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Lipid Bilayer Membranes

Dynamic structures with diverse roles in cell biology.
Fluid phase two-layered structures (bilayer).
Mechanically behaves as a fluid-elastic sheet:
in-plane flow, elastic responses to bending.

Experimental Assays
Single Particle Tracking

Quantum Dots (QDs) conjugated to individual proteins.
Image process --> QD location - protein positions.
Trajectories measured over time-scales up to seconds.
Protein diffusivity / kinetics depend on membrane mechanics.

Fluorescence Contrast Microscopy

Lipids labeled and membrane configuration observed.
Image processing - representation of shapes.
Thermal undulations = mechanics (bending elasticity, ...).

hydrodynamics, elasticity, geometry...

Lipid Bilayer Configurations

Single Particle Tracking of Proteins
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Basserau 2011, 2016. Basserau, Atzberger 2014.
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red blood cells
soap films

Motivations
» Hydrodynamic flows within curved fluid interfaces relevant in many problems.
» Soap films, bubbles, cellular mechanics.
« Geometry plays important role in hydrodynamic responses.
» Fluctuations important in many problems:
« diffusive transport, osmotic swelling, fission/fusion.

Challenges
* Need good methods to formulate tractable hydrodynamic equations on manifolds.

» Approaches for performing analysis and reductions.
« Computational methods for efficient numerical approximation.

cell mechanics
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Proteins in Bilayers Saffman-Delbruck Theory Immersed Boundary SD

solvent ui

Glycoprotein: protein with Gl lipid: lipid with
carbohydrate attached P cm':raw
hed

(Atzberger & Sigurdsson, Soft Matter, 2016)

solvent

Membrane Protein Diffusion:
« Membrane treated as 2D fluid slab. V=MF ~ D =2KgTM
* Not pure 2D flow even though p,,, ~ 100 x Y, Stokes’ Paradox!
* Must treat both 2D lipid flow + coupling to bulk 3D flow of solvent.

Saffman-Delbruck Theory (1975):
* Mobility / Diffusion as h - 0,
V=MgpF ~ D=2KgTMgp
Msp = (1/4mpm) (log(2Lsp/a) =),  Lsp = pm /24y
» Predicts diffusion of proteins depends as log on size!
* Lgp~1pum, a~ 10 nm, long-range coupling.
* Many membranes exhibit curvature over this length-scale.

How can we account for curvature, hydrodynamics, thermal fluctuations?
How does this affect transport?
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ExterniorCalculus EormulationiefiMechanics

n tangent space
tangent space
\ # co-tangent space

b Oy — vdxt E o vidx =00y
Exterior Calculus Operators Operators d and *
d : Exterior Derivative (k-form = (k+1)-form) 1 Do, s, o i .
*: Hodge Star (k-form > (n-k)-form) da = %l Wd Adx™ A Adx
A :Wedge Product  (k;,k,-form = (k;+k,)-form). N | |
e ma““-,&keil---ikjl---jn—k SdxP A A dxIE

Vector Calculus Correspondence

grad(f) = [df]’

Conservation Laws on Manifolds

le(F) = —(*d *Fb) — _6Fb
curl(F) — [*(d]_i‘b)]u ) / W = dw Stokes Theorem
- b > 0 Q
div(D) = —ddv’ +2Kv
Diffusion Equation / Laplace-Beltrami /ag W = /Qd*w Divergence Theorem

w=du Ju
*u:f *w:/d*w. —> — = —xdxw=—-0w = —ddu.
o0 ot
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ExternonCalculusiEonmulation eiiMechanics

n tangent space
tangent space
b ﬁ co-tangent space

b1 Oy = vdx' 4 vidx = 070y

Hydrodynamics on Manifolds
Rate-of-Deformation Tensor

D=Vv+Vvli——div(D) = —8dv’ + 2KV
Momentum Equations Surface Hydrodynamic Equations
p(Ov+v-Vv) = div(e)+b X { P dtb — i (—8d + 2K) v — dp + b
Op + pdiv(v) = 0. vt =0
Stokes Equations (surface)
Lim (_5dvb 4+ QKV7) —dp+b> = 0 Vector Potential Form: v’ = — x d®
—6v = 0. fm (—8d)* @ — 2, (— *d (K (— «d®)) = — xdb”

2016 Atzberger & Sigurdsson, 2018 Gross & Atzberger.
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LipidiBilayerMembraness Sphencal \Vesicles

Vesicle Lipid Bilayer Bilayer Hydrodynamics

Interior Bulk Flow

Lipid Bilayer Membranes
« Each leaflet treated as a 2D fluid. Inter-monolayer Slip
* Hydrodynamic coupling:
I.  Intra-monolayer lipid flow. g
ii. Inter-monolayer slip.

li.  Traction with bulk solvent fluid.

