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Existence and Unigueness
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Existence and Uniqueness: ODEs

.y, - f(ta.V)a .V(O) =Y

Def: (Solution to ODE) We say that y(t) is a solution to the ODE on an interval [, if € )J _D_{: i
(i) y(t) is differentiable on / L conb.
(i) ¥/(£) = F(£,y(2)) W\

y] |
(iii) y(0) = yo. ~>,

Def: We say that.ﬁ/i)y) is continuously differentiable on a region R if g—; is continuous for all y € R. R = ?(é,y)é/lz)‘/
TR NRIE N

Theorem: If both f and %5 are continuous on a rectangle R : |t| < a, |y| < b, then there exists a
unique solution y(¢) of the DE on some interval [t| < h < a.

Remark: Above are sufficient conditions for existence and uniqueness.

If above are not satisfied, then inconclusive. Need additional theory to determine behaviors.
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Existence and Uniqueness: ODEs
y'=1f(t,y), y(0)=yo

Theorem: If both f and %-yi are continuous on a rectangle R : |t| < a. |y| < b, then there exists a
unique solution y(¢) of the DE on some interval [t| < h < a.

Remark: Above are sufficient conditions for existence and uniqueness. M T l\b 'F '\"C‘L K(’""‘%
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Picard Iteration; Example

Ex y'=ay, y(0)=yo 5 y/t)=y, ¢ “t,, C“t €L@,L :
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Existence and Uniqueness: Examples

0y iyl

Behavior of f(y)
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No unique solution to this ODE at y(0) = 0!
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Existence and Uniqueness: Examples
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This means the theorem does not apply to this
situation. Inconclusive.
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Existence,and Unigueness: ODEs (Summary)

Summary of steps:
Put the differential equation into the following form

y: = f(tay)v y(O) = Yo

1. Check if f(t,y) is continuous in rectangle R.
2. Check if g—; is continuous in rectangle R.
Do both 1 and 2 hold?
Yes: then theorem gives the solution exists and is unique.

No: then inconclusive and must use other theory to determine behaviors.
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Existence and Uniqueness: Examples

Summary of steps:

?
Put the differential equation into the following form sl b i

y'=f(t,y), y(0)=yo Yes: then theorem gives the solution exists and is unique.

1. Check if f(y) is continuous in rectangle R. . . . .
v) 8 No: then inconclusive and must use other theory to determine behaviors.

2. Check if g—; is continuous in rectangle R. \//:)d L“:”P‘; (9, 1)
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Numerical Methods for ODES

Paul J. Atzberger, UCSB Differential Equations http://atzberger.org/


http://atzberger.org/

Numerical Approximation: Euler’s Method

Ordinary Differential Equation Finite Difference Approximation

dy
dt = f(y)
y(0) = yo

The derivative is by definition

d —
y(t) _ . Yt+h) —y@)
dt h—0 h
Approximate the solution at discrete times by
dy (t,) Y Y(tn1) —y(tn) dy (tn)

e

tkzkhj hztn+1—tn

b4

Leonard Euler, 1707-1783

This gives
Yn+1 = Yn + hE(yn) y'=f(y) y' =f(t,y)
tht1) — yI(T
Yy )h y(tn) ~ f(y(t,)) > Euler’'s Method Euler’'s Method
o . . Wni1 = Wn + hf (W) | | Wat1 = Wy + hf(tn, wp)
How accurate is this discrete equation? How robust to numerical errors?
More sophisticated approximations also possible (improve accuracy, stability, ...) Wn ~ y(tn) w, = y(t)
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