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Abstract

We discuss Goodstein’s Theorem, a true finitary statement that can

only be proven by infinitary means. We assume very little knowledge of

logic and provide the necessary background to understand both Good-

stein’s Theorem and, at a high level, how to show that a statement is true

but not provable inside a given set of axioms.

1 Introduction

This article presents Goodstein’s Theorem, a theorem that makes no reference
whatsoever to any notion of infinity, but whose proof must necessarily contain
a reference to infinite sets. We do not give a complete proof that Goodstein’s
Theorem relies inescapably on infinite sets (see [2] for a complete proof), but
rather we sketch the high level approach and try to provide the background to
understand the importance of the result. In the process, we introduce the reader
to some important tools of modern logic—the ordinal numbers, a fundamental
construct used heavily by logicians, and the Wainer Hierarchy of functions, a
classification of the growth rates of functions from N to N.

Less than a century ago, many mathematicians did not accept that a mathe-
matical statement could be unprovable. In his 1931 book Lattice Theory, Garret
Birkoff stated:

[The existence of undecidable propositions] depends . . . on prescrib-
ing all admissible methods of proof . . . [and so] should be viewed
with deep skepticism. [4]

The previous quotation was prompted by Kurt Gödel’s publication of his now
infamous Incompleteness Theorem [9]. In it, he showed that any set of axioms
powerful enough to construct the Natural Numbers could inevitably express
statements that could not be proven from said axioms. But the statements

∗The author would like to extend his sincerest thanks to Andrés Caicedo. His innumerable

suggestions and corrections played a crucial role in the development of this article.
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formulated by Gödel were contrived—coding statements about first-order logic
using the tools of number theory, rather than statements of the kind a number
theorist would be expected to consider—leading to speculation that Gödel’s
Incompleteness Theorem would not have meaningful implications to practical
mathematics [24]. However, in 1977, Paris and Harrington [18] showed that a
very natural variation of Ramsey’s Theorem was true, but not provable from the
axioms of Peano arithmetic (PA), the formal system corresponding to number
theory. Similarly, in 1982, Kirby and Paris [22, 13] showed that Goodstein’s
Theorem, which Goodstein originally proved in 1944, is also unprovable in PA.

In order to rigorously perform mathematics with only finite sets, we need a
formalism that characterizes the universe of finite sets. As we will discuss further
in Section 6, ZFCfin is the set of axioms that comprises standard mathematics
with the Axiom of Infinity (“there exists an infinite set”) replaced with the
axiom “all sets are finite.” ZFCfin captures the intuitive notion of finitary
mathematics, which we reinforce with the following definition.

Definition 1. Finitary mathematics is mathematics that can be carried out
in ZFCfin.

Mathematicians often wish to talk about whether or not an algorithm ex-
ists by which a computer (or very patient person) could compute the value of
a function. Alan Turing formalized this notion of computability by construct-
ing a simple, theoretical “computer” known as a Turing Machine. There is a
significant body of evidence showing that the formal notion of Turing machine
captures the informal notion of a finite algorithm. For a more in-depth discus-
sion about Turing machines and their role in studying algorithms; see [5, 23].

Definition 2. A total function is a function that is defined on every member
of the domain.

Traditionally, total functions and functions are the same thing, but the word
total is used to separate them from partial functions, which are only defined on
part of their domain.

Definition 3. A function (or partial function) h : N
k → N is recursive (or

computable) if and only if there is a Turing machine that, with input an arbitrary
~n ∈ N

k, halts precisely when h(~n) is defined, in which case the machine outputs
h(~n).

Since a (partial) recursive function is the output of a finite algorithm, for a
given set of inputs, we do not know a priori whether or not the algorithm ever
stops, yielding the value of the function on these inputs. In particular, when we
mention that a recursive function f is “provably total,” from certain axioms,
we mean to emphasize that the statement ∀~n∃m(f(~n) = m) (equivalently, “the
Turing machine that calculates f stops on all inputs”) can be proven from the
axioms.

At this stage, it is reasonable to wonder how we can show that a completely
finitary theorem cannot be proven in finitary terms. How can we say with cer-
tainty that no one in the universe is clever enough to circumvent the reference to
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infinity? As we mentioned earlier, the axioms of ZFCfin completely characterize
finite mathematics. However, ZFCfin is not the natural setting for the results of
this article. Instead, we frame our arguments within the axioms of PA, which,
in a strong sense to be made precise in Section 6, prove the same statements
as ZFCfin. In 1952, Georg Kreisel gave an upper bound on the growth rate of
any recursive function that is provably total in PA [14]. Thus, to show that
a theorem is unprovable in PA, we first use the theorem to prove in (PA +
theorem) that some fast-growing recursive function is total. Then, we just need
to show that the fast-growing function grows too quickly for PA. With this in
mind, we now go through the definition of Goodstein Sequences and then build
some of the tools that we need to prove Goodstein’s Theorem and understand
why its proof cannot be completed in PA.

2 Goodstein Sequences

Goodstein sequences were first invented by Rueben Louis Goodstein. He pre-
sented them in his 1944 paper On the Restricted Ordinal Theorem [10], along
with Goodstein’s Theorem, which remarkably claims that every Goodstein se-
quence is eventually zero. In order to define Goodstein Sequences, we must first
begin by recalling the definition of the base b representation of a number.

Definition 4. For b ≥ 2, the base b representation of n ∈ N is

n = c0b
k + c1b

k−1 + · · ·+ ck−1b+ ck

where c0 > 0 and 0 ≤ ci < b for all 0 ≤ i ≤ k. Note that the base b representa-
tion of a number is unique.

