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This allows us to express variations in the deformation with position as

o(x+z) — p(x) = Vo(x) - z+ o(2).

Paul J. Atzberger, UCSB Finite Element Methods

http://atzberger.org/


http://atzberger.org/

Elasticity Theory

A material is modeled by a reference configuration Q which is a closed bounded set in R3.

The current configuration of the material body is described by the deformation mapping
¢: Q0 — R assumed detV¢ > 0.
The ¢(x) represents the current position of the material point x from the reference configuration.

The displacement u of the material is
u(x) = ¢(x) — x.

Very useful when modeling small deformations allowing for expansions neglecting higher orders. The

deformation gradient is given by
9¢1 941 94y

Bk &
— oP2 P2 gP2 —
v¢ - Oxq Oxo Ox3 =:F.

943 043 Od¢3
Ox1 Oxo Ox3

This allows us to express variations in the deformation with position as

o(x+z) — p(x) = Vo(x) - z+ o(2).
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This allows us to express variations in the deformation with position as
P(x+2) — ¢(x) = Vo(x) - 2+ o(2).
The Euclidean distance between deformations to leading order is

l6(x +2) = () = V¢ - 2l|* + o(|l2|*) = 2’ V¢ Véz + o(|l2l*) = C:=V'Vé=F'F.
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This allows us to express variations in the deformation with position as
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The Euclidean distance between deformations to leading order is
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The right Cauchy-Green Tensor is C := V¢’ Vo = F'F, where F = V¢.
The material strain is modeled by

1
This is one of the most fundamental concepts in elasticity theory.

In matrix form these tensors can be expressed as

1 /0u; Oy Ouk Oux
Ei = 2 (8)9 6x,> Z dxi Ox;
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This allows us to express variations in the deformation with position as
P(x +2) — ¢(x) = Vo(x) - 2+ o(2).
The Euclidean distance between deformations to leading order is
[6(x +2) = s(x)|I* = V¢ - 2||* + o(||zl|*) = 2 Vé" Véz + o(|z]]*).

The right Cauchy-Green Tensor is C := V¢’ Vo = F'F, where F = V¢.
The material strain is modeled by

1
=-(C-1).
S(C-1)
This is one of the most fundamental concepts in elasticity theory.
In matrix form these tensors can be expressed as
1 [/ Ou; 8u Oui Ju,
Eij _ i lj Z k k )
2 \ Ox; ax, Ox; Ox;
In practice, the second quadratic term is often neglected to obtam an approximation.
The symmetric gradient approximation for strain is denoted by
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The symbol A denotes the vector cross-product in R>.
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Cauchy's Theorem
Consider t(-,n) € C*(B,R?), t(x,-) € C°(S? R?), and f(x) € C°(B,R?).
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Cauchy's Theorem
Consider t(-,n) € C}(B,R?), t(x, ) € C°(S? R?), and f(x) € C°(B,R?). There exists a symmetric tensor field
T € CY(B, S?) satisfying

(1) t(x,n) = T(x)n, x € B,ne€ 82

(i) T(x)=T"(x), x € B,

(iil) divT(x) +f(x) =0, xe&B.
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T € CY(B, S?) satisfying
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Cauchy's Theorem

Consider t(-,n) € C}(B,R?), t(x, ) € C°(S? R?), and f(x) € C°(B,R?). There exists a symmetric tensor field
T € CY(B, S?) satisfying

(1) t(x,n) = T(x)n, x € B,ne€ 82
(i T(x)=T"(x), x € B,
(iif) divT(x) +f(x) =0, xe€B.
This T is called the Cachy stress tensor.

This follows readily by using the Axiom of Static Equilibrium and the Gauss Divergence Theorem
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(i T(x)=T"(x), x € B,
(iif) divT(x) +f(x) =0, xe€B.
This T is called the Cachy stress tensor.

This follows readily by using the Axiom of Static Equilibrium and the Gauss Divergence Theorem

/vf(X)dV + /é;v T(x)ndA = /v(f(X) +divT(x))dV = 0.

Can express mechanics either in deformed material body coordinates x € R® or in reference body frame xz € Q.

Paul J. Atzberger, UCSB Finite Element Methods http://atzberger.org/


http://atzberger.org/

Elasticity Theory

Cauchy's Theorem

Consider t(-,n) € C}(B,R?), t(x, ) € C°(S? R?), and f(x) € C°(B,R?). There exists a symmetric tensor field
T € CY(B, S?) satisfying

(1) t(x,n) = T(x)n, x € B,ne€ 82
(i T(x)=T"(x), x € B,
(iif) divT(x) +f(x) =0, xe€B.
This T is called the Cachy stress tensor.

This follows readily by using the Axiom of Static Equilibrium and the Gauss Divergence Theorem

/vf(X)dV + /é;v T(x)ndA = /v(f(X) +divT(x))dV = 0.

Can express mechanics either in deformed material body coordinates x € R® or in reference body frame xz € Q.
Transformations to reference configuration Q:
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Cauchy's Theorem

Consider t(-,n) € C}(B,R?), t(x, ) € C°(S? R?), and f(x) € C°(B,R?). There exists a symmetric tensor field
T € CY(B, S?) satisfying

(1) t(x,n) = T(x)n, x € B,ne€ 82

(i) T(x)=T"(x), x € B,

(iif) divT(x) +f(x) =0, x¢€B.

This T is called the Cachy stress tensor.

This follows readily by using the Axiom of Static Equilibrium and the Gauss Divergence Theorem
/ f(x)dV + / T(x)ndA = / (f(x) +divT(x))dV = 0.
% v %

Can express mechanics either in deformed material body coordinates x € R® or in reference body frame xz € Q.

Transformations to reference configuration Q:
Coordinates are related by x = ¢(xg), dx = dV,x = det(V¢)dxr.
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(1) t(x,n) = T(x)n, x € B,ne€ 82

(i) T(x)=T"(x), x € B,
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This follows readily by using the Axiom of Static Equilibrium and the Gauss Divergence Theorem
/ f(x)dV + / T(x)ndA = / (f(x) +divT(x))dV = 0.
% v %

Can express mechanics either in deformed material body coordinates x € R® or in reference body frame xz € Q.

Transformations to reference configuration Q:
Coordinates are related by x = ¢(xgr), dx = dV,x = det(V¢)dxg. Density transforms as p(x)dx = pr(xr)dxr.
This gives p(x) = p(¢(xr)) = det(Ve™")pr(xr).
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Cauchy's Theorem

Consider t(-,n) € C}(B,R?), t(x, ) € C°(S? R?), and f(x) € C°(B,R?). There exists a symmetric tensor field
T € CY(B, S?) satisfying

(1) t(x,n) = T(x)n, x € B,ne€ 82

(i) T(x)=T"(x), x € B,

(iif) divT(x) +f(x) =0, x¢€B.

This T is called the Cachy stress tensor.

This follows readily by using the Axiom of Static Equilibrium and the Gauss Divergence Theorem
/ f(x)dV + / T(x)ndA = / (f(x) +divT(x))dV = 0.
% v %

Can express mechanics either in deformed material body coordinates x € R® or in reference body frame xz € Q.

Transformations to reference configuration Q:
Coordinates are related by x = ¢(xg), dx = dV,x = det(V¢)dxg. Density transforms as p(x)dx = pr(xr)dxr.
This gives p(x) = p(¢(xr)) = det(V¢o1)pr(xr). Force density scales similarly as f(x) = det(V$~')fr(xr).
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Cauchy's Theorem

Consider t(-,n) € C}(B,R?), t(x, ) € C°(S? R?), and f(x) € C°(B,R?). There exists a symmetric tensor field
T € CY(B, S?) satisfying

(1) t(x,n) = T(x)n, x € B,ne€ 82

(i) T(x)=T"(x), x € B,

(iif) divT(x) +f(x) =0, x¢€B.

This T is called the Cachy stress tensor.

This follows readily by using the Axiom of Static Equilibrium and the Gauss Divergence Theorem
/ f(x)dV + / T(x)ndA = / (f(x) +divT(x))dV = 0.
% v %

Can express mechanics either in deformed material body coordinates x € R® or in reference body frame xz € Q.

Transformations to reference configuration Q:
Coordinates are related by x = ¢(xg), dx = dV,x = det(V¢)dxg. Density transforms as p(x)dx = pr(xr)dxr.
This gives p(x) = p(¢(xr)) = det(V¢o1)pr(xr). Force density scales similarly as f(x) = det(V$~')fr(xr).
This assumes that forces track with point masses, termed dead load.
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Transformations to reference configuration Q:
Coordinates are related by x = ¢(xgr), dx = dVx = det(V¢)dxg. Density transforms as p(x)dx = pr(xr)dxr.

This gives p(x) = p(¢(xr)) = det(Vo 1) pr(xr). Force density scales similarly as f(x) = det(Vo™)fr(xr).
This assumes that forces track with point masses, termed dead load.
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Elasticity Theory

Transformations to reference configuration Q:

Coordinates are related by x = ¢(xgr), dx = dVx = det(V¢)dxg. Density transforms as p(x)dx = pr(xr)dxr.
This gives p(x) = p(¢(xr)) = det(Vo 1) pr(xr). Force density scales similarly as f(x) = det(Vo™)fr(xr).
This assumes that forces track with point masses, termed dead load.

Piola Transform:

A\ |
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Transformations to reference configuration Q:

Coordinates are related by x = ¢(xgr), dx = dVx = det(V¢)dxg. Density transforms as p(x)dx = pr(xr)dxr.
This gives p(x) = p(¢(xr)) = det(Vo 1) pr(xr). Force density scales similarly as f(x) = det(Vo™)fr(xr).
This assumes that forces track with point masses, termed dead load.

Piola Transform:

Stress balance in reference configuration is
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Transformations to reference configuration Q:

Coordinates are related by x = ¢(xgr), dx = dVx = det(V¢)dxg. Density transforms as p(x)dx = pr(xr)dxr.
This gives p(x) = p(¢(xr)) = det(Vo 1) pr(xr). Force density scales similarly as f(x) = det(Vo™)fr(xr).
This assumes that forces track with point masses, termed dead load.

Piola Transform:

Stress balance in reference configuration is

divg Tk + fr = 0, where Tk :=det(Vp)T (Vo) .
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Transformations to reference configuration Q:

Coordinates are related by x = ¢(xgr), dx = dVx = det(V¢)dxg. Density transforms as p(x)dx = pr(xr)dxr.
This gives p(x) = p(¢(xr)) = det(Vo 1) pr(xr). Force density scales similarly as f(x) = det(Vo™)fr(xr).
This assumes that forces track with point masses, termed dead load.

Piola Transform:

Stress balance in reference configuration is

divg Tk + fr = 0, where Tk :=det(Vp)T (Vo) .

We define two associated stress tensors:
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Transformations to reference configuration Q:

Coordinates are related by x = ¢(xgr), dx = dVx = det(V¢)dxg. Density transforms as p(x)dx = pr(xr)dxr.
This gives p(x) = p(¢(xr)) = det(Vo 1) pr(xr). Force density scales similarly as f(x) = det(Vo™)fr(xr).
This assumes that forces track with point masses, termed dead load.

Piola Transform:

Stress balance in reference configuration is

divg Tk + fr = 0, where Tk :=det(Vp)T (Vo) .

We define two associated stress tensors:
(a) First Piola-Kirchhoff Stress Tensor Tk, Tk :=det(Ve)T (Vo) .
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Transformations to reference configuration Q:

Coordinates are related by x = ¢(xgr), dx = dVx = det(V¢)dxg. Density transforms as p(x)dx = pr(xr)dxr.
This gives p(x) = p(¢(xr)) = det(Vo 1) pr(xr). Force density scales similarly as f(x) = det(Vo™)fr(xr).
This assumes that forces track with point masses, termed dead load.

Piola Transform:

Stress balance in reference configuration is

divg Tk + fr = 0, where Tk :=det(Vp)T (Vo) .

We define two associated stress tensors:
(a) First Piola-Kirchhoff Stress Tensor Tk, Tk :=det(Ve)T (Vo) .
(b) Second Piola-Kirchhoff Stress Tensor Lz, Yr:= (Vo) Tk = (Vo) det(Ve)T (Vo) .
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Transformations to reference configuration Q:

Coordinates are related by x = ¢(xgr), dx = dVx = det(V¢)dxg. Density transforms as p(x)dx = pr(xr)dxr.
This gives p(x) = p(¢(xr)) = det(Vo 1) pr(xr). Force density scales similarly as f(x) = det(Vo™)fr(xr).
This assumes that forces track with point masses, termed dead load.

Piola Transform:

Stress balance in reference configuration is

divg Tk + fr = 0, where Tk :=det(Vp)T (Vo) .

We define two associated stress tensors:
(a) First Piola-Kirchhoff Stress Tensor Tk, Tk :=det(Ve)T (Vo) .
(b) Second Piola-Kirchhoff Stress Tensor Lz, Yr:= (Vo) Tk = (Vo) det(Ve)T (Vo) .

