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Higher, Order. Linear. Equations

Consider nth-order equation:

Homogeneous equation:
Lyl =y +p10y" PV + . 4 p1()Y + pat)y = 0.

d" n—1 d
L[y] = dtf +P1(f) df”_.r + - +Pn—1 (f)j}; +Pn (t)y = g(t) ; ' (n—1) (n—1)
yto) =yo, y o) =yp, --.. Yy ()=
y(tﬂ) = Vo, yf(tﬂ) - yf[), sy y{n_l) (tﬂ) - y::)”_l]

General solution:

Def: For a collection of solutions {y1,y2,...yn} the Wronskian is
y =ciy1(t) + cay2(t) + -+ - + cuyn (1)

yl yz s yn
Y V) RIS Determining coefficients:
W(yl,...,yn)= . . .
: : : c1y1(fo) + -+ + cuyn(to) = Yo
(n—1) (n—1) . (n—1) / ' /
Y1 ) Vi c1yi(to) + - -+ cay,(fo) = yg
Def: A collection of functions {f1,f2,...fn} are called Linearly Independent if
klfl(f) + szg(f) +---+ k,,fn(f) =0 = kk=k=---=k,= C1y§"_l](fo) + -+ Cnyf;n_l](f{)) = y‘{)n—l]

~

/Theorem:
Consider the homogeneous equation with p1, po, ..., p,» where each is continuous on the interval / = (a, b). Let

Yi, Y2, ..., Yn €ach be solutions of the differential equation. If the Wronskian W = W/{y1, y», ..., ya](to) # O for
some tg € [ then W # 0 for all t € | and any solution of the differential equation can be expressed as

y(t) = ayi(t) + -+ caya(t).
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Higher. Order. Equations
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Higher. Order. Equations
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Higher. Order. Equations
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Higher Order Equations & Systems of Equations

Existence, Unigueness, Robustness
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Higher Orderr ODES & Systems; 0fi ODES

Summary: Higher-Order ODEs and Systems of ODEs

4 Higher-Order ODEs

Y@ = FLY.Y .. V) a<it<b ] Well-posedness

y@) = a1, Y @) =az ... },(m—l](a) = oy J l Lipschitz condition: A functionf (f,vi,....vm) is called Lipschitz if for some constant L
m
| F(touy.....up) — f(t.25..... | <Ly |u— 7zl
(" system of ODEs "\ [ system for Higher-Order ODEs ) " " g Y
du, duy dy forall (f.ui,....un) and(Z.2i..-..Zm) in D, where
—=f[(f.u1.u'g ..... um). — == 1,
={(t.uy,....uy) |la<t<band — o0 < u; <00, foreachi =1.2,..., m
di o dt D= ) | b and fi hi=1,2 }
duz du dy’
W=f2“‘“|'“2 ----- Um). d—:=?=u3.
' ' 2 Robustness to perturbations
du,, dun_y _ dy"> _ . .
- = fult oty ths. . ... Uy). & - . For any € > 0, consider the perturbation to the ODE
(m=1) ~
dupn =dy =y = £ty.y,. ...y D) &=a+d, fi=fi+ 5;(f),
d d
Uy (@) = ay. ur(@) = ay. .... Uy(a) =y, . ’
= ft.u.ty.....Un) where || < d,|di(t)| < &. Let ¥ be the solution to the ODE with & and f;.

ui(a) =y(@) =ai, @) =y = a.
© Ugla) = }'m_”{ﬂ} =y

We say the solution is robust to perturbations if there isa é > 0

N\ 4N\ 4/ sothat |y(t) — y(t)| < e
Theorem (systems of ODESs): If the functions f; in the system of ODEs each satisfy Corollary (higher-order ODES): If the functions f of
the Lipschitz condition on D then the ODE satisfies the Lipschitz condition on D then
(i) there exists a solution e (i) there exists a solution
(i) the solution is unique (ii) the solution is unique
(iii) robust to perturbations (initial conditions, rhs). (iif) robust to perturbations (initial conditions, rhs).
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Lipschitz.Continuity o FUunctions, ofi RE

4 N
System of ODEs
Definition: A function f(t.vi.....Vm) is duy
called Lipschitz if for some constant L dr filtuy vy, Um)
|f(tsu]v---vum)_f(razl **** zm)|ELZ|uj_zj| d;z =f3{f.u|.uz ..... um).
j=1
forall (f.uy.....uy) and (Z.21.....Zm) in D, where
D={(tu..... Um) la <t <band — o0 < u; < o0, d
Um
foreachi =1.2..... m} W=fm(""l'“2”"'“m)'

