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1. Consider the ODE

& = —2z—1y

(a) For the equilibrium x = (0, 0) give the linearized system based on D f(x).
(b) Show the equilibrium is a sink.

(c) Show if x is a sink, show there can not be any other equilibria in a neighborhood. In
other words, show there is a disk with 6 > 0 containing X and no other equilibria in the
disk.

2. Consider the ODE

b =1
P r3sin(1/r), >0
N 0, r=0.
This gives dynamics in R? given by x(t) = [r(t) cos(0(t)), r(t) sin(0(t))].

(a) Show this system has a stable equilibrium for x = (0, 0).
(b) Show while the equilibrium is stable it is not asymptotically stable.
(¢) Show that for any disk with radius § > 0 containing X, there is always a closed trajectory

within it looping around the equilibrium x.
3. Consider the non-linear ODE
X = —« (l‘2 + yQ) X + [—y, z],
where x = [z, y].

(a) Show the linearization D f(xX) does not have eigenvalues with negative real part for any
a, where x = (0,0).

(b) Show for a@ # 0 with o > 0 the non-linear system still has an asymptotically stable
equilibrium at X.

(¢) Show for a = 0 the equilibrium x = (0, 0) is not asymptotically stable, but still stable.
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