The Second Piola-Kirchhoff Stress Tensor ¥ g is motivated by making a tensor that is symmetric.
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Transformations to reference configuration Q:

Coordinates are related by x = ¢(xgr), dx = dVx = det(V¢)dxg. Density transforms as p(x)dx = pr(xr)dxr.
This gives p(x) = p(¢(xr)) = det(Vo 1) pr(xr). Force density scales similarly as f(x) = det(Vo™)fr(xr).
This assumes that forces track with point masses, termed dead load.

Piola Transform:

Stress balance in reference configuration is

divg Tk + fr = 0, where Tk :=det(Vp)T (Vo) .

We define two associated stress tensors:
(a) First Piola-Kirchhoff Stress Tensor Tk, Tk :=det(Ve)T (Vo) .
(b) Second Piola-Kirchhoff Stress Tensor Lz, Yr:= (Vo) Tk = (Vo) det(Ve)T (Vo) .

The Second Piola-Kirchhoff Stress Tensor ¥ g is motivated by making a tensor that is symmetric.
For small deformations, the three tensors T, Tr, g become the same to leading order.
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Elastic Materials:

A material is called elastic if there exists a mapping for the stress of the form
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Elastic Materials:

A material is called elastic if there exists a mapping for the stress of the form

7:.M —S3,
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Elasticity Theo

Elastic Materials:

A material is called elastic if there exists a mapping for the stress of the form
2 3 3
T:M, — Sy,

where for every deformed state
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Elasticity Theory

Elastic Materials:

A material is called elastic if there exists a mapping for the stress of the form
2 3 3
T:M, — Sy,

where for every deformed state )
T(x) = T(x, Vo(xr)).
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Elasticity Theory

Elastic Materials:

A material is called elastic if there exists a mapping for the stress of the form
2 3 3
T:M, — Sy,

where for every deformed state

T(x) = 'IA'(x, Vo(xr)).
The T is the response function for the Cauchy stress for the material.
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Elasticity Theory

Elastic Materials:

A material is called elastic if there exists a mapping for the stress of the form

7:.M —S3,
where for every deformed state )
T(x) = T(x, Vo(xr)).
The T is tbe response function for the Cauchy stress for the material.
The T = T(x,V¢(xr)) is the constitutive equation for the material.
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Elasticity Theory

Elastic Materials:
A material is called elastic if there exists a mapping for the stress of the form
7:.M —S3,
where for every deformed state )
T(x) = T(x, Vo(xr)).

The T is the response function for the Cauchy stress for the material.
The T = T(x,V¢(xr)) is the constitutive equation for the material.

Transforming the tensors, we have the Piola-Kirchhoff stress
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Elasticity Theory

Elastic Materials:
A material is called elastic if there exists a mapping for the stress of the form
7:.M —S3,
where for every deformed state )
T(x) = T(x, Vo(xr)).

The T is the response function for the Cauchy stress for the material.
The T = T(x,V¢(xr)) is the constitutive equation for the material.

Transforming the tensors, we have the Piola-Kirchhoff stress
S(F) :=det(F)F *T(F)F .
Notation: F = V¢(xr).
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Elasticity Theory

Elastic Materials:
A material is called elastic if there exists a mapping for the stress of the form
7:.M —S3,
where for every deformed state )
T(x) = T(x, Vo(xr)).

The T is the response function for the Cauchy stress for the material.
The T = T(x,V¢(xr)) is the constitutive equation for the material.

Transforming the tensors, we have the Piola-Kirchhoff stress
S(F) :=det(F)F *T(F)F .
Notation: F = V¢(xr).

A material is called homogeneous is 7 does not depend on x.
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Elasticity Theo

Axiom of Material Frame-Indifference
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Elasticity Theo

Axiom of Material Frame-Indifference

Given physical invariances, we make the assumption that the Cauchy stress vector t(x,n) = T(x)n is
independent of the choice of coordinates in the sense
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Axiom of Material Frame-Indifference

Given physical invariances, we make the assumption that the Cauchy stress vector t(x,n) = T(x)n is
independent of the choice of coordinates in the sense

Qt(x,n) = t(Qx, Qn), VQ € 03.
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Axiom of Material Frame-Indifference

Given physical invariances, we make the assumption that the Cauchy stress vector t(x,n) = T(x)n is
independent of the choice of coordinates in the sense

Qt(x,n) = t(Qx, Qn), VQ € 03.

A material that is frame-indifferent is referred to as an objective material.
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Axiom of Material Frame-Indifference

Given physical invariances, we make the assumption that the Cauchy stress vector t(x,n) = T(x)n is
independent of the choice of coordinates in the sense

Qt(x,n) = t(Qx, Qn), VQ € 03.

A material that is frame-indifferent is referred to as an objective material.

When the Axiom of Material Frame-Indifference holds, we have for every orthogonal transformation Q € Q3 that
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Axiom of Material Frame-Indifference

Given physical invariances, we make the assumption that the Cauchy stress vector t(x,n) = T(x)n is
independent of the choice of coordinates in the sense

Qt(x,n) = t(Qx, Qn), VQ € 03.

A material that is frame-indifferent is referred to as an objective material.

When the Axiom of Material Frame-Indifference holds, we have for every orthogonal transformation Q € Q3 that

T(QF) = QT(F)Q".
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Elasticity Theory

Axiom of Material Frame-Indifference

Given physical invariances, we make the assumption that the Cauchy stress vector t(x,n) = T(x)n is
independent of the choice of coordinates in the sense

Qt(x,n) = t(Qx, Qn), VQ € 03.

A material that is frame-indifferent is referred to as an objective material.

When the Axiom of Material Frame-Indifference holds, we have for every orthogonal transformation Q € Q3 that
T(QF) = QT(F)Q".

We also have there exists a mapping Pl ¥ = S? so that
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Elasticity Theory

Axiom of Material Frame-Indifference

Given physical invariances, we make the assumption that the Cauchy stress vector t(x,n) = T(x)n is
independent of the choice of coordinates in the sense

Qt(x,n) = t(Qx, Qn), VQ € 03.

A material that is frame-indifferent is referred to as an objective material.

When the Axiom of Material Frame-Indifference holds, we have for every orthogonal transformation Q € Q3 that

T(QF) = QT(F)Q".

We also have there exists a mapping Pl s? - s® soAthat
Y(F)=%(FTF).
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Elasticity Theory

Axiom of Material Frame-Indifference

Given physical invariances, we make the assumption that the Cauchy stress vector t(x,n) = T(x)n is
independent of the choice of coordinates in the sense

Qt(x,n) = t(Qx, Qn), VQ € 03.

A material that is frame-indifferent is referred to as an objective material.

When the Axiom of Material Frame-Indifference holds, we have for every orthogonal transformation Q € Q3 that

T(QF) = QT(F)Q".

We also have there exists a mapping Pl s? - s® soAthat
Y(F)=%(FTF).

Significance: The ¥ only depends on FTF.
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Elasticity Theory

Axiom of Material Frame-Indifference

Given physical invariances, we make the assumption that the Cauchy stress vector t(x,n) = T(x)n is
independent of the choice of coordinates in the sense

Qt(x,n) = t(Qx, Qn), VQ € 03.

A material that is frame-indifferent is referred to as an objective material.

When the Axiom of Material Frame-Indifference holds, we have for every orthogonal transformation Q € Q3 that

T(QF) = QT(F)Q".

We also have there exists a mapping Pl s? - s® soAthat
Y(F)=%(FTF).

Significance: The ¥ only depends on FTF.
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Elasticity Theory

When the Axiom of Material Frame-Indifference holds, we have for every orthogonal transformation Q € 03 that

T(QF) = QT(F)Q".

We also have there exists a mapping P ¥ — S? so that

S(F)=S(FF).

Proof:

Paul J. Atzberger, UCSB Finite Element Methods http://atzberger.org/


http://atzberger.org/

Elasticity Theory

When the Axiom of Material Frame-Indifference holds, we have for every orthogonal transformation Q € 03 that

T(QF) = QT(F)Q".

We also have there exists a mapping P ¥ — S? so that

S(F)=S(FF).

Proof:
This follows by rotating the deformed body to obtain the relations
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Elasticity Theory

When the Axiom of Material Frame-Indifference holds, we have for every orthogonal transformation Q € 03 that

T(QF) = QT(F)Q".

We also have there exists a mapping P ¥ — S? so that

S(F)=S(FF).

Proof:
This follows by rotating the deformed body to obtain the relations

x> Qx, ¢ — Qp, Vo — QVe, n— Q "n= Q@n, t(x,n) — Qt(x,n).
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Elasticity Theory

When the Axiom of Material Frame-Indifference holds, we have for every orthogonal transformation Q € 03 that
T(QF) = QT(F)Q".

We also have there exists a mapping P ¥ — S? so that

S(F)=S(FF).

Proof:
This follows by rotating the deformed body to obtain the relations

x> Qx, ¢ — Qp, Vo — QVe, n— Q "n= Q@n, t(x,n) — Qt(x,n).

From frame-indifference axiom, we have t(Qx, @n) — Qt(x,n) and 'f'(QF)Q -n= Q'f'(F) -n, using QTQ = 1.
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Elasticity Theory

When the Axiom of Material Frame-Indifference holds, we have for every orthogonal transformation Q € 03 that
T(QF) = QT(F)Q".

We also have there exists a mapping P ¥ — S? so that

X(F)=2(F'F).

Proof:
This follows by rotating the deformed body to obtain the relations

x> Qx, ¢ — Qp, Vo — QVe, n— Q "n= Q@n, t(x,n) — Qt(x,n).

From frame-indifference axiom, we have t(Qx, Qn) — Qt(x n) and T(QF)Q n= QT(F) n, using QTQ = /.
This implies T(QF) -n=QT(F)Q" -n, Vvne $? = T(QF) = QT(F)Q".
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Elasticity Theory

When the Axiom of Material Frame-Indifference holds, we have for every orthogonal transformation Q € 03 that
T(QF) = QT(F)Q".

We also have there exists a mapping P ¥ — S? so that

S(F)=S(FF).

Proof:
This follows by rotating the deformed body to obtain the relations

x> Qx, ¢ — Qp, Vo — QVe, n— Q "n= Q@n, t(x,n) — Qt(x,n).
From frame-indifference axiom, we have t(Qx, @n) — Qt(x,n) and 'f'(QF)Q -n= Q'f'(F) -n, using QTQ = 1.

This implies T(QF) -n= QT(F)Q" -n, Vne §? = T(QF)=QT(F)Q".
From 3(F) := det(F)F*T(F)F~T, we have ¥(QF) = 5(F), VQ € O2..
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Elasticity Theory

When the Axiom of Material Frame-Indifference holds, we have for every orthogonal transformation Q € 03 that
T(QF) = QT(F)Q".

We also have there exists a mapping P ¥ — S? so that

S(F)=%(FTF).

Proof:
This follows by rotating the deformed body to obtain the relations

X Qx, ¢ = Qp, Vo QVeh, n— Q 'n= Qn, t(x,n) — Qt(x,n).
From frame-indifference axiom, we have t(Qx, @n) — Qt(x,n) and 'f'(QF)Q -n= Q'f'(F) -n, using QTQ = 1.
This implies T(QF) -n= QT(F)Q -n, ¥ne S? = T(QF) = QT(F)Q".

From 3(F) := det(F)F*T(F)F~T, we have ¥(QF) = 5(F), VQ € O2..
Now consider product FTF = G7 G for any F and G invertible. Let Q = GF~!, then Q" Q =/, det(Q) > 0.
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When the Axiom of Material Frame-Indifference holds, we have for every orthogonal transformation Q € 03 that
T(QF) = QT(F)Q".

We also have there exists a mapping P ¥ — S? so that

S(F)=%(FTF).

Proof:
This follows by rotating the deformed body to obtain the relations

x = Qx, ¢ = Qp, Vo> QVp, n— Q 'n= Qn, t(x,n) — Qt(x,n).
From frame-indifference axiom, we have t(Qx, @n) — Qt(x,n) and 'f'(QF)Q -n= Q'f'(F) -n, using QTQ = 1.
This implies T(QF) -n=QT(F)Q" -n, Vne $? = T(QF) = QT(F)Q".
From 3(F) := det(F)F*T(F)F~T, we have ¥(QF) = 5(F), VQ € O2..
Now consider product FTF = G7 G for any F and G invertible. Let Q = GF~!, then Q" Q =/, det(Q) > 0.
This gives ¥ (F) = 3(QF) = 5(G) so that 3 only depends on the product F'F.
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When the Axiom of Material Frame-Indifference holds, we have for every orthogonal transformation Q € 03 that
T(QF) = QT(F)Q".

We also have there exists a mapping P ¥ — S? so that

S(F)=%(FTF).

