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Numerical Approximation: Euler’s Method

Ordinary Differential Equation

dy
dt = f(y)
y(0) = yo

The derivative is by definition

d —
y(t) _ . Yt+h) —y@)
dt h—0 h
Approximate the solution at discrete times by
dy (t,) Y Y(tn1) —y(tn) dy (tn)
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tp =Fkh , h=t,41—t, Leonard Euler, 1707-1783

This gives
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=f y =f(t,y
— v(t Ynt1 = Yn + hE(yn) 4 , ) , (£:)
y(tnt1) —y(tn) _ £y(t)) > Euler’s Method Euler's Method
h AR AL Wnil = Wp + hf(wp,) Wni1 = Wy + hf(tn, wp)
How accurate is this discrete equation? How robust to numerical errors? Wi & y(ts) W ~ y(tn)

More sophisticated approximations also possible (improve accuracy, stability, ...)
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Numerical Approximation: Euler’s Method

EXx: 7/;*1\\/) \//0)7.\/0) a>0
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Leonard Euler, 1707-1783
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Numerical Packages: Solve Differential Equations in Python 'g

SciPy S

Ex: y'(t) = —ay, y(0) = 3. python

Python code for approximating solution. # plot the solution

# Codes for integrating and plotting ODEs using python plt_figure(l,figsize=(8,6),facecolor='white');
# plt.plot(t,soll[:,0],'b',label=r'$y(t)$');
z Pant J. dtzberger plt.legend(loc="'best');
plt.xlabel('t')
plt.ylabel(r'$y$’')

import numpy as np;

import matplotlib; plt.title(r'Solution $y(£)$');
import matplotlib.pyplot as plt; #plt.grid();
from scipy.integrate import odeint plt.draw();
- A
. fontsize = 14;
font = {'family' : 'DejaVu Sans', 1 ] )
'weight' : 'mormal', Solution y(t)
'size' : fontsizel}; 3.0 1 — y(t)
matplotlib.rc('font', *xfont); 2.5
# setup the function f(y,t) for RHS dy/dt = f(y,t). 2.0
def fi(y, t, a): '
f = -axy;
return f; > 151
# setup the initial value problem 1.0
a = 2.0;
yo = 3.0; 0.5 1
# construct approxzimation to the solution of the OUDE 0.0 1

t = np.linspace(0, 10, 101);
sol = odeint(f1, yO, t, args=(a,));
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Second Order Differential Equations
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Second Order Differential Equations

Def: A Second Order Differential Equation refers to equations that can be put into the form

d’y dy
g2 f (t:y: d_t> :

Def: A Second Order Differential Equation is called /inear if it can be put into the form

d’y dy

Def: Second Order Differential Equations that can not be put into the above form are called non-/inear.

Remark: For convenience we will often express linear equations as f (t, y, %) = g(t) — p(t)% —q(t)y, giving
y" + p(t)y" +q(t)y = g(t).

Def: The Initial Value Problem (IVP) for Second Order Differential Equations are problems of the form

d? d
E% — f-(t7y7 ,d_);) bl ,
y(to) = yo, y'(to) = o
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Second Order Differential Equations

Consider a /inear second order differential equation

Y = a0+ )y + as(0) -

Def: Second Order Differential Equations are called homogeneous when a;(t) = 0.

Remark: When expressing linear equations as y”' + p(t)y’ + q(t)y = g(t), it is homogeneous when g(t) = 0,
giving y" + p(t)y’ + q(t)y = 0.

Def: Second Order Differential Equations with a;(t) # 0 are called inhomogeneous or nonhomogeneous.
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Second Order Differential Equations
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Second Order Differential Equations
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Second Order Differential Equations
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Second Order Differential Equations

Summary of steps:
Can the differential equation be put into the following form?
ay" +by' ' +cy=20

Yes: Consider the characteristic equation and solve for r
ar’+br+c=0

Are the roots ryand r, real-valued and distinct?

Yes: then the solution is of the following form
y(t) = ciexp(rit) + c,exp(ryt).

Solve the IVP by using y(ty) = yo, V' (ts) = ¥4 and solving for ¢y, c,.

No: then must use further theory to determine solution (developed in later lectures).
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