ON TWISTED FORMS AND RELATIVE ALGEBRAIC K-THEORY
A. AGBOOLA AND D. BURNS

ABSTRACT. This paper introduces a new approach to the study of certain aspects of Galois module
theory by combining ideas arising from the study of the Galois structure of torsors of finite group

schemes with techniques coming from relative algebraic K-theory.

1. INTRODUCTION

Let R be a Dedekind domain with field of fractions F', and suppose that G — Spec(R) is a
finite, flat, commutative group scheme. In recent years, there has been some interest in the study
of Galois structure invariants attached to torsors of GG. The original motivation for this work arose
from the study of the Galois module structure of rings of integers: if X — Spec(R) is a G-torsor,
then we may write X = Spec(€), and in many cases, the algebra € may be viewed as being an
order in the ring of integers of some (in general wildly ramified) field extension of F. The case
in which G is a torsion subgroup scheme of an abelian variety is particularly interesting: here the
corresponding torsors are obtained by dividing points in the Mordell-Weil group of the abelian
variety, and this enables one to relate questions concerning the Galois structure of rings of integers
to the arithmetic of abelian varieties. This approach was first introduced by M. J. Taylor (see [31],
[30], [13]), and has since been developed in greater generality by several authors (see for example
[3], [6], [12], [26]).

The main goal of this paper is to show that combining ideas arising from the study of Galois
structure invariants attached to torsors of G with techniques from relative algebraic K-theory yields
a natural refinement and reinterpretation of several different aspects of Galois module theory. At
the same time, we shall also see that this approach also gives fresh insight into a number of old
results. We remark that techniques involving relative algebraic K-theory have already played an
essential role in the formulation of an equivariant version of the Tamagawa Number Conjecture
of Bloch and Kato, and in the description of its consequences for Galois module theory (see [10],
11)).

We now give an outline of the contents of this paper. In §2, we recall the definition of a fibre
product category, and we introduce the notion of a generalised twisted form. This is a generalisation
of the usual notion of a twisted form or principal homogeneous space of a Hopf algebra (see
Remark 2.4). An example of such an object may be given as follows. Suppose that 2 is a finitely

generated R-algebra which spans a semisimple F-algebra A, and let E be an extension of F'. Then
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2 A. AGBOOLA AND D. BURNS

a generalised E-twisted 2-form is given by a triple [M, N; (|, where M and N are finitely generated,
locally free -modules, and ¢+ : M ®g E = N ®pg E is an isomorphism of A @ p E-modules. We
discuss two particular examples of generalised twisted forms that provide motivation for our later
work. The first example arises via finite Galois extensions of number fields, while the second is
constructed using torsors of finite, flat, commutative group schemes.

It follows from the definition that generalised twisted forms may be classified by appropriate
relative algebraic K-groups. (For example, the generalised twisted forms [M, N; ] described above
yield classes in a relative algebraic K-group that we denote by Ky(2, F).) In §3, we recall the
basic facts concerning relative algebraic K-theory that we use, and we then give a Frohlich-type
‘Hom-description’ of relative algebraic K-groups of the form Ky(2, E'). This description may itself
be of some independent interest.

Suppose now that F' is a number field. In §4, we define the notion of a metric p on a finitely
generated, locally free A-module M. Following [17], we then define an arithmetic classgroup AC(2)
which classifies metrised 2A-modules (M, p). There is a natural homomorphism Oy pe from the
relative algebraic K-group Ko(2, F¢) to AC() (where F¢ denotes an algebraic closure of F).
Proposition 4.11 implies that if (M, N;¢;) is a generalised F°-twisted 2-form with M and N both
locally free A-modules, then for any metric p on N, the image of the class (M, N;¢1) under Oy pe
measures the difference between the elements of AC(2() which are associated to (M, :](p)) and
(N, ), where ¢ (p) is the metric on M which is obtained from g via pullback by ¢;. This result is
of interest since, in many of the examples that occur in Galois module theory, canonical metrics on
locally free 2A-modules can be shown to be equal to, for instance, the pullback of the trivial metric
on 2 by a natural homomorphism.

In §5, we give two applications of the approach described in this paper to the study of Galois
structure of rings of integers in tamely ramified extensions. For the first application, we combine
our work with results of Bley and the second-named author from [9] and we obtain a natural
strengthening of a result of Chinburg, Pappas and Taylor concerning the Hermitian Galois struc-
ture of rings of integers. For the second application, we describe how certain natural torsion
Galois module invariants first introduced by S. Chase (see [14]) are related to certain ‘equivariant
discriminants’ that take values in a relative algebraic K-group.

The remainder of the paper is devoted to describing how the methods we develop may be applied
to the study of the Galois structure of torsors in several different contexts. In §6, we discuss reduced
resolvends associated to torsors. This notion was first introduced by L. McCulloh in a different
setting (see [24]). We use a different approach from McCulloh’s (see [3]), and we give a new
characterisation of reduced resolvends as being primitive elements of a certain algebraic group.

We then introduce a natural refinement of the class invariant homomorphism first studied by
W. Waterhouse in [33]. Our refined homomorphism takes values in a suitable relative algebraic K-
group. We show that the homomorphism is injective, and that its image admits a precise functorial

description in almost all cases of interest. This extends a result of the first-named author in [2].



ON TWISTED FORMS AND RELATIVE ALGEBRAIC K-THEORY 3

Finally, we explain how the approach described in this paper enables one to refine McCulloh’s
results on realisable classes of rings of integers of tame extensions by considering invariants that
lie an appropriate relative algebraic K-group, rather than in a locally free classgroup. This gives
a relationship between McCulloh’s realisability results, and the work of Chase concerning certain
torsion Galois modules. It also yields realisability results in certain arithmetic classgroups. We
find that, in general, the collection of realisable classes in the relative algebraic K-group does not

form a group.
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Notation. Throughout this paper, all modules are left modules, unless explicitly stated otherwise.

For any field L, we write L¢ for an algebraic closure of L, and we set {1y, := Gal(L¢/L). If L is
either a number field or a local field, then O, will denote its ring of integers.

If L is a number field, we write S¢(L) (resp. Soo(L)) for the set of finite (resp. infinite) places of
L. If v is any place of L, then we write L, for the local completion of L at v. For any Oy-module
P, we shall usually set P, := P ®o, Op,.

It S; C Sy are rings, and if A is any Si-algebra, then we often write Ag, for A ®g, Sa. We also
often use similar notation Mg, := M ®g, S2 for any Si-module M.

The symbol ((A) denotes the centre of A.

For any isomorphic A-modules M and N, we write Isg(M,N) for the set of A-equivariant
isomorphisms M = N.

Throughout this paper, R denotes a Dedekind domain with field of fractions F'. We write R¢ for
the integral closure of R in F°. We also allow the possibility that R = F, in which case of course
R¢ = F°.

Finally, we remark that if G and H are two groups, then we sometimes use the notation g x h
(rather than (g, h)) for an element of the product G x H. O

2. TwisTED FOorMS AND FIBRE ProDUCT CATEGORIES

2.1. Fibre product categories. Let F; : P; — Ps, i € {1,2} be functors between categories and
consider the fibre product category Py := P1 xp, P2. Explicitly, Py is the category with objects
(L1, Lo; \) where L; is an object of P; for i € {1,2} and X : Fy(L;) — Fy(Ls) is an isomorphism in
P3. Morphisms « : (L1, La; A) — (L}, Lb; N') in Py are pairs o = (a1, ) with o € Homp, (L;, L)
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so that the diagram

F(Ly) 2 pyry)

R |
Fy(Ly) 2292 py(11)

in P3 commutes. Such a morphism « is an isomorphism in Py if and only if the morphisms «y
and ag are both isomorphisms. (The reader may consult [7, Chapter VII, §3] for more details

concerning fibre product categories.)

