, for the number of roots of unity in K congruent to
1 modulo m.

Suppose that L C C is any lattice with complex multiplication by Og. Then we may
define an elliptic function ©(z; L, a) by

| AL A(L) .
O(z; L, a) = A(a—1L) H (P(z,L) — P(u, L)) 7

here the product is over all non-zero u € a~'L/L, A denotes the modular discriminant, and
P is the Weierstrass P-function. If m € I(a) is not a prime power, then then O(1;m,a) is a
unit in the ray class field K(m). For any prime [ € I(a), we have the following distribution
relation:

O(1;m,a) if [|m;

N s (mi)/ ¢ (m) © (15 Ml @) m/vmt = . .
O(1;m,a)!=%  otherwise.

It follows from the distribution relation that {©(1;fp*, a)}x-0 is a norm-compatible sequence

in K(fp>)/K, and that if a and b are any two ideals in O that are coprime to 6fp then
O(1; fp*, a) N = O(1; fp, b) 7+ TN, (10.1)
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For any finite extension F/K with K C F C K(fp*), we choose any m > 0 such that
F C K(fp™), and we set

O(F;a) .= Ngpmyr(©(1;fp™, a));
this is independent of the choice of m. We set
0(Koo;a) := [0(Kn;a)] € E(Ko)
The following result is very similar to [23, Proposition 3.2].

Proposition 10.1. Suppose that the Z) -extension Nuo/K is linearly disjoint from the cy-

clotomic extension K (jpye-)/K. Then there exists
0(N) = [0(Nn)] € E(No)

such that
O(Noo; @) = O( Ny )7 N@ (10.2)
for all ideals a in Ok with (a,6fp) = 1.

Proof. Since p, € Nwo, the Chebotarev density theorem implies that for each n, we may find
an ideal b,, that is coprime to 6fp and is such that oy, fixes V,, and acts non-trivially on g,.
This implies that

76, — N(b,) =1 — N(b,)

n

is a unit in Z,[Gal(N, /K)]. It therefore follows from (10.1) that
0(Nusa) € (04— N(a)) - H'(Na, Z,(1)),

(where here we have abused notation slightly and identified 6(N,;a) with its image in
HY(N,,Z,(1))). We set

O(N,) = O(N,y; )7~ NE@

this is well-defined, since by assumption H'(N,, Z,(1)) is Z,-torsion-free, and §(N,,) is also
independent of a. The elements 6(NN,,) are norm-coherent, and 6(N,) := [#(N,,)] satisfies
(10.2), as required. O
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10.2. p-adic L-functions. If k, j are integers, recall that a Grossencharacter of type (k, j)
is defined to be a K-valued function e which is defined on integral ideals of Ok coprime to a
fixed ideal m such that if a = aOx with a =1 (mod m), then €(a) = o*a’. For any ideal m
of O, we write Lo m(€, s) for the C-valued completed Hecke L-function attached to e with
the Euler factors dividing m removed. If € is a Grossencharacter of conductor dividing m,

then it has an associated p-adic Galois character
ot Gal(K (mp™)) = 5 0 — iqle(a)),

where q € {p,p*} and i, : K — Kq is the natural embedding afforded by q.
A result of Katz (see [10, Theorem I1.4.14]) asserts that there exists a p-adic measure
tq € A(K(fp™))o such that if € is any Grossencharacter of type (k,j) with 0 < —j < k and

of conductor dividing {p>°, then there is an interpolation formula:

aq(e)/eqd,uq = (1 - ﬂ) + Loo e (€71, 0).

p

Here ay(€) is an explicit, non-zero constant (whose precise description we shall not need),
the integral is over Gal(K (fp>°)/K), and we view the right-hand side of the equality as lying

in C, via the embedding i.