S uy(a) = ay, (@) =ay, ..., Hm(ﬂ)=f1m)

Example: f(t,uj,u,) = uu, not Lipschitz! Example: f(t,uj,u,) = tu, + tu, is Lipschitz.
1

Ww-2,z, ) < L ( /M,-"Z,].Hua_-u}|> hets LJ led L= wnak ?‘)‘0} , ‘1"LU1

Lt wtuy = (g +b2) ) =) )(M;'ll)i‘(“)‘h“
= ’b)("’ﬂ‘ﬁ'ﬂh‘z;l)
SL(n-2) + w2,V

=) £ s Lipsil ta.

let Z)3 0y, Huv ke ony L, we have

’U\|\A)__.V(,Z})x'l/\,”u;.-‘z-,_)>L)V\)_-Z)_J
v oL, =2 vt L,'(J}(L,;'\/'Z,
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Higher Order Linear Equations
Undetermined Coefficients
Variation of Parameters
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Higher, Order. Linear. Equations

Consider nth-order equation:

1 n—1

d"y
t
g T P10

L[y] = drmn—1

_ =1
y(to) =yo, Y (to) =Y ..., Y V() =y

Homogeneous equation:

Lyl =y +pi)y" P+ 4 pui@®)y + pat)y = 0.

_ —1
y(to) = yo, Y (to) =Y ..., Y V() =y

Inhomogeneous equation:

L[y] = y{m +P1 (f)y”'_” + - +pn—I(t))"f +Pn(f))’= g(f)

_ —1
y(to) = yo, Y (to) =Y ..., Y V() =y

d
Y. .. +pn_1(r)% +pa)y = g(0)

General solution:

y=cyi(t) +c2v2(t) + - - - 4 cpyn(l)

General solution:
y=c1yi(t) +cay2(t) + -+ -+ ¢, yn (1) +5(t)

L[S] = &(t).

Theorem: Consider the linear equation with p1(t), p2(t), ...

, Pn(t) where each is continuous on the interval

I = (a, b). The solution y(t) exists on the interval / and is unique.

-

L y(t) = cyi(t) + -+ -+ caya(t)-

Theorem: Consider the homogeneous equation with p;, pa, ...

. Pn where each is continuous on the interval | = (a, b). Let

Y1, Y2,...,¥n €ach be solutions of the differential equation. If the Wronskian W = Wy, y, ..., ya](to) # 0 for
some tg € [ then W # 0 for all t € | and any solution of the differential equation can be expressed as
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Higher Order Linear Equations
Method of Undetermined Coefficients
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Higher. Order: Linear. Equations: Constant Coefficients

Homogeneous equation with constant coefficients: _
General solution:

L[y] — ﬂ{}y(n} 4 ﬂ]}’{n_l} 4+ ... 4 aﬂ—l}’; + a,y :10, ——— y = Clyl(t) + Czyz(f) 4.0 4 CnVn (t)
yto) =yo, V) =y .o ¥ V) =y . .

Determining coefficients:
(Candidate Solwd iy Vi) e Cayn(io) =
Py c1y(fo) + -+ -+ cuy,(to) =y
Jiy) = ¢"t -
Lly] = a,r" e'tﬂln AL An- v ery au.er"’x 0 )+ V) =y

=2 K(V) =~a,Lr"' -Ht,r“”l-t Mt augrda, <06
T4 -J’Lw v—uu'fs ot /") <°L§tfww‘6]ﬁf%%xralymww‘
and Ty an ave st Hagn
D)= eh Tyl =D, g ) et
T he QQVLQWI Solwthvm
\IH7) = (,er't-)- Cy er"{"J— Vb, er"'t.
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Higher. Order: Linear. Equations: Constant Coefficients
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Higher Order Linear Equations
Method of Undetermined Coefficients
Real and Distinct Roots
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Higher Order Linear. Equations: Constant Coefficients (Real and Distinct Roots)

Homogeneous equation with constant coefficients:

LIyl = apy™ +a1y" P+ +a,1y +a,y=0
yto) =yo, Y=o ... Y V() =yI Y

Summary of Solution Technique:
Find roots of the characteristic polynomial:

p(r) = aor”" -I-al?‘"_l-l—----l—an_lr—l—an —0

Are all the roots real and distinct?