Example 1. We compute the base 2 representation of 266:

266 = 28 + 23 + 2.

Definition 5. The complete base b representation of n ∈ N is obtained by
computing the base b representation of n, and then replacing every number m in
the base b representation by its own base b representation, that is, the represen-
tation of m. Repeat this process until all numbers in the current representation
are no larger than b.

Example 2. We continue with the example of 266. The complete base 2 rep-
resentation of 266 is

266 = 28 + 23 + 2 = 223

+ 22+1 + 2 = 222+1

+ 22+1 + 2.

We need one final piece of machinery to define Goodstein Sequences—the
change of base function.

Definition 6. Define the change of base function Rb : N → N to be the
function that takes a natural number n, and then replaces every b with b+ 1 in
the complete base b representation of n.
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Example 3. To illustrate Rb, we calculate R2(266).

R2(266) = R2(2
22+1

+ 22+1 + 2) = 333+1

+ 33+1 + 3.

Note how quickly the sequence Rb(n), Rb+1(Rb(n)), . . . grows—faster than ex-
ponentially for most n. On the other hand, notice that for any n, if b > n,
Rb(n) = n.

Definition 7. The Goodstein Sequence beginning with n, (n)k, is defined
by:

(n)0 = n

(n)1 = R2(n)− 1
(n)2 = R3((n)1)− 1

...

(n)k+1 =

{
Rk+2((n)k)− 1 if (n)k > 0
0 if (n)k = 0.

Example 4. For small n, it is easy to see that (n)k is eventually 0.

(1)0 = 1
(1)1 = R2(1)− 1 = 0

(2)0 = 2
(2)1 = R2(2)− 1 = 3− 1 = 2
(2)2 = R3(2)− 1 = 2− 1 = 1
(2)3 = R4(1)− 1 = 1− 1 = 0

(3)0 = 3
(3)1 = R2(3)− 1 = 3 + 1− 1 = 3
(3)2 = R3(3)− 1 = 3
(3)3 = R4(3)− 1 = 2
(3)4 = R5(2)− 1 = 1
(3)5 = R6(1)− 1 = 0.

However, for n > 3, the convergence is not nearly as quick. As we compute
the first few values of the Goodstein Sequence beginning with 4, pay attention
to the “structure” of b representations—at each stage, subtracting one slowly
chips away at the rightmost tower of exponents in the complete representation
of numbers along the sequence, but no new towers are ever made that are as
large as the ones that are destroyed. This observation is the key to the proof of
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Goodstein’s Theorem.

(4)0 = 4
(4)1 = R2(4)− 1 = 33 − 1 = 26
(4)2 = R3(26)− 1 = 2 · 42 + 2 · 4 + 2− 1 = 41
(4)3 = R4(41)− 1 = 2 · 52 + 2 · 5 + 1− 1 = 60
(4)4 = R5(60)− 1 = 2 · 62 + 2 · 6− 1 = 83
(4)5 = R6(83)− 1 = 2 · 72 + 7 + 5− 1 = 109
(4)6 = R7(109)− 1 = 2 · 82 + 8 + 4− 1 = 139

...

The changes to the structure of the complete base b representation of 266 are
even more evident. Later, we use the ordinal numbers to formalize this concept
of structure change into a proof of Goodstein’s Theorem.

(266)0 = 222+1

+ 22+1 + 2 = 266

(266)1 = 333+1

+ 33+1 + 3− 1 ≈ 4.4× 1038

(266)2 = 444+1

+ 44+1 + 2− 1 ≈ 3.2× 10616

(266)3 = 555+1

+ 55+1 + 1− 1 ≈ 2.5× 1010921

(266)4 = 666+1

+ 66+1 − 1 ≈ 3.5× 10217832

(266)5 = 777+1

+ 5 · 77 + 5 · 75 + 5 · 74+

5 · 73 + 5 · 72 + 5 · 7 + 5− 1 ≈ 1.1× 104871822

(266)6 = 888+1

+ 5 · 88 + 5 · 85 + 5 · 84+

5 · 83 + 5 · 82 + 5 · 8 + 4− 1 ≈ 1.7× 10121210686

...

Another point to note in the previous examples is the number of iterations
that each Goodstein sequence takes before it reaches 0. For the first three
Goodstein sequences, this value is tractable. However, at the fourth it takes a
wild leap upwards. The number of iterations before (266)k = 0 is unfathomably
large.

Definition 8. The Goodstein Function G : N → N is defined to be k + 1
where k is the smallest number for which (n)k = 0.

Example 5. Here are the first few values of the function G:

G(1) = 2
G(2) = 4
G(3) = 6
G(4) = 3 · 2402653211 − 2.

Pay particular attention to the massive jump between G(3) and G(4). As we
mentioned in the introduction, the rate at which the Goodstein Function grows
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will be the key to showing that Goodstein’s Theorem is outside the grasp of
PA. In order to both prove Goodstein’s Theorem and to formalize the notion of
function growth rate, we need to extend the natural numbers to include infinite
numbers. The class of these extended numbers is known as the ordinals.

3 Ordinals

Definition 9. An ordering < on a set X is a well-ordering if and only if for
any non-empty Y ⊂ X , there exists m ∈ Y such that for all y ∈ Y with y 6= m,
m < y (i.e. Y has a least element with respect to <).

Definition 10. Ordered sets (X,>X) and (Y,>Y ) have the same order type if
they are order isomorphic, i.e. there exists an order preserving bijection between
X and Y .