2.2. Generalised twisted forms. For any ring A we write P for the category of finitely gener-
ated projective A-modules.

Recall that R is a Dedekind domain, with fraction field F'. Suppose that 2l is a finitely generated
R-algebra which spans a semisimple F-algebra A. For any extension A of R we write Py X Py
for the fibre product category with F} and F5 both equal to the scalar extension functor — @z A
from Py to Pygza-

Definition 2.1. We shall refer to an object of the category Py x o Py as a generalised A-twisted
A-form. We abbreviate this terminology to generalised twisted form, or even just twisted form,

when both 2l and A are clear from the context. OJ

Example 2.2. (Classical) Suppose that F' is a number field, and let L/F' be any finite extension.
We write N for the normal closure of L over F' and we let Xp(L, N) denote the set of distinct
F-embeddings of L into N. Set HL := IIs,(z,n) Z; and write Aut(L/F) for the group of F-

automorphisms of L. Then there is a canonical N[Aut(L/F')]-equivariant isomorphism
N Lep N S Hi@gz N

which is given by mapping each primitive tensor | ® n to the vector (o(l)n),.

Now suppose that S is any subring of F' and let G be a subgroup of Aut(L/F). Then for
any projective S[G]-submodule £ of L such that £ ®g F = L, the triple (£, H: ®z S; 7rI€’N) is a
generalised N-twisted S[G]-form.

In special cases there are canonical choices of £. For example, if S = F, then one can take
L = L. In addition, if L is a tamely ramified Galois extension of a field K with Gal(L/K) = G
and S = Op for any subfield F' of K, then one can take £ to be any G-stable fractional ideal of
Oy, (see [32]). O

Example 2.3. (Geometrical) Let R be any Dedekind domain, with field of fractions F'. (We allow
R = F.) Suppose that G — Spec(R) is a finite, flat, commutative group scheme, and let G* denote
its Cartier dual. Write 2 := Og~ and A := A ®pr F. It is shown by Waterhouse in [33, Sections 1

and 2] (see also [22, éxposé VII| or [25]) that there is a canonical isomorphism of groups

H'(Spec(R), G) ~ Ext}(G*, G,,).
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This implies that given any G-torsor 7 : X — Spec(R), we can associate to it a canonical commu-

tative extension
1-Gp—G(r) -G — 1 (1)

The scheme G(7) is a Gy,-torsor over G*, and we write L, for its associated G*-bundle.

Let 7y : G — Spec(R) denote the trivial G-torsor. Then, over Spec(R°), the G-torsors 7 and 7
become isomorphic, i.e. there is an isomorphism X ®p R¢ = G ®p R° of schemes with G-action.
Hence, via the functoriality of the construction in [33, Section 2], we obtain an A® g R-equivariant
isomorphism

fwiﬁw ®RRCL>QL®RRC. (2)

We refer to &, as a splitting isomorphism associated to . Then the triple (L, 2; &, ) is a generalised
R¢-twisted A-form. ]

Remark 2.4. The line bundle £; in Example 2.3 may be described explicitly in the following
way (see [33, Section 4]). For any G-torsor 7 : X — Spec(R) as above, the structure sheaf Ox is
an Og-comodule, and so it is also an 2A-module (see [16, Proposition 1.3]). As an 20-module, Ox
is locally free of rank one, and so it gives a line bundle M, on G*. Then it may be shown that
Lr=M® MT_rol. The line bundle M is a principal homogeneous space, or twisted form of the
Hopf algebra 2 in the sense of, for example [31] or [13], and this is the motivation for Definition
2.1 above. 0

3. RELATIVE ALGEBRAIC K-THEORY

3.1. Basic theory. Let A be any extension of R, and let 2 be a finitely generated R-algebra which
spans an F-algebra A. In this subsection, we shall recall some basic facts concerning the K-theory
of categories of the form Pg X Pg. Further details of these results may be found in [29, Chapter
15] and [19, Section 40B].

Definition 3.1. A short exact sequence of objects in Py x 5 Py is a sequence

(a1,02) (0,05)

0 — (L1, La; A) (L7, Lo X)) (LY, Ly; X") — 0 (3)

such that (a1, a2) and (o}, af) are morphisms in Py x Py, and such that
0L 2B L 5L —0 and 0— Ly 25 L 25 10 0
are exact sequences of R-modules. U

Definition 3.2. We write [L;, Lo; A] for the isomorphism class of an object (L1, La; \) of Py x o Py.
We define the relative algebraic K-group Ky(2(, A) to be the abelian group with generators the
isomorphism classes of objects of Py X Py and relations

(i) [Ly, Lh; N = [L1, Lo; ] + [LY, LY; ] for each exact sequence (3);

(ii) [My, Masnon'] = [My, Ms;n'] + [M3, Ma;n].
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It may be shown that every element of Ky(2, A) is of the form [L1, La; A] (see [29, Lemma 15.6]).
However, the natural map from the set of isomorphism classes of objects of Py xa Py to Ko(A, A)
is very far from being injective (for example, the image of the element [A",A"; 19, | under this map

is zero for every positive integer n). t

For any ring A we write KoT'(A) for the Grothendieck group of the category of A-modules which

are both finite and of finite projective dimension. Then there are natural isomorphisms

Ko, F) = KoT(2) = @ KoT(2,) (4)

where v runs over all finite places of R (see the discussion following (49.12) in [19]). The first
isomorphism in (4) is defined in the following way. If M is any 2-module which is both finite and
of finite projective dimension, then (since R is a Dedekind domain), there exists an exact sequence
of A-modules of the form

0-05Q—>M—0

in which P and @ are both finitely generated and projective. The first isomorphism of (4) sends
(P, ¢, Q) to the class of M.

For any ring S we write K;(S) (i = 0,1) for the algebraic K-group in degree i of the exact
category Pg. We recall that if R — A is any homomorphism of rings, then there is a long exact

sequence of relative algebraic K-theory

O3 A Oy A N
K1) —= K1 (An) — Ko(A,A) —— Ko(2) — Ko(™a) (5)

(see [29, Theorem 15.5]). Here the homomorphism 83[7 A is the natural scalar extension morphism.

The homomorphism 88[’ A is defined by
O A([L1, Lo; A]) = [L1] — [La].

In order to describe 8%1 A» we first recall that K(Ap) is generated by elements of the form (V, ¢),
where V' is a finitely generated free Ap-module and ¢ € Isg, (V, V). If T is any projective 2-
submodule of V' such that T"®r A =V, then (9%1 A is defined by setting

O ((V.0)) = [1,T; ).
This definition is independent of the choice of T

Remark 3.3. Let E be any extension of F. When Af is a semisimple algebra, it is often convenient

to compute in K7(Ag) by means of the injective ‘reduced norm’ map

nrda, : Ki(Ag) — ((Agr)™.
This map sends the element (V,¢) to the reduced norm of ¢, considered as an element of the
semisimple E-algebra Enda, (V).

If A is commutative, then the determinant functors over Ag and 2 combine to induce canonical
isomorphisms of Kj(Ag)/ im(@%uﬂ) with Ay /2% and of ker[Ko(A) — Ko(Ag)] with Pic(2).
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Hence the exact sequence (5) implies that in this case, the group Ko(2(, E) may be identified with

the multiplicative group of invertible 2-modules in Ag. ]

Proposition 3.4. If E is any extension of F', then the following sequence is exact;
0— K (A) L Ky (Ap) @ Ko(, F) 25 Ko, E) — 0, (6)

Here fi(x) = (0% p(x), =0y p(x)), and f2(y1,y2) = Oy p(y1) + o m(y2), where i Ko(A, F) —
Ko(2, E) is the natural scalar extension morphism.

Proof. We first observe that f; is injective because the scalar extension map 8124 £ 1s injective.
Next, we note that upon comparing the exact sequences (5) with A = E and A = F', one obtains
a commutative diagram:

1

3 0,
K@) L Ki(Ap) 25 Ko@L,E) 5 Ko@) L Ko(Ap)

[ &l I

K@) k) B eE) Lk~ Ko(a).
In this diagram, the morphisms t9 g and ¢4 g are the natural scalar extension morphisms, and are
therefore injective. (We remark that in fact the injectivity of g g follows from the injectivity of
8%7 > as may be shown by an easy diagram-chasing argument.)

We now show that fy is surjective. Suppose that z € Ko(2, E). Then, as f5(f4(z)) = 0 and
tA,E is injective, we may choose z1 € Ko(2, F') such that fr(z1) = fa(z). We then have that
z— 1y p(z1) = (9%17E(22) for some 2z € K1(Ag). It is easy to check that fa(z2,21) = 2, and so it
follows that fo is surjective.