Yes, then use general solution form
y:Clerlt-l—Czerzt-'—----l—Cner"t

Find coefficients using initial conditions by solving

ciy1(to) + -+ + cpya(to) = Yo
a1y (to) + - - + eyl (to) = ¥

ey te) + - 4 oy Vi) =y

No, then need to use another method.
http://atzberger.org/
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Higher. Order: Linear. Equations: Constant Coefficients

Inhomogeneous equation with constant coefficients: _
General solution:

_ in) in=1) ’ _
Lly] = apy"™ + a1y + st a1y +ayy =g(@) Y =c1y1(t) + 2y (t) + - - + cuyn(t) +5(t)
/ ’ (n—1) _ n=1
y(tﬂ) = Yo, V¥ (fo) =Ygy +-:5 ¥ (fg) =Y L[S] — g(t).

Determining coefficients:
c1y1(to) + - - + uyu(to) = Yo =9 [b,)
c1y1(to) + - - + ey, (o) = Yo =5 %0)

ey ) + -+ eyt V(o) = yé"_l}-slh")/io]
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Higher Order Linear. Equations: Constant Coefficients (Real and Distinct Roots)

x: \J(3) < SA. -2 A Ay At 24
i \) /3)”)‘\/1)—)’\/I43‘\/: 6{: 86(/1,‘* Aa- D! l"”/d'xv ) TARY l>
:6} : = J = _ b
Y v y (o) g/ Y ‘/0) 9 4!&’({,& "LA'; - A J—LA"_) _.Ee

pir) = 0r=0lr=2) = (ren) (v 40 ros)
V|:‘) i =_|J V..§=>—

'

WY =e®, wi=et y )=t

N 1) C -0 7
~7t/l%)=c, o{"Jc-L}@“ti-g e>t+s/ztﬂ Lo~ ‘*]: z- ("%
LTs7=3e? SI8) = (A + 43)e? Lhr Tl -t .
5/ IJ/{') - A*e_i*'//‘/*/’#/) e? (Ay+h) e-b*A-th{
Sls)/k) = A" A}e‘b“’ //4‘) "’/4.\-19)6*7: (ﬂ;#)ﬂ;.)éh/{;b&k - ’39t+'.§_-l;&-b/h: -3
§P1E) = At +A,6% 4 A ot + (A,+Ayt)et: (}4'4,3,4)_)34!;4_/4‘_“{; =0

- S [ ._,-3
=D =3A4,=3, 0=0 =>A4,="<.
- - __;
= S(b) = 2465, 5')="2,
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Higher Order Linear. Equations: Constant Coefficients (Real and Distinct Roots)

Inhomogeneous equation with constant coefficients:

Lly] = apy™ + a1y " + - 4+ a,_1y + a,y =g
yto) =yo. Yto)=Yp. .oy Y V() =y5

Summary of Solution Technique:
Find roots of the characteristic polynomial:

p(r) = aor” +a1?‘n_1-|—----|—an_1r+an:0

Are all the roots real and distinct?

Yes, then use general solution form
y=cie" + e+ 4 cue +5(1)

Find special solution solving L[S] = g(t).
Find coefficients using initial conditions by solving

c1y1(to) + - - -+ cpyn(to) = Yo <9 M’o)
c1yi(to) + -+ cny,(to) = ¥y =5'4p)

ey V(o) + -+ ey Vity) = yé"_”-sa'")/,lo)

No, then need to use another method.
http://atzberger.org/
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Higher Order Linear Equations
Method of Undetermined Coefficients
Distinct Real and Complex Roots (possibly mixed)
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Higher Order Linear Equations: Constant Coefficients (Distinct Roots, Realland Complex-Valued)

Homogeneous equation with constant coefficients:

Llyl = apy™ +ary”" ™V + -+ a1y +ay =0
y(to) = yo, Y (to) =Yy .on Y V() = yy "

Summary of Solution Technique:
Find roots of the characteristic polynomial:

p(r) = aor +arr" '+ 4 ap1r + ay, =0

Lemma: Roots of a polynomial p(r) with real coefficients have any complex-valued
roots occurring in conjugate pairs r+ = A +ip, r— =X —ip,

Exponentials: '
exp(tr-) = exp((A — ip)t) = eH:( 0% (M'b) -). &Atslmlﬂ"&>

exp(tr:) = exp(A+ 1)) 22" s Lu) # 1€ s L [ 41B)

/I.emma: For the two complex-valued roots r-, r+, we have any function which is a N
linear combination of the complex exponentials can be expressed in terms of real-
valued functions as

Are the roots distinct real and complex-valued? G(t) = & exp(trs) + & exp(tr.)
\_ = ¢y exp(tA)cos(ut) + c— exp(tA)sin(pt) )
Yes, then use general solution form
y(t) = caexp(tii)cos(pit) + coexp(tAr)sin(uit) + - - + cok—1 exp(tAc) cos(pkt) + ok exp(tAx) sin(puct)

+  Cokr1exp(trags1) + - - caexp(trn).

