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Higher Order Linear Equations
Method of Undetermined Coefficients
Summary
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Higher. Order. Linear. Equations: Constant.Coefficients (Summary)

Homogeneous equation with constant coefficients:

L[)"] = ﬂﬂy{"} -+ ﬂ]yl:"—“ Rl o II51’»:—1}“! + dyy = 0.

y(to) =yo, Y(to) =Yy --.n Y V(o) =y

Summary of Solution Technique:
Are coefficients of the ODE constant?
Yes, then find roots of the characteristic polynomial:

p(r) = ao +air" '+ 4 an1r+a, =0

Use general solution form
y=ayi(t) +cya(t) +- -+ cpyn(l)
where yj determined from the cases discussed.

Find coefficients using initial conditions by solving

c1y1(to) + - - -+ cayn(to) = yo
c1yy(to) + -+ - + ¢y, (to) = ¥,

ey Vo) 4 - 4 ey V() =y

No, must use another method.

Lemma: Roots of a polynomial p(r) with real coefficients have any complex-valued

[ roots occurring in conjugate pairs r+ = A+ ip, r— =X —ip,

/Exponentials:
exp(tr-) = exp((A — ip)t)
exp(trs) = exp((A + ip)t)

|

J

valued functions as

/I.emma: For the two complex-valued roots r-, r+, we have any function which is a )
linear combination of the complex exponentials can be expressed in terms of real-

y(t) = ¢Ciexp(try)+ E-exp(tr—)
\_ = ¢ exp(th)cos(put) + c— exp(tA)sin(put) )
s ] N : : o N
Lemma: Roots r* of a polynomial p(r) with multiplicity s correspond to
solutions
ent rent 1‘261"1t rs—lent
\. J
=
Real-valued Case: roots with multiplicity s contribute functions yj
ent Ie”” IZent rs—lerlt
\ 9 ? 3 ? /
Complex-valued Case: roots with multiplicitv s contribute functions yj
e cospt, eMsinut, te*cosput, te*sin ut,
o, tleMceosut,  *leMsin put.
. K K Y,
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Higher. Order Linear. Equations: Constant.Coefficients (Summar.

Inhomogeneous equation with constant coefficients:

Lly) = agy™ +apy"™ " + -+ apry + ayy =g
y(to) =Yo, Y) =Yy .- Y V) =y

Summary of Solution Technique:
Are coefficients of the ODE constant?
Yes, then find roots of the characteristic polynomial:

p(r) = ao +air" '+ 4 an1r+a, =0

Use general solution form
y = c1y1(f) +coya(t) + - -+ cpyn(t) +5(¢)
where yj determined from the cases discussed.

Find coefficients using initial conditions by solving

ayi(fo) +-- -+ coyan(to) = yo ~9 /éo)
c1yi(to) + -+ cay(t0) = Vo -5kgy)

") -+ ey t0) = 350 _gyy

No, must use another method.

Lemma: Roots of a polynomial p(r) with real coefficients have any complex-valued

[ roots occurring in conjugate pairs r+ = A+ ip, r— =X —ip,

/Exponentials:
exp(tr-) = exp((A — ip)t)
exp(trs) = exp((A + ip)t)

|

/

valued functions as

/I.emma: For the two complex-valued roots r-, r+, we have any function which is a )
linear combination of the complex exponentials can be expressed in terms of real-

y(t) = ¢Ciexp(try)+ E-exp(tr—)
\_ = ¢ exp(th)cos(put) + c— exp(tA)sin(put) )
s ] N : : o N
Lemma: Roots r* of a polynomial p(r) with multiplicity s correspond to
solutions
enr renr 1‘261"1t rs—lent
\. J
4
Real-valued Case: roots with multiplicity s contribute functions yj
et te'! IZenr rs—lerlr
\ 9 ? 3 ? /
Complex-valued Case: roots with multiplicitv s contribute functions yj
e cospt, eMsinut, te*cosput, te*sin ut,
o, tleMceosut,  *leMsin put.
. K K Y,
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Higher Order Linear Equations
Method of Variation of Parameters
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Variation of:Parameters for Higher.Order.Linear.Equations

Inhomogeneous Differential Equation
LIy) = y™ +p1@y™ " + -+ par Y +pa©y = g(0)
Candidate Form of Solution .
Y(©) = w0910 + w0920 + -+ u,0ya0) , LLY] =9 1%)

First Derivative

Solutions to Homogeneous Equation
Ye(t) = c1y1(t) + caya2(t) + -+ - + Cayn(t)