Proof:
This follows by rotating the deformed body to obtain the relations

x = Qx, ¢ = Qp, Vo> QVp, n— Q 'n= Qn, t(x,n) — Qt(x,n).
From frame-indifference axiom, we have t(Qx, @n) — Qt(x,n) and 'f'(QF)Q -n= Q'f'(F) -n, using QTQ = 1.
This implies T(QF) -n=QT(F)Q" -n, Vne $? = T(QF) = QT(F)Q".
From 3(F) := det(F)F*T(F)F~T, we have ¥(QF) = 5(F), VQ € O2..
Now consider product FTF = G7 G for any F and G invertible. Let Q = GF~!, then Q" Q =/, det(Q) > 0.
This gives ¥ (F) = 3(QF) = 5(G) so that 3 only depends on the product FF. B
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Isotropic Materials
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Isotropic Materials

A material is isotropic if
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Elasticity Theory

Isotropic Materials

A material is isotropic if A )
T(F)=T(FQ), VQ € 0.
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Elasticity Theory

Isotropic Materials

A material is isotropic if A )
T(F)=T(FQ), VQ € 0.

This is equivalent to ) )
T(F)=T(FFT).
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A material is isotropic if A )
T(F)=T(FQ), VQ € 0.

This is equivalent to ) )
T(F)=T(FFT).

Significance: Isotropic materials have the same properties in all directions remaining the same when rotating
the reference body. Note the order FQ is important (not same as QF).
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T(F)=T(FQ), VQ € 0.

This is equivalent to ) )
T(F)=T(FFT).

Significance: Isotropic materials have the same properties in all directions remaining the same when rotating

the reference body. Note the order FQ is important (not same as QF).
Invariants: The material responses depend only on invariants of the matrix A= FF" (also of AT = FTF).

Paul J. Atzberger, UCSB Finite Element Methods http://atzberger.org/


http://atzberger.org/

Elasticity Theory

Isotropic Materials

A material is isotropic if A )
T(F)=T(FQ), VQ € 0.

This is equivalent to ) )
T(F)=T(FFT).

Significance: Isotropic materials have the same properties in all directions remaining the same when rotating
the reference body. Note the order FQ is important (not same as QF).

Invariants: The material responses depend only on invariants of the matrix A= FF" (also of AT = FTF).
We define the triple invariants ta = (t1(A), t2(A), t3(A)) as coefficients of

Paul J. Atzberger, UCSB Finite Element Methods http://atzberger.org/


http://atzberger.org/

Elasticity Theory

Isotropic Materials

A material is isotropic if A )
T(F)=T(FQ), VQ € 0.

This is equivalent to ) )
T(F)=T(FFT).

Significance: Isotropic materials have the same properties in all directions remaining the same when rotating
the reference body. Note the order FQ is important (not same as QF).
Invariants: The material responses depend only on invariants of the matrix A= FF" (also of AT = FTF).
We define the triple invariants ta = (t1(A), t2(A), t3(A)) as coefficients of

det(A — A) = A3 — 11 (AN + (AN — 13(A).

Paul J. Atzberger, UCSB Finite Element Methods http://atzberger.org/


http://atzberger.org/

Elasticity Theory

Isotropic Materials

A material is isotropic if A )
T(F)=T(FQ), VQ € 0.

This is equivalent to ) )
T(F)=T(FFT).

Significance: Isotropic materials have the same properties in all directions remaining the same when rotating
the reference body. Note the order FQ is important (not same as QF).
Invariants: The material responses depend only on invariants of the matrix A= FF" (also of AT = FTF).
We define the triple invariants ta = (t1(A), t2(A), t3(A)) as coefficients of

det(A — A) = A3 — 11 (AN + (AN — 13(A).
Invariants can be expressed as

Paul J. Atzberger, UCSB Finite Element Methods http://atzberger.org/


http://atzberger.org/

Elasticity Theory

Isotropic Materials

A material is isotropic if A )
T(F)=T(FQ), VQ € 0.

This is equivalent to ) )
T(F)=T(FFT).

Significance: Isotropic materials have the same properties in all directions remaining the same when rotating
the reference body. Note the order FQ is important (not same as QF).
Invariants: The material responses depend only on invariants of the matrix A= FF" (also of AT = FTF).
We define the triple invariants ta = (t1(A), t2(A), t3(A)) as coefficients of

det(A — A) = A3 — 11 (AN + (AN — 13(A).
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1(A) = trace(A) = A1+ A2+ As,
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Isotropic Materials

A material is isotropic if A )
T(F)=T(FQ), VQ € 0.

This is equivalent to ) )
T(F)=T(FFT).

Significance: Isotropic materials have the same properties in all directions remaining the same when rotating
the reference body. Note the order FQ is important (not same as QF).
Invariants: The material responses depend only on invariants of the matrix A= FF" (also of AT = FTF).
We define the triple invariants ta = (t1(A), t2(A), t3(A)) as coefficients of

det(A — A) = A3 — 11 (AN + (AN — 13(A).
Invariants can be expressed as

1(A) = trace(A) = A1+ A2+ As,
L2(A)

% (trace(A)2 - trace(Az)) = A2 + Adz + Ao,
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This is equivalent to ) )
T(F)=T(FFT).

Significance: Isotropic materials have the same properties in all directions remaining the same when rotating
the reference body. Note the order FQ is important (not same as QF).
Invariants: The material responses depend only on invariants of the matrix A= FF" (also of AT = FTF).
We define the triple invariants ta = (t1(A), t2(A), t3(A)) as coefficients of

det(A — A) = A3 — 11 (AN + (AN — 13(A).
Invariants can be expressed as

1(A) = trace(A) = A1+ A2+ As,
w(A) = % (trace(A)2 - trace(Az)) = Atha + As + Ao,
L3(A) = det(A) = A1 A2)3.

Paul J. Atzberger, UCSB Finite Element Methods http://atzberger.org/


http://atzberger.org/

Elasticity Theory

Isotropic Materials

A material is isotropic if A )
T(F)=T(FQ), VQ € 0.

This is equivalent to ) )
T(F)=T(FFT).

Significance: Isotropic materials have the same properties in all directions remaining the same when rotating
the reference body. Note the order FQ is important (not same as QF).
Invariants: The material responses depend only on invariants of the matrix A= FF" (also of AT = FTF).
We define the triple invariants ta = (t1(A), t2(A), t3(A)) as coefficients of

det(A — A) = A3 — 11 (AN + (AN — 13(A).
Invariants can be expressed as

1(A) = trace(A) = A1+ A2+ As,
w(A) = % (trace(A)2 - trace(Az)) = Atha + As + Ao,
L3(A) = det(A) = A1 A2)3.

Provides convenient way to model many isotropic materials.
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Rivlin-Ericksen (RE) Theorem

The response function T : M2 — S is objective and isotropic if and only if it has the form T(F) = T(FFT)

with
T . s&=¢
T(B) = PBo(ts)l + pi(t8)B + Ba(ts)B°.

The 15 denotes the triple of invariants of B = FF. Note when B is diagonalized B = diag(A1, A2, A3).
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Elasticity Theory

Rivlin-Ericksen (RE) Theorem

The response function T : M2 — S is objective and isotropic if and only if it has the form T(F) = T(FFT)
with

T . s&=¢
T(B) = PBo(ts)l + pi(t8)B + Ba(ts)B°.

The 15 denotes the triple of invariants of B = FF. Note when B is diagonalized B = diag(A1, A2, A3).

Significance Characterizes the conditions under which constitutive laws are frame-indifferent and isotropic.
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Rivlin-Ericksen (RE) Theorem

The response function T : M2 — S is objective and isotropic if and only if it has the form T(F) = T(FFT)
with

T . s&=¢
T(B) = PBo(ts)l + pi(t8)B + Ba(ts)B°.

The 15 denotes the triple of invariants of B = FF. Note when B is diagonalized B = diag(A1, A2, A3).

Significance Characterizes the conditions under which constitutive laws are frame-indifferent and isotropic.
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The second Piola-Kirchhoff stress tensor X is objective and isotropic iff

Y(F) = 35(V¢'Ve)=3(FTF)
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Corollary to RE

The second Piola-Kirchhoff stress tensor X is objective and isotropic iff

Y (F) Y (Vo' V) =3%(FTF)
i(C) = ol +’)’1C+’)’2C2.
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The second Piola-Kirchhoff stress tensor X is objective and isotropic iff

Y(F) = 35(V¢'Ve)=3(FTF)
i(C) = 70/+’Y1C+’)’2C2.

The ~; = 7i(¢c) are functions of the triple of invariants tc of C = FTF.
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Elasticity Theory

Corollary to RE

The second Piola-Kirchhoff stress tensor X is objective and isotropic iff

Y(F) = 35(V¢'Ve)=3(FTF)
i(C) = 70/+’Y1C+’)’2C2.

The ~; = 7i(¢c) are functions of the triple of invariants tc of C = FTF.

Proof:

Paul J. Atzberger, UCSB Finite Element Methods http://atzberger.org/


http://atzberger.org/
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Corollary to RE

The second Piola-Kirchhoff stress tensor X is objective and isotropic iff

S(F) = £(Vo'Ve)=5(FTF)
i(C) = 70/+’Y1C+’)’2C2.

The ~; = 7i(tc) are functions of the triple of invariants ¢c of C = FTF.

Proof:
We use the Cayley-Hamilton formula for B = diag(\1, A2, A3)
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The second Piola-Kirchhoff stress tensor X is objective and isotropic iff

Y(F) = 35(V¢'Ve)=3(FTF)
i(C) = 70/+’Y1C+’)’2C2.

The ~; = 7i(¢c) are functions of the triple of invariants tc of C = FTF.

Proof:
We use the Cayley-Hamilton formula for B = diag(\1, A2, A3)

B* — 11(B)B? + 12(B)B — 13(B)I = 0.
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Corollary to RE

The second Piola-Kirchhoff stress tensor X is objective and isotropic iff
Y(F) = ¥(Vo'Ve)=3%(F'F)
i(C) = 70/+’Y1C+’)’2C2.

The ~; = 7i(tc) are functions of the triple of invariants ¢c of C = FTF.

Proof:
We use the Cayley-Hamilton formula for B = diag(\1, A2, A3)

B* — 11(B)B? + 12(B)B — 13(B)I = 0.
By the RE Theorem we have
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The second Piola-Kirchhoff stress tensor X is objective and isotropic iff
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Proof:
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T(B) = Bo(ts)! + Bi(t8) B + Ba(15) B

Paul J. Atzberger, UCSB Finite Element Methods http://atzberger.org/


http://atzberger.org/

Elasticity Theory

Corollary to RE

The second Piola-Kirchhoff stress tensor X is objective and isotropic iff
Y(F) = ¥(Vo'Ve)=3%(F'F)
i(C) = 70/+’Y1C+’)’2C2.

The ~; = 7i(tc) are functions of the triple of invariants ¢c of C = FTF.

Proof:
We use the Cayley-Hamilton formula for B = diag(\1, A2, A3)

B* — 11(B)B? + 12(B)B — 13(B)I = 0.
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By the CH formula, we can eliminate the / to obtain
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Corollary to RE

The second Piola-Kirchhoff stress tensor X is objective and isotropic iff
Y(F) = ¥(Vo'Ve)=3%(F'F)
i(C) = 70/+’Y1C+’)’2C2.

The ~; = 7i(tc) are functions of the triple of invariants ¢c of C = FTF.

Proof:
We use the Cayley-Hamilton formula for B = diag(\1, A2, A3)

B* — 11(B)B? + 12(B)B — 13(B)I = 0.
By the RE Theorem we have

T(B) = Bo(ts)! + Bi(t8) B + Ba(15) B
By the CH formula, we can eliminate the / to obtain

T(B) = B1B + 5, B* + 3:B°.
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The second Piola-Kirchhoff stress tensor X is objective and isotropic iff

S(F) = £(Vo'Ve)=5(FTF)
i(C) = 70/+’Y1C+’)’2C2.

The ~; = 7i(tc) are functions of the triple of invariants ¢c of C = FTF.

Proof:
We use the Cayley-Hamilton formula for B = diag(\1, A2, A3)

B* — 11(B)B? + 12(B)B — 13(B)I = 0.
By the RE Theorem we have _
T(B) = Bo(t8)! + B1(t8)B + B2(15) B>
By the CH formula, we can eliminate the / to obtain
-,_—(B) = BlB + BzB2 + /;'333.
Multiply on left by det(F)F~* and on right by F~T to reformulate as & with Cauchy-Green tensor C = FTF.
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-,_—(B) = BlB + BzB2 + /;'333.
Multiply on left by det(F)F~* and on right by F~T to reformulate as & with Cauchy-Green tensor C = FTF.
We use invariance to choose frame with FF7 = B = diag(\1, A2, A3). B
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Linear Material Laws

For an objective isotropic material the second Piola-Kirchhoff stress is of form i(C) =0l + 711 C + 7 C>.
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Linear Material Laws

For an objective isotropic material the second Piola-Kirchhoff stress is of form ¥(C) = 4o/ + 71 C + 72 C2.
Suppose that v; are continuously differentiable functions of ¢;j(E), then there exists constants 7, A, i so that
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Linear Material Laws

For an objective isotropic material the second Piola-Kirchhoff stress is of form ¥(C) = 4o/ + 71 C + 72 C2.
Suppose that ; are continuously differentiable functions of tj(E), then there exists constants 7, A, i so that
Y(C)=X(l +2E) = —ml + Atrace(E)! + 2pE + o(E), as E — 0.
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Linear Material Laws

For an objective isotropic material the second Piola-Kirchhoff stress is of form ¥(C) = 4o/ + 71 C + 72 C2.
Suppose that ; are continuously differentiable functions of tj(E), then there exists constants 7, A, i so that
Y(C)=X(l +2E) = —ml + Atrace(E)! + 2pE + o(E), as E — 0.