Bilayer Hydrodynamics Solvent Hydrodynamics Traction coupling
s [—8dV’. + 2K V2 | +t0 — (v — V") pAu—Vp = 0, xe( tt = o7 .n"
— dp+ - bEr = —CZ_, X € F+ (outer layer) V.u — 0, x e t— = o -n—
5VEF =0, x €'y,
L [—6dvb_ + QK_Vb_] +t —~ (Vb_ — VZ_) _ U, = 0.
=dp_ — bl’_ _ —cb_, xeTl_ (inner layer)
b _
\ ov’. = 0, xel . 2016 Atzberger & Sigurdsson
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ImmersedBoundanyaMethedsionManifelds
Leaflet Cases Immersed Boundary Coupling Particle Force Particle Torque

Mobility Tensor

Outer-Outer

Outer-Inner

Inner-Inner

s

Immersed Boundary Methods for Manifolds

A% F
Velocity-Averaging operator: I'v = f W [v| (y)dy W =M -
Q

IB-Membrane Mobility

Force-Spreading operator: AF = W*[F](x)
M;; =T:SA;

Adjoint condition: (v, AF) — / v(x) - (AF) (x)dx

(T'v,F) Z [Tv], -

I'v,F) = (v,AF) — T =A

S is fluid solution operator

Weight Tensor Reference Fields ¢(r) = Cexp(—1r?/20?)
1\ O o _ Xlihg
W [v] = ( wl vﬁ) x| 511 = th(x — X")dy
Zz-: ( )ﬁ * q¢ = ¢(x — XI1)/ cos(0)dy .
[],a\ Y 9. — o 0 B X[i] B X[i] 2019 Atzberger, Padidar, Rower
(w ) Yo 9 q = ¢(x ) (n X (X )) 2016 Atzberger & Sigurdsson
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Bilayer Hydrodynamics Lebedev Nodes Flow Streamlines

- ngent Space

Exterior Bulk Flow

Outer Leaflet Flow
Inner Leaflet Flow

Interior Bulk Flow

Inter-monolayer Slip

-y

Bilayer Hydrodynamics

(i [—0dv’. + 2K v | +t2 — v (v — V")
=dp. —b =-c}, xel. (outer layer) - —
6\’&_ = 0, X € F_|_? g — ./4_1 —Cs
q ag =
o [8AV2 £ 2KV ] 82—y (V2 1) LR
—dp_ —b> =—-c", xel_ (inner layer) S PN AL —
b __
| oV =0, xel . AL = ’;_"‘;’* (2 g(€+1)__(£+ 1))
L2-Orthogonal Projection - b
Spherical Harmonics Hom —
P B X Ag = B—2(2—€(€—|—1)—F(€—1))
f L, PlI=T0.0) =) fYi0.0) =
o . i + _
#‘;m&* fz - (f Y)Q L= = I'H:/Z‘uf 2016 Atzberger & Sigurdsson

Paul J. Atzberger http://atzberger.org/ UC Santa Barbara


http://atzberger.org/

Collective Motions

dX
—~ = MF
dt

Driving Force and Cross-Section

perpendicular xy

Mobility Response

Mobility vs Location yz

-05 -0.25 0 0.25 0.5

Mobility vs Location xy
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ViebIlityaerSphercal \VESICIES

Mobility Response vs Vortex Location vs
Membrane Viscosity Membrane Viscosity

L/R=0.13 L/R=0.65 L/R=52

LR=1.3

o/n

—&— outer-outer

0.3} —— inner-inner | |
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0.2} —»— outer-inner| -
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2016 Atzberger & Sigurdsson
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Golestanian Swimmer Golestanian Swimmer Flows

Active Swimmer and Mixing Polymer Network Fluctuations

2016 Atzberger & Sigurdsson, 2019 Padidar, Rower, & Atzberger.
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L2-Orthogonal Projection Lebedev Quadrature

¢
C )
A i
bR e . ‘ *

Spherical Harmonics

""’1

Spectral Approximation

L2-Projection: Inner-Product:
Plfl=f6.0) = Z f:Yi(6,9). (u,v)g = Z?UKU(XK)U(XE)
fo= (1Y) E

Differential forms vP (0-forms, 1-forms, 2-forms).
Represented as scalar / vector fields v# at the Lebedev nodes.

