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Higher Ordernr ODES & Systems, 0fi ODES:; Summary,

Higher-Order ODEs

YO (1) = F(y. ... .. y™ D),
v(a) = ay. }’r(ﬂ) =, ...
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Linear Systems

Linear System of Equations
System with n equations and n unknowns
anxy +apxa+ -+ apx, =b
ay Xy +anx; + - -+ ayX, = by

auX) +apX; + -+ X, = bn

Solve for x in Ax = b.
Need theory to determine when this is possible (existence / unigueness).

Methods to solve
+ algebriac approaches (gaussian elimination, factorizations)
« computational methods (direct methods, iterative methods)
* issues: tractability, robustness to small errors.

Exam pIe bead-spring
_ _ ) system
For bead-spring system, find locations X; of beads that balances the forces. X,
kl 1 ki+1
a b

Fi=-Ki (X - Xi.1) - Kieq (X - Xis)
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Linear Systems
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Linear Systems

Operations that preserve solution x:
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Linear Systems
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Theory
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Systems of First Order. Equations

First Order Linear Systems of Differential Equations

-

.

Xy =pu®xi+ -+ pra®x, + g1(0),

x:: = pnl(f)xl + - +pnn(t)xn + gn(f)

vector notation

x =P)x +g(r)

Homogeneous Case: Initial Value Problem

X =P(H)x (%)
x(to) = &

Theorem

If the vector functions x‘¥ and x® are solutions of the system (¢, then the linear
combination ¢;x" + ¢,x? is also a solution for any constants ¢; and c;.

ﬂheorem

in exactly one way.

If the vector functions x'', . .., x™ are linearly independent solutions of the system
(%) for each pointin theintervale < t < f,then each solutionx = ¢(¢) of the system
() can be expressed as a linear combination of x, . .. x™

(1) = crxV(t) + -+ cx (1)

~

solutions
X11(0) X1k (1)
— xD(p) = mOfe x® (1) = Y2 (l)
xnl.(t) xm;(f)
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Systems of First Order Equations
Solution Techniques (Constant Coefficients)
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First Order. Systems: Constant Coefficients

First Order Linear Systems with Constant Coefficients

-

Xp=pie X1+ + P Xy vector notation

— x = Ax.

qu:pnl vxl+"'+pnn.‘ Xp
.

Solution Candidates

X =" = rf¢"" = Al ——— A-rDE=0

det(A—rI) =0
Roots of the characteristic polynomial

p(r) = det(A —rl)

Cases:
- real and distinct eigenvalues
- complex-valued eigenvalues
- repeated eigenvalues

- mixture of the cases above.
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First Order. Systems with Constant Coefficients (Real and Distinct Eigenvalues)

Homogeneous First Order System
X = Ax.
x(fh) =§

Summary of Solution Technique:

Find roots of the characteristic polynomial:
p(r) = det(A —rl)

Are the roots distinct real?

Yes, then fundamental solutions are

Xm(t) — E(”e”’, . X{"}(t) =& (n) prut

Use solution of the form

X = Clé {1}€r1t + -4 Cné {n}ernt

Find coefficients using initial conditions by solving

axM(to) + c2x® (o) + -+ + cx'" () = x(to)

No, then need to use another method.
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First Order. Systems with Constant Coefficients (Real and Distinct Eigenvalues)

_
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First Order Systems with, Constant Coefficients (Complex-valued Eigenvalues)

Homogeneous First Order System
X = Ax.
x(fh) =§

Summary of Solution Technique:

Find roots of the characteristic polynomial:
p(r) = det(A — rl)

Are the roots complex-valued?

Yes, then fundamental solutions are
u(r) = ¢*(acos ut — bsin ut)
v(t) = ¢ (asin ut + b cos ut)

Use solution of the form
x(t) = ciu(t) + cov(t)

Find coefficients using initial conditions by solving
Cll.l(to) + Cz\f(to) = X(I‘(})

No, then need to use another method.

/Complex Eigenvalues r =\+ip
A-rDEV=0  A-FDEV =0

X(l)(t) = ¢ (Derlf’ X(z)(t) _ E(l)eﬂf

Vs

Euler Formula e" = cos(9) + isin(f)

A\

ﬂormulation using Euler Formula £V =a+ib
xV (1) = e*(acos ut — bsin ut) + ie* (asin ut + b cos ut)

xD(t) = u(t) + iv(t), xP(t) =u(t) —iv(t)

~

u(r) = e*(acos ut — bsin ur)

v(t) = e (asin ut + b cos ut)

— |ax® + ex? = au(t) + cv(t)

/
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First Order. Systems: Constant Coefficients (Complex-Valued Eigenvalues)

1
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First Order Systems with Constant Coefficients (Repeated Eigenvalues, s =2, k=1)

Homogeneous First Order System
X = Ax.
x(fh) =§

Summary of Solution Technique:

Find roots of the characteristic polynomial:
p(r) = det(A —rl)

Are the roots repeated?