Proof (sketch):
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Linear Material Laws

For an objective isotropic material the second Piola-Kirchhoff stress is of form ¥(C) = 4o/ + 71 C + 72 C2.
Suppose that ; are continuously differentiable functions of tj(E), then there exists constants 7, A, i so that
Y(C)=X(l +2E) = —ml + Atrace(E)! + 2pE + o(E), as E — 0.

Proof (sketch): '
From definition of ¢;(A) we have ¢;(E) = O(E’).
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Linear Material Laws

For an objective isotropic material the second Piola-Kirchhoff stress is of form i(C) =0l +71C + 1 C2.
Suppose that ; are continuously differentiable functions of tj(E), then there exists constants 7, A, i so that
Y(C)=X(l +2E) = —ml + Atrace(E)! + 2pE + o(E), as E — 0.

Proof (sketch):

From definition of +;(A) we have ;(E) = O(E’). From smoothness of ~y;, we have only +;(E) contributes in the
expressions.
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Linear Material Laws

For an objective isotropic material the second Piola-Kirchhoff stress is of form i(C) =0l +71C + 1 C2.
Suppose that ; are continuously differentiable functions of tj(E), then there exists constants 7, A, i so that
Y(C)=X(l +2E) = —ml + Atrace(E)! + 2pE + o(E), as E — 0.

Proof (sketch):

From definition of +;(A) we have ;(E) = O(E’). From smoothness of ~y;, we have only ¢;(E) contributes in the
expressions. From C = | +2E, C> = | + 4E + o(E), to obtain leading order we expand as

Yo(E) = a0 + bita(E) + o(E), 11(E) = a1 + O(E), v2(E) = a2 + O(E). This yields
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For an objective isotropic material the second Piola-Kirchhoff stress is of form i(C) =0l +71C + 1 C2.
Suppose that ; are continuously differentiable functions of tj(E), then there exists constants 7, A, i so that
Y(C)=X(l +2E) = —ml + Atrace(E)! + 2pE + o(E), as E — 0.

Proof (sketch):

From definition of +;(A) we have ;(E) = O(E’). From smoothness of ~y;, we have only ¢;(E) contributes in the
expressions. From C = | +2E, C> = | + 4E + o(E), to obtain leading order we expand as

Yo(E) = a0 + bita(E) + o(E), 11(E) = a1 + O(E), v2(E) = a2 + O(E). This yields

¥(C) = (ao + a1 + a2) + bita(E)l + (2a1 + 4a2)E + o(E).
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For an objective isotropic material the second Piola-Kirchhoff stress is of form i(C) =0l +71C + 1 C2.
Suppose that ; are continuously differentiable functions of tj(E), then there exists constants 7, A, i so that
Y(C)=X(l +2E) = —ml + Atrace(E)! + 2pE + o(E), as E — 0.

Proof (sketch):

From definition of +;(A) we have ;(E) = O(E’). From smoothness of ~y;, we have only ¢;(E) contributes in the
expressions. From C = | +2E, C> = | + 4E + o(E), to obtain leading order we expand as

Yo(E) = a0 + bita(E) + o(E), 11(E) = a1 + O(E), v2(E) = a2 + O(E). This yields

¥(C) = (ao + a1 + a2) + bita(E)l + (2a1 + 4a2)E + o(E).

Using t1(E) = trace(E) the result follows.
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For an objective isotropic material the second Piola-Kirchhoff stress is of form i(C) =0l +71C + 1 C2.
Suppose that ; are continuously differentiable functions of tj(E), then there exists constants 7, A, i so that
Y(C)=X(l +2E) = —ml + Atrace(E)! + 2pE + o(E), as E — 0.

Proof (sketch):

From definition of +;(A) we have ;(E) = O(E’). From smoothness of ~y;, we have only ¢;(E) contributes in the
expressions. From C = | +2E, C> = | + 4E + o(E), to obtain leading order we expand as

Yo(E) = a0 + bita(E) + o(E), 11(E) = a1 + O(E), v2(E) = a2 + O(E). This yields

¥(C) = (ao + a1 + a2) + bita(E)l + (2a1 + 4a2)E + o(E).

Using t1(E) = trace(E) the result follows. l
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Linear Material Laws

For an objective isotropic material the second Piola-Kirchhoff stress is of form i(C) =0l +71C + 1 C2.
Suppose that ; are continuously differentiable functions of tj(E), then there exists constants 7, A, i so that
Y(C)=X(l +2E) = —ml + Atrace(E)! + 2pE + o(E), as E — 0.

Proof (sketch):

From definition of +;(A) we have ;(E) = O(E’). From smoothness of ~y;, we have only ¢;(E) contributes in the
expressions. From C = | +2E, C> = | + 4E + o(E), to obtain leading order we expand as

Yo(E) = a0 + bita(E) + o(E), 11(E) = a1 + O(E), v2(E) = a2 + O(E). This yields

¥(C) = (ao + a1 + a2) + bita(E)l + (2a1 + 4a2)E + o(E).

Using t1(E) = trace(E) the result follows. l
Significance: Gives general constitutive relation expressed in terms of strain E when deformations are small.
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expressions. From C = | +2E, C> = | + 4E + o(E), to obtain leading order we expand as

Yo(E) = a0 + bita(E) + o(E), 11(E) = a1 + O(E), v2(E) = a2 + O(E). This yields

¥(C) = (ao + a1 + a2) + bita(E)l + (2a1 + 4a2)E + o(E).

Using t1(E) = trace(E) the result follows. l
Significance: Gives general constitutive relation expressed in terms of strain E when deformations are small.
Remark: Typically, C = | with unstressed conditions so that 7 = 0. The X and p are called Lame’ constants.
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Suppose that ; are continuously differentiable functions of tj(E), then there exists constants 7, A, i so that
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Using t1(E) = trace(E) the result follows. l

Significance: Gives general constitutive relation expressed in terms of strain E when deformations are small.
Remark: Typically, C = | with unstressed conditions so that m = 0. The X\ and p are called Lame’ constants.
Hookean Material Law: ¥ (/ + 2E) = \trace(E)/ + 2uE.
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¥(C) = (ao + a1 + a2) + bita(E)l + (2a1 + 4a2)E + o(E).

Using t1(E) = trace(E) the result follows. l

Significance: Gives general constitutive relation expressed in terms of strain E when deformations are small.
Remark: Typically, C = | with unstressed conditions so that m = 0. The X\ and p are called Lame’ constants.
Hookean Material Law: ¥ (/ + 2E) = \trace(E)/ + 2uE.

Valid for small deformations, but if valid all deformations, called St. Venant-Kirkhhoff material.
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For an objective isotropic material the second Piola-Kirchhoff stress is of form i(C) =0l +71C + 1 C2.
Suppose that ; are continuously differentiable functions of tj(E), then there exists constants 7, A, i so that
Y(C)=X(l +2E) = —ml + Atrace(E)! + 2pE + o(E), as E — 0.

Proof (sketch):

From definition of +;(A) we have ;(E) = O(E’). From smoothness of ~y;, we have only ¢;(E) contributes in the
expressions. From C = | +2E, C> = | + 4E + o(E), to obtain leading order we expand as
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¥(C) = (ao + a1 + a2) + bita(E)l + (2a1 + 4a2)E + o(E).

Using t1(E) = trace(E) the result follows. l

Significance: Gives general constitutive relation expressed in terms of strain E when deformations are small.
Remark: Typically, C = | with unstressed conditions so that m = 0. The X\ and p are called Lame’ constants.
Hookean Material Law: ¥ (/ + 2E) = \trace(E)/ + 2uE.

Valid for small deformations, but if valid all deformations, called St. Venant-Kirkhhoff material.

Remark trace(e) = div(u) for incompressibility. Lame’ constants: A change in density and ;1 shear modulus.
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Linear Material Laws

For an objective isotropic material the second Piola-Kirchhoff stress is of form i(C) =0l +71C + 1 C2.
Suppose that ; are continuously differentiable functions of ¢;(E), then there exists constants 7, A, 1 so that

¥(C) =¥(/ +2E) = —nl + Atrace(E)! 4 2uE + o(E), as E — 0.
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For an objective isotropic material the second Piola-Kirchhoff stress is of form i(C) =0l +71C + 1 C2.
Suppose that ; are continuously differentiable functions of ¢;(E), then there exists constants 7, A, 1 so that

¥(C) =¥(/ +2E) = —nl + Atrace(E)! 4 2uE + o(E), as E — 0.

Hookean Material Law: ¥(/ + 2E) = Atrace(E)/ 4 2uE.

Remark trace(e) = div(u) for incompressibility. Lame’ constants: A change in density and ;1 shear modulus.
Mechanics: Other parameters are used to characterize elasticity
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Linear Material Laws

For an objective isotropic material the second Piola-Kirchhoff stress is of form i(C) =0l +71C + 1 C2.
Suppose that ; are continuously differentiable functions of ¢;(E), then there exists constants 7, A, 1 so that

¥(C) =¥(/ +2E) = —nl + Atrace(E)! 4 2uE + o(E), as E — 0.

Hookean Material Law: ¥(/ + 2E) = Atrace(E)/ 4 2uE.

Remark trace(e) = div(u) for incompressibility. Lame’ constants: A change in density and ;1 shear modulus.
Mechanics: Other parameters are used to characterize elasticity

Poisson ratio
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Linear Material Laws

For an objective isotropic material the second Piola-Kirchhoff stress is of form i(C) =0l +71C + 1 C2.
Suppose that ; are continuously differentiable functions of ¢;(E), then there exists constants 7, A, 1 so that

¥(C) =¥(/ +2E) = —nl + Atrace(E)! 4 2uE + o(E), as E — 0.

Hookean Material Law: ¥(/ + 2E) = Atrace(E)/ 4 2uE.

Remark trace(e) = div(u) for incompressibility. Lame’ constants: A change in density and ;1 shear modulus.
Mechanics: Other parameters are used to characterize elasticity
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0 Poisson ratio E = et Young's modulus
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For an objective isotropic material the second Piola-Kirchhoff stress is of form i(C) =0l +71C + 1 C2.
Suppose that ; are continuously differentiable functions of ¢;(E), then there exists constants 7, A, 1 so that

¥(C) =¥(/ +2E) = —nl + Atrace(E)! 4 2uE + o(E), as E — 0.

Hookean Material Law: ¥(/ + 2E) = Atrace(E)/ 4 2uE.

Remark trace(e) = div(u) for incompressibility. Lame’ constants: A change in density and ;1 shear modulus.
Mechanics: Other parameters are used to characterize elasticity

- X H ; _ p(3X+2pu) )
V=000 Poisson ratio E =557, Young's modulus

A\ = m, Lame’ compressibility
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Linear Material Laws

For an objective isotropic material the second Piola-Kirchhoff stress is of form i(C) =0l +71C + 1 C2.
Suppose that ; are continuously differentiable functions of ¢;(E), then there exists constants 7, A, 1 so that

¥(C) =¥(/ +2E) = —nl + Atrace(E)! 4 2uE + o(E), as E — 0.

Hookean Material Law: ¥(/ + 2E) = Atrace(E)/ 4 2uE.

Remark trace(e) = div(u) for incompressibility. Lame’ constants: A change in density and ;1 shear modulus.
Mechanics: Other parameters are used to characterize elasticity

v= ﬁ, Poisson ratio E= ”(%Jr:”% Young's modulus
A= Mﬁ, Lame' compressibility = ﬁ, Lame’ shear modulus.
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For an objective isotropic material the second Piola-Kirchhoff stress is of form i(C) =0l +71C + 1 C2.
Suppose that ; are continuously differentiable functions of ¢;(E), then there exists constants 7, A, 1 so that

¥(C) =¥(/ +2E) = —nl + Atrace(E)! 4 2uE + o(E), as E — 0.

Hookean Material Law: ¥(/ + 2E) = Atrace(E)/ 4 2uE.

Remark trace(e) = div(u) for incompressibility. Lame’ constants: A change in density and ;1 shear modulus.
Mechanics: Other parameters are used to characterize elasticity

v= ﬁ, Poisson ratio E= ”(%Jr:”% Young's modulus
A= Mﬁ, Lame' compressibility = ﬁ, Lame’ shear modulus.

