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Last Time

We were in the middle of the proof of Dirichlet’s unit theorem (Theorem
5.18). The setup is as follows.

Let K/Q be a number field of degree n. Let s and 2t be the number of real
and complex embeddings K — C respectively. We defined the logarithmic
embedding

L:K* — R,

We saw that the image of Oy is contained in the hyperplane

s s+t
H = {(51,...,§s+t) ER:Y G+2 ) ao}.
=1

1=s+1

We identified H with R" by

&1y &) — (&1,.-.,&), wherer =s+t—1.

The goal was to show that for any nonzero linear functional

r

f(&) = Zcz’&a

1=1

there exists some u € Oj; such that f does not vanish at L(u). To this end,
we fixed o € R such that

t
o > z ‘dK/Q‘l/Q.
A\

1



For any A = (Aq,...,\) € R, we set ) = (A1,..., A\, Asps) € R¥T where

Asit 1s chosen such that

t s+t
2
[ I % =e
=1 1=s+1

We defined a box
Byo ={(y1, - ¥s; 21, .., 2) € R X C': Vi, lyil < Aiy |zi] < Asti}-
We showed that, by our choice of «,
Vol(By,) = 2'n'a > 25 dg g |2 = 2" Vol(g(Ok)).

Hence, by Blichfeldt, there exists x) € O \ {0} such that g(z)) € B) ., and
we deduced that a '\ < |25 < N\ fori=1,...,s+¢.
The Present ~

Taking logarithm of the last inequality, we get

log \i — loga <log|z¥’| < log ;.

Hence,

0 <logA; —log|z'| < loga. (1)

By the definition of f and L, we have

r

f(L(xy)) =) ciloglaf],

i=1

and thus

r

f(L(zy)) — Zcz- log \;| < Z |ci|(log A; — log |2’

i=1 =1

) <) leilloga,  (2)
=1

where the last inequality is due to (1). We fix any 8 > >, |ci|loga. Note
that the inequalities (1) and (2) hold for any A € R’,.
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Next for each h € N, we can construct a vector

AR) = O (h),... A (h) € RY,

such that

r

> cilog Ai(h) = 2h. (3)

i=1
Then we produce a sequence of nonzero algebraic integers {z ) }72,. By (2)
and (3) (and the choice of 3), we have

|f(L(zxm)) — 28R] < B,
and thus
(2h = 1)B < f(Lzym)) < (h+1)5. (4)
Hence, f(L(xy)))’s are distinct.

On the other hand, we can compute the norm of these integers

t s+t
NK/Q J,’)\ HSL’ < H)\Z(h) H )\Z(h)Q =
i=1 1=s+1

Hence, the sequence of integral ideals {z ) Ok }32, cannot be distinct since
there are only finitely many ideals with norm < a.

We take i # j with x,;Ox = x,;)Ok. Then there exists u € O such
that zy;) = uxy(;). By the definition of L, we have

L(x)\(l-)) = L(u) + L(xg\(j)).

Finally apply the linear functional f to both sides. We get

f(L(zya)) = f(L(u) + f(L(2r5))),

which implies that f(L(u)) # 0 since f(L(zyu))) # f(L(zx;))) by (4). This

finishes the proof of Theorem 5.18 as u is a unlt such that f does not vanish
at L(u). |



Remarks and calculations with units.

(1) Terminology: Let i, ..., u, be a Z-basis of O /uk, the latter being a
free Z-module of rank r = s +¢ — 1 by Dirichlet’s unit theorem. We
call this a system of fundamental units for K. In general this is hard
to determine.

(2) Cyclotomic units: Let p be an odd prime, and ¢ = e2mi/P Let K =
Q(¢ + ¢Y). Then we have a tower of fields.

Q(¢)

)

K

)

Q

2
p—1
2

We know that Q(() is totally imaginary, and it is also easy to see that

K is totally real since all Galois conjugates of ¢ + (! are

. . 1
¢4 ¢ 1:1,...,]’7.

It follows from Dirichlet’s unit theorem that

o p-1
(O N

Hence, the index

Let

i i=1,...,—.

- Ci— (1

Then v; € Of. (To see that v; € Ok, we pick an integer j such that

ij = 1 (mod p), and then v; = U1 U3 ... 4 ¢1-0) ¢ O.
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Similarly we see that v; ! € OF.) Using the theory of L-functions, one
obtains that

(O : <U1,...,'UPQ;1>) < 00,

which is equal to the class number of K. (See Washington, Theorem

8.2.) Finally, by Kummer’s theorem one can show that
O = 16} % O

(3) Find units of infinite order in K = Q(~/5): In this case, s = 1, 2t = 2,
sorxg = 1. Set = /5. Then O = Z[]. (Problem sheet #7.) By

Kummer’s theorem, we know that 3 ramifies in K/Q:
30k =p’,

since 2° —5 = (z+1)? (mod 3). Note that Ng,g(2—0) =3, s0 (2—10)
is a prime lying over 3. Hence, p = (2 —6), and 3 differs by a unit from

(2 —0)% = 3(1 — 40 + 20%).

This implies that 1 — 460 + 26? is a unit. It is not a root of unity, so it
is a unit of infinite order.
(4) Imaginary quadratic fields: In this case s = 0, 2t = 2, so r = 0. We

have

(
6th roots of unity, dxg = —3;
Ok = pg = § 4th roots of unity, dx = —4;

| £1, otherwise.

(5) Real quadratic fields: In this case s = 2, 2t = 0, so r = 1. Hence,

0% = {£1} x (u).



If d # 1 (mod 4), then Ox = Z[V/d]. To find a fundamental unit u, we

write

u:a—l—b\/a,

and we can assume that a,b > 0 by replacing u by +u*! if necessary.
Note that u” = (a + bv/d)" = a, + b,v/d where the sequence {b,} is
strictly increasing. Hence, if u is a unit as above such that b is minimal,

then v must be a fundamental unit.

Example. For K = Q(v/2), we have a unit 1 + /2. Since b = 1 is
clearly minimal, this is a fundamental unit.

6. GALOIS ACTION AND PRIME DECOMPOSITION

Let L/K be a Galois extension of number fields. We consider a prime p of

Ok and a prime B lying over p.
L——%
LI
K ——p
Suppose that
g
pOL = [ [ %
i=1
Recall that the Galois group I acts transitively on 3;’s. (Theorem 4.3.)

Definition 6.1. (1) The decomposition group of B/p in L/K is

Py ={yel: %" =%},

i.e., the stabilizer of 3 in I.
(2) The inertial group of P/p in L/K is

Ty={yel:Vox € Op,2" =2 (mod P)}.
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Alternatively, write Op /B = [ and Ok /p = k. Then reduction modulo P
induces a group homomorphism

p: Iy — Gal(l/k).

More precisely, for v € I'y and @ € Or, we define

jﬂ(’Y) = 7.
This is well-defined since v € I'y. Then

Ty = Ker p < I'y.
Definition 6.2. The decomposition field of B /p in L/K is
Dy = L'»,
i.e., the subfield of L field by the decomposition group I'y.



