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The author gratefully acknowledges the support of theSonderforschungsbereich 343 at the Universit�at Bielefeld.Abstract. These notes give a fully self{contained introduction to the (modu-lar) representation theory of the Iwahori{Hecke algebras and the q{Schur alge-bras of the symmetric groups. The central aim of this work is to give a concise,but complete, and an elegant, yet quick, treatment of the classi�cation of thesimple modules and of the blocks of these two important classes of algebras.Our approach is combinatorial in nature and is based upon the constructionof (cellular) bases which are particularly well adapted to the representationtheory.
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Keep it simple; as simple as possible, but no simpler.Albert EinsteinIntroductionIwahori{Hecke algebras �rst appeared in the work of Iwahori [34] and nowhave applications in subjects ranging from the ordinary and modular representationtheory of Coxeter groups and the groups of Lie type, to knot theory, quantumgroups and statistical mechanics (see [52] and the references there). Schur algebraswere introduced by Schur [61] who used them to classify the ordinary irreduciblepolynomial representations of GLn(C ); their \quantum analogues," the q{Schuralgebras, also determine the representation theory of the �nite general linear groupsin non{de�ning characteristic [15].These notes aim to give a clear and concise treatment of the modular repre-sentation theory of the Iwahori{Hecke algebras of the symmetric groups and of theq{Schur algebras. Both of these theories were pioneered by Dipper and James in aseries of landmark papers [13{16]. Taking full advantage of recent advances, thesenotes recast this theory with a primary goal of classifying and constructing the sim-ple modules and the blocks of these algebras. Apart from some basic representationtheory, these notes are entirely self{contained.One of the central themes of these notes is to view the Iwahori{Hecke algebrasand q{Schur algebras as cellular algebras, a class of algebras introduced by Grahamand Lehrer [26]. This amounts to constructing a basis which is extremely welladapted to the representation theory of the algebra. For example, given a cellularbasis one can immediately construct all of the simple modules of the algebra.The cellular basis of the Iwahori{Hecke algebra which we concentrate uponis the so{called Murphy basis [55]; this is a very natural basis indexed by pairsof standard tableaux. Apart from being cellular, the Murphy basis has anothermarvelous property in that it is very easy to \lift" this basis to give a cellular basisfor the q{Schur algebra, which is indexed by pairs of semistandard tableaux. In thisway, one obtains a very clean and very elegant construction of the simple modulesof both the Iwahori{Hecke algebras and the q{Schur algebras.In order to classify the blocks of the our algebras we prove an analogue ofJantzen's sum formula for the Weyl modules of the q{Schur algebras. Key to ourproof of this result are generalizations of the Jucys{Murphy elements from therepresentation theory of the symmetric groups. Using these elements we are ableto construct orthogonal bases for the Weyl modules (when the q{Schur algebras aresemisimple), which then allow us to compute the Gram determinant of the cellularbasis of the Weyl modules. Essentially some highest weight theory then allows usto deduce the sum formula and so classify both the blocks of the q{Schur algebrasand Iwahori{Hecke algebras.Brie
y, the structure of these notes is as follows. Chapter 1 begins by provingsome basic facts about the symmetric group and its Iwahori{Hecke algebra H . Infact, this is really a chapter Coxeter groups and general Iwahori{Hecke algebras



INTRODUCTION vin disguise because everything generalises to this more general context. Chapter 2develops Graham and Lehrer's theory of cellular algebras, culminating with theconstruction of the simple modules in this setting.In Chapter 3 these notes begin in earnest. The combinatorics of tableaux areintroduced and Murphy's basis theorem is proved in the �rst two sections. UsingChapter 2 this yields the simple H {modules. The third section uses the Jucys{Murphy elements to construct the q{analogue of Young's seminormal form for theSpecht modules of H in the semisimple case. The fourth section classi�es thesimpleH {modules.Chapter 4 shows how the Murphy basis of H can be \lifted" to give a cel-lular basis of the q{Schur algebra. This involves the introduction of semistandardtableaux which correspond to orbits of the standard tableaux which index Murphy'sbasis. The simple modules for the q{Schur algebras are constructed and classi�edusing the results of Chapter 2. For free, we obtain the fact that the q{Schur algebrasare quasi{hereditary.Chapter 5 is devoted to proving the Jantzen{Schaper theorem and classifyingthe blocks of these algebras. Here we follow the paper of James and the author [39],using improvements from [40]. This is by far the most technical part of these notes.The key idea is to �rst construct an orthogonal basis of the Weyl modules ofS (d; n)in a \modular system"; it is here that generalizations of the Jucys{Murphy elementsplay their most crucial role.The most obvious omission from these notes is any mention of the beautifulresult of Dipper and James [15] which says that the representation theory of thegeneral linear groups in non{de�ning characteristic is completely determined bythe q{Schur algebras. It would also have been good to include the Kleshchev{Brundan branching rules [4] and the work of Ariki [2], Grojnowski [30] and Lascoux,Leclerc and Thibon [51] connecting quantum groups and decomposition matricesof Iwahori{Hecke algebras over �eld of characteristic zero. These matters wouldhave more than doubled the size of these notes so instead we refer the interestedreader to the literature and, in time, to Brundan's forthcoming book [5].These notes are based upon a series of lectures I gave at the Universit�at Biele-feld in 1997 and it is a pleasure to thank the members of the Sonderforschungsbere-ich 343, and in particular Ste�en K�onig and Claus Ringel, for their encouragementand support. At times these notes draw heavily upon my papers [39,40] with Gor-don James, and our paper [17] with Richard Dipper, so in addition I would like tothank my coauthors for their contributions to this document.Finally, I thank Jon Brundan and Ste�en K�onig for numerous suggestions andcomments on an earlier version of this manuscript.



CHAPTER 1The Iwahori{Hecke algebra of theSymmetric GroupIn this chapter we begin by proving some fundamental results about the sym-metric group and then de�ne the associated Iwahori{Hecke algebra. Everythingin this chapter, including the proofs, generalises to the case of arbitrary Coxetergroups and Iwahori{Hecke algebras.1. The Symmetric groupThroughout these notes we �x an integer n � 1.1.1 Let Sn be the symmetric group acting on 1; 2; : : : ; n from the right. Fori = 1; 2; : : : ; n�1 let si be the basic transposition (i; i+1) and let S. As a Coxetergroup, Sn is generated by s1; s2; : : : ; sn�1, subject to the relationss2i = 1; for i = 1; 2; : : : ; n� 1;sisj = sjsi; for 1 � i < j � 1 � n� 2;sisi+1si = si+1sisi+1; for i = 1; 2; : : : ; n� 2:The reader is invited to prove that this does indeed give a presentation ofSn. (Hint:f1; sn�1; sn�2sn�1; : : : ; s1s2 : : : sn�1g is a complete set of right coset representativesof Sn�1 in Sn.) The second and third relations are the braid relations of Sn.Suppose that w is an element of Sn and write w = si1 : : : sik for some i1; : : : ; ikin f1; 2; : : : ; n � 1g. If k is minimal then we de�ne the length, `(w), of w to be kand we will call both si1 : : : sik and (i1; : : : ; ik) a reduced expression for w.The sign representation ofSn is the one dimensional representation " determinedby "(s) = �1 for all s 2 S. Thus, "(w) = (�1)`(w) for all w 2 Sn. Consequently, ifw 2 Sn and s 2 S then `(sw) = `(w)� 1.We would like to know when `(sw) = `(w) + 1 and for this we need anotherdescription of the length function. For w 2 Sn letN (w) = f (j; k) 2 Sn j 1 � j < k � n and jw > kw g :So, for example, N (1) = ? and N (s) = fsg for all s 2 S.Given sets A and B let A _+B = (A[B)n (A\B) be their symmetric di�erence.1.2 Lemma (Dyer) Suppose that v; w 2 Sn. Then N (vw) = N (v) _+vN (w)v�1.Proof. If s 2 S and (j; k) 2 Sn then s(j; k)s = (js; ks) soN (sw) = N (s) _+sN (w)sfor any w 2 Sn; so the Lemma holds when `(v) = 1. If `(v) > 1 then v = su forsome s 2 S and u 2 Sn and with `(u) = `(v) � 1. Therefore, by induction on thelength of v,N (vw) = N (suw) = N (s) _+sN (uw)s = N (s) _+sN (u)s _+suN (w)u�1s= N (v) _+vN (w)v�1 1



2 1. THE IWAHORI{HECKE ALGEBRA OF THE SYMMETRIC GROUPas required.For convenience let T = f(i; j) 2 Sng = Sw2Sn wSw�1. Then T is the set ofre
ections in Sn (considering Sn as a Coxeter group), and N (w) � T .1.3 Proposition Suppose that w 2 Sn. Then(i) `(w) = jN (w)j; and,(ii) N (w) = f t 2 T j `(tw) < `(w) g.Proof. Suppose that si1 : : : sik is a reduced expression for w and, for a = 1; : : : ; k,let ta = si1 : : : sia�1siasia�1 : : : si1 . Then ta 2 T for all a and, by Lemma 1.2,N (w) = N (si1 : : : sik) = ft1g _+ � � � _+ftkg. We claim that ta 6= tb for a 6= b. By wayof contradiction, suppose that ta = tb for some a < b. Thenw = tatbw = si1 : : : sia�1siasia�1 : : : si1si1 : : : sib�1sibsib�1 : : : si1w= si1 : : :bsia : : :bsib : : : sik ;where bsj indicates that the transposition sj is omitted. However, this contradictsthe assumption that w has length k so t1; : : : ; tk must all be distinct. Hence,N (w) = ft1; : : : ; tkg and `(w) = jN (w)j proving (i).Now taw = si1 : : :bsia : : : sik for a = 1; : : : ; k so N (w) � f t 2 T j `(tw) < `(w) g.Conversely, by what we have already shown, if t 2 T then t 2 N (t). Furthermore,N (tw) = N (t) _+tN (w)t by Lemma 1.2; so if t =2 N (w) then t 2 N (tw) and `(w) =`(ttw) < `(tw) by (i). This proves (ii).As a special case of the Proposition we have the following.1.4 Corollary Suppose that w 2 Sn and that si 2 S. Then`(siw) = (`(w) + 1; if iw < (i + 1)w;`(w)� 1; if iw > (i � 1)w:1.5 Theorem (The Strong Exchange Condition) Suppose that si1 ; : : : ; sik areelements of S, t 2 T and that `(tsi1 : : : sik ) < `(si1 : : : sik ). Thentsi1 : : : sik = si1 : : :bsia : : : sikfor some a. Furthermore, t = si1 : : : sia�1siasia�1 : : : si1 .Proof. Let w = si1 : : : sik and, for 1 � a � k, de�ne ta as in the proof of theProposition 1.3. Then N (w) = ft1g _+ � � � _+ftkg by Lemma 1.2 and t 2 N (w) byProposition 1.3(ii). Therefore, t = ta for some a and the result follows.Note that in the statement of the strong exchange condition we do not requirethat si1 : : : sik be reduced. The exchange condition also has an equivalent righthand analogue.1.6 Corollary Suppose that w 2 Sn and s 2 S. Then(i) `(sw) < `(w) if and only if w has a reduced expression beginning with s;(ii) `(ws) < `(w) if and only if w has a reduced expression ending with s.Proof. Because `(sw) = `(w�1s), parts (i) and (ii) are equivalent and it su�cesto consider (i). Suppose then that `(sw) < `(w) and let si1 : : : sik be a reducedexpression for w. By the exchange condition there exists an integer a such that



2. THE IWAHORI{HECKE ALGEBRA 3sw = si1 : : :bsia : : : sik . Therefore, w = ssi1 : : :bsia : : : sik and this expression isreduced. The converse is clear.1.7 Corollary (The Deletion Condition) Suppose that w 2 Sn, `(w) < k andthat w = si1 : : : sik for some sij 2 S.(i) There exist integers 1 � a < b � k such that w = si1 : : :bsia : : :bsib : : : sik :(ii) A reduced expression for w can be obtained by deleting an even number of thesia from si1 : : : sik .Proof. Since `(w) < k there exists an integer a with 1 � a < k such that`(sia : : : sik) < `(sia+1 : : : sik ). Hence, by the exchange condition sia : : : sik =sia+1 : : :bsib : : : sik for some b with a < b � k. Thus, w = si1 : : :bsia : : :bsib : : : sikproving (i). Part (ii) is now immediate.We can now prove the main result we need from this section. Given two reducedexpressions (i1; : : : ; ik) and (j1; : : : ; jk) write (i1; : : : ; ik) �b (j1; : : : ; jk) if one ex-pression can be transformed into the other using only the braid relations. Thus, �bis the equivalence relation on k{tuples generated by (: : : ; i; j; : : :) �b (: : : ; j; i; : : : ),when ji� jj > 1, and (: : : ; i; i+ 1; i; : : :) �b (: : : ; i+ 1; i; i+ 1; : : :).1.8 Theorem (Matsumoto) Suppose w 2 Sn and let (i1; : : : ; ik) and (j1; : : : ; jk)be two reduced expressions for w. Then (i1; : : : ; ik) �b (j1; : : : ; jk).Proof. We argue by induction on k = `(w). If k � 1 there is nothing to proveso suppose that k > 1. By assumption si1 : : : sik = w = sj1 : : : sjk and these ex-pressions are both reduced. Consequently, si1sj1 : : : sjk is not a reduced expressionand si1sj1 : : : sjk = sj1 : : :bsja : : : sjk for some integer a by the exchange condition.Therefore, (i) si2 : : : sik = sj1 : : :bsja : : : sjk and (ii) si1sj1 : : : sja�1 = sj1 : : : sja andall four of these expressions are all reduced.If a 6= k then all of the reduced expressions in (i) and (ii) have length strictlyless than k. Therefore, using induction and (i) and (ii) in turn,(i1; i2; : : : ; ik) �b (i1; j1; : : : ; ja�1; ja+1; : : : ; jk) �b (j1; : : : ; ja; ja+1; : : : ; jk)as required.If a = k only expressions in (i) have length less than k, so we deduce that(i2; : : : ; ik) �b (j1; : : : ; jk�1); by symmetrywe may also assume that (j2; : : : ; jk) �b(i1; : : : ; ik�1). Hence, (i1; i2; : : : ; ik) �b (i1; j1; : : : ; jk�1) and (j1; j2; : : : ; jk) �b(j1; i1; : : : ; ik�1); so it su�ces to show that (i1; j1; : : : ; jk�1) �b (j1; i1; : : : ; ik�1).If ji1 � j1j > 1 then (i1; j1) �b (j1; i1) is a braid relation of length 2 so we needonly show that (i2; : : : ; ik�1) �b (j2; : : : ; jk�1) which follows by induction. Ifji1 � j1j = 1 then by reapplying the argument of the �rst paragraph we are re-duced to showing that (i1; j1; i1; i2; : : : ; ik�2) �b (j1; i1; j1; j2; : : : ; jk�2). However,(i1; j1; i1) �b (j1; i1; j1) is a braid relation of length 3, so it is su�cient to show that(i2; : : : ; ik�2) �b (j2; : : : ; jk�2) which again follows by induction.2. The Iwahori{Hecke algebra1.9 Let R be a commutative integral domain with 1 and let q be an arbitraryelement of R. The Iwahori{Hecke algebra H = HR;q(Sn) of Sn is the unital



