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Differential Equations



Higher Order Linear Equations
Method of Undetermined Coefficients

Summary



Homogeneous equation with constant coefficients:

Higher Order Linear Equations: Constant Coefficients (Summary)

Lemma: Roots r* of a polynomial p(r) with multiplicity s correspond to 
solutions

Realvalued Case: roots with multiplicity s contribute functions yj

Complexvalued Case: roots with multiplicity s contribute functions yj

Lemma: Roots of a polynomial p(r) with real coefficients have any complexvalued 
roots occurring in conjugatepairs .

Lemma: For the two complexvalued roots r, r+, we have any function which is a 
linear combination of the complex exponentials can be expressed in terms of real
valued functions as

Exponentials: 

Yes, then find roots of the characteristic polynomial:

Use general solution form

where yj determined from the cases discussed.

Find coefficientsusing initial conditions by solving

No,must use another method.

Summary of Solution Technique:

Are coefficients of the ODE constant?



Yes, then find roots of the characteristic polynomial:

Use general solution form

where yj determined from the cases discussed.

Find coefficientsusing initial conditions by solving

No,must use another method.

Summary of Solution Technique:

Higher Order Linear Equations: Constant Coefficients (Summary)

Lemma: Roots r* of a polynomial p(r) with multiplicity s correspond to 
solutions

Realvalued Case: roots with multiplicity s contribute functions yj

Complexvalued Case: roots with multiplicity s contribute functions yj

Lemma: Roots of a polynomial p(r) with real coefficients have any complexvalued 
roots occurring in conjugatepairs .

Lemma: For the two complexvalued roots r, r+, we have any function which is a 
linear combination of the complex exponentials can be expressed in terms of real
valued functions as

Exponentials: 

Inhomogeneous equation with constant coefficients:

Are coefficients of the ODE constant?



Higher Order Linear Equations
Method of Variation of Parameters



Variation of Parameters for Higher Order Linear Equations
Inhomogeneous Differential Equation Solutions to Homogeneous Equation

Candidate Form of Solution

First Derivative

Higher Order Derivatives

nth-Order Derivative

Imposed condition

Imposed conditions

Required condition

Conditions for Coefficient Functions u

Wronskian (Abel’s Theorem)

SolutionSolving linear system by
Cramer's rule

Definition: The Wm(t) is obtained by
replacing the mth-column of W by [0,0,...1]T



Variation of Parameters

Ex:



Systems of First Order Equations
Solution Techniques



Higher Order ODEs & Systems of ODEs: Summary

System of ODEs System for Higher-Order ODEs

Higher-Order ODEs



Systems of First Order Equations
Linear Algebra Review



Linear System of Equations

Example

System with n equations and n unknowns

Solve for x in Ax = b.

Need theory to determine when this is possible (existence / uniqueness).

Methods to solve
• algebriac approaches (gaussian elimination, factorizations)
• computational methods (direct methods, iterative methods)
• issues: tractability, robustness to small errors.

Fi = -ki-1(xi - xi-1) - ki+1(xi - xi+1)

For bead-spring system, find locations Xi of beads that balances the forces.

bead-spring 
system

ki-1 ki+1

xi

a b

Linear Systems



Linear Systems



Operations that preserve solution x:

Linear Systems



Linear Systems



Linear Systems

Definition: A matrix is said to be in row echelon form if:
(i) The leading non-zero entry of each row is to the right of the leading 
non-zero entry of the rows above.
(ii) All non-zero rows are above the zero rows.

Definition: A matrix is in reduced row echelon form (canonical form) if 
the matrix is in row echelon form [(i) & (ii)] and

(iii) The leading non-zero entry is the only non-zero entry in its column 
(for non-zero rows).



Systems of First Order Equations
Theory



Systems of First Order Equations

Theorem

First Order Linear Systems of Differential Equations

vector notation

Theorem solutions

Homogeneous Case: Initial Value Problem



Systems of First Order Equations
Solution Techniques (Constant Coefficeints)



First Order Systems: Constant Coefficients

vector notation

First Order Linear Systems with Constant Coefficients

Solution Candidates

Roots of the characteristic polynomial

Cases


