ON VALUES OF THE KATZ TWO-VARIABLE
p-ADIC L-FUNCTION

A. AGBOOLA

ABSTRACT. We develop a framework that enables us to study a broad class of special values
of the Katz two-variable p-adic L-function, including certain special values lying outside the

range of p-adic interpolation.
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1. INTRODUCTION

In this article we shall study a wide class of special values of the Katz two-variable p-adic
L-function by extending the techniques and results of [1I, 2] B0, 31]

Let K be an imaginary quadratic field, and let E/K be an elliptic curve with complex
multiplication by the ring of integers Ok of K; then K is necessarily of class number one.
Let p > 3 be a prime of good, ordinary reduction for £. We may write p = pp*, with
PO = 10k and p* = 7" Ok.

Let

U Gal(K/K) = Aut(Er) 5 O, & 27,
V" Gal(K/K) = Aut(Ep) 5 O 5 72

denote the natural Z;-valued characters of Gal(K/K) arising via Galois action on E~ and
E,+= respectively. We may identify ¢ with the Grossecharacter associated to E (and t*
with the complex conjugate ¢ of this Grossencharacter), as described, for example, in [30,
p. 325].

Set R 1= K (Ep~), and let O denote the completion of the ring of integers of the maximal

unramified extension of K. For any extension L/K we set
A(L) := A(Gal(L/K)) = Z,[[Gal(L/ K )],

and A(L)p := O|[Gal(L/K)]|.

The Katz two-variable p-adic L-function £, € A(Ry)o satisfies a p-adic interpolation
formula that may be described as follows (see [30, Theorem 7.1] for the version given here,
and also [I3, Theorem II.4.14]. Note also that, as the notation indicates, £, depends upon
a choice of prime p lying above p). For all pairs of integers j, k € Z with 0 < —j < k, and
for all characters x : Gal(K(E,)/K) — K”, we have

Lo 9x) = A L™ 'y, 0). (1.1)
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Here L(l/z_’“a_jx_l,s) denotes the complex Hecke L-function, and A denotes an explicit,
non-zero factor whose precise description we shall not need.

Suppose that
¢: Gal(K/K) — Z);
p:Gal(K/K) — Z,,
are characters, with p non-trivial. We define

LP(¢§P; s) = Ln(¢ %)

This function captures the behaviour of £, at ¢ in the direction cut out by p.

Suppose that L,(¢; p, s) is not identically zero as a function of s. Then if ¢ lies within
the range of p-adic interpolation of L, the behaviour of £, at ¢ in the p direction (i.e.
the behaviour of L,(¢;p, s) at s = 0) is often predicted by various p-adic generalisations of
conjectures of Birch and Swinnerton-Dyer type due to several people. On the other hand, the
behaviour of £, outside the range on interpolation is much less well-understood. Variants of
the p-adic Birch and Swinnerton-Dyer conjecture involving special values of £, lying outside
the range of interpolation were first introduced and studied by Rubin in [30} 31], with some
later work by the present author in [I, 2]. (See also [7] for more recent subsequent work
related to this topic, using a very different approach.) In this paper we shall generalise the
framework introduced in [T} 2]; this will enable us to analyse a broad class of special values
of £, in a uniform manner.

For any integer » > 0, we write

. 1 d\"
£0(6:p) = 1 (—) Ly(6:p.5)

rl \ ds

s=0
Let Yeye denote the p-adic cyclotomic character of Gal(K /K), and define ¢* := ¢~ xcye. Set
T :=1Z,(¢) and W := T ®z, (Q,/Z,). Define T* and W* analogously. Write KZ_ for the
Z,- extension of K cut out by p.

In order to study the behaviour of £, at ¢ in the p direction, we introduce an Iwasawa
module that is naturally associated to Ly(¢;p,s) via a theorem of Rubin, viz. the two-

variable main conjecture (see [32]). The Iwasawa module X,(K% , W) that we consider is
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the Pontryagin dual of a certain restricted Selmer group ¥,(K% ,W). The two-variable main
conjecture shows that a characteristic power series of X,(K%,, W) may be viewed as being
an algebraic p-adic L-function associated to Ly(¢; p, s).

We define corresponding compact restricted Selmer groups %,(K,T) C HY(K,T) and
Yp<(K,T*) C H'(K,T*), and we construct a p-adic height pairing

(=, =13, Spe (K, T%) x Sy(K,T) — Z,
together with an associated regulator R%?p.
Set
np(¢) := rankg, [%, (K, T)],
and let X, (K, W), 4w denote the quotient of ¥,(K, W) by its maximal divisible subgroup.

Write 2, (K, T)tors for the torsion subgroup of ¥(K,T'). The following result is a special case
of Theorem [6.3] of the main text.

Theorem A. Suppose that Rgg?p # 0 and that ¢ # Xeye s of infinite order.
(a) We have

Ords:O Lp (¢7 Ps S) = np(¢)

(b) Let S be any finite set of finite places of K containing all places lying above p and
all places of bad reduction of E, and let N be the mazimal abelian extension of K that
is unramified outside S. Suppose in additiion that H*(G(N'/KL),W) = 0, and that the
A(K?L))-module X (K’ ,W) has no finite submodules. Then

5" (65 p) ~ 1S5 (K, W) ] - [Z5(K Teons| - RiL
where the symbol ‘~’ denotes equality up to multiplication by a p-adic unit.

By using duality theorems to study n,(¢) (see Theorem of the main text), we show

the following result.

Theorem B. Suppose that ¢ is of infinite order, with ¢ # Xcye. Suppose also thatloc, (X, (K,T))

1s of infinite order. Then

np(¢") = ny(¢) — 1.
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Hence, if in addition R%)p* # 0, then
ords—o[Lp(¢"; p, 5)] = ords—o[Ly(¢; p, 5)] — 1.

In order to be able to obtain exact special value formulae for the functions L,(¢; p, s), we
need to impose a further condition on the characters p that we consider.

For any character n : Gal(K /K) — Z; write
(n): Gal(K/K) — 1+ pZ, ~ Z,
for the composition of n with the natural projection map Z; — 1 + pZ,,.

Definition C. Suppose that q € {p,p*}. Say that
p:Gal(K/K) — Z,

is locally Lubin-Tate (LLT) at q if p = (n) for some n : Gal(K/K) — Z; which is surjective
and totally ramified at q. O

When p is LLT at p, it is possible to obtain exact expressions for E,(,n”w))(gzﬁ; p) by ap-
plying suitable explicit reciprocity laws to certain canonical elements in 3,(K,T) that are
constructed using twisted Euler systems of elliptic units (see Section (10| below).

Let us illustrate a special case of our results in the setting of characters associated to CM

modular forms of higher weight. Consider the characters

g =TT = TR (R 2 0).

The p-adic character ¢y is naturally associated to the CM modular form of weight 2k +
2 attached to the Grossencharacter 1**! and it lies within the range of interpolation of
L,. The behaviour of L,(¢x;p,s) at s = 0 is conjecturally well-understood in terms of
generalisations of the p-adic Birch and Swinnerton-Dyer conjecture to the case of modular
forms of higher weight. On the other hand, the p-adic character ¢, lies outside the range
of interpolation of £, and the behaviour of L,(¢5;p,s) at s = 0 for arbitrary & is less well
understood. When k& = 0 (so ¢o = ) and n, (1)) > 1, the function Ly(¢*; (¢*), s) with was
first studied by K. Rubin, who formulated a version of the p-adic Birch and Swinnerton-Dyer

conjecture in this setting (see [30, [31]). This work was subsequently extended to the cover
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the case ny(¢) = 0 by the present author (see [I 2]). When k > 1, the function L,(¢}; p, 5)
has not, to the best of our knowledge, previously been studied.

Set
Ty i=Zp(dn), Ty = Zp(9}),
Vi =T ®Q,, V., :=T,®Q,.
Write
expy, HY Ky, Vi) = Qp,
expi : H'(K,, V) = Q,
for the Bloch-Kato dual exponential maps associated to Vi and V', and
logy, : Hl(Kp, Vi) = Qp,
logy- HY Ky, Vi) = Q,
for the corresponding Bloch-Kato logarithm maps.

The following result is a special case of Theorem [10.9] (see also Theorem [I1.1)) of the main

text.
Theorem D. Suppose that L,(¢x) # 0 and that p is LLT at p*.
(a) We have ny-(¢r) = np(¢5) = 1.
(b) Let y € L (K, V) and y* € X,(K,V}¥) be elements of infinite order. Then

.yl N LY (613 p)
expy (y) - expy, - () Lp(dn)

*

Here the symbol ‘=’ denotes equality up to multiplication by an explicit non-zero factor
inwvolving periods and Euler factors.

In particular, we have that Eép(ghk; p) # 0 if and only if [y*, y]%?p* £ 0. O

Theorem [D] (which is a generalisation of [2, Theorem A] to modular forms of higher
weight), relates the non-zero value of £, at the point ¢, lying within the range of interpola-
tion to the derivative of £, at the point ¢; lying outside the range on interpolation. It may

be viewed as being an analogue of the well-known exceptional zero phenomenon observed in
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the work of Mazur, Tate and Teitelbaum in the setting of elliptic curves without complex
multiplication (see [17, especially Conjecture 2|, [21], especially page 38]). We remark that
this is currently the only such result in the present setting of which we are aware.

If £,(¢) =0, then Theorems and below also yield the following generalisation
of [30, Theorem 10.1] to the higher weight case, which again illustrates the phenomenon

alluded to above.

Theorem E. Suppose that

Ords:l ‘Cp((bk? Py 8) = 17 Ep* <¢k) # 07

and that p is LLT at p. Suppose also that R%’?p # 0 and that loc,(3,(K,T})) is of infinite
order.

