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Second Order Differential Equations
Non-Homogeneous Case

Method of Undetermined Coefficients
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Method of Undetermined Coefficients

Consider a non-homogeneous differential equation

y" +p(t)y" + q(t)y = g(t).
Let L[y] = y"” + p(t)y’ + q(t)y = g(t), then we can express the differential equation as L[y] = g(t).

Since L is linear, if Y1(t) and Y2(t) are solutions then L[Y1 — Y2] = g(t) — g(t) =0, so ¥)(t) = Y1 — Y2 is a
solution to the homogeneous equation L[] = 0.

Theorem If Yi(t) and Y2(t) are solutions to the non-homogeneous problem then their difference can be

expressed as
Yi(t) — Ya(t) = () = ayni(t) + ay(t),

for some choice of ci1, c2, where {y1(t), y2(t)} is a fundamental solution set for the homogeneous problem.
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Method of Undetermined Coefficients

Theorem If Yi(t) and Y>(t) are solutions to the non-homogeneous problem then their difference can be

expressed as
Yi(t) — Ya(t) = () = ayni(t) + ay(t),

for some choice of ci1, c2, where {y1(t), y2(t)} is a fundamental solution set for the homogeneous problem.

Theorem The general solution for L[y] = g(t) to the non-homogeneous problem can be expressed as
y(t) = an(t) + caya(t) + 5(t),

where S(t) is any specific solution to the non-homogeneous problem L[S] = g(t).
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Method of Undetermined Coefficients
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Method of Undetermined Coefficients

Table of a few special solutionsto ¥ + p(t)y’ + q(t)y = g(t)

Py(t) = apt" + "' + - - +a, P(Apt" + A" + - + Ay)

P,(t)e" E(A" + A" 4+ Ay e
sin St

P,(t)e" PI(Apt" + A" 4 - - + A,)e" cos Bt
cos Bt

+ (Bot" + Bjt"' + --- + B,)e* sin Bt]

Boyce & DePrima 1999
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5'1E) = Aebsinlt) + Actcoc/t) T (XA-(AtB)+B) e*mlﬁ)
+ Be® (sit) - Betsinly) 2-RBefsmld)+ Aetsiolt)
= (A=B)etsinid) + (A1R) ¢* (vsit) = glt)= e¥sin(L)
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Second Order Differential Equations
Homogeneous Case

Method of Reduction of Order
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Reduction of Order (Derivation)

Homogeneous Differential Equation Suppose One Solution Known Ex: .t >\/ : \/ ) _ l\l =
Y'+p0y +q)y=0 ——  y1(0) NE =T ek, yiay
Postulated form for second solution lb}y)"- -E\/, )_\/' = )_.pﬁ)_ )33 r 'y >
y =v()y1(t) L R 2 W R S
Derivatives N =w/ %)y 113)
Y =vOn® + vy YW Ny Py w =0,
Y =" Oy1(0) + 20 (0, (1) + v(0)y] (). Yy "+ pl) y '+q1t)
h p

! A AN a-l
Substituting into differential equation gives 7 Yy~ =0, PN")
y1v" 4 Q)+ pyOv’ + 0] + pyeF qypv =0 YWy (44 -$3)w =0

‘ \9\/" ~ Ji.k‘l W =

"+ @)+ =0 =
L};vw(t) (:J:’;(t)Pyl)U wit) = SJ'Z*{I‘H" . :’i""“)

First-Order Equation (reduced order) U'[-l_—) = gW/‘l’)be 3 7/).

= {—7/"

solve w

i’ + @+ ppw =0 =22 o) = [ w(ede+C
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Second Order Differential Equations
Non-Homogeneous Case

Method of Variation of Parameters
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Variation of Parameters (Derivation)

Non-homogeneous Differential Equation Homogeneous Differential Equation

Vi+p@)y +q)y = g@) V' +p@)y +qt)y =0 == yc() =cyi(t) + c2y2(t)

Postulated form for specific solution

y=u(O)y1(t) + ux()y2()
Derivatives

Y = (0)y1(t) + ur(0)y, ) + s ()y2(t) + uz()ys(t) — V' =ui )y () + uz(t)y5 (1)
etting,
| WO 1(0) + 16y (0 (0) = 0

Y' = ui 0Oy (0) + ur @)y () + uy ()5 (0) + ua 1)y, (1)
Substituting into differential equation gives

" ! 0 " ! 7 0
Uy (i)[yl(t) + p(t)wl qOy1(D] + w2 (O)[y;(0) +p(t)yy?f +qMy2(0] + u; (D)y; () + u; (D)y; (1) = g(1)

Uy (Y1) +uy(0)y5 (1) = g(1)

Conditions on ul and u2: y2(0g () Aot
/ ’ / / . ) ui(t) = - - ui(t) = — y2(1)g(0) dt + ¢
w (Oy (&) +uy @y, () = g(®)  solving Wy, y2)(t) W(y1,y2)(1)
T(Oy1() + us () y2(t) =0 1g(t
u (O31(0) + ty (Oy2(0) - Wyl(t)g(;)(t) ur(t) = “?’(1( )8 ())(t) dt + ¢
Specific Solution 01,32 2

Yy =u1(O)y1(t) + up (@) y2(t)
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Variation of Parameters

Theorem Consider the non-homogeneous differential equation

y" +p(t)y’ + q(t)y = g(t).

where p, q, g are continuous on an open interval | = (a, b). There is always a particular solution S(t) which can

be expressed as (5)g(s) “ yi(s)g(s)
y2(s)g (s Y115)81>
W0 | W%

where {yi, y»} is a fundamental solution set for the homogeneous problem and ty € /. The general solution is

t

5(t) = —xn(t)

given by
y(t) = ay(t) + cy(t) + 5(t).
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