Practice Problems

Professor: Paul J. Atzberger
Partial Differential Equations, 124, 2024



Problem 1:

Consider the Fourier Series expansion
~ 1 = kmx = . [ krx
() = §A0 + ; A, cos (7> + ; B,, sin <7> ,

(a) What are the Fourier Coefficients for ¢(z) = 3z on the interval [—7, 7]?

(b) What are the Fourier Coefficients when ¢(z) = 2 on the interval [0, 7] and ¢ has an odd
extension?



(¢) What are the Fourier Coefficients when ¢(z) = 2sin(3x) 4+ 3sin(2z) on the interval [0, 7]
and ¢ has an odd extension?

(d) What are the Fourier Coefficients when ¢(x) = 2z on the interval [0, 7] and ¢ has an
even extension?



(e) What are the Fourier Coefficients when ¢(x) = 4 sin(3x)+2 cos(2x) on the interval [—7, 7]
and ¢ has an periodic extension?

(f) What are the Fourier Coefficients when ¢(z) = —2 + sin(2x) on the interval [—m, 7| and
¢ has an periodic extension?



Problem 2:

Consider the Fourier Series expansion

[e.9]

o(r) = Z cn exp (ikmx /1) ,

k=—o00

(a) What are the Fourier Coefficients for ¢(z) = 8 cos(4x) on the interval [—m, 7|7
Hint: You can either use the conversion formula or compute them directly.

(b) What are the Fourier Coefficients when ¢(z) = —3 on the interval [0, 7] and ¢ has an
odd extension?



(¢) What are the Fourier Coefficients for ¢(z) = 2sin(5x) + 3 cos(2z) on the interval [—, 77

(d) What are the Fourier Coefficients when ¢(z) = 2 + 4 cos(3z) + 2sin(x) on the interval
[—7, 7] and ¢ has periodic extension?



Problem 3:

Consider the diffusion equation on the interval with the Dirichlet Boundary Conditions:

Up = Ky, O<z</lt>0
u(0,t) = j(t), u(l,t)=nh(t), t>0
u(z,0) = ¢(x), O<z<lt=0.

(a) Determine the solution when k = 1, ¢ = m, ¢(xr) = 2sin(3z) + sin(2z) and j(t) =
0, h(t) = 0.

(b) Determine the solution when x = 1, ¢ =7, ¢(x) = 0 and j(t) = sin(¢t), h(t) = cos(t).



(c) Determine the solution when x = 1, ¢ = 7, ¢(x) = 3sin(2z) and j(¢t) = —2¢, h(t) = 0.

(d) Determine the solution when k = 1, £ = m, ¢(x) = 0 and j(t) = 0, h(t) = exp(—3t).



Problem 4:

Consider the wave equation on the interval with the Dirichlet Boundary Conditions:

Usp = Klgy, O<z</lt>0
w(0,1) = (1), u(t,t) = h(t), t>0

u(z,0) = ¢(x), O<z<lt=0
u(x,0) = (), O<z<(t=0.

(a) Determine the solution when k = 1, ¢ = 7, ¢(z) = —3sin(5z), ¥(z) = 0, and j(t) =
0, h(t) = 0.

(b) Determine the solution when k = 1, ¢ = 7, ¢(z) = 0, ¥(z) = —15cos(bz), and j(t) =
0, h(t) = 0.



Problem 5:

Consider the elliptic equation on the domain with the Dirichlet Boundary Conditions, €2 =
[0,€] x [0, 4]:

Au=f, xe€
u=g, x¢&

(a) Determine the solution when ¢ = 7, f(x) = 0, g(0,y) = g(z,7) = g(z,0) = 0, and
9(m,y) = q(y), where q(y) = sin(3y) + sin(y).

(b) Determine the solution when ¢ = 7, f(z) = =3+ 2sin(z), g(0,y) = g(z,7) = g(2,0) = 0,
and g(m,y) = q(y), where ¢(y) = 0.