The ordinals can be considered as a transfinite extension of the natural
numbers and were originally introduced by Cantor [3] in 1897 as equivalence
classes of well-ordered sets modulo order type. Later, von Neumann [25] pro-
posed a canonical way of choosing representatives of each equivalence class. This
is how we build the ordinals; we begin by constructing the natural numbers as
sets. First, we define 0 as the empty set and then each integer as the set of all
integers below it:

Definition 11.
0 = ∅
1 = {0} = {∅}
2 = {0, 1} = {∅, {∅}}
3 = {0, 1, 2} = {∅, {∅}, {∅, {∅}}}

...

n = {0, . . . , n− 1}
...

N = {0, 1, . . .}.

Now it is easy to define the ordering on N.

Definition 12. If n, m ∈ N, then say n < m if and only if n ∈ m.

In defining N, we have already implicitly used the notion of the successor of
a natural number. By formalizing this notion, we can easily define the standard
arithmetic operations on N.

Definition 13. The successor of n ∈ N is S(n) = n ∪ {n} = {0, . . . , n}.

In standard arithmetic notation, S(n) is merely n+ 1.

Definition 14. n+m = S . . . S
︸ ︷︷ ︸

m times

(n).
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Note the order of the addition. In this case, apply the successor operation
to n, not to m. Once we jump to infinite numbers, this distinction will be
important because addition will not be commutative.

We make our first steps away from the finite by creating a new number, ω,
which is greater than every natural number. Given our definition of <, there is
a natural way of defining the first such number—the smallest set that contains
every natural number. We then proceed as we did with the natural numbers.
Note that our definition of < as ∈ holds and that our definition of S is naturally
extended to the infinite ordinals.

Definition 15.

ω = {0, 1, . . .}
ω + 1 = S(ω) = {0, 1, . . . , ω}
ω + 2 = S(ω + 1) = {0, 1, . . . , ω, ω + 1}

...

ω + n = S . . . S
︸ ︷︷ ︸

n times

(ω) = {0, 1, . . . , ω, . . . , ω + (n− 1)}

...

ω · 2 = ω + ω = {0, 1, . . . , ω, ω + 1, . . .}.

Pictorially, at this stage, we have two copies of the natural numbers ap-
pended next to each other:

ω · 2 = −−−−−−−
︸ ︷︷ ︸

ω

−−−−−−−
︸ ︷︷ ︸

ω

.

It is clearest to continue extending the ordinal numbers pictorially. Bear in
mind that formally, each ordinal is defined to be the set containing all of the
ordinals that came before it in the construction.

ω · 3 = − −−−−−−
︸ ︷︷ ︸

ω

−−−−−−−
︸ ︷︷ ︸

ω

−−−−−−−
︸ ︷︷ ︸

ω
...

ω · n = − −−−−− −−−−−− · · · − − −−−−
︸ ︷︷ ︸

n times
...

ω2 = ω · ω = −− −−− −−−−− −−−−− · · ·
︸ ︷︷ ︸

ω times
...

ω3 = ω2 · ω = −−− −−− · · ·
︸ ︷︷ ︸

ω times

−−− −−− · · ·
︸ ︷︷ ︸

ω times

· · ·

︸ ︷︷ ︸

ω times
...
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ωn = ωn−1ω
...

ωω = ω · ω · . . .
︸ ︷︷ ︸

ω times
...

ωω2

= ωω · ωω · . . .
︸ ︷︷ ︸

ω times
...

ωωω

= ω · ωω · ωω2

· ωω3

· . . .
...

ω
ω

.
.
.
ω)

n+1 times

= ω

ω
.
.
.
ω
0
9>=>;n times

· ω

ω
.
.
.
ω
1
9>=>;n times

· ω

ω
.
.
.
ω
2
9>=>;n times

· . . .
...

ǫ0 = ω
ω

.
.
.
)

ω times

.

(Note that our intuitive use of the addition and multiplication symbols is
actually the standard use of these symbols as operations on order types. See
[20] for details on how these operations can be formalized.)

From here, we can continue this process to define ǫ0 +1, ǫ0 +n, ǫǫ00 , etc. We
do not explicitly need any ordinals larger than ǫ0 for the purposes of this paper.
However, they are a fundamental tool that is interesting to explore more deeply
for their own sake. We now take a moment to highlight some of the fundamental
properties of the ordinals.

Fact 1 ([25]). Every ordinal, and in general every set of ordinals, is well-
ordered.

In fact, since our definition of ordinals is equivalent to Cantor’s definition
in terms of order types of well-ordered sets, then a stronger result holds: every
well-ordered set is order isomorphic to precisely one ordinal.

Definition 16. An ordinal φ is a limit ordinal (or just a limit) if for any
ordinal ψ < φ, there are infinitely many ordinals τ (equivalently, at least one)
for which ψ < τ < φ.

Definition 17. An ordinal φ is a successor ordinal (or just a successor) if
there exists an ordinal ψ such that φ = S(ψ) = ψ + 1.

The following theorem is immediate from the definitions:

Theorem 2. An ordinal φ is precisely one of the following: 0, a successor, or
a limit.
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A crucial fact is that we can extend induction from N to the ordinals to
obtain transfinite induction. This notion is formalized in the following theorem:

Theorem 3 (Transfinite induction). Let α be an ordinal and P (α) be some
statement. Then if for every α, P (α) follows from the fact that P (β) holds for
every β < α, then P (α) is true for all ordinals α. Formally:

∀α [∀β (β < α→ P (β))→ P (α)] =⇒ ∀αP (α).

