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Existence and Uniqueness: ODEs

Remark: Above are sufficient conditions for existence and uniqueness.  

If above are not satisfied, then inconclusive.  Need additional theory to determine behaviors.
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Existence and Uniqueness: ODEs

Remark: Above are sufficient conditions for existence and uniqueness.  
If above are not satisfied, then inconclusive.  Need additional theory to determine behaviors.

Sketch of proof:
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Picard Iteration : Example

Ex:
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Existence and Uniqueness: Examples

Solutions

No unique solution to this ODE at y(0) = 0!

Behavior of f(y)

Ex:
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Existence and Uniqueness: Examples

Ex 1:

Ex 2:

This means the theorem does not apply to this 
situation.  Inconclusive.

Theorem gives that there 
exists a unique solution.
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Summary of steps:
Put the differential equation into the following form

1. Check if f(t,y) is continuous in rectangle R.

2. Check if       is continuous in rectangle R. 

Do both 1 and 2 hold?

Yes: then theorem gives the solution exists and is unique.

No: then inconclusive and must use other theory to determine behaviors.

Existence and Uniqueness: ODEs (Summary)
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Existence and Uniqueness: Examples

Ex:Ex:

Ex: Ex:
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Numerical Methods for ODEs
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Ordinary Differential Equation

The derivative is by definition

Approximate the solution at discrete times by

This gives

How accurate is this discrete equation?  How robust to numerical errors?

More sophisticated approximations also possible (improve accuracy, stability, …)

Finite Difference Approximation

Leonard Euler, 1707-1783

Numerical Approximation: Euler’s Method

Euler’s MethodEuler’s Method
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