Exterior Derivative: d approximated by d «—— %6, ¢) = [Pv*, PvY, Pv7]

Hodge Star: * approximated by *

Approximating PDEs on the Manifold: £=-0d=—-%d*d. a=)_;4;Y;, g=2;3Y;
Lu=—g —— (Lu,Yi)g=—(3,Yi)g —— Ka = —Mg

Method can be used for approximating general PDEs on manifolds. 2018 Gross & Atzberger.
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Manifold B Flow Response Manifold C Flow Response

Flow transitions:

2018 Gross & Atzberger.
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Role of Geometry in Hydrodynamic Flows

Vel _Z_Direction
-1.000e+00 -0.5 0 05 1.000e+00

2018 Gross & Atzberger.
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Rayleigh Dissipation Rate:

by _ b b b b b b
RD[V’] = pm(dv’,dv’) m = 2pm KV, V) m +7(V', V) m
Rayleigh-Dissipation (Manifold B) Rayleigh-Dissipation (Manifold C)
40 1 1 l 4.0 I I ’ I'
—o— |um(dv, dv)| —8— [2un(Kv,v)| —o— |ipm{dv, dv)| —e— [2un(Kv, V)| |/ /
3.5 —_—— |’}’(V,V)| —e— total RD _—'..'.,_ 3.51] —_—— |fy<v, VH —e— total RD If
I 7
L 3.0 : —g® . 30 | ; 4
o } Push-Forward o o I /’ /
‘>_<| 2:3 Stokes Flow : ' ‘;(' 2.5 ! /o' ,’
£ 2 £ 2,0 i A
K2 f K s Push-Forivard o l’/;/.,lr—k'_;j
()] O | stokes Flow |
o o
1.01
0.5 I —— Y
-
0.0 -
0.0 0.1 0.2 0.3 0.4
1
° 2018 Gross & Atzberger
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Fluid-structure Interactions

fluctuating fluid

microstructure

particle

Hydrodynamics

. ngent Space

Exterior Bulk Flow

Outer Leaflet Flow

Inner Leaflet Flow

Interior Bulk Flow

Inter-monolayer Slip

fluid-structure coupling

Fluctuating Fluid Velocity Fields

Hydrodynamics (Overdamped)

M + Fthm

QkBTM(S(t — S) Mt'j = I‘E'SA}'

Surface Fluctuating Hydrodynamics (Inertial Regime) Surface Fluctuating
Fluid Microstructures
dv’ b b b b b dX
P = ,u.m(—édv +2Kv)—dp + t° + A['y(V—Fv )]-}-fthm E:MF"f—kBTV'
b
—ov’ = 0. ,_Gibb-Boltzmann Distribution Thermal Fluctuations
M:{c‘:[rostructures : (F it () Fpm ()T =
m— = - (V—Fv") — V6 + Fom
JX i Particle Diffusive Encounters
— = V. .
dt £
Thermal Fluctuations :
(fthm(t)fthm(S)T> = —QkBTf,ffd(t — S) % = 5 = =
(Fthm(t)Fthm (3)T> = QkBT'TIé(t - S) Ly = Ly—7AT
(Fihm (O finm(s)") = —2kgTATs(t — s). Ly = pm(—6d+2K)+ Ty

(i) Initial Configuration

Paul J. Atzberger

(ii) Particle Encounter

Two Particle Meeting Times

B hydro
~1 non-hydro

non-hydro.

ol
o

0.5
t/Tp-3.9 x 10*

1.0

2019 Padidar, Rower, Atzberger, 2015 Tabak, Atzberger
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Fluid-structure interactions for drift-diffusion dynamics Immersed Boundary for Manifolds

particle
1.0
fluctuating fluid fluid-structure coupling 08l
microstructure '
. . < 0.6
Surface Fluctuating Hydrodynamics (Overdamped) %
Microstructures 0.4}
dX = hydrodynami_cs 1B
2 = MF +kpTV - M+ Fin P21 [0 o marmamcs
t Langevin dynamics
Thermal Fluctuations o ———— ®§ & 7 8 § ®
(Fthm(S)Fthm(t)T> — 2]€BTM5(t . S) number particles
Collective Particle Drift-Diffusion
Particle Diffusive Encounters Two Particle Meeting Times
1 I hydro
[ non-hydro

non-hydro.