Find coefficients using initial conditions by solving

c1y1(fo) + - - -+ cuyan(to) = yo
a1y (fo) + -+ ¢y, (to) = v,

ey (to) + - + ey D (tg) =y

No, then need to use another method.
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Higher Order Linear. Equations: Constant Coefficients (Complex Roots)

Ex: y”).u, =0
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8= 5%, by =3z, 6,=T - ()M e’:'ie-‘wu,t)-cm”'w,‘ (oS (u¥)
r = :ZSZ Y;.:QVJJSI V- =e3 | ) Cl’\rfl i\.f'\h(hd)-rc")"’“l 0’/\&“5/‘“/‘})
: [f)" s 3 - ~ t () A)MLe s () "(a,eh't,«,}slv\l,;,l)
r=005(%) vicn(F) = 0ME) - 50alE) e S [3E
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Higher Order Linear Equations: Constant Coefficients (Distinct Roots, Realland Complex-Valued)

Inhomogeneous equation with constant coefficients:
Lyl = apy'"™ +ay" Y+ +a,_1y + any =g@)
y(to) = yo., V(o) =Voe --.n Y V(t9) =y
Summary of Solution Technique:

Find roots of the characteristic polynomial:

p(r) = aor +arr" '+ 4 ap1r + ay, =0

roots occurring in conjugate pairs r+ = A +ip, r— =X —ip,

[ Lemma: Roots of a polynomial p(r) with real coefficients have any complex-valued }

Exponentials:
exp(tr-) = exp((A — ip)t)
exp(try) = exp((A + ip)t)

/I.emma: For the two complex-valued roots r-, r+, we have any function which is a N
linear combination of the complex exponentials can be expressed in terms of real-
valued functions as

Are the roots distinct real and complex-valued? G(t) = & exp(trs) + & exp(tr.)
\_ = ¢y exp(tA)cos(ut) + c— exp(tA)sin(pt) )
Yes, then use general solution form
y(t) = caexp(tii)cos(pit) + coexp(tAr)sin(uit) + - - + cok—1 exp(tAc) cos(pkt) + ok exp(tAx) sin(puct)

+  Coky1exp(traksy) + - - coexp(trn) +5S(t)
Find coefficients using initial conditions by solving

cyi(fo) + - - -+ cuyn(to) = Yo ~51%,)
1Y (fo) + -+ cuy(to) =¥ —glfy)

)" to) -+ eay o) = 3 gl g

No, then need to use another method.
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Higher Order Linear Equations
Method of Undetermined Coefficients
Repeated Roots
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Higher. Order; Linear Equations: Constant Coefficients (Real, Complex, and Repeated Roots)

-

Homogeneous equation with constant coefficients:

Lly] = apy™ +ary™ "+ +a,_1y +a,y =0

Lemma: Roots r* of a polynomial p(r) with multiplicity s correspond to
solutions

e.?']t

7

te'! IZerlt, o 1‘s—leﬁt

7

yto) =vo, Yt)=yp ..., ¥ Pw) =y \

Summary of Solution Technique:

Are coefficients of the ODE constant? -

Real-valued Case: roots with multiplicity s contribute functions yj

rt rit 1‘2 er1 t
]

e, e, r et

)

Yes, then find roots of the characteristic polynomial:

p(r)= aor" +arr '+ -+ ay_1r +a, =0

Complex-valued Case: roots with multiplicity s contribute functions yj
e cosput, eMsinut, te*cosput, teM sinput,

t~leM cos ut, e sin ut.

.y

Use general solution form
y =c1y1(t) +c2y2(6) + - - + cuyn(t)
where yj determined from the cases discussed.

Find coefficients using initial conditions by solving

c1y1(fo) + -+« + cpya(to) = yo
a1y (to) + - -+ ¢y, () = yg

ey Vo) + -+ ey Vi) =y
No, must use another method.