Imposed condition
= (u1y) +upys + - - +upy,) + Wiy + W‘# culyy) = WY1+ by + o uyy, =0

Higher Order Derivatives Imposed conditions

1 1
ym — o, y{m) tu yém) 4.4 uny{’"] ulyim J_|_ uzy{m )+

v

+ufnyfim 1)—0, m=12,....n—1

nth-Order Derivative Required condition

. Liyil =0
YO = @y 4wy T ) " s ey =g

v

Conditionsfor Coefficient Functionsu

y1u"1 -+ ygufz + -+ ynu’rn =0 Solving linear system by Solution
y .y ., 0 Cramer's rule
. — W,
viup +y,uy + -+ y,u, | = goWn | | yo =Y o g(?v (s)
i+ Y5y + -+ Yy, = 0 W o
m=12,....n
ygn 1]“& 4o y{n 1) u" —g Definition: The W, () is obtained by Wronskian (Abel’s Theorem)

. th_ T
replacing the m™-column of W by [0,0,...1] W) = Wn,. ...y () = cexp |:—fp1(f) dt]
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\ariation of Parameters

Py =y Ty =g lt)

Fiuk a srcc.‘ul solndivn S/2) Wiy (s) "MﬂQw“)), Quils) = QL) wity the
V=8, g (b =tet yimeet i “'”"" wphed
Yilod Yols) ysled []
500 = éyw,/%){ Q‘S)WW mls) ds | W= [ Y)19) vl v | = debl als))
VWV\ Sleawm y ' l:) N M@.lf, °),
Wie) =W [t 4et AR - b | R
¥ - - -
e (H')C* ‘ct ' | [&+) =) "¢ o | —l’:]re%‘
e’ [t ¢ | [543 | b L
W < |0 et Y | [0V - lf‘b\
l“:) 0 lL"h)eb -e't =-).~l:-\) W)—'b): i.b g_aé"b = > \‘/3“7’) ‘b :') Y (()7*-'8%
| (t1e¥ €0 & ¥ 1 ¢ e a4yt
$i_y. ) ) YA _ el
1Y) =t §, CRNO o yaeh§ 2 Ly (T 4y = 1S 1 [arninns] £yl
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Systems of First Order Equations
Solution Techniques
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Higher Order ODEs & Systems of ODEs: Summary

Higher-Order ODEs
Y () = fty.y....y" ). a <1<b
y@a) =a.y@ =an ... YY" a)=a,

/System of ODEs N ( System for Higher-Order ODEs )
ﬂ&ﬂ dul d}’
—_— = Ty Uy, ... . — =— = U,
o filtoay . ... uty) pralri
ff&_i; L duz dy,
E - fE(h.H‘]tH«i} ------ um-]- E - E = Uz,
I d Um—1 d}’ =2
% = fm (f;Hl | T, l{m)n dt - dt = m
duy, (m=1) - , m—
| d =dyd =y" = fe.y.y....y"")
w (@) = ay. (@) =y, ..., ylad) = oy ! ot |
= fl ... . ly)
u(@) =y@ =a;. wa = Vi(a) = as.
o w ,ﬂmfﬂ) —] F‘m_uf;ﬂ} = m )

- NG
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Systems of First Order Equations
Linear Algebra Review
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Linear Systems

Linear System of Equations

System with n equations and n unknowns
anXy + apxy + -+ ks = by

A3 Xy + A0Xy + <o oy = by

A Xy + Xy + == =+ Gy Xy = ‘bﬂ
Solveforxin Ax =b.

Need theory to determine when this is possible (existence/uniqueness).

Methodsto solve
« algebriac approaches (gaussian elimination, factorizations)
« computational methods (direct methods, iterative methods)
* issues:tractability, robustness to small errors.