It now remains to show that Ker(f2) = Im(f1). Suppose that y; € K1(Ag) and yo € Ko(2, F)
are such that

O p(y1) = tap(y2) = y € Ko(, E),
say. We have to show that there exists ¢’ € K1(A) such that 8%7E(y’) =y and 85[7F(y’) = Y.

Now f5(y) = f4(8%[7E(y1)) =0, and so it follows that f7(y2) = 0. Hence there exists y3 € K1(A)
such that 8%7F(y3) = y2. We now deduce that f3(ys) = ai’E(yg) — y; for some yy € K;1(2A). Set
Yy = y3 — fe(ys). It is easy to show that 81247E(y’) = y; and 8%[7F(y’) = y9. This completes the
proof. ]

3.2. Hom-descriptions. Recall that R is a Dedekind domain with field of fractions F. Suppose
now that F' is a number field, and let I be a finite group upon which Qg acts (possibly trivially).
Let 2 be a finitely generated R-subalgebra of F¢[I'] such that there is an equality

A@p FC = FO[T). (7)

Under this condition, for any extension E of F', we shall give a description of K(2, F) in terms

of idelic-valued functions on the ring Rr of F-valued characters of I'. This description is modeled
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on the ‘Hom-descriptions’ of class groups introduced by Frohlich (cf. for example [20, Chapter I1]).

It will be useful in later sections, and is itself perhaps also of some independent interest.

Let I' denote the set of F¢-valued characters of I'. The group 2 acts on Rr according to the
following rule: if y € I' and w € Qp, then for each v € T one has (w o x)(7) = w(x(w™())).

We fix an embedding of F'¢ into E¢ and we view each element of I as taking values in E¢. For
each element a of GL,,(Ag) we define an element Det(a) of Hom(Rr, (E€)*) in the following way:

if T' is a representation over F'¢ which has character ¢, then
Det(a)(¢) := det(T'(a)).

This definition depends only upon the character ¢, and not upon the choice of representation 7.

We write J¢(F°) for the group of finite ideles of the field F'°, and we view F'* as being a subgroup
of J¢(F¢) via the natural diagonal embedding. If a is any element of GL, (A ®p J¢(F)), then the
above approach allows one to define an element Det(a) of Hom(Rr, J¢(F*)). We set

Up@):= [ A c(A®rJp(F)*.
’UESf(F)
We then define a homomorphism

_, Hom(Rr, J(Fe))r
Det(Ur(2))

Ag g : Det(A™) x Det(Ay); 0 (6,071). (8)

Theorem 3.5. Under the above conditions, there is a natural isomorphism
hap : Ko(2, E) = Cok(Ag ). 9)

Proof. From (4) and the isomorphisms of [20, Chapter II, (2.3)], it follows that there is an isomor-
phism
~ Hom(Rr, J;(F¢))&r
hy: Ko(A, F
LR ) T e 0 )
Also, the isomorphisms K;(Ap) = Det(Aj) of [loc. cit., Chapter II, Lemma 1.2 and Lemma 1.6]
for A € {E, F'} induce an isomorphism

Ki1(Ap) ~ Det(Ap)
hy : 5 — )
Im(@QLE) Det(A*)

It follows that there is a natural isomorphism
Coker(f1) ~ Coker(Ag g),

where f; is defined in the statement of Theorem 3.4. The desired result now follows from the fact

that Theorem 3.4 implies that there is a natural isomorphism

Coker(f1) = Ko(2, E).
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Remark 3.6. An explicit description of the isomorphism hg g may be given as follows. Suppose
then that [X,Y;¢] is an element of Ko(2, E) for which Xr and Yp are free A-modules of the
same rank (by [28, Lemma 15.6] any element of Ky(2, E) is of this shape). Then for any choice of
isomorphism 6 € Iss(Xp, Yr) one has

[X,Y;€] = [X,Y;05] +[Y,Y;€06,]
= [X,Y;05] + 0y p((YE, €0 051))

in Ko, E). The element heg g([X,Y;€]) of Cok(Ag g) is then represented by the pair
(h1([X,Y30]), ho,p(Ye, € © 01)))- O

Definition 3.7. A finitely generated 2A-module M is said to be locally free if M, is a free 2,-
module for all places v in S¢(F). It follows easily from this definition that if M is a locally free

2-module, then it is projective and the associated A-module M is free. ]

Remark 3.8. If [X,Y;¢] is an element of Ky(2A, E) for which both X and Y are locally free
2-modules, then one can give an explicit representative for ho g ([X,Y;£]) as follows.

For any ordered set of d elements {ej 11 < j <d} we write el for the d x 1 column vector with
j-th entry equal to e’.

We choose an A-basis {y’} of Yp and, for each v € S(F), an 2,-basis {y3} of Y, and an
2,-basis {:1:%} of X,. Let u, be the element of GL4(A,) such that yi, = ,u,,yi. We choose 6 €
Is4(XF,Yr). Since {671(y7)} is an A-basis of X, there exists an element \, of GLg(A,) such that
z) = A0~ (y7). Finally we let u € GLy(Ag) denote the matrix of £ o (8~! @ E) with respect to
the A-basis {y/} of Yg. Then hg g([X,Y;¢]) is represented by the function

[T Detony) | x Det(n) € Hom(Rr, J;(Q°))* x Hom(Rr, (E°)%).

This construction will be used in the proof of Proposition 4.11. O

Examples 3.9. Suppose that F' is a number field, and let R = Op.

(i) Suppose that 2 = R[G] (see Example 2.2). Then condition (7) is satisfied if we take I' = G,
viewed as a trivial Q p-module.

(ii) In Example 2.3, set I' = G(F*), endowed with the natural Qp-action. Then G ®pr F€ is a
finite constant group scheme over Spec(F°), and so its Cartier dual G*®@p F© is equal to Spec(F°[I'])
(see e.g. [34, Section 2.4]). Hence 2 = Og~ satisfies condition (7). Furthermore, in this case the
description of Theorem 3.5 may be interpreted more explicitly as follows.

Let J¢(A) denote the group of finite ideles of A, i.e. if M is the (unique) maximal R-order in
A, then J;(A) is the restricted direct product of the groups A; with respect to the subgroups 9,
for all places v € S¢(F'). Define a map

A
%’EZAX%MXAE; a (a) xa

-1
Ur(2) ’
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Then, taken in conjunction with Remark 3.3, the result of Theorem 3.5 implies that there is a

natural isomorphism
Ko, E) = Cok(A/QLE). (10)
O

4. METRISED STRUCTURES

In this section we let R denote the ring of algebraic integers in a number field F. We fix an
R-order A in a finite dimensional F-algebra A, and we continue to assume that the condition (7)
is satisfied.

For each ¢ € T’ we write Wy for the Wedderburn component of F[I'] which corresponds to the
contragredient character ¢ of ¢. For any F¢[I']-module X we then set

top

X = N\((X @p Wy)T),
e
where * ;95 ’ denotes the highest exterior power over F'¢ which is non-zero, and I' acts diagonally
on X @pe Wy.
For each v € Sy (F) we fix an embedding o, : F° — FS (which induces the place v upon
restriction to F'), and we also identify F with C.

For each complex number z we write Zz for its complex conjugate.

4.1. Metrised 2A-modules.

Definition 4.1. Let X be a finitely generated locally-free 2A-module. A metric 4 on X is a set
{Jtv. : v € Soo(F), ¢ € '} where, for each v € Soo(F) and ¢ € T, [y, is a hermitian metric on the
complex line (X @ F¢)y ®pc 4, C. If 2 € (X ®r F)y @pe 4, C, then we shall write y, 4(x) for the
length of = with respect to the metric i, 4.

A metrised A-module is a pair (X, ) consisting of a locally-free 2-module X and a metric p on
X. O

Example 4.2. (Classical) In this example we adopt the notation of Example 2.2. We take 2 to
be Z[G], so that I' = G (viewed as a trivial Qg-module). Via the fixed embedding o+ : Q¢ — C
restricted to the normal closure N of L, we identify ¥q(L, N) with the set ¥(L) of embeddings of
L into C. We remind the reader that if X is a finitely generated, locally free A-module, then any
G-equivariant positive definite hermitian form on X¢ induces a metric on X in a natural way (see
e.g. [17, Definition 2.2]).