From considerations in the physics, we have A > 0,u>0and E >0,0< v < %

Paul J. Atzberger, UCSB Finite Element Methods http://atzberger.org/


http://atzberger.org/

Linear Material Laws

For an objective isotropic material the second Piola-Kirchhoff stress is of form i(C) =0l +71C + 1 C2.
Suppose that ; are continuously differentiable functions of ¢;(E), then there exists constants 7, A, 1 so that

¥(C) =¥(/ +2E) = —nl + Atrace(E)! 4 2uE + o(E), as E — 0.

Hookean Material Law: ¥(/ + 2E) = Atrace(E)/ 4 2uE.

Remark trace(e) = div(u) for incompressibility. Lame’ constants: A change in density and ;1 shear modulus.
Mechanics: Other parameters are used to characterize elasticity

v= ﬁ, Poisson ratio E= ”(%Jr:“% Young's modulus
A= m, Lame’ compressibility = 2(17’%, Lame’ shear modulus.

From considerations in the physics, we have A > 0,u>0and E >0,0< v < %

Remark: For small deformations, if we replace linearization in E with linearization in € approach is called
geometrically linear theory.

Paul J. Atzberger, UCSB Finite Element Methods http://atzberger.org/


http://atzberger.org/

Hyperelastic Materials

Definition

Paul J. Atzberger, UCSB Finite Element Methods http://atzberger.org/


http://atzberger.org/

Hyperelastic Materials

Definition

A hyperelastic materials is characterized by the existence of an energy functional W:Qx M3 — R so that
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A hyperelastic materials is characterized by the existence of an energy functional W:Qx M3 — R so that

JF), vxe Q Fe M.

Equilibrium state of an elastic body:
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Hyperelastic Materials

Definition

A hyperelastic materials is characterized by the existence of an energy functional W:Qx M3 — R so that

JF), vxe Q Fe M.

Equilibrium state of an elastic body:

—divT(x, Vé(x)) = f(x), x€Q
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Hyperelastic Materials

Definition

A hyperelastic materials is characterized by the existence of an energy functional W:Qx M3 — R so that

JF), vxe Q Fe M.

Equilibrium state of an elastic body:

—Adiv'lA'(x7 Vo(x)) =f(x), x€Q
T(x, Vo(x)) = g(x); x€l
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Definition

A hyperelastic materials is characterized by the existence of an energy functional W:Qx M3 — R so that

JF), vxe Q Fe M.

Equilibrium state of an elastic body:

—Adiv'lA'(x7 Vo(x)) =f(x), x€Q
T(x, Vo(x)) = g(x), xel
d(x) = ¢o(x), x € To.
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Definition

A hyperelastic materials is characterized by the existence of an energy functional W:Qx M3 — R so that

JF), vxe Q Fe M.

Equilibrium state of an elastic body:

—Adiv'lA'(x7 Vo(x)) =f(x), x€Q
T(x, Vo(x)) = g(x), xel
d(x) = ¢o(x), x € To.

Variational principle: If f = grad F, g = grad G, we have a variational principle with the functional
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Definition

A hyperelastic materials is characterized by the existence of an energy functional W:Qx M3 — R so that

JF), vxe Q Fe M.

Equilibrium state of an elastic body:

—Adiv'lA'(x7 Vo(x)) =f(x), x€Q
T(x, Vo(x)) = g(x), xel
d(x) = ¢o(x), x € To.

Variational principle: If f = grad F, g = grad G, we have a variational principle with the functional

1= | (Wex Vo) - 0 e+ [ Gu(x)x.
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Hyperelastic Materials

Definition

A hyperelastic materials is characterized by the existence of an energy functional W:Qx M3 — R so that

F(x,F) = 887'/FV(X, F), Vx € Q,F € M.

Equilibrium state of an elastic body:

—Adiv'lA'(x7 Vo(x)) =f(x), x€Q
T(x, Vo(x)) = g(x), xel
d(x) = ¢o(x), x € To.

Variational principle: If f = grad F, g = grad G, we have a variational principle with the functional
1= | (Wex Vo) - 0 e+ [ Gu(x)x.
51

We require that ¢ satisfies the boundary conditions on I'1, o and local injectivity det(V(x)) > 0.
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Hyperelastic Materials

Definition

A hyperelastic materials is characterized by the existence of an energy functional W:Qx M3 — R so that

F(x,F) = 887'/FV(X, F), Vx € Q,F € M.

Equilibrium state of an elastic body:

—Adiv'lA'(x7 Vo(x)) =f(x), x€Q
T(x, Vo(x)) = g(x), xel
d(x) = ¢o(x), x € To.

Variational principle: If f = grad F, g = grad G, we have a variational principle with the functional

1= | (Wex Vo) - 0 e+ [ Gu(x)x.

We require that ¢ satisfies the boundary conditions on I'1, o and local injectivity det(V(x)) > 0.
Remark: Results in saddle-point problems.
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Hyperelastic Materials

Definition

A hyperelastic materials is characterized by the existence of an energy functional W :Q x Mi — R so that

oW

7’\—(X, F) = W

(x,F), ¥x € Q,F e M.
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A hyperelastic materials is characterized by the existence of an energy functional W :Q x Mi — R so that

oW

7’\—(X, F) = W

(x,F), ¥x € Q,F e M.

Objective Material: The W(x, -) is function only of Cauchy-Green Tensor C = F'F as
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A hyperelastic materials is characterized by the existence of an energy functional W :Q x Mi — R so that
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7’\—(X, F) = W

(x,F), ¥x € Q,F e M.

Objective Material: The W(x, -) is function only of Cauchy-Green Tensor C = F'F as

OW(x, C)

W(x,F) = W(x,F"F), ¥£(x,C) =2 ila

, VCeSt.
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Hyperelastic Materials

Definition

A hyperelastic materials is characterized by the existence of an energy functional W :Q x Mi — R so that

oW

7’\—(X, F) = W

(x,F), ¥x € Q,F e M.

Objective Material: The W(x, -) is function only of Cauchy-Green Tensor C = F'F as

OW(x, C)

W(x,F) = W(x,F"F), ¥£(x,C) =2 ila

, VCeSt.

Isotropic Materials:
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Hyperelastic Materials

Definition

A hyperelastic materials is characterized by the existence of an energy functional W :Q x Mi — R so that

oW

7’\—(X, F) = W

(x,F), ¥x € Q,F e M.

Objective Material: The W(x, -) is function only of Cauchy-Green Tensor C = F'F as

OW(x, C)

W(x,F) = W(x,F"F), ¥£(x,C) =2 ila

, VCeSt.

Isotropic Materials: R B
W(x, F) = W(x, FQ), VF e M3, Q € O%.
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Definition

A hyperelastic materials is characterized by the existence of an energy functional W :Q x Mi — R so that

oW

7’\'(x, F)= F

(x,F), ¥x € Q,F e M.

Objective Material: The W(x, -) is function only of Cauchy-Green Tensor C = F'F as

AW (x, C)

W(x,F) = W(x,F"F), ¥£(x,C) =2 ila

, VCeSt.

Isotropic Materials: R 3
W(x, F) = W(x, FQ), VF e M3, Q € O%.

Isotropic Materials (small deformations):
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Hyperelastic Materials

Definition

A hyperelastic materials is characterized by the existence of an energy functional W :Q x Mi — R so that

oW

7’\'(x, F)= F

(x,F), ¥x € Q,F e M.

Objective Material: The W(x, -) is function only of Cauchy-Green Tensor C = F'F as

AW (x, C)

W(x,F) = W(x,F"F), ¥£(x,C) =2 ila

, VCeSt.

Isotropic Materials: R 3
W(x, F) = W(x, FQ), VF e M3, Q € O%.

Isotropic Materials (small deformations):

W(x, C) = % (traceE)? + uE : E + o( E?),
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Hyperelastic Materials

Definition

A hyperelastic materials is characterized by the existence of an energy functional W :Q x Mi — R so that

oW

7’\'(x, F)= F

(x,F), ¥x € Q,F e M.

Objective Material: The W(x, -) is function only of Cauchy-Green Tensor C = F'F as

AW (x, C)

W(x,F) = W(x,F"F), ¥£(x,C) =2 ila

, VCeSt.

Isotropic Materials: R 3
W(x, F) = W(x, FQ), VF e M3, Q € O%.

Isotropic Materials (small deformations):
W(x, C) = % (traceE)? + uE : E + o( E?),

where C = [ +2E, A: B =73, A;B; = trace(A” B).
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Hyperelastic Materials

Definition

A hyperelastic materials is characterized by the existence of an energy functional W:Qx M3 — R so that

T(x,F) = %—VFV(X, F), Vx € Q,F € M.
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Hyperelastic Materials

Definition

A hyperelastic materials is characterized by the existence of an energy functional W:Qx M3 — R so that

T(x,F) = %—VFV(X, F), Vx € Q,F € M.

St. Venant-Kirchhoff Materials:
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Hyperelastic Materials

Definition

A hyperelastic materials is characterized by the existence of an energy functional W:Qx M3 — R so that

T(x,F) = %—VFV(X, F), Vx € Q,F € M.

St. Venant-Kirchhoff Materials:

W(x, F)=

TR

(traceF)* 4+ uF : F = % (traceF)? 4 ptraceC.
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Definition

A hyperelastic materials is characterized by the existence of an energy functional W:Qx M3 — R so that

T(x,F) = %—VFV(X, F), Vx € Q,F € M.

St. Venant-Kirchhoff Materials:

W(x, F)=

TR

(traceF)* 4+ uF : F = % (traceF)? 4 ptraceC.

Neo-Hookean Materials:
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Hyperelastic Materials

Definition

A hyperelastic materials is characterized by the existence of an energy functional W:Qx M3 — R so that

T(x,F) = %—VFV(X, F), Vx € Q,F € M.

St. Venant-Kirchhoff Materials:

W(x, F)=

TR

(traceF)* 4+ uF : F = % (traceF)? 4 ptraceC.
Neo-Hookean Materials:

W(x, C) = 1 p(trace(C — 1)) + - ((det ) P2 - 1) ,

B
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Hyperelastic Materials

Definition

A hyperelastic materials is characterized by the existence of an energy functional W:Qx M3 — R so that

T(x,F) = %—VFV(X, F), Vx € Q,F € M.

St. Venant-Kirchhoff Materials:

W(x, F)=

TR

(traceF)* 4+ uF : F = % (traceF)? 4 ptraceC.
Neo-Hookean Materials:

W(x, C) = 1 p(trace(C — 1)) + - ((det ) P2 - 1) ,

B
where 8 =2v/1 — 2v.
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Linear Elasticity

Paul J. Atzberger, UCSB Finite Element Methods http://atzberger.org/


http://atzberger.org/

Linear Elasticity Theory

Assumptions: Will restrict to case of small deformations for linearized isotropic materials.
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Linear Elasticity Theory

Assumptions: Will restrict to case of small deformations for linearized isotropic materials. Do not have to
distinguish between stress tensors in this case.
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Linear Elasticity Theory

Assumptions: Will restrict to case of small deformations for linearized isotropic materials. Do not have to
distinguish between stress tensors in this case. Notation: We use o instead of ¥ and ¢ instead of E.
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Linear Elasticity Theory

Assumptions: Will restrict to case of small deformations for linearized isotropic materials. Do not have to
distinguish between stress tensors in this case. Notation: We use o instead of ¥ and ¢ instead of E.
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Linear Elasticity Theory

Assumptions: Will restrict to case of small deformations for linearized isotropic materials. Do not have to
distinguish between stress tensors in this case. Notation: We use o instead of ¥ and ¢ instead of E.

n;:/(le:a—ﬁu)dvx—i—/g-udAx.
a\2 M

The tensor product € : 0 = ¢jjo;. Note, the o, €, u are not independent here.

Variational Problem
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Linear Elasticity Theory

Assumptions: Will restrict to case of small deformations for linearized isotropic materials. Do not have to
distinguish between stress tensors in this case. Notation: We use o instead of ¥ and ¢ instead of E.

n;:/(le:a—f-u>dvx+/g-udAX.
a\2 M

The tensor product € : 0 = ¢jjo;. Note, the o, €, u are not independent here.

Variational Problem

Kinematic Equations

A\ |
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Linear Elasticity Theory

Assumptions: Will restrict to case of small deformations for linearized isotropic materials. Do not have to
distinguish between stress tensors in this case. Notation: We use o instead of ¥ and ¢ instead of E.

n;:/(le:a—f-u>dvx+/g-udAX.
a\2 M

The tensor product € : 0 = ¢jjo;. Note, the o, €, u are not independent here.

Variational Problem

Kinematic Equations

The strain and displacement are related by
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Linear Elasticity Theory

Assumptions: Will restrict to case of small deformations for linearized isotropic materials. Do not have to
distinguish between stress tensors in this case. Notation: We use o instead of ¥ and ¢ instead of E.