Example bead-spring
) . . system
For bead-spring system, find locations X; of beads that balances the forces. X
o
Ki.1 Kiy1
a b

Fi = -Ki1(Xi - Xi1) - Kisq (X - Xi1)
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Linear Systems

Eryenvalnes § Elgenvectues

_-DL'F.' 0‘("‘1»%; khL‘é 1x)

M A VO,L“I:UV r Is CK/IQA Al El‘éf(‘,h\/t(f{ﬂ\; O-L 4 Mt 74 575"10\_‘
W “H'\c_lﬂ« QXnksf?S a 5(°~lfm /\é//2 ‘o 'H“”'b A % \"‘ L - A L
Ac=Av, ' lu\ SAamRe

Mﬂ'\t s e en )\é—m e alled an c.‘éw\\,g\(b\t of +he mahlx A,
Exu\«,gle
D R ‘ ( M) |
A:_ 2 ) )\:~1)>\L:3 Gl eigeuun (Lts, = . )_l[;: AL O}y,
I

Veridy) ['7;] [V'J :[3']:(_”[_1]) [if] I,”

’\l v, A ~X )\_\_/j)_

Chavecdenie Tlgremal
’P()\): Aexl;(A~)\I)) gkcLl ea‘ydmm/wc Sath'sFies ’P(/\):Go
W*Aﬁ (A-AT)=0 &\ 5. 1. A-AI) =6 Ar=Av
Exauyle A:[Lﬁ], Pl =det [ A5 s a = a3,
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Linear Systems

Operations that preserve solution x:

(.y) ROW E'. (a\ ‘)c, Vb\\.."lﬂf';CA L‘/ ﬁh\, Ai:L

| 6, X)+anpty el
Now- 260 (st ant Y, E;é-YE;, ‘tz""*:"‘;i*tt ’i

() Row E: (ar be mudi ohed by an A=[E ) .Th

a ' l, 7 LU ,l" il

hoh -7 evo (\:vst ant ¥ aLd ,:uioled o bew E, [Ex ] [‘u]
Ei¢~F; +YE;

(ii{) ){owg L) and E:, (4 o\fw«‘,s be
+Hl:~§|)(-53+'”0kcA (C)(CLG-L-otd) I oy di
Qe&,g@&.

MTLQ C\V\ﬁl/nth‘l:ed Matrix [A,L]=F”\“.m"”

Ay - b ln

b,
b

'HM\/ (el Ohe WSE "H«Cse (;Pwo\“'l‘u\«s "-0 Olo‘lu;h Qa
hines 57st-eun Hoot 75 epsre Yo sole?
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Linear Systems

WC (an +r7 \)—0 ?(«‘b 'H'\.z MA‘J‘v:X I

a v\'?l)u, +vinn ‘9"\(Lv- Jovr . {O://’//;]

6'0\“65! a E';IM\.MO\% yobh Me-l'Lov(.

Exi A= -1 T
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Linear Systems

Definition: A matrix is said to be in row echelon form if:
(i) The leading non-zero entry of each row is to the right of the leading
non-zero entry of the rows above.
(ii) All non-zero rows are above the zero rows.

Definition: A matrix is in reduced row echelon form (canonical form) if

the matrix is in row echelon form [(i) & (ii)] and
(iii) The leading non-zero entry is the only non-zero entry in its column

(for non-zero rows).
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Systems of First Order Equations
Theory
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Systems of First Order. Eguations

FirstOrder Linear Systems of Differential Equations

-

Xy =pu®xi+ -+ pra(H)x, + g1(1),

x; = p,ﬂ(t)xl + .- +Pnn(t)xn + gn(f)

vector notation

x =P()x+g@)

Homogeneous Case: Initial Value Problem

X =PH)x ()
x(fo) = §

Theorem

If the vector functions x'*’ and x'® are solutions of the system (¢, then the linear
combination ¢;x™ + ¢;x® is also a solution for any constants ¢; and c,.

ﬁ heorem

in exactly one way.

If the vector functions x''/, . .. . x™ are linearly independent solutions of the system
(#) for each pointin theintervale <t < f,theneachsolutionx = ¢(f) of the system
() can be expressed as a linear combination of x'V, . .., x"

P(t) = i xV(0) 4« -« 4 €, x" (1)

~

solutions
x11(0) X1k (t)
— xDp) = mOfo x® (1) = *2i(l)
xﬂ.(f) xn:;(f)
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Systems of First Order Equations
Solution Techniques (Constant Coefficeints)
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First.Order. Systems: Constant.Coefficients

FirstOrder Linear Systems with Constant Coefficients

4 )

I’l =p11 e X1+ -+ Pin e Xy vector notation

— x = Ax,

\x;:pnl'xl'l"‘""pnnl’ Xp

Solution Candidates

X =Ee" s 1k’ = Abe" ——— (A—rDE=0

det(A —rl) =0,
Roots of the characteristic polynomial

p(r) = det(A —rI)

Cases
1. Alleigenvalues are real and different from each other.
2. Some eigenvalues occur in complex conjugate pairs.
3. Some eigenvalues are repeated.
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