Name:

Final Practice Problems:

Professor: Paul J. Atzberger
Partial Differential Equations, 124A

Directions: Please answer each question carefully. Be sure to show your
work. If you have questions, please feel free to ask.




Problem 1:

Use method of characteristics to find the solution of

dug(z,y) + 122%uy (7, y) = —u, —oo <y <00,z >0
u(0,7y) = e~ W, —oco <y <oo,xr=0

Use method of characteristics to find the solution of

Bug(z,y) + 6zuy(z,y) = -1, >0,—00 <y < o0
u(0,y) = cos(y), —00o <y <oo,x=0



Problem 2:

a) Use method of characteristics to find the solution of

6ru,(z,y) — 3uy(z,y) =0, y>0,—0c0 <z <00,
u(z,0) = sin(z), y=0,—00 <z < o0.

b) Use method of characteristics to find the solution of

6uy(x,y) + 3zuy(z,y) =0, > 0,—00 <y < o0,
u(0,y) = cos(y), r=0,—00<y < 00.



Problem 3:

Classify each of the following Partial Differential Equations as either elliptic, hyperbolic, or
parabolic. Give a canonical form for the second-order part of each PDE.

(a) Uge — ug + uz = 0.

(b) wy + gy + 2u = 0.

(€) 2ugy + Uyy + 2Uyy + uy —u = 0.

(d) gy — Uyy + Ugy + Uy + uy = 0.



Problem 4:

satisfies the wave equation on the half-line

u(0,t) =0, r=0,t>0
u(z,0) = ¢(x), 0<z<o0,t=0
w(z,0) = P(z), 0<z<oo,t=0.

a) Determine the solution to the wave equation when the initial configuration is ¢(z) =
exp(—z) and initial velocity is ¢(x) = 0.

b) Determine the solution to the wave equation when the initial configuration is ¢(z) = 0
and initial velocity is ¢(x) = exp(—zx).



Problem 5:

(1) = Cuge(z,t) + f(o,t), —00 <z <o00,t>0
u(z,0) = ¢(x), —00 < x <00,t=0
u(z,0) = P(x), —o0 <z < o00o,t=0.

a) Determine the solution to the wave equation when the initial configuration is ¢(z) = 0,
the initial velocity is ¢(x) = 0, and the source is f(z,t) = —1.

b) Determine the solution to the wave equation when the initial configuration is ¢(x) =
exp(—x), the initial velocity is ¢ (x) = sin(4nz), and the source is f(z,t) = —2.

¢) Determine the solution to the wave equation when the initial configuration is ¢(z) =
exp(—x), the initial velocity is ¢ (z) = 0, and the source is f(z,t) = —t.



Problem 6:

Consider the wave equation on the interval with Dirichlet Boundary Conditions

Uy = CUgy, O<z<lt>0
u(0,t) =u(l,t) =0, t>0

u(z,0) = ¢(x), O<z</lt=0
u(z,0) = P(x), O0<z</lt=0.

a) Determine the solution when ¢(z) = sin(27wz), ¢ (x) = 0, and ¢* = 2, £ = 1 using the
method of Separation of Variables.

b) Determine the solution when ¢(z) = 0, ¢(z) = sin(27z), and ¢ = 2, £ = 1 using the
method of Separation of Variables.



Problem 7:

Consider the diffusion equation on the half-line with Neumann Boundary Conditions:

U = kg, O0<z<oo,t>0
u.(0,t) =0, x=0,t>0
u(z,0) = ¢(z), 0 <z <oo,t=0.

a) Determine the solution when k = 2, ¢(z) = exp(—x?).



Problem 8:

Consider the diffusion equation on the half-line with Dirichlet Boundary Conditions:

U = kg, O0<z<oo,t>0
u(0,t) =0, x=0,t>0
u(z,0) = ¢(z), 0 <z <oo,t=0.

a) Determine the solution when k = 2, ¢(z) = exp(—x?).



Problem 9:

Consider the diffusion equation on the real-line with a source f(z,1)

up = kg, + f(z,1), —o00o <x <o0,t>0
u(z,0) = ¢(x), —00 < x <00,t=0

a) Determine the solution when ¢(z) =0, k = 1, and f(z,t) = exp(—x?).

b) Determine the solution when ¢(x) = exp(—2z?), k = 1, and f(x,t) = exp(—2?).



Problem 10:

Consider the diffusion equation on the interval with Dirichlet Boundary Conditions

Ut = RlUgg, O<x<lt>0
u(0,t) = u(l,t) =0, t>0
u(z,0) = ¢(x), 0<z<lt=0.

a) Determine the solution when ¢(x) = sin(z), ¢ = 2w, and k = 2 by using the method of
Separation of Variables.