Let y € Xy(K, Vi) and y* € - (K, VYY) be elements of infinite order. Then

" 9%, - Ef.l)(cbk;p)_
logy« v (y*) - logy, o (y) Ly (dr)

O

A brief outline of the contents of this paper is as follows. In Section [2] we establish certain
notation and conventions that will apply throughout this paper. We then recall some general
facts about twists of Iwasawa modules and derivatives of their characteristic power series in
Section [3] and we explain how these facts may be applied to the Katz two-variable p-adic
L-function. In Section [ we define various Selmer groups that we need, and we prove a
control theorem for restricted Selmer groups.

We construct the p-adic height pairing on restricted Selmer groups in Section[5} In Section
[0, under the assumption that this p-adic height pairing is non-degenerate, we prove a very
general leading term formula for a characteristic power series of a restricted Selmer group
over an arbitrary finite extension of K. We compare different restricted Selmer groups over
K in Section [7], and we describe the relationship between the leading terms of the relevant
characteristic power series (see Theorem [7.6)).

In Sections [§ and [0, we recall various results we need concerning formal groups, explicit

reciprocity laws, and the Katz two-variable p-adic L-function. In Section [I0, we apply
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our previous results to construct canonical elements in restricted Selmer groups over K
using Euler systems of twisted elliptic units, and to prove a very general exact leading term
formula for £, (see especially Theorem . Finally, in Section , we specialise the results
of Section [10[ to prove results (see Theorems and which imply Theorems [D] and

above.

2. NOTATION AND CONVENTIONS

If L is any field, we write Oy, for its ring of integers and L*" for its maximal abelian

extension. We let L denote an algebraic closure of L.

Let K be an imaginary quadratic field of class number one, and let E/K be a fixed
elliptic curve with complex multiplication by the ring of integers O of K. We write f
for the conductor of E. We fix a prime p > 3 of good, ordinary reduction for E, so that

pOxk = pp*. Let

¥ Gal(K/K) = Aut(Ey=) = O, = Z,

denote the natural Z -valued characters of Gal(K/K) arising via Galois action on Ep~ and
E,« respectively. We may identify 1) with the Grossecharacter associated to £ (and *
with the complex conjugate v of this Grossencharacter), as described, for example, in [30,
p. 325].

The symbol q will always denote a prime of O lying above p, and we write i, : K — Fq

for the natural embedding afforded by gq.

We write Yeye : Gal(K/K) — Z for the p-adic cyclotomic character of Gal(K/K). If x :
Gal(K/K) — 2 is any character of Gal(K /K), we set x* := X " Xeye and Z,(x) := Z, ® x.
We write () : Gal(K/K) — 1+ pZ, for the composition of x with the natural surjection
Z; — 1+ pZ,.

Throughout this paper ¢ : Gal(K/K) — Z) denotes a character of infinite order. We let
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so T and T* are free, rank one Z,-modules on which Gal(K /K) acts via ¢ and ¢* respectively.

Set

Vi=T®gz, Q) W:=V/T,

V=T @, Qy, WH:=V7/T,
and write Wy and Wy, for the p"-torsion subgroups of W and W* respectively. We view
T = @ Win, T = 1&1& W, (where the inverse limits are taken with respect to the obvious

multiplication-by-p maps), and we let w = [w,], w* = [w’] denote fixed generators of T and

T™ respectively, chosen to satisfy the condition below.

For each integer n > 1, we let
€n . an X W;n — Upn

denote the pairing afforded by Cartier duality via viewing Wj» and W, as group schemes

over Spec(K). This pairing satisfies the identity
en(p - Wy, w:) = ep(wp,p-w).

We fix once and for all a generator ¢ = [(,] of Z,(1), and we assume that w and w* are
chosen to satisfy

en(Wn,w)) = ¢, (2.1)
for all n > 1.

Hence, if, for example, ¢ = " - ™, with 4, j € Z, then
V=V(p)=V()* a V),

and so
e(V) = w® @ w*®’
is a basis of V.

We write

Koi= K(Wy), K= KW;), R, =K, K,

n p
and

’Coo = UnZlKna ICZO = UnZlK;kw R 1= Unzlﬁ’ﬂ‘
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We denote the unique Z,-extension contained in Ko, by K. For any finite extension F'/K,

we set
fn:F’Cna F:{:F’wa Sn:Fﬁ’n?
and

Fo=F Ky, Fu:=F Ko, Fo=F-K., BJ:=F Fx.

The symbol O denotes the completion of the ring of integers of the maximal unramified

extension of Q,.

For any extension L of K or K, with Galois group G, we set

If
x : Gal(L/L) — Z)

is a character of infinite order, we sometimes write LX /L (or some variant thereof) for the

extension of L cut out by x. We set

Z.(L) = Ker[x : A(LY) — Z,],

and we define a generator v, = v, (L) of Z, (L) as follows. We choose a topological generator

Ty = V(L) and we set

Oy (L) = x(7 ) — 1. (22)

For any extension L/K we write M9(L) for the maximal abelian pro-p extension of L
which is unramified away from ¢, and we set X9(L) := Gal(M9(L)/L). We let BI(L) denote
the maximal abelian pro-p extension of L which is unramified away from ¢ and totally split
at all places of L lying above q* , and we write V(L) := Gal(B9(L)/L).

If M is any Z,-module, then My;, denotes the maximal divisible submodule of M, and
we set M iy := M/Mgiv. We write Mo for the torsion submodule of M, and M”" for the

Pontryagin dual of M. If M is a torsion Z,-module, then we write T,(M) for the p-adic
Tate module of M.
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Suppose that L; is a local field or a number field. If M is a Z,-module of finite rank on
wheh Gal(L1/Ly) acts, and Mg, := M ®z, Qp, then for any (possibly infinite) extension
L/Ly, we set

HL(L, M) = lim H' (L', M), H}, (L, Mq,) == lim H'(L', Ma, ),

where the inverse limit is over all subfields L' C L finite over L; and is taken with respect

to the obvious corestriction maps.

3. CHARACTERISTIC POWER. SERIES

Our goal in this section is to recall (following [I], but in slightly greater generality) some
basic facts concerning twists of Iwasawa modules and derivatives of characteristic power
series. We shall then apply these results to twists of the two-variable p-adic L-function £,
(where q € {p,p*}) by characters of Gal(R,/K) of infinite order. This will later enable us
to apply the two-variable main conjecture to relate special values of £, to the arithmetic of

certain Selmer groups.

Suppose that F'/K is any finite extension. Let Gr := Gal(§./F), and suppose that

n:Gr — Z,; is any character. Then there is a twisting map
Tw, : AM(Gr) = A(Gr)
associated to n which is induced by the map g — n(g)g for all g € Gp. It is easy to see that
if f € A(Gr), then
f(n) = [Twy (D).

If M is any finitely generated A(Gr)-module with characteristic power series fy; € A(Gr),
then a routine computation shows that Tw,(f)) is a characteristic power series of M (n™!) :=
M@nt.
Suppose now that
p:Gr =72,

is a character of infinite order, and set H = H(p) := Ker(p). Write

Gy =G/H~1Z,
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Then there is a natural quotient map
g, : MGr) = AMG),

and we write Zg,, for the kernel of Ilg,, .
The element Il¢,, (Tw,(fa)) is a characteristic power series of the A(Gy)-module M (n™1)®x g,

A(Gy), and there is an isomorphism
M) @age) MGr) = M(n7") /L, M(n™")

of A(Gy)-modules.
We deduce that we may study the behaviour of fj; at 1 in the direction cut out by p by
studying the behaviour of the element Il¢, (Tw,(far)) at the identity character 1 of Gy.

Now set

M, = M(n™") ®@ar) MGr),

Far = ey, (Twy (far))-

Let vy be a fixed topological generator of G. We may identify A(Gy) with the power series
ring Z,[[X]] in one variable in the usual way via the map v — 1+ X.

Let Ig, denote the augmentation ideal of A(G), and suppose that n > 0 is the smallest
integer such that the image of f, in I, /1 g;l is non-zero. It is not hard to check that fy,

is a characteristic power series of the A(Gy)-module M, and that

(= )" fan) (1) = 220 (3.)

where 1 denotes the identity character of G.

Set
0= plyn) ' — 1.

(This makes sense as p factors through #.)

Then if m > 0 is any integer, it follows from the definitions that we have

(0" fan)(p) = [(vae = 1) 7" Tw,(far)] (1), (3.2)
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where Tw, : A(Gy) — A(Gy) is the twisting map associated to p viewed as a character of
Gy.
Let us now explain how (3.2 is related to derivatives of certain p-adic analytic functions

(see [30, §7]). Then the map from Z, to C, given by

s+ fu(n-p*) = fur, (p°)

defines an analytic function f(s) on Z,. Define

ordq(f)(fM) := ords— f(s),

and set

| d\"
D) () = — (g) far(n - p°)

m/!

s=0
We write

A (n) =D f (),
and we extend these definitions to all of A(Gr) in the obvious manner. A routine calculation

shows that we have

p(vx)

D (07(1)) = {

and

D0 (7 fyr) () = {log,[p(v0))/p(330) )™ Fan (1) (3:3)

We can now see from (3.1)), (3.2) and (3.3)) that if we set
my = Ordgyp)<fM>7

then we may write fy;, = U7 F), with F, € A(Gy), and we have

m)), 1. Jan(p°)
Jor (77)—?_1% Temi

=D F)(1)
= [{1og, p(m))/ o)™ (1)

fMl(X)

= {log, [p(yw)l/ Pl }™ - 5| (3.4)

We shall now apply the above discussion to the case in which F' = K and M = &,(R).
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Set Dy, := K%, the fixed field of H, and write Dy, := D3*; then
Gal(Doo/K) = Gy ~ Z,,.