Definition 10.2. We define the Katz two-variable p-adic L-function £, by the interpolation

Ly(e) = / €qdfiq
Gal(K (fjp>)/K)

for all Grossencharacters e of conductor dividing fp*°, and we view L, as lying in A(K (fp*°))o.
Hence, if € is of type (k,j) with 0 < —j < k, then

aq(€) " Lq(e) = (1 — %?) + Lo gq- (671, 0).

If €, factors through Gal(F/K) for some subextension F//K of K(fp*)/K, then

/ €qdptg = / €qditqs
Gal(K (jp>)/K) Gal(F/K)

formula

and so we have that
Lq(€) = (Lq|r)(e), (10.3)

where Ly|r denotes the image of £, under the natural projection map

AK(p™))o — A(F)o.
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Theorem 10.3. Let Noo € K(fp™) be a Z) -extension of K. Assume that Nuo /K is linearly
disjoint from the cyclotomic extension K (pp)/K. Let O(N,)q = locg(©(N,)), and write

O(Noo)q = 10¢4(O(Noo)) = [O(Nn)4]

for the image of O(Nu) in Uy(Ns) (see Proposition 10.1).
(a) Suppose that No /K is totally ramified at q, and write

Coln 4/k + Ug(Noo) = A(Noo)o
for the Coleman map associated to Ny q/ Kq. Then we have that
COlNoo,q/Kq (@(NOO>CI) - Lq|Noo
(b) If Noo/K is unramified at q, and
Coly. /K, Us(Noo) = A(Nwo)o
denotes the unramified Coleman map associated to N 4/ K4, then we have that
Colnj\,roo’q/Kq (O(Noo)q) = Lyl Nee -

(¢) Let x : Gal(K(fp>®)/K) — Z) be any character which factors through Gal(Ny/K),
and suppose that ©(Ny)q € (ﬁ%))d - Uq(Noo) for some integer d > 1. Then, because Ug(Nuo)
is ﬁ%)-torsion free (see [10, Chapter III, Proposition 1.3]), we may write

O(Nao)g = (W) - Bg(Noo)® (10.4)
for a unique O4(Nyo)@ € Uy(Ny). Define
ugd) := Coln,, /K, (@q(Noo)(d)).
Then we have that
L'E,d)(X) :/ quuﬁd)-
Gal(Noo /)
In particular, ords—y Lq(x,s) is the highest power of 19%) that divides Ug(Noo).

Proof. (a) Let
N (i) /Nocra + Ua(E (19%)) = Ug(Noo);  [n] = [Tn]
be defined by
Un = Nic(iph)g Noq (115)

for any K (fp*) containing N,,. (This does not depend upon the choice of k.) Let

Colg )y /1, + Ug(N (7)) — AN (fp™))o
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be the Coleman map associated to N(fp™)q/K4. Then there is a commutative diagram

COIK(fPOO)q/Kq

Uq(K (fp™)) A(N(fp=)o
NK(prO)q/Noo,ql l (10.5)
Uq(NOO> M) A(Noo)(97

where the right-hand vertical arrow is the natural quotient map.

For each ideal a in Ok that is coprime to 6pf, let

O(K(fp™; a))q = locg(04(K (fp™; a))) € Ug(K(7p™)).

It is shown in [10, Proposition III.1.4] that

COlK(prQ)q/Kq (0(K (fp>; a))q) = (0o — N(a)) - Hq,

and this implies that

(Colk(gpoeq /ey (0K (f075 0))g)) [ = (00 = N(@)) - (L) .o (10.6)

We also see from (10.5) and Proposition 10.1 that

(Colk (o) /g (K (575 0))g)) [Nae = Coln, 45, (0(Noo; @)q)
= (04 — N(a)) - Coly,, , /&, (0(Neo)q) (10.7)

The desired result now follows from (10.6) and (10.7).

(b) The proof of (b) is almost identical to that of (a).