(i) Initial Configuration (ii) Particle Encounter 0.0 0.5 1.0

t/7o-38 x10% 2019 Padidar, Rower, Atzberger ~ Small A1 intermediate At
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Fluid-structure Interactions Fluctuating Fluid Velocity Fields

particle
fluctuating fluid fluid-structure coupling . ]
microstructure Velocity Autocorrelations
Surface Fluctuating Hydrodynamics (Inertial Regime) 10° o
Fluid
v’ b b b b b 1071} \Y
P = #m(—Jdv+2Kv)—dp +ot o+ A[y(V—rv)]chm 1
—(5vb = 0. -, Y
- 10771 R = 104
Microstructures = -
v ) =Y
mg = —fy(V—FV)—Vd)-i-Fthm 10—3 |
X plateau
dt
Thermal Fluctuations 10°* Tf = Rz/um
(fthm(t)fthm(S)T> = —2kBT.Cff6(t—S) Tr = RL/”m
(Fihm(Fthm(s)") = 2kpTI6(t — s) Lif = Lf—~AT 107° e — e et - "
(Fun@fnn(9)7) = —2kgTADS(t ). Ly = pon (-0 +2K) + T i = 0 10

ihi -1 -2 -3/2 ;
2019 Padidar, Rower, Atzberger exhibits ™, 77 power laws vs T bulk fluids
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Supiace Bl uctuatingiEyaredynamics
Fluid-structure Interactions Golestanian Swim Cycle

particle

fluctuating fluid fluid-structure coupling

(i) (iii) (iv)

microstructure

Swimmer Displacement vs Fluid Viscosity

average flow
0.56 Particle Diffusivity
Active Mixing: Drift-Diffusion 204
. ' @ hydro. ®
=028 A nen-hydro, ®
1.8 e o
non-hydro
N
0 o 1 61 [ ]
0 0.005 0.010 0.015 0.020 D
t/TD -D._ .
55 Mean Squared Displacement of Particles 1.41
. passive
s particle g 1.2
g A
% 1.0 // ““i 1 .D 1 A A A A A
[=] £ = “ T T T T ¥ T
£ 5| swimmer 2 aee®" 5 6 7 8 9 10
. - [T e— iy} .
- == = m} number of swimmers
0.0 ==

000 001 002 003 004 005 0.06
t/To

2019 Padidar, Rower, Atzberger
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\MeshlessilViethodsaGenenalized MovinglleastiSGUAKES

PDEs on manifolds present challenges for discretization

and solvers from geometric contributions. manifold
. , _ representation
Incompressible Hydrodynamic Surface Flow (vector-potential):

fim (—8d)* ® — v6d® — 2., (— xd (K (— xd®)) = — x db”

GMLS methods developed to obtain consistent high-order
discretizations.

Generalized Moving Least Squares:

Target operator: 7., |u| with Banach space V and dual V*.

Probing functionals: Alu] = (Ap[u], Ao[ul, ..., An|u])

Find best reconstruction of p*inV,of uin V.

geometric
guantities

N1

) "f’
Moy
,“?

NOND
¢

L

¢

g

GMLS Approximation for PDEs on Manifolds

surface
fields

N
" . . , 2
pt =arg min Y (Aj[u] — Xi[p])"w(Aj, Ta;)
pEVn )
J= 1 Scattered Data
base
Approximate target operator 7,,[u] by © o\ soPle ot
¢} O :::SE-QFaPh
#lu] = rlp* o HIET o°
e} O" - ® @
PDEs on Manifolds: GMLS both for geometric quantities and e

Function Reconstruction

sample of u best fit p*

scatte‘red data

GMLS Approximation

Target Evaluation
Functional at x

(] ~ (=)
T

Evaluation

-—
“xouddy
Approx

GMLS
Functional

(7 ) = (=]

for operators acting on surface fields.

