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W
e develop theory and computational methods to investigate particle inclusions
embedded within curved lipid bilayer membranes. We consider the case of
spherical lipid vesicles where inclusion particles are coupled through (i) in-

tramembrane hydrodynamics, (ii) traction stresses with the external and trapped
solvent fluid, and (iii) intermonolayer slip between the two leaflets of the bilayer. We
investigate relative to flat membranes how the membrane curvature and topology aug-
ment hydrodynamic responses. We show how both the translational and rotational
mobility of protein inclusions are effected by the membrane curvature, ratio of in-
tramembrane viscosity to solvent viscosity, and intermonolayer slip. For general inves-
tigations of many-particle dynamics, we also discuss how our approaches can be used
to treat the collective diffusion and hydrodynamic coupling within spherical bilayers.

1. Introduction

Cellular membranes are complex heterogeneous
materials consisting of mixtures of lipids, pro-
teins, and other small molecules [3]. The indi-
vidual and collective dynamics of these species
are fine-tuned to carry out complex cellular pro-
cesses ranging from cell signalling to shape reg-
ulation of organelles [3, 20, 44, 62, 65, 87]. The
effective two dimensional fluid-elastic nature of
cell membranes results in interfacial phenomena
and interesting geometric shapes effecting both
molecular interactions and dynamics that can be
very distinct from their bulk counter-parts. To
gain a deeper understanding of cellular processes
requires insights into the fundamental mechanics
of such heterogeneous fluid bilayer membranes.
We present here results for investigating protein
motions within curved membranes.

Early theoretical investigations of the hydrody-
namics of flat lipid bilayer membranes include the
work by Saffman and Delbrück [75, 76] and more
recently the related works [13, 14, 44, 49, 57, 61,

65,72,73]. In the now classic papers of Saffman
and Delbrück [75, 76], the bilayer is treated as
a two dimensional fluid. The two dimensional
fluid is coupled to a bulk three dimensional fluid
accounting for the solvent surrounding the mem-
brane on both sides. This description of the hy-
drodynamics is used to model a protein inclusion
within a flat infinite membrane to derive the self-
mobility MSD = (1/4πµm) (log(2LSD/a)− γ).
This asymptotic result assumes a� LSD, where
a is the protein size, γ ∼ 0.577 is the Euler-
Mascheroni constant. The LSD = µm/2µf is the
Saffman-Delbrück length associated with how dis-
sipation within the entrained bulk solvent fluid
of viscosity µf regularizes the long-range two
dimensional flow of viscosity µm. These results
highlight the importance of dissipation in the bulk
solvent fluid that if neglected would otherwise
lead to the well-known Stokes paradox [35,45,75].
This shows that particle motions even within a
flat interface has a very different character than
its counter-part in a bulk fluid. From Stokes the-
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ory the bulk self-mobility of a particle scales like
M ∼ 1/6πµfa [2,35]. For curved membranes the
topology and geometry can result in even more
significant differences. This includes providing
a finite closed membrane surface and trapped
solvent fluid in a bounded interior domain aug-
menting the hydrodynamics and coupling.

Early work on formulating conservation laws
and constitutive laws for general interfaces
and Newtoninan and non-Newtonian fluids in-
clude [52,53,79,82,84,88]. More recent works ex-
plore the mechanics of membranes both through
coarse-grained molecular models [10, 11, 18, 19,
23, 24, 29, 74] and through the many contin-
uum mechanics approaches [4, 10, 13, 15, 16, 24,
27, 30, 34, 36, 37, 42, 44, 48, 49, 52, 55, 59, 61, 64,
65, 68–70, 77, 78, 80–84, 86]. The particular
works [20, 36, 49,55, 58, 65, 69, 77,79, 81, 86] intro-
duce continuum mechanics descriptions for the
hydrodynamics of spherical vesicles and tubules.
In [39,49] self-mobility of an embedded particle
is computed as the curvature is varied using a
truncation of the series representation of the hy-
drodynamic flow. The works of [55, 77, 81, 86]
formulate models and develop asymptotic results
for the responses of vesicles subject to changes
in shape and external shear flow. In [4, 69] an
exterior calculus description of the continuum
mechanics of a fluid-elastic membrane sheet is in-
troduced and used to investigate lipid flow during
processes such as membrane bending and bud-
ding with asymptotic results for the contributions
of the ambient fluid. The prior work in this area
primarily has focused on single particle mobility
and transport by hydrodynamics averaged over
the two bilayer leaflets.

We introduce here further approaches to in-
vestigate the collective hydrodynamic coupling
of multiple particle inclusions within leaflets of
curved fluid lipid bilayer membranes. We con-
sider the case of spherical bilayer membranes
where inclusion particles are coupled through
(i) intramembrane hydrodynamics, (ii) traction
stresses with the external and trapped solvent

fluid, and (iii) intermonolayer slip between the
two leaflets of the bilayer. We formulate tractable
descriptions of the continuum mechanics of
curved fluid bilayers drawing on results from the
exterior calculus of differential geometry. We for-
mulate a tractable description for the collective
hydrodynamic coupling of the inclusion particles
on curved manifolds building on our prior work
on immersed boundary approximations [6,8,9,83].
We compute the translational and rotational mo-
bilities of inclusion particles. Relative to infinite
flat membranes, we show that spherical vesicles
exhibit significant differences arising from the
curvature and finite domain size. We remark
that our approaches may also be useful for other
fluid interfaces arising in applications to capture
particle dynamics and interface-mediated inter-
actions, such as self-assembly at fluid-fluid inter-
faces [17,47,56].

In Section 2 we introduce our continuum me-
chanics description of the bilayer hydrodynamics
expressed in terms of the operators of exterior
calculus of differential geometry. We use exte-
rior calculus to help take a less coordinate-centric
approach in our derivations and to obtain more
concise expressions that often have a more clear
geometric interpretation. We also show how the
exterior calculus can be used to generalize many
of the techniques used in fluid mechanics to the
context of curved surfaces. In Section 2.2, we use
Lamb’s solution for the fluid flow exterior and
interior to a spherical shell to obtain the traction
stresses arising from the surrounding solvent fluid
and the trapped solvent fluid. In Section 2.5, we
consider the hydrodynamic flow within the lipid
bilayer membrane. We use a spherical harmon-
ics representation to derive analytic results for
the solutions of the coupled hydrodynamic equa-
tions. In section 2.7, we discuss some roles played
by curvature in hydrodynamic flows within sur-
faces. We discuss flows on surfaces with constant
Gaussian curvature comparing for the sphere and
pseudo-sphere how curvature contributes to shear-
ing motions of transported material.
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In Section 3, we introduce immersed bound-
ary approximations on manifolds to account for
the coupling between the lipid flow and inclusion
particles. We discuss some particular properties
of this type of approximation. We then derive
mobility tensors for the translational and rota-
tional motions of inclusion particles within curved
membranes.

In Section 4, we investigate the self mobility
and the collective mobility of inclusion particles
when varying (i) vesicle curvature, (ii) membrane
viscosity vs solvent viscosity, and (iii) intermono-
layer slip. In Section 4.3, we consider approaches
for the collective dynamics of many coupled in-
clusion particles within spherical vesicles. We
consider the collective mobility associated with
an attracting cluster of particles and briefly dis-
cuss some of the interesting dynamics that can
arise from the collective hydrodynamic coupling.
We then discuss the collective drift-diffusion of
inclusion particles subject to particle-particle in-
teractions, hydrodynamic coupling, and thermal
fluctuations. We investigate the diffusive motions
of inclusion particles in a crowded environment
and explore the contributions of the hydrodynam-
ics to the correlated diffusive motions. We find
significant differences in the diffusivity when com-
pared to the standard Langevin dynamics which
neglects lateral hydrodynamic coupling. These
results highlight the important roles played by
hydrodynamics in the collective drift-diffusion
dynamics of inclusion particles within curved bi-
layers.

Finally, in Appendix A we discuss briefly how
we have addressed some of the numerical issues
that arise for spherical surfaces in practical com-
putations to obtain our results. In summary, the
work presented here is meant as a starting point
for understanding the basic features of the collec-
tive mobility of inclusion particles within curved
bilayers.

2. Continuum Mechanics of the
Vesicle

We formulate a continuum mechanics description
of (i) the hydrodynamic flow of lipids within the
two bilayer leaflets, (ii) intermonolayer slip, and
(iii) coupling to the surrounding solvent fluid, see
Figure 1. We derive a set of conservation laws on
manifolds using tensor calculus and results from
differential geometry similar to Marsden [51]. We
then use identities as in Arroyo and Disomone [4]
to express our equations in a convenient covariant
form that is geometrically invariant. To obtain
analytic results for hydrodynamic flows on the
curved surface, we use exterior calculus to gener-
alize techniques often employed in fluid mechanics
to 2-manifolds. We summarize here our results
and present a detailed discussion of these deriva-
tions in Appendix B. We then use these exterior
calculus approaches to perform numerical calcu-
lations. While our approaches provide methods
for working with hydrodynamics within general
manifolds, we focus in this paper on the spherical
case which is relevant to flow within the lipid
bilayers of vesicles.

2.1. Hydrodynamics of Bilayer Leaflets

We first consider the hydrodynamics within a
single bilayer leaflet of the membrane. We treat
the membrane as a two-dimensional embedded
continuum in the case that the surface velocity
V = v + vnn has zero velocity in the direction
of the surface normal vn = 0. The conserva-
tion of momentum and mass of such a deforming
two-dimensional continuum is given by [51]{

ρ (∂tv + v · ∇v) = div(σ) + b
∂tρ+ ρdiv(v) = 0.

(1)

The ∇ denotes the covariant derivative which
when expressed in terms of tensor components is
(∇v)ab = va|b = ∂xbv

a + Γabcv
c, where Γabc denotes

the Christoffel symbols [1, 67]. In the notation
div(·) and grad(·) the corresponding covariant
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operations for divergence div(w) = wa|a and gra-

dient grad(w)ab = wa|b. The ρ denotes the mass
density per unit surface area, the v the velocity
components tangent to the surface, b the body
force per unit surface area, and σ the surface
stress tensor. We remark that while these equa-
tions look superficially similar to the Euclidean
case owing to the convenient covariant derivative
notation, as we shall discuss, the curved geometry
introduces important differences and additional
terms.

Figure 1: Vesicle Hydrodynamics. We take into ac-
count the hydrodynamics within each leaflet of the
bilayer, the intermonolayer slip between leaflets, and
the traction stresses for both the solvent fluid trapped
interior to the vesicle and the solvent fluid exterior
to the vesicle. We use a covariant formulation of the
continuum mechanics.