4 1. THE IWAHORI{HECKE ALGEBRA OF THE SYMMETRIC GROUPassociative R{algebra with generators T1; T2; : : : ; Tn�1 which are subject to therelations(Ti � q)(Ti + 1) = 0; for i = 1; 2; : : : ; n� 1;TiTj = TjTi; for 1 � i < j � 1 � n� 2;TiTi+1Ti = Ti+1TiTi+1; for i = 1; 2; : : : ; n� 2:Notice that when q = 1 the �rst relation reduces to T 2i = 1; thus, by (1.1), His isomorphic to the group ring RSn of the symmetric group in this case. Whenq 6= 1 this may seem a strange algebra to consider but, in fact, H arises naturallyin the representation theory of the general linear groups (see Note 4 on page 7).Our �rst aim is to produce a basis of H . Suppose that w 2 Sn and let(i1; : : : ; ik) be a reduced expression for w. We de�ne1:10 Tw = Ti1 : : : Tik :By Theorem 1.8, Tw is independent of the choice of reduced expression for w. If wis the identity element of Sn we identify Tw with 1, the identity element of R.1.11 Theorem The Iwahori{Hecke algebra H = HR;q(Sn) is free as an R{module with basis fTw j w 2 Sn g. Moreover, the multiplication inH is determinedby the formulae TwTs = ( Tws; if `(ws) > `(w);qTws + (q � 1)Tw; otherwise:for all w 2 Sn and s 2 S.Proof. By Corollary 1.6(ii), if w 2 Sn and s 2 S then `(ws) < `(w) if and onlyif w has a reduced expression ending in s; so the multiplication formulae followfrom the de�nition of Tw and the relation T 2s = (q � 1)Ts + q.By the relations in H the set fTw j w 2 Sn g certainly spans H . Thus, itremains to show that fTw j w 2 Sn g is linearly independent.Let q̂ be an indeterminate over Z. Then R becomes a Z[q̂]{module via thehomomorphism' :Z[q̂]�!R determined by '(1) = 1 and '(q̂) = q. The generatorsTi 
 1 of the R{algebra H 0 = HZ[q̂];q̂(Sn) 
Z[q̂] R satisfy the relations in H sothere is a surjection � :H �H 0. Therefore, it is enough to show thatHZ[q̂];q̂(Sn)is free as aZ[q̂]{module with basis fTw j w 2 Sn g because then H 0 is R{free withbasis fTw 
 1 j w 2 Sn g and, consequently, � must be an isomorphism.Suppose then that H = HZ[q̂];q̂(Sn). If fTw j w 2 Sn g were not linearlyindependent then there would exist polynomials aw(q̂) 2 Z[q̂], not all zero, suchthat Pw aw(q̂)Tw = 0 in H . Without loss of generality, the greatest commondivisor of the polynomials f aw(q̂) j w 2 Sn g is 1. Consider Zas a Z[q̂]{module byletting q̂ act as 1. Then H 
Z[q̂] Z�= ZSn and fTw 
 1 j w 2 Sn g maps to thenatural basis fw j w 2 Sn g ofZSn under this isomorphism. Hence, we obtain therelation Pw aw(1)w = 0 in ZSn; this forces aw(1) = 0 for all w 2 Sn. Therefore,for all w 2 Sn the polynomial aw(q̂) belongs to (q̂ � 1)Z[q̂], contradicting ourassumption that the aw(q̂) have greatest common divisor 1. Hence, fTw j w 2 Sn gis a basis of HZ[q̂];q̂(Sn) and the Theorem follows.Now that we have established that H is free over R, the argument from thesecond paragraph of the proof generalizes to yield the following result. (In the



2. THE IWAHORI{HECKE ALGEBRA 5tensor product of the Corollary we consider R as an R̂{module with r̂ 2 R̂ actingon R as '(r̂).)1.12 Corollary Suppose that ' : R̂�!R is a ring homomorphism with '(q̂) = qfor some q̂ 2 R̂. Then HR;q(Sn) and HR̂;q̂(Sn) 
R̂ R are canonically isomorphicalgebras.In the situation of Corollary 1.12, we say that HR;q(Sn) is a specialization ofHR̂;q̂(Sn); the tensor product mapHR̂;q̂(Sn) �!HR̂;q̂(Sn) is called a specializa-tion homomorphism.Let Z = Z[q̂; q̂�1], where q̂ is an indeterminate over Z. Then HR;q(Sn) is aspecialization of HZ = HZ;q̂(Sn) whenever q is a non{zero element of R. As weare most interested in the case where q 6= 0, we call HZ the generic Iwahori{Heckealgebra of Sn.1.13 Corollary The Iwahori{Hecke algebra has two one dimensional representa-tions 1H and "H which are the R{linear maps determined by1H (Tw) = q`(w) and "H (Tw) = (�1)`(w)for all w 2 Sn.Proof. It is su�cient to check that these maps preserve the relations in H andthis is clear.The representation 1H is the Iwahori{Hecke algebras analogue of the trivialrepresentation of Sn and that "H is its analogue of the sign representation.De�ne an R{bilinear map ( ; ) :H �H �!R by setting (h1; h2) equal to thecoe�cient of 1 in h1h2 for all h1; h2 2 H . In particular, this form is associative;that is, (h1h2; h3) = (h1; h2h3) for all h1; h2; h3 2H .1.14 Proposition Suppose that x and y are elements of Sn. Then(Tx; Ty) = (q`(x); if x = y�1;0; otherwise:In particular, if q is invertible then ( ; ) is a non{degenerate associative symmetricbilinear form.Proof. Let x; y 2 Sn. The Proposition will follow if we show that there exists aninteger m and az 2 R, for z 2 Sn, such that az = 0 unless `(z) � `(xy) andTxTy = qmTxy + Xz2Sn azTz :To prove this we argue by induction on the length of x. When `(x) = 0 thenx = 1 and there is nothing to prove. If `(x) > 0 then there exists s 2 S such that`(xs) < `(x). Then TxTy = Txs(TsTy) and the claim follows easily by inductionusing Theorem 1.11.Given any representation of H , its character is de�ned in the usual way bytaking traces. By Theorem 1.11 the characters of H are R{linear maps which aredetermined by their values on the basis elements Tw, for w 2 Sn. Unlike in thecase of �nite groups, if � is a character and x and y are conjugate elements ofSn it is not necessarily true that �(Tx) = �(Ty); for example, consider the trivial



6 1. THE IWAHORI{HECKE ALGEBRA OF THE SYMMETRIC GROUPrepresentation 1H of H . Nonetheless, there is an analogue of the orthogonalityrelations when H is semisimple.Let Wn(q̂) =Pw2Sn q̂`(w) be the Poincar�e polynomial of Sn; this polynomialarises naturally in the invariant theory of the symmetric group (see, for example,[33, x3.15]). Because f1; sn�1; sn�1sn�2; : : : ; sn�1 : : : s1g is a set of right cosetrepresentatives for Sn�1 in Sn, it follows thatWn(q̂) = (1 + q̂)(1 + q̂ + q̂2) : : : (1 + q̂ + � � �+ q̂n�1);thus, Wn(q̂) = [q̂]!n in the notation of (3.28). Finally, note that if q̂ = 1 thenWn(1) = n! = jSnj.1.15 Corollary Suppose that K = C (q̂) and let HK = HK;q̂(Sn). Then HK issemisimple. Moreover, if � and  are irreducible characters of HK then1Wn(q̂) Xw2Sn q̂�`(w)�(Tw) (Tw�1 ) = �� D�(q̂);for some rational function D�(q̂) in K .Proof. By Proposition 1.14,HK is a symmetric algebra with dual bases fTwg andfq̂�`(w)Tw�1g, so the orthogonality relation will follow from the theory of symmetricalgebras (see [11, x9A]) once we show that HK is semisimple.Suppose that HK is not semisimple. Then we can �nd a non{zero element hin the radical of HK. Without loss of generality we may assume that h 2HZ andh =2 (q̂ � 1)HZ . Let ' :HZ �!CSn be the specialization homomorphism sendingq̂ to 1 2 C . Then for any axy 2 C we haveXx;y2Sn axyx'(h)y = '� Xx;y2Sn axyTxhTy�:Now h is nilpotent so '(h) is also nilpotent; however, CSn is semisimple so wemust have '(h) = 0. Therefore, h 2 ker' = (q̂ � 1)HZ which contradicts ourassumptions on h.We shall see in Corollary 3.22 below that the Hecke algebraHK is split semisim-ple and that, as an algebra, it is isomorphic to KSn.The rational functions D�(q̂) of Corollary 1.15 are the so{called generic degreesof Sn; they are all explicitly known (see [6, p. 446]) and turn out to be polyno-mials in Z[q]. Therefore, given the remark of the last paragraph, the equationde�ning D�(q̂) in Corollary 1.15 can be evaluated at q̂ = 1 where it becomes one ofthe orthogonality relations for the ordinary irreducible characters if the symmetricgroup. It follows that D�(1) is the dimension of an irreducible complex representa-tion of Sn. What is more, when q is a prime power the D�(q) give the dimensionsof the principal series representations of GLn(q); see [6] and Note 4 below.3. The 0{Hecke algebraAfter this section we will assume that q is invertible. For completeness we nowdescribe the simpleH {modules when q = 0.1.16 Theorem (Norton) Suppose that R is a �eld and that q = 0. Then everyirreducible H {module is one dimensional.



NOTES ON CHAPTER 1 7Proof. Fix a total ordering w1 > w2 > � � � > wn! = 1 on Sn such that wa > wbwhenever `(wa) > `(wb). De�neHa to the R{module with basis fTwb j b � a g andlet H0 = 0. Then 0 =H0 �H1 �H2 � � � � �Hn! =H .Now, if w 2 Sn and s 2 S then because q = 0TwTs = ( Tws; if `(ws) > `(w);�Tw; if `(ws) < `(w);by Theorem 1.11. Consequently, for each a � 1 the R{module Ha is a rightH {module (in fact it is an ideal). Therefore, Ha=Ha+1 is a one dimensionalH {module; in particular, Ha=Ha+1 is simple. Since these modules give a �ltration ofH , every irreducible H {module is of the formHa=Ha+1 for some a with 1 � a �n! . The Theorem follows.Norton [57] explicitly constructs the principal indecomposable modules of Hwhen q = 0. She shows that, up to isomorphism, the irreducible representationsof H are labelled by the subsets of S. If I � S the corresponding irreduciblerepresentation 'I :H �!R is the unique homomorphism such that'I(Ti) = (1; if i 2 I;0; otherwise;for i = 1; 2; : : : ; n� 1. Furthermore, the decomposition matrices and Cartan ma-trices of the 0{Hecke algebra of Sn are all explicitly known [7] (in type A only).Notes on Chapter 11. The elegant proof of the exchange condition given in Section 1 is due to MatthewDyer [22,23]. Dyer calls the function N a re
ection cocycle and he shows thata group W generated a set S of involutions is a Coxeter group if and only ifW possesses a map N such that (i) N (s) = fsg for all s 2 S and (ii) for allelements v and w in W , N (vw) = N (v) _+vN (w)v�1; cf. Lemma 1.2.2. Theorem 1.8 is a special case of Matsumoto's monid lemma [11, 64.20], which isreally a result about the corresponding braid group. It is the key result of the�rst section because it shows that the T{basis is well{de�ned.3. Theorem 1.11 is often taken as the de�nition ofH . In this case, it is necessary toprove that an algebra exists satisfying Theorem 1.11; this is done by working inthe endomorphism ring of the R{moduleH ; see, for example, [33, Chapter 7].4. Let G = GLn(q), where q is a prime power, and let B be the subgroup of uppertriangular matrices in G (a Borel subgroup). Let eB = 1jBjPb2B b; then eB isidempotent and Iwahori [34] showed that HC;q �= eBCGeB . This is one of themain reasons why these algebras are interesting and important. (Note that Sn isthe Weyl group of GLn(q).) The principal series representations of G are just theirreducible constituents of CGeB ; this begins to explain why the dimensions ofthe principal series representations are given by specializing the generic degrees.Proofs and more complete details can be found in [11, x67-68].5. The proof thatHK is semisimple in Corollary 1.15 is due to Gyoja and Uno [31].6. In the literature, a Hecke algebra is any algebra of the form eAe �= EndA(eA)where A is an algebra and e is an idempotent in A. Such algebras were �rststudied by Hecke; this is why Iwahori called H a Hecke algebra.



8 1. THE IWAHORI{HECKE ALGEBRA OF THE SYMMETRIC GROUP7. Even though the characters of HK are not class functions, there is a well be-haved notion of character table which is de�ned by the values of the irreduciblecharacters on minimal length conjugacy class representatives. These characterswere �rst calculated by Ram [59]; see also [24].



