
Paul J. Atzberger

Department of Mathematics

University of California Santa Barbara

Differential Equations

http://atzberger.org/


Second Order Differential Equations

http://atzberger.org/


Second Order Differential Equations

http://atzberger.org/


Second Order Differential Equations

http://atzberger.org/


Second Order Differential Equations

Real-Valued Distinct Roots

http://atzberger.org/


Second Order Differential Equations

http://atzberger.org/


Second Order Differential Equations

http://atzberger.org/


Second Order Differential Equations

http://atzberger.org/


Second Order Differential Equations

Real-Valued Distinct Roots
Summary of steps:
Can the differential equation be put into the following form?

𝑎𝑦′′ + 𝑏𝑦′ + 𝑐𝑦 = 0

Yes: Consider the characteristic equation and solve for r 
𝑎𝑟2 + 𝑏𝑟 + 𝑐 = 0

Are the roots 𝒓𝟏and 𝒓𝟐 real-valued and distinct? 

Yes: then the solution is of the following form
𝑦 𝑡 = 𝑐1exp 𝑟1𝑡 + 𝑐2exp 𝑟2𝑡 . 

Solve the IVP by using y t0 = y0, 𝑦’ 𝑡0 = 𝑦0
′ and solving for 𝑐1, 𝑐2.

No: then must use further theory to determine solution (developed in later lectures).
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Second Order Differential Equations

Complex-Valued Distinct Roots
Summary of steps:
Can the differential equation be put into the following form?

𝑎𝑦′′ + 𝑏𝑦′ + 𝑐𝑦 = 0

Yes: Consider the characteristic equation and solve for r 
𝑎𝑟2 + 𝑏𝑟 + 𝑐 = 0

Are the roots 𝒓𝟏and 𝒓𝟐 complex-valued and distinct? (𝒓𝟏= 𝝀 + 𝒊𝝁, 𝒓𝟐= 𝝀 − 𝒊𝝁)

Yes: then the solution is of the following form, 
𝑦 𝑡 = 𝑐1exp 𝜆𝑡 cos(𝜇𝑡) + 𝑐2exp 𝜆𝑡 sin(𝜇𝑡). 

Solve the IVP by using y t0 = y0, 𝑦’ 𝑡0 = 𝑦0
′ and solving for 𝑐1, 𝑐2.

No: then must use further theory to determine solution.
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Second Order Differential Equations

Repeated Roots
Summary of steps:
Can the differential equation be put into the following form?

𝑎𝑦′′ + 𝑏𝑦′ + 𝑐𝑦 = 0

Yes: Consider the characteristic equation and solve for r 
𝑎𝑟2 + 𝑏𝑟 + 𝑐 = 0

Are the roots 𝒓𝟏and 𝒓𝟐 repeated? (𝒓𝟏= 𝒓𝟐= −𝒃/𝟐𝒂 =: 𝒓∗)

Yes: then the solution is of the following form, 
𝑦 𝑡 = 𝑐1exp 𝑟∗𝑡 + 𝑐2𝑡 ∙ exp 𝑟∗𝑡 . 

Solve the IVP by using y t0 = y0, 𝑦’ 𝑡0 = 𝑦0
′ and solving for 𝑐1, 𝑐2.

No: then must use further theory to determine solution.
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Second Order Differential Equations
Summary of cases
Steps:
Can the differential equation be put into the following form?

𝑎𝑦′′ + 𝑏𝑦′ + 𝑐𝑦 = 0

Yes: Consider the characteristic equation and solve for r 
𝑎𝑟2 + 𝑏𝑟 + 𝑐 = 0

Cases:

Solve the IVP by using y t0 = y0, 𝑦’ 𝑡0 = 𝑦0
′ and solving for 𝑐1, 𝑐2.

No: then must use other theory to determine solutions.

Are the roots Roots Solution

real-valued and distinct? 𝒓𝟏≠ 𝒓𝟐 𝑦 𝑡 = 𝑐1exp 𝑟1𝑡 + 𝑐2exp 𝑟2𝑡

complex-valued and distinct? 𝒓𝟏= 𝝀 + 𝒊𝝁, 𝒓𝟐= 𝝀 − 𝒊𝝁, 𝝁 ≠ 𝟎 𝑦 𝑡 = 𝑐1exp 𝜆𝑡 cos(𝜇𝑡) + 𝑐2exp 𝜆𝑡 sin(𝜇𝑡)

repeated? 𝒓𝟏= 𝒓𝟐= −𝒃/𝟐𝒂 =: 𝒓∗ 𝑦 𝑡 = 𝑐1exp 𝑟∗𝑡 + 𝑐2𝑡 ∙ exp 𝑟∗𝑡

Discriminant Case

𝑑 = 𝑏2 − 4𝑎𝑐 discriminant

𝑑 > 0 real-valued distinct roots 

𝑑 < 0 complex-valued distinct roots

𝑑 = 0 repeated roots 
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