We write pgjg) for the G-equivariant positive definite hermitian form on C[G] which satisfies

poia) (O xgg, > unh) =Y 247

geG hedG geG
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(i) There is a G-equivariant positive definite hermitian form gz, on Hé ®yz C which is defined

pr( Z 2, Z Zr) = Z 2 Z5.

oceX(L) T€X(L) ceX(L)

by the rule

For each ¢ € G, we write py 4 for the metric on (Hé ®z Q)4 that is obtained as the highest

exterior power of the metric on
(Hg ®2 Wy)¢ = (HE ©7 C) ©c (Wy ©qe 0, ©)F
which is induced by pr, on Hé ®z C and by the restriction of pcig on Wy ®qe 5., C.
(ii) There is a G-equivariant positive definite hermitian form Ay, on C ®q L which is defined by

the rule

hr(z1 @ m,ze @ n) = 2123 Z o(m)o(n).
oeX(L)
We recall that in [17, §5.2] this form is referred to as the ‘Hecke form’.
For each ¢ € G we write hi.c0,6 for the metric on (L ®q Q°), that is obtained as the highest

exterior power of the metric on
(L ®q Wy)“ ©qe g C = ((C@q L) ©c (W ©qe 0. C))©

which is induced by hy, on C ®q L and by the restriction of ucjg) on Wy ®qQe 0., C.
We set hre = {hr,00¢: ¢ € @} If £ is any full projective Z[G]-sublattice of L, then the pair
(L,hre) is a metrised Z[G]-module. O

Example 4.3. (Geometrical) In this example we adopt the notation of Example 2.3.

(i) For each v € Soo(F) and ¢ € T, the space (A @p F€)g ®pe 5, C identifies naturally with C
and so is endowed with a metric p4, 4 coming from the standard metric on C. The set py =
{JA06: v € Soo(F), ¢ € T'} is then a metric (‘the trivial metric’) on 2A.

(ii) It is shown in [6, §2] that, for each place v € S (F) and character ¢ € I', the space
(Lr®RF)$@pe s, C may be endowed with a canonical ‘Neron metric’ || ||, 4 which is constructed
by using canonical splittings of the extension (1). (These canonical splittings are analogous to the
canonical splittings of extensions of abelian varieties by tori that may be used to define Néron
pairings on abelian varieties (see e.g. [23]).) Let || - || denote the family of metrics {|| - ||v,¢ : v €
So(F),¢ € I'}. Then the pair (Ly, || - ||+) constitutes a metrised 2-module. O

4.2. Arithmetic class groups. In this subsection we use idelic valued functions on Rr to define
a group which classifies the structure of metrised 2A-modules. All of the constructions in this
subsection are motivated by those of [17, §3.1, §3.2].

We write |Alg for the homomorphism

. Hom(Rr, Jp(F¢))%r
Det(Uy(2))

Det(A™) x Hom | Rr, H R%, |; 60— (0,10])

VESoo (F)
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where |0] is the homomorphism which sends each ¢ € I to the element
I[[ lou6on™te I R%
vESae (F) VES oo (F)

Remark 4.4. We caution the reader that the definition of the homomorphism |0| given above is
slightly different from that used in [17, §3.1]. Our |0|(¢) is equal to |#](¢) ! in the notation of [17].
This reflects our definitions of Ag g in (8) and hg g in (9). Our normalisation is also consistent

with the definition of the Hermitian classgroup given in [21, Chapter II, §5]. O
Definition 4.5. We define the arithmetic classgroup AC(2) of 2A to be the cokernel of |Aly. O

Remark 4.6. When F = Q and 2 = Z[I'] for some finite group I, then it is easy to show (taking
into account Remark 4.4 above) that AC(2l) is isomorphic to the arithmetic classgroup A(2() which
is described in [17, Definition 3.2]. O

We now suppose given a metrised A-module (M, ). Let M have rank d over 2, and choose
an A-basis {m’} of Mp and, for each v € S¢(F), an 2,-basis {ml} of M,. Then there exists an
element A\, of GL4(A,) such that @ =\,

For each element m of Mg we set

r(m) = Z’ym@’y € M ®pr FI.
~yel’

For each element w of Wy we have
r(m)(1@w) € (M ®r Wy)"-

Let {wy . : k} be an Fbasis of W, which is orthonormal with respect to the restriction of ppe|r
to Wy. Then the set {r(m?)(1 ® wgy) : j,k} is an Fé-basis of (M ®@g W,)'', and so the wedge

product
AN (1@ we )
Jj k

is an F°-basis of the line (M ®p F¢)4.

Definition 4.7. We define [M, ] to be the element of AC(2() which is represented by the homo-

morphism on Ry which sends each character ¢ € I to

_1
(1)

I] Det(x < JI mos | | ANrmHA@wer) | @peq, 1 e Jy(F)x ] R%

veS(F) vESoo (F) J k VESoo (F)

It can be shown that [M, p] is independent of the precise choices of bases {m?}, {m}} and {wg 1 }-
U
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4.3. The connection to generalised twisted forms. Let F be any field which contains F'¢ and
which is such that, for each v € Sy (F'), the fixed embedding o, : F¢ — C factors through an
embedding 7, : £ — C.
The map
mg: B — H R§05 € H |Gu(e)]
VES (F) VESso (F)
induces a homomorphism

e : Det(A}) ~ Hom(Rr, E*) — Hom(Rr, H RZ,).
VESoo (F)
Then, via the Hom-descriptions of Theorem 3.5 and Definition 4.5, it is not hard to see that the
map
“Hom(Ry, J;(F€))%r

5 _, Hom(Zr, Jy(Fe))$te
‘ Det(Uy(21))

Det(U (1))

x Det(A7) x Hom(Rr, H R%)

VES (F)

given by 1 X g +— 1 X €(x2) induces a homomorphism
Oup : Ko(2, E) — AC(2).

Lemma 4.8. There is a natural isomorphism

Hom(Ryr, ker(7g)) (1)
[Hom(Rp, ker(mg)) N Det(A*)] N Det(Us(A))

(In the denominator of the right-hand side of (11), the first intersection takes place in

kel“(@gLE) —N—>

Hom(Rr, E*) ~ Det(A}),

and then the second intersection takes place in Hom(Rr, J¢(F€°)).)

Proof. Set
Hom(Ry, Jy(F°))%r
Ny = Det (A7
YT T ey e
and write Ng := §(IN1). Then there is a commutative diagram:

0 — Hom(Rp,ker(ng)) — N XA Ny — 0

Am,ET \A\mT
Det(A*) — Det(A*).

Applying the Snake Lemma to this diagram (and taking into account Theorem 3.5 and Definition
4.5) yields the sequence

0
Hom(Rr, Ker(rg)) — Ko(, E) —= AC(2) — 0,

and it is easy to check (again using Theorem 3.5) that this implies the desired result. ([l

Given an explicit element of Ko(2, E) we now aim to describe its image under Oy z.
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Definition 4.9. Let X; and Xs be finitely generated locally-free 2A-modules and suppose that
€ €Isa, (X2 E, X1 ). For each place v € S (F') and character ¢ € I we write

bvo: (Xa®R FO) g @pey, C 5 (X1 QR F)p Qpeq, C

for the isomorphism of complex lines which is induced by &. If h is any metric on X7, then the
pullback of h under ¢ is defined to be the metric £*(h) on X9 which satisfies

5* (h)v,qS(Z) = hv,¢(€v,¢(z))

for each v € Soo(F), ¢ € T' and z € (X2 @r F) g Qpc o, C. O

Example 4.10. (i) (Classical) An explicit computation shows that, in the notation of Example
4.2, one has (Wé’N)*(/j,L,.) =hr.e.

(ii) (Geometrical) We use the notation of Example 4.3. If &, is any isomorphism as in (2), then
it follows from [6, Remark 2.3] that &; induces an isometry between £, endowed with the Néron
metric || - || and A endowed with the trivial metric. (Note that the map which is denoted by &
in [6] is equal to £2¢ in our present notation, where e denotes the exponent of the group scheme
G.) Hence we have that (§x @re F)*(pa) = || - ||#- O

Proposition 4.11. Let (X,Y;£) be any object of Py X g Py for which X and Y are both locally

free A-modules. Then, for any metric p on'Y, one has
d,p(hap([X,Y;€]) = [X, £ (p)] — [V, p] € AC().