(¢)This follows directly from parts (a) and (b) together with the definition of Egd)(x) (see
(3.5)). O

11. CANONICAL ELEMENTS IN RESTRICTED SELMER GROUPS

We shall now apply the results of Section 10 to construct canonical elements in restricted
Selmer groups from twisted elliptic units. These elements are closely related to certain
special values of the two-variable p-adic L-function £4 via Theorem 10.3.

Throughout this section we assume that ¢ and ¢* are Z, -valued characters of Gal(K (fp>)/K)
of infinite order, such that the extensions Ky /K and K’ /K are linearly disjoint from

K (o) /K.
Definition 11.1. (a) Let d(¢*) denote the largest non-negative integer such that

O(K%) € (052 )4 . g(KKx).
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A theorem of Yager (see [10, Chapter III, Proposition 4.5]) implies that E(KZ,) is 19%’*)—
torsion free, and so we may write

O(IC%) = ()1 e (K,
for a unique O(Kx,) ™) € £(K7,). We define y(Kx; ¢) = [y(Kr; ¢)] € lim(K;, T') by
YK 0) 1= Twae-1 (O(KZ,) ) (11.1)

and y(¢) € H' (K, T) by

y(¢) == y(K5; 0) = y(K; ). (11.2)
We write
YK d)q = locg(y(Ki: 0)) € im H' (K, o, T),
and

Y(9)q = locq(y()) € H' (Kq, T).
(b) Recall the definition of ©4(K* )@ € Uy(K%,) given in (10.4). If ©,4(Kz% )@ is defined,
then we define 7,(Kz; ¢) @ € lim H(K; /Ky, T) by
—

UKo 0)'D = 5,(Kp; 6) D] 1= Twye1 (0g(K2) ) (11.3)

and 7, (¢)\) € H'(K,,T) by
To(9) ) = 7,(K5; 0) D = 7,(K; 0) . (11.4)
]

Remark 11.2. It follows from the definition of d(¢) that we have
OKc)a € ()P - £(Kuc) € ()P - UylKoc)
for each q € {p,p*}. Hence, if d(¢) > 1, then Theorem 10.3(c) implies that
Lp(0) = Ly(¢) = 0.
Since ranky k) (Uq(Koo) = 1, it follows that
ranky k) [Hom(Uy (Koo ) /€ (Koo), W) GeltRee /B < 1

and so
I Uy(Kso) € E(Kov).
We therefore see that
d(¢) < ords=1 Lg(9, s) < d(¢) + 1. (11.5)
If R%)q) # 0, then Theorem 8.2 implies that

ords—1 Lq(¢, s) = ords—y L= (9", 5),
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and so
|d(¢) —d(¢")| < 1.
It seems reasonable to expect that d(¢) > 1 does not occur very often. O

We now turn to the relationship between the canonical elements y(¢) and special values
of L, when ¢* is LLT at q.

Theorem 11.3. Suppose that ¢* is LLT at q, and recall the notation of Definition 6.8.
(a) We have

Logy (y()q) = Culy(¢*™") - Qe - LT ()
(b) If m > 1 and gq(¢)(m> is defined, then we have
Logy (To(0)™) = Culg(¢™1) - Q") - LTV (¢7).
Proof. This follows directly from Theorems 6.9 and 10.3 0J
Corollary 11.4. (a) Suppose that ¢* is LLT at q*. Then we have that y(¢) € X4(K,T) if
and only if Eg‘fw*))(gb*) =0.
(b) If y(¢) € L4(K,T), and ¢* is LLT at q, then y(¢) is of infinite order if and only if
L6 £0

Proof. We first note that y(¢) € X4(K, T) if and only if y(¢)4 = 0. Theorem 11.3(a) implies
that y(¢), = 0 if and only if Eg‘f(¢*))(q§*) = 0, and this establishes (a).

