MATH 231A: LECTURE 7
FEBRUARY 6, 2024
SCRIBE: BENJAMIN CHUNG

1. REPRESENTATIONS OF sl5(C)

Recall that the Lie algebra sly(C) of SLy(C) consists of the 2x2 complex
matrices with trace zero. Last time, we singled out the basis of sly(C)

given by the three matrices

0 1 00 1 0
X = : Y = : H = :
00 10 0 -1
which satisfy the commutation relations

[H,X]=2X, [HY]=-2Y, [X,Y]=H.

We used this basis to classify the irreducible representations of sly(C)
up to isomorphism. As for representations that are not necessarily irre-

ducible, we have the following result.

Theorem 1.1. Suppose 7 : slo(C) — gl(V') is any finite-dimensional
representation, not necessarily irreducible. With X,Y, and H as above,
the following hold:

(1) Every eigenvalue of m(H) is an integer.
(2) m(X) and w(Y') are nilpotent.
(3) Define S e GL(V) by

Then
St(H)S™' = -n(H).
(4) If k is an eigenvalue of w(H), then so are —|k|,—|k|+2,--- |k| - 2, |k|.

Proof.



(1) This follows from the arguments given in the final theorem last lec-
ture, but we shall repeat them for completeness. Let v be an eigen-
vector of w(H) with eigenvalue a. By the lemma from last lecture,

we have

T(H)n(X)v = (a+2)7(X)v,
r(H)n(Y)v = (a-2)7(Y)v,

so by induction, for all k € N,

m(H)m(X) v = (o + 2k) 7 (X)*v, (1.1)
7(H)m(Y)kv = (o = 2k) 7w (Y )*. (1.2)

Thus, 7(X)*v is an eigenvector of 7(H) with eigenvalue « + 2k; but
m(H) has only finitely many eigenvalues, so there must be some
positive integer N such that 7(X)Yv # 0, but 7(X)¥*tv = 0. Let
vp = m(X)Nv and A = a + 2N, so that vy is an eigenvector of 7w(H)

with eigenvalue A, and let
_ k
v = (YY) .

By (1.2), vy is an eigenvalue of w(H) with eigenvector A — 2k, and by
similar reasoning there is a nonnegative integer m such that v, # 0
and v,,+1 = 0.

Now, from last lecture, we have the relation
T(X)vp =k(A=(k-1))vi_1
for all k£ € N. Therefore,
0=7(X)vme1 = (m+1)(A=m)vy,,

but v, and m + 1 are nonzero, so A = m. This means that \ is an

integer, so a= A — 2N is also an integer.
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(2) We first claim that
(n(H) - (a+2))in(X) =a(X)(7(H) - al)" (1.3)

for all @ € C and all £ € N. The proof will be by induction on k.
Indeed, since [H, X ] =2X, and Lie algebra homomorphisms preserve
Lie brackets, we have [7(H),n(X)] = 27(X), and therefore

T(H)n(X) =n(X)n(H) + 27 (X). (1.4)
Subtracting (a + 2)w(X) from both sides gives
(m(H) = (a+2))7(X) = 7(X)(7(H) - al),

which proves the base case k = 1. Now suppose m > 1, and that (1.3)
has been established for £ =m — 1, so that

(7(H) - (a+2)1)"7(X) = 7(X)(x(H) - al)™".
Then multiplying both sides by 7(H) - al on the right gives
(n(H) = (a+2))" 'n(X)(n(H) - al) = 7 (X)(r(H) - al)™,
and applying (1.4) on the left-hand side gives
(n(H) = (a+2))" N7 (H)7(X) - (a+2)7(X)) = 7(X)(7(H) - al)™,

which when simplified establishes (1.3) for & = m. Thus, by induction,
(1.3) holds for all natural numbers k.

We continue with the proof of Point (2). Since the base field is C,
which is algebraically closed, V has a basis of generalized eigenvectors

for m(H). If v is a generalized eigenvector for w(H) with eigenvalue
A, then

(m(H)-X)"v=0
for some nonnegative integer m, so by (1.3),

(r(H) = A+ 2) )" (X =0



Thus, either w(X)v = 0, or w(X)v is a generalized eigenvector of
w(H) with eigenvalue A +2. Then by induction, for each nonnegative
integer k, either m(X)*v =0, or m(X )"v is a generalized eigenvector of
m(H) with eigenvector A+2k. As w(H) has only finitely many eigen-
values, there must eventually be some N, € N such that 7(X)Mwv = 0.