Variational Problem

The tensor product € : 0 = ¢jjo;. Note, the o, €, u are not independent here.

Kinematic Equations

The strain and displacement are related by

S L (0w 0w )= v
GU_2<8XJ-+8X,->’ e=e(u) =Vu.
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Linear Elasticity Theory

Assumptions: Will restrict to case of small deformations for linearized isotropic materials. Do not have to
distinguish between stress tensors in this case. Notation: We use o instead of ¥ and ¢ instead of E.

Variational Problem

The tensor product € : 0 = ¢jjo;. Note, the o, €, u are not independent here.

Kinematic Equations

The strain and displacement are related by

€j = % (8“1' + 3“]) , e=¢€(u) = vy,

8Xj ax,-

The stress is related by the constitutive relation
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Linear Elasticity Theory

Assumptions: Will restrict to case of small deformations for linearized isotropic materials. Do not have to
distinguish between stress tensors in this case. Notation: We use o instead of ¥ and ¢ instead of E.

Variational Problem

The tensor product € : 0 = ¢jjo;. Note, the o, €, u are not independent here.

Kinematic Equations

The strain and displacement are related by

€j = % (8“1' + 3“]) , e=¢€(u) = vy,

8Xj ax,-

The stress is related by the constitutive relation

1
_ v, Ktrace(a)l.

‘T TE E
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Linear Elasticity Theory

The stress and strain are related by the constitutive relation
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Linear Elasticity Theory

The stress and strain are related by the constitutive relation

1+v v
=—F JfEtrace(a)l.

€
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Linear Elasticity Theory

The stress and strain are related by the constitutive relation

€

1+v v
=—F JfEtrace(a)l.

Aim: We would like to formulate the mechanics in terms of the hyperelastic theory and equilibrium conditions
given by I[¢].
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Linear Elasticity Theory

The stress and strain are related by the constitutive relation

€

1+v v
=—F JfEtrace(a)l.

Aim: We would like to formulatAe the mechanics in terms of the hyperelastic theory and equilibrium conditions
given by /[¢)]. Need to specify W, F,G.
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Linear Elasticity Theory

The stress and strain are related by the constitutive relation

1+v v
=—F JfEtrace(a)l.

€

Aim: We would like to formulatAe the mechanics in terms of the hyperelastic theory and equilibrium conditions
given by /[¢)]. Need to specify W, F,G.

We use that trace(e) = (1 — 2v)/E trace(o), and solving for o we have
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Linear Elasticity Theory

The stress and strain are related by the constitutive relation

€

1+v v
=—F JfEtrace(a)l.

Aim: We would like to formulatAe the mechanics in terms of the hyperelastic theory and equilibrium conditions
given by /[¢)]. Need to specify W, F,G.

We use that trace(e) = (1 — 2v)/E trace(o), and solving for o we have

o= E e+ —2 trace(e)/
T 14w 1—-2v ’
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Linear Elasticity Theory

The stress and strain are related by the constitutive relation

€

1+v v
=—F JfEtrace(a)l.

Aim: We would like to formulatAe the mechanics in terms of the hyperelastic theory and equilibrium conditions
given by /[¢)]. Need to specify W, F,G.

We use that trace(e) = (1 — 2v)/E trace(o), and solving for o we have

o= E e+ —2 trace(e)/
T 14w 1—-2v ’

We also can use that € : | = trace(e) so that
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Linear Elasticity Theory

The stress and strain are related by the constitutive relation

€

1+v v
=—F JfEtrace(a)l.

Aim: We would like to formulatAe the mechanics in terms of the hyperelastic theory and equilibrium conditions
given by /[¢)]. Need to specify W, F,G.

We use that trace(e) = (1 — 2v)/E trace(o), and solving for o we have

o= E e+ —2 trace(e)/
T 14w 1—-2v ’

We also can use that € : | = trace(e) so that

%a te= %()\ trace(e)l + 2ue) 1 e = % (trace(€))? + pe : €.
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Linear Elasticity Theory

The stress and strain are related by the constitutive relation

€

1+v v
=—F JfEtrace(a)l.

Aim: We would like to formulatAe the mechanics in terms of the hyperelastic theory and equilibrium conditions
given by /[¢)]. Need to specify W, F,G.

We use that trace(e) = (1 — 2v)/E trace(o), and solving for o we have

-_E e+ —2 trace(e)/
T 14w 1—-2v ’

We also can use that € : | = trace(e) so that

(o

%a te= %()\ trace(e)l + 2ue) 1 e = % (trace(€))? + pe : €.

This corresponds to the energy functional W(x, F) for St. Venant-Kirchhoff materials..
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Linear Elasticity Theory

The stress and strain are related by the constitutive relation

€

1+v v
=—F JfEtrace(a)l.

Aim: We would like to formulatAe the mechanics in terms of the hyperelastic theory and equilibrium conditions
given by /[¢)]. Need to specify W, F,G.

We use that trace(e) = (1 — 2v)/E trace(o), and solving for o we have

o= E e+ —2 trace(e)/
T 14w 1—-2v ’

We also can use that € : | = trace(e) so that

1 1

50:e=3 (Atrace(e)! + 2ue) 1 e = % (trace(€))? + pe : €.
This corresponds to the energy functional W(x, F) for St. Venant-Kirchhoff materials..
Remark: This leads to a mixed formulation of weak problem.
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Linear Elasticity Theory

The stress and strain are related by the constitutive relation

€

1+v v
=—F JfEtrace(a)l.

Aim: We would like to formulatAe the mechanics in terms of the hyperelastic theory and equilibrium conditions
given by /[¢)]. Need to specify W, F,G.

We use that trace(e) = (1 — 2v)/E trace(o), and solving for o we have

o= E e+ —2 trace(e)/
T 14w 1—-2v ’

We also can use that € : | = trace(e) so that

1 1

50:e=3 (Atrace(e)! + 2ue) 1 e = % (trace(€))? + pe : €.
This corresponds to the energy functional W(x, F) for St. Venant-Kirchhoff materials..
Remark: This leads to a mixed formulation of weak problem.

Formulations: There are at least three distinct approaches in the literature:
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Linear Elasticity Theory

The stress and strain are related by the constitutive relation

€

1+v v
=—F JfEtrace(a)l.

Aim: We would like to formulatAe the mechanics in terms of the hyperelastic theory and equilibrium conditions
given by /[¢)]. Need to specify W, F,G.

We use that trace(e) = (1 — 2v)/E trace(o), and solving for o we have

o= E e+ —2 trace(e)/
T 14w 1—-2v ’

We also can use that € : | = trace(e) so that

1 1
50:e=3 (Atrace(e)! + 2ue) 1 e = % (trace(€))? + pe : €.
This corresponds to the energy functional W(x, F) for St. Venant-Kirchhoff materials..
Remark: This leads to a mixed formulation of weak problem.
Formulations: There are at least three distinct approaches in the literature:

(i) Displacement Formulation,
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Linear Elasticity Theory

The stress and strain are related by the constitutive relation

€

1+v v
=—F JfEtrace(a)l.

Aim: We would like to formulatAe the mechanics in terms of the hyperelastic theory and equilibrium conditions
given by /[¢)]. Need to specify W, F,G.

We use that trace(e) = (1 — 2v)/E trace(o), and solving for o we have

o= E e+ —2 trace(e)/
T 14w 1—-2v ’

We also can use that € : | = trace(e) so that

1 1
50:e=3 (Atrace(e)! + 2ue) 1 e = % (trace(€))? + pe : €.
This corresponds to the energy functional W(x, F) for St. Venant-Kirchhoff materials..
Remark: This leads to a mixed formulation of weak problem.
Formulations: There are at least three distinct approaches in the literature:

(i) Displacement Formulation, (ii) Mixed Hellinger and Reissner, and
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Linear Elasticity Theory

The stress and strain are related by the constitutive relation

€

1+v v
=—F JfEtrace(a)l.

Aim: We would like to formulate the mechanics in terms of the hyperelastic theory and equilibrium conditions
given by /[¢)]. Need to specify W, F,G.

We use that trace(e) = (1 — 2v)/E trace(o), and solving for o we have

-_E e+ —2 trace(e)/
T 1vy 1-2v '

We also can use that € : | = trace(e) so that

1 1
50:e=3 (Atrace(e)! + 2ue) 1 e = % (trace(€))? + pe : €.
This corresponds to the energy functional W(x, F) for St. Venant-Kirchhoff materials..
Remark: This leads to a mixed formulation of weak problem.
Formulations: There are at least three distinct approaches in the literature:
(i) Displacement Formulation, (ii) Mixed Hellinger and Reissner, and (iii) Mixed Hu and Washizu.
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Displacement Formulation

Variational Principle for Displacement Formulation
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Displacement Formulation

Variational Principle for Displacement Formulation

niv] = /n <%e[v] colv] + % (div(v))> = f - v) dVx —|—/ g - vdAx — min

51
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Displacement Formulation

Variational Principle for Displacement Formulation

niv] = /n <%e[v] colv] + % (div(v))> = f - v) dVx —|—/ g - vdAx — min

51

This is obtained by eliminating o using o = Ce, where
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Displacement Formulation

Variational Principle for Displacement Formulation

niv] = /n <%e[v] colv] + % (div(v))> = f - v) dVx —|—/ g - vdAx — min

51

This is obtained by eliminating o using o = Ce, where

011 1—-v v v €11
o2 v 1-v v 0 €0
033 _ E 14 14 1—v €33
o | (1+v)(1-2v) 1-2v €12
013 0 1-2v €13
023 1—-2v €23
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Displacement Formulation

Variational Principle for Displacement Formulation

niv] = /n <%e[v] colv] + % (div(v))> = f - v) dVx —|—/ g - vdAx — min

51

This is obtained by eliminating o using o = Ce, where

011 1—-v v v €11
o2 v 1-v v 0 €0
033 _ E 14 14 1—v €33
o | (1+v)(1-2v) 1-2v €12
013 0 1-2v €13
023 1—-2v €23

The variational principle above is obtained from this with notation ¢ = V®v, A = 0, and

Paul J. Atzberger, UCSB Finite Element Methods http://atzberger.org/


http://atzberger.org/

Displacement Formulation

Variational Principle for Displacement Formulation

niv] = /n <%e[v] colv] + % (div(v))> = f - v) dVx —|—/ g - vdAx — min

51

This is obtained by eliminating o using o = Ce, where

011 1—-v v v €11
o2 v 1-v v 0 €0
033 _ E 14 14 1—v €33
o | (1+v)(1-2v) 1-2v €12
013 0 1-2v €13
023 1—-2v €23

The variational principle above is obtained from this with notation ¢ = V®v, A = 0, and

n[v] = 196y . evOy —fov)dve+ [ g-vda
a\2 r
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Displacement Formulation

Variational Principle for Displacement Formulation

niv] = /Q (%e[v] cov] + % (div(v))* — f - v> dVi —|—/ g - vdAc — min

(51
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Displacement Formulation

Variational Principle for Displacement Formulation

niv] = /Q (%e[v] cov] + % (div(v))* — f - v> dVi + /rl g - vdAc — min

The minimization is performed on the space
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Displacement Formulation

Variational Principle for Displacement Formulation

niv] = /Q (%e[v] cov] + % (div(v))* — f - v> dVi —|—/ g - vdAc — min

(51

The minimization is performed on the space

HE == {v e H'(Q)®: v(x) = 0,Vx € [}

Paul J. Atzberger, UCSB Finite Element Methods http://atzberger.org/


http://atzberger.org/

Displacement Formulation

Variational Principle for Displacement Formulation

niv] = /Q (%e[v] cov] + % (div(v))* — f - v> dVi + /rl g - vdAc — min

The minimization is performed on the space
H# ={ve Hl(Q)3 tv(x) =0,Vx €To}

Weak Formulation:
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Displacement Formulation

Variational Principle for Displacement Formulation

niv] = /Q (%e[v] cov] + % (div(v))* — f - v> dVi + /rl g - vdAc — min

The minimization is performed on the space
H# ={ve Hl(Q)3 tv(x) =0,Vx €To}

Weak Formulation:
/v<s>u VvV, = (£, v)o —/ g vdA., Vv e H
Q

M
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Displacement Formulation

Variational Principle for Displacement Formulation

niv] = /Q (%e[v] cov] + % (div(v))* — f - v> dVi + /rl g - vdAc — min

The minimization is performed on the space
H# ={ve Hl(Q)3 tv(x) =0,Vx €To}

Weak Formulation:
/v<s>u VvV, = (£, v)o —/ g vdA., Vv e H
Q M

By introducing L? inner-product notation, we can express as
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Displacement Formulation

Variational Principle for Displacement Formulation

niv] = /Q (%e[v] cov] + % (div(v))* — f - v> dVi + /rl g - vdAc — min

The minimization is performed on the space
H# ={ve Hl(Q)3 tv(x) =0,Vx €To}

Weak Formulation:
/v<s>u VvV, = (£, v)o —/ g vdA., Vv e H
Q M

By introducing L? inner-product notation, we can express as

(VOu,cvv) = (F,v)o — (g, v)ro, Vv e HE.
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Displacement Formulation

Variational Principle for Displacement Formulation

niv] = /Q (%e[v] cov] + % (div(v))* — f - v> dVi + /rl g - vdAc — min

The minimization is performed on the space
H# ={ve Hl(Q)3 tv(x) =0,Vx €To}

Weak Formulation:
/v<s>u VvV, = (£, v)o —/ g vdA., Vv e H
Q M

By introducing L? inner-product notation, we can express as
(VOu,cvv) = (F,v)o — (g, v)ro, Vv e HE.