If y(¢) € L4(K,T), then y(¢) is of infinite order if and only if y(¢)q is also of infinite
order. Part (b) now also follows from Theorem 11.3(a). O

Theorem 11.5. Suppose that
y(9) € Tq(K,T),  y(¢") € B (K, T7),
and that both ¢ and ¢* are LLT at q. Then we have that

(), y(0)]iEy = Euly(67) - Culy(67) - A6y ) - Aoy
X Egd(¢)+1)(¢) -Egd(‘z’*))(qb*).
Proof. Since ¢ is LLT at q and y(¢*) € Xq- (K, T*), Corollary 11.4(a) implies that Egd(¢))(¢) =
0. This in turn implies that
locy (o)) € - Uy(Koc)
and it follows from the definitions that in fact

locq(@(/Coo)(d(¢))) =0 @‘(]d(¢)+1)(lcoo)‘
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Applying Proposition 7.7 together with (6.9), we obtain
[w(0), 9()]1y = a(#) "D Uy(9),
= Logy- (7,(6") ") - Logy (y(6)a)-
The desired result now follows from Theorem 11.3. 0J

Our next result relates the value of Lgd(¢)+1)(gb) to that of ng(¢*))(¢*) when both ¢ and
¢* are LT at q. We remark that at least one of the characters ¢ or ¢* always lies outside

the range of interpolation of L,.
Theorem 11.6. Suppose that

y(9) € 5q(K.T), y(¢") € Xge (K, T7),
and that both ¢ and ¢* are LLT at q. Suppose also that [y(gb*),y(gb)]%)q # 0. Then we have
_ Gul(@ ) - 07 - () yONy ey

Culg(¢71) - Qo7 ") - Logy (y(9)g)>  °

Proof. 1f [y(¢*), y(gﬁ)]&?’)q # 0, then y(¢) is of infinite order, and so Corollary 11.4(a) implies
that £gd(¢*))(¢*) # 0. Theorem 11.3(a) implies that

Egd(¢)+1) <¢> ((b*)

E(d(¢*))(¢*) _ 'SogV(y<¢)q)2 . ’

“ Culy(¢*)2 - Qo5 )2 L5 (97)
and substituting this into the expression for [y(¢*), y(gb)]%”)q afforded by Theorem 11.5 es-
tablishes the desired result. O

12. COMPLEX CONJUGATE CHARACTERS

In this section we shall apply our earlier results to formulate a common generalisation of
the main theorems of [23] and [2] to CM modular forms of higher weight.
We begin with the following definition.

Definition 12.1. We say that ¢ and ¢* are complex conjugate if they are interchanged by

the involution on characters of Gal(K /K) induced by the action of complex conjugation.

Remark 12.2. Suppose that q € {p,p*}. It follows from e.g. [10, III.1.4] that the measures
fq and pg are interchanged by the action of complex conjugation on A(K(fp™)). Hence, if

¢ and ¢* are complex conjugate, then we have the equality

£q(¢> = L (¢%),
after identifying Ky and Ky with Q. Also, if ¢ is LLT at g, then ¢* is LLT at g*. U
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Theorem 12.3. Suppose that ¢ and ¢* are complex conjugate. Suppose also that Lq(¢) # 0,
and that both ¢ and ¢* are LLT at q. Then:

(a) d(6) = d(¢") = 0.

(b) We have that ng-(¢) = ng(¢*) =1, and so Lq+(¢) = Lo(¢*) =0

(c) y(¢) and y(¢*) are of infinite order, with

y((b) € Z:Cl" <K7 T)v y(¢*) € ECI<K’7 T*)'

(d) Lq(¢") =0 and L (¢%) # 0.
(e) R #0.
(f) Let
x(¢) = ZCl* (K7 T)a $(¢*) € ECI(Ka T*)

be any elements of infinite order. Then we have the following equality in Q,:

Culy(¢h) - Qo5 ) - [2(67), 2(9)]i2he - La(0)
= Culy (671) - Q¢5) - Loy ((8)g) - Logy (2(67)q) - LY ().