Paul J. Atzberger, UCSB Differential Equations http://atzberger.org/



http://atzberger.org/

Higher. Order: Linear. Equations: Constant Coefficients
M \/li)_}gyl))‘rg\/(l)_‘_\/ =0

()(V) =v3+3r 43r+1 =0
y==1 ¢ oot mu’#:‘f)’»‘u'&yB

Ple) = (v +) )2
Y It) =, Ca‘b"’ C).t9~t+— Lgt)'e;b
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Higher Order Linear Equations
Method of Undetermined Coefficients
Summary

Paul J. Atzberger, UCSB Differential Equations http://atzberger.org/


http://atzberger.org/

Higher Order Linear. Equations: Constant Coefficients (Summary)

Homogeneous equation with constant coefficients:

Llyl = apy™ +ary”" ™V + -+ a1y +ay =0
y(to) = yo, Y (to) =Yy .on Y V() = yy "

Summary of Solution Technique:

Are coefficients of the ODE constant?

Yes, then find roots of the characteristic polynomial:
p(r) = apr" +air" '+ - -+ a,1r+a,=0

Use general solution form
y =c1y1(t) +c2y2(6) + - - + cuyn(t)
where yj determined from the cases discussed.

Find coefficients using initial conditions by solving

c1y1(fo) + - - -+ cuyan(to) = yo
a1y (fo) + -+ ¢y, (to) = v,

ey (to) + - + ey D (tg) =y

No, must use another method.

Paul J. Atzberger, UCSB
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Lemma: Roots of a polynomial p(r) with real coefficients have any complex-valued

[ roots occurring in conjugate pairs r+ = A +ip, r— =X —ip,

Exponentials:
exp(tr-) = exp((A — ip)t)
exp(try) = exp((A + ip)t)

)

v

valued functions as

/I.emma: For the two complex-valued roots r-, r+, we have any function which is a \
linear combination of the complex exponentials can be expressed in terms of real-

y(t) = & exp(try) + ¢ exp(tr-)
\_ = ¢y exp(tA)cos(ut) + c— exp(tA)sin(put) )
4 N . . _ N\
Lemma: Roots r* of a polynomial p(r) with multiplicity s correspond to
solutions
ent rerlt l‘261"1t N rs—lent
/
™
Real-valued Case: roots with multiplicity s contribute functions yj
ent rent £26r1t rs—lent
k bl b ? e )
Complex-valued Case: roots with multiplicitv s contribute functions y;j
eMcosput, eMsinut, te*cosput, te*sin ut,
o, rleMcosut, 5 leMsin put.
. K H* y,
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Higher Order Linear. Equations: Constant Coefficients (Summary)

Inhomogeneous equation with constant coefficients:

Lly] = agy™ +ary" "V +-- -+ a,1y +ayy =g

) (n—1) roots occurring in conjugate pairs r+ = A +ip, r— =X —ip,
! ! — H—
yto) =yo, Yt) =y .., Y 0)=yp

[ Lemma: Roots of a polynomial p(r) with real coefficients have any complex-valued }
\

Exponentials:

Summary of Solution Technique: exp(tr—) = exp((A — ip)t)
Are coefficients of the ODE constant? L exp(try) = exp(A +ip)t) )
Yes, then find roots of the characteristic polynomial: /I.emma: For the two complex-valued roots r-, r+, we have any function which is a N

linear combination of the complex exponentials can be expressed in terms of real-
valued functions as

p(r) = aor +arr" '+ 4 apr+a, =0

Use general solution form W) = & explir) + & exp(tr-) -
Y = (D) + 220+ a0 4500 N = e oxp(tA) cos(u) + c- xple) sint) y
where yj determined from the cases discussed. " Lemma: Roots r* of a polynomial p(r) with multiplicity s correspond to A
solutions
. . . e - . 2 —1 it
Find coefficients using initial conditions by solving 5 e, e, e, L, el )
cyi(to) +- -+ cuynlto) =yo o A
, ! :1 ) 5 1g,) Real-valued Case: roots with multiplicity s contribute functions yj
cyi(to) +- -+ cnyy o) = Yo -5ify) ent, e, e £lent
) k bl b ? ey )
\
- y{”_l)(t Y44 ey ™ V(1) y{”_l) (M)/ ) Complex-valued Case: roots with multiplicitv s contribute functions yj
1Y 0 n¥n o) = Vo -5 llo M cos e gi At M si
o, sin ut, te™ cosut, te™ sin [ul.
No, must use another method. 5o cos ur. 1 LeM sin ut.
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