Proof. We use the notation introduced in Remark 3.8.
It is clear that Oy g(he g([X,Y;¢])) is represented by the homomorphism which sends each
character ¢ € I to

[T DetOus (@) x [ I6u(Det(u)(6))] (12)

veSy(F) VESoo (F)

For each element x of X; 4 := (X; ®r F¢)y ®@pc E (where i = 1,2) and each place v € Soo(F),
we write [z], for the image of z in X; 4 ®rs, C = (X; ®g F)y Qpc 0, C.

Using this notation, the element [X,£*(p)], resp. [Y,p], is represented by the homomorphism

which sends each character ¢ € I to

[T Detd)@) x JI puo | [ANArEovy) @ wss) : (13)

vES,(F) VESeo (F) Jj ok

resp.

[T Det(u)@) x [ roe| [AAr@&)A@wek) : (14)

veSy(F) VESoo (F) J ok
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Foreach z =3 cyy € E[l]weset z:= 3" cyy~ !, and we extend this convention to matrices

over E[I'] by applying it to individual entries. Now
Eop(y)) =y
!
where yy ; is the (I, j)-component of the matrix i, and so

r(€op(y)) (L@ wsr) =D r(y’)(1 @ mjwe).

l

This implies that

AN rEo @)1 @ wgr) = Det(m)(@)*M - A A\r(y/) (1 @ wgp).
ik ik

But Det(z)(¢) = Det(u(¢)), and so for each v € S (F') one has

1

pus ([N A€o v @ wp)] )™
o ([N Ner) (1 @00] )

It is now clear that the expression (13) is equal to the product of the expressions (12) and (14),

= |6, (Det()(6))] € R%,.

and this immediately implies the claimed equality. O

5. THE CLASSICAL CASE

In this section we give two applications of our approach in the context of Example 2.2. We
thus fix a finite tamely ramified Galois extensions of number fields L/K, with FF C K, and we set
G := Gal(L/K). Our interest is in the element

56F[G](OL) = [OL,Hﬁ XKz OF;TFIE’N] € Ko(Or|[G],N).

5.1. Arithmetic classes. In this subsection we combine Proposition 4.11 with a result of Bley and
the second named author in [9] in order to describe an explicit homomorphism which represents the
element ‘%[G](OL)' We then explain how this yields an explicit homomorphism which represents
the element [Or,hr ] of AC(Z[G]). We show that this description of [Of,hr ] gives a natural
refinement of a result of Chinburg, Pappas and Taylor in [17].

Before stating our explicit description of the class (%[G} (Or) we must introduce some notation.

For each character ¢ € G, we write 7(K, ¢) for the Galois-Gauss sum associated to ¢, and
we let €(K, ¢) denote the epsilon constant which arises in the functional equation of the Artin
L-function attached to ¢ (see [20, Chapter I, §5]). With respect to the canonical identification
¢(C[G]) = [ C (which is induced by the fixed embedding oo, : Q¢ — C) we then set

e/ = (e(K, )y € C(C[G]) ™.
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This element is the natural epsilon constant which is associated to the ((C[G])-valued equivariant
Artin L-function of L/K, and it actually lies in ((R[G])*. The last fact implies that we may

therefore choose an element

A= (M) €CQ[G])* C C(C[G])*
such that
Aer k € Im(nrdgyq) (15)
(see [9, §3.1]). We write dx for the absolute discriminant of K.
We write ¢ : N — C for the embedding induced by restricting oo, to N, and we use this to view
5%[G](OL) as an element of Ky(Z[G], C) (using the inclusion Ky(Z[G], N) C Ky(Z[G], C) induced
by the functor — @y, C).

We can now state the main result of this section.

Theorem 5.1. Let A be any element of ((Q[G])* which satisfies (15). Then the class 5é[G](OL)
in Ko(Z[G], C) is represented by the homomorphism which sends each character ¢ € G to
- (1)
MUTT we(@) x A (K, )ldi| = (16)
’UESf(K)
Here y, denotes the ‘unramified characteristic’ function on R¢ defined in [20, Chapter IV, §1].
We shall derive a description of the class 6é[G](OL) from certain results in [9]. For the reader’s

convenience we first recall some notation from loc. cit.

Definition 5.2. (See [9, §3.2]) Set Hy, := ][y Z. The groups G and Gal(C/R) act on ¥(L), and
they endow Hj, with the structure of G x Gal(C/R)-module. For any Gal(C/R)-module X, write
X* and X~ for the submodules on which complex conjugation acts by +1 and —1 respectively.

There is a canonical C[G x Gal(C/R)]-equivariant isomorphism
pr: L ®q C = H ®z C; 1® 2z (0(1)2)pex(r)-
We write 77, for the composite R[G]-equivariant isomorphism given by
LeqR=(L®qC)*"

2 (Hp @z C)*

= (Hf @z R) @ (H ®z (i-R))

XU (B @z R) @ (Hy 9z R)
= Hp ®z R.

We now define the G-equivariant discriminant 0y, (Or) of O, by setting

6r/k(Or) :=[Or, Hy; ] € Ko(Z[G], R).
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In what follows, we shall in fact view 07, (Or) as an element of Ko(Z[G],C) via the natural
inclusion Ko(Z[G],R) C Ky(Z[G],C). O

Proof of Theorem 5.1. It follows from results in [9, see especially Lemma 7.4 and Corollary 7.7
that the class dr,/x(Op) is represented in the Hom-description of Theorem 3.5 by the element of
Hom(Rg, J£(Q))"@ x Hom(R¢, C*) which sends each character ¢ € G to

NI wel(@) x Ase(K, 9),
veSy(K)

where vy, is as defined in the statement of Theorem 5.1.
For each place v € Sy (K), we let G, denote the decomposition group of v in G. If ¢ € G’, we

let V be a representation space for ¢, and we define a complex number wq, (K, ¢) by setting

UJOO(K7 (b) = H ' COdim(VfU).
VESeo (K)

We may identify Hy with Hé via our fixed embedding ¢+ : N — C. By comparing the homo-
morphisms Wé’N ®n, C and 71, ®r C, it may be shown that the element d,x(Or) — 5%[G](OL)
of Ko(Z[G], C) is represented by the element of Hom(Rg, J;(Q¢))?@ x Hom(Rg, C*) which sends
each character ¢ € G to 1 X weo (K, @).

In addition, for each ¢ € G one has

(K, ) = 7(K, §)woo (K, §)|dic| %" (17)

(see [9, (13) and the displayed formula which follows it]).
It now follows that ‘%[G](OL) is represented by the homomorphism which sends each character
6 € G to

_ o(1)
MU wel(@) x Aer (K, )ldk| =,
’UESf(K)

as claimed. 0

Corollary 5.3. Let A be any element of ((Q[G])* which satisfies (15). Then the class [Or, hr o]
in AC(Z[G)) is represented by the homomorphism which sends each character ¢ € G to

_ . (1)
At x DT (K, )| (G g ) ™2
Proof. We first observe that Example 4.10(i) and Proposition 4.11 imply that
[OL, hre] = [HG, pir.e] + Oz1c1,c (07 (0L)) € AC(Z[G)). (18)

It follows via an explicit computation (using, for example, [17, Lemma 2.3]) that the class

A . 1)
[H, é, /11,.e] is represented by the homomorphism which sends each character ¢ € G to 1x|G|E Q75
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Combining this with (18) and Theorem 5.1, we deduce that [Or, hr, | is represented by the homo-
morphism which sends each ¢ € G to

_ . (1)
AU T we(@) x her (K, 9)[(1GFQdge )5
veSs(K)

The desired result now follows from this description upon noting that, as a consequence of [20,
Chapter IV, Theorem 29(i)], the homomorphism which sends each ¢ € G' to

H yv(¢) x1

veSy(K)

belongs to the image of |A|gy. O

It is often convenient to replace AC(Z[G]) by weaker classifying groups. As an example of this,
we shall now explain how Corollary 5.3 yields a natural refinement of [17, Theorem 5.9].

We first quickly recall the definition of the ‘tame symplectic arithmetic classgroup’ A5.(Z[G])
of Z[G] from [loc. cit., §4.3]. We write R{, for the subgroup of Rg which is generated by the
irreducible symplectic F°-valued characters of G, and we write Det®(—) for the restriction of the
function Det(—) to Rf,. Let T' denote the maximal abelian tamely ramified extension of Q in Q°,
and set Z = lim Z/nZ. Then we write Det(Or[G]*) for the direct limit of Det(On[G]*), where
N runs over all finite extensions of Q in 7" and Oy denotes the ring of integral adeles Z ® Oy.