Thus, for each generalized eigenvector u, there is an N, € N such
that w(X)New = 0. Taking {uq,--,u,} to be a basis for V' of general-

ized eigenvectors of 7w(H ), we then have
7.[.()()max{Nul,...7Nun} — O,

so m(X) is nilpotent. A similar argument using the commutation

relation [H,Y | = -2Y shows that 7(Y") is also nilpotent.

(3) By the proposition from last time, we have

STF(H)S_I _ e?T(X)6—7T(Y)eﬂ'(X)ﬂ.(H)G—W(X)GW(Y)G—TF(X)
= Adeﬂ(x) o Ade_w(y) o Adeﬂ(X) (W(H))
= 2dn0) 0 e2dn() 0 20 (7(H)). (1.5)

To evaluate (1.5), we first compute

adr(x) (m(X)) = [7(X), 7(X)]

-0,
ad,(x)(m(Y)) = [7(X), (V)]

=m(H),
ad(x)(m(H)) = [7(X),7(H)]

=-271(X).

whence
* 1
=0 (w(H)) = kz(:) T adl x(m(H))

=m(H) -2n(X).
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Continuing, we compute

ad_y) (7(X)) = [-(Y ), 7( X))

=m(H),
ad_r(v)(m(Y)) = [-7(Y), (V)]
=0,
ad_r(v)(n(H)) = [-7(Y),n(H)]
= _QW(Y)7

50 o o) ((H)) = e2+07 (r(H) - 2m(Y)
- (r(H) - 27(Y)) =2 (7(X) + 7(H) + 5 (-22(V))
~ —r(H) - 2(X).
Finally, then, (1.5) gives

Sr(H)S™ = e™e00 (< (H) - 27( X))
= —(m(H) - 27 (X)) - 2(x(X))
= _W(H)u

as desired.

(4) We continue to use the notation introduced in the proof of Point (1).
Suppose « is an eigenvalue of w(H) with corresponding eigenvector
v, and first suppose that a > 0. Since we showed at the end of the
proof of Point (1) that A =m, it follows that vy, v1,--+, v\ are nonzero,
with corresponding eigenvalues « + 2N, «, -+, —a, —(a + 2N).  This
establishes (4) in the case that @ > 0. On the other hand, suppose
a<0. As —m(H)S = Sm(H) by Point (3), we have

—m(H)Sv =S7(H)v = aSv,
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so Sv is an eigenvector of w(H) with eigenvalue —a. Thus, the pre-

ceding argument goes through with o replaced with —a.

]

2. THE SPECIAL LINEAR LIE ALGEBRA
In general, we have
s0,(C) ={X € M,,(C) | tr(X) =0}.

This will serve as our prototypical example of a Lie algebra, and we shall
use it to illustrate many of our definitions. If X € sl,(C) and A € gl,,(C),
then

tr([X,A]) =tr(XA-AX) =0.
Hence, [ X, A] € s1,,(C). This means that sl,,(C) is a (proper, nontrivial)
ideal in gl,(C), so gl,(C) is not simple. In contrast,

Proposition 2.1. s1,(C) is simple for n > 2.

Proof. Suppose that € is a nonzero ideal of s(,(C). Write E;; for the
elementary matrix with 1 in position (4, 7) and zeroes elsewhere.

For any matrix B, we compute

( by )

)

bi—1
(B, Eij] = =bj1 - =bjja bii=bjj bjja o —bjn |,

bi+1,i

\ bni /
where the shown column occupies column 7, the shown row occupies row
¢, and any unoccupied entry is zero.

In terms of components,

[B, Eijlie = (BEij)re — (EijB)ie
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> (Bem(Eij)me = (Eij)kmBme)

m

Z (Bkm(siméjé - 5ik5ijm€)

n
=1
n
m=1
i

=B zéjE_ijdik- (2.1)

With these in hand, we wish to show that ¢ = sl,,(C). We break the proof
into three steps.