St. Venant-Kirchhoff Materials: The weak formulation (general ) is
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Displacement Formulation

Variational Principle for Displacement Formulation

niv] = /Q (%e[v] cov] + % (div(v))* — f - v> dVi + /rl g - vdAc — min

The minimization is performed on the space
H# ={ve Hl(Q)3 tv(x) =0,Vx €To}

Weak Formulation:
/v<s>u VvV, = (£, v)o —/ g vdA., Vv e H
Q M

By introducing L? inner-product notation, we can express as
(VOu,cvv) = (F,v)o — (g, v)ro, Vv e HE.
St. Venant-Kirchhoff Materials: The weak formulation (general ) is

2u(Vu, VOV)o + A(div u, div v)o = (£, v)o — (g, v)ro, Vv € HE.
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Displacement Formulation

Variational Principle for Displacement Formulation

Miv] = /Q (Me[v] s e[v] + % (div(v))® - f - v) dVi +/ g - vdAcx — min

51
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Displacement Formulation

Variational Principle for Displacement Formulation

Miv] = /Q (Me[v] s e[v] + % (div(v))® - f - v) dVi + /rl g - vdAcx — min

The minimization is performed on the space
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Displacement Formulation

Variational Principle for Displacement Formulation

Miv] = /Q (Me[v] s e[v] + % (div(v))® - f - v) dVi + /rl g - vdAcx — min

The minimization is performed on the space

HE == {v e H'(Q)®: v(x) = 0,Vx € [}
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Displacement Formulation

Variational Principle for Displacement Formulation

Miv] = /Q (Me[v] s e[v] + % (div(v))® - f - v) dVi +/ g - vdAcx — min

51

The minimization is performed on the space
HE = {ve HI(Q)3 cv(x) =0,Vx €To}

Weak Formulation:
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Displacement Formulation

Variational Principle for Displacement Formulation

Miv] = /Q (,ue[v] s e[v] + % (div(v))® - f - v) dVi +/ g - vdAcx — min

51

The minimization is performed on the space
HE = {ve HI(Q)3 cv(x) =0,Vx €To}

Weak Formulation:
St. Venant-Kirchhoff Materials: The weak formulation specializes to
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Displacement Formulation

Variational Principle for Displacement Formulation

Miv] = /Q (,ue[v] s e[v] + % (div(v))® - f - v) dVi +/ g - vdAcx — min

51

The minimization is performed on the space
HE = {ve HI(Q)3 cv(x) =0,Vx €To}

Weak Formulation:
St. Venant-Kirchhoff Materials: The weak formulation specializes to

2u(Vu, VEv)o + A(div u, divv)o = (f,v)o — (g, V)ro, Yv € HE.
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Displacement Formulation

Variational Principle for Displacement Formulation

Miv] = /Q (,ue[v] s e[v] + % (div(v))® - f - v) dVi +/ g - vdAcx — min

51

The minimization is performed on the space
HE = {ve HI(Q)3 cv(x) =0,Vx €To}

Weak Formulation:
St. Venant-Kirchhoff Materials: The weak formulation specializes to

2u(Vu, VEv)o + A(div u, divv)o = (f,v)o — (g, V)ro, Yv € HE.

Strong Form Elliptic PDEs: For the St. Venant-Kirchhoff we have
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Displacement Formulation

Variational Principle for Displacement Formulation

Miv] = /Q (,ue[v] s e[v] + % (div(v))® - f - v) dVi +/ g - vdAcx — min

51

The minimization is performed on the space
HE = {ve HI(Q)3 cv(x) =0,Vx €To}

Weak Formulation:
St. Venant-Kirchhoff Materials: The weak formulation specializes to

2u(Vu, VEv)o + A(div u, divv)o = (f,v)o — (g, V)ro, Yv € HE.
Strong Form Elliptic PDEs: For the St. Venant-Kirchhoff we have

—2udive(u) — Agraddivu =f, x€Q,
u =0, xe€rlo,
o(uy-n =g xerl.
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Hellinger and Reissner Mixed Method Formulation

Weak Formulation (Hellinger and Reissner): Displacement and stresses unknowns (strains eliminated),
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Hellinger and Reissner Mixed Method Formulation

Weak Formulation (Hellinger and Reissner): Displacement and stresses unknowns (strains eliminated),
Clo—VOur) =0, VT € L2(Q),
0
—(0,VOV)o = —(f,v)o + Jr, g vdx, Vve HE(Q).
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Hellinger and Reissner Mixed Method Formulation

Weak Formulation (Hellinger and Reissner): Displacement and stresses unknowns (strains eliminated),
Clo—VOu 1) =0, VT € L2(Q),
0
—(0,VOV)o = —(f,v)o + Jr, g vdx, Vve HE(Q).

This is related to the Displacement Formulation by using solution u to define o := CV®u € Ls.
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Hellinger and Reissner Mixed Method Formulation

Weak Formulation (Hellinger and Reissner): Displacement and stresses unknowns (strains eliminated),
(Cila — vy, 7') =0, VT € L2(Q),
0
—(0,VOV)o = —(f,v)o + Jr, g vdx, Vve HE(Q).

This is related to the Displacement Formulation by using solution u to define o := CV®u € Ls.
Strong Form Elliptic PDEs:
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Hellinger and Reissner Mixed Method Formulation

Weak Formulation (Hellinger and Reissner): Displacement and stresses unknowns (strains eliminated),
Clo —VBy, 7') =0, V1 € L2(Q),
0
—(0,VOV)o = —(f,v)o + Jr, g vdx, Vve HE(Q).

This is related to the Displacement Formulation by using solution u to define o := CV®u € Ls.
Strong Form Elliptic PDEs:

dive = -—f, x € Q,
o =cVOu, xeq,
u =0, x € I,
o-n =g, x €.
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Hellinger and Reissner Mixed Method Formulation

Weak Formulation (Hellinger and Reissner): Displacement and stresses unknowns (strains eliminated),
(Cila - vy, ) =0, V1 € L2(Q),
0
—(0,VOV)o = —(f,v)o + Jr, g vdx, Vve HE(Q).

This is related to the Displacement Formulation by using solution u to define o := CV®u € Ls.
Strong Form Elliptic PDEs:

dive = -—f, x € Q,
o =cVOu, xeq,
u =0, x € I,
o-n =g, x €.

Weak Formulation II:
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Hellinger and Reissner Mixed Method Formulation

Weak Formulation (Hellinger and Reissner): Displacement and stresses unknowns (strains eliminated),
(Cila - vy, ) =0, V1 € L2(Q),
0
—(0,VOV)o = —(f,v)o + Jr, g vdx, Vve HE(Q).

This is related to the Displacement Formulation by using solution u to define o := CV®u € Ls.
Strong Form Elliptic PDEs:

dive = -—f, x € Q,
o =cVOu, xeq,
u =0, x € I,
o-n =g, x €.

Weak Formulation Il: We find it helpful later to organize the weak problem as
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Hellinger and Reissner Mixed Method Formulation

Weak Formulation (Hellinger and Reissner): Displacement and stresses unknowns (strains eliminated),
(Cila - vy, ) =0, V1 € L2(Q),
0
—(0,VOV)o = —(f,v)o + Jr, g vdx, Vve HE(Q).

This is related to the Displacement Formulation by using solution u to define o := CV®u € Ls.
Strong Form Elliptic PDEs:

dive = -—f, x € Q,
o =cVOu, xeq,
u =0, x € I,
o-n =g, x €.

Weak Formulation Il: We find it helpful later to organize the weak problem as
X = 12(Q), M=H{Q)
a(o,7) = (C Yo, 7)o, b(r,v)=—(1,Vv)o.
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Hellinger and Reissner Mixed Method Formulation

Weak Formulation (Hellinger and Reissner): Displacement and stresses unknowns (strains eliminated),
Clo—VOu 1) =0, VT € L2(Q),
0
—(0,VOV)o = —(f,v)o + Jr, g vdx, Vve HE(Q).

This is related to the Displacement Formulation by using solution u to define o := CV®u € Ls.
Strong Form Elliptic PDEs:

dive = -—f, x € Q,
o =cVOu, xeq,
u =0, x € I,
o-n =g, x €.

Weak Formulation Il: We find it helpful later to organize the weak problem as
X = 12(Q), M=H{Q)
a(o,7) = (C Yo, 7)o, b(r,v)=—(1,Vv)o.

As mixed method on spaces (X, M), we consider as
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Hellinger and Reissner Mixed Method Formulation

Weak Formulation (Hellinger and Reissner): Displacement and stresses unknowns (strains eliminated),
Clo—VOu 1) =0, VT € L2(Q),
0
—(0,VOV)o = —(f,v)o + frl g-vdx, Vv HHQ).

This is related to the Displacement Formulation by using solution u to define o := CV®u € Ls.
Strong Form Elliptic PDEs:

dive = -—f, x € Q,
o =cVOu, xeq,
u =0, x € I,
o-n =g, x €.

Weak Formulation Il: We find it helpful later to organize the weak problem as
X = 1,(Q), M= HQ)
a(a, T) = (C*lo'7 7-)07 b(T, v) = _(7-’ V(S)V)O»
As mixed method on spaces (X, M), we consider as
X = H(div,Q), M= Lx(Q)
a(o,7) = (C Yo, 7)o, b(r,v) = (diva, v)o.
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Hu and Washizu Mixed Method Formulation
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Hu and Washizu Mixed Method Formulation

Weak Formulation (Hu and Washizu): All variables remain in the equations.
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Hu and Washizu Mixed Method Formulation

Weak Formulation (Hu and Washizu): All variables remain in the equations.

(Ce—o,m0 =0, vy € L2(Q),
(e—=Vu 1) =0, V1 € L(Q),
—(0, V) = —(f,v)o + Jr, g vdx, Vve HE(Q).
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Hu and Washizu Mixed Method Formulation

Weak Formulation (Hu and Washizu): All variables remain in the equations.

(Ce—o,m0 =0, vy € L2(Q),
(e—=Vu 1) =0, V1 € L(Q),
—(0, V) = —(f,v)o + Jr, g vdx, Vve HE(Q).

Numerically, tends to yield more reliable calculations for stresses since they are represented directly.
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Hu and Washizu Mixed Method Formulation

Weak Formulation (Hu and Washizu): All variables remain in the equations.

(Ce—o,m0 =0, vy € L2(Q),
(e—=Vu 1) =0, V1 € L(Q),
—(0, V) = —(f,v)o + Jr, g vdx, Vve HE(Q).

Numerically, tends to yield more reliable calculations for stresses since they are represented directly.
Weak Formulation II:
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Hu and Washizu Mixed Method Formulation

Weak Formulation (Hu and Washizu): All variables remain in the equations.

(Ce—o,m0 =0, vy € L2(Q),
(e—=Vu 1) =0, V1 € L(Q),
—(0, V) = —(f,v)o + Jr, g vdx, Vve HE(Q).

Numerically, tends to yield more reliable calculations for stresses since they are represented directly.
Weak Formulation Il: We find it helpful later to organize the weak problem as
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Hu and Washizu Mixed Method Formulation

Weak Formulation (Hu and Washizu): All variables remain in the equations.

(Ce—o,m0 =0, vy € L2(Q),
(e—=Vu 1) =0, V1 € L(Q),
—(0, V) = —(f,v)o + Jr, g vdx, Vve HE(Q).