Recall that the two-variable main conjecture asserts that if q € {p,p*}, then X (Rs) is a
torsion A(R)-module, and that the Katz two-variable p-adic L-function £, is a character-
istic power series of X;(Rs) in A(Rx)o. We therefore see from the discussion above that
Tw,(Ly) € A(Rx)o s a characteristic power series of Xy(8)(n™1).

Let Zp,, denote the kernel of the natural map A(R.) — A(Ds). Fix any characteristic
power series Hé’j} of the A(Dy)-module

Xq(Roo) (p71) @) (M R0)/Tp) = Xy(8oo) (171)/Ip Xy(Reo) (7).
Set
Lq(n; p, 8) := Lq(n - p°),
and write
Ng,(n) 1= ords—o Ly(n; p, ).

Definition 3.1. For any non-negative integer m, we define

m - Ly(n:p, 5)
Eg V(n; p) = lim =222 (3.5)

s—0 sm
Proposition 3.2. With the above notation, we have

ngp(n) = ordx—o H{" (X)), (3.6)

and

, (3.7)

X=0

,C("“”’(”))(n-p) — lim Ly(n; p, s) N {logp(p(%_[)) }“q,p Héffo)(X)
q ’

s—0  gna.p(m) p(%—z) ' X na.p(m)

¢

where ‘~’ denotes equality up to multiplication by a p-adic unit (which, in this case, lies in

)

Proof. This follows from (3.1)), (3.2), and (3.4)). O
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We therefore see that the order of vanishing nq,(n) of £, at n in the direction of p, and

nq,p(n))(

the p-adic valuation of EE, n; p) may be determined by studying Héfo), and that this

may be done algebraically.

4. SELMER GROUPS

In this section we shall define various Selmer groups that we require, and we shall establish
some of their properties.

Suppose that F' is a finite extension of K.

Definition 4.1. For each finite place v of F, we write H}(F, V') for the Bloch-Kato coho-

mology group at v associated to V. Hence

Ker[HY(F,,V) — HY(Gal(F,/F"™,V if v1p;
HY(F V) [H(F,, V) (Gal(F/ )] t
Ker[H'(F,, V) = HY(F,, Buys ®q, V)] it v | p,

where F}'" is the maximal unramified extension of F},, and B, denotes Fontaine’s ring of
crystalline periods.

There is a tautological exact sequence
0=>T—-V—>W =0, (4.1)

and we define Hj(F,,T) and H'(F,,V) to be the pre-image and image respectively of
H'(F,,V) under the maps on cohomology groups induced by the exact sequence (4.1]).

For each positive integer n, there is an exact sequence
O—>an—>WX—w>W—>0, (4.2)

and we define H(F,,Wyn) to be the inverse image of H'(F,,W) under the map on coho-
mology induced by (4.2)).

We define similar groups with V' replaced by V* in an entirely analogous manner. U

Example 4.2. Suppose that ¢ = 1)%4)*/. For each place v of F' lying above p, we set

i ifo|p;
my(¢) =
joifu | pn.
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The following table lists the groups H}(Fv7 —) for v | p:

my(¢) <0 my(p) =0 my(¢) >0
v 0 o| H\F,V)
T | H\E ) | H(Fy Theors | H'(F,.T)
W 0 0| HY(F,,W)aiv

If v 1 p, then we have

Hi(F,,V)=H{(F,,W)=0;
H}(F,, T) = H'(Fy, T)tors,

irrespective of the values of 7 and j. OJ

Definition 4.3. Suppose that M € {W,W* Wy, Wy} and that q € {p,p*}. If ¢ €
HY(F, M), then we write loc,(c) for the image of ¢ in H'(F,, M). We define
e the true Selmer group Sel(F, M) by

Sel(F, M) = {ce H'(F,M) | loc,(c) € H{(F,, M) for all v} ;
e the relazed Selmer group Sel.q(F, M) by
Selet(F, M) = {c € H'(F, M) | loc,(c) € H}(F,, M) for all v not dividing p} ;
e the strict Selmer group Selg. (L, M) by
Selg (F, M) = {c € Sel(F, M) | loc,(c) = Ofor all v dividing p} ;
e the g-strict Selmer group Sels(q)(F, M) by
Selsie(q) (F, M) = {c € Sel(F, M) | loc,(c) = Ofor all v dividing q} ;

e the q-restricted Selmer group (or simply restricted Selmer group for short when q is

understood) X4(F, M) by

Xq(F, M) = {c € Sel,a1(F, M) | loc,(c) = Ofor all v { q} .
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We also define
Selz(F,T) := lim Sely (F, Wyn),  Sel(F,T*) := lim Sel;(F, W),
Sq(FT) = Hm B (F, Wyn),  Sq(F,T7) := lim B (F, W)

If L/K is an infinite extension, we define

Sel, (L, M) :@Selr_;(L’,M), Xq(L, M) zli_n;qu(L’,M),
Sely (L, T) = lim Sel; (L', T),  Sel;(L,T") = lim Sel, (L', T*),
where the direct limits are taken with respect to restriction over all subfields L' C L finite

over K.

For any extension L/K, we set
Sel,(L, M)" = X»(L, M), So(L, M) = X4 (L, M).
O

Example 4.4. Suppose that ¢ = ¢")*. By using the table given in Example [4.2] it is not
hard to show that the Z,-coranks of the true Selmer groups H}(K ,W) as i and j vary are

equal to the Z,-coranks of the Selmer groups in the following table:

7 <0 7=0 7>0
i < 0| Sely (K, W) | Selg(K, W) | Sy (K, W)
i =0 | Sely (K, W) | Selg (K, W) | Sy (K, W)
i>0] S (K,W)| S,(K,W)|Sel(K, W)

The reader may find it helpful to draw a diagram of the ¢ — j plane to illustrate the table
above. ]

The following result is an analogue for restricted Selmer groups of a well known theorem
of Coates about true Selmer groups associated to torsion points on CM elliptic curves [10,

Theorem 12].
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Theorem 4.5. Let L be any field such that Foo C L C Fo, and suppose that q € {p,p*}.

Then there is an isomorphism
Xo(L, W) 2= XO(L)(67)
of A(L)-modules. In particular, X,(L, W) is a torsion A(L)-module.

Proof. The proof of this result is very similar to that of [10, Theorem 12]. We begin by

observing that , since F, C L, there are A(L)-module isomorphisms
XO(L)(¢7") ~ Hom(T, XW(L)), XD (L)(¢p™")" ~ Hom(XV(L), W).

Therefore, in order to establish the desired result, it suffices to show that there is a natural
isomorphism

Yo (L, W) = Hom(X@ (L), W). (4.3)

This follows via an argument entirely analogous to that used to establish [10, Theorem

12]. O

Let
T}ZGK—>Z;<

be a character of infinite order, and write K for the extension of K cut out by n. Let K7

denote the Z,-extension of K contained in K7 . If F//K is any finite extension, we set
Fl=F.-K', Fl:=F-K1.
We now state a ‘control theorem’ for restricted Selmer groups.

Theorem 4.6. Suppose that q € {p, p*}.
(a) Let Irn denote the kernel of the quotient map

My © A(F) > AFL).
Then the kernel of the restriction map
Zq(fgov W) — Eq(gom W)[I]:go]

1s finite.
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Let v be a topological generator of Gal(FL/F), and, for each place v of F1 lying above
q, let v, be a topological generator of Gal(F1 ,/F,) < Gal(FL/F). Lety € Gal(§/F) and
Yo € Gal(Foon/Fy) be lifts of v and v, respectively. Then acharacteristic power series in
A(FL) of the Pontryagin dual of the cokernel of this restriction map is given by

er=(y—¢ ) [[(n =07 (),
vlg
(The action of ep on the Pontryagin dual of the cokernel of the restiction map is independent
of the choices of ¥ and 7,.)

Hence if f € A(F) is a characteristic power series of Xq(Fo, W), then e}lﬂfgo(f) €
A(FL) is a characteristic power series of Xq(FL,W).

(b) Suppose that L is any field such that F C L C F1, and write I, for the kernel of the
quotient map A(FL) — A(L). Then the restriction map

Yg(L, W) = 5 (FL, W)[LL]

18 an isomorphism.

Hence the dual of this restriction map is an isomorphism of A(L)-modules:
Xo(Foo, W)/ 1L Xg(FL, W) = Xo(L, W),

Proof. Let N denote the maximal extension of §. that is unramified away from all places

of §~ lying above p. Consider the following commutative diagram:

0 —  S(FLW) ——  HWN/FLW) = T HYNFL,, W)

| | |

0 —— S4(Foos W)rr] —— HYN /oo W)Trn] —2 TLpee HY N, /Foown W)

vlq
in which the vertical arrows are the obvious restriction maps.

Applying the Snake Lemma (together with the inflation-restriction exact sequence) to this

diagram yields the exact sequence

0 = Ker(a) = H'(§oo/FLy W) 25 [T H (Socn/ FL oy WOT0) =

00,V

v|q*

— Coker(a) = H(Foo/Fi, WOrL) 2 T] H* oo/ FL

v|g*

Ww) = 0. (4.4)

7U’
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Now,

H' (Foo/FL, WOrL) ~ Hom(Gal(Foo/ F1L), WL );

[T # G/ FL W) = [ Hom(Gal(Fuo/ FLL,), W), (4.5)

v[g* v]q*

and, as Gal(Foo/FL) ~ A x Z, with pt A, we have

H2(§oo | F2L, WORE) o HO(§oo | FIL, W) = WETL,
[T H2 G/ T s W) 2 T HO B/ FL o W) = TT W5,
vla® vlg* vlg*
We now deduce that g is injective, and that g; is non-zero, and therefore has finite kernel
(since H(Foo/F1, WEFL) is either finite or divisible). It follows from (&.4) that Ker(a) is

finite, and that there is an exact sequence

0 — Ker(a) = H' (Foo/FL, WIrL) L 1_[1'{1(3007,,/]:77 WGfgovv) — Coker(a) — 0.