CHAPTER 2Cellular algebrasCellular algebras were introduced by Graham and Lehrer in [25,26]. Althoughit is possible to give a basis{free approach to the theory of cellular algebras [50],our perspective is that a cellular algebra is an algebra which has a basis which isparticularly well{adapted to its representation theory.This Chapter describes the simple modules and blocks of a cellular algebra;in Chapters 3 and 4 this theory is applied to the Iwahori{Hecke algebras of thesymmetric groups and the q{Schur algebras.1. Cellular basesLet R be a commutative integral domain with 1 and A an associative unitalR{algebra.2.1 Suppose that (�;�) is a (�nite) poset and that for each � 2 � we have a �niteset T (�) and elements c�st 2 A for all s; t 2 T (�) such thatC = f c�st j � 2 � and s; t 2 T (�) gis a basis of A. For each � 2 � let �A� be the R{submodule of A with basisf c�uv j � 2 �; � > � and u; v 2 T (�) g. The pair (C ;�) is a cellular basis of A if(i) the R{linear map � :A�!A determined by c�st� = c�ts, for all � 2 � and all sand t in T (�), is an algebra anti{isomorphism of A; and,(ii) for any � 2 �, t 2 T (�) and a 2 A there exist rv 2 R such that for all s 2 T (�)c�sta � Xv2T (�) rvc�sv mod �A�:If A has a cellular basis we say that A is a cellular algebra.It should be emphasized that a cellular algebra may have more than one cellularbasis (up to an automorphism of A).2.2 Examples (i) First an easy example which illustrates some of the propertiesof cellular algebras. Let A = R[x], where x is in indeterminate over R, and take� to be the non{negative integers with their natural ordering. For each n 2 � letT (n) = f�g and set cn�� = xn. It is easy to check that fxn j n � 0 g is a cellular basisof A. Here �An is the set of polynomials of degree greater than n and �An= �An+1 �= Ris simple for all n.(ii) Let H =HR;q(S3) and let � = f(3); (2; 1); (13)g, the set of partitions of 3ordered lexicographically. Let s = 1 2 3 , t = 1 23 , u = 1 32 and v = 123 and set9



10 2. CELLULAR ALGEBRAST (3) = fsg, T (2; 1) = ft; ug and T (13) = fvg. Thenc(3)ss = 1+ T1 + T2 + T1T2 + T2T1 + T1T2T1c(2;1)tt = (1 + T1) c(2;1)ut = T2(1 + T1)c(2;1)tu = (1 + T1)T2 c(2;1)uu = T2(1 + T1)T2c(13)vv = 1:is a cellular basis of H (check!). Note that u = ts2 and c(2;1)tu = c(2;1)tt T2. Wegeneralize this example in the next chapter.Throughout this Chapter we assume that C = fc�stg is a �xed cellular basisof the algebra A. We begin our study of cellular algebras by noting four easyconsequences of the de�nition.For � 2 � let A� be the R{module with basis the set of c�uv where � 2 �, � � �and u; v 2 T (�). Thus, �A� � A� and A�= �A� has basis c�st + �A� where s; t 2 T (�).2.3 Corollary Let � be an element of �.(i) Suppose that s 2 T (�) and a 2 A. Then for all t 2 T (�)a�c�st = Xu2T (�) ruc�ut mod �A�where for each u, ru is the element of R determined by (2.1)(ii).(ii) The R{modules A� and �A� are two{sided ideals of A.(iii) Suppose that �; � 2 �, � 6� � and x 2 A�. Then ax; xa 2 �A� for all a 2 A�.(iv) Suppose that s and t are elements of T (�). Then there exists an element rstof R such that for any u; v 2 T (�)c�usc�tv = rstc�uv mod �A�:Proof. Applying the anti{isomorphism � to (2.1)(ii) proves (i). The remainingstatements now follow directly from part (i) and (2.1)(ii).Corollary 2.3(iv) is the key which unlocks the irreducible modules of a cellularalgebra. For each � 2 � the (right) cell module C� is the right A{module which isfree as an R{module with basis f c�t j t 2 T (�) g and where for each a 2 A2:4 c�t a = Xv2T (�) rvc�vwhere rv is the element of R determined by (2.1)(ii). By (2.1)(ii) these de�nitionsmake C� into an A{module. Similarly, abusing notation de�ne the left cell moduleC�� to be the free R{module with basis f c�t j t 2 T (�) g and A{action given by2:5 a�c�t = Xv2T (�) rvc�vfor all a 2 A and where, once again, rv is given by (2.1)(ii). Then the ideals A�= �A�and C�� 
R C� are canonically isomorphic via c�st + �A� 7�!c�s 
 c�t for s; t 2 T (�).By Corollary 2.3(iv) we can de�ne a bilinear form h ; i :C� � C��!R to bethe unique bilinear map such that, for any s, t 2 T (�),2:6 c�usc�tv = hc�s ; c�t ic�uv mod �A�;where u and v are any elements of T (�). The next result shows that h ; i is bothsymmetric and associative.



1. CELLULAR BASES 112.7 Proposition Suppose that � 2 � and let x; y 2 C�. Then(i) hx; yi = hy; xi.(ii) hxa; yi = hx; ya�i for all a 2 A.(iii) xc�uv = hx; c�uic�v for all u; v 2 T (�).Proof. Because h ; i is bilinear it is su�cient to consider the case where x = c�sand y = c�t for some s; t 2 T (�). Let u and v be any elements of T (�). Then, byde�nition,hc�s ; c�t ic�uv � c�usc�tv = (c�vtc�su)� � (hc�t ; c�s ic�vu)� = hc�t ; c�s ic�uv mod �A�;proving (i). Similarly for (ii),hc�sa; c�t ic�uv � (c�usa)c�tv = c�us(ac�tv) � hc�s ; c�t a�ic�uv mod �A�:Finally, when x = c�s , part (iii) is precisely the de�nition of h ; i.2.8 Let radC� = fx 2 C� j hx; yi = 0 for all y 2 C� g. Then by Proposition 2.7(ii),radC� is an A{submodule of C�. Accordingly, we de�ne D� = C�= radC�.Although we have yet to do anything di�cult, we can now exhibit some irre-ducible A{modules. Recall that the Jacobson radical of a module is the smallestsubmodule with a semisimple quotient; it is also the intersection of all of the max-imal ideal in the module.2.9 Proposition Suppose that R is a �eld and let � be any element of � suchthat D� 6= 0.(i) The right A{module D� is absolutely irreducible.(ii) The Jacobson radical of C� is equal to radC�.Proof. Let x be any non{zero element of C� n radC�. Then hx; yi 6= 0 for somey 2 C� and, because R is a �eld, we may assume that hx; yi = 1. Now y =Ps2T (�) rsc�s for some rs 2 R; so, for each t 2 T (�), de�ne yt = Ps2� rsc�st 2 A.Then, by Proposition 2.7(iii),xyt = Xs2T (�) rsxc�st = Xs2T (�) rshx; c�s ic�t = hx; yic�t = c�t :Consequently, x generates C�. This argument applies to any element of C� whichdoes not belong to the radical; consequently, D� is irreducible and radC� is theunique maximal proper submodule of C�, proving (ii). By the same argument, D�is irreducible for any extension �eld of R so in fact D� is absolutely irreducible.2.10 Proposition Suppose that R is a �eld and let � and � be elements of � suchthat D� 6= 0 and let M be a proper submodule of C�.(i) If � :C��!C�=M is a non{zero homomorphism then � � �.(ii) Suppose that � = �. Then HomA(C�; C�=M ) �= R.Proof. De�ne elements x; y and yt =Ps rsc�st as in the proof of Proposition 2.9,where t 2 T (�) and let � :C� �!C�=M be an A{module homomorphism. Thenthere exists some a� 2 C� such that �(x) = M + a�. Therefore, �(c�t ) = �(xyt) =�(x)yt = M + a�yt for all t 2 T (�). By Corollary 2.3(iii) and (2.4), if � 6� � thena�yt = 0 so �(c�t ) = 0 for all t. Consequently, if � 6= 0 then � � �, proving (i).



12 2. CELLULAR ALGEBRASNow suppose that � = �. Then by Proposition 2.7(iii) we �nd that�(c�t ) =M + a�yt =M + Xs2T (�) rsa�c�st =M + c�t ha�; yi:Hence, � is just the natural projection C� ! C�=M composed with multiplicationby ha�; yi.2.11 Corollary Suppose that R is a �eld and let � and � be elements of � suchthat D� 6= 0 and D� �= D�. Then � = �.Proof. By assumption there exists a non{zero homomorphism � :C� �! D�;whence � � � by (i). By symmetry, � � �. Thus � = � as required.2. Simple modules in a cellular algebraIn this section we show that every irreducible A{module is isomorphic to someD�, for some � 2 �, and we describe the decomposition matrix of A. Throughout,we assume that the poset � is �nite; thus A is a �nite dimensional algebra.2.12 Lemma Suppose that � is a minimal element of �. Then radC� = 0; con-sequently, C� = D�.Proof. By way of contradiction, suppose that radC� 6= 0; then there exists somex 2 C� such that hx; yi = 0 for all y 2 C�. Write x = Pt rtc�t and considerx̂ =Pt rtc�tt. By Proposition 2.7(iii), if u; v 2 T (�) then x̂c�uv 2 �A�. Therefore, bythe minimality of � and Corollary 2.3(iii), x̂a 2 �A� for all a in A. In particular,x̂ = x̂ � 1 belongs to �A�, yielding the promised contradiction.2.13 Theorem (Graham{Lehrer) Suppose that R is a �eld and that � is �-nite. Then fD� j � 2 � and D� 6= 0 g is a complete set of pairwise inequivalentirreducible A{modules.Proof. By Proposition 2.9 if D� 6= 0 then D� is irreducible and by Corollary 2.11D� 6�= D� whenever � 2 � and � 6= �. It remains to show that every irreducibleA{module is isomorphic to one of the non{zero modules D� with � 2 �.By the de�nition, any total ordering of � gives rise to a �ltration of A in whicheach composition factor is isomorphic to a cell module of A. Consequently, to proveTheorem it su�ces to show that if � 2 � then every irreducible composition factorof C� is isomorphic to D� for some � 2 �. To prove this we argue by induction on�. If � is a minimal element of � then C� = D� by Lemma 2.12 and there isnothing to prove.Now suppose that � is not minimal and let D be an irreducible compositionfactor of C�. Then either D = D� or D is a composition factor of radC�. Let xbe an element of radC� and let �A� be the R{module spanned byf c�uv j � 2 �; � 6> � and u; v 2 T (�)g :Then �A� is a two{sided ideal of A, by (2.1)(i) and Corollary 2.3(i), and x �A� = 0by Corollary 2.3(iii). Therefore, any composition factor of radC� is a compositionfactor of A= �A�. However, by construction, A= �A� has a composition series withcomposition factors isomorphic to cell modules C� with � 2 � and � > �. By



2. SIMPLE MODULES IN A CELLULAR ALGEBRA 13induction, if � > � then every irreducible composition factor of C� is isomorphicto D� for some � 2 �. This completes the proof.Let �+ = f� 2 � j D� 6= 0 g. Then � 2 �+ if and only if the bilinear formh ; i on C� is non{degenerate. In principle, Theorem 2.13 classi�es the simpleA{modules; however, in practice, it is often di�cult to determine the set �+.If � 2 �+ and � 2 � let d�� be the composition multiplicity of the irreduciblemodule D� in C�; by the Jordan{H�older Theorem [10], d�� is well{de�ned. ThematrixD = (d��), where � 2 � and � 2 �+, is the so{called decomposition matrix ofA. The next result could also have been deduced during the proof of Theorem 2.13.2.14 Corollary Suppose that R is a �eld. Then the decomposition matrix D ofA is unitriangular; that is, if � 2 �+ and � 2 � then d�� = 1 and d�� 6= 0 onlyif � � �.Proof. The decomposition number d�� is non{zero if and only if there existsa submodule M of C� and a homomorphism � :C� �! C�=M with the imageof � isomorphic to D�. Therefore, if d�� 6= 0 then � � � by Proposition 2.10(i).Furthermore, if � = � then C�= ker � is simple if and only if ker � = radC� byProposition 2.9(ii), so d�� = 1.Next we describe the Cartan invariants of A. For each element � 2 �+ wehave a simple module D� and a projective indecomposable module P �, uniquelydetermined up to isomorphism by the property that it has simple head D�. In fact,since D�� 
R D� is a simple ideal we have A �=L�2�+ D�� 
R P�.If � 2 �+ let c�� be the composition multiplicity ofD� in P �. Then C = (c��),where �; � 2 �+, is the Cartan matrix of A.In order to compute C we need two Lemmas and some more notation.2.15 Lemma Suppose that R is a �eld, � 2 �+ and � 2 �. Thend�� = dimRHomA(P �; C�) = dimR P� 
A C��:Proof. If � 2 � then d�� is non{zero only if there exists a submodule M of C�together with a surjective homomorphism � :M �!D� . Since P � is projective, �lifts uniquely to a homomorphism �̂ :P ��!M and the inclusionM ,! C� producesan A{homomorphism P � �! C�. Thus, d�� = dimRHomA(P�; C�) as required.A subset � of � a poset ideal if � 2 � whenever � 2 � and � > �. If � is aposet ideal let A(�) be the R{submodule of A with basis fc�uvg where � 2 � andu; v 2 T (�). Then A(�) is a two{sided ideal of A by (2.1)(ii) and Corollary 2.3(i).2.16 Lemma Suppose that P is a projective A{module. Then P has a �ltration? = P0 � � � � � Pk = P with composition factors Pi=Pi�1 isomorphic to the(non{zero) modules P 
A (C�� 
R C�), with each � 2 � occurring exactly once.Proof. Let � be a poset ideal and suppose that � [ f�g is also an ideal for some� 2 � n �. Then 0! A(�)! A(� [ f�g)! A(�)=A(�[ f�g)! 0 is a short exactsequence of (A;A){bimodules and A(� [ f�g)=A(�) �= C�� 
R C�. Because P isprojective, we can tensor this sequence with P to obtain an exact sequence0! P 
A A(�)! P 
A A(� [ f�g)! P 
A A(� [ f�g)=A(�)! 0:



14 2. CELLULAR ALGEBRASConsequently, P 
A A(� [ f�g)=P 
A A(�) �= P 
A (C�� 
R C�).Now suppose that ? = �0 � �1 � � � � � �k = � is a maximal chain of idealsin �. Then, for i = 1; 2; : : : ; k, we have �i = �i�1[f�ig for some �i 2 �. Therefore,0 = A(�0) ,! A(�1) ,! � � � ,! A(�k) = A is a �ltration of A. Tensoring with Pgives a �ltration of P with composition factors, by the last paragraph, precisely thenon{zero modules P 
A (C�� 
R C�) for � 2 �.Noting that P 
A (C�� 
R C�) �= (P 
A C��) 
R C� �= (dimP 
A C��)C�,we see that every projective A{module P has a cell module �ltration; that is a�ltration in which every composition factor is isomorphic to a cell module.In the next result, Dt denotes the transpose of D.2.17 Theorem (Graham{Lehrer) Suppose that R is a �eld and that � is �nite.Then C = DtD. In particular, the Cartan matrix of A is symmetric.Proof. Let � and � be elements of �+ and take P = P �. By Lemma 2.16, P �has a �ltration with composition factors the non{zero modules P �
A (C��
RC�),and where each � 2 � occurs at most once. Therefore, by Lemma 2.15,c�� = [P � : D�] =X�2� [(P� 
A C��) 
R C� : D�]=X�2� dimR(P � 
A C��)[C� : D�]=X�2� d��d��:Hence, C = DtD as claimed.2.18 Corollary Suppose that R is a �eld. Then the following are equivalent.(i) A is (split) semisimple.(ii) C� = D� for all � 2 �.(iii) radC� = 0 for all � 2 �.(iv) d�� = ��� for all � and � in �.Proof. First we note that if A is semisimple then R is a splitting �eld for Asince each D� is absolutely irreducible by Proposition 2.9. Thus, the algebra A issemisimple if and only if it is split semisimple.Now suppose that A is semisimple. Then P � = D� for all � 2 �+; consequently,C� = D� by Theorem 2.17. Furthermore, because A is semisimple,dimRA = X�2�+ dimR(C�)2 = X�2�+ jT (�)j2:However, dimRA =P�2� jT (�)j2, so we must have � = �+. Hence, (i) implies (ii).Certainly (ii) and (iii) are both equivalent and they both imply (iv), so assumethat (iv) holds. In particular, (iv) implies that � = �+ and, using Theorem 2.17again, that P � = C� = D�. Therefore, A is a direct sum of simple (projective)modules; that is to say it is semisimple.The next result connects the theory of quasi{hereditary algebras and cellularalgebras. Quasi{hereditary algebras are very a important class of algebras; however,