Proof. Suppose that the theorem is false, and we have an ordinal α for which
the statement P (α) is false, even though the hypothesis of the theorem holds.
Since the ordinals are well-ordered, there is a least ordinal γ for which P (γ) is
false. However, for all β < γ, P (β) holds (by minimality of γ), and therefore
P (γ) holds as well (by hypothesis), so we have a contradiction.

In practice, since there are precisely three types of ordinals, we prove that
the hypothesis of Theorem 3 holds by proving the following:

1. P (0) is true.

2. If λ is a limit, then P (λ) follows from the assumption that P (β) holds for
all β < λ.

3. P (α + 1) follows from the assumption P (α) holds (or, as in the case of
strong induction on N, from the assumption that P (α) and P (β) hold for
all β < α).

We extensively use transfinite induction in the next section.

Theorem 4. There is no infinite, strictly decreasing sequence of ordinals.

Proof. Otherwise, its range would be a non-empty set of ordinals without a first
element.

4 The Hierarchy of Fast Growing Functions

We also need to develop a classification of the rate of growth of functions on N

in order to explore the boundaries of finitary mathematics. The hierarchy that
we present here is due to Stanley Wainer and M. Löb [22], [26]. The zeroth
and first levels of the hierarchy will be functions that increase linearly. From
there, we repeatedly apply the linear functions to themselves to obtain expo-
nential functions, then towers of exponents, next towers of towers of . . . towers
of exponents, and we blast off from there.

Definition 18. The nth-iteration of a function h is hn = h ◦ · · · ◦ h
︸ ︷︷ ︸

n times

where ◦

denotes function composition.
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Example 6.

f0(n) = n+ 1
f1(n) = fn

0 (n) = fn−1
0 (n+ 1) = fn−2

0 (n+ 1 + 1) = · · · = 2n
f2(n) = fn

1 (n) = 2n · n > 2n

f3(n) = fn
2 (n) > 2

2
.
.
.
2n9=;n times

f4(n) = fn
3 (n) > fn−1

3

(

2
2

.
.
.
2n9=;n times)

...

fm+1(n) = fn
m(n)

...

fω(n) = fn(n)
fω+1(n) = fn

ω (n)
...

To formally define the hierarchy for limit ordinal subscripts, we need to
define a representation of the ordinals that is due to Cantor.

Definition 19. For an ordinal α < ǫ0, the Cantor Normal Form (CNF) of
α is the base ω representation of the ordinal. Explicitly, it is

α = ωβ0 · n0 + ωβ1 · n1 + · · ·+ ωβk · nk

where α > β0 > β1 > · · · > βk are ordinals and each ni ∈ N, ni > 0.

Fact 5. The Cantor Normal Form of an ordinal is unique.

Fact 6. An ordinal α is a limit if and only if βk > 0.

Corollary 7 ([12]). For every ordinal 0 < α < ǫ0, there is a unique β < α such
that α = ωδ(β + 1), where δ is βk from the CNF of α.

Definition 20. For a limit ordinal α < ǫ0 with α = ωγ(β + 1), we define the
increasing sequence di[α]→ α by induction.

di[ω
γ(β + 1)] = ωδ+1 · β + ωδ · i if γ = δ + 1,

di[ω
λ(β + 1)] = ωλ · β + ωdi[λ] if γ = λ is a limit,

di[ǫ0] = ω
ω

.
.
.
ω)

i times

.

Now we can define fα concretely by transfinite induction.

Definition 21. For α ≤ ǫ0

f0(n) = n+ 1,
fα+1(n) = fα ◦ · · · ◦ fα

︸ ︷︷ ︸

n times

(n) = fn
α (n),

fα(n) = fdn[α](n) if α is a limit.
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Definition 22. If f , g : N→ N, then f dominates g if there exists an N ∈ N

such that for all n > N , f(n) > g(n).

Fact 8. Function domination is a transitive relation.

Theorem 9. For ordinals α, β, if α > β, then fα dominates fβ.

To rigorously prove Theorem 9, one defines decreasing “walks” (finite se-
quences) from an ordinal α to β < α in terms of the canonical sequences dn

and then uses properties of these walks to place lower bounds on the growth of
fα. Our presentation is a cursory sketch of the complete (and very readable)
proof of Ketonen-Solovay [12]. We omit the proofs of many of the intermediate
theorems and lemmas, but include enough to see the typical methods used. We
first define the walks from a larger ordinal to a smaller.

Previously, we defined dn[α] only when α was a limit. We now trivially
extend this to successor α.

Definition 23. For an ordinal α = β + 1, dn[α] = β.

Definition 24. Let α < β ≤ ǫ0. Then β →
n
α if for some sequence of ordinals

γ0, . . . , γr we have γ0 = β, γi+1 = dn[γi], for 0 ≤ i < r, and γr = α.

Fact 10. →
n

is transitive.

Theorem 11. Let λ ≤ ǫ0 be a limit. Let i < j ∈ N. Then dj [λ]→
1
di[λ].

Proof. See [12], Theorem 2.4.

Corollary 12. Let β < α ≤ ǫ0 and n > i. If α→
i
β, then α→

n
β.

Proof. We induct on α. By transitivity of →
n

we may assume without loss of

generality that α is a limit ordinal and β = di[α]. Then by Theorem 11, dn[α]→
1

di[α] = β. Since dn[α] < α, then by the induction hypothesis, dn[α]→
n
β. Thus,

by Fact 10, α→
n
β.

The following theorem can be proven by induction. Interestingly, it is easier
to prove each part of the following proposition simultaneously via induction
than to prove each one separately.