Yes, then fundamental solutions are
x) — ggrt
<@ — n(l)ert n 5(1) talt
Use solution of the form
x(t) = ax(t) + ex?(t)

Find coefficients using initial conditions by solving
axP(t) + e&x? (1) = x(to).

No, then need to use another method.

Paul J. Atzberger, UCSB

Differential Equations

2

(ii) construct the generalized eigenvector n[l) - (A=rl)’n=0
can use

(A=rl)n=¢
(A—rh)E=0

/

ﬁepeated Eigenvalues (s=2, k=1)
(i) find eigenvector forr, €M« (A—r)€ =0

(iii) this gives fundamental solutions
x1) = @ grt

x? = et | g e

s: algebraic multiplicity  k: geometric multiplicity

N
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First Order Systems: Constant Coefficients (Repeated Eigenvalues)

Ex: , ) -
& 1)y = R
F.ud the gemml solndrn,

f/v)=l"" -

| 7-v =(/'r)(3-r>+|:l’>-‘+v'4«\/~=o

Vi< %X, v = a)“,]wh‘l. Vh\,\li."o).‘(it\,) 53 x

J

l—-) ~|]F]’O<_ [’]) (A-rI)f=o0
T EEN ~)
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First Order Systems with Constant Coefficients (Summary)

Complex Eigenvalues r = A+ ipu

Homogeneous First Order System
x = Ax,
x(fh) =&

Summary of Solution Technique:

Are the coefficients constant?
Yes, then find roots of the characteristic polynomial:

p(r) = det(A —rI)

Construct the fundamental solution set using the cases
x(t), xP(e), ... .x"(2)}

Use solution of the form
x(t) = axV(t) + ox@(t) + - ex(t).

Find coefficients using initial conditions by solving

axM(to) + x®(to) + - - - cax' (to) = x(to)

No, then need to use another method.

A—-rDEV =0

X(l)(f) =& (1)67115

A-7DEY =0

x?) () = E (D) prit

ﬁormulation using Euler Formula §¢® =a+ib \
xV (1) = eM(acos jut — bsin put) + ie* (asin ut + b cos jut)

xD(t) = u(t) + iv(t), xP(t) =u(t) — iv(t)

u(t) = e (acos jut — bsin pur)

= |&xV + &x? = qu(t) + cv(t)

/
~

(ii) construct the generalized eigenvector '« (A—rl)’n=0
Ccan use

(A=rl)n=¢
(A—rh)E=0

v(t) = e (asin ut + b cos put)

Gepeated Eigenvalues (s=2,k=1)

(i) find eigenvector forr, €M« (A—r1)€ =0

(iii) this gives fundamental solutions

x(1) = gWgrt

2 _ T’(l)ert 4 S(l)tert

_/

\ s: algebraic multiplicity  k: geometric multiplicity
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Systems of First Order Equations

Phase Portraits
Dynamical Behaviors
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Phase Portra

A phase portrait shows representative trajectories and vector field for the

evolution of the state x(t) of the differential equation.

z1(t) = c €
To(t) = coe’

solution

xy
2

T
T2

Ex

z3(t) = cze™?

phase portrait

I3 = —I3

phase portrait
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2D, Linear Systems: Phase Poritraits

Linear Dynamical System
x = Ax

Consider the following standard forms
x = Bx

with

A0 Al o —b
il LI B R Pl

This has the solutions
At

x(t) = [60 1

cos bt wsinbt}
Case I:

0 phase portrait

X2
\ ﬁg‘gl

B= [A ﬂ] with A <0 <

Xy

0 A ¢
e#‘] Xo , X(t) = e [0 1] Xo, X(t) = e™ [sinbt cosbt | *©

Casel ll:
A 0 . A1 :
B_{O “]Wlth/\gu<00rB.-[0 ,\] with A <0
phase portrait
X2 X2 X2
™

A< n A<O  Perko 1991

B= {“ "2] with a < 0

b
hase portrait

Xy p p Xo
/r"\ ]

0
G—x % —x
o/
b>0

b<Q Perko 1991
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2D, Linear Systems: Phase Poritraits

Linear Dynamical System Linear System Behaviors in 2D
A= (Tr A)?- ddet A
. a b det A
X = Ax. A= A=0 ‘ A<0  A=0: A>0
C d i L3 l

Linear Dynamic System

X1 = 3X]_ + bX2 - spiral sink spiral source -

>'<2 = X1 _I_ dX2 degenerate sink degenerate source

®

center

Characterization

det(A) = ad — bc

uniform
motion

Tr(A) a4 d sink T \ T source Tr A
(o(r)- r=Te(A)r4 M‘b(A). %%:
- Tf [A') i \/' r ) line of stable fixed points \ldc( line of unstable fixed points Wikipedia 2021
v = 2 V(T.LOT = ¥ debfp) ,, ”

*- -~
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Conclusion

Enjoyed working with you all this quarter!

Thank You!
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