2. SIMPLE MODULES IN A CELLULAR ALGEBRA 15as we do not need any results from their theory, we refer the interested reader to [8]for the de�nition.2.19 Corollary Suppose that R is a �eld. Then the following are equivalent.(i) � = �+.(ii) The decomposition matrix D is a square unitriangular matrix.Moreover, if either of these conditions is satis�ed then A is quasi{hereditary.Proof. That (i) and (ii) are equivalent is clear from Corollary 2.14. If (i) holdsthen it follows directly from the de�nitions in [8] that A is quasi{hereditary.Implicitly, part (ii) plays a role in the proof of the Jantzen sum formula inChapter 5; this criterion indicates that being quasi{hereditary is a non{degeneracyproperty.Finally, we consider blocks of a cellular algebra. Suppose that R is a �eld (andthat � is �nite). Then A can be decomposed as a direct sum of indecomposable two{sided ideals; say A = B1�� � ��Bk. The ideals B1; : : : ; Bk are uniquely determinedand are called the block ideals of A. Furthermore, for each i, there exists a (unique)primitive central idempotent ei such that Bi = eiA = eiAei = Aei. It follows that1 = e1 + � � �+ ek and that eiej = �ijei; thus, Bi is an R{algebra with identity ei.Proofs of these general facts can be found in [10, Chapter VIII].Two A{modules are said to belong to the same block if all of their irreduciblecomposition factors lie in the same block. In particular, because eiej = �ij for1 � i; j � k, a right A{module N belongs to the same block as Bi if and only ifNei = N and Nej = 0 if i 6= j.2.20 Lemma Suppose that e and f are idempotents in A. Then HomA(eA; fA)and fAe are canonically isomorphic as R{modules. Moreover, if e = f thenEndA(eA) and eAe are isomorphic as algebras.Proof. If ' 2 HomA(eA; fA) then ' is completely determined by '(e). Certainly,'(e) 2 fA and, because e is idempotent, '(e) = '(e2) = '(e)e 2 fAe. Hence, themap ' 7�!'(e) is an isomorphism.Finally, suppose that e = f . For homomorphisms ' and  in EndA(eA),write '(e) = ea'e and  (e) = ea e for some a'; a 2 A. Then '(e) (e) =(ea'e)(ea e) = (ea'e)a e = (' )(e). Hence, EndA(eA) and eAe are isomorphicalgebras.In particular, if 1 � i; j � k then HomA(Bi; Bj) �= ejAei = ejeiA = �ijBi.Say that � and � in � are linked if there exist � = �0; �1; : : : ; �k = � in �such that C�i�1 and C�i have a common irreducible composition factor for i =1; 2; : : : ; k. This de�nes an equivalence relation on �; importantly, if � 2 �+ thend�� 6= 0 only if � and � are linked.2.21 Theorem Suppose that R is a �eld and that � is �nite. Let � and � beelements of �. Then � and � are linked if and only if C� and C� are in the sameblock.Proof. As a right A{module each block Bi decomposes into a direct sum of prin-cipal indecomposable modules. This gives a partition �+ = �+1 t: : :t�+k of �+ suchthat Bi �= L�2�+i D�� 
R P� for i = 1; 2; : : : ; k. Furthermore, by Lemma 2.16,each indecomposable P � has a cell module �ltration; thus, to prove the Theoremit su�ces to show that �; � 2 �+ are linked if and only if �; � 2 �+i for some i.



16 2. CELLULAR ALGEBRASSuppose �rst that � and � are in �+ and that D� is a composition factor of P �.Then, as in the proof of Lemma 2.15, HomA(P �; P �) 6= 0. Consequently P � andP� must be contained in the same block since HomA(Bi; Bj) = 0 if i 6= j. Hence,if � and � in � are linked then C� and C� are in the same block.Conversely, suppose that there exists an integer i, with 1 � i � k, and � and �in �+i such that C� and C� are not linked. Then P � and P � have no compositionfactor in common so HomA(P �; P �) = 0. Let �+i1 be the set of � 2 �+i which arelinked to � and let �+i2 = �+i n�+i1. For a = 1; 2 let Bia =L�2�+ia D��
P �. Then,by Lemma 2.20 and the remark following it,Bi �= EndA(Bi) = EndA(Bi1 �Bi2) = EndA(Bi1)� EndA(Bi2);contradicting the fact that Bi is an indecomposable block ideal of A.Notes on Chapter 21. All of the results in this Chapter are due to Graham and Lehrer and can befound in [25,26].2. The introduction of cellular algebras was largely motivated by the Kazhdan{Lusztig [46] bases of the Iwahori{Hecke algebras of type A. Many more exam-ples of cellular algebras can be found in [25,26]. For example, (generalized)Temperley-Lieb algebras, Jones' annular algebra, Ariki{Koike algebras, and thecyclotomic q{Schur algebras of [17] are all cellular.3. A ring theoretic de�nition of cellular algebras has been K�onig and Xi [50]; inparticular, their approach is independent of a choice of basis. They have alsoinvestigated cellular algebras under Morita equivalence [48] and shown that theposet � is not, in any sense, an invariant of a cellular algebra [49].4. If A is also a symmetric algebra then Graham [25, 4.12] has shown that the dualbasis of a cellular basis of A is again cellular, providing that the trace form on Acommutes with the �{automorphism.5. Du and Rui [20] have proved a converse to Corollary 2.19; they showed that anyquasi-hereditary algebra possessing a certain type of involution is cellular.



CHAPTER 3The Modular representation theory of HIn this chapter we construct Murphy's basis of the Iwahori{Hecke algebra H .Murphy's papers [55,56]appeared before the theory of cellular algebras: neverthe-less, his basis is cellular.For the rest of these notes we assume that q is an invertible element of R.In particular, this implies that Ti is invertible with T�1i = q�1(Ti � q + 1) fori = 1; 2; : : : ; n� 1. Consequently if w 2 Sn and si1 : : : sik is a reduced expressionfor w then T�1w = T�1ik : : :T�1i1 .1. The combinatorics of tableauxLet m be a positive integer. A composition of m is a sequence � = (�1; �2; : : : )of non{negative integers such that j�j =Pi �i = m. The integers �i, i � 1, are theparts of �; if �i = 0 for i > k we identify � with (�1; : : : ; �k). A composition � isa partition if �i � �i+1 for all i � 1.The diagram of a composition � is the subset[�] = f (i; j) j 1 � j � �i and i � 1g :of N� N. The elements of [�] are called the nodes of �; more generally, a nodeis any element of N�N. It will be convenient to represent the diagram of � as anarray of boxes in the plane. For example, if � = (2; 3) then [�] = .If � is a composition of n then a �{tableau is a bijection t : [�]�!f1; 2; : : : ; ng;we say that t has shaper � and write Shape(t) = �. Notice that a tableau tcorresponds to a labelled diagram; for example, if � = (2; 3) then 1 23 4 5 and 4 23 1 5are two �{tableaux. Accordingly, we will speak of the rows and columns of tableaux.We distinguish two particular types of �{tableaux. A �{tableau t is row stan-dard if the entries in t increase from left to right in each row; t is standard if (i)� is a partition and (ii) the entries in t increase from left to right in each row andfrom top to bottom in each column. If � is a partition let Std(�) denote the set ofstandard �{tableaux.Of the two tableaux above, only the �rst is row standard; neither is standardbecause (2; 3) is not a partition. If � = (3; 2) then 1 3 42 5 is a standard �{tableau.Given any composition � let t� be the row standard �{tableau in which theintegers 1; 2; : : : ; n are entered in increasing order from left to right along the rowsof [�]. For example, if � = (2; 3) then t� = 1 23 4 5 .If � = (�1; : : : ; �k) is a composition of n then the symmetric group Sn actsfrom the right upon the set of �{tableaux by permuting the entries inside a giventableau. For example, if t = 1 32 4 5 then t(2; 4; 5; 3) = 1 24 5 3 .Let S� be the subgroup of Sn which stabilizes the rows of t� and let H (S�)be the subalgebra of H spanned by fTw j w 2 S� g. Then S� = S�1 � � � � �S�k17



18 3. THE MODULAR REPRESENTATION THEORY OF Hand H (S�) is isomorphic to H (S�1 )� � � � �H (S�k ), the Iwahori{Hecke of S�.It follows that S� is generated by S \ S� and that H (S�) is generated byfTs j s 2 S \S� g. Finally, we let m� = Pw2S� Tw and de�ne M� to be theright ideal m�H .3.1 Example Let � = (2; 3). Then t� = 1 23 4 5 , S� = S2 �S3 = hs1; s3; s4i andm� = (1 + T1)(1 + T3 + T4 + T3T4 + T4T3 + T3T4T3).3.2 Lemma Suppose that � is a composition of n and let w be an element of S�.Then m�Tw = q`(w)m�.Proof. It su�ces to show that if s 2 S \S� then m�Ts = qm�. We havem�Ts = Xw2S� TwTs = Xw2S�`(ws)>`(w)TwTs + Xw2S�`(ws)<`(w)TwTs= Xw2S�`(ws)>`(w)Tws + Xw2S�`(ws)<`(w) �(q � 1)Tw + qTws� = qm�;where the last line follows by the multiplication formulae of Theorem 1.11.Comparing Lemma 3.2 and Corollary 1.13 we see that m�H (S�) = Rm�a�ords the trivial representation of H (S�) and, moreover, that as an H {moduleM� �= m�H (S�) 
H (S�) H . Thus, M� is the Iwahori{Hecke algebra analogueof the induced representation IndSnS� (1).To give a basis of M� we need a set of coset representatives for S� in Sn.3.3 Proposition Suppose that � is a composition of n and letD� = f d 2 Sn j t�d is row standard g :Then D� is a complete set of right coset representatives of S� in Sn. Moreover, ifw 2 S� and d 2 D� then `(wd) = `(w) + `(d) and Twd = TwTd.Proof. If S�w = S�v then the tableaux t�w and t�v agree up to a reordering ofthe entries in each row; therefore, D� is a complete set of right coset representativesof S� in Sn.It remains to show that if w 2 S� and d 2 D� then `(wd) = `(w) + `(d).First note that if i < j, where i and j are in the same row of t�, then id < jd. Inparticular, if i and i+1 are in the same row of t� then id < (i+1)d so `(sid) = 1+`(d)whenever si 2 S \S� by Corollary 1.4.Now suppose that w 2 S� and that `(w) > 1. Then w = siv and `(w) = 1+`(v)for some si 2 S� \S and v 2 S�; therefore, iv < (i+1)v by Corollary 1.4. Now ivand (i+1)v belong to the same row of t�, so ivd < (i+1)vd by the last paragraph;whence, `(sivd) = 1+ `(vd) by Corollary 1.4 again. Consequently, by induction onthe length of v we �nd that`(wd) = `(sivd) = 1 + `(vd) = 1 + `(v) + `(d) = `(w) + `(d)as required.Thus each row standard �{tableau corresponds to a right coset of S� in Sn.If t is a row standard �{tableau let d(t) be the unique element of Sn such thatt = t�d(t). By Proposition 3.3 d(t) is the unique element of minimal length in thecoset S�d(t); such coset representatives are called distinguished coset representatives.



1. THE COMBINATORICS OF TABLEAUX 193.4 Corollary Let � be a composition of n. Then M� is a free R{module withbasis fm�Td(t) j t a row standard �{tableau g. Moreover, if t is row standard ands = tsi, for some 1 � i < n, thenm�Td(t)Ti=8<:qm�Td(t); if s is not row standard,m�Td(s); if s is row standard and `(d(s)) > `(d(t)),qm�Td(s) + (q � 1)m�Td(t); if s is row standard and `(d(s)) < `(d(t)).Proof. That M� is a free R{module with the basis shown follows directly fromTheorem 1.11, Lemma 3.2 and Proposition 3.3. It remains to verify the multipli-cation formulae.Let w = d(t)si; then s = t�w. Now, s is not row standard if and only if iand i + 1 are in the same row of t, in which case w and d(t) are in the same rightcoset of S�. Therefore, w = sd(t) for some s 2 S� and `(w) = `(d(t)) + 1 byProposition 3.3; hence, m�Td(t)Ti = m�TsTd(t) = qm�Td(t) by Lemma 3.2.Finally, if i and i+1 are not in the same row of s then s is row standard; thus,d(s) 2 D� and the remaining statements follow from the multiplication formulae ofTheorem 1.11.3.5 To conclude this section we introduce two partial orders. Let � and � becompositions. Then � D � ifiXj=1 �j � iXj=1 �j for all i � 1:If � D � we say that � dominates �. If � 6= � we write � B �.Next, given a row standard tableau t and an integer m � n let t #m be thetableau obtained from t by deleting all of the entries greater than m. Note thatt #m is a row standard tableau for some composition of m. Given row standard�{tableaux s and t write s D t if Shape(s #m) D Shape(t #m) for m = 1; 2 : : : ; n.Similarly, we write s B t when s D t and s 6= t.3.6 Example (i) Let � be a partition of n and let t be any row standard �{tableau. Then t� D t.(ii) Let s = 1 3 42 5 and t = 2 3 51 4 . Then the following table shows that s B t.m 1 2 3 4 5s#m 1? 12 1 32 1 3 42 1 2 43 5t#m ?1 21 2 31 2 31 4 2 3 51 4Suppose that r1 : : : rk is a not necessarily reduced expression for some elementof Sn, where r1; : : : ; rk 2 S. A subexpression of r1 : : : rk is any expression of theform ri1 : : : ril where 1 � i1 < � � � < il � k.Given two elements v and w in Sn write v D w if v has a reduced expressionwhich is a subexpression of some reduced expression of w. For example, 1 D w forall w 2 Sn. By the strong exchange condition (1.5), v D w if and only if there existre
ections ti; : : : ; tk 2 T such that w = vt1; : : : tk and `(vt1 : : : tj�1) < `(vt1 : : : tj)for j = 1; 2; : : : ; k. (In fact, one can show that v D w if and only if there exist