Definition 5.4. The tame arithmetic symplectic classgroup A% (Z[G]) of Z[G] is defined to be the

cokernel of the map

_ Det*(Or[G]¥) Hom(Rg, J;(Q°)
Det*(O7[G]*)

Det*(Q[G]™) x Hom(Rg, R%,)

which is induced by the diagonal map

A® : Det’(Q[G]*) — Hom(R{, Jf(QC))QQ x Hom(Rg, R%,); 60— 6,671).

We write

63 - Hom(Rg, J1(Q°))% x Hom(Rg, R,) — A}(Z[G])
for the natural surjective map, and
mr : AC(Z[G]) — A7 (Z[G))

for the homomorphism induced by restricting an element of Hom (R, J;(Q¢))%*@ x Hom(Rg, R%,)
to R¢,, and then applying 67.
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Definition 5.5. Let Pf(Or) denote the ‘Pfaffian’ element of Hom (R, J¢(Q¢)) which is defined
(in [loc. cit., Def. 5.8]) as follows: for each ¢ € Rf, one has

Pf(OL)(¢)p = H(_p)%fp (¢.Id up)
p

where here p runs over all elements of S;(K) which divide p, f, is the residue class extension
degree of p in K/Q, I is the inertia subgroup of any fixed place of L which lies above p, uy is the

augmentation character of I, and (—, —) is the standard inner product on Rg. O

We remark that the image of [Or, hr o] under 77 is equal to the element x7.(Or, det ho) defined
in [17, §4.3]. This implies that the following result is equivalent to [loc. cit., Th. 5.9(a)].

Corollary 5.6. The class ©5([Or, hr.)) is represented by the homomorphism which sends each
symplectic character ¢ € G to

woo (K, §)PEOL) () x (|G| Dde]) .

Proof. Upon computing the image under 77 of the class represented by the explicit homomorphism
described in Corollary 5.3, one finds that it suffices to prove the following result: if f denotes the

homomorphism which sends each symplectic character ¢ € G to
Moo (K, 9)PE(OL)(¢) X [N (K, 9)[ 7,

then 65.(f) = 0.
To prove this we first observe that there exists a finite tamely ramified abelian extension N of

Q and an element u of 0 ~N[G]* such that, for each symplectic character ¢ € G one has

P(OL)(¢) = 7(K, ¢) - Det(u)(6).

This can be seen, for example, to be a consequence of the argument which proves [17, Proposition
5.11]. Hence one has 65.(f) = 65.(f'), where f’ is the homomorphism which sends each symplectic
character ¢ € G to

Moo (K, 9)T (K, 6) x [NoT (K, 6)| 7.

Now the equality (17) combines with the containment (15) to imply that, for each symplectic
character ¢ € G, the real numbers Mg and woo (K, ¢)7 (K, ¢) have the same sign (note that ¢ = ¢ if ¢
is symplectic). This implies that the element ® of Hom(Rg,, (Q¢)* )@ which sends each symplectic
character ¢ € G to ApWoo (K, ¢)7 (K, ¢) actually belongs to Det®(Q[G]*). In addition, since for each
symplectic ¢ € G one has Woo (K, ¢) = %1, it also implies that Ayweo (K, )T (K, ¢) = | AT (I, @)].
This in turn implies that f’ = A®(®), and hence that 05.(f') = 0, as required. O
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5.2. Torsion modules. In this subsection we shall indicate how certain natural torsion Galois

module invariants introduced by S. Chase (see [14], [20, Notes to Chapter III]) are related to the
L

element 5OK[G}(OL)’

We first recall that there is a natural Or[G]-equivariant injection

Yk OrL ®oy O — Map(G,0y1); ¥r/k(li ®12)(g) = g(l1)la.

The cokernel Cok(vr, k) of 1, is finite, and is of finite projective dimension as an Op[G]-
module because L/K is tamely ramified. Hence Cok(ty k) determines a class in KoT'(OL[G]).
This class has been studied by Chase and other authors, and it gives information regarding the
Ok [G]-module structure of Or,.

We write

ir/k : Ko(Ok[G], L) — KoT(OL[G])
for the composite of the natural scalar extension morphism
Ko(OK[G],L) — K()(OL[G],L); [X,Y;i] — [X R0k 0., Q0 OL;i]
and the first isomorphism of (4) with A = O[G].

Lemma 5.7. The class of Cok(¢r, i) in KoT(OL[G]) is equal to the image of ‘%K[G}(OL) under

Proof. There is an Op[G]-equivariant isomorphism
0:Map(G,01) — Hg ®z0r;  0(6) = (6(9))g-

The stated result follows from the definition of isomorphism in Pp, (6] X1 Po, g (see §2.1) and the

commutativity of the following diagram in Prq:

Lok L 22 Map(G, L)

ol |
ﬂ_}L{,L I
L®g L —— HK ®z L
Here Trf(’L is as defined in Example 2.2. O

We remark that Chase has given an explicit description of Cok (1) as an Op[G]-module (see
in particular Theorem 2.15 of [14]). Hence, Lemma 5.7 shows that Chase’s results may be naturally

reinterpreted in terms of equivariant discriminants.

6. TORSORS

We shall now apply the methods developed in this paper to the ‘geometrical’” setting of Example
2.3.
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6.1. Reduced resolvends. In this subsection, we shall discuss reduced resolvends coming from
torsors of finite group schemes. This notion was first introduced by L. McCulloh (see [24], and the
references contained therein). Our approach will be rather different from McCulloh’s, and will use

ideas that first appeared in [6] and [3].
We use the notation of Example 2.3. Set I' := G(R®) = G(F°).

Definition 6.1. We define

H) = {a € A% |a¥ = gya for all w € Qp, where g, € T},
H(RA) = HA) T,
H) = HEQ) /(T - 2%).

(Note that we allow the possibility that R = F', in which case we have 2 = A.) O

We suppose for the moment that R is a local ring, and we let 7 : X — Spec(R) be a G-torsor.
Then the line bundle £, associated to 7 (see Example 2.3) is isomorphic to the trivial line bundle
on G*. Let s; : A =+ L, be any trivialisation of L. Recall from Example 2.3 that over Spec(R°),
7 becomes isomorphic to the trivial torsor 7, i.e. there is an isomorphism i : X ® g R = G ®@g R°
of schemes with G-action. This isomorphism is not unique. If 7 is any other such isomorphism,
then i %' : G ®r R° = G ®p R is also an isomorphism of schemes with G-action, and so is given
by translation by an element of I.

Let & : L ®r R = A®p R be the splitting isomorphism corresponding to i, and consider the
map from Are to itself defined by

sr®@prRC
Rt LiN

A pe Lr:®r R° §—W>91Rc.

This is an isomorphism of Age-modules, and so it is given by multiplication by some element r(s;)
in A%.. We refer to r(sy) as a resolvend of s;. Note that r(s;) depends upon s, as well as upon
the choice of &;.

If w e Qp, then £ = g, &, for some g, € T'. Since s¢ = s,, we deduce that r(s;)* = g,r(sz),
and so r(s;) € H(A). As i is only well-defined up to translation by an element of I', it follows that
changing our choice of &, alters r(s;) by multiplication by an element of I" (see also [13, Lemmas
1.2 and 1.3]). Hence the image 7(s7) of r(sx) in H(2) depends only upon the trivialisation s,. We
refer to r(s,) as the reduced resolvend of s;.

We next observe that changing our choice of trivialisation s, alters r(s;) by multiplication by
an element of 2A*. It follows that the image of r(s;) in the group H(2A) depends only upon the
isomorphism class of the G-torsor .

The following result was first proved by McCulloh in the case in which G is a constant group
scheme [24, §1 and §2]. In the generality given below, it is due to Byott [12, Lemma 1.11, Propo-
sition 2.12]. A different proof of this result is given in [3].
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Theorem 6.2. Suppose that R is a local ring. Then the map
H'(Spec(R),G) — H(Q); 7 [r(sq)]

s an tsomorphism. O

We shall now show that, for any field F, the subgroup H(A) of A%./(I' - A*) has a natural

functorial description. In order to do this, we first make the following definition.