00,V
v|g*

(4.6)
It follows from (4.5) that

1 m G n A 1/~
Chary(ry) (H' (§oo/ Fiks W) ) =7 = 67 ()

A

G n 1~
CharA(}‘;’o) HHl(goom/fgo,m W7 ) = H(VU - 1(%}))'

v|g* v|g*

Hence we deduce from (4.6) that

Charyzry(Coker(a) = ep = (y = ¢~ (F) " [ (o — ¢ (%),

v|q*

as asserted.

(b) In this case we consider the commutative diagram

locg*

0 —— X(L,W) —— HYN/L,W) [ H'(No/Ly, W)

u | | |

0 —— Sy (FL, W)[I] —— HYN/FLW) =5 [, HHW/FL W)

v[q*
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We have that

Ker(8;) = H'(FL/L,W) =0,

Ker(8s) = [ [ H'(FL /Lo, W) = 0

v[g*

Coker(fy) = H*(Fuo /L, WEE) = 0,

(cf. [26] p. 40], for example), and so the Snake Lemma implies that f; is an isomorphism,

as claimed. U
Corollary 4.7. For any field L with F C L C F,,, we have an isomorphism
Xo(L,T) = X(Foo) (97 /T (Xy(Foo) (671)) (4.7)
of A(L)-modules.
Proof. This follows directly from Proposition [4.6|and Theorem [£.5] where we take n = ¢. [
Remark 4.8. | If we take F' = K in Proposition [£.6] then
ek =0 =07 (la— ¢ (),

and so e € A(K)*. We therefore see from Proposition [4.6(a) and Corollary 4.7 that the
element Héf;) € A(K2) fixed in Sectionis a characteristic power series of X (KZ,W). Let
us also remark that as £, € A(Rx)o is a characteristic power series of X;(Ry), it follows

that Tw,(L,) is a characteristic power series of X (oo, W). O

5. THE p-ADIC HEIGHT PAIRING

Let F/K be a finite extension. Suppose that p : Gp — Z, is a non-trivial character
(necessarily of infinite order), ans assume that {¢, *} # {1, xcyc}.. In this section we shall
use the methods of [24], [26] and [3] to construct a p-adic height pairing

(=, 1% B (F.T%) X Sq(F.T) — Z,

and we shall describe some of its properties.
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Let S be any finite set of finite places of F' containing all places dividing p and all places
of bad reduction for F, and write A/ for the maximal extension of F' unramified away from
S. Set Grg := Gal(N/F).

We shall require the following result.

Proposition 5.1. There is an isomorphism of Gal(F)/F)-modules

Hl(}";,an) = Hom(W;n,f;:X/f;:Xp"); f—f. (5.1)
For each place v of F, there is also a corresponding local isomorphism

HY(F

W) = Hom(W., F /f;;l’”).

U

Proof. We first observe that for each integer n > 1, Gal(F/F,) acts trivially on W,.. This
implies that the map

ppn —> Wi G = wy,
induces an isomorphism

wa;)_ 1

: Hl('F;v:up") = HI(F;zk?WP”)
The isomorphism (5.1)) is now defined as follows. We first identify F**/F:*P" with

H'(F*, pipn) via Kummer theory, and then we define f by setting
Flwr) =Twi ().
It is not hard to check that the map f — f is a Gal(F?/F)-isomorphism. O

We apply Proposition in the following way. Suppose that h € X« (F,, W;n). Then it
follows from the local conditions defining ¢« (F, W;n) that, for each finite place v of F', we
have:

(a) h(u) € Fyo" for all v | g;

(b) p™ | v, (h(u)) for all v fq*.

(There are no local conditions imposed at places lying above g*.)

For any algebraic extension L/F, write J(L) for the group of finite ideles of L. Let V(L)

denote the subgroup of J(L) consisting of those elements of J(L) whose components are
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equal to 1 at all places dividing q, and are units at all places not dividing q*. We set

Chg = J(Fn)/(Va(Fn) - F),
Cq = JN)/(VaN) - N7),

Qn,q = H,up" (fn,v)7

vlq
and we note that the order of €, ; remains bounded as n varies (because {¢, ¢*} # {1, Xcye})-
Let p® denote the exponent of U, (2, .

Proposition 5.2. There is an exact sequence
Hom (Wyn, Q4) "5 — Hom(Wyn, Cpq) "5 2% Sge (F, W) — 0. (5.2)

Proof. The proof of this Proposition is identical, mutatis mutandis, to that of [24, Proposition

3.13). 0

We construct [—, —];éjzl by first defining pairings

[, 1) 2 S (F, W) X Sq(F, W) — Z/p"Z

Fa,n

‘at level n’; and then passing to appropriate limits.

Suppose that © = (v,) € Sg-(F, W), ¥y = (yn) € Zg(F, Wpn), and write p = (p,) €
HY (Grs,Z,).

For each integer n > 1, implies that we may choose an element

T, € Hom(Wyn, Cy, )97 = HY(Gps, Hom(Wyn, Cy, g)97%)

such that n,(Z,) = z,. It follows from (5.2)) that

- . ¢ =~
T, =D - Tp

is well-defined. We write Z,, for the image of 7}, in H°(Grgs, Hom(Wn,Cy)¢F5) via the
natural map C,, 4 — C,.

We now see that

Zn =T Uy U pp € H(Gps,C)[p"],
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and we define

[z, yn}%,n = Zinvv(locv(zn)) €Z/p"Z,

v
where inv, denotes the local invariant map at v arising via class field theory.

Next, we observe that the pairing [z, yn]%m induces a homomorphism

Egr (F, W) = Xq(F, Wpn).
Passing to inverse limits on the left and direct limits on the right yields a homomorphism
W) S (F,T*) — X,(F, W),
Composing ng) with the sequence of surjective maps
X(F, W) = [E4(F,W)aiw]" = Hom(X4(F, T), Z),)
yields a homomorphism
2% 2y (F, T*) — Hom (%, (F, T), Zy).

We define

Finally, we set

['Tay]g‘jzl = h&[xTL?yn]%z,n € ZP'

n

Remark 5.3. (a) We remark that it follows from the definitions that

[z, y)%) = Z¥(2)(y).

(b) It is shown in [3] that the pairing [z, y];szl agrees with the pairing defined in [25] (and

therefore also with the pairing defined in [22]) when both pairings are defined.

Let us expand upon this last comment. Write FY2 for the Z,-extension of F' cut out by p.
Set I' :== Gal(F£L/F), and A := Z,[[I']]. In [26], it is shown that if X,(F2,W) is a A-torsion
module, and if H*(Gal(N'/F£),W) = 0 (this is a weak p-adic Leopoldt hypothesis), then

there is a canonical isomorphism

o) S (F,T) — X, (Fo, W) (5.3)
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Composing CIDgf) with the natural map
Xq(Fcfoa W)F — XCI(Fcfoa W)
yields a homomorphism
€0 N (F,T*) — X, (F,W).
It is shown in [3] that

e
v=t7, (5.4)

which in turn implies that the pairing [z, y] % agrees with the p-adic height pairing defined

in [25]. O
Definition 5.4. If zy,...,z,, and 7}, ..., 2}, are Z,-bases modulo torsion of ¥,(#,T") and
Y+ (F,T*) respectively, then we define the regulator Rgle associated to [—, —];szl by

RE: = det([x], 2,]%)).

O
Definition 5.5. We write
[~ 1% Selyr (B, T%) x Sely (P, T) — Z,
for the restriction of the pairing [—, —]%ﬂ to strict Selmer groups, and we let R;fgtr denote

the regulator of this pairing with respect to some choice of Z,- bases of Sely,(F,T*) and
Selg, (F, T') modulo torsion. (So R%’gtr is well-defined up to multiplication by an element of
Z).)

It is conjectured that, for some choice of p, the pairing [—, —]';,ﬁtr is non-degenerate modulo
torsion (see [27, Section 3.1.4]), and so in particular Sely, (F, T™*) and Sel, (F,T") always have

the same Z,-rank. O

We conclude this section by recalling the statement of a certain formula for the p-adic
height due to K. Rubin.

Take ' = K, and let v be a topological generator of Gal(K? /K). Suppose that z =
(zn) € HE (KL, T*) with 29 € Xy« (K, T*). Then locy(29) = 0. and so

locg(2) € (v — 1) - HL (KP oo, T).

q,007
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Choose a = (a,,) € HL, (K?,T*) such that

log,(p(7)) -locg(z) = (v — 1) - a.

(Note that our hypotheses imply that ag € H*(K,, T*) is independent of the choice of +.)

Rubin’s formula may be stated as follows.

Theorem 5.6. (Rubin) Suppose that y € ¥4(K,T). Then

[z, y]%?q = invy(ap Ulocy(y)).

Proof. See [35, Theorem 3.2] for a proof of the formula for Tate modules of abelian varieties
with good, ordinary reduction at p. (For a proof of the formula in a setting—viz. that of CM
forms of heigher weight—closer to that considered here, see [B, Sections 4.2 and 4.3]. See also

[4, Theorem 3.1.2 and Section 3.2].) O

6. A LEADING TERM FORMULA

We retain the notation of the previous sections. Recall that F2 /F denotes the Z,-
extension cut out by a character p : Gp — Z,. Set I' := Gal(F£)/F, and fix a topological
generator vy of I'. We may identify A(F2) with the power series ring Z,[[X]] via the map
v+ X +1, and we let Hq(gz € A(FL) be a characteristic power series of Xy(FZ2,W). Recall
that S is a finite set of places of F' containing all places above p, and that N is the maximal
extension of F' that is unramified outside S.