Numerically, tends to yield more reliable calculations for stresses since they are represented directly.
Weak Formulation Il: We find it helpful later to organize the weak problem as

a((ev o, V)v (7—7 UB E)) = _(07 V(S)T)(h b((ev g, V)7 (T7 UB 5)) = (6 - V(S)V7 T)O + (C6 -0, 77)0'
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Displacement Formulation

Korn's First Inequality
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Displacement Formulation

Korn's First Inequality

For Q an open bounded set in R? with piecewise smooth boundary,
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Displacement Formulation

Korn's First Inequality

For Q an open bounded set in RY with piecewise smooth boundary, there exists a number ¢ = c(2) > 0 so that
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Displacement Formulation

Korn's First Inequality

For Q an open bounded set in RY with piecewise smooth boundary, there exists a number ¢ = c(2) > 0 so that

/ e(v) : e(v)dx + [VIE > c|lvIZ, Vv e H Q).
Q
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Displacement Formulation

Korn's First Inequality

For Q an open bounded set in RY with piecewise smooth boundary, there exists a number ¢ = c(2) > 0 so that

/ e(v) : e(v)dx + [VIE > c|lvIZ, Vv e H Q).
Q

Korn's Second Inequality
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Displacement Formulation

Korn's First Inequality

For Q an open bounded set in RY with piecewise smooth boundary, there exists a number ¢ = c(2) > 0 so that

/ e(v) : e(v)dx + [VIE > c|lvIZ, Vv e H Q).
Q

Korn's Second Inequality

For Q C R® be an open bounded set in R? with piecewise smooth boundary
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Displacement Formulation

Korn's First Inequality

For Q an open bounded set in RY with piecewise smooth boundary, there exists a number ¢ = c(2) > 0 so that

/ e(v) : e(v)dx + [VIE > c|lvIZ, Vv e H Q).
Q

Korn's Second Inequality

For Q C R® be an open bounded set in RY with piecewise smooth boundary and 'y C HQ have positive
two-dimensional measure.
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Displacement Formulation

Korn's First Inequality

For Q an open bounded set in RY with piecewise smooth boundary, there exists a number ¢ = c(2) > 0 so that

/ e(v) : e(v)dx + [VIE > c|lvIZ, Vv e H Q).
Q

Korn's Second Inequality

For Q C R® be an open bounded set in RY with piecewise smooth boundary and 'y C HQ have positive
two-dimensional measure. Then there exists a positive number ¢’ = ¢’(£2, o) so that
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Displacement Formulation

Korn's First Inequality

For Q an open bounded set in RY with piecewise smooth boundary, there exists a number ¢ = c(2) > 0 so that

/ e(v) : e(v)dx + [VIE > c|lvIZ, Vv e H Q).
Q

Korn's Second Inequality

For Q C R® be an open bounded set in RY with piecewise smooth boundary and 'y C HQ have positive
two-dimensional measure. Then there exists a positive number ¢’ = ¢’(£2, o) so that

[ ) vy > v, v e H@).
Q
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Displacement Formulation
Korn's First Inequality

For Q an open bounded set in RY with piecewise smooth boundary, there exists a number ¢ = c(2) > 0 so that

/ e(v) : e(v)dx + [VIE > c|lvIZ, Vv e H Q).
Q

Korn's Second Inequality

For Q C R® be an open bounded set in RY with piecewise smooth boundary and 'y C HQ have positive
two-dimensional measure. Then there exists a positive number ¢’ = ¢’(£2, o) so that

[ ) vy > v, v e H@).
Q

Here, H:(Q) is the closure of {v € C*®: v(x) =0, Vx € o} with respect to norm || - ||1.
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Displacement Formulation

Korn's First Inequality

For Q an open bounded set in RY with piecewise smooth boundary, there exists a number ¢ = c(2) > 0 so that

/ e(v) : e(v)dx + [VIE > c|lvIZ, Vv e H Q).
Q

Korn's Second Inequality

For Q C R® be an open bounded set in RY with piecewise smooth boundary and 'y C HQ have positive
two-dimensional measure. Then there exists a positive number ¢’ = ¢’(£2, o) so that

[ ) vy > v, v e H@).
Q

Here, H:(Q) is the closure of {v € C*®: v(x) =0, Vx € o} with respect to norm || - ||1.

Useful in establishing variational problems are elliptic and for coercivity.
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Displacement Formulation
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Displacement Formulation

Existence Theorem (Displacement Formulation)
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Displacement Formulation

Existence Theorem (Displacement Formulation)

Let Q C R® be a domain with piecewise smooth boundary, and Iy has positive two-dimensional measure.
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Displacement Formulation

Existence Theorem (Displacement Formulation)

Let Q C R® be a domain with piecewise smooth boundary, and Iy has positive two-dimensional measure. Then
the variational problem of linear elasticity has exactly one solution.
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Displacement Formulation

Existence Theorem (Displacement Formulation)

Let Q C R® be a domain with piecewise smooth boundary, and Iy has positive two-dimensional measure. Then
the variational problem of linear elasticity has exactly one solution.

This follows by establishing the coercivity condition for the bilinear form in the variational problem.
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Displacement Formulation

Existence Theorem (Displacement Formulation)

Let Q C R® be a domain with piecewise smooth boundary, and Iy has positive two-dimensional measure. Then
the variational problem of linear elasticity has exactly one solution.

This follows by establishing the coercivity condition for the bilinear form in the variational problem. For the
weak displacement formulation this is done using the Korn Inequalities.
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Displacement Formulation

Existence Theorem (Displacement Formulation)

Let Q C R® be a domain with piecewise smooth boundary, and Iy has positive two-dimensional measure. Then
the variational problem of linear elasticity has exactly one solution.

This follows by establishing the coercivity condition for the bilinear form in the variational problem. For the
weak displacement formulation this is done using the Korn Inequalities.

The Lax-Milgram Theorem then gives the well-posedness of the variational problem.
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Displacement Formulation

Existence Theorem (Displacement Formulation)

Let Q C R® be a domain with piecewise smooth boundary, and Iy has positive two-dimensional measure. Then
the variational problem of linear elasticity has exactly one solution.

This follows by establishing the coercivity condition for the bilinear form in the variational problem. For the
weak displacement formulation this is done using the Korn Inequalities.

The Lax-Milgram Theorem then gives the well-posedness of the variational problem.

There are results establishing conditions for well-posedness for the other formulations.
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Displacement Formulation

Existence Theorem (Displacement Formulation)

Let Q C R® be a domain with piecewise smooth boundary, and Iy has positive two-dimensional measure. Then
the variational problem of linear elasticity has exactly one solution.

This follows by establishing the coercivity condition for the bilinear form in the variational problem. For the
weak displacement formulation this is done using the Korn Inequalities.

The Lax-Milgram Theorem then gives the well-posedness of the variational problem.

There are results establishing conditions for well-posedness for the other formulations. These typically involve
analysis establishing the Babuska-Brezzi inf-sup conditions hold (discussed with mixed method theory).
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Locking Phenomena
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Locking Phe

Nearly Incompressible Materials

Mixed methods can have trouble approximating responses in some regimes of material properties.
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Locking Phe

Nearly Incompressible Materials
Mixed methods can have trouble approximating responses in some regimes of material properties.

Consider a nearly incompressible material, which corresponds to Lame’ constants with
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Locking Phe

Nearly Incompressible Materials
Mixed methods can have trouble approximating responses in some regimes of material properties.

Consider a nearly incompressible material, which corresponds to Lame’ constants with

A .
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Locking Phe

Nearly Incompressible Materials
Mixed methods can have trouble approximating responses in some regimes of material properties.

Consider a nearly incompressible material, which corresponds to Lame’ constants with

A .

In the displacement formulation on v € H}, we have
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Locking Phe

Nearly Incompressible Materials
Mixed methods can have trouble approximating responses in some regimes of material properties.

Consider a nearly incompressible material, which corresponds to Lame’ constants with

A .

In the displacement formulation on v € H}, we have

a(u, v) := A(div u, divv)o + 2u(e(u), e(v))o, — allv|i < a(v,v) < C|v|i, with o< pgand C> A+ 2pu. )
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Locking Phe

Nearly Incompressible Materials

Mixed methods can have trouble approximating responses in some regimes of material properties.

Consider a nearly incompressible material, which corresponds to Lame’ constants with

A .

In the displacement formulation on v € H}, we have

a(u, v) := A(div u, divv)o + 2u(e(u), e(v))o, — allv|i < a(v,v) < C|v|i, with o< pgand C> A+ 2pu. )

Recall, in Céa’s Lemma we obtained bound with C/« which suggests large pre-factors in incompressible limit.
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Locking Phe

Nearly Incompressible Materials

Mixed methods can have trouble approximating responses in some regimes of material properties.
Consider a nearly incompressible material, which corresponds to Lame’ constants with
A .

In the displacement formulation on v € H}, we have

a(u, v) := A(div u, divv)o + 2u(e(u), e(v))o, — allv|i < a(v,v) < C|v|i, with o< pgand C> A+ 2pu. |

Recall, in Céa’s Lemma we obtained bound with C/« which suggests large pre-factors in incompressible limit.

In practice, results in errors in the solution much larger than the approximation error of the finite element space.
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Locking Phe

Nearly Incompressible Materials

Mixed methods can have trouble approximating responses in some regimes of material properties.

Consider a nearly incompressible material, which corresponds to Lame’ constants with
A .

In the displacement formulation on v € H}, we have

a(u, v) := A(div u, divv)o + 2u(e(u), e(v))o, — allv|i < a(v,v) < C|v|i, with o< pgand C> A+ 2pu. |

Recall, in Céa’s Lemma we obtained bound with C/« which suggests large pre-factors in incompressible limit.
In practice, results in errors in the solution much larger than the approximation error of the finite element space.

Manifests typically with displacements much smaller than expected, referred to as locking effects.
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Locking Ph

Nearly Incompressible Materials

Mixed methods can have trouble approximating responses in some regimes of material properties.

Consider a nearly incompressible material, which corresponds to Lame’ constants with
A .

In the displacement formulation on v € H}, we have

a(u, v) := A(div u, divv)o + 2u(e(u), e(v))o, — allv|i < a(v,v) < C|v|i, with o< pgand C> A+ 2pu. |

Recall, in Céa’s Lemma we obtained bound with C/« which suggests large pre-factors in incompressible limit.
In practice, results in errors in the solution much larger than the approximation error of the finite element space.
Manifests typically with displacements much smaller than expected, referred to as locking effects.

In the nearly incompressible regime, referred to as volume locking or Poisson locking.
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Locking Ph

early Incompressible Materials

Mixed methods can have trouble approximating responses in some regimes of material properties.

Consider a nearly incompressible material, which corresponds to Lame' constants with

A> .

In the displacement formulation on v € H}, we have

a(u, v) == Adiv u,div v)o + 2u(e(u), e(v))o, — a|v|i < a(v,v) < C|lv|}, with o <pand C> X+ 2u. )
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Locking Phe

Nearly Incompressible Materials

Mixed methods can have trouble approximating responses in some regimes of material properties.

Consider a nearly incompressible material, which corresponds to Lame' constants with

A> .

In the displacement formulation on v € H}, we have

a(u, v) == Adiv u,div v)o + 2u(e(u), e(v))o, — a|v|i < a(v,v) < C|lv|}, with o <pand C> X+ 2u. )

Remedy: One approach is to reformulate as a mixed method to obtain saddle-point problem. Let p := Adivu,
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Locking Phenomena

Nearly Incompressible Materials

Mixed methods can have trouble approximating responses in some regimes of material properties.

Consider a nearly incompressible material, which corresponds to Lame' constants with
A> .

In the displacement formulation on v € H}, we have

a(u, v) == Adiv u,div v)o + 2u(e(u), e(v))o, — a|v|i < a(v,v) < C|lv|}, with o <pand C> X+ 2u. )

Remedy: One approach is to reformulate as a mixed method to obtain saddle-point problem. Let p := Adivu,

2u(e(u), e(v))o + (divu, p)o = (£,v), Vv € H (D),
(divu,q)o — A7 (p,q)0 =0, Vg € L>(Q).
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Locking Phenomena

Nearly Incompressible Materials

Mixed methods can have trouble approximating responses in some regimes of material properties.

Consider a nearly incompressible material, which corresponds to Lame' constants with
A> .

In the displacement formulation on v € H}, we have

a(u, v) == Adiv u,div v)o + 2u(e(u), e(v))o, — a|v|i < a(v,v) < C|lv|}, with o <pand C> X+ 2u. )

Remedy: One approach is to reformulate as a mixed method to obtain saddle-point problem. Let p := Adivu,

2u(e(u), e(v))o + (divu, p)o = (£,v), Vv € H (D),
(divu,q)o — A7 (p,q)0 =0, Vg € L>(Q).

Can be shown this gives a stable problem and well-defined in the limit A — oo.
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Locking Phenomena

Nearly Incompressible Materials

Mixed methods can have trouble approximating responses in some regimes of material properties.

Consider a nearly incompressible material, which corresponds to Lame' constants with
A> .

In the displacement formulation on v € H}, we have

a(u, v) == Adiv u,div v)o + 2u(e(u), e(v))o, — a|v|i < a(v,v) < C|lv|}, with o <pand C> X+ 2u. )

Remedy: One approach is to reformulate as a mixed method to obtain saddle-point problem. Let p := Adivu,

2u(e(u),e(v))o + (divu, po = (€, v), Vv e HH(Q),
(divu,q)o — A" p,q)0 =0, Vg € L(Q).

Can be shown this gives a stable problem and well-defined in the limit A — oo.

Discretization: Need to choose appropriate finite element spaces for mixed methods (upcoming lectures).
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