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Systems; 0fiODES & Higher Ordern ©DES

Higher-Order ODEs

Y1) = fty.y.... "), a<t<b
y@ =ap.y@ =a. ... y" V@) =ay

Example: Newton’s Second Law (F=ma)

@zfmmrvo=>
" velocity

position v
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Systems; 0fiODES & Higher Ordern ©DES

Higher-Order ODEs

Y1) = fty.y. ..y,
y(ﬂ) = ., }’r(ﬂ) = 2.

a<t<b
v Va) = ay,
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/System of ODEs N System for Higher-Order ODEs )
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Nonlinear Differential Equations
Behaviors in Higher Dimensions

(optional materials)

Lipschitz Condition
Non-Lipschitz Equations
Lorenz System
Chaotic Dynamics

Paul J. Atzberger, UCSB Differential Equations http://atzberger.org/


http://atzberger.org/

Lipschitz Continuity o Eunctions, ofi RE

Definition: A function f(f.vi.....Vm) IS
called Lipschitz if for some constant L

|f(f,H],.--,um)—f(r,Z| ---- zm)[ELZ|uj_zj|
j=1

forall (f.uy.....uy) and (Z.21.....Zm) in D, where
D={(tuy.....up) |a<t<band —oc < u; < oC,

foreach:i =1.2.....m}

Example: f(t,u;,u,) = u;u, not Lipschitz!
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/System of ODEs

d.HI

—_— == f.uy.usr..... m

o filt uy. uy Up)
dug

" = folt.uy.us. . ... U )
du,,

—2 = fut.uy s, . ... :
o Fon(t uy, us Up)

u(a) = ay, ux(a) = a. ..

5y ”m(a) - (xm

~

A

Example: f(t,u;,u,) = tu; + tu,

is Lipschitz.
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\Well-pesedness;ofi System 0fi ODES

4 N
System of ODEs
Definition: A function f(t.vi.....ym) is duy
called Lipschitz if for some constant L dr filtuy vy, Um)
m
F ettty = f( 21zl S LY iy — 3 ‘;‘f = F( iyt .. lhm),
=1
forall (f.uy.....uy) and (Z.21.....Zm) in D, where
D={(tu..... Um) |la <t <band — o0 < u; < o, du
m
foreachi =1.2.....m} ? = fm(t.uy. uy..... Up).
S uy(a) = ay, (@) =ay, ..., Hm(ﬂ)=f1m)

Theorem: If the functions f; in the system of ODEs each satisfy the Lipschitz condition on D then
(1) there exists a solution
(2) the solution is unique
(3) robust to perturbations in initial conditions.

Key Points:
Establishes ODE is well-posed, if Lipschitz.

What behaviors can arise if NOT Lipschitz?
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LOrenz Sy stem

Lorenz Model (System of ODES) A
o dzx
Simplified model —_— g‘(y — 3;)!
of convection: dt
> dy
— — z —
3 = 2lp—2) -y,
dz
priad Hz.
. J

The xy — 3z term is non-linear and not Lipschitz.
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LOrenz Sy stem

Lorenzp=14,6=10, 3 =8/3,t=60 Lorenz p=28,6=10,3 =8/3,t=60
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. - Leys 2013 . . . Leys 2013
initial conditions trajectories diverge

(close together)

Initial conditions:
- extremely sensitive to location of initial conditions.

- given a start location can not predict the future precisely.

However, the future locations are restricted to be near subset of points!
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chaos_lorenz_sensitivity_initial_cond.mpg

. e .. Leys 2013 Leys 2013
many initial conditions attractor

(ensemble)

Trajectories:

- almost all initial conditions move toward subset.
- called an “attractor” (stable to perturbations).

- dynamics after transient is only on the attractor.
- structure? dimensionality? topology?

- need to study dynamics at ensemble level.

Summary:
- Lipschitz continuity is very important to help ensure well-posed models!
- Ensemble-level studies helpful in gaining further insights.
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Linear Differential Equations

Higher Order Systems

Solution Techniques
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Higher. Order. Equations
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Higher. Order. Equations
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Higher Order. Equations
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Higher. Order. Equations

Consider nth-order equation:

Homogeneous equation:
Lyl =y +p10y" PV + . 4 p1()Y + pat)y = 0.

d" n—1 d
L[y] = dtf +P1(f) df”_.r + - +Pn—1 (f)j}; +Pn (t)y = g(t) ; ' (n—1) (n—1)
yto) =yo, y o) =yp, --.. Yy ()=
y(tﬂ) = Vo, yf(tﬂ) - yf[), sy y{n_l) (tﬂ) - y::)”_l]

General solution:

Def: For a collection of solutions {y1,y2,...yn} the Wronskian is
y =ciy1(t) + cay2(t) + -+ - + cuyn (1)

yl yz s yn
Y V) RIS Determining coefficients:
W(yl,...,yn)= . . .
: : : c1y1(fo) + -+ + cuyn(to) = Yo
(n—1) (n—1) . (n—1) / ' /
Y1 ) Vi c1yi(to) + - -+ cay,(fo) = yg
Def: A collection of functions {f1,f2,...fn} are called Linearly Independent if
klfl(f) + szg(f) +---+ k,,fn(f) =0 = kk=k=---=k,= C1y§"_l](fo) + -+ Cnyf;n_l](f{)) = y‘{)n—l]

~

/Theorem:
Consider the homogeneous equation with p1, po, ..., p,» where each is continuous on the interval / = (a, b). Let

Yi, Y2, ..., Yn €ach be solutions of the differential equation. If the Wronskian W = W/{y1, y», ..., ya](to) # O for
some tg € [ then W # 0 for all t € | and any solution of the differential equation can be expressed as

y(t) = ayi(t) + -+ caya(t).
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Higher. Order. Equations
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Higher. Order. Equations
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Higher. Order. Equations
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