In this section, we shall, under certain conditions, calculate the p-adic valuation of the
leading coefficient of H, q(p(z

Throughout this section, we make the following assumptions:

Assumption 6.1. (a) The A(FZ)-module X (F2 W) is torsion.
(b) The A(FZ)-module X (F~, W) has no finite submodules.
(c) H*(Gal(N/EL),W) = 0. (This is a weak p-adic Leopoldt hypothesis.)
(d) Rgle # 0, i.e. the p-adic height pairing
[—, = ]% g (F,T*) x 54(F, T) — Z,

is non-degenerate. O
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Remark 6.2. Assumption [6.1[(b) is known in many cases due to work of R. Greenberg (see
e.g. [14], [18]). O

Set

nq(¢) = ngF)(d)) = rkzp(zq(Fa T)).
Theorem 6.3. Under Assumptions (a)-(d), we have that

OI‘dX:() Hé,pd) (X) - nq(¢)>

and
H(P) (X) .
LS~ SB[ (W )aie] - [£4(F, Teors| - REEy:
Xq X=0

Proof. We first observe that there is a surjective homomorphism
Xo(FL,W) = [Sq(F, W )aw]";

this implies that H épdz is divisible by X™(#). Let Z., denote the kernel of this map. Then

the Snake Lemma yields the exact sequence
0= (Zoo)" = X(F2, W' Ly [Sg(F, W )] =
= (Zoo)r = Xq(FL,W)r = [Sg(F, W)aiy]" — 0.
We now observe that the kernel of the last map
Xo(FL, W)r = [S4(F, W)aw]"
is dual to the cokernel of the map

Sq(F,W)aiy — Sq(F2, W)Y

Since X4(F, W) =~ E(F2, W)' (via Theorem [4.6(b)), it follows that this cokernel is isomor-
phic to Xq(F, W)/Eq(F, W )aiy, which is finite because 3q(F, W) is cofinitely generated.
We therefore deduce that the multiplicity of X in H é‘:; is equal to ng(¢) if and only if

(Zoo)r is finite, which in turn is the case if and only if the cokernel of f is finite.
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Consider the following diagram in which the left-hand square commutes (see Remark :
X (Fe, W' L X (Fw) =L [Sy(F,W)aw]
e I
S (F, T —— Eq*(F T*) Hom(X4(F,T), Zy)
By definition, f = f; o f;. Assumptions [6.1(a) and . ) imply that the map CID;E) is an

isomorphism, and so 5%7) is surjective with finite kernel (see Remark . We now deduce
](p)

that the cokernel of f is finite if and only if the p-adic height pairing [—, — g 18 DON-
degenerate.
We now see that if [—, —]% is non-degenerate, then (Z,)r is finite. This implies that

(Zs)T is also finite, whence it follows from Assumption [6.1b) that (Z.)' = 0. Hence we

have
H(X)
@ |~ Zoo)rl ~ (B (B W) /Zg(F, Wai| - | Coker(£)].
X=0
Now
| Coker(f)| = [(3q(F, W)aiw)" : f(Xq(FL, W)'F)]
= [T,(Sy(F,W)) : €2 (S (F, T7))]
= R | [Ker(S4(F,T) = T,(Z(F,W)))] |
=R 154(F, T)tons]-
Hence
O
2l BB WS (E W) il Eo(F Tl - R
X=0
as claimed. O

Corollary 6.4. Suppose further that F' = K. We have that
ords—1 Lg(¢; p, 8) 2 ng(9),
with equality if and only if R%?q #0. If R%?q* # 0, then
L8 (65 p) ~ [Sg (B, W) il [S(K, Tons| - R,

Proof. This is a direct consequence of Theorem and its proof (see also Remark .
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7. RESTRICTED SELMER GROUPS OVER K

In this section we shall use Poitou-Tate duality to study the relationships between the
ranks of different Selmer groups over K. Throughout this section, we take F' = K, and we

assume that ¢ ¢ {Xcyc, 1}. In accord with our earlier notation, we write

ng(¢) = nif)(9) = rkg, (S4(K,T)). (7.1)

We set

Netr (@) 1= 1k, (Selsr (K, T)),  na(9) := rkz, (Sela (K, T)),

and we let r4(¢) denote the Z,-rank of the image of the localisation map
locg : Bq(K,T) — H' (K, T).

Equivalently, r4(¢) is equal to the Z,-rank of the Pontrygin dual of the image of the locali-

sation map

locy : Sq(K, W) — H'(K,, W).
Lemma 7.1. We have that rky (H'(Ky,T)) = 1. Hence r4(¢) is equal to 0 or 1.

Proof. The first assertion follows from [16, Proposition 1, p.109], while the second assertion

is an immediate consequence of the first. O
Remark 7.2. Note that Lemma [7.1]is false if ¢ € {Xcyc, 1}. O

The following result will play a critical role in much of our subsequent work.
Theorem 7.3. (a) Suppose that rq(¢p) = 1. Then r4(¢*) =0, and we have

EC[([(a W*)div = Selstr(K7 W*>div-

(b) Suppose that
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Then we have
Eq (K7 W)div - Selrel(K’ W)div;

Eq* (K, W)div = Selstr(K, W)div-

In particular

(¢c) Suppose that ng(¢) = ng-(¢*). Suppose also that ng,(P) = ng.(¢*) (recall that this is
conjecturally always true—see Definition . Then

Proof. (a) We first observe that the Poitou-Tate exact sequence yields
0= S (K, T) — Sel,a (K, T) < H' (K, T) — Sq(K, W*)". (7.2)
The cokernel of « is equal to the Pontryagin dual of the image of the localisation map
locg : Sq(K, W*) — H'(Kq, W*),
and so has Z,-rank r,(¢*). Hence
rtkz, (Im(a)) =1 —rq(¢").

Since rq(¢) = 1, it follows that rkz, (Im(a)) = 1, and so r4(¢*) = 0, as claimed.
As 1kz, (Im(a)) = 1, we now see from the sequence

locg«

0 — Selg, (K, T") = X« (K, T") — Hl(Kq*,T*)
that
rkzp(Selstr(K, ")) = rkzp(Zq*(K, T")),

and this implies that
Eq<K7 W*)div = Selstr(K7 W*)diw

as claimed.
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(b) Since 74« (¢*) = 1, part (a) above (with ¢ replaced by ¢* and q replaced by q*) implies
that r4-(¢) = 0 and g« (K, W)aiy = Selger (K, W) giy.-

It now follows from the following diagram (in which the first two vertical arrows are

inclusion maps, and the third is the identity):

0 — Se(K.T) — Sela(K,T) —% H'(K,,T)

[ T I

0 — Selw(K,T) —— So(K,T) —=% HY(K,,T)
that
rkz, (Sela (K, T)) = tkg, (S4(K, T).
This implies that (K, W)aiy = Seliet (K, W)aiv, as claimed.

(c) We observe that it follows from the definitions of r4(¢) and r4+(¢*) that we have

nq(¢) = nstr(¢) + Tq(¢)7 nq*(¢*) = nstr(¢*) + T (¢*)

This implies the desired result.

0
Proposition 7.4. Suppose that
nq(¢) = ng=(¢7),  Nsux(®) = nsta(¢).
Then:
(W ) = Selsey (K, W)aiv  if rq = 0;
Selret (K, W)aiy if rg = 1.
Proof. This follows directly from Theorem [7.3] |

To continue our analysis, let us suppose that

and that
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Then we have rg-(¢) = 0 (see Theorem and so (see Propostition
2q(K7 W)div = Selrel(Ka W)diw Zq*(K7 W)div = Selstr(K7 W)div-

Proposition 7.5. Suppose that ng(¢) = ng- =1 and that rq(¢) = re=(¢*) = 1.
(a) We have that

| Selat (K, W) /aw| (111 D oo (5 )
Zq(K, W) Jaw| [H (Kq, T7) : locg (B (K, T7))]. (7.3)

(b) We have that

| Seliet (5, W) /aiv| _ [HY(K,, T) : locy(Sela (K, T))] .
Xq- (K, W) Jaie| - [H (K g, Ttors|[ locq (Selrer (K, W) faiv |

(7.4)

Proof. (a) Since rq(¢) = 1, we have (as remarked above) that
Eq(K, W )aiy = Selre (K, W)y
The Poitou-Tate exact sequence implies that there is an exact sequence
0 = Sy(K, W) — Sela(K, W)~ HY(Ky, W) & Sy (K, T%)".
The kernel of « is equal to the Pontryagin dual of the cokernel of the map

Yo (K, T%) = HY(Kg, W)" ~ H' (K, T%),

and so (7.3]) follows.

(b) There is an exact sequence
0 — S (K, W) = Sela(K, W) =% Tocg(Selue (K, W)) — 0. (7.5)
If M is any cofinitely generated, torsion Z,-module, then we have
Ext"(Qp/Zy, M) =~ M/ gy, Ext'(Qp/Z,, Ma,) = Ext*(Q,/Z,, M) = 0.
Since 74(¢) = 1, and H'(K,, W) is of Z,-corank one, we have that

Hom(Q,/Z,,locy(Selia (K, W))) = Hom(Q,/Zy, locy(Selye (K, W) ) div)
= Hom(Qp/va HI(KCH W)aiv)

= HI(KW T)/Hl(Kqu T)tors‘
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Hence, applying the functor Hom(Q,/Z,, —) to the exact sequence yields
0 — Sg (K, T) = Selua(K, T) — H'(Kq, T)/H"(Kq, T)ors —
— 3+ (K, W) /aiy = Seliet (K, W) /aiv — locg(Selya (K, W))/aiv — 0,
and this immediately implies . 0

Let p: Gal(K/K) — Z, be a non-trivial character, and write K?/K for the Z,-extension
cut out by p. Recall that H q(p ¢3 € A(K£,) denotes a characteristic power series of X (K2, W).