20 3. THE MODULAR REPRESENTATION THEORY OF Hre
ections ti; : : : ; tk 2 T such that w = vt1; : : : tk and `(vt1 : : : tj) = `(v) + j forj = 1; 2; : : : ; k.) In particular, this shows that D is a partial order on Sn.The partial order D on Sn is the ubiquitous Bruhat{Chevalley order. Perhapssurprisingly, it agrees with the dominance ordering on row standard �{tableaux(when restricted to D�).3.7 Proposition (Dipper{James) Let � be a composition of n and suppose that sand t are row standard �{tableaux. Then s D t if and only if d(s) D d(t).Proof. First suppose that s B t and choose r minimal such that row r of s androw r of t are di�erent. Let a be the smallest number which is in row r of s butnot in row r of t; similarly, let b be the smallest number which is in row r of t butnot in row r of s. Then a < b since s B t. Therefore, if v = t(a; b) then v B t andd(v) B d(t). Further, if a is in row t of t and b is in row s of s then t > r and t � s;so, either v = s or s B v. Therefore, by induction, d(s) D d(v); so d(s) B d(t) asrequired.To prove the converse it is su�cient to consider the case where d(t) = d(s)t forsome t 2 T such that `(d(t)) = `(d(s)) + 1. However, in this case it is easy to seefrom the de�nitions that s B t.The Proposition has a technical Corollary which will be used many times below.3.8 Corollary Suppose that � , g and t are row standard �{tableaux such that � B gand d(t) = d(g)w for some w 2 Sn with `(d(t)) = `(d(g)) + `(w). Then there existrs 2 R such that m�Td(�)Tw =Ps rsm�Td(s) and where rs 6= 0 only if s B t.Proof. It follows from Theorem 1.11 that there exist elements rx 2 R such thatTd(�)Tw = P rxTx where the sum is over elements x 2 Sn which have a reducedexpression which is a subexpression of d(� )w; that is, rx 6= 0 only if x D d(� )w.Consequently, by Corollary 3.4, m�Td(�)Tw =Ps rsm�Td(s) where the sum is overrow standard �{tableaux s such that rs 6= 0 only if d(s) D d(� )w. By assump-tion d(� ) is a proper subexpression of d(g) and `(d(g)w) = `(d(g))+ `(w); so d(� )wis a proper subexpression of d(t) = d(g)w. Thus, if rs 6= 0 then s D d(� )w B d(t),giving the result. 2. The Murphy basisIn Corollary 3.4 we saw that the permutation modulesM� have a basis indexedby row standard tableaux; in this section we show that H = M (1n) has a cellularbasis indexed by pairs of standard tableaux of the same shape.Let � be the R{linear antiautomorphism of H determined by T �i = Ti fori = 1; 2; : : : ; n� 1. Then T �w = Tw�1 for all w 2 Sn.Let � be a composition of n and let s and t be row standard �{tableaux.De�ne msti = T �d(s)m�Td(t) (cf. Example 2.2(ii)). In particular, m�st = mts for allrow standard tableaux s and t of the same shape.If � = (1n) then, as R{modules, M� = H so the elements fmstg certainlyspan H by Corollary 3.4. First we show that we need only those elements mst,where the shape of s and t is a partition (not just a composition).3.9 Lemma Let � be a composition of n and let � be the partition obtained from� by reordering its parts. Suppose that s and t are row standard �{tableaux. Then



2. THE MURPHY BASIS 21mst is an R{linear combination of terms of the form muv where u and v are rowstandard �{tableaux.Proof. Choose an element d 2 Sn such that S� = dS�d�1 and such that t�d andt�d�1 are both row standard (d and d�1 permute the rows of t� and t� respectively;see Example 3.10). Then S�d = dS�, d 2 D� and d�1 2 D�; so m�Td = Tdm� byProposition 3.3. Consequently, m� = T�1d m�Td can be written as a linear combi-nation of terms muv where u and v are row standard �{tableaux by Corollary 3.4and its left{handed analogue. The general case follows from this and Corollary 3.4since mst = T �d(s)m�Td(t) = T �d(s)T �dm�Td Td(t).3.10 Example Suppose that � = (2; 1; 3; 3). Then, using the notation of Lemma3.9,� = (3; 3; 2; 1) and t� = 1 234 5 67 8 9 and t� = 1 2 34 5 67 89 :Thus we may take d = (1; 4; 7)(2; 5; 8)(3;6;9), in which caset�d�1 = 7 891 2 34 5 6 and t�d = 4 5 67 8 91 23 :Note, however, that d is not unique; we could also let d = (1; 7)(2; 8)(3; 9), thent�d�1 = 7 894 5 61 2 3 and t�d = 7 8 94 5 61 23are again row standard. However, for both choices of d we have S� = dS�d�1.Let � be a partition and suppose that s and t are row standard �{tableaux. Weneed to show that mst can be written as a linear combination of terms muv whereu and v are standard tableaux of the same shape. We begin with a special case.Suppose that (i; j) 2 [�] where �i+1 � j and let a = t�(i; j) and b = t�(i+1; j).The (i; j)th Garnir tableau of shape � is the row standard �{tableau g = gij in whichall numbers less than a or greater than b occupy the same positions in t� and g,and where the numbers a; a+ 1; : : : ; b are inserted in increasing order from left toright, �rst along row i+ 1 and then along row i, into the remaining positions.3.11 Example Let � = (3; 3) then g11 = 2 3 41 5 6 , g12 = 1 4 52 3 6 and g13 = 1 2 63 4 5 . Letg = g11 and � = (4; 2). In this case, the proof of the Lemma 3.12 below reduces tothe (easily veri�ed) coset identity2 3 41 5 6 + 1 3 42 5 6 + 1 2 43 5 6 + 1 2 34 5 6 = 1 2 3 64 5 + 1 2 3 54 6 + 1 2 3 45 6where, for this example, a tableau t on the left hand side is identi�ed with m�Td(t)and a tableau v on the right hand side is identi�ed with T �d(v)m� .For the next few Lemmas we need another ordering on the set of partitions.Given partitions � and � we write � > � if � is greater than � in the lexicographicordering. That is, there exists an integer j � 1 such that �i = �i for 1 � i < j and�j > �j. Similarly we write � � � if either � = � or � > �. Note that if � B �then � > �.



22 3. THE MODULAR REPRESENTATION THEORY OF H3.12 Lemma Let � be a partition of n and suppose that g is a Garnir tableau.Then there exists a partition � of n such that � > � andmt�g = h � X�2Std(�)�Bg mt��where h is a linear combination of terms muv such that u and v are row standard�{tableaux.Proof. Write � = (�1; : : : ; �k) and suppose that g = gij is the (i; j)th Garnirtableau. Set � = (�1; : : : ; �i�1; j � 1; �i + 1; �i+1 � j; �i+2; : : : ; �k), a compositionof n, and let X = f vw j v 2 S� and w 2 S� g. Then, by Proposition 3.3,Xw2S�\D�m�Tw = Xx2X Tx = Xv2S�\D� T �vm�(cf. Example 3.11). Now f t�w j w 2 S� \D� g = fgg [ f � 2 Std(�) j � B gg, sorearranging this equation we obtainmt�g = Xd(v)2S�\D� mvt� � X�2Std(�)�Bg mt�� :In order to complete the proof we need to show that h =Pvmvt� has the requiredform. Let � be the partition obtained from � by reordering its parts. Then � > �so the result follows from Lemma 3.9.3.13 Lemma Suppose that t is a row standard �{tableau which is not standard.Then there exists a Garnir tableau g and w 2 Sn such that t = gw and `(d(t)) =`(d(g)) + `(w).Proof. Because t is not standard there exists a node (i; j) in [�] such that t(i; j) >t(i+1; j). If t is the (i; j)th Garnir tableau we may take w = 1 and there is nothingto prove; otherwise, there exists an s 2 S such that t0 = ts is row standard,t0(i; j) > t0(i + 1; j) and t0 B t. Let g be the (i; j)th Garnir tableau; by inductionwe may assume that there exists a permutation w0 2 Sn such that t0 = gw0 and`(d(t0)) = `(d(g)) + `(w0). Therefore, if we set w = w0s then t = gw and`(d(t)) = `(d(t0)) + 1 = `(d(g)) + `(w0) + 1 = `(d(g)) + `(w)as required.3.14 Lemma Let � be a partition of n and suppose that s and t are row standard�{tableaux. Then mst can be written as a linear combination of elements muv whereu and v are standard �{tableau for some partition � of n such that either (i) � > �,or (ii) � = � and u D s and v D t.Proof. First suppose that t is row standard but not standard. By Lemma 3.13,mst = msgTw for some Garnir tableau g and some w 2 Sn. Consequently, byLemma 3.12 there exists an element h =P ruvmuv, where u and v are row standard�{tableaux with � > �, such thatmst = T �d(s)mt�gTw = T �d(s)�h�X�Bgmt���Tw = T �d(s)hTw �XvBt rvmsv;



2. THE MURPHY BASIS 23for some rv 2 R and where the last equality uses Corollary 3.8. By Corollary 3.4and induction on �, T �d(s)hTw can be written in the required form. Furthermore, byinduction on t, the terms msv can be written as a linear combination of terms muv0where u and v0 are �{tableaux such that � D � and u is row standard and v0 isstandard. Since muv0 = m�v0u we can repeat the argument to replace the left handtableaux with standard tableaux of the required form, and so deduce the result.We will often need an important special case of Lemma 3.14 which can begleaned from a careful scrutiny of its proof.3.15 Corollary Suppose that t is a standard �{tableau such that i and i + 1 arein the same column of t for some i. Then, for any standard �{tableau s,mstTi = �mst +X ruvmuvwhere ruv 2 R and the sum is over pairs (u; v) of row standard �{tableau such thateither (i) � > �, or (ii) � = �, u = s and v B t.Proof. By assumption, tsi is not standard so we may write tsi = gw for someGarnir tableau g and w 2 Sn by Lemma 3.13. Now, there is a unique standardtableau � such that g = �s for some s 2 S; moreover, `(d(g)) = `(d(� )) + 1 andif v is any (standard) tableau with v B g then v D � . Consequently, in this caseLemma 3.12 says that msg = �ms� +X ruvmuvwhere ruv 2 R and the sum is over pairs (u; v) of standard �{tableau such that either(i) � > �, or (ii) � = �, u = s and v B � . Finally, because `(d(t)) = `(d(� )) + `(w)and t = �w, by multiplying the equation we have obtained for msg on the right byTw and using Corollary 3.8 we obtain the result.Let M = fmst j s; t 2 Std(�) for some partition � of n g : Then Lemma 3.9and Lemma 3.14 show thatM spans H . By Theorem 1.11 we know that H is afree R{module of rank n!. However, jMj =P� j Std(�)j2 and it is well{known thatthis sum is equal to n! (for example, use the Robinson{Schensted correspondence;see [47]). Thus,M is a basis of H . We callM the Murphy basis of H .If we let �lex be the set of partitions of n ordered lexicographically we haveshown that (M;�lex) is a cellular basis of H . In order to prove the strongerresult that the set of partitions can be ordered by dominance we need the followingimportant Proposition.If h 2 H we may write h = P rstmst where rst 2 R and mst 2 M. We saythat mst is involved in h if rst 6= 0. Recall that HZ =HZ;q̂ where Z =Z[q̂; q̂�1].3.16 Proposition Let i be an integer with 1 � i < n and suppose that h 2 M�where � is the composition of n such that m� = (1+Ti). Suppose that h =P rstmst,where rst 2 R and mst 2 M. Then rst = 0 whenever i and i+1 belong to the samecolumn of s.Proof. First suppose that H =HZ and write M�Z = m�HZ . Let � be minimalin the lexicographic order such that muv is involved in h for some �{tableaux uand v. Choose a pair (u; v) of standard �{tableaux such that (i) muv is involvedin h, and (ii) whenever (s; t) is another pair of standard �{tableaux such that u D sand v D t then mst is not involved in h.



24 3. THE MODULAR REPRESENTATION THEORY OF HSuppose that i and i+ 1 are in the same column of u. Then, by Corollary 3.15and our choice of (u; v),Tih = (h�Ti)� = �ruvmuv +X astmstfor some ast 2 R such that whenever u D s and v D t then ast = 0. However,Tim� = q̂m� by Lemma 3.2, so Tih = q̂h and this forces ruv = 0, a contradiction.Consequently, i and i + 1 do not belong to the same column of u.Next let u0 = u(i; i + 1). If u0 B u then Timuv = mu0v so mu0v is involved in hsince q̂�1Tih = h; however, this contradicts our assumption (ii) so, in fact, u B u0.Therefore, muv+mu0v = m�muv is an element ofM�Z and h0 = h�ruv(muv+mu0v)is an element ofM�Z which does not involvemuv. Applying the same argument to h0it follows that i and i+ 1 are never in the same column of s if mst is involved in h.This completes the proof when H =HZ .Now suppose that R is an arbitrary ring. By Corollary 3.4, fm�Td j d 2 D� gis a basis of M�. By what we have shown, inside HZ we can write each rowstandard basis element m�Td as a Z{linear combination of Murphy basis elementsof the required form. The specialization homomorphism fromHZ to H maps theMurphy basis of HZ to the Murphy basis of H . It also maps the row standardbasis of M�Z to that of M�. Hence, in H each basis element m�Td can be writtenas an R{linear combination of Murphy basis elements of the required form.As in the last chapter, we de�ne H � to be the R{module with basisn muv ��� u; v 2 Std(�) for some partition� of n such that � D � o:Similarly, we de�ne �H � to be the R{module with basis mst where s and t arestandard �{tableaux and � B �.3.17 Corollary Suppose that � is a partition. Then �H � and H � are two{sidedideals of H .Proof. Let s and t be standard �{tableaux and w 2 Sn. Because �H � =P�B�H �, it is enough to show that mstTw 2 H �. We prove this by inductionon �, the case � = (n) being a consequence of Lemma 3.2.First note that by Lemma 3.14 there exist ruv 2 R such that mt�tTw =P ruvmuv where the sum is over pairs (u; v) of standard �{tableaux with � � �.Suppose that ruv 6= 0 for some �{tableaux u and v. By Proposition 3.16, if i andi + 1 are in the same row of t� then they cannot be in the same column of u. Itfollows that 1; 2 : : : ; �1 must all be in the �rst row of u; so �1 � �1. Considerationof the second row shows that �1+�2 � �1+�2, and so on. Hence, � D � wheneverruv 6= 0.Because mst = T �d(s)mt�t, the general case follows by induction on � using theleft handed version of Lemma 3.14, together with Corollary 3.4.We can now prove the main result of this section. Let � be the set of partitionsof n ordered by dominance. Recall that � :H �!H is the unique R{linear anti{isomorphism of H such that T �w = Tw�1 for all w 2 Sn.