The constitutive law for an incompressible New-
tonian fluid can be expressed in terms of the rate
of deformation tensor of the surface

D = ∇v +∇vT , (2)

which in terms of tensor components is Da
b =

va|b + vb|a. The Newtonian stress is given by

σ] = µmD] + µ′mdiv(v)I] − pI]. (3)

The µm and µ′m are the first and second vis-
cosities of the membrane. The I is the (1,1)-
identity tensor with (I)ab = δab where δab de-
notes the Kronecker delta-function. This has

(
I]
)ab

= gab =
(
g]
)ab

, where g is the metric
tensor for the surface [51]. For an incompress-
ible Newtonian fluid, the steady-state Stokes
equations corresponding to equation 1 can be
expressed in tensor components as{

µmD
ab
|b − g

abp+ ba = 0

va|a = 0.
(4)

We can express this in a more geometrically trans-
parent manner by using exterior calculus [1]. For
the steady-state Stokes problem on the curved
surface, this takes on the form{

µm
(
−δdv[ + 2Kv[

)
− dp+ b[ = 0

−δv[ = 0.
(5)

The d denotes the exterior derivative, δ = ?d?
denotes the codifferential, ? denotes the Hodge
star, and K denotes the Gaussian curvature of the
surface [1,67]. In this case for the curved surface,
the d plays a role similar to the gradient operator
and δ the divergence operator [1]. The divergence
of the shear stress is div(D) = −δdv[ + 2Kv[.

As we shall discuss further, this form of the
equations provides a convenient approach for an-
alytic and numerical calculations. We can see
already from this formulation that the differen-
tial operator of the Stokes equations for curved
manifolds is self-adjoint [50,71]. This has the im-
portant consequence of yielding results for hydro-
dynamics on curved manifolds related to Lorentz
reciprocity [66] and as we shall discuss symmetric
mobility tensors for inclusion particle responses.
We also remark that the hydrodynamic equa-
tions 83 are consistent with the results of [69, 86]
in the limit of a non-deforming surface for in-
plane hydrodynamics. For a more detailed dis-
cussion of the exterior calculus formulation of the
Stokes equations and further discussion of the
operators see Appendix B.

2.2. Coupling to External Solvent Fluid

The solvent fluid surrounding the lipid bilayer
membrane also exerts a traction stress on the in-
ner and outer leaflets. We account for this using
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the Stokes equations

µ∆u−∇p = 0, x ∈ Ω (6)

∇ · u = 0, x ∈ Ω (7)

u = v, x ∈ ∂Ω (8)

u∞ = 0. (9)

The Ω = Ω± denotes either the outside region Ω+

of fluid surrounding the vesicle or the domain Ω−

of fluid trapped inside the vesicle.

For the solvent fluid velocity u− in the domain
Ω− interior to the vesicle and the membrane ve-
locity V = v + vnn with vn = 0, Lamb showed
results that allow for the solution to be expressed
as [35,45]

u− =

∞∑
n=1

u−n , where u−n = ∇× (rχn) . (10)

The χn are a combination of the spherical har-
monics of degree n

χn(r, θ, φ) = rn
|n|∑

m=−|n|

CnmY
n
m(θ, φ) (11)

Y n
m(θ, φ) = eimφPmn (cos(θ)). (12)

The Pmn denote the associated Legendre polyno-
mials [85]. The membrane surface flow V = v
determines the external solvent flow through the
solid spherical harmonic functions χn by

χn =
1

n(n+ 1)

( r
R

)n
Zn (13)

r · ∇ ×V =
∞∑

n=−∞
Zn. (14)

The Zn denotes the combination of the surface
spherical harmonics of degree n in the expansion
of the scalar field r · ∇ ×V. The R denotes the
radius of the spherical surface. As we shall dis-
cuss, this provides a convenient way to compute
the surface traction stress exerted by the solvent
fluid on the membrane.

Similarly, for the solvent fluid velocity u+ in
the domain Ω+ exterior to the vesicle, Lamb’s
solution gives [35,45]

u+ =

∞∑
n=0

u+
n (15)

u+
n = ∇× (rχ−(n+1)) (16)

χ−(n+1) =
1

n(n+ 1)

(
R

r

)n+1

Zn. (17)

The membrane surface fluid velocity V = v again
determines the solution through the expansion
with Zn in equation 14.

Using these results, the traction stress of the ex-
ternal solvent fluid on the lipid bilayer membrane
is

t+ = σ+ · n+ =

∞∑
n=0

−(n+ 2)

R+
u+
n (18)

t− = σ− · n− =
∞∑
n=1

−(n− 1)

R−
u−n . (19)

The n± denotes the unit normal on the surface
∂Ω± in the direction pointing into the solvent do-
main. We remark that similar expressions for the
traction stress have been obtained in [38,55,81,86].
For a more detailed discussion of our derivation
of the traction stress exerted on the membrane
from the bulk solvent fluid, see Appendix B.

2.3. Intermonolayer Slip

We account for the two bilayer leaflets of the mem-
brane by considering two surface velocity fields
v+ and v−. We model the intermonolayer slip
between these two leaflets by the traction term
proportional to the difference in lipid velocity

s± = ±γ (v− − v+) . (20)

In practice depending on the type of lipid and con-
ditions the intermonolayer slip between leaflets of
the bilayer have been reported over a wide range
104 - 109 N · s ·m−3 [22, 28,54,77].
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2.4. Full Membrane Hydrodynamics

Putting these results together and using an ap-
proach similar to Section 2.1, we obtain for a two-
leaflet membrane the following hydrodynamic
equations.

(21)

µm
[
−δdv[+ + 2K+v[+

]
+ t[+ − γ

(
v[+ − v[−

)
= dp+ − b[+ = −c[+, x ∈M+

δv[+ = 0, x ∈M+,

µm
[
−δdv[− + 2K−v[−

]
+ t[− − γ

(
v[− − v[+

)
= dp− − b[− = −c[−, x ∈M−

δv[− = 0, x ∈M−.

The M± denotes the two surfaces representing
the inner and outer bilayer leaflets. These equa-
tions take into account the internal membrane hy-
drodynamics of each leaflet of viscosity µm, the in-
termonolayer slip γ, and the traction stresses with
the bulk solvent fluids of viscosity µ± trapped
within and external to the vesicle. To obtain the
coupling in the collective dynamics of inclusions
embedded in such bilayer membranes, we must
solve these equations for the hydrodynamic flow.

2.5. Membrane Hydrodynamics and
Modal Responses

We use exterior calculus methods to derive solu-
tions to the membrane hydrodynamic equation 21.
For analytic and numerical calculations of flow
within surfaces, the exterior calculus provides
a number of advantages over more coordinate-
centric approaches such as tensor calculus [1].
As already seen in our expressions of the hy-
drodynamic equations, there are fewer explicit
references to the metric tensor with instead more
geometrically intrinsic operations appearing such
as the exterior derivative and Hodge star [1]. In
analytic calculations, we take advantage of this
to develop succinct methods for curved manifolds
that generalize many of the vector calculus based
techniques often employed in fluid mechanics.

From the exterior calculus formulation of the
Stokes equations we can readily show that the
incompressible surface flow can be expressed in
terms of a scalar velocity potential Φ as

v[ = − ? dΦ. (22)

This provides a generalization for the surface ge-
ometry of the usual velocity potential used in fluid
mechanics. The equation 22 generalizes to sur-
faces the operation in Euclidean space of taking
the curl to obtain an incompressible flow [2,35].
The exterior calculus allows us to readily verify
that the generated velocity field on the surface is
incompressible

−δv[ = (?d?)(?dΦ) = − ? d2Φ = 0. (23)

This follows since ?? = −1 on a surface (2-
manifold) and d2 = 0 holds [1].

2.5.1. Modal Response for Intramembrane
Hydrodynamics

To obtain equations for Φ, we use the exterior cal-
culus to determine the eigenfunctions of the opera-
tor in the Stokes equations. This can then be used
to rigorously derive expressions for the modal re-
sponses of the hydrodynamics when acted upon
by an applied force in a manner similar to [39].
For this purpose, we consider the eigenproblem

µ
[
−δdv[s + 2Kv[s

]
= λsv

[
s. (24)

Let Φs be a function such that v[s = − ? dΦs.
The operator − ? d commutes with −δd since
−δdv[s = −δd(− ? d)Φs = ?d ? d ? dΦs =
− ? d (−δd) Φs. The eigenproblem becomes

(− ? d)µ [−δdΦs + 2KΦs] (25)

= (− ? d)(λsΦs).

This can be satisfied if Φs is a solution of

µ [−δdΦs + 2KΦs] = λsΦs. (26)

This can also be expressed as

−δdΦs = γsΦs, (27)

Page 6 of 39



where γs = (λs/µ− 2K). For scalar fields, the
operator −δd is the Laplace-Beltrami operator
of the surface. In the special case of the sphere,
the solutions are surface spherical harmonics of
the form

Φs = Y `
m(θ, φ) = eimφPm` (cos(θ)) (28)

where s = (`,m) subject to the restriction
|m| ≤ `. The eigenvalues are γs = −`(`+ 1)/R2

and λs = µ
(
−`(`+ 1)/R2 + 2K

)
.

We can express the solution of the Stokes equa-
tions 83 by expanding the velocity field as

v[ =
∑
s

asv
[
s = − ? d

∑
s

asΦs. (29)

We can also represent the solution with Φ =∑
s asΦs. In a similar manner, the applied sur-

face force can be expanded with coefficients cs as
c[ = b[−dp = − ?d

∑
s csΦs. The problem now

becomes to find the coefficients as for the flow
when given an applied force with coefficients cs.

As a demonstration of the utility of this exte-
rior calculus approach, consider the Stokes equa-
tions 83 for the surface flow on a sphere associated
with a single leaflet, without yet the intermono-
layer slip or traction stress. We treat the Stokes
problem in equation 83 by taking − ? d of both
sides to eliminate the pressure term. This yields

− ? dµ
[
−δdv[ + 2Kv[

]
− ?ddp = − ? db[.(30)

Using the expansion for v[ in terms of v[s =
− ? dΦs and that Φs was chosen to solve the
eigenproblem in equation 24, we have

− ? dµ
[
−δdv[ + 2Kv[

]
− 0 (31)

= − ? d
∑
s

asλs(− ? dΦs)

= −
∑
s

asλs(−δdΦs) = −
∑
s

asλsγsΦs

= −
∑
s

cs ? d ? dΦs = −
∑
s

csδdΦs

=
∑
s

csγsΦs.

We remark that we use c[ as opposed to b[

throughout our calculations to emphasize that
only the solenoidal component of the applied force
effects the flow. This is further exhibited in the
identity − ? dc[ = − ? db[. For mode s, we have
λsas = cs and K = 1/R2 which gives

as =

[(
µ(2− `(`+ 1))

R2

)]−1

cs. (32)

This applies for ` ≥ 2. For the Stokes flow on the
membrane surface this gives the modal response
to an applied force.

We have assumed for this solution that the ap-
plied force has net-zero torque. The mode ` = 1
does not introduce an internal shear stress within
the membrane since this mode corresponds to a
rigid-body motion of the spherical shell. Since
we have not yet included the intermonolayer slip
or the external fluid traction stress there would
be no stresses to balance a force having non-zero
net torque.