Let us set
(p)
H(P)(o)* — qu¢(X)
q,¢ : X a(9)
X=0

Theorem 7.6. Suppose that r4(¢) = re(¢*) = 1, and that the p-adic height pairings

[—,—]%?q and [—,—]%?q* are non-degenerate. Suppose also that ng(¢) = ns.(¢*). Then
we have

’ Selrel(Ka W)/divl ~
H0)

|54 (K, T |R§§) : [Hl(Kq*,T*) slocys (Sg+ (K, T))] ~
) ors q

H (0)" H'(Ey,T) :locy(Sela(K. T)]
| 2g+ (K, T)tors|73g§7)q* | H'(Kq, T)tors|| locq (Selial (K, W) / aiv |

Proof. This follows directly from Theorem [6.3 and Proposition [7.5] O

8. FORMAL GROUPS AND EXPLICIT RECIPROCITY

In this section we shall recall various results that we need concerning explicit reciprocity

laws.

8.1. Formal groups. Suppose that q € {p,p*}, and let F be a height one Lubin-Tate
formal group defined over Ok 4. Recall that ¢ = [(,,] denotes the generator of Z,(1) that was
fixed at the begining of this paper in Section [2. For each n, let ¢, denote the parameter of
(, on the multiplicative formal group G,.. We choose an isomorphism

A

e G — F; np(X) € O[[X]] (8.1)
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over O, and we set
Un =VFn = WF(Cn)
We write

F[p"| .= Okq - vn

(where here O 4 acts on v, via F) for the group of p"-torsion points on F. Then
v =uvp =[]
is a generator of the p-adic Tate module T of F. We write
kr : Gal(K/Ky) — Z
for the formal group character afforded by Galois action on Tx, and

Q= 1 (0) (8.2)
for the p-adic period associated to our choice of isomorphism 7ng. Then, for each o €
Gal(K,/K,), we have

07, = K3(0) - D (8.3)

nr

where K} = £ Xeye-
For each integer n > 1, we set L,, := K;(v,,), and we write H,, for the unique unramified

extension of K, of degree p"~'(p — 1). We put M, := L, H,, and we set
Loo = Unzana Hoo = Unlena MOO = Unlen- (84)

We define Ly = Hy = K.

We write R for the field of fractions of O.
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8.2. Explicit reciprocity laws. We retain the notation established in the previous sub-

section.
Let
¢q : Gal(K/K,) — Z;
be a character, and set ¢;* := ¢; ' - Xeye. Assume that ¢, (and therefore also ¢,*) is

crystalline. Set
Ty = Zyp(9q), Vo= Qp(dy),

and define T, V" in an analogous way.

We write

DdR(V:]) = (BdR ®Kq V’q)Gal(?q/Kq)’

where Byp denotes the de Rham period ring of Fontaine. Recall that Dgg(V;) carries an
action of a Frobenius endomorphism ¢ and has a decreasing filtration which in the present
situation may be described explicitly as follows.

Let m(V;) denote the (unique) Hodge-Tate weight of Vj, so

(V) |Gal(, /K -

bq |Ga1(Fq/Kg;r): ch
Then
. Dar(Vy) if i < —m(Vy);
Flll(DdR(‘/q)) _ dR( q) ( Q)
0 ifs> —m(Vq)
Let
DdR(Vq) 1 1
e = H{(K,,V,) C H (K, V,
eXqu FIIO(DdR(%)) f( q Q) — ( q CI)
and
\ HY(K,, Vy) :
expyy : H'(Kq, Vy) — qu‘*) — Fil’(Dar(V;))
JASRCERA

denote the Bloch-Kato exponential and dual exponential maps respectively.
If Fil’(Dar(V;)) = Dar(Vy) (i.e. if m(V;) < —1), then expy- is an isomorphism, while
expy, is the zero maps; if Fil’(Dar(Vy)) = 0 (i.e. if m(V;) > 0), then the reverse is true. We

write

logy, : H}(Kq, Vy) = Dar(Vy)
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for the inverse of expy, when Fil’(Dar(Vy)) = 0, and we call this map the Bloch-Kato
logarithm associated to V.
Let R denote the completion of K. Set I'r := Gal(Ly/K,), and let H(I'r) denote the

algebra of Q,-valued distributions on I'y. Then there is a ‘large exponential map’
Expy, : H(Pr)r @K, Dar(V) = Hiy(Loo, Vo)r

(first constructed by Perrin-Riou and subsequently generalised to our present setting by

Zhang (see [37]), following work of Colmez (see [12])) satisfying the following result.
Theorem 8.1. Suppose that i € H(I'r)r @k, Dar(Vy) and set

z2=(z,) = EXqu(,U,) € Hi, (Loo, Va)r-

(a) Suppose that m(Vy) > 1. Then

o | (U2 [ ]

(b) Suppose that m(Vy) < —1. Then

o= (U257 [ o

q

Proof. Part (a) is simply a statement of a special case of [37, Theorem 3.3] (with » = 0 and
h = 1), in our present setting, while while part (b) is a special case of [37, Theorem 6.2]
(recall that we assume that Vj is crystalline).

O

8.3. Periods. Let us now describe a slightly different way of writing Theorem [8.1| by making
certain periods explicit.
We put
tg 1= Q”]F . t,
where ¢ denotes the canonical element of Byg upon which Gal(K,/K,) acts via the p-adic

cyclotomic character yeye. Then for each o € Gal(K,/K,), we have
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We may write

By = KW (V)

Y

with n(V;) € Z. Set
(V) =t "W ., 00, (8.5)

(Note that ©(V;) depends upon our choice of isomorphism ng; we omit this dependence from

our notation.)
Let e(V,) denote a fixed K, basis of V3. Then Q(V,)™! @ e(V;) is a Ky-basis of Dar(Vj),

and we make the identifications
Kq = Kq-Q(Vo) "' (C Bar) = Dar(V4) (8.6)
ez QV) T e a- QVy) T @ e(Vy)
of K4-vector spaces.

Lemma 8.2. Let Fry denote the absolute Frobenius element associated to q, then we have

the following equalities in Byg:
1=(p-9)™)- V)™ =1 = (p7" - ¢q(Fr))) - QVe)
(=) QVy) ™ = (1= 64(Frq)) - Q(Ve) ™. (8.7)
Proof. This follows directly from the definition of Q(Vj) via a straightforward calculation. O

If u € H(I'r)k,, then for any character x say of I'x,, we set

Lu(x) = /FK X

q

If we make the identifications above, then Theorem may be stated as follows.
Theorem 8.3. Suppose that p € H(I'r)x, @k, Dar(Vq) and set
z=(2,) = EXqu(:u> € Hy,(Los, Vo) r-
(a) If m(Vy) > 1, then

logy, (z0) = (1 = (p™" - 64(Fry))) - (1 = 6 (Frg)) " - Q(Ve) ™" - Lu(1).
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(b) If m(Vg) < —1, then
expy(20) = (1= (07" - $g(Fryg))) - (1= dg(Frg)) ™" - (V) ™" - Lu(1).
9. THE KATZ TWO-VARIABLE p-ADIC L-FUNCTION

If k, j are integers, recall that a Grossencharacter of type (k, j) is defined to be a K-valued
function € which is defined on integral ideals of Ok coprime to a fixed ideal m such that if
a = aOg witha =1 (mod m), then e(a) = o*@’. For any ideal m of O, we write Lo (€, 5)
for the C-valued completed Hecke L-function attached to € with the Euler factors dividing
m removed. If € is a Grossencharacter of conductor dividing m, then it has an associated

p-adic Galois character
€q: Gal(K(mp™)/K) — CJ; 04 — iq(e(a)),

where q € {p,p*} and i, : K — fq is the natural embedding afforded by gq.

Let f denote the conductor of the elliptic curve E/K. A result of Katz (see [I3] Theorem
I1.4.14]) asserts that there exists a p-adic measure pqy € A(K(fp™))o such that if € is any
Grossencharacter of type (k,7) with 0 < —j < k and of conductor dividing fp>°, then there
is an interpolation formula:

e(q _
aq(e)/eqd,uq = (1 - %) + Logjq+(€71,0).
Here ay(€) is an explicit, non-zero constant (whose precise description we shall not need),
the integral is over Gal(K (fp>°)/K), and we view the right-hand side of the equality as lying

in C, via the embedding i,.

Definition 9.1. We define the Katz two-variable p-adic L-function £, by the interpolation

formula

Ly(e) = / €qdlq
Gal(K (fjp>)/K)

for all Grossencharacters e of conductor dividing fp>, and we view L, as lying in A(K (fp*°))o.
Hence, if € is of type (k,j) with 0 < —j < k, then

()

p

aq(€) - Ly(e) = (1 - ) + Lo jq+(€71,0).



VALUES OF p-ADIC L-FUNCTIONS 39

(Note that this agrees with the definition used in [30, Section 7], but is different from the
definition given in [13, 11.4.16].)
If ¢, factors through Gal(F/K) for some subextension F'//K of K (fp*)/K, then

/ €qditg = / €qdflg,
Gal(K (fp>)/K) Gal(F/K)

and so we have that
Lq(e) = (Lq|F)(e), (9.1)

where L,|r denotes the image of £, under the natural projection map
A(K(fp™))o = AF)o.
We write pq(F') € A(F)o for the image of iy under this last projection map. O

Suppose now that
X : Gal(K(fp™)/K) — Z,
is surjective and totally ramified at q. Let KX /K denote the extension cut out by x. Set
Lo = KX ;. Weidentify Gal(KX /K) with Gal(Ls/K,), and we write j14( L) for the image
of pg in A(Lo). We set p := (x), and we note that, by definition, p is locally Lubin-Tate at

q (see Definition |C)).