Step 1. In this step, we show that £ must contain at least one non-
diagonal matrix (this is where we use the fact that n > 2). Indeed, if
a nonzero A € t is diagonal, then its diagonal entries cannot all be the

same, as the trace of A must be zero. Say A;; # A;; for some 7 # j. Then
by (2.2),

[A, Eijlie = Aridje — Ajedig,

whose (7, j)-entry is A;; — Aj; # 0, so [A, E;;] is not diagonal. Moreover,
[A, Eij] € &, since Ej; € s[,(C). This shows that € has at least one non-
diagonal matrix.

Step 2. We claim that £ must contain at least one of the Ej;s. To
show this, let A € £ be the non-diagonal matrix guaranteed from Step 1.

Say A;; # 0 for some ¢ # j. From (2.1), we compute

[[A, Ejil, Ejilee = [A, Ejilki0i — [A, Ejiliedjn
= (Ak;0ij — Aijdji)dic — (Aijdie — Aiedji) O
= —2A;50;10i¢
= —2A;;Ey;,
and therefore
[[A, Eji], Eji] = —24;;Ej,

SO Eﬂ €t



Step 3. In this step, we finally show that € must be all of sl,,(C). We
start by noting two special cases of (2.1). Firstly, if i # k, then

[Eijs Ejrlab = (Eij)ajors = (Eij)kedja
= 0ia0kp — 0ik0p0q
= 0iaOkb
= (i) ab
SO
[E;;, Eji] = Eiy, when i # F, (2.2)
and secondly,
[Eijs Ejilab = (Eij)ajoin = (Eij)ivdja
= 0ia0ib — 0;p0jq
= (Eii = Ejj)ab,
SO
[Eij, Eji] = Eiyi — Ejj. (2.3)

From Step 2, we know there is some elementary matrix F,, € £. Using
this, we will show that E,, € € for all k£ # /.

Indeed, suppose k # £, and that k£ # u. Then by repeated applications
of (2.2),

B = [Eru, Eur]
= ~[But, By
= ~[[Euw, But], Erul,
so Eyy e t. If, on the other hand, k # v, then we similarly have
B = [Ery, By

= [[Ekua Euv]; Ev ]7
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which is also in €. This covers all cases, as we assumed u # v. Thus,
Eyp et for all k£ /£, as claimed.
Moreover, (2.3) then gives that Eyr — FEy € € for all & # £. This, in

particular, tells us that
{EM tk# f} U {Ekk - Ek'+1,k+1 ck=1,-n- 1} cet

But sl,,(C) has complex dimension n? — 1, and the left-hand side above
consists of n?> —n + (n—1) = n? - 1 linearly independent elements, so it
must be a complex basis for sl,,(C). We conclude that ¢ = sl,,(C).

U

Now, let
h:={hesl,(C)|his diagonal}
(we shall later see that this is an example of a Cartan subalgebra). Then
b is a subalgebra of sl,,(C), since products and sums (and therefore com-
mutators) of diagonal matrices are diagonal. It has codimension 1 in
the n-dimensional space of diagonal n x n complex matrices, since it is

the kernel of the trace map, so dimc h =n — 1. Moreover, since diagonal

matrices commute, f is abelian.

Proposition 2.2. CE;; is a left h-submodule of s0,(C) of complex di-

mension 1.
Proof. If h = diag(Ay,-++, Ap) is an arbitrary element of b, then
[h, Eij] = hE;ij — E;jh
=\ Eij -\ Ejj
= (X = A) Eij.

This shows that CEj; is an h-submodule of sl,,(C); its complex dimension

is 1 because it is spanned by FEj;. U
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It follows from Proposition 2.2, and from counting complex dimensions,
that we have a decomposition
sl,(C)=he ) CEj;
i)
into left h-submodules. Each h-module CEj;; in this decomposition then
yields a complex 1-dimensional representation of h in the usual way,

which by the proof of Proposition 2.2 is given by
5ij: [] —C

— )\2 - )‘j-
An
Definition 2.3. The n(n—-1) representations of h that arise in the above

way are called the roots of sl,(C) with respect to h. The set of roots is
denoted by ®.