2.5.2. Modal Response when Coupled to
External Solvent Fluid and with
Intermonolayer Slip

Using this approach, we can also incorporate for
a two leaflet lipid bilayer membrane the addi-
tional contributions of the traction stress with
the external solvent fluid and the intermonolayer
slip. We consider the case when the outer bilayer
leaflet of the membrane vesicle has radius R+

and the inner bilayer leaflet has radius R−. We
remark that R+ and R− each refer to the mid-
plane of the respective leaflet. The traction stress
requires us to derive the modal response to the
induced bulk external solvent flow. The solvent
flow satisfies the Stokes equations 84–87 with no-
slip with respect to the flow within the membrane
surface. These Stokes equations must be solved
twice, once in the domain Ω+ exterior to M+

and once in the domain Ω− interior to M−. We
obtain a representation for these solutions using
Lamb’s solution [35], see Section 2.2.
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We represent the fluid velocity v± within each
leaflet of the membrane using the velocity po-
tential Φ±. As in Section 2.5.1, we expand the
velocity potential in spherical harmonics Φs as
Φ± =

∑
s a
±
s Φs. This allows us to express the

membrane velocity as

v[± = − ? d
∑
s

a±s Φs. (33)

From this representation and equation 18, we
can express the traction stress from the external
solvent fluid on the membrane leaflet as

t[+ =

∞∑
`=1

−µ+(`+ 1)

R+

(
−d ? Φ̃−`

)
(34)

t[− =
∞∑
`=1

−µ−(`− 1)

R−

(
−d ? Φ̃+

`

)
.

The Φ̃±` denotes the linear combination of modes

of degree `. In particular, Φ̃±` =
∑

s′,`′=` a
±
s′Φs′

where s′ = (m′, `′).

By applying − ? d we have

−d ? t[+ = − µ+

R+

∑
s

(`+ 1)a+
s γ

+
s Φ+

s (35)

−d ? t[− = − µ−
R−

∑
s

(`− 1)a−s γ
−
s Φ−s .

We use that − ? d (− ? d) = −δd is the Laplace-
Beltrami operator and that −δdΦ±s = γ±s Φ±s , see
equation 24 and equation 27.

Now we apply the operator −?d to equation 21.
By using equation 35 and equation 24, we obtain
for the coefficients a±s of the velocity fields of the
leaflets

µmλ
+
s γ

+
s a

+
s − µ+

R+
(`+ 1)γ+

s a
+
s (36)

− γ
(
γ+
s a

+
s − γ+

s a
−
s

)
= −γ+

s c
+
s

µmλ
−
s γ
−
s a
−
s − µ−

R−
(`− 1)γ−s a

−
s (37)

− γ
(
γ−s a

−
s − γ−s a+

s

)
= −γ−s c−s .

The solution coefficients for v[+ and v[− for the

full two-leaflet membrane hydrodynamics in equa-
tion 21 can be expressed as

[
a+
s

a−s

]
= A−1

s

[
−c+

s

−c−s

]
(38)

where

As =

[
A`1 − γ γ
γ A`2 − γ

]
(39)

with

(40)

A`1 =
µm
R2

+

(
2− `(`+ 1)− R+

L+
(`+ 1)

)
A`2 =

µm
R2
−

(
2− `(`+ 1)− R−

L−
(`− 1)

)
.

Associated with the inner and outer external flu-
ids, we define the length-scales L− = µm/µ−
and L+ = µm/µ+. The Saffman-Delbrück
length-scale [75,76] associated with each leaflet
is L−SD = 1

2L
− and L+

SD = 1
2L

+ and on average
LSD = 1

2

(
L−SD + L+

SD

)
.

In summary, the equations 38– 40 provide the
modal responses for the hydrodynamic flow sat-
isfying the two leaflet Stokes problem in equa-
tion 21. The model captures the hydrodynamic
flow of lipids within the two curved bilayer leaflets
that are coupled to one another by intermono-
layer slip and that are coupled to the flow of the
external solvent fluid. The key parameters are
given in Table 1.

We remark that the membrane fluid velocity
fields are obtained from these calculations for

Page 8 of 39



specific coordinates by

(41)

v− =
(
v[−

)]
=
∑
s

a−s (− ? dΦs)
]

=
∑
s

a−s

[
εi`√
|g−|

∂Φs

∂x`

]
∂xi

v+ =
(
v[+

)]
=
∑
s

a+
s (− ? dΦs)

]

=
∑
s

a+
s

[
εi`√
|g+|

∂Φs

∂x`

]
∂xi .

The |g±| denotes the determinant of each of the
metric tensors g± associated with the leaflet sur-
faces M± and the εi` denotes the Levi-Civita
tensor. We remark that given coordinate singu-
larities on the sphere to use robustly this velocity
representation for numerical calculations, we need
to use different coordinate charts. For details see
our discussion in Appendix A.

Notation Description

µm Intramembrane viscosity.

γ Intermonolayer slip.

µ± External bulk solvent viscosity.

R+ Radius of the outer leaflet.

R- Radius of the inner leaflet.

R Average radius of the vesicle.

Table 1: Description of notation and parameters.

2.6. Characteristic Physical Scales

To characterize the hydrodynamic responses, we
discuss a few useful non-dimensional groups. We
first consider how the bulk solvent fluid regular-
izes the two dimensional membrane hydrodynam-
ics. This can be characterized by considering a
disk-shaped patch of a flat membrane of radius
r. An interesting length-scale is the radius r
where the bulk three dimensional traction stress
acting on the patch of area A = πr is compara-
ble in magnitude to the intramembrane stresses

acting on the perimeter of the patch of length
˜̀ = 2πr. This occurs for the inner and outer
leaflets on length-scales scaling respectively like
L− = µm/µ− and L+ = µm/µ+. The Saffman-
Delbrück length-scale [75,76] associated with each
leaflet is L−SD = 1

2L
− and L+

SD = 1
2L

+ with av-
erage LSD = 1

2

(
L−SD + L+

SD

)
. For a vesicle, it is

natural to consider these length-scales relative
to the radius of the vesicle R. We introduce
the non-dimensional groups Π+

1 = L+/R+ and
Π−1 = L−/R−.

For the intermonolayer slip, we consider for
the flow the response of the leading order modes
with ` = 1. These correspond to the rigid rota-
tions of the spherical shell. For a velocity dif-
ference between the layers, the drag is given by
γ. For the leading order modes with ` = 1, the
traction stresses arising from the entrained sur-
rounding bulk solvent fluid give an effective drag
µ+/R+, see equation 39 and 40. To character-
ize for a lealfet the strength of the intermono-
layer slip relative to the traction stress exerted
by the surrounding solvent fluid, we introduce
the non-dimensional groups Π+

2 = γR+/µ+ and
Π−2 = γR−/µ−. For convenience, we also intro-
duce the notation γ±0 = µ±/R±, so that we can
express Π±2 = γ/γ±0 .

We remark that Π±2 can be expressed in
the more familiar terms of a ratio of rota-
tional drag coefficients. We have Π+

2 =[
8π(γR+)R3

+

]
/
[
8πµ+R

3
+

]
. For a rigid spheri-

cal particle subject to torque τ in a fluid with
viscosity µ̄, the angular velocity ω is given by
ω =

[
8πµ̄R3

+

]−1
τ , [35]. This shows that the in-

termonolayer slip contributes similarly to leading
order as a bulk solvent fluid of viscosity γR+.
We can express similarly Π−2 . Other dimensional
analyses and non-dimensional groups for slip have
been reported in [40,77].

These four non-dimensional groups Π+
1 , Π−1 ,

Π+
2 , Π−2 serve to characterize the relative contri-

butions of the vesicle geometry, shear viscosity
within the bilayer leaflets, the shear viscosity of
the bulk solvent fluid, and the intermonolayer
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slip. To simplify our notation, we drop the ±
when the same values are used for each leaflet
and denote Π1 = Π+

1 = Π−1 and Π2 = Π+
2 = Π−2 .

For the non-dimensionalization of the hydrody-
namic equations 114– 116 using these character-
istic scales see Appendix C.

2.7. Curvature and Shear

In contrast to a flat membrane, material trans-
ported on a curved membrane can undergo shear
even by a flow having an effectively constant ve-
locity field on the surface. To investigate the role
of intrinsic curvature of the surface, we consider
flow on the sphere which has constant positive
Gaussian curvature K > 0 and the pseudosphere
which has constant negative Gaussian curvature
K < 0 [67], see Figure 2.

For concreteness, we parametrize the
sphere having Gaussian curvature K =
1 with the coordinates (θ, φ) with x =
ψ(θ, φ) = [sin(θ) cos(φ), sin(θ) sin(φ), cos(θ)].
We parametrize the pseudosphere having
Gaussian curvature K = −1 with the
coordinates (θ, φ) with x = ψ(θ, φ) =
[sech(θ) cos(φ), sech(θ) sin(φ), θ − tanh(θ)].

We first consider a flow having a velocity field
v with zero co-variant derivative ∇v = 0 on the
surface (constant tangent vector). On both the
sphere and pseudo-sphere a velocity having this
property is given by v = [− sin(φ), cos(φ), 0]. We
remark that it is convenient here to express the
velocity in terms of the xyz-components in R3

given by the embedding from the parametriza-
tion above. For a curved surface, this provides
the analogue to a flat surface of having a flow
with constant velocity. We find that the curva-
ture results in shearing of the transported ma-
terial. Intuitively, this arises relative to the flat
surface by the way intrinsic curvature requires
distortion of the distance relationships between
points on the surface. More precisely, consider
two points located at (θ1, φ0) and (θ2, φ0) with
θ2 > θ1 ≥ 0 in the upper hemisphere. While

both points travel at exactly the same speed, the
point (θ2, φ0) which starts closer to the north
pole will take less time to traverse fully around
the xy-circular cross-section of the surface. This
curvature associated distortion of the distances
results in shearing of the transported material.
This is illustrated in the panel on the left in
Figure 2.

Figure 2: Curvature and Shear. In contrast to a flat
membrane, material transported on a curved mem-
brane can exhibit shear even by a flow having an ef-
fectively constant surface velocity. We consider two
surfaces (i) the sphere with constant Gaussian curva-
ture K > 0 and (ii) the pseudosphere with constant
Gaussian curvature K < 0. For a rectangular patch of
material on the surface (beige), we show how transport
changes its shape over time (red). On the left we show
the transport for a velocity field with zero co-variant
derivative ∇v = 0 (tangent vectors are constant). On
the right we show transport for a velocity field with
zero dual exterior derivative dv[ = 0 (co-tangent vec-
tors are constant). For either type of velocity field on
the surface, in contrast to a flat surface, we see that
the intrinsic curvature can result in shearing of the
transported material. This effect is captured in our
hydrodynamic model by the Gaussian curvature term
and exterior calculus in equations 83.

We can also consider a flow having a velocity
field v with dual field v[ having zero exterior
derivative dv[ = 0 (constant co-tangent vector
field). The constant co-tangent case is motivated
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by the exterior calculus formulation of the fluid
equations where for such an incompressible field
the flow is determined only from the Gaussian
curvature term, see equation 83. We remark that
while the co-tangent vector field v[ = vbdx

b is
constant on both the sphere and pseudosphere,
the velocity field v = va∂xa on each surface is
modulated by the local components of the inverse
metric factor as va = gabvb. For any incompress-
ible velocity field with zero exterior derivative
dv[ = 0, according to equation 83 on any con-
stant Gaussian curvature surface the force den-
sity b[ must also have zero exterior derivative
db[ = 0.