For an integer » > 0 and any Grossencharacter € of conductor dividing fp°, we set

T 1 d " S
epten = (1) L)

r!

s=0

Definition 9.2. Let 7 be a non-negative integer. We define a measure (™ in A(K (jp°°))o
by the equality

LI (e p) = / € g
Gal(K (1p)/K)

for all Grossencharacters e of conductor dividing fp>°. Note that with this definition, we

have

0;0)

luq - ILLCI' (92)
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We also define measures i"” (¢) and p*(¢*) (which should be thought of as twists of
w3 in A(K(fp™))o) by the equalities

LG 6p) = / e 11y (9); (9.3)
Gal(K (jp>=)/K)

£ = | 1P () (9.4)
Gal(K (jp>=)/K)

If F/ K is a subextension of K (fp>)/K, we write ,ugr;p)(F), w3 (F; ¢), and p0) (F; ¢*) for

the images of uﬁ,“'”), /Aér;p ) (¢) and ("9 (¢*) respectively under the projection map A(K (fp>))o —

A(F)o.

We remark that it follows from the definitions that we have e.g.

oo = [ @) = [ o).
Gal(K (jp)/K) Gal(Loo/Ky)

Proposition 9.3. (a) Suppose that
ords—g Lq(¢" - p°) =m,

and that 7y is a topological generator of Gal(L./Ky). Suppose also that ,Egm;p) € A(Ly)

satisfies
(log, p(1))™ - p1a(Loo; 67) = (v = 1) - ™.
Then
Lgm)(¢*; 0= /Gal(Loo/Kq) Mgm;p)(Lm; ) = /Gal(Loo/Kq) ﬁgm;p)

(b) Assume that V is crystalline at q. Let d(V') be a basis of Dar(V'), and suppose that
B3 (8) = (677 (0)n) € Hiy(Loo, V) satisfies

(log, p(7)™ - Expyq(kg(Loo; ¢°) @ d(V))) = (y — 1)™ - B7)().

Then

BYmO(9)o = (Expy (™7 @ d(V)))o-
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Proof. If we identify A(Lw) with the power series ring Z,[[(y — 1)]] in the standard manner,

then we may write
pq(Loo; @) = @y - (v — 1)™ + (higher order terms in (y — 1)),

and
ﬁgm;p) =a,, - (10gp(p(fy)))m + (higher order terms in (y — 1)).

A routine computation shows that

dm S m m
Zom p()* =" =ml - (log, p(7))™.
s=0
Hence
LI (¢ p) = / H") (Lo 67) - 1
Gal(Loo/Kq)
= am - (log,(p(7)))™
_ / ﬁglmm)7
Gal(Loo/Ky)
as claimed.

(b) As Expy,, is A(Ly)-equivariant, we have

(log, p(7))™ - Expyq(sq(Lo; ) @ d(V)) = (y — 1) - Expy,(i™” @ d(V')).

This implies that

(y =)™ B#)(¢) = (v — 1)™ - Expy (™) @ d(V)),
whence it follows that
BN ()o = Expy (™" @ d(V'))o,

because H}, (Lo, V) is a torsion-free A(Ly,)-module. O

The following result will allow us to apply the results of Section |8 in the present setting.

Proposition 9.4. Let N, be any totally ramified Z extension of Ky, and let m(Ny) be
a uniformiser of O 4 that generates the group of universal norms of this extension. Then

there exists a height one Lubin-Tate formal group F(Ny) associated to m(Ny), such that
Lo = N4 (using the notation of (8.4))).
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Proof. This is a standard result which follows via local class field theory; see [23, Chapter
V, §5], for example. d

We now fix a height one Lubin-Tate formal group F(L.,) over K, associated to the ex-
tension Lo,/ Ky via Proposition [0.4f We assume that V' is crystalline at q, and we let Qq(V)
be a corresponging period associted to V' (see (8.5])). Recall that if e(V) is a fixed K-basis
of V, then d(V) := Qu(V) ' ® e(V) is a basis of Dar(V) (see §8.3).

It follows from the definition of (" (Luo; ¢*) that we have

LO(¢%p) = / P (Log; 67).
Gal(Loo/Kq)
and so in Dqr(V')r, we have
L@ RdV) = [ P (L) 9 (V)
Gal(Loo/Kq)

We define z(¢)") = (2,(¢)7”) € HL (Loo, V) g by setting

2(9) ") = Expyo (1 (Loo; ¢°) @ d(V')).

We also write

29(9) = 24(9) ) = Expy g (4(Loc; 6) @ d(V)).

In order to be able to state our results in a uniform manner, it is helpful to introduce the

following notation.
Definition 9.5. Set
Euly(¢) == (1 — (p7" - ¢(Fry))) - (1 — o(Fry))

and

Aq(¢§ p) = Eulq(¢) ’ Qq<v)_1'
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Definition 9.6. We define

Logy = Logy, : H'(K,,V) = Dar(V)

logy () if m(V) > 0;
Logy () = SogV,q(x) =
expy(x) if m(V) < —1.
We remark that if we identify Dgr (V) with Q, (see (8.6)), then the cup product pairing

U HY(K,, V) x HY(K,, V*) = HX(Ky, Z,(1)) —% Q,
is given by

rUx" = Logy,(7) - Logy 4(z7). (9.5)

The following result is now a direct consequence of Theorems [8.1] and

Theorem 9.7. Assume that V is crystalline at q. Suppose that r > 0 is an integer, and
that m(V') # 0. Then

Logy4(24(0)5 ") = Ag(¢1p) - LT (67 p).
10. EULER SYSTEMS AND SELMER CONDITIONS

We retain the notation established in the previous section. Throughout this section, we
assume that V' (and therefore also V*) is crystalline at both places of K lying above p.

In what follows throughout this section,
x: Gal(K/K) — /8

is surjective and totally ramified at q, p := (x), and KX denotes the extension of K cut out
by x.

We assume that the regulators Rﬁ?’)q and R%?q* are non-zero (so nq(¢) = ng+(¢*)) and that
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(see Theorem [7.3)). Then

ng(¢") = st (%) = nsir(¢) = min{ng(¢*), nq(¢)},
and
ng(6") = ng(6) — 1.
To ease notation, we set
Nstr = nq(gb*) = nstr(¢*) = nstr(ﬁb)‘ (10~1)
As R%?q and Rg@?q* are non-zero, we thus also have that
netr = min{ords—g Lq(¢" - p°), ords—g Lo (¢" - p°) }. (10.2)
Under our hypotheses, we have (see Proposition :
Zq (Ka V)div - Selrel(Ka V)diV7 Zq" (Ka V*)div - Selrel(Ka V*)div;
Eq* (Ka V)div - Selstr(Ka V)diV7 Eq(](a V*)div - Selstr(Kv V*)div-
Remark 10.1. We remark that if the restriction

[—, =1 = Selyr (K, V*) x Sely (K. V) — Q, (10.3)

of the p-adic height pairing [—, —]g??q to strict Selmer groups is non-degenerate (as is con-
jectured to always be the case), and if o = (o) € Hllw(Kéé‘),V) is any element, then

ap € Sely, (K, V) if and only if ag = 0 (see e.g. [27, §3.1.4]). O
10.1. Euler systems. We shall require the following result.

Theorem 10.2. There exists a canonical element c(¢) = (cn(¢)) € HL, (KX, V) such that
if g€ {p,p*}. then

loca(e(6)) = Expy(j1g( Lo 6°) @ d(V)) = 2(0).

Proof. This is a standard result from the theory of Euler systems. The essential ideas

involved in the proof are as follows.
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There is an Euler system of elliptic units (whose precise definition we shall not need) in
K(fp>)/K attached to Z,(1) which is associated to the measure p,. This in turn implies
that there exists an element u = (u,,) € Hj, (KX, Q,(1)) such that

EXPQp(l)(Mq<Loo) ® d(Qy(1))) = locg(uw),

where d(Q,(1)) denotes a basis of Dgr(Q,(1). (See [20], for example.)
The Gal(K/K)-module T is equal to the twist of Z,(1) by the character ¢*~' = y L - ¢.

This induces an isomorphism
o Hy (K (0%, Zyp(1)) — Hy (K (7p™,T)
of A(K(fp>))-modules satisfying
foTwyl(A)=Aof

for any A € A(K(fp™)) (see [33, Chapter 6]). It follows that there is an Euler system of
twisted elliptic units in H{, (K (fp>°), T') which is associated to the measure Tw«(14). Hence,
WIiting fiq(Loo; %) for the image of Twgx (1) in A(Ls) (see Definition[0.2), we see that there
exists c(¢) = (ca(¢)) € HL (KX V) such that

loca(c()) = Expy (1 (Loci 6°) © d(V)) = 24(9).

This is essentially the only property of the Euler system that we shall require.

10.2. Selmer conditions. In this subsection we shall examine Selmer conditions associated
to the elements c(¢).

We first make the following definition.

Definition 10.3. Let v be a topological generator of Gal(KX /K),and suppose that ¢(¢) €
(y— 1) HL (KX,V). Recall that p = (x). Choose ¢(¢)*) € H} (KX, V) such that

(log, p(7))" - c(¢) = (v — 1)" - &)™

We set
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This is independent of the choice of ~.
We shall require the following result.

Proposition 10.4. Let v be a topological generator of Gal(KX,/K), and let d > 0 be the
largest integer such that c(¢) € (v — 1)%- HL (KX, V). Then d = ng,.