Here are some properties of ®:
(1) If o € @, then —a € ®, for if a = &, then —a = &;;.
(2) Define a; € ® by «; := & ;41. Then the set

= {a, - a1}

of so-called fundamental roots is a basis for Home (b, C). Indeed,

suppose there is a dependence relation

n—-1
Z a;0; = 0
i1
amongst the «a;s, for some complex a;s. Then for any Ay,---, A\, € C

with Ay +---+ A, =0, we would have
n-1
Z az()\z - )\2'4_1) =0.
1=1

Then for k=1,2,---,n -1, taking

-k
Ao A =
n
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and

k
)\k+17 ) )\n = -
n

in the dependence relation yields a;, = 0. Hence, our dependence
relation was actually trivial, so the ;s are linearly independent, and

they span Hom¢(h, C) because
dim¢c Home(h, C) = dime(h) =n - 1.
(3) Observe that we have

O + Qg + 0+ Qg 1fl<],
gz'j =
—(Oéj+Oéj+1+“-+Ckl'_1) 1f’l,>]7
so we may write & = ®*u P, where ®* consists only of positive inte-
ger combinations of elements of I, and &~ consists only of negative

integer combinations of elements of II.

3. SEMISIMPLE LIE ALGEBRAS

Definition 3.1. Suppose that g is a Lie algebra over C and that b is a
subalgebra of g. Define the idealizer () of h in g by

I(h) ={X eg|[X,h] cb}.
Say that b satisfies the idealizer condition if /() = b.

Proposition 3.2. If b is a subalgebra of a complex Lie algebra g, then
I(h) is a subalgebra of g, b is an ideal of I1(h), and I(h) is the largest

subalgebra of g in which b is an ideal.

Proof. 1t is clear that I(h) is a vector subspace of g, and if X1, Xy € I(h),
and H € b is arbitrary, then by the Jacobi identity,

[[X17X2]7 H] = [X17 [X27 H]] + [X27 [X17 H]]

Both terms on the right-hand side are in h by the assumption that
X1,X5 € I(h), so [[X1,Xo],H] is also in h. This shows that I(h) is

a subalgebra of g.
11



Now, the definition of I(h) immediately implies that § is an ideal of
I(h). To show maximality, suppose € C g is another subalgebra such that
b is an ideal of &. Then, of course, every X € ¢ satisfies [X,h] € b, so ¢
must be a subset of I(h). N

Definition 3.3. A subalgebra h of a Lie algebra g is called a Cartan
subalgebra if b is nilpotent and I(h) = b.

Theorem 3.4. Fvery finite-dimensional Lie algebra g has a Cartan sub-
algebra, and any two Cartan subalgebras are conjugate via an automor-

phism in g.

Proof. We shall not have time to cover the proof, but the curious reader

is referred to Sections 15 and 16 of Humphreys. Ul
For each X e g and A € C, define

Lyx ={Y eg|(adxy -A\)"Y =0 for some i € N}.

This is just the A-generalized eigenspace in g of ady. We know from

linear algebra that g splits as
a= @ L)\’X.
A

Definition 3.5. In the notation above, we say that an element X € g is

regular if dim(Ly x) is minimal amongst all X € g.

It turns out that if X is regular, Ly x is a Cartan subalgebra of g. The

proof, however, is outside the scope of this course.

Definition 3.6. We say that a Lie algebra g is semisimple if it has no
nonzero soluble ideals. A Lie algebra g is called reductive if there exists

a compact matrix group K, with Lie algebra €, such that
g2terC=1{c,

the complexification of €.
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Example 3.7. The Lie algebra of U,,, which we shall denote u,, is the set

of nxn skew-Hermitian complex matrices. Then u, ®g C 2 gl (C), which

follows from the fact that every X € M,(C) = gl,(C) can be written as
X-X* X+X*

X = +1 — €U, +1U,.
2 2i e

As U, is compact, this shows that gl,(C) is reductive. But also note that

g[n((c) = g[n(R) I C)

so we have found two ways of writing gl,,(C) as the complexification of the

Lie algebra of a matrix group, but only the first revealed the reductivity

of gl,(C).

The definition of a reductive Lie algebra may seem contrived at first,
but we shall see in the next lecture that reductivity guarantees the exis-

tence of an inner product with certain nice properties.
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