Proof. (a) This follows immediately from the fact that L£q(¢) = Lg(¢*) # 0 (cf. Remark
12.2).

(b) Since L4(¢) = L4(¢*) # 0, Theorem 8.2 implies that ny(¢) = ng-(¢*) = 0. Now it
follows from Proposition 9.4 that ng(¢) = ng(¢*) = 1. Finally, Theorem 8.2 implies that
Ly (¢) = L4(¢*) =0, as claimed.

(c)It follows from (a), (b), and Theorem 11.3 that Logy (y(¢)y) = 0 (whence y(¢) €
Y (K,T)) and that Logy (y(¢)q) # 0 (whence y(¢) is of infinite order). The argument
concerning y(¢*) is similar.

(d) As d(¢*) =0, and L4(¢*) = 0, this follows from Remark 11.2.

(e) Part (d) implies that Lq(¢)L{" (¢*) # 0. Hence Theorem 11.5 implies that [y(¢*), y(¢)],§¢3
0, and so we see that Rg?,)q* # 0 because ng(¢) = ng(¢*) = 1.

(f) Since ng«(¢) = ng(¢*) = 1, we have that

[9(6"), 9(9))52y: _ [2(6"), 2(9))1ye
Logy (y(9)g) - Logy-(y(¢*)q)  Logy (z(d)g:) - Logy-(2(¢*)q)
The result now follows from Theorems 11.3 and 11.5. L]

Let us now set ¢ = p and consider the complex conjugate characters

o = PFHY TR g = TR (B > 0).



52 A. AGBOOLA

The character ¢y is naturally associated to the CM modular form of weight 2k 4 2 attached

to ¢ and lies within the range of interpolation of £,, with
Lo(dr) = Ap - L™k + 1), (12.1)

where Aj is an explicit, non-zero constant whose precise description need not concern us.
On the other hand, the character ¢; lies outside the range of interpolation of £,, and the
behaviour of £, at ¢ is less well-understood.

Let W(¢yx) denote the Artin root number of ¢y, so W(¢x) = £1. A theorem of Greenberg
and Rohrlich implies that if W (¢y) = 1 for some k > 0, then L,(¢) = 0 for only finitely
many k' > 0 with ¥ =k (mod p— 1) (see [12, Theorem 4] or [21, p.184]). Rohrlich has also
shown that if W(¢y) = —1, then LM (4?1 k' + 1) = 0 for only finitely many &’ > 0 with
k' =k (mod p — 1). It seems reasonable to expect that an analogous result holds for Ly,
namely that if W (¢r) = —1, then Egl)(gbk/) = 0 for only finitely many & > 0 with &' =
(mod p—1), and Greenberg (unpublished) has shown that this would follow from a suitable

generalisation of the results of [15].

(I) Suppose that L,(¢r) # 0, and that ¢, and ¢; are LLT at p. Then Theorem 12.3 with
¢ = ¢ and q = p yields a generalisation of [2, Theorem A] to the case of CM modular forms
of heigher weight.

(IT) Suppose that ¢y and ¢; are LLT at p, that d(¢) = 0, and that L,(¢x) = 0.
Then E;(,l)(gbk) # 0, and d(¢y) = d(¢}) =0, so Ly(¢5) # 0. Theorem 12.3 with ¢ = ¢; and
q = p yields a generalisation of [23, Theorem 10.1].

Remark 12.4. It would be interesting to know whether or not d(¢;) = 0 whenever E,(Ol) (Pr) #
0 and R(I?f;) # 0. To show this, it would suffice (via an argument very similar to that given
in [22, Proposition 11.6]) to show that if = € 3,(K, T) is of infinite order, then = cuts out an
infinitely ramified extension of K. If £ = 1 and x is given by a point of infinite order on an

elliptic curve, then this is true. However, it does not seem obvious that a similar assertion

holds if £ > 1 and x € X,(K,T). O
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