2. THE MURPHY BASIS 253.18 The Murphy Basis Theorem (Murphy) The Hecke algebra H is a freeR{module with basisM = n mst ��� s; t 2 Std(�) for some partition � of n o:Moreover,(i) m�st = mts for all � 2 � and all s; t 2 Std(�).(ii) Suppose that h 2 H and that t 2 Std(�). Then there exist rv 2 R such thatfor all s 2 Std(�) msth � Xv2Std(�) rvmsv mod �H �:Consequently, (M;�) is a cellular basis of H .Proof. We have already seen thatM is a basis of H and, from the de�nitions,it is immediate that m�st = mts. Hence, it remains to prove (ii).Let N� be the R{module spanned by �H � and fmt�t j t 2 Std(�) g. The ar-gument of Corollary 3.17 shows that N� is a right ideal of H . Therefore, for anystandard tableau t 2 Std(�) and h 2H there exists rv 2 R such thatmt�th � Xv2Std(�) rvmt�v mod �H �:Multiplying this expression on the left by T �d(s) proves (ii) and hence the Theorem.For future use, we note the following strengthening of Corollary 3.15.3.19 Corollary Suppose s and t are standard �{tableau such that i and i + 1 arein the same column of t for some i. Then, for all s 2 Std(�),mstTi � �mst +XvBt rvmsv mod �A�:for some rv 2 R.We can now use the theory of cellular algebras from Chapter 2 to construct allof the irreducible H {modules. The cell modules of H are called Specht modules.Let � be a partition of n. Rather than the abstract de�nition of Chapter 2we de�ne the Specht module S� to be the right H {module ( �H � +m�)H . Notethat �H �+m� is an element of the H {moduleH = �H � so that S� is a submoduleof H = �H �.Warning The Specht module S�, as we have de�ned it, is isomorphic to the dualof the Specht module which Dipper{James [13] index by �0, the partition which isconjugate to �. Because of this, when comparing the results in these notes withthose from the representation theory of the symmetric groups (q = 1), or with thepapers of Dipper and James, the Specht module S� must be replaced with S�0�. Inthe literature our Specht modules are sometimes called dual Specht modules.Given a standard �{tableau t let mt = �H � +mt� t. Then Theorem 3.18 givesus the following basis of S� (and shows that S� is isomorphic to the cell module asde�ned in Chapter 2).3.20 Proposition Suppose that � is a partition of n. Then the Specht module S�is a free R{module with basis fmt j t 2 Std(�) g.



26 3. THE MODULAR REPRESENTATION THEORY OF HWe call the basis of Proposition 3.20 the Murphy basis of S�. Translating thenotation from (2.6), the bilinear form h ; i on S� is the unique R{bilinear mapfrom S� � S� into R such thathms;mtim� � mt�smtt� mod H�:for all standard �{tableaux s and t. By Proposition 2.7, this form is associative andsymmetric so radS� = fx 2 S� j hx; yi = 0 for all y 2 S� g is an H -submoduleof S�. As in (2.8), for each partition � of n we de�ne D� to be the right H {module S�= radS�. Thus by Theorem 2.13 we have the following result.3.21 Theorem (Dipper{James) Suppose that R is a �eld. ThenfD� j � a partition of n such that D� 6= 0 gis a complete set of non{isomorphic irreducible H {modules.We will classify the partitions � such that D� 6= 0 in Section 4. For now wenote that by Corollary 2.18 and Corollary 1.15 we have the following.Recall that HK =HC(q̂);q̂(Sn).3.22 Corollary (Hoefsmit) The Iwahori{Hecke algebra HK is a split semisim-ple algebra and fS� j � a partition of n g is a complete set of non{isomorphic irre-ducible HK{modules.In particular, this shows that HK and KSn are isomorphic as K{algebras.3. Specht modules and Jucys{Murphy elementsIn this section we study the action of the following operators upon the Spechtmodules and use them to construct an orthogonal basis for S�. For k = 1; 2; : : : ; nlet Lk = q�1T(k�1;k)+ q�2L(k�2;k) + � � �+ q1�kT(1;k):The elements L1; : : : ; Ln are the Jucys{Murphy elements of H .3.23 Example If n = 4 then the four Jucys{Murphy elements are L1 = 0, L2 =q�1T(1;2), L3 = q�1T(2;3) + q�2T(1;3), and L4 = q�1T(3;4) + q�2T(2;4) + q�3T(1;4).3.24 Proposition Let i and k be integers with 1 � i < n and 1 � k � n.(i) Ti and Lk commute if i 6= k � 1; k.(ii) TiLi+1 = (q � 1)Li+1 + 1 + LiTi and TiLi = TiLi+1 � 1� (q � 1)Li+1.(iii) Ti commutes with LiLi+1 and Li + Li+1.(iv) Li and Lk commute.Proof. The proofs of all of these statements follow easily using the relations inH , so we prove only (i). Because L1 = 0 there is nothing to prove when k = 1, soassume that k > 1. Then, by de�nition, Lk = q�1(Tk +TkLk�1Tk), so if ji� kj > 1then TiLk = q�1(TiTk + TiTkLk�1Tk) = q�1(TkTi + TkTiLk�1Tk); so TiLk = LkTiby induction. Finally, it remains to consider the case when i = k+1; however, thisis easy because Tk+1 commutes with T(j;k) for j = 1; : : : ; k.3.25 Corollary Any symmetric polynomial in L1; : : : ; Ln belongs to the centreof H .The Corollary indicates why the Jucys{Murphy elements are so useful. The ideais that L1; : : : ; Ln generate a large abelian subalgebra of H | which is known tobe maximal whenH is semisimple| and consequently these elements can be used



3. SPECHT MODULES AND JUCYS{MURPHY ELEMENTS 27to distinguish between the blocks and irreducible representations of H , much likethe Cartan subalgebra of a Lie algebra.In the Lemma below we write S�R to indicate that the Specht module is de�nedover R. Recall that K = C (q̂) and Z =Z[q̂; q̂�1].3.26 Lemma Let � be a partition of n. Then there exists � 2 R such thatmt(L1 + � � �+ Ln) = �mtfor all standard �{tableau t.Proof. First suppose that H = HK. By Corollary 3.25, the symmetric poly-nomial L1 + � � � + Ln is central in H and S�K is an irreducible HK{module byCorollary 3.22. Therefore, by Schur's Lemma L1 + � � �+Ln acts as a scalar, say �̂,on S�K. In particular, if t is a standard �{tableau then mt(L1+ � � �+Ln) = �̂mt. ByCorollary 3.4 the left hand side of this equation is contained in HZ ; consequently,�̂ 2 Z.Now suppose that R is an arbitrary ring. Then, as in Corollary 1.12, we canconsider R as a Z{module by specifying that q̂ acts as multiplication by q on R.Then S�R �= S�Z 
 R as R{modules and the Murphy basis of S�Z is mapped to theMurphy basis of S�R by the specialization homomorphism. It follows that if �̂ actson R as multiplication by � 2 R then mt(L1 + : : :+ Ln) = �mt for all t 2 Std(�).The precise value of � can be computed from Theorem 3.30 below; the nextLemma is the inductive step in proving this result.3.27 Lemma Let � be a partition of n and let s and t be standard �{tableaux suchthat s B t and t = s(i; i+1) for some i with 1 � i < n. For k = 1; 2; : : : ; n, supposethat there exist rs(k) 2 R such thatmsLk = rs(k)ms + Xv2Std(�)vBs avmvfor some av 2 R. Then, for k = 1; 2; : : : ; n, there exist bv 2 R such thatmtLk = rt(k)mt + Xv2Std(�)vBt bvmvwhere rt(k) = rs(k) if k 6= i; i+ 1, rt(i) = rs(i + 1) and rt(i+ 1) = rs(i).Proof. First we note that mt = msTi by Theorem 1.11 because s B t. Therefore,by Proposition 3.24(i), if k 6= i; i+ 1 thenmtLk = msTiLk = msLkTi = rs(k)msTi + Xv2Std(�)vBs avmvTi;and the result follows by Corollary 3.8. If k = i+1 then, using Proposition 3.24(ii)and Corollary 3.8,mtLi+1 = msTiLi+1 = ms�LiTi + 1 + (q � 1)Li+1	= rs(i)msTi + �1 + (q � 1)rs(i + 1)	ms +XvBs bvmv= rs(i)mt +XvBt bvmv:



28 3. THE MODULAR REPRESENTATION THEORY OF HThe case k = i is similar.Given an integer m let [m]q = 1 + q + � � � + qm�1 if m � 0 and [�m]q =�q�m[m]q otherwise; then [m]q = qm�1q�1 when q 6= 1. If m � 0 we also de�ne[m]!q = [1]q[2]q : : : [m]q. These are the so{called quantum integers and quantumfactorials respectively; this is because [m]1 = m and [m]!1 = m! for all m 2Z.3.28 De�ne e to be the smallest positive integer such that [e]q = 0; set e =1 if nosuch integer exists. In other words, either q = 1 and e is equal to the characteristicof R, or q is a primitive eth root of unity. As we shall see, the integer e behavesvery much like the characteristic of the �eld in the representation theory of �nitegroups.Suppose that x = (i; j) is a node in [�]. The e{residue of x is the integerres(x) = j� i mod e. If t is a �{tableau and k an integer with 1 � k � n then thee{residue of k in t is rest(k) = res(x) where x is the unique node in [�] such thatt(x) = k.3.29 Example Suppose that e = 3, � = (4; 2) and t = 1 3 4 62 5 . Then the e{residues in [�] are 0 1 2 02 0 . So, for example, [rest(3)]q = [1]q and [rest(4)]q = [4]q.3.30 Theorem (Dipper{James) Suppose that � is a partition of n and let t bea standard �{tableau. Let k be any integer such that 1 � k � n. Then there existav 2 R such that mtLk = [rest(k)]qmt + Xv2Std(�)vBt avmv:Proof. By Lemma 3.27 it is su�cient to show that mt�Lk = [rest� (k)]qmt� fork = 1; 2; : : : ; n. When n = 1 there is nothing to prove so by induction we canassume that the Theorem is known for smaller values of n. We now proceed byinduction on k, the case k = 1 being trivial because L1 = 0 and [rest(1)]q = [0]q = 0.Suppose �rst that k is in row r of t� where �r+1 6= 0. Let � = (�1; : : : ; �r).Then j�j < n and mt� = H � + m�h � m�h, where h is some element of thesubalgebra of H generated by Tk+1; : : : ; Tn�1. Consequently, m�Lk 2 H (Sj�j)and h and Lk commute by Proposition 3.24(i). Hence, working modulo H � andarguing by induction on n,mt�Lk � m�hLk = m�Lkh � [rest�(k)]qm�h � [rest�(k)]qmt� :Thus we may assume that k is in the last row of t�.Next, suppose that k is not in the �rst column of t�i and that we know the resultfor smaller k. Now sk�1 is an element of S� so m�Tk�1 = qm� by Lemma 3.2; so,mt�Lk = q�1mt� (Tk�1Lk�1Tk�1 + Tk�1) = mt� (1 + Lk�1Tk�1)= (1 + q[rest� (k � 1)]q)mt� = [rest� (k)]qmt�by induction on k.This reduces us to the case where k is the number in the last row and the �rstcolumn of t�. Write � = (�1; : : : ; �r+1) where �r+1 > 0. Then m� = hm(�1;::: ;�r ;1)for some h 2H (Sn) and m(�1 ;::: ;�r;1) 2H (Sk). Therefore, if k < n we can againdeduce the result by induction. Finally then, it remains then to consider the casewhere k = n and � = (�1; : : :�r ; 1).



3. SPECHT MODULES AND JUCYS{MURPHY ELEMENTS 29Let i be the �rst number in row r of t� and let t be the standard �{tableaut�sn�1 : : : si+1. Then the second last row of t contains the numbers i; i + 2; : : : ; nand the last row of t consists of the single entry i + 1.So far we have shown that mt�Lk = [rest� (k)]qmt� for 1 � k < n. We alsoknow thatmt� (L1+� � �+Ln) = �mt� for some � 2 R by Lemma 3.26; consequently,mt�Ln = rnmt� for some rn 2 R. Therefore, mtLi = [rest� (i)]qmt +PsBt asmsand mtLi+1 = rnmt +PsBt bsms by Lemma 3.27.The key point now is that tsi is a Garnir tableau; because of this we can �ndelements cs in R such that mtTi = �mt+PsBt csms by Corollary 3.19. This allowsus to compute mtLi+1 in another way; namely, by Corollary 3.8 and Lemma 3.12there exist a0s and ds 2 R, respectively, such thatmtLi+1 = q�1mt(TiLiTi + Ti)= �q�1nmt +XsBt csmso(LiTi + 1)= �q�1mt([rest�(i)]qTi + 1) +XsBt a0smsTi= q�1([rest�(i)]q � 1)mt +XsBt dsms= [rest� (n)]qmt +XsBt dsms:Consequently, rn = [rest(n)]q as required.3.31 For the remainder of this section we assume that R is a �eld and that e > n(see (3.28)). Let t be a standard �{tableau and de�neFt = nYk=1 Ys2Std(�)[ress(k)]q 6=[rest(k)]q Lk � [ress(k)]q[rest(k)]q � [ress(k)]qand let ft = mtFt.Note that all of the factors in Ft commute so there is no need to specify anordering in the product. In practice many of the factors in the de�nition of ft areredundant; however, the above de�nition is convenient. The elements Ft are de�nedwhether or not e < n; it is the next Lemma where we need this assumption.If � is a partition then a node x 2 [�] is removable if [�] n fxg is the diagram ofa partition.3.32 Lemma Suppose that R is a �eld, e > n and let � be a partition of n. Let sand t be standard �{tableaux.(i) Suppose that [ress(k)]q = [rest(k)]q for k = 1; : : : ; n. Then s = t.(ii) Suppose that [ress(k)]q = [rest(k)]q for 1 � k � n and k 6= i; i+ 1 for some i.Then either s = t or s = t(i; i+ 1).Proof. Note that because e > n the nodes with the same e{residue occur indiagonal lines in the diagram of �; consequently, distinct removable nodes havedistinct e{residues. Therefore, by successively removing n; n � 1; : : : ; 1 from s wesee that t is completely determined by the sequence [rest(1)]q; : : : ; [rest(n)]q. Bothparts of the Lemma now follow.