To construct such a flow, we consider for
the sphere v[ = −b[/2K = +dφ and for the
pseudosphere v[ = −b[/2K = −dφ. The
sign change in the fluid velocity arises from
the way in which the Gaussian curvature ef-
fects the flow response to the force density,
see equation 83. For the velocity field on the
sphere, the inverse metric term gφφ = 1/ cos2(θ)
yields v = [− sin(φ)/ cos(θ), cos(φ)/ cos(θ), 0].
For the pseudosphere, the inverse metric term
gφφ = 1/ sech2(θ) yields the velocity v =
[sin(φ)/ sech(θ),− cos(φ)/ sech(θ), 0].

We see that for both the sphere and pseudo-
sphere the material transported under such a flow
is sheared. For the sphere and pseudosphere the
shear is expected to be in the opposite direction
arising from the difference in sign of the Gaussian
curvature K of the surface. This is illustrated
in the panel on the right in Figure 2. We re-
mark that similar types of geometry and shear
effects can be used for performing rheological
experiments as was done in [12].

3. Particle-Bilayer Coupling :
Immersed Boundary Methods
for Manifolds

To model the motions of particles within the
membrane, we compute a mobility tensor using

approximations closely related to the Immersed
Boundary Method (IB) [5–9,63]. In IB the fluid-
structure interactions are approximated by cou-
pling operators that perform operations on the
surrounding flow field to determine the particle
velocity and perform operations yielding a force
density field to account for particle forces [9, 63].
We introduce IB approaches for manifolds to
capture both the translational and rotational re-
sponses of inclusion particles to applied forces
and torques when subject to coupling through
the membranes hydrodynamics. We show how
our IB approaches can be used to compute an
effective mobility tensor for these responses.

3.1. Mobility Tensor

We express the mobility tensor M for the velocity
response of a collection of particles as

V = MF. (42)

The V is the collective vector of velocities and
angular velocities of the particles and F is the
collective vector of forces and torques applied to
the particles. For particle i, the velocity is given
by Vi = [V]i and the particle force by Fi = [F]i.
It is also convenient to decompose the mobility
tensor into the components Mij where

M =

 M11 M12 . . . M1N
...

...
...

...
MN1 MN2 . . . MNN

 . (43)

The response of a single particle to a force applied
directly to that particle is given by the diagonal
block components Mii. The two-particle response
associated with the velocity of particle i in re-
sponse to a force applied to particle j is given by
the off-diagonal block component Mij .

3.2. Coupling Operators Γ and Λ for
Curved Surfaces

The mobility tensor for the interactions between
the ith and jth particle is given by

Mij = ΓiSΛj , (44)
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where we have the operators Γi = Γ
[
Xi
]

and
Λj = Λ

[
Xj
]
. In the notation, we denote by S

the solution operator for the hydrodynamic equa-
tions 21. The velocity field for the hydrodynamics
v(x) under the applied force density f(x) is given
by v = Sf . The operators Γ,Λ approximate the
fluid-structure interaction by modelling the ve-
locity response and forces of the particles. The
force density generated by an applied force F on
particle j is given by f = ΛjF. In response, the
velocity V of particle i is given by V = Γiv.

Figure 3: For curved surfaces the coupling operators
Γ and Λ must be consistent with the tangent bun-
dle of the surface. We use reference vector fields on
the surface to construct the coupling operators Λ and
Γ. We derive operators Γ and Λ for translational
and rotational motions using the adjoint conditions
in equations 45 and 57. On the left we show the ref-
erence vector field for translational responses (green).
On the right we show the reference vector field for
rotational responses (green).

Many choices can be made for the operators
Γ and Λ. This can be used for both transla-
tional and rotational responses [9]. To ensure
that the approximate fluid-structure coupling is
non-dissipative, it has been shown the operators
must be adjoints [5, 9, 63]. We require for any
choice of field v and vector F that the operators
satisfy the adjoint condition

〈Γv,F〉 = 〈v,ΛF〉. (45)

The inner-products are defined as

〈Γv,F〉 =
∑
i

[Γv]i · [F]i (46)

〈v,ΛF〉 =

∫
Ω

v(x) · (ΛF) (x)dx (47)

where · denotes the dot-procuct in the embed-
ding space R3. We use the notation ΓT = Λ to
denote succinctly the adjoint condition 45. An
important consequence of the adjoint condition is
that it preserves the symmetry of the mechanical
responses. This is particularly desirable since as
discussed in Section 2.1 the solution operator S
is symmetric and the adjoint condition ensures
that the mobility tensor M will be symmetric.

To obtain the translation and rotational re-
sponses of the particles, we introduce the opera-
tors

Γv =

∫
Ω

W [v] (y)dy (48)

ΛF = W∗ [F] (x). (49)

The X denotes the collective vector of particle
locations. The ith particle is at location [X]i.

To obtain the particle velocity in response to
the hydrodynamic flow, the tensor W serves to
average by sampling and weighing the velocity
values on the surface. For a particle force the ad-
joint tensor W∗ serves to produce a force density
field.

For a curved surface, W must be chosen care-
fully. A simple form which is widely used in IB is
to use a scalar weight W∗[F] = η(y−X)F where
η is the Peskin δ-function [9, 63]. However, for a
curved surface this is not a good choice since the
force density field produced by ΛF = η(y−X)F is
not in the tangent space of a curved surface. Sim-
ilarly, the averaging procedure Γ may produce
a particle velocity which is not in the tangent
space.

For curved surfaces, we use a more geometri-
cally motivated operator of the form

W [v] =
∑
i

w[i] [v] (x) (50)

=
∑
i

w[i],α [v] ∂α|X[i] (51)

=
∑
i

((
w[i]
)α
β
vβ
)
∂α|X[i] .
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The sum i runs over the particle indices and the
∂α|X[i] denotes the tangent basis vector in direc-
tion α at location X[i]. The square brackets [i]
are used to help distinguish entries not involved
in the Einstein conventions of summation. This
can be interpreted as the procedure of obtaining
the average velocity for particle i by using for
each coordinate direction α the inner-product of
the velocity field v with the reference vector field

qα =
(
w[i],α

)]
=
(
w[i],α

)γ
∂γ . The adjoint tensor

yielding the local force density is given by

W∗ [F] =
∑
i

(
w[i],α

)]
Fα (52)

=
∑
i

(
w[i],α

)γ
Fα∂γ . (53)

For translational motions we use the reference
vector fields of the form qθ = ψ(x − X[i])∂θ
and qφ = ψ(x − X[i])/ cos(θ)∂φ, where ψ(r) =
C exp(−r2/2σ2). For rotational responses we
use the reference vector field on the surface
qn = ψ(x−X[i])

(
n× (x−X[i])

)
. We emphasize

that we only use these expressions for a coordi-
nate chart chosen so that the particle location X[i]

is away from a polar singularity, see Appendix A.
The reference velocity fields are illustrated in
Figure 3.

We remark that σ is related to the approximate
size of the modeled inclusion particle. One should
think about the force balance in the immersed
boundary model as capturing the motion both of
the inclusion particle and the entrained lipids in
the immediate viscinity of the particle. A rela-
tionship can be established in principle between σ
and the particle size by considering the hydrody-
namic radius obtained by comparing self-mobility
results from the immersed boundary model to
other more detailed hydrodynamic calculations
that explicitly account for the fluid-solid bound-
ary of the particle.

In practice for the spatially discretized system,
the operators and the associated fields they gen-

erate can be expressed conveniently as

V i = Γimv
m (54)

fm = Λmj F
j . (55)

The index m corresponds to the discrete degrees
of freedom, such as the index of a lattice point
or harmonic mode, and the i and j index the
components of the vector. We have

V kF k = Γkmv
mF k = vmΛmk F

k = vmfm. (56)

The adjoint condition can be expressed as

Γkm = Λmk . (57)

In practice, we define the operator Λ in numerical
calculations using the specified reference veloc-
ity fields qα above to generate the force density
at lattice sites on the sphere surface. Using the
sparse matrix representation of this operation for
Λ, equation 57 provides the adjoint velocity aver-
aging operator Γ. This approach for developing
consistent operators Λ and Γ on the sphere also
extends straight-forwardly to immersed boundary
approximations on more general curved surfaces
and manifolds.

4. Dynamics of Inclusion Particles
Embedded in Spherical Bilayers

For particle inclusions embedded within spheri-
cal lipid bilayer membranes, we investigate their
translational and rotational motions in response
to applied forces and torques. We consider
the case when each embedded inclusion parti-
cle only spans one of the fluid bilayer leaflets,
see Figure 4. We investigate the mobility of
these inclusions when varying the (i) vesicle ra-
dius, (ii) membrane viscosity, (iii) solvent vis-
cosity, and (iv) intermonolayer slip. We in-
vestigate the four interaction cases (i) outer-
outer, (ii) outer-inner, (iii) inner-outer, and (iv)
inner-inner. We also investigate the coupled mo-
tions for the four cases (i) translation-translation,
(ii) translation-rotation, (iii) rotation-translation,
and (iv) rotation-rotation.
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We express the translational and rotational
responses as [

V
ω

]
= M

[
F
τ

]
(58)

where we decompose the mobility tensor into the
blocks

M =

[
Mtt Mtr

Mtr Mrr

]
. (59)

In the notation, the V denotes the collective
translational velocities and ω the collective ro-
tational angular velocities. The F denotes the
collective forces applied to particles within the
inner and outer leaflets. The τ denotes the collec-
tive torques applied to particles within the inner
and outer leaflets.

We denote the different ways in which the
forces F and torques τ couple to the particle
translational motions V and rotational motions
ω using the notation MXY . The X denotes the
response as either translation (t) or rotational
(r). The Y denotes the type of applied force as
either standard force (t) or torque (r). The mobil-
ity components can be further decomposed into
MXY,i1,`1,i2,`2 where ik denotes the location of the
ithk particle. The leaflets in which the inclusions
are embedded is denoted by `k ∈ {inner, outer}.

Figure 4: We consider the case when each embedded
inclusion particle only spans one of the bilayer leaflets.
We consider the interaction cases when particles are
both in the same leaflet or are in different leaflets.

There are a few notable differences between
spherical fluid membranes and flat fluid mem-
branes. In the flat case, the membrane domain
is often treated as effectively infinite and for
theoretical convenience often as having periodic
boundary conditions. In the spherical case, the

membrane is intrinsically of finite area. Also
for a sphere, as consequence of the topology,
any in-plane hydrodynamic flow must have a
singularity [43]. For the solvent fluid, flat mem-
branes have fluid extending over an infinite do-
main symmetrically on both sides. In the spher-
ical case, this symmetric is broken with solvent
fluid trapped within the interior in a region of
finite volume and with solvent fluid extending ex-
terior over an infinite domain. The curvature of
the membrane surface can also play an important
role in the hydrodynamics. This is particularly
apparent from the Gaussian term that appears
in equation 21 and the effects we discussed in
Section 2.7.