Theorem 13. Let α ≤ ǫ0.

1. fα(n) > n.

2. If n > m, then fα(n) > fα(m).

3. If α = β + 1, then fα(n) ≥ fβ(n) with strict inequality if n > 1.

4. If α→
n
β, then fα(n) ≥ fβ(n).
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Proof. See [12], Proposition 2.5.

Lemma 14. Let α > β. Then there is an n such that α→
n
β.

Proof. We induct on α. The theorem is vacuous when α = 0 and is easily
reduced to the limit case by transitivity when α is a successor. Suppose α is a
limit. Since di[α] → α as i → ∞, then there is an n1 so large that dn1

[α] > β.
Thus, by the induction hypothesis, there is an n2 such that dn1

[α] →
n2

β. By

Corollary 12 and transitivity, if we choose n = max {n1, n2}, α→
n
β.

Lemma 15. Let n > 0 and α→
n
β. Then if α > β + 1, α →

n+1
β + 1.

Proof. See [12], Lemma 2.6.2.

Lemma 16. Let α > β and α→
n
β. Then if m > n, fα(m) > fβ(m).

Proof. We again induct on α. The α = 0 case is vacuous. By Lemma 14 and
parts (2), (3) of Theorem 13, we know that for m > n, fα+1(m) > fα(m), so it
suffices to consider the case when α is a limit. By Lemma 15, α→

m
β + 1, so by

part (4) of Theorem 13, fα(m) ≥ fβ+1(m) > fβ(m), where the last inequality
holds by the induction hypothesis (or by part (3) of Theorem 13).

Proof of Theorem 9. By Lemma 14, there is an n such that α →
n
β. Thus, by

Lemma 16, for all m > n, fα(m) > fβ(m), which is to say that fα dominates
fβ.

Using this hierarchy, along with one more useful definition, we can describe
very simply the values of the Goodstein Function G. This elegant description
was discovered very recently by Andrés Caicedo and has not yet been published.

Definition 25. For b ≥ 2, the ω-change of base function, Rω
b (n) is the

ordinal that results from taking the complete base b representation of n and
replacing every occurrence of b with ω. This will yield an ordinal written in the
CNF.

Theorem 17. Suppose n = 2m1 + 2m2 + · · ·+ 2mk−1 + 2mk where m1 > m2 >

... > mk−1 > mk. Let αi = Rω
2 (mi). Then

G(n) = fα1
(fα2

(...(fαk
(3))...)) − 2.

Example 7.

G(1) = f0(3)− 2 since 1 = 20

G(2) = f1(3)− 2 since 2 = 21

G(3) = f1(f0(3))− 2 since 3 = 21 + 20

G(4) = fω(3)− 2 since 4 = 22

G(5) = fω(f0(3))− 2 since 4 = 22 + 20.
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Likewise,
G(266) = fωω+1(fω+1(f1(3)))− 2

because
266 = 222+1

+ 22+1 + 2 = 222+1

+ 22+1 + 21.

It is important to realize that all of the functions fα that we have defined
so far are recursive functions from N to N, as for each of them there is an easy
algorithm to compute their values, following α down to smaller ordinals using the
sequence di[α]. Even though we have employed transfinite induction on infinite
ordinals in classifying the functions, a Turing Machine set to compute any value
of any of the functions would eventually (given inexhaustible resources) complete
its task in a finite amount of time.

We could continue to define recursive fα for α > ǫ0 as long as we have
a well-defined, recursive method for choosing the sequence di[α]. This opens
the door to the topic of ordinal notations. (For a primer on the subject, see
[17].) Eventually, it must become impossible to choose di[α] in a recursive
fashion because there are only countably many recursive functions while there
are ordinals of all cardinalities.

Thus, there are only countably many “recursive ordinals.” The first non-
recursive ordinal is denoted ωCK

1 (CK for Church-Kleene; see [21]). The question
of how far the hierarchy can be defined (below ωCK

1 of course) before Theorem
9 fails is very much open.

While defining recursive functions in terms of Turing Machines captures
the intuitive notion of algorithmically computable, we can define the class of
recursive (partial) functions more explicitly using induction.

Definition 26. A (partial) function h : N
k → N is order 0 recursive if it is

one of the following:

1. the constant 0 function,

2. the successor function S : N→ N, S(n) = n+ 1,

3. any of the projection functions pi : N
k → N, pi(n1, . . . , nk) = ni.

A (partial) function h : N
k → N is order n + 1 recursive if it can be

formed from order at-most-n recursive functions by applying one of the following
operations:

1. (composition) h(~n) = f(g1(n1), . . . , gk(nk)),

2. (primitive recursion) h(n, 0) = f(n), h(n+ 1,m) = g(n,m, h(n,m)),

3. (µ operator) µm(f(m,~n) = “least m for which g(m,~n) = 0”).

A (partial) function h : N
k → N is recursive if it is order n recursive for

some n ∈ N.
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This definition of recursive functions is equivalent to the definition in terms of
Turing Machines [5]. The key is that this definition provides a means for induct-
ing over the recursive functions, which leads to the next theorem that combines
results of Gödel [9] and the Davis-Putnam-Robinson-Matiyasevich theorem on
the unsolvability of Hilbert’s tenth problem.

Theorem 18 ([11]). A (partial) function h : N
k → N is recursive if and only

if its graph {(~a, b) : h(~a) = b} is definable in the language of arithmetic (as
described in Section 6) by a formula of the form ∃xφ(x), where φ(x) is quantifier
free.