30 3. THE MODULAR REPRESENTATION THEORY OF H3.33 Proposition Suppose that R is a �eld and that e > n. Suppose that � is apartition of n and let t be a standard �{tableau.(i) There exist as 2 R such that ft = mt +XsBt asms.(ii) If s B t then msFt = 0.(iii) For k = 1; : : : ; n, ftLk = [rest(k)]qft.(iv) If s 2 Std(�) then ftFs = �stft.Proof. Let N = j Std(�)j and for any s 2 Std(�) let f 0s = msFNs . We will �rstprove analogues of (i)|(iv) for f 0s and then show that fs = f 0s.We know from Theorem 3.30 that mtLk = [rest(k)]qmt +PsBt bsms, for somebs 2 R. Therefore, f 0t = mt +PsBt asms for some as 2 R. Call this statement (i)0.Next suppose that s is a standard �{tableau such that s B t. By Lemma 3.32(i)we can �nd an integer k such that [rest(k)]q 6= [ress(k)]q. Then �Lk � [ress(k)]q�is a factor of Ft so msFt =PvBs cvmv for some cv 2 R by Theorem 3.30. Now ifcv 6= 0 then v B t and, as before, we can �nd k0 such that [rest(k0)]q 6= [resv(k0)]q;therefore, msF 2t =Pv0 c0v0m0v where c0v0 6= 0 only if there exists v with v0 B v B t.Continuing in this way shows that msFNt = 0 whenever s B t.Next we claim that (iii)0 holds; that is, f 0tLk = [rest(k)]qf 0t for all k with1 � k � n. This now follows because by the last paragraph and Theorem 3.30f 0tLk = mtFNt Lk = mtLkFNt = �[rest(k)]qmt +XsBt bsms�FNt = [rest(k)]qf 0t :Using (iii)0 and the de�nitions we discover that f 0t is �xed by every factor of Ft;thus, f 0tFt = f 0t . Furthermore, if s 6= t then by Lemma 3.32(i) there exists an integerk such that [ress(k)]q 6= [rest(k)]q. However, (iii)0 shows that �Lk � rest(k)� killsf 0t ; so f 0tFs = 0 because �Lk � rest(k)� is a factor of Fs. Therefore, f 0tFs = �stf 0t ;call this statement (iv)0.Finally we can show that ft = f 0t . Suppose that s is a standard �{tableausuch that s D t; then by (i)0 there exist dv 2 R such that ms = f 0s +PvBs dvf 0v.Therefore, using (iv)0, msFt = �f 0s +XvBs dvf 0v�Ft = �stf 0t :In particular, ft = mtFt = f 0t and we have proved all that we set out to prove (notethat the previous line includes (ii)).We can now prove the q{analogue of Young's seminormal form for H .3.34 Theorem (Dipper{James) Suppose that R is a �eld and that e > n. Let� be a partition of n.(i) f ft j t 2 Std(�) g is an orthogonal basis of S�.(ii) Let s be a standard �{tableau, t = s(i; i + 1) and � = ress(i) � rest(i). ThenfsTi = 8>>>>><>>>>>:qfs; if i and i + 1 are in the same row of s,�fs; if i and i + 1 are in the same column of s.� 1[�]q fs + ft; if t 2 Std(�) and s B t,q�[�]q fs + [�+1]q [��1]q[�]2q ft; if t 2 Std(�) and t B s.



4. THE IRREDUCIBLE H {MODULES 31Proof. (i) By Proposition 3.33(i) the transition matrix between the standard basisof S� and f ft j t 2 Std(�) g is unitriangular so this set is a basis of S�. Moreover,if s and t are standard �{tableaux thenhfs; fti = hfsFs; fti = hfs; ftF �s i = hfs; ftFsi = �sthfs; fsiby Proposition 2.7(ii) and Proposition 3.33(iv). Thus, f ft j t 2 Std(�) g is an or-thogonal basis of S�.(ii) By part (i) we may write fsTi =Pv cvfv for some cv 2 R where v 2 Std(�).Let k be any integer such that k 6= i; i + 1 (note that there is nothing to provewhen n � 2). Then Ti and Lk commute so fsTiLk = fsLkTi = [ress(k)]qfsTi byProposition 3.33(iii). On the other hand,fsTiLk =Xv cvfvLk =Xv cv[resv(k)]qfv:Equating coe�cients, cv[resv(k)]q = cv[ress(k)]q for all k 6= i; i + 1. Therefore, byLemma 3.32(ii), cv = 0 unless v = s, or v = t and t is standard.Suppose �rst that t is not standard; then we have shown that fsTi = csfs forsome cs 2 R. By Proposition 3.33(i), fs = ms +PvBs avmv for some av 2 R.Because t is not standard, either i and i + 1 are in the same row of s or theyare in the same column. In the �rst case, msTi = qms by Corollary 3.4; in thesecond, msTi = �ms +PvBs bv for some bv 2 R by Corollary 3.19. Therefore, byProposition 3.33(i) again, fsTi equals qfs or �fs respectively.Now assume that t is standard. We have shown that fsTi = csfs+ctft for somecs; ct 2 R. First suppose that s B t. Then msTi = mt; so, fsTi = mt +PuBt bumufor some bu 2 R. Therefore, as in the last paragraph, ct = 1; that is, fsTi = csfs+ft.Now ress(i) = rest(i + 1) and ress(i + 1) = rest(i). Therefore, using Theorem 3.30and Proposition 3.24(ii), we �nd thatcs[rest(i)]qfs + [ress(i)]ft = (csfs + ft�Li+1 = fsTiLi+1= fs�(q � 1)Li+1 + 1 + LiTi	= �(q � 1)[rest(i)]q + 1 + cs[ress(i)]q	fs + [ress(i)]qft:Consequently, remembering that [m]q = (qm � 1)=(q � 1) (when q 6= 1),cs = (q � 1)[rest(i)]q + 1[rest(i)]q � [ress(i)]q = qrest(i) (q � 1)qrest(i) � qress(i) = � 1[�]qas claimed.The formula for ftTi (or, equivalently, for fsTi when t is standard and t B s)can now be obtained by expanding fsT 2i = ftTi � 1=[�]qfsTi.We will see in the next section that H is semisimple if and only if e > n; sothe last few results have really been about the semisimple case. Even so, our mainapplications of these results will be in the case where H is not semisimple.4. The irreducible H {modulesIn this section we give necessary and su�cient conditions for the moduleD� tobe non{zero; by Theorem 3.21 this will classify the simpleH {modules. Throughoutthis section we assume that R is a �eld.Recall that e is the smallest positive integer such that [e]q = 0 (or e =1).



32 3. THE MODULAR REPRESENTATION THEORY OF HSuppose that � = (�1; �2; : : : ). Then � is e{restricted if �i � �i+1 < e for alli � 1. In addition, we say that a standard �{tableau s is e{restricted if whenever� B � and t 2 Std(�) then [ress(k)]q 6= [rest(k)]q for some k. Let Stde(�) be theset of e{restricted tableaux.We will show that � is e{restricted if and only if there exists an e{restricted �{tableau. The next two Lemmas prove one direction. Before the reader gets excited,we remark that the lower bound given for dimD� in the next Lemma is rarelysharp.3.35 Lemma Let � be a partition of n. Then dimD� � j Stde(�)j.Proof. Let L be the subalgebra of H generated by L1; L2; : : : ; Ln and let � bea partition of n. Suppose that t1; t2; : : : ; tk are the standard �{tableaux, orderedso that i > j whenever ti B tj . For i = 0; 1 : : : ; k let S�i be the R{module spannedby fmtj j 1 � j � i g and let S� (ti) = S�i =S�i�1. By Theorem 3.30 the R{modulesS�i and S� (ti) are L {modules and, up to isomorphism, S�i (ti) depends only uponthe sequence ([resti(1)]q; : : : ; [resti(n)]q]). Thus, S� = S�1 > S�2 > � � � > S�k > 0 isan L {module composition series of S� with simple composition factors.Now suppose that s is an e{restricted �{tableau and let � be a partition of nwith D� 6= 0. By Corollary 2.14, D� is a composition factor of S� only if � D �;however, by assumption, the L {module S�(s) is not an L {composition factorof S� | and hence D� | if � B �. Therefore, S�(s) is an L {composition factorof D�. This proves the Lemma.Next, we de�ne the ladder number of a node (i; j) 2 N� N to be the integerle(i; j) = i� j + ej � e. Thus, two nodes have the ladder number only if they havethe same e{residue. For example, if � = (4; 3) and e = 3 then the ladder numbersin [�] are 0 1 2 32 3 4 and we reduce these modulo 3 to obtain the e{residues 0 1 2 02 0 1 .Let � be a partition of n. The ladder tableau l�e is de�ned inductively as follows.If n = 1 set l�e = t�. When n > 1 let (i; j) be the unique node in [�] such that(i) le(i; j) � le(k; l) for all (k; l) 2 [�], and (ii), if le(i; j) = le(k; l) then i � k. Let� be the partition of n � 1 with diagram [�] n f(i; j)g and de�ne l�e to be unique�{tableau such that l�e # (n� 1) = l�e ; that is,3:36 l�e (k; l) = (l�e(k; l); if (k; l) 6= (i; j);n; if (k; l) = (i; j):By construction l�e is a standard �{tableau.For example, if � = (4; 3) and e = 3, as above, then l�e = 1 2 4 63 5 7 .3.37 Lemma Suppose that � is an e{restricted partition of n. Then the laddertableau l�e is e{restricted.Proof. We prove this by induction on n, the result being clear when n = 1.Let (i; j) and � as in (3.36). We claim that the partition � is e{restricted. Ifnot then either (i) �i � �i+1 = e, or (ii) i > 1 and �i�1 � �i = e. The �rst casecannot happen because then �i � �i+1 > e which contradicts our assumption that� is e{restricted. In the second scenario, row (i�1) of � would contain a node withhigher ladder number contradicting our choice of (i; j). Hence, � is e{restricted asclaimed.Let � be a partition and suppose that � D � and that there exists a �{tableau twith [rest(k)]q = [resl�e (k) for k = 1; : : : ; n. In particular, [rest(n)]q = [resl�e (n)]q,



4. THE IRREDUCIBLE H {MODULES 33so � D Shape(t # (n � 1)) since (i; j) is the lowest node with e{residue [resl�e (n)]qwhich may be added to [�] to give the diagram of a partition. By induction on nthe tableau l�e is e{restricted, so this forces t # (n� 1) = l�e . However, if t(k; l) = nthen k � i because � D �. Therefore, (k; l) = (i; j), t = l�e and � = �; hence, l�e ise{restricted as required.Combining the last two results we see that if � is e{restricted then D� is non{zero. To prove the converse we need some more notation.If � = (�1; : : : ; �k) is a partition and i an integer with 1 � i � k let �i =(�i; �i+1; : : : ; �k) and � = (�1 � �2; �2 � �3; : : :). Let gi be the greatest commondivisor of [
]!q, where 
 runs over all partitions of �i such that 
 B �i. Finally, wede�ne g� = g1g2 : : : gk.3.38 Lemma Suppose that � = (�1; : : : ; �k) is a partition of n and let s and t bestandard �{tableaux. Then g� is a factor of hms;mti.Proof. By de�nition, hms;mtim� � mt�smtt� mod H �; however, by Corol-lary 3.4, mt�smtt� is a linear combination of terms m�Td(v)m� where v is a rowstandard �{tableau. So, changing notation, it is su�cient to show that if t is a rowstandard �{tableau then m�Td(t)m� � rg�m� for some r 2 R.De�ne � = (�1; : : : ; �k) to be the composition of �1 such that �i is equal to thenumber of entries in row i of t which are less than or equal to �1. Abusing notation,write m� = m�1 : : :m�k where S� = S�1 � � � � � S�k and m�i = Px2S�i Tx for1 � i � k.We �rst consider mt�tm�1 . Let u be the row standard �{tableau which agreeswith t on all entries greater than �1 and where 1; 2; : : : ; �1 are inserted in increasingorder from left to right and then top to bottom into the remaining positions. Thent = uw for some w 2 S�1 such that `(d(t)) = `(d(u)) + `(w); so mt�t = mt�uTw.Therefore, by Lemma 3.2 and Corollary 3.4,mt� tm�1 = mt�uTwm�1 = q`(w)mt�um�1 = q`(w)[�]!qmt�uhfor some h 2H (S�1 .Consequently, mt�um�1 is an element ofH m� where � is thecomposition (�1; �1 � �1; : : : ; �k � �k).Suppose that � 6D �. Then � 6D � where � is the partition obtained from � byreordering its parts; therefore, mt�tm�1 2H �\H m� � �H � by Corollary 2.3(iii).Thus, mt� tm�1 � 0 mod �H � and, in particular, our claim is correct in this case.On the other hand, if � D � then (�1; �2; : : : ; �k) D (�1; �1� �1; : : : ; �1� �k);equivalently, � D �1 = (�1 � �2; : : : ; �k�1 � �k). Now, g1 is a factor of [�]!q, so byTheorem 3.18 there exist rv 2 R such thatmt�tm�1 = q`(w)[�]!qmt�uh � g1 Xv2Std(�) rvmt�v mod �H �:Moreover, by the right handed version of Proposition 3.16, rv 6= 0 only if theintegers 1; 2; : : : ; �1 all appear in the �rst row of v; that is to say that rv 6= 0only if v and t� have the same �rst row. Repeating this argument we �nd that fori = 1; 2 : : : ; k there exist rv 2 R such thatmtm�1 : : :m�i = g1 : : : gi Xv2Std(�) rvmv



34 3. THE MODULAR REPRESENTATION THEORY OF Hand rv 6= 0 only if the tableaux v and t� agree on the �rst i rows. Taking i = kproves the Lemma.Let d�� = [S� : D�] be the composition multiplicity of D� in S�. We can nowprove the following key result of Dipper and James.3.39 Theorem (Dipper{James) Suppose that R is a �eld.(i) fD� j � an e{restricted partition of n g is a complete set of non{isomorphicirreducible H {modules.(ii) Suppose that � is an e{restricted partition of n and that � is a partition of n.Then d�� = 1 and d�� 6= 0 only if � D �.Proof. Everything will follow fromTheorem 2.13 and Corollary 2.14 once we showthat D� 6= 0 if and only if � is e{restricted. That D� 6= 0 when � is e{restricted isimmediate from Lemmas 3.37 and 3.35.Conversely, if � is not e{restricted then �i � �i+1 � e for some integer i � 1;consequently, [e]!q is a factor of g� since [e]!q divides gi. However, [e]!q = 0 so g�must also be 0. Therefore, hms;mti = 0 for any s; t 2 Std(�) by Lemma 3.38; thus,radS� = S� and D� = 0.In particular, we see that S� = D� for all � if and only if e > n. Hence, byCorollary 2.18 we have an easy way of determining whether or notH is semisimple.More precisely, we have the following.3.40 Corollary Suppose that R is a �eld. Then the following are equivalent.(i) H is a split semisimple algebra;(ii) S� = D� for all partitions � of n; and,(iii) e > n.Note that e is equal to the characteristic of R in the case where q = 1. Conse-quently, as they must, these results agree with the corresponding results from therepresentation theory of the symmetric group (see [36] and Note 3 below).Theorem 3.39 combined with Lemma 3.35 also gives us the following combina-torial result (a more direct proof can be extracted from [35, Theorem A]).3.41 Corollary Let � be a partition of n. Then � is e{restricted if and only ifthere exists an e{restricted �{tableau.Notes on Chapter 31. The proof of Proposition 3.7 comes from [13]. Although this result must havebeen known for some time, this is the only place where I have seen it in theliterature.2. In his thesis [32], Hoefsmit classi�ed the irreducible HK{modules by usingYoung's seminormal form (Theorem 3.34) as the de�nition of the Specht modules.Later Dipper and James [13] constructed the Specht modules as submodules ofH and hence classi�ed the irreducible H {modules over an arbitrary �eld. Theapproach that we have taken here is based upon work of Murphy [55,56].3. Let # be the R{linear automorphism of H determined by T#w = (�q)`(w)T�1w�1for all w 2 Sn. Then S�# is isomorphic to the dual of Dipper and James' Spechtmodule which is indexed by the partition conjugate to � (see [56, Theorem5.2] and the warning on page 25). This is also why the simple H {modules