Proof. We see from (10.2)) that d < ng,, because precisely one of locg(c(¢)) and locg-(c(¢))
is exactly divisible by (v — 1)"s.
We must then have d = ng,, for else ¢(¢)\*” # 0 while

locq(c(gb)éd;p)) = locq*(c(gb)éd;p)) =0

which implies that the pairing ((10.3)) is degenerate (see Remark [10.1]). This contradicts our
assumption that Rgg)q # 0. O]

Corollary 10.5. The element c(¢)""" %) lies in Sq(K, V), and

Logy g (locy(c(0)5™ ")) = Aq(01p) - L7 (6 ),
1.€.
Logyq(locg(c(@)y"™"))) = Ag(01p) - LT (6" p),
Proof. As rq(¢) = rq-(¢*) = 1, Theorem [7.3| implies that
1q(97) = N5 (07) = ng(¢7) = 1 = 1.
It therefore follows from Proposition that
locy(2() ") € (v = 1) Hi (K, V),

and so
locg: (c(¢*)5" ) =0,

Hence c(gb)é"“(qs*);p) € ¥X4(K,V), as claimed.
The second assertion follows from Proposition [0.3] and Theorem [9.7] U
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10.3. Height formulae.
Theorem 10.6. Suppose that v € 34(K, V). Then

[e(¢")5=, 2] = Aq(: p) - LD (1 p) - Logy(locy(x)).
Proof. Applying Theorem and gives:

(@)= 2] = 24(¢%) ) Ulocy(x)

= Aq(¢;p) - LD (g5 p) - Log, (locg(x)).

The following result is an immediate consequence of Theorem [10.6|

Corollary 10.7. Let Sely,(K,V)* C X, (K,V*) denote the orthogonal complement of
Selg, (K, V') with respect to the p-adic height pairing

[, =1 S (K, V) X E(K, V) = Q.
Then c(¢*)*7") € Sely, (K, V)*. O
Corollary 10.8. We have
(&) (@)™ = Aalpix) - Ag(975 ) - £ (05.p) - £ (67 p).
Proof. This follows from Theorem and Corollary [10.5] O
Theorem 10.9. (a) We have
R =R Ag(¢:p) - Ag(6% p) - L= (5 p) - L (6% p).

(b) Suppose that ng, = 0. Let y € X4(K,V) and y* € L« (K, V*) be elements of infinite
order. Then
e Ag(9":p) - £0" (65 p)

SUQV*,q*<y*) : Sogv,q(y) B Agr (¢*;p) - Ly (¢) .
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Proof. (a) If {xy,..., 2, } and {z7,..., x5 } are bases of Sely, (K, V) and Selg, (K, V™)

*
Nstr

respectively, then we may write

Eq(K’ V) = <$1, R S c((p)é”str%ﬂ))

Sa(I V) = {ai g, o))

7 Nstr?

Hence
Rify = Rifr - 1e(67)5™ ) e(@)5™ 12,
= Righr - Aald5p) - Ag(075p) - L7 (61p) - L79(6": ),
wnere the last equality follows from Corollary [10.8|

(b) If m = 0 then ny(¢) = ng-(¢*) = 1, and so the quotient

1%,

Logy- - () - Logyq(y)
is independent of the choices of y and y*. (Here we have identified K, and Ky (as well as
DdR(V) and DdR(V*)) Wlth Qp (Cf ))

We evaluate ((10.4)) for y = ¢(¢)o and y* = ¢(¢*)o.
We first observe that part (a) implies

(10.4)

" ]2 = Ag(e:p) - Ag(67: p) - L5 p) - La(67).

Next, we see from Corollary that

Logy q(locg(c(@)o)) = Aq(¢; p) - Lo(¢");
EOQV*,q* (locq* (c(9%)o)) = Age (@5 p) - Ly (0).
Hence

[y, 910,  Ag(ip) - Ag(0%p) - £67(63p) - La(07)
Logy« g () - Logy(y)  Aq(d;p) - La(@*) - Ag= (0% 0) - Lo+ (9)
_ Ay#ip) - £57(0:p)
Ay (6%:p) - Ly (0)
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11. SPECIAL VALUE FORMULAE
In this section we shall explain how the results of Section[I0]yield a common generalisation

of the results of [30] and [2] to CM modular forms of higher weight.

Let us now consider the characters

g =YY = TR D (R > 0).

The character ¢y, is naturally associated to the CM modular form of weight 2k 4 2 attached

to the Grossencharacter 1)?**! and lies within the range of interpolation of L, with
Ly(¢r) = o - LPH k4 1), (11.1)

where «y, is an explicit, non-zero constant whose precise description need not concern us.
On the other hand, the character ¢; lies outside the range of interpolation of £,, and the

behaviour of £, at ¢ is less well-understood.

The following result is a generalisation of |2, Theorem 2| to the case of CM modular forms

of higher weight. Note that ¢, and ¢; are crystalline at p and p*.

Theorem 11.1. Suppose that L,(¢y) # 0.

(a) We have ny(¢r) = np«(¢5) = 0, and so in particular ng,(¢r) = ns(¢)) = 0 and
T (¢1) = 1« (95 = 0 also.

(b) We have ry«(dr) = 1p(¢%) = 1, and so ny-(¢r) = ny(d%) = 1 also.

(c) Let y € X (K, Vi) and y* € X,(K,V}*) be elements of infinite order. Then

" )i _ A (955 0) L5 (6x: p)
eXPye o (Y*) - XDy, e (V) Ap(3;p) - Lo(D%)

Hence we have that Egi)(gbk;p) # 0 if and only if [y, y]%?p* # 0.

Remark 11.2. When k£ = 0, it may be proved directly using elliptic units that Rg??p* # 0
(see [2, Theorems 8.3 and 8.4]). O

Proof. (a) The action of complex conjugation interchanges the measures p, and pp« (see
Definition as well as the characters ¢, and ¢}. Hence if L,(¢5) # 0, then Ly (¢x) # 0

also.
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We now conclude from the proof of Theorem together with the two-variable main

conjecture that ng(¢r) = ng-(¢)) = 0, as claimed

(b) Let W(¢) denote the Artin root number associated to ¢r. Then W () = 1 since
Ly(¢r) # 0. The p-adic functional equation satisfied by L, (see [I3 Section 6.4]) now
implies that £,(¢;) = 0. This in turn implies, via the action of complex conjugation, that
Lo+ (¢1) = 0 also.

Recall that by hypothesis p is LLT with p = (x). Let 7 be a topological generator of
Gal(KX /K). As Ly(¢r) and Ly+(¢;) are both non-zero (because ng, () = nee(Pr) = 0),

we see that
c(r) & (v = 1) - Hy (KX, Te),  c(9h) & (v — 1) - Hy (KX, Ty)

(see Theorem and Proposition [10.4)).
We now see from Corollary (with ¢ = ¢y and q = p*, so nq(¢*; p) = 0) that c(¢y)o €
Yo+ (K, V), and that

Expy; p- (locp: (c(dr)0)) = Ly (0)) 7 0,

where the symbol = denotes equality up to multiplication by an explicit, non-zero factor.

This implies that locy- (¢(¢x)o) is of infinite order, and so rq-(¢)) = 1. Hence

Ty <¢k) = nstr((bk) + T (¢k) =1

also.

A similar argument shows that locg(c(¢*)o) is of infinite order, and that

nq(ﬁbZ) = Tq(ﬁbZ) = 1.

(c) Follows directly from Theorem with ¢ = ¢ and q = p*. O

Before stating our next result, let us make some preliminary remarks in order to help to
orient the reader.

Suppose that L£,(¢) = 0, and that r,(¢,) = 1. Then, just as in the proof of Theorem
11.1J(a), we see that Ly«(¢;) = 0 also.
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Next, observe that c¢(¢g)o € Selie(K, Vi) is of infinite order if and only if ¢(¢x) ¢ (v —1) -
HL (KX,V}), which in turn happens if and only if ng,(¢x) = 0 (see Proposition . As
ro(¢r) = 1 (by assumption) and n,(¢x) = nee(@r) + 7p(¢k), we conclude that c(¢y)o is of
infinite order if and only if n,(¢y) = 1.

Corollary now implies that

Logvk,p (10% (c(Pr)o)) = L, (0%),

and

Logvk,p*(locp*<c<¢k)o)) = £P*(¢Z) =0.
Hence we see that ¢(¢r)o € Ep(K, Vi) (see Corollary [10.5)). Furthemore, if ¢(¢y)o is of infinite
order (so ny(¢x) = 1), then (since r,(¢x) = 1), we see that L,(¢;) # 0.

The following result is a generalisation of [30, Theorem 10.1] to the case of CM modular

forms of higher weight.
Theorem 11.3. Suppose that
ny(or) =1, np(éx) =0,
and that Rg’(’?p # 0. Suppose also that
ro(¢x) = rq-(91) = 1. (11.2)
Let y € 3,(K,V}) and y* € X+ (K, V}Y) be elements of infinite order. Then

v lite A6 £ (Gi0)
lOng*,p* (?J*) : IOng,p(y) Ap* (d’}; P) : [’P*(¢k)

Proof. Follows directly from Theorem [10.9 with ¢ = ¢ and q = p. U

Remark 11.4. Let W (¢y) denote the Artin root number of ¢y, so W(¢y) = £1. A theorem
of Greenberg and Rohrlich implies that if W(¢;) = 1 for some k& > 0, then L,(¢x) = 0
for only finitely many &’ > 0 with &' = k& (mod p — 1) (see [15, Theorem 4] or [28, p.184]).
Rohrlich has also shown that if W(¢;) = —1, then LM (4?1 k' + 1) = 0 for only finitely
many £’ > 0 with £’ = k& (mod p — 1). It seems reasonable to expect that an analogous

result holds for £,, namely that if W (¢,) = —1, then e.g. Lél)(¢k/; Xeye) = 0 for only finitely
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many k' > 0 with & =k (mod p — 1). Greenberg (unpublished) has shown that this would

follow from a suitable generalisation of the results of [19]. O
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