Definition 6.3. Let R be any commutative ring, and suppose that F is any contravariant functor
from the category of finite, flat, commutative group schemes over Spec(R) to the category of abelian
groups.

If G is any finite, flat, commutative group scheme over R, let m : GXG — G denote multiplication
on G, and write p; : G x G — G (i = 1,2) for projection onto the i-th factor. Let m*, p! : F(G) —
F(G x G) denote the homomorphisms induced by m and p; respectively. An element z € F(G) is
said to be primitive if m*(z) = pi(z) - p5(z). (Note in particular that it follows that the subset of
primitive elements of F(G) is a group.)

It is sometimes helpful to formulate this definition in terms of Hopf algebras rather than group
schemes. This may be done as follows. Each functor F as above naturally corresponds to a covariant
functor F from the category of finite, flat, commutative and cocommutative Hopf algebras over R
to the category of abelian groups. For any such Hopf algebra A, let A : A — A ®gr A denote the
comultiplication on A. Define i1,ip : A - A®r A by i1(a) = a® 1 and iz2(a) = 1 ® a for each
a € A. Write A*i* i3 : F(A) — F(A &g A) for the homomorphisms induced by A, i1, and iz
respectively. Then an element y € F(A) is primitive if A*(y) = i} (y) - i5(y). O

Theorem 6.4. The group H(A) is equal to the subgroup of primitive elements of the group Ay /(T
A%,

Proof. Suppose first that a € H(A), with a¥ = g,a for all w € Qp. We have that Ape = F°[I],
and the comultiplication map A : Ape — Ape @ Ape is induced by A(y) =y ® v for v € I'. This
implies that, for all w € €,

Aa)” = (9o ® gu)Ala), i1(a)” = (9o ® Dir(a), iz(a)” = (1@ gu)iz(a).

Hence we have that A(a)[ii(a)iz(a)]™! € (Ape @p Ape)* = A®p A. This implies that the class
of ain A% /(T - A*) is primitive.

Suppose conversely that a € Aj. represents a primitive class in Aj./(I'- A*). For each w € Qp,
write a* = u,a. We wish to show that u, € I' for all w.

Since a € Aj. represents a primitive class in Aj./(I' - A*), we have

A(a)

i (@)ia(a) = (g® h)s,
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where g,h € T', and 8 € (A®p A)*. Hence if w € Qp, then ¥ = 3 and

A(a) w_ w w _ w _—1 wip—1 A(a)
L@(a)@(a)} = (@T@hf= (" @ i )<¢1<a>z‘2<a>>' (19)

On the other hand, we also have that

Ala) 17 Aluy) A(a)
@]~ e () .
Hence (19) and (20) imply that

Auw)
i1 (U )iz (Uw)
Therefore, in order to prove that u, € I', it suffices to prove the following assertion. Suppose
that u € A, satisfies

=g“g @ hht (21)

=e® f, (22)
with e, f € I'. Then u € T'.

In order to establish this, we argue as follows. Suppose first that u = a7 for some v € I'. Then

A(u) _ ay(y®7) —i
i(wis(u)  2(1®7)  a, lp ® 1,

and so in this case u satisfies (22) if and only if a, = 1. Hence we may assume that v = zwer a7y

with a., a,, # 0 for some v # 7.
Under this assumption, (22) implies that

Yoay@r=(e®f)) asay(Be )
7 5.5

= (e® f)lal, (11 ® M) + a3, (72 ®72) + a4y, 455 (11 ® 72) + (other terms)].  (23)

If e = f, then (23) implies that a.,a-,(71 ® 72) = 0, whence it follows that a,,a,, = 0, which is a
contradiction. On the other hand, if e # f, then we see from (23) that agn = agg = 0, which is also
a contradiction. Hence u € I" as claimed.

This completes the proof of the result. O

6.2. Class invariant maps. We retain the notation established in the previous section. In this
subsection we describe a natural refinement of the class invariant homomorphism introduced by
Waterhouse in [33].

Suppose that F' is a number field. Then the class invariant homomorphism v is defined by
¢ : H'(Spec(R), G) — Pic(G*); T (Lr).

Remark 6.5. In general ¢ is not injective (see e.g. [1], [26], [28]). It is known that the image
of ¢ is always contained in the subgroup PPic(G*) of primitive classes of Pic(G*) (see e.g. [15]).
It is shown by the first-named author in [2] that if the composition series of every geometric fibre
of G — Spec(R) of residue characteristic 2 does not contain a factor of local-local type, then the
image of 9 is in fact equal to PPic(G*). O
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Now suppose that 7 : X — Spec(R) is a G-torsor, and fix a choice of isomorphism &, as in (2).
For ease of notation, we use the same symbol &, for the map £, ®r F¢ = Ape induced by (2). In
general the element [L,2A; &) € Ko(, R°) depends upon the choice of ;.

Recall that there is a natural morphism
LA Re ¢ Ko(m, RC) — K()(Ql,FC)

arising via extension of scalars from R to F'. The image of tg pe([Lr,2; &x]) under the isomorphism
(10) with E = F° may be described as follows. Choose any trivialisation s, : A ~ L, ®g F. For
each finite place v of F', choose a trivialisation ¢, : 2, = Lx ®r R,. It is easy to check that the
isomorphism

(377®FF1))_1
_

trw
Av — £7r QR Fv Av

is given by multiplication by r(tx,).r(s;)~* € AX. Then Remark 3.8 implies that a representative
of the image of tg pe([Lr,2A; &x]) under the isomorphism (10) is given by

[T (o) r(se)™") xr(ss) € Jp(A) x Af.. (24)
veSy(F)

Observe that if we change the choice of splitting isomorphism &, the element r(s;) is altered

by multiplication by an element of I'. This motivates the following definition:

Definition 6.6. Let Aj .. denote the composition of the homomorphism

Jp(A)
e 1 AX — SE0 s AX,
o U

defined in Example 3.9(ii) with the quotient map

Jy(A) Jr(A)  Ap
x A%, — X .
Up(A) = F Ug(4) T

We define Ko(2, F€) to be the quotient of Ky(2, F¢) defined by the isomorphism

Jp(4) | Af.
U;@) " T

(A )

Ko(2A, F) ~ (25)
We write Ko(2A, R¢) for the image of Ko(2, R°) under the composite of the scalar extension map
to e and the natural projection map Ko(2A, F¢) — Ko(2, F°). O

Lemma 6.7. The natural projection map Ko(2, F¢) — Ko(2, F¢) is bijective if and only if the
points of I' = G(F€) are fized by Q.

Proof. It is clear that the stated projection is bijective if and only if I' C 4 for all v € S¢(F), i.e.
if and only if I' C A*. But this last condition obtains if and only if the points of I" are fixed by
Qp. O
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It follows from (24) that the class of iy ge([Lr, s &x]) in Ko(2A, F€) is represented by
[T @(tro)x(se)™") xr(sx) € Jp(A) x H(A).
UGSf (F)
It is easy to check that this class is independent of the choice of splitting isomorphism &, and that

it depends only upon the isomorphism class of the G-torsor 7 : X — Spec(R).

Theorem 6.8. The map
W : H'(Spec(R),G) — Ko(A, R°); 7= to ge([Lr, A; Ex))
18 an injective group homomorphism.

Proof. Let us first show that v is a group homomorphism. Suppose that m and 7’ are G-torsors.
Let &, and &,/ denote splitting isomorphisms associated to m and 7’ respectively. It follows from the
functoriality of Waterhouse’s construction in [33] that there is a canonical isomorphism L, QgL ~
L. and that the map

&r Qupe &nr t (Lr QR RE) Qaiye (Lo g RY) — Upe Qaie Ape — Ape
is a splitting isomorphism associated to 7 - 7’. Since in Ko(2, R®), we have
[Em 2L §7r] + [‘Cﬂ'/7 A fw’] = [£7r Qu Lo, 2A; 6 BApge fw’]a

(cf. for example [8, proof of Lemma 2.6(i)]), it follows that
P(m) + () = (- ),

as required.