This theorem lets us assign to every recursive function h, a formula φh(~x, y)
that describes the behavior of the function. In particular, it has the following
properties (where T ⊢ φ denotes that the formula φ is formally provable from
the axioms of theory T ):

1. For all ~n ∈ N
k and m ∈ N, h(~n) = m ⇐⇒ PA ⊢ φh(~n,m).

2. For all ~n ∈ N
k and m ∈ N, PA ⊢ φh(~n,m) or PA ⊢ ¬φh(~n,m).

3. PA ⊢ ∀~x, y, z φh(~x, y) ∧ φh(~x, z)→ y = z.

Note that property (3) does not mean that h is total, but only that h is at least
a partial function. Also, note that the quantifiers in property (2) are not part
of the formulas. To say that PA proves that the recursive function h is total
means that

PA ⊢ ∀~x∃y φh(~x, y).

If PA proves that a recursive function h is total, then we can make a strong
statement about the growth rate of h.

Theorem 19 (Kreisel [14]). If a recursive f : N → N is provably total in PA,
then fα dominates f for some ordinal α < ǫ0.

The following theorems are not particularly relevant for this paper but are
important facts about the Wainer Hierarchy.

Definition 27. The class of primitive recursive functions is the subclass of
the recursive (partial) functions that can be constructed without using the µ
operator. Notice that all primitive recursive functions are total.

In [11], it is shown that all primitive recursive functions are provably total
in PA. One can also see there the following strengthening of Theorem 19:

Fact 20 ([11]). If h : N→ N is primitive recursive, then it is dominated by fn

for some finite n.

Fact 21 ([11]). The Ackermann function grows on the order of fω.
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5 Goodstein’s Theorem

Theorem 22 (Goodstein [10]). For every n ∈ N there is a K ∈ N, such that
for all k ≥ K, (n)k = 0.

We immediately depart the finite world of PA by taking advantage of the
infinite ordinals. The general method of the proof will be to define for each
n, a decreasing sequence of ordinals that bounds (n)k from above. We do this
by taking the complete base b representation at each stage of the Goodstein
Sequence and replacing all of the b’s by ω. The idea is that by always using a
base that is larger than any natural number, the change of base operation will
have no effect, but subtracting one will still eventually drive this sequence to 0.

Proof of Theorem 22. We define a decreasing, companion sequence of ordinals
that bounds (n)k from above. Fix an n ∈ N. For k ∈ N, let (n)′k = Rω

k+2((n)k).
Clearly, (n)′k ≥ (n)k (i.e. (n)′k bounds (n)k from above), so it simply remains
to show that (n)′k is decreasing. If (nk)′ > 0, then so is (n)k, and (n)′k+1 =
Rω

k+3((n)k+1) = Rω
k+3(Rk+2((n)k) − 1) < Rω

k+3(Rk+2((n)k)) = Rω
k+2((n)k) =

(n)′k. Hence, (n)′k is strictly decreasing, unless (n)′k = 0, in which case (n)′
k

= 0

for all k > k. Since there is no infinite, strictly decreasing sequence of ordinals,
then (n)′k is eventually 0. Finally, since (n)′k bounds (n)k from above, then (n)k

also must eventually decrease to 0.

Example 8. To illustrate the argument used to prove Goodstein’s Theorem,
we calculate some of the values of the companion sequence for n = 266. Notice
that the change of base operation has no effect on the companion sequence,
but that the perpetual subtraction of one in the Goodstein Sequence causes the
companion sequence to strictly decrease.

(266)′0 = ωωω+1

+ ωω+1 + ω

(266)′1 = ωωω+1

+ ωω+1 + 2

(266)′2 = ωωω+1

+ ωω+1 + 1

(266)′3 = ωωω+1

+ ωω+1

(266)′4 = Rω
6 (666+1

+ 66+1 − 1) = ωωω+1

+ ωω · 5 + ω5 · 5 + · · ·+ ω · 5 + 5

(266)′5 = ωωω+1

+ ωω · 5 + ω5 · 5 + · · ·+ ω · 5 + 4

(266)′6 = ωωω+1

+ ωω · 5 + ω5 · 5 + · · ·+ ω · 5 + 3
...

Corollary 23. The Goodstein function, G, is recursive. In particular, it is a
total function from N to N.

Proof. Since we have a proof that every Goodstein Sequence will eventually
reach 0, then for any n, we can set a Turing Machine to compute the Goodstein
Sequence (n)k until it reaches 0, and then report the firstK+1 for which (n)K =
0 (i.e. G(n) = K + 1). Note that this corollary is derived from Goodstein’s
Theorem by entirely finitary means.
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Theorem 24 (Kirby-Paris [22]). The Goodstein function, G grows on the order
of fǫ0 .

Corollary 25. Goodstein’s Theorem is not provable in PA.

Proof. Assume that Goodstein’s Theorem is provable in PA. Then by the proof
of Corollary 23, G is provably total in PA. However, Kreisel’s Theorem 19 then
implies that G is dominated by fα for some α < ǫ0. This contradicts Theorem
24. Therefore, Goodstein’s Theorem is not provable in PA.

Interestingly, even though PA does not prove that G is total, by Corollary
23, we know that for every n ∈ N there is a straightforward, albeit exceedingly
long, proof in PA that G(n) exists—simply compute all of the nonzero terms of
the Goodstein Sequence and count all of them. Thus, for any n,

PA ⊢ ∃m(G(n) = m),

but
PA 6⊢ ∀n∃m(G(n) = m).