We investigate the mobility of inclusion parti-
cles within spherical bilayers in a few different
regimes. We consider the characteristic scales
introduced in Section 2.6. The regime with
Π1 = L/R � 1 and for Π2 = γR/µf with
Π−1

2 Π1 = 1 corresponds to the case when the hy-
drodynamic flow is dominated by the intramem-
brane viscosity and intermonolayer slip. In this
regime, for a force density having a non-zero net
torque, the flow is approximated well by the lead-
ing order spherical harmonic modes with ` = 1,
see equation 116. The intramembrane viscosity
strongly couples the surface fluid resulting in a
flow that is a rigid body rotation of the entire
spherical shell, see Figure 5. Parameter values
are given in Table 2.

Mathematically, this arises from the dominant
spherical harmonic modes with degree index ` = 1
and order index m = −1, 0, 1. Using the exte-
rior calculus formation we apply the generalized
curl = −?d on the surface to the vector potential
Φ given by a linear combination of the harmonic
modes of degree ` = 1. This yields for the ve-
locity field on the surface that of a rigid body
rotation, see equation 41. In the case when the
surface force has zero net torque in the regime
Π1 � 1, Π−1

2 Π1 = 1, the leading order flow is
determined by the intramembrane viscosity and
intermonolayer slip and depends on the higher-
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order moments of the torque of degree ` > 1.
The regime with Π1 � 1 and Π2 � 1 corre-

sponds to the case when the traction stress from
the entrained external solvent fluid dominates the
hydrodynamic response relative to the intramem-
brane viscosity and intermonolayer slip. This
results in more localized flow within the surface,
see Figure 5.

We remark that the regime when Π2 � 1 corre-
sponds to the case when the intermonolayer slip
strongly couples the hydrodynamic flow between

the two leaflets to make them nearly identical.
This effectively doubles the intramembrane vis-
cosity.

We have presented a few regimes indicating
the contributing factors in the hydrodynamic re-
sponses and the interplay between the entrained
solvent fluid, intramembrane viscosity, and inter-
monolayer slip. We now discuss some features of
the hydrodynamic response that arise from the
geometry of the spherical membrane.
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Figure 5: Hydrodynamic flow in response to force acting on an inclusion particle. The L/R = Π1 is the
relative Saffman-Delbrück length-scale scaled by the vesicle radius. For small intramembrane viscosity the force
produces a localized hydrodynamic flow on the surface. As the membrane viscosity increases the hydrodynamic
flow becomes less localized and eventually approaches the velocity field of a rigid body rotation of the sphere.
The flow exhibits two vortices with locations that migrate toward the equatorial poles as the viscosity increases.
Parameter values in Table 2.
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4.1. Vortices and Membrane Viscosity

Figure 6: Vortex Location and Membrane Viscosity.
For a force applied to a particle in the outer leaflet lo-
cated at the north pole, we show as the shear viscosity
is varied how the vortex location changes in the outer
and inner leaflets. In the nomenclature X-Y in the
figure caption, X refers to the leaflet of the applied
force and Y the leaflet of the flow response. For low
viscosity the vortices are near the north pole θ = 0.
As viscosity increases the vortices migrate toward the
equator θ = π/2. The inset left to right shows typical
progression in flows of the vortex location. The inter-
monolayer slip Π2 = γ/γ0 = 4 moderately couples the
inner leaflet to the outer leaflet. We find this results
in a flow within the inner leaflet with a vortex loca-
tion closer toward the equator. Parameter values in
Table 2.

As a consequence of the spherical topology of
the membrane, any hydrodynamic flow within
the surface must contain a singularity [43]. We
consider the case of an inclusion particle located
at the north pole of the sphere and subjected
to a force. These singularities manifest in the
flow as two vortices of opposite sign, see Fig-
ures 5. The location of these vortices depends
on Π1 = L/R characterizing the relative strength
of the intermembrane shear viscosity vs the sol-
vent traction stress. For small Π1 the vortices

start near the north pole and as Π1 increases they
migrate toward the equator, see Figures 5. For
a force applied to a particle in either the outer
leaflet or inner leaflet we consider how the vortex
location changes as the viscosity of the membrane
is varied. We show the vortex locations in the
outer and inner leaflets in Figure 6. In this case
we vary Π1 = L/R and keep fixed Π2 = γ/γ0

where γ0 = µf/R with parameters in Table 2.
We remark that these results can be used as a ref-
erence to estimate the membrane shear viscosity
by making observations of the vortex locations
of the fluid flow within the leaflets. Some recent
experimental work to estimate the membrane vis-
cosity of vesicles using vortex locations can be
found in [25,41,89].

4.2. Self-Mobility and Coupled-Mobility

We next consider the hydrodynamic responses
when a force or torque is applied to an inclusion
particle embedded in the outer leaflet when the
center of the sphere is held fixed. We take as
our convention that this particle is embedded
at a pole where we parametrize this position on
the sphere with (θ, φ) = 0. We then consider
how the resulting hydrodynamic flows within the
inner or outer leaflets within the spherical bi-
layer couple the translational motions and ro-
tational motions of inclusion particles at other
locations. Throughout, we use the base-line pa-
rameters given in Table 2. These parameters
correspond to the non-dimensional regime with
Π1 = 0.65 and Π2 = 4.0.

Parameter Value Parameter Value

R− 14nm µ± = µf 598.44 amu/ps·nm
R+ 16.6nm µm 5984.4 amu/ps

R 15.3nm γ 156.25 amu/ps·nm2

σ 1 nm m0 1 amu

τ 0.64 ps ε 2.5 amu·nm2/ps2

Table 2: Vesicle Parameters. We use these default
parameters throughout our discussions unless speci-
fied otherwise. These parameters correspond to the
non-dimensional regime with Π1 = L/R = 0.65 and
Π2 = γR/µf = 4.0.
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We investigate the roles played by the bulk
solvent fluid, the intramembrane viscosity, and
the intermonolayer slip. We use our methods
to compute profiles of the mobility responses at
different locations when varying the intramem-
brane viscosity and intermonolayer slip in Fig-
ure 8. We show how the mobility varies when
changing the intermonolayer slip and membrane
viscosity in Figures 9 and 10. For comparison we
also compute the mobility responses within a flat
membrane shown in Figure 11.

Before discussing in more detail these results,
we make a few remarks concerning how the mobil-
ity results are reported. The responses are shown
along the two great circles on the sphere corre-
sponding to the intersection with the xy-plane
and the xz-plane.

Figure 7: Cross Sections of the Sphere and Conven-
tions. We consider the hydrodynamic responses when
a force or torque is applied to an inclusion particle.
For convenience in our calculations, we use by con-
vention the coordinates for the inclusion particle X =
(x, y, z) = (1, 0, 0) and we apply force to the inclusion
particle in the direction F = (fx, fy, fz) = (0, 1, 0). To
characterize the hydrodynamic responses, we consider
the cross-sections of the sphere in the xy-plane and
the xz-plane. This gives two great circles of the sphere.
We consider the velocity in the directions parallel and
perpendicular to the tangents of each of the respective
great circles.

We consider the velocity responses in the par-
allel ‖ and perpendicular ⊥ directions along each
of these curves. We normalize all of the mo-
bility results by comparing to the case of large
intramembrane viscosity Π1 = L/R = 48 for the
leaflet or large intermonolayer slip correspond-

ing to Π2 = γR/µf = 32. This regime provides
a reference case corresponding to the situation
when the large intramembrane viscosity yields
an effective rigid body rotation of the spherical
shell within the bulk solvent fluid or when the
two leaflets are tightly coupled.

We remark that this is in contrast to the flat
membrane case where the mobility tends to zero
as Π1 = L/R becomes large. In the flat mem-
brane case, we normalize instead our reported
results by the self-mobility when Π1 = L/R =
0.1. Given the mobility model for the hydro-
dynamic responses discussed in Section 3.1, the
self-mobility on the sphere for each type of cou-
pling is given in our model by the results reported
at location (θ, φ) = 0.

The mobility profiles reveal a number of in-
teresting aspects of the hydrodynamic coupling
between inclusion particles and leaflets. We find
that the intermonolayer slip and curvature yield
coupling for particles embedded in the inner
leaflet significantly different than for particles em-
bedded in the outer leaflet. For a force or torque
applied to a particle embedded in the outer leaflet,
the intermonolayer slip yields a flow for the in-
ner leaflet with recirculation over a larger scale.
This is seen when looking at the vortex locations
when applying force at the north pole, where
the intermonolayer slip plays a role pushing the
vortex location of the inner leaflet closer to the
equatorial poles, see Figure 6.

We see this can result in both the transla-
tional motions and rotational motions of a parti-
cle within the inner leaflet moving in the opposite
direction of an inclusion particle within the outer
leaflet at the same location. This is seen for the
smallest viscosities and intermonolayer slips for
the translation-translation responses at location
xz with φ = π/4 and for the rotation-rotation re-
sponses at location xy with θ = π/4, see Figure 9
and 10.
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Figure 8: Mobility profiles of inclusion particles when varying the membrane viscosity and intermonolayer
slip. In each case a force or a torque is applied to a single inclusion particle within the outer leaflet located at
(θ, φ) = 0. The resulting inclusion particle hydrodynamic response within the outer leaflet or inner leaflet is
shown in terms of the mobility M defined in Section 3.1. We use in the nomenclature in the titles of X-Y to
indicate a forcing of type X and a response of type Y. We normalize the mobility by the self-mobility response
obtained in the case when Π1 = L/R = 48 and Π2 = γR/µf = γ/γ0 = 32. The intramembrane viscosity or
intermonolayer slip is held fixed in panels displaying respectively Π1 = L/R = 0.13 or Π2 = γ/γ0 = 4. All
figures show the outer leaflet response with the exception of the figure on the upper-right for the translation-
translation response which shows how the inner leaflet responds to increasing intermonolayer slip. The other
panels show the dependence of the mobility response of inclusion particles embedded within the outer-leaflet when
increasing the membrane viscosity as Π1 = L/R = 0.13, 0.26, 0.65, 1.3, 2.6, 6.5, 13, 26, 52. The curve with largest
amplitude at θ = 0 corresponds to the largest local mobility response which occurs for the smallest membrane
viscosity. The panels show the dependence of the mobility response of inclusion particles embedded within the
inner-leaflet when increasing the intermonolayer slip as Π2 = γ/γ0 = 0.040, 0.10, 0.40, 1.0, 4.0, 8.0, 16, 32. The
curve with smallest amplitude at θ = 0 shows the smallest mobility response corresponds in each case to the
smallest intermonolayer slip.
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For the translational and rotational response
to forces in the outer leaflet, we find that the
intermonolayer coupling smooths the flow over a
larger scale within the inner leaflet.

We next consider for fixed intramembrane vis-
cosity how the intermonolayer slip effects the flow.
We see for a force acting on the outer leaflet as
the intermonolayer slip becomes small the flow
within the inner leaflet approaches a rigid body
rotation, see the bottom curve in the upper-right
panel of Figure 5.