2020 Gross, Trask, Atzberger

UC Santa Barbara

http://atzberger.org/

Paul J. Atzberger


http://atzberger.org/

(GaussianiCunRaturesGMIESI ESstimation

GMLS Gaussian Curvature Estimation:

h

0.1
0.05
0.025
0.0125

base T
point ':'_-‘”» tangent plane
X; > [ i -
Al k&
----- Ml e
Gaussian Curvature Accuracy
Manifold A Manifold B Manifold C
fy-error Rate /s-error Rate /{s-error Rate
2.1351e-04 - 1.1575e-01 - 1.2198¢-01 -
3.0078e¢-06 6.07 1.6169e-02 2.84 4.7733e-03  4.67
5.3927e-08 5.77 8.3821e-04 4.26 1.6250e-04  4.88
1.1994e-09 2.3571e-05 4.5204¢-06
10°

Paul J. Atzberger

L2-error

10—10

102 N\

1074

—8— Manifold A
—#i— Manifold B

-8
107° { == Manifold C

—&— Manifold D

|

/

48.5 97.8

196.2

h—l

h
.08
.04
.02
.01

Manifold D
fo-error Rate
5.5871e-02 -
6.5739%¢-04  6.51
1.3418e-05 5.67
3.1631e-07

2019 Gross, Trask, Atzberger
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Point Set
Manifold A

Manifold B

Manifold C

Manifold D

Curvature
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eVIES Solvars for PP ES on Wizirifolds

PDEs on Manifolds and Solvers

Generalized Moving Least Squares Manifold Point Set

Hydrodynamic Flows on Manifolds
Manifold A Manifold B

Tangent Plane Estimation

i
£» tangent plane
Y n

* I F force
' s

v T, N 2 y
Surface Reconstruction z // //[/ density ‘?« , n- H - c_ 1 -z u- g -m ;.- 3 -.

¥k
surface 3 A,
VQ«' e .
! e

local coordinate chart

(i) Driving Force ()i} Fluid Flow (x-axis) {i) Driving Force (1) Fluid Flow (x-axis)

Regression for learning geometric operators and developing solvers for
PDESs on surfaces (transport equations / hydrodynamic flows).

(i) Fluid Flow (y-axis) {iv) Fluid Flow {z-axis) (I} Fluid Flow {y-axis) {iv} Fluid Flow (z-axis)
Fourth-order PDEs with non-linear coupling geometry and Manifold C Manifold ©

differentiation via exterior calculus operators. Collocation Method.

High-order Convergence: Biharmonic equation for hydrodynamics.

2 — b i fdBd™ I b’
/'Lm (_5d) @ o fyad@ o QHm (_ * d (K(_ * d(b)) - * db ‘ {i} Driving Force (i) Fluid Flow (x-axis) {i} Driving Force {i) Fluid Flow (x-axis)
m = 4 m = 6 m= 8
h fs=error HRate (es=-error Rate fo-error Rate
0.1 0. 7895e-02 - 6.5222e-02 - 2.8024e-01 -

0.05 1.4383e-02 277  2.5402e-03 452 1.2100e-02 4.53
0.025  3.6243e-03 198 3.9929e04 2832 4.9907e-(4 4.59 A oo un L e o s
0.0125 T.83747e-04 220 1.2357e-05 5.00 5.7023e-06 (i) Fluid Flow (y-axis) (v} Fluid Flow (z-axis) (i) Fluid Flow (y-axis)  (iv) Fluid Flow (z-axis)

™

Meshfree Methods on Manifolds for Hydrodynamic Flows on Curved Surfaces: A Generalized Moving Least Squares (GMLS) Approach, B.J. Gross, N. Trask,, P.
Kuberry, and P J. Atzberger, Journal of Computational Physics, Vol. 409, 15 May (2020) https://doi.org/10.1016/].jcp.2020.109340
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Eoenclusions

Soft Matter

N - A

i," h 2

M. Padidar“ J. Sigrdsé‘on ‘
UCSB Student Meshless and Spectral Methods for Stochastic Drift-Diffusion Dynamics Paper
Collaborators Hydrodynamic Flow on Surfaces Hydrodynamic Coupling 2016 Atzberger & Sigurdsson

Summary
Extended Saffman-Delbruck Approach for hydrodynamics of curved membranes.
Exterior calculus formulations and solvers for mechanics on manifolds.
Surface Fluctuating Hydrodynamics for drift-diffusion dynamics of microstructures in membranes.
Potential applications: cell biology (vesicles, liposomes, organelles), solvers for other bio-problems.
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