This concisely illustrates the limitations of PA and the need for more powerful
axiomatic systems. We know that a statement is true, but we cannot prove it
inside PA; therefore we need a stronger system. These limitations are not unique
to PA, however. Friedman has discovered examples of natural, unprovable, true
statements in much more powerful systems such as ZFC [6].

It is interesting to consider precisely where in the proof of Goodstein’s The-
orem we step beyond the boundaries of PA. It is not, a priori, obvious that we
cannot formalize the towers of ω’s within PA. As we mentioned previously, the
ordinals can be defined as the order types of well-ordered sets. Since all of the
ordinals in our discussion (including ǫ0) are countable, then to define any of
them in PA, we simply define a new ordering of N. In particular, any ordering
that can be defined as a recursive binary relation (which includes the order type
of ǫ0) can be defined in PA. However, the key property used in the proof of
Goodstein’s Theorem was that any ordinal is well-ordered, so to formalize the
proof of Goodstein’s Theorem in PA, we would need a proof in PA that every
ordinal below ǫ0 is well-ordered, or, equivalently, a proof that ǫ0 is well-ordered,
but such a proof does not exist.

One can consider the equivalent problem of formalizing transfinite induction
within PA. Gerhard Gentzen [7, 8] showed that for any α < ǫ0, transfinite
induction of length α is formalizable in PA, but that transfinite induction of
length ǫ0 is not formalizable. This leads to another uniform way (due to Kirby
and Paris [13]) to prove, for a fixed n, that (n)k is eventually 0 (other than
merely computing the sequence)—prove that the largest tower of ω’s in (n)′0 is
well-ordered, and then proceed with the proof that we gave above. We can thus
pinpoint ǫ0 as the limit of PA in the sense that ǫ0 is the first ordinal that PA
cannot prove to be well-ordered.
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6 PA’s Relation to Finitary Mathematics

The statement that PA coincides with finitary mathematics deserves a bit more
explanation. The reader has probably heard of the Zermelo-Frankel (ZF) axioms
of set theory. Along with the Axiom of Choice (ZF with Choice is denoted ZFC),
these axioms provide the foundation for standard mathematics. Of the nine ZFC
axioms, most of them are concerned with building new sets from existing ones.
An exception is the Axiom of Infinity, which posits the existence of an infinite
set.

Definition 28. ZF is the (first-order) theory in the language {∈} given by the
following 8 (families of) axioms:

1. (Extensionality): Sets with the same elements are equal.

∀x∀y (∀z (z ∈ x↔ z ∈ y)↔ x = y).

2. (Pairing): For any x and y, {x, y} exists.

∀x, y∃z (∀w (w ∈ z ↔ (w = x ∨w = y))).

3. (Comprehension): For each property P and set x, there is a set consisting
of precisely the elements of x with the property P . Formally: For each
formula ϕ(w, ~y):

∀~y∀x∃z∀w (w ∈ z ↔ (w ∈ x ∧ ϕ(w, ~y))).

From the axioms of first order logic one can prove the existence of sets.
Using comprehension (with P (x) any false property, like x 6= x) there is a
set with no elements. Using extensionality, this set is unique (the empty
set), and we denote it ∅.

4. (Union): For any family X ,
⋃

y∈X y exists:

∀x∃y∀z (z ∈ y ↔ ∃w (w ∈ x ∧ z ∈ w)).

5. (Power set): For any x, the set P (x) of all subsets of x exists.

∀x∃y∀z (z ∈ y ↔ ∀w (w ∈ z → w ∈ x)).

6. (Foundation): Every nonempty set S has an ∈-minimal element: a z ∈ S
such that z ∩ S = ∅. It is perhaps better to state this axiom as saying
that a version of induction over sets holds: For any formula φ(z, ~w):

∀~w (∀x ((∀y ∈ xφ(y, ~w))→ φ(x, ~w)) −→ ∀xφ(x, ~w)).
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7. (Replacement): If F is a function, then for any x,

F [x] = {F (y) : y ∈ x}

exists: Formally, for each formula ϕ(~x, z, ~y):

∀~y ( ∀~x∃=1z ϕ(~x, z, ~y) −→
∀w∃v∀u (u ∈ v ←→
∃x0, . . . , xn−1 (

∧

i<n xi ∈ w ∧ ϕ(~x, u, ~y))) ).

8. (Infinite) : There is an infinite set. Specifically, we require that there is a
set from which ω can be constructed.

∃w (∅ ∈ w ∧ ∀y ∈ w (y ∪ {y} ∈ w)).

We can go on to define ordered pairs: (a, b) = {{a}, {a, b}} and then proceed
to define functions and relations as sets of ordered pairs. We can also formally
define the natural numbers (as we did in section 3) and then define a set to be
finite if and only if it is in bijection with a natural number.

ZFC, the standard formal framework for modern mathematics, is the ZF
axioms together with the Axiom of Choice, which asserts that if X is a set of
nonempty sets, then there is a function f (called a choice function) that takes
each x ∈ X to an element of x, i.e. f(x) ∈ x.

Obviously, with the Axiom of Infinity, ZFC extends well beyond finitary
mathematics. We can easily remedy this situation by replacing the Axiom of
Infinity with a new axiom, the Axiom of Finite Sets. This new set of axioms is
the natural interpretation of the phrase “finitary mathematics.”

Definition 29. ZFCfin is the list of ZFC axioms with the Axiom of Infinity
replaced by the axiom “there are no limit ordinals.” From this, one can show
that all sets are finite as defined above.