From an analysis of the hydrodynamic response
equation 40, we have two interesting cases for the
modes of the inner leaflet: (i) ` = 1 and (ii)
` > 1. In the first case, the inner-leaflet rotates
as a rigid spherical shell and entrains the fluid
trapped within to a rigid body motion. As a
consequence there is no traction stress with the
external solvent fluid for the inner leaflet and no
intramembrane shear stress. This means there
are no other stresses acting against the inter-
monolayer drag so −γ(a−` − a+

` ) = 0 and the
inner leaflet matches the outer leaflets rotation
with a−` = a+

` for ` = 1.
In the second case with ` > 1, the intramem-

brane stress and traction stress balance the inter-
monolayer drag. In this case, the hydrodynamic
modes of the inner leaflet scale in proportion
to the intermonolayer slip and the modes of the
outer leaflet. As the intermonolayer slip decreases,
the modes a−` of the inner leaflet become small
for ` > 1.

This can be seen mathematically from equa-
tion 40 where the inner leaflet modes satisfy

a−` = −
((
A`2/γ

)
− 1
)−1

a+
` . This can be ex-

pressed as

a−` = −Π3

(
2− `(`+ 1)−Π−1

1 (`− 1)−Π3

)−1
a+
`

where for convenience we denote Π3 = Π−2 /Π
−
1 .

For ` = 1 this shows a−` = a+
` independent of the

magnitude of Π3 6= 0. For ` > 1, we have as the
intermonolayer slip becomes small Π3 � 1 the
hydrodynamic response for the mode of the inner
leaflet with ` > 1 become small a−` � 1. This

shows that the resulting hydrodynamic responses
in the inner leaflet become dominated by the
rigid rotation mode ` = 1 for small intermono-
layer slip. This can be seen in the upper-right
panel of Figure 8.

This has a number of interesting consequences
for the motions of inclusion particles embedded
within leaflets of spherical bilayers. From the dif-
ferent hydrodynamics of the two spherical shells,
we have that for small intermonolayer slip the
self-mobility and coupled-mobilities can result in
large motions when forces or torques act on an in-
clusion particle within the inner leaflet. For small
intermonolayer slip this arises since the rigid body
mode ` = 1 of the hydrodynamic response for
the inner leaflet is not damped by the trapped
solvent fluid but only by the weak intermonolayer
coupling. This manifests in a near rigid rotation
of the inner leaflet and a large self-mobility and
coupled-mobility in response to an applied force
or torque, see Figure 10.

We remark that it is important to keep in mind
this behaviour arises when forces applied to inclu-
sion particles result for the inner leaflet in a force
moment with non-zero net torque. This is what
drives a significant hydrodynamic response for
the rotation mode ` = 1. In contrast, for the case
of a collection of inclusion particles with total
force acting on the inner leaflet that yields a zero
net torque, super-position of the particle hydro-
dynamic responses cancel for the ` = 1 mode and
the behaviour of large motions for inclusions from
the rigid shell rotation is suppressed. This means
for inclusion particles embedded within spherical
bilayers it is important to consider carefully the
different ways forces and net torque act on the
leaflets.

As the intermonolayer slip becomes large, the
hydrodynamic flows within each of the two leaflets
approach a common velocity. The self-mobility
of inclusion particles embedded in the inner and
outer leaflet also approach a common value. It
is interesting to note that the common value is
not simply 1/2 of the self-mobility for the uncou-
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pled leaflets, see Figure 10. This arises from the
asymmetric way in which the leaflets couple to
the external solvent. For the outer leaflet the
solvent is within an unbounded domain exterior
to the spherical shell. For the inner leaflet the
solvent is within a bounded domain trapped in-
terior to the spherical shell. As a consequence,
we see there are different tractions acting on the
inner and outer leaflet, see equation 40. As we
saw for the rigid rotation mode ` = 1, there is
no traction stress on the inner leaflet since the
solvent fluid rigidly rotates within the spherical
shell but there is traction stress from the solvent
on the outer leaflet. For the other modes ` > 1
there continue to be asymmetries in the strength
of the traction stress. As a result, the mobility
of inclusion particles depend on the particular
leaflet in which they are embedded. In the large
intermonolayer slip limit, the mobility is deter-
mined by a combination of these different solvent
tractions from each of the leaflets.

When investigating the mobility of membrane
inclusion particles, the finite spatial extent and
curved geometry of the bilayer can result in im-
portant hydrodynamic effects not captured when
treating the membrane as an infinite flat sheet.
We remark that the key consideration is how large
the spatial extent or curvature is relative to the
Saffman-Delbrück length LSD. For a very large
vesicle radius or small curvatures, we do expect
of course to recover similar behaviours as in the
case of an infinite flat sheet. The interesting case
is when the vesicle radius or membrane curva-
ture yields a scale comparable or smaller than
the Saffman-Delbrück length LSD.

We show the self-mobility of an inclusion par-
ticle embedded in a membrane treated as an infi-
nite flat sheet in Figure 11. These results were
obtained by solving in Fourier space the hydrody-
namic flow in response to an applied force density
following closely the analytic approach presented
in [61, 75] and our method for computing the
mobility tensor discussed in Section 3.2. We see
significant differences compared to the mobility

responses in spherical bilayers.
In the regime of a vesicle radius comparable to

the the Saffman-Delbrück length LSD, the finite
spatial extent of the membrane and topology can
play an important role. For spherical leaflets, it
is required that mobility responses result in re-
circulation flows of the material within the finite
leaflet. As we have seen, this can yield non-trivial
behaviours in the coupling and provide possibly
useful flow features for estimating viscosity as
discussed in Section 4.1.

In contrast when treating the membrane as an
infinite flat sheet, no vortex arises in the flows
generated from single particle responses. The in-
finite flat sheet also no longer results in trapped
fluid within an interior domain. The bulk solvent
fluid is treated as occupying an effectively infinite
domain on both sides of the bilayer. This results
in more traction stress acting on the infinite flat
sheet relative to the spherical shell which as a
result reduces the self-mobility and strength of
the coupled mobilities. In particular, as the in-
tramembrane viscosity increases the rotational
mode of the spherical case is no longer available
and the self-mobility decays to zero, see Figure 11.
Our results show that significant differences can
arise with treatment of the bilayer as an infi-
nite flat sheet requiring treatment of the finite
domain size and curved geometry of the bilayer
when these length scales are comparable to the
Saffman-Delbrück length LSD.
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Figure 9: Membrane Viscosity and Particle Mobility. For a torque applied to a particle embedded within
either the inner or outer leaflet, we show as the membrane viscosity is varied the translational and rotational
responses of inclusion particles embedded within the inner or outer leaflet. The intermonolayer slip is kept
fixed at Π2 = γ/γ0 = 4. This is discussed in more detail in Section 4.2.

.
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Figure 10: Intermonolayer Slip and Particle Mobility. For a torque applied to a particle embedded within
either the inner or outer leaflet, we show as the intermonolayer slip is varied the translational and rotational
responses of inclusion particles embedded within the inner or outer leaflet. The membrane viscosity is kept
fixed at Π1 = L/R = 0.13. This is discussed in more detail in Section 4.2.
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Figure 11: Mobility for Flat Membranes. For a force
or torque applied to a particle embedded within a large
flat membrane, we show as the intramembrane viscos-
ity is varied the translational and rotational responses
of inclusion particles. Normalized by the mobility re-
sponse when Π1 = L/R = 0.13. These results were ob-
tained from solving in Fourier space the hydrodynamic
flow in response to an applied force density follow-
ing closely the analytic approach presented in [61, 75]
and our method for computing the mobility tensor
discussed in Section 3.2.
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4.3. Many-Particle Dynamics :
Hydrodynamic Coupling and
Diffusion

We also consider how our results can be used
to investigate the collective dynamics of multi-
ple particles within a spherical membrane. The
drift-diffusion of a collection of inclusion particles
subject to force interactions and hydrodynamic
coupling can be modelled as

dX

dt
= MF + kBT∇ ·M + Fthm (60)

〈Fthm(s)Fthm(t)T 〉 = 2kBTMδ(t− s).

The X denotes the collective particle configura-
tion and F the collective forces acting on the par-
ticles. The mobility M is obtained for the spher-
ical membrane from the hydrodynamic-coupling
methods we introduced in Section 3.1. The ther-
mal fluctuations driving diffusion are accounted
for by the drift term kBT∇ ·M and the Gaus-
sian random force Fthm(t). The Fthm(t) is δ-
correlated in time with mean zero and covariance
〈Fthm(s)Fthm(t)T 〉 = 2kBTMδ(t − s) [5, 9, 33].
The equations for the inclusion particles are to
be interpreted in the sense of Ito Calculus [33,60].
The thermal drift term kBT∇ ·M arises from
the configuration-dependent correlations of the
thermal fluctuations [5, 9].

We first discuss some results that illustrate
features of the collective hydrodynamic coupling
of inclusion particles when embedded in a spher-
ical membrane of finite extent. We then dis-
cuss results related to the collective drift-diffusion
dynamics of inclusion particles when there are
crowding effects and direct interactions between
particles.

4.3.1. Hydrodynamic Coupling and Collective
Dynamics

The collective dynamics of inclusion particles on
the sphere can exhibit interesting coordinated
motions arising from the hydrodynamic coupling.
We consider the specific case of 4 particles that

are attracted to a central particle located on the
positive x-axis at the east pole. We consider the
hydrodynamic flow and particle dynamics within
the outer-leaflet of the curved spherical bilayer.
In addition to the 4 attracting particles, we con-
sider the motions of 195 passive tracer particles
that are advected by the flow, see Figure 12.

Figure 12: Many-particle Dynamics within a Spher-
ical Lipid Bilayer Membrane. The inclusion particles
are coupled through hydrodynamic flow both within the
membrane bilayers and through the external solvent
fluid. We show the hydrodynamic response in the case
of a group of four inclusion particles attracted to a
central particle. We show the velocity of the other par-
ticles passively advected by the flow that either move
in the opposite direction or are swept along depending
on their relative location to the attracted particles.

We see that the hydrodynamic coupling can re-
sult in interesting dynamics with the passive parti-
cles either moving in the opposite direction of the
attracting particles or swept along depending on
their relative location. This can be characterized
by looking at the coupled mobility M of the pas-
sively advected particles defined by M = V/FT .
The V is the passive particle velocity, FT the
total force acting on the attracted particles. We
consider the responses in the circular section in
the yz-plane of radius r0 = 0.5R centred about
the x-axis near the east pole and in the circular
section in the xz-plane of radius r0 = R about
the center of the sphere, see Figure 12 and Fig-
ure 13. The parameters in these calculations are
taken to be the same as in Table 2.
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We see from the yz-responses Mx that for lo-
cations half-way between the attracted particles,
the passive particle move in the opposite direction
to the attracted particles. This change in direc-
tion is a consequence of the incompressibility of
the fluid which results in an out-flow to compen-
sate for the in-flow toward the east pole generated
by the attracted particles, see Figure 14.

Figure 13: Cross Sections of the Sphere and Con-
ventions. We consider the hydrodynamic responses
of the inclusion particles on two cross-sections of the
sphere. The first is the great circle of the sphere when
intersected with the xy-plane. The second is the circle
of radius r0 on the sphere surface parallel to the xz-
plane. For forces applied to the four attracting inclu-
sion particles, we consider for the motions of the other
inclusion particles as characterized by the mobility
components parallel and perpendicular to the tangent
of the respective cross-section curves. We parametrise
the xz-section using angle θ with 0 corresponding to
the location (x, y, z) = (1, 0, 0) and the xy-section us-
ing angle θ with 0 for location (x, y, z) = (0, 0, r0).