To show that 1 is injective, we argue as follows. If we compose the natural injection
H'(Spec(R),G) — H'(F,G) with the isomorphism H'(F,G) — H(A) afforded by Theorem 6.2,
then we obtain an injection H'(Spec(R),G) — H(A). It follows easily from the definitions that
this injection is the same as the homomorphism obtained by composing 1 with the inclusion
Ko(2, R°) C Ko(2, F¢) and the natural projection

Afe .
- Ax
This implies that 1 is injective. g

F()(Ql, FC) —

Remark 6.9. Let ¢ € I'. Then for each v € T and v € Sy (F), the complex number o, (é(7)) is a

root of unity and hence has absolute value 1. This implies that the morphism
8Q[7Fc : Ko(gl, FC) — AC(Q[)

defined in §4.3 induces a morphism Ko (A, F¢) — AC(2). Upon composing this morphism with

we obtain a morphism

b« H'(Spec(R), G) — AC(2) ~ Pic(G*)
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which was first introduced and studied by the first-named author and G. Pappas in [6]. In turn,

upon composing ¢ with the natural surjection AC() — Pic(G*) we obtain the homomorphism
¢ : H'(Spec(R), G) — Pic(G*)

which was introduced by Waterhouse in [33]. O

Write PK (2, R°) for the subgroup of primitive elements of Ko(%, R¢).

Theorem 6.10. (i) The image of ¥ lies in PKo(2, R°).

(ii) Suppose that the composition series of every geometric fibre of G — Spec(R) of residue
characteristic 2 does mot contain a factor of local-local type. Then the image of v is equal to
PKo(, R°).

Proof. (i) Recall from Example 2.3 that we have a canonical isomorphism
Ext!(G*,G,,) ~ H'(Spec(R), G).
Composing this isomorphism with 1 gives a homomorphism
s Ext (G*, G,,) — Ko(2, R)

whose image is the same as that of @. It follows from the functoriality of Waterhouse’s construction
in [33] that the homomorphism g+ is functorial in G*.
Let m : G* x G* — G* denote multiplication on G*, and write p; : G* x G* — G* (i = 1,2) for

projection onto the i-th factor. Let
m*, p} : Ext!(G*, G,,) — Ext!'(G* x G*,G,,)

be the homomorphisms induced by m and p;. Then it follows from standard properties of the
functor Ext! that m*(z) = pj(x) + p3(x) for all x € Ext'(G*, G,,) (see e.g. [27, Proposition 1 on
p. 163, and p. 182]). Since ¢+ is functorial in G*, this implies that »g-(x) is a primitive element
of Ko(2A, R°).

(ii) It is shown in [3] that there is a natural isomorphism Ker(¢)) ~ H (). From [2, Theorem 1.3],
we know that, under the given hypotheses, we have that Im(¢)) = PPic(G*). Since % is injective,

this implies that there is an exact sequence
0 — H(A) — Im(v) — PPic(G*) — 0. (26)

Next, we observe that upon comparing the exact sequences (5) with A = R® and A = F°¢, we

obtain a commutative diagram of short exact sequences

0 —— COk[Kl(Q[) —>K1(Q[Rc)] E— K()(Ql,Rc) _— ker[Ko(Ql) —>K0(91Rc)] — 0

! | |

0 —— COk[Kl(Q[) —>K1(AFc)] EE— KQ(Q[, FC) — ker[Ko(Ql) — Ko(AFc)] — 0.
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Now, since 2 is commutative, the second and fourth terms of the lower sequence can be identified
with A% /2% and Pic(2A) respectively (cf. the end of Remark 3.3). Further, the image of the natural

composite morphism
Ki1(Ape) — K1(Ape) — cok[K1(A) — Ki(Ape)] & A;‘C/Q{X

is equal to 2A%./2A*. Upon identifying Pic(2A) with Pic(G*) the above diagram implies that there

is an exact sequence
X

L T e (Kol ) — Pie(G).
It is easy to see that this in turn induces an exact sequence
2,
r-Ax
Since Im(vp) C PK((2, R¢) it follows from (26) that the natural map PKy(2, R¢) — PPic(G*)

is surjective. Hence Theorem 6.4 implies that (27) induces an exact sequence

1—

— Ko(2A, R°) — Pic(G). (27)

0 — H(A) — PKo(2, RY) — PPic(G*) — 0. (28)
We now see from (26) and (28) that Im(v)) = PK (2, R°), as asserted. O

6.3. Rings of integers. In this subsection we shall briefly explain how McCulloh’s results on
realisable classes of tame extensions in [24] can be naturally lifted to the corresponding relative
algebraic K-group. Proposition 5.7 implies that such realisability results in the relative algebraic

K-group are related to those of Chase in [14].

Suppose that F' is a number field with ring of integers R. Let G be any finite, constant abelian
group scheme over Spec(R), and set I' := G(F¢). Then in this case, we have G = Spec(8) and
G* = Spec(2l), where

B = Map(T,R), 2 =R[].

Write Gr and G7 for the generic fibres of G and G* respectively. Note that, since Gr is a
constant group scheme over Spec(F), Lemma 6.7 implies that K (2, F°) is canonically isomorphic
to Ko(2A, F°).

Now suppose that 7 : X — Spec(F) is a Gp-torsor, and write L, for its associated line bundle

on G7. Then X = Spec(Cy), where C is Galois algebra extension of F' with Galois group I.

Definition 6.11. We say that 7 is tame if it is trivialised by a tamely ramified extension of F'.
Equivalently, 7 is tame if and only if the extension C/F is tamely ramified.
We write H}(Spec(F),GF) for the subgroup of H'(Spec(F),GF) consisting of isomorphism

classes of tame G p-torsors. O

Let O, denote the integral closure of R in Cy. If 7 is tame, then Noether’s theorem (see e.g.

[20, Chapter I, §3]) implies that O is a locally free, rank one 2-module, and so it yields a line
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bundle on G* which we shall denote by M. Let my : Gp — Spec(F') denote the trivial G p-torsor,
and set
L= Mz Mz
It follows from the definitions that there is a natural isomorphism L£r ®g F ~ L. If we make
this identification, then any choice of splitting isomorphism &, for 7 gives a class [L,, ;&) in

Ko(2, F©). This class is independent of the choice of &;. Hence we obtain a map

W, : H} (Spec(F), Gp) — Ko(2, F°); 7 [Lr, U &4 (29)

If F is a number field, then a representative in Jp(A) x A%, of 9, () may be given exactly as in
the previous section. It may be shown via an argument very similar to that given in Theorem 6.8
that the map 1, is injective. However, in general, 1, is not a group homomorphism (see Remark
6.13 below).

Definition 6.12. We say that an element of Ko(, F¢) is realisable if it lies in the image of ;.
t

The general strategy for describing the set of realisable classes in K(2, F°) is as follows. Let
JiJp(A) x [Af/T] — Ko(2A, F°)

denote the obvious quotient map afforded by (25) (together with Lemma 6.7), and write H(A(A))
for the restricted direct product of the groups H(A,) with respect to the subgroups H(2l,). Then

the obvious natural maps A} — H(A,) induce a homomorphism
rag : J;(A) — H(A(A)).

Suppose that ¢ := ¢y X ¢oo € Jp(A) x [Af. /T satisfies j(c) € Im(2p;). McCulloh shows that the
idele rag(cqyn ) admits a special type of decomposition (see [24, Theorem 5.6]). It is a straightforward
exercise to use the results of [24] to characterise the image of %, in a manner similar to that given

in [24, Theorem 6.7]. We omit the details in order to keep this paper to a reasonable length.

Remarks 6.13. (i) McCulloh has shown that the image of the map obtained by composing ),
with the quotient map Ko(2, F¢) — Pic(G*) is a subgroup of Pic(G*) (see [24, Corollary 6.20]).
On the other hand, by using the description of the image of 1, mentioned above, it may be shown
that in general, Im(),) is not a group. This situation is very similar to that which obtains in the
case of realisable classes in classgroups of sheaves discussed in [4, Remark 2.10(iii)].

(ii) By composing v, with the natural morphism Oy pe : Ko(2, F¢) — AC(2() defined in §4.3,
we obtain a map

Uy : HE(Spec(F), Gr) — AC().

The results of [24] may also be used to give a description of Im(@ﬁt). It follows from Proposition

4.11 that such a description may be viewed as a realisability result for certain metrised 2-modules
(cf. Remark 6.9). O
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