We should note that it is not necessary to include the Axiom of Choice in
ZFCfin since it can be proven from the “ZFfin” axioms. We include it as an
axiom to simplify our presentation.

We can define the standard model of ZFCfin by starting with the empty
set and using the power set operation to construct the universe of all finite sets.

Definition 30.
V0 = ∅
V1 = {∅}

...

Vn+1 = P (Vn)
...

A straightforward induction shows that each Vn is transitive and the sequence
is increasing, i.e., for each n, every element of Vn is a subset of Vn, and Vn ∈ Vn+1.
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Definition 31. The hereditarily finite sets are the members of

HF =
⋃

n∈N

Vn.

(HF,∈) satisfies ZFCfin (in symbols, HF |= ZFCfin). This is what we mean
by finitary mathematics. One can prove in ZFCfin that sets are precisely the
members of HF . Note that when we built the finite ordinals, we were working
inside (HF,∈). However, ZFCfin is not a very convenient setting for dealing with
fast-growing functions; PA is much more natural. Formally, the language of PA
is {0, S,+,×} where S is the successor function S(n) = n+1. In this language it
is convenient to build functions by iterations of addition and multiplication, so
PA is a natural setting for proving independence theorems such as Goodstein’s
Theorem.

Definition 32. PA is the theory in the language {0, S,+,×} given by the
axioms:

1. ∀x (Sx 6= 0).

2. ∀x, y (Sx = Sy → x = y).

3. ∀x (x + 0 = x).

4. ∀x, y (x+ Sy = S(x+ y)).

5. ∀x (x × 0 = 0).

6. ∀x, y(x × Sy = (x× y) + x).

7. (Induction): For each formula ϕ(x, ~y):

∀~y ((ϕ(0, ~y) ∧ ∀x (ϕ(x, ~y)→ ϕ(Sx, ~y)))→ ∀xϕ(x, ~y)).

Fortunately PA and ZFCfin are biinterpretable, which among other things
means that any statement provable in ZFCfin is also provable in PA and vice
versa. More specifically, we can define a translation t of the symbol ∈ into
the language of PA. The translation consists of an arithmetic formula B(x, y),
and we translate an arbitrary formula ϕ about sets into an arithmetic formula
ϕt by replacing each instance of x ∈ y in ϕ with B(x, y). This translation is
defined so that for any ZFCfin axiom ϕ, its translation, ϕt, is a theorem of PA.
Similarly, for every symbol in the language of PA, we define a translation t′ into
the language of ZFCfin so that if ψ is an axiom of PA, then ψt′ is a theorem
of ZFCfin. These translations have the property that if ϕ is any formula in the
language of ZFCfin, then

ZFCfin ⊢ ϕ↔ (ϕt)t′

and if ψ is any formula in the language of PA, then
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PA ⊢ ψ ↔ (ψt′)t.

Alternatively, we can phrase the translations in terms of models of PA and
ZFCfin. IfM |= ZFCfin and N |= PA, to each we respectively assign PM |= PA
(defined in terms of t) and ZN |= ZFCfin (defined in terms of t′) that have the
property that

ZPM
∼=M and PZN

∼= N .

Thus, ZFCfin and PA are just two different means of expressing (and proving)
the same statements.

We briefly demonstrate how to define the standard models HF and ω within
each other. Given the model HF that we defined above, it is easy to define ω
because we have already defined the ordinals inside HF . Thus, we just define
+ and × to be ordinal addition and ordinal multiplication, and we are done.
Defining ZFCfin inside PA is trickier, but not difficult.

Definition 33. Let E be the binary relation on N× N defined by nEm if and
only if there is a 1 in the nth place from the right of the binary representation
of m.

Example 9. The binary representation of 21 is 10101, so 0E21, 2E21, and
4E21 while ¬1E21.

Theorem 26. (ω, E) ∼= (HF, ∈).

Proof. For each n, we construct via induction an isomorphism φn between (|Vn|,
E) and (Vn, ∈) so that φn+1 extends φn . For n = 0, φ0 = ∅ is the (trivial) empty
isomorphism. Suppose we have constructed isomorphisms up to φn. Notice that
|Vn+1| = 2|Vn|, so if m < 2|Vn|, then the base 2 representation of m is the sum of
powers 2k where k < |Vn|, namely, precisely those k such that kEm. Therefore,
by the induction hypothesis, each φn(k) is defined, so set

φn+1(m) = {φn(k) : kEm}.

To see that φn+1 is a bijection, notice that any x ∈ Vn+1 is a subset of Vn,
so x = {x1, . . . , xk} where each xi ∈ Vn; thus, by the induction hypothesis,
each xi = φn(mi) for mi < |Vn|. Without loss of generality, suppose that
mk > · · · > m1. Thus, φn+1(2

mk + · · ·+ 2m1) = x since 2mk + · · ·+ 2m1 is the
base 2 representation of a number less than |Vn+1|. Thus, φn+1 is a bijection.
We constructed it in such a way that it is in fact an isomorphism, and that φn+1

extends φn follows from extensionality and the fact that the base 2 expansion
of each number is unique. Therefore, φ : ω → HF defined by φ(n) = φn+1(n)
is an isomorphism.

This defines HF inside ω. These arguments can be generalized to work
for nonstandard models of PA and ZFCfin and can be formalized within PA
and ZFCfin, thus proving their biinterpretability. These arguments have their
origin in work of Ackermann [1]; see [19] for a historical discussion of their
development. See [15, 16] for an extensive justification that ZFCfin, and thusly
PA, formally satisfies our intuitive notion of finitary mathematics.
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