We also see this manifest in the yz-responses
M‖ which are out of phase with Mx reflecting that
the passive particles move laterally toward the
out-flow half-way between the attracted particles.
The xz-responses correspond to passive particle
motions when located on the same great circle in
the xz-plane as two of the attracted particles. We
see in these responses that the passive particles
always move toward the attracting particle at the
east pole, see bottom panel of Figure 14.

Figure 14: Multi-particle Mobility. We show the lo-
cation dependent mobility of the passively advected
particles in response to the hydrodynamic coupling to
the four attracting particles. We show M = V/FT

where V is the particle velocity, FT the total force,
M‖ is the mobility tangent along the circular section.
The yz indicates the circular section in the yz-plane
of radius r0 = 0.5R about the east pole and xz in-
dicates the circular section in the xz-plane of radius
r0 = R about the sphere center, see Figure 13. In
the response, depending on the position, the passive
particles either move in the opposite direction or are
swept along with the attracting particles. The maxi-
mum response M0 corresponds to the self-mobility of
each of the attracting particles.

4.3.2. Diffusion and Collective Dynamics

The collective drift-diffusion of inclusion particles
subject to direct force interactions when embed-
ded in spherical membranes can be captured us-
ing our introduced methods. This is given by the
Brownian-hydrodynamic model in equation 60.
To integrate the stochastic dynamics of the in-
clusion particles, we use a stochastic predictor-
corrector numerical method related to the work
of Fixmann [31] proposed in [21]. We update the
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configuration of the inclusion particles using

Vn = M(Xn)Fn +Q(Xn)ξn

X̃n+1 = Xn + Vn∆t

Ṽn+1 = M(X̃n+1)F̃n+1 +Q(Xn)ξn

Xn+1 =
1

2

(
Vn + Ṽn+1

)
∆t

+kBT

(
∆t

δ

)〈(
M
(
Xn + δξ̂

)
−M (Xn)

)
ξ̂
〉
N̄

(61)

The thermal fluctuations have correlations Qn

such that QnQn,T = 2kBTM(Xn)/∆t with ξ
standard Gaussian random variates with inde-
pendent components having mean zero and co-
variance one. The X̃n+1 gives the predictor part
of the update of the configuration that is used to
evaluate the force F̃n+1 and mobility M(X̃n+1).
The Xn+1 gives the corrector part for the up-
date of the configuration which makes use of the
predictor data and an additional thermal drift
term.

The thermal drift term captures on average the
contribution of kBT∇ ·M in equation 60. The

〈Z〉N̄ = 1/N̄
∑N̄

k=1 Z
[k] denotes a partial average

of a random variable Z where the Z [k] denote the
N̄ independent samples. The thermal drift term
is motivated by the result that for the random
variables p and q satisfying 〈piqj〉 = δij we have

lim
δ→0

δ−1 〈(M (X + δp)−M(X)) q〉 = ∇ ·M.

This provides a probabilistic method for approxi-
mating the divergence of the mobility tensor. For
an individual time-step of the dynamics, we use
〈·〉Nδ with Nδ samples to obtain a controlled esti-
mate of the thermal drift contribution. Over the
duration of the simulation this term yields the
average required to account for the contributions
of the thermal drift in the stochastic dynamics.

Harmonic Tether : Equilibrium Distribution
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Figure 15: Harmonic Tether Equilibrium Distribu-
tions. For two particles coupled by a harmonic tether
with non-zero rest-length ` we consider the equilibrium
distribution of their spontaneous configurations driven
by thermal fluctuations. We consider the cases with
the rest-lengths `/R = 4.0×10−1, 7.5×10−1, 1.1×100.
We find very good agreement between the spontaneous
configurations during the stochastic simulations using
the integrator 61 and the analytic predictions given in
equation 63. These results indicate that the introduced
stochastic methods yield correct equilibrium properties
for the system.

Using these methods, we consider the collective
dynamics of a pair of particles that are bonded
together by a harmonic spring with non-zero rest-
length having the energy

φ(r) =
1

2
K(r − `)2. (62)

where the distance between the two inclusion
particles is given by r = ‖X1 −X2‖ and the rest-
length `. For a pair of bonded inclusion particles
diffusing over the surface the Boltzmann equi-
librium distribution of their separation is given
by

ρ(r) =
1

Z
exp [−φ(r)/kBT ] . (63)

The Z denotes the partition function.
We take throughout the thermal energy kBT =

2.48 amu·nm2/ps2 and the harmonic spring stiff-
ness K = 72kBT/`

2. We take the vesicle to have
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membrane viscosity corresponding to L/R = 0.65
and intermonolayer slip corresponding to γ/γ0 =
0.03. The mobility is obtained using the im-
mersed boundary coupling for the hydrodynamics
discussed in Section 3. We performed simulations
with the stochastic integrator in equation 61 using
time-steps ∆t = 1.3× 105 ps, δ = 10−1, N̄ = 10.

We consider the equilibrium fluctuations for the
particle configurations over 105 time-steps. We
perform three studies where we vary the spring
rest-length and compare our results with the dis-
tribution in equation 63, see Figure 15. We find
in each case that the stochastic methods yield
good agreement with theory which indicates the
validity of the equilibrium properties of our meth-
ods for incorporating hydrodynamic coupling and
thermal fluctuations.

We next consider the collective diffusion of
inclusion particles within the surface when sub-
ject to hydrodynamic coupling and crowding ef-
fects. We consider the mean-squared displace-
ment (MSD) over time of an inclusion particle
when varying the concentration of particles sub-
ject to the repulsive potential

φ(r) = Cr−1 (64)

We take C = 0.75RkBT with parameters
R = 15.3nm and thermal energy kBT = 2.48
amu·nm2/ps2. We compare the case without hy-
drodynamic coupling obtained from simulations
using conventional Langevin dynamics [32] cor-
responding to M = γ̃−1I with the case with
hydrodynamic coupling M obtained from simu-
lations using our methods in Section 3. These
are shown in Figure 16. We find that the hydro-
dynamics results in significant differences with
the Langevin simulations. One notable difference
is that the hydrodynamic coupling case allows
for collective movements through rotation of the
vesicle whereas the Langevin dynamics has a con-
stant drag force that references a zero constant
ambient velocity field.

2 3 4 5 6 7 8 9 10
number particles

0.0

0.2

0.4

0.6

0.8

1.0

hydrodynamics IB
for small vesicle 
no hydrodynamics
Langevin dynamics

Diffusion vs Number of Particles

Figure 16: Collective Diffusivity of Particles and
Crowding. We consider a collection of diffusing inclu-
sion particles subject to mutual repulsive forces having
the energy given in equation 64. We consider one of
the diffusing particles and its mean-squared displace-
ment over the time-scale [0, 0.1τD] where τD = R2/D0

when the number of mutually repelling particles is
2, 4, 6, 8, 10. The D0 is the diffusivity given by the
self-mobility of a single particle. We compare the
case using the methods for hydrodynamic coupling in
Section 3 for a small vesicle with the case without hy-
drodynamics using standard Langevin dynamics [32].
The collective dynamics arising from the hydrodynamic
coupling results in a significantly enhanced diffusivity
relative to Langevin dynamics. For a small vesicle,
this arises since the hydrodynamics allows for a col-
lective rotational mode in the collective diffusivity of
the cluster.

In summary, these results indicate some of the
rich dynamics that can arise from hydrodynamic
coupling even for relatively simple configurations
of particles and force laws. The analytic ap-
proaches and computational methods we have
introduced for the collective mobility tensor M
allow for incorporating such effects into simula-
tions of many-particle dynamics within spherical
lipid bilayers. Many of the approaches we have
introduced can also be extended for more general
curved bilayers.
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5. Conclusions

The hydrodynamics of inclusion particles embed-
ded within curved lipid bilayer membranes can
differ significantly from the case when a mem-
brane is treated as a flat infinite sheet. We have
shown how analytic approaches can be developed
for analysis of the hydrodynamic flows that oc-
cur within such curved geometries. For spherical
vesicles we have found that the interplay between
curvature and topology can yield interesting ef-
fects resulting in induced shears and recircula-
tion in the hydrodynamics. We further showed
how the translational and rotational mobility re-
sponses of particle inclusions embedded within
the different bilayer leaflets can be taken into
account. For this purpose, we introduced an im-
mersed boundary model for the hydrodynamic
coupling within curved surfaces. In contrast to
widely used treatments of membranes as flat infi-
nite sheets, we have shown for spherical vesicles
that the dissipation from the solvent fluid plays
an interesting asymmetric role yielding signifi-
cantly different inclusion responses depending
on the bilayer leaflet (inner vs outer). We fur-
ther showed how these effects contribute in the
collective drift-diffusion dynamics of inclusion
particles. We introduced for inclusion particles
a general stochastic model for such investiga-
tions incorporating particle-particle interactions,
hydrodynamic coupling, and collective diffusion.
When inclusion particles are subject to crowd-
ing effects we showed that the hydrodynamics
contributes important correlations to the collec-
tive dynamics enhancing diffusion relative to non-
hydrodynamic motions like those modelled by
Langevin dynamics. The results we present show
the rich individual and collective dynamics that
can arise for inclusions embedded within spher-
ical bilayers. Many of our analytic approaches
and computational methods also can be used to
study inclusions embedded within more general
curved lipid bilayer membranes.
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Appendix

A. Spherical Harmonic Methods :
Lebedev Quadratures, SPH
Transform, and Polar
Singularities

We make a few brief remarks on our methods
for numerical computations and the issues that
arise when performing calculations on spherical
surfaces. We have developed our methods us-
ing high-order Lebedev quadratures which inte-
grate exactly spherical harmonics up to large
degree [46]. We evaluate inner-products using

〈f, g〉S =

∫
S
f(x)g(x)dA =

∑
m

wmf(xm)g(xm).

The wm are the weights and xm the nodes. We
use this to compute spherical harmonic coeffi-
cients by the inner-product f̂s = 〈f,Φs〉, where
Φs is the spherical harmonic with index s = (m, `).
While computationally more expensive than Fast
Spherical Harmonic Transforms (FSHT) [26],
a distinct of advantage of our Lebedev-based
methods over the lattitude-longitude sampling of
FSHT is the more uniform and symmetric sam-
pling of Lebedev nodes which have octahedral
symmetry [46], see Figure 17.

On a spherical surface, coordinate singularities
arise, such as exhibited by spherical coordinates
at the north-south pole. We handle this issue by
using two alternative coordinate charts A or B
depending on the location. Chart A corresponds
to the spherical coordinates with singularities at
the north and south poles. Chart B corresponds
to the spherical coordinates with singularities at
the west and east poles. A notable feature of the
Lebedev sampling is that its symmetry allows us
to make use of the same quadrature nodes in the
two coordinate charts, see Figure 17.

Figure 17: Locations of the 590 Lebedev quadrature
points and the two charts A and B used to deal with
singularities at the poles.

To perform numerical calculations for opera-
tions on field values at the Lebedev points, such as
divergence, gradient, and curl, we make use when-
ever possible of the intrinsic geometric meaning
of such operations (as opposed to the coordinate-
centric formulas). When coordinate-centric for-
mulas are used, we express the operations in one
of the two different coordinate charts A or B.
The particular chart is chosen to yield signifi-
cant distance to the coordinate-system singular-
ities. This allows for robust numerical calcula-
tions at all points on the sphere surface. This
further highlights one of the advantages of our
less coordinate-centric exterior calculus approach
to the hydrodynamics.

We obtain the membrane velocity field in our
calculations by

v =
(
v[
)]

=
∑
s

as (− ? dΦs)
] (65)

=
∑
s

as

[
εi`√
|g|

∂Φ

∂x`

]
∂xi .

The |g| = det(g) is the determinant of the metric
tensor and εi` is the Levi-Civita tensor (slight
abuse of notation). The x` denotes the coordi-
nates. For spherical coordinates in chart A, x1 =
θA, x2 = φA and in chart B, x1 = θB, x2 = φB.
To obtain the velocity, we express in each of the
charts the coordinate derivatives of the spherical
harmonic modes ∂Φ/∂x` and the basis vectors
∂xi in terms of the embedding space R3. We then
choose at each given location the expression for
the chart that has a significant distance to the
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coordinate-system singularities. In this manner,
we compute robustly the velocity field over the
entire surface.

B. Formulation of the
Hydrodynamics Equations
using Exterior Calculus

B.1. Hydrodynamic Equations

The steady-state Stokes equations corresponding
to equation 1 can be expressed in tensor compo-
nents as

µmD
ab
|b − g

abp+ ba = 0 (66)

va|a = 0. (67)

We can express this in a more geometrically trans-
parent manner by considering further the diver-
gence of the rate of deformation tensor

Dab
|b = gacgbdvc|d|b + gacgbdvd|c|b. (68)

We have that

gacgbdvc|d|b = (∆Rv)a +Kva (69)

where ∆Rv := rough-laplacian(v) =
div (grad (v)) and K is the Gaussian curvature
of the surface. We have that

gacgbdvd|c|b = grad (div (v)) +Kva (70)

= Kva.

This follows since div (v) = 0.

It is convenient to express the equations and
differential operators in terms of the exterior cal-
culus as follows. Let d denote the usual exterior
derivative for a k-form α as

dα =
1

k!

∂αi1...ik
∂xj

dxj ∧ dxi1 · · · ∧ dxik . (71)

The δ denotes the co-differential operator given
by δ = ?d?, where for a k-form α =

(1/k!)αi1...ikdxi1 ∧ · · · ∧ dxik the ? denotes the
Hodge star given by

?α =

√
|g|

(n− k)!k!
αi1...ikεi1...ikj1...jn−k · (72)

·dxj1 ∧ · · · ∧ dxjn−k , (73)

where αi1...ik = gi1`1 · · · gik`kα`1...`k ,
√
|g| is the

square-root of the determinant of the metric ten-
sor, and εi1...ikj1...jn−k denotes the Levi-Civita
tensor [51].

The generalization of the common differential
operators of vector calculus to manifolds can be
expressed in terms of exterior calculus as

grad(f) = [df ]] (74)

div(F) = −(?d ? F[) = −δF[ (75)

curl(F) =
[
?(dF[)

]]
. (76)

The f is a smooth scalar function and the F is a
smooth vector field.

We have adopted the notation for raising
and lowering indices corresponding to the iso-
morphisms between the tangent and co-tangent
spaces of the surface given by

[ : vj∂xj → vidx
i (77)

] : vidx
i → vj∂xj . (78)

The ∂xj denotes the coordinate associated basis
vectors of the tangent space and dxj the one-
form coordinate associated basis of the co-tangent
space. The isomorphisms can also be expressed
directly in terms of the components as vi = gijv

j

and vi = gijvj , where we denote the metric tensor
as gij and its inverse as gij [1]. This extends
naturally to tensors.

There are different types of Laplacians that
can be defined for manifolds

∆H(F) = −
[
(δd + dδ) F[

]]
(79)

∆S(F) = −
[
δdF[

]]
(80)

∆Hf = ∆Rf = −(?d?)df = −δdf.(81)
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The ∆R = div(grad(·)) denotes the rough-
Laplacian given by the usual divergence of the
gradient. For vector fields, ∆H(F) denotes the
Hodge-de Rham Laplacian, which has similari-
ties to taking the curl of the curl [1]. In fact,
in the case that div(F) = −δF[ = 0 we have

∆H(F) = ∆S(F) = −
[
δdF[

]]
.

Using these conventions, we have

div(D) = −δdv[ + 2Kv[ (82)

where we used that div(v) = −δv[ = 0. This
allows for the steady-state Stokes problem on the
surface to be expressed using exterior calculus in
the convenient form{

µm
(
−δdv[ + 2Kv[

)
− dp+ b[ = 0

−δv[ = 0.
(83)

As we discuss, this form only involves the oper-
ators ? and d (note δ = ?d?) providing a very
convenient approach for analytic and numerical
calculations.

B.2. Derivation of the Traction Stress
from the External Solvent Fluid

The solvent fluid surrounding the lipid bilayer
membrane also exerts a traction stress on the in-
ner and outer leaflets. We account for this using
the Stokes equations

µ∆u−∇p = 0, x ∈ Ω (84)

∇ · u = 0, x ∈ Ω (85)

u = v, x ∈ ∂Ω (86)

u∞ = 0. (87)

The Ω = Ω± denotes either the outside region Ω+

of fluid surrounding the vesicle or the domain Ω−

of fluid trapped inside the vesicle.
The solution to the Stokes equations and trac-

tion stress can be conveniently expressed in terms
of harmonic functions. This is most immediately
seen for the pressure, which when taking the
divergence of equation 84, yields

∆p = 0. (88)

For the spherical geometry, the pressure can be
expanded as

p =

∞∑
n=−∞

pn (89)

where pn is the solid spherical harmonic of order
n

pn(r, θ, φ) = rn
|n|∑

m=−|n|

CnmY
n
m(θ, φ) (90)

where

Y n
m(θ, φ) = eimφPmn (cos(θ)). (91)

We remark to avoid any confusion that the spher-
ical harmonics expansions will be used here to
give an exact represention of the pressure and
velocity fields over the surface.

For the solvent fluid velocity u− in the domain
Ω− interior to the vesicle, Lamb showed that the
solution can be expressed as [35,45]

u− =
∞∑
n=1

u−n (92)

where

u−n = ∇× (rχn) +∇Φn (93)

+
(n+ 3)

2µ(n+ 1)(2n+ 3)
r2∇pn (94)

− n

µ(n+ 1)(2n+ 3)
rpn. (95)

We shall refer to this as the Lamb’s Solution.
The surface flow v determines the solid spherical
harmonic functions χn,Φn, pn by the following
relations

pn =
µ(2n+ 3)

n

1

R

( r
R

)n
· (96)

· [Yn − (n− 1)Xn]

Φn =
1

2n
R
( r
R

)n
[(n+ 1)Xn − Yn] (97)

χn =
1

n(n+ 1)

( r
R

)n
Zn. (98)
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The R is the radius of the spherical surface. For
the surface fluid velocity V = v + vnn of the
membrane, the Xn, Yn, Zn are combined surface
spherical harmonics of degree n obtained by ex-
panding the following scalar fields on the surface

r

r
·V =

∞∑
n=−∞

Xn (99)

r∇ ·V =
∞∑

n=−∞
Yn (100)

r · ∇ ×V =

∞∑
n=−∞

Zn. (101)

For the solvent fluid velocity u+ in the domain Ω+

exterior to the vesicle, Lamb’s solution is [35,45]

u+ =
∞∑
n=0

u+
n (102)

where

u+
n = ∇× (rχ−(n+1)) +∇Φ−(n+1) (103)

− (n− 2)

µ2n(2n− 1)
r2∇p−(n+1) (104)

+
(n+ 1)

µn(2n− 1)
rp−(n+1). (105)

The surface fluid velocity V = v + vnn of the
membrane, determines the harmonic functions
χ−(n+1),Φ−(n+1), p−(n+1) giving

p−(n+1) =
µ(2n− 1)

n+ 1

1

R

(
R

r

)n+1

· (106)

· [(n+ 2)Xn + Yn]

Φ−(n+1) =
1

2(n+ 1)
R

(
R

r

)n+1

· (107)

· [nXn − Yn]

χ−(n+1) =
1

n(n+ 1)

(
R

r

)n+1

Zn. (108)

In the special case of vn = 0 and div(v) = 0 we
have that Xn = Yn = 0 and that only the Zn term

is non-trivial. The Lamb’s solution simplifies to

u+
n = ∇×

(
rχ−(n+1)

)
(109)

u−n = ∇× (rχn) . (110)

In this case, the traction stress of the external
fluid on the lipid bilayer membrane is

t+ = σ+ · n+ (111)

=
[
µ+

(
∇u+ +∇u+T

)
− p+I

]
· n+

= µ+
∂u+

∂r
+ µ+∇

(
u+ · n+

)
t− = σ− · n− (112)

=
[
µ−
(
∇u− +∇u−T

)
− p−I

]
· n−

= −µ−
∂u−

∂r
+ µ−∇

(
u− · n−

)
.

The n± denotes the unit normal on the surface
∂Ω± in the direction pointing into the domain.
In these expressions, we emphasize that n± is
to be held fixed during differentiation. From
equation 111 and 112 and the properties of solid
spherical harmonics, we have that the traction
stress on the membrane leaflets can be expressed
as

t+ =
∞∑
n=0

−(n+ 2)

R+
u+
n (113)

t− =
∞∑
n=1

−(n− 1)

R−
u−n .

C. Non-Dimensional
Hydrodynamic Equations

We can non-dimensionalize equations 114– 116
by introducing a characteristic velocity v±0 and
force density f±0 . We find it convenient to con-
sider the rigid rotation at angular velocity ω0 of
the spherical shell in the solvent fluid. This mo-
tivates the choice of characteristic force density
f±0 = µfω0 and velocity v±0 = Rω0. For sim-
plicity, we consider only the case with µ± = µf
and R± = R. The non-dimensional velocity is
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ṽ[± = v[±/v0 and force density c̃[± = c[±/f0 with
coefficients ã and c̃. With this choice, we can
express the non-dimensional problem for the full
two-leaflet membrane hydrodynamics in equa-
tion 21 as [

ã+
s

ã−s

]
= Ã−1

s

[
−c̃+

s

−c̃−s

]
(114)

where

Ãs = Π2

[
Ã`1 − 1 1

1 Ã`2 − 1

]
(115)

with

(116)

Ã`1 = Π−1
2 Π1

(
2− `(`+ 1)−Π−1

1 (`+ 1)
)

Ã`2 = Π−1
2 Π1

(
2− `(`+ 1)−Π−1

1 (`− 1)
)
.

As we shall discuss, this analysis will be useful
when considering the relative contributions of
the solvent traction stress, intramembrane vis-
cosity, and the intermonolayer slip. Other non-
dimensional scalings can also be considered using
a similar approach.
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