NOTES ON CHAPTER 3 35in Theorem 3.39 are indexed by e{restricted partitions rather than e{regularpartitions (a partition is e{regular if its conjugate is e{restricted).4. If � is a partition let n� = Pw2S� (�q)�`(w)Tw and for s; t 2 Std(�) de�nenst = T �d(s)n�Td(t). ThenN = fnst j s; t 2 Std(�) for some partition � of n gis a basis of H . It is easy to check that m#� = qan� for some integer a; sincethe automorphisms � and # commute this shows that (N ;�) is a cellular basis.5. In the representation theory of the symmetric groups the elements Lk were in-troduced independently by Jucys [45] and Murphy [54]. Dipper and James [14]�rst studied their analogues in the representation theory of H .6. Let L0k = q1�kTk�1 : : :T1T1 : : :Tk�1 for 1 � k � n. An easy argument showsthat L0k = (q� 1)Lk + 1; accordingly, many authors prefer to use these elementsbecause they are easier to work with. Unfortunately, when q = 1, which is thecase of the symmetric group, L0k = 1 for all k. Rather that having to treat thisimportant special case separately we use the elements Lk throughout.7. Lemma 3.35 is essentially Proposition 5.9(i) of [26]. Lemma 3.37 is motivatedby the work of Lascoux, Leclerc and Thibon [51] who, in turn, were inspiredby James [35]. The argument of Lemma 3.38 is due to Murphy [56] (cf. [13,Theorem 6.8]).8. The proof of Lemma 3.35 actually shows that d�� � k where k is maximal suchthat Std(�) = X0 tX1 t : : :tXk (disjoint union) where for i = 1; 2 : : : ; k thereexists a bijection �i :Xi �! Stde(�) such that [rest(k)]q = [res�i(t)(k)]q for allt 2 Xi and all k with 1 � k � n.9. The rank of the Specht module S� is explicitly known (see [36]); it is equalto n!=Qh�ij where the product if over the nodes (i; j) 2 [�] and h�ij is the (i; j)thhook length (see page 55). Except in some very special cases, the dimensionof D� is not known.



CHAPTER 4The q{Schur AlgebraThe q{Schur algebra was introduced by Dipper and James [15] who showedthat this algebra completely determines the decomposition matrices of the �nitegeneral linear groups in non{de�ning characteristic. The q{Schur algebras alsohave applications to the representation theory of the general linear groups overother �elds. We do not explore these connections here. Instead, in this Chapter we`lift' the Murphy basis of H to give a cellular basis of the q{Schur algebra.1. Semistandard tableaux4.1 Let�(d; n) be a set of compositions of n with a most d non{zero parts. Theq{Schur algebra is the endomorphism algebraS (d; n) = EndH � M�2�(d;n)M��:Note that the q{Schur algebra, like H , is dependent upon the choices of R and q.By de�nition, S (d; n) �= L�;�2�(d;n)HomH (M� ;M�); accordingly, much ofthis Chapter is devoted to understanding the ideals M� and the homomorphismsbetween them. To this end we now introduce another kind a tableaux.4.2 Let � and � be compositions of n. A �{tableau of type indextableau!type � isa map T : [�]�!N such that �i = # fx 2 [�] j T(x) = i g for i � 1. Again we writeShape(T) = �.For example, if ! = (1n) then the tableaux of Chapter 3 are precisely thetableaux of type !. We continue to use lower case letters for tableaux of type !;tableaux of arbitrary type will be denoted by upper case letters.A �{tableau T is row semistandard if the entries in each row of T are non{decreasing; T is semistandard if (i) � is a partition, and (ii) T is row semistandardand the entries in each column of T are strictly increasing. Let T (�; �) be the setof row semistandard �{tableaux of type � and i T0(�; �) be the set of semistandard�{tableaux of type �.4.3 Examples Suppose that � is a composition of n.(i) LetT� be the tableau of type � such that T�(ij) = i for all (i; j) 2 [�]. ThenT� is the unique semistandard �{tableau T� of type �. For example, if � = (3; 2; 1)then T� = 1 1 12 23 .(ii) All of the semistandard tableaux of type � can be obtained from T� by`moving nodes up' in T�. Continuing example (i), the other semistandard tableauxof type (3; 2; 1) are 1 1 1 223 , 1 1 12 2 3 , 1 1 1 22 3 , 1 1 1 32 2 , 1 1 1 2 23 , 1 1 1 2 32 and 1 1 1 2 2 3 .Next we describe a way of converting tableaux of type ! into tableaux of type �.Let t be a tableau of type ! and let � be a composition. Then �(t) the tableau of36



1. SEMISTANDARD TABLEAUX 37type � obtained from t by replacing each entry i in t by r if i appears in row r oft�.4.4 Examples (i) If t is a row standard �{tableau then �(t) is row semistandard.(ii) Suppose that t = 1 3 4 52 6 and let � = (3; 2; 1). Then � = 1 2 34 56 so we have�(t) = 1 1 2 21 3 .(iii) If � is a composition then T� = �(t�).Let � and � be compositions and suppose d 2 D�. Then t�d is row standardand the subgroup d�1S�d is just the row stabilizer of t�d. Therefore, d�1S�d\S�is generated by S\d�1S�d\S� and so d�1S�d\S� = S� for some composition �of n. We write � = �d \ �.We can now generalize Proposition 3.3 to describe the (S�;S�){double cosets.4.5 Proposition Suppose that � and � are compositions of n and letD�� = n d 2 Sn ��� �(t�d) is row semistandard and t�d D t whenever tis a row standard tableau such that �(t) = �(t�d) o:Then D�� is a complete set of (S�;S�){double coset representatives in Sn. Inaddition, the following hold.(i) Every element w of Sn can be written uniquely in the form w = vdu wherev 2 S�, d 2 D�� and u 2 D�d\� \S� . Furthermore, `(w) = `(v)+ `(d)+ `(u).(ii) D�� = D� \D�1� .(iii) The map d 7�!�(t�d) gives a one{to{one correspondence between the elementsof D�� and the set of row semistandard �{tableaux of type �.Proof. By Proposition 3.3, the right cosets of S� are indexed by row standard�{tableau. Therefore, the �S�;S�){double cosets are indexed by S�{orbits of rowstandard �{tableaux. Furthermore, two row standard tableaux s and t are in thesame S�{orbit if and only if �(s) = �(t); that is, if d and d0 are elements of D�then S�dS� = S�d0S� if and only if �(t�d) = �(t�d0).Let O be a S�{orbit of row standard �{tableaux. Then O contains a uniquetableau t such that whenever i and i+1 are in the same row of t� then either i andi + 1 are in the same row of t or t B t(i; i + 1). Let d = d(t). Then O is preciselythe set of row standard tableau of the form t�du where u 2 S� (and du 2 D�).Now t�du = tu is row standard if and only if iu < ju for all integers i < j whichare in the same row of t�d. Therefore, u 2 D�d\� and `(du) = `(d) + `(u) byProposition 3.3. Hence, any w in the double coset S�dS� is uniquely expressiblein the form vdu for some v 2 S� and u 2 D�d\� . Moreover, by Proposition 3.3again, `(w) = `(v)+`(du) since du 2 D�; thus, `(w) = `(v)+`(d)+`(u), proving (i).For (ii) note that by (i) if d 2 D�� then d is the unique element of minimallength in S�dS� . In particular, d is the unique element of minimal length in S�dand also in dS� ; so D�� � D� \D�1� by Proposition 3.3. Conversely, any elementof D� \ D�1� must be an element of minimal length in its double coset and hencebelongs to D�� .Finally, for (iii) if T is a row semistandard �{tableau of type � then we can easily�nd a row standard tableau t such that �(t) = T, so T corresponds to a (S�;S�){double set. We have already observed the converse, so the proof is complete.The elements of D�� are called distinguished double coset representatives of Sn.



38 4. THE q{SCHUR ALGEBRALet T be a row semistandard �{tableau of type � and de�ne �rst(T) tobe the unique row standard �{tableau such that �(�rst(T)) = T and �rst(T) D twhenever t is a row standard tableau such that �(t) = T. It is also easy to see thatthere exists a unique row standard tableau last(T) such that �(last(T)) = T andt D last(T) whenever t is another row standard tableau such that �(t) = T.4.6 Example Suppose that � = (4; 4) and let T be the �{tableau 1 1 3 42 3 3 4 . Then T isof type � = (2; 1; 3; 2), �rst(T) = 1 2 4 73 5 6 8 and last(T) = 1 2 6 83 4 5 7 . Let d = d(�rst(T));then �d \ � = (2; 1; 1; 2; 1;1) since S�d\� is the intersection of S� with the rowstabilizer of �rst(T).Let d 2 D�� and let T = �(t�d) and S = �(t�d�1). Then we have shown that Sand T are both row semistandard and that4:7 Xy2D��(t�y)=ST �ym� = Xw2S�dS� Tw = Xx2D��(t�x)=Tm�Tx:The element d also determines an H {module homomorphism 'd�� :M� �!M�given by 'd��(m�h) = Xw2S�dS� Twh; for all h 2H :In fact, these elements give a basis of HomH (M� ;M�).4.8 Theorem Let � and � be compositions of n. Then HomH (M� ;M�) is free asan R{module with basis f'd�� j d 2 D�� g.Proof. Suppose that ' 2 HomH (M� ;M�). Then, for all h 2 H , we have that'(m�h) = '(m�)h; hence, ' is completely determined by '(m� ). By Corollary 3.4there exist rd 2 R such that '(m� ) = Xd2D� rdm�Td:Choose x 2 D� of minimal length such that rx 6= 0. If x =2 D�� then by Propo-sition 4.5 there exists s 2 S \ S� such that `(xs) = `(x) � 1. Then xs 2 D�and '(m�) = q�1'(m�Ts) = q�1 Xd2D� rdm�TdTs = rxm�Txs + Xd2D� bdm�Tdfor some bd 2 R such that bxs = 0. In particular, this shows that m�Txs isinvolved in '(m� ) contrary to our assumption that x is an element of minimallength with rx 6= 0. Therefore, x 2 D�� and, consequently, '0 = '�ax' belongs toHomH (M� ;M�). Furthermore, '0(m�) is a linear combination of a terms of theformm�Td where d 2 D� and d 6= x. In fact, the above argument shows that m�Tdis not involved in '0(m� ) whenever S�dS� = S�xS� . Hence, we can repeat thisargument to write ' as linear combination of maps 'x�� with x 2 D�� as required.Finally, it remains to check that f'd�� j d 2 D�� g is linearly independent. Thisfollows because f'd��(m�) j d 2 D�� g is a linearly independent subset ofM� (beingsums over distinct (S�;S�){double cosets by (4.7)).4.9 Corollary Let � and � be compositions of n. Then HomH (M�;M�) andM� \M�� are canonically isomorphic as R{modules.



2. A SPECHT SERIES FOR M� 39Proof. Every homomorphism' in HomH (M�;M�) is determined by '(m�) and,moreover, '(m� ) 2M� \M�� by Theorem 4.8. Conversely, very element of M� \M�� determines a homomorphism in HomH (M� ;M�). Consequently, the mapHomH (M� ;M�) ! M� \M�� given by ' 7�! '(m� ) is an isomorphism of R{modules.There are two points worth noting from Theorem 4.8. First, by Proposition 4.5we could have indexed the basis f'd�� j d 2 D�� g of HomH (M� ;M�) by row semi-standard �{tableau of type � (or by row semistandard �{tableaux of type �). Thus,this basis is the analogue of the row standard basis of M� given by Corollary 3.4.Secondly, by extending the maps 'd�� to elements of S (d; n) we obtain a basisof the q{Schur algebra which is independent of R and q.2. A Specht series for M�In Theorem 4.8 we saw that HomH (M�;M�) has a basis indexed by rowsemistandard tableaux. As in Chapter 3, we want to replace this basis with acellular basis which is indexed by pairs of semistandard tableaux. Rather thanproving this directly, we �rst give another basis of M� which is compatible withthe Murphy basis of H .Let � be a partition of n and � a composition of n. Let S be a semistandard�{tableaux of type � and let t be a standard �{tableau. We de�nemSt == Xs2Std(�)�(s)=S mstand let mtS = m�St.4.10 Theorem (Murphy) Let � be a composition of n. Then M� is free as anR{module with basisn mSt ��� S 2 T0(�; �), t 2 Std(�) for some partition � of n o:Proof. Suppose that S 2 T0(�; �), t 2 Std(�) and let d�1 = �rst(S). By (4.7)mSt = Xs2Std(�)�(s)=S T �d(s)m�Td(t) = Xw2S�dS� TwTd(t):In particular, mSt 2M�.Now suppose that h is an arbitrary non{zero element ofM�. By Theorem 3.18there exist rst 2 R such that h = P rstmst where mst 2 M. Suppose that mstis involved in h. By de�nition, S = �(s) is always row standard; therefore, S issemistandard by Proposition 3.16. If s 6= �rst(S) then there exists si 2 S� suchthat if s0 = ssi then �(s0) = S and s0 B s. Then Timst = (q � 1)mst + qms0tby Corollary 3.4 and Tih = qh by Lemma 3.2; hence, ms0t is also involved in h.Consequently, we may as well assume that s = �rst(S). Now leth0 = h�X�`n XS2T0(�;�) Xs;t2Std(�)s=�rst(S) rstmSt :Then h0 is an element ofM�; however, h involves no term mst with s = �rst(�(s)).Therefore, h0 = 0 and we have written h as a linear combination of the required



40 4. THE q{SCHUR ALGEBRAform.This allows us to give a Specht series for M�; that is, a �ltration of M� witheach composition factor isomorphic to a Specht module.4.11 Corollary Let � be a composition of n. Then, as an H {module, M� has a�ltration M� = M1 > M2 > � � � > Mk+1 = 0 such that for i = 1; 2; : : : ; k thereexists a partition �i of n with Mi=Mi+1 �= S�i . Moreover, for each partition � thenumber of �i equal to � is the number of semistandard �{tableaux of type �.Proof. Let fS1; : : : ; Skg be the set of semistandard tableaux of type � whereSi 2 T0(�i; �) and �i D �j whenever i > j. For i = 1; 2; : : : ; k + 1 let Mi be theR{module of M� with basis fmSj t j i � j � k and t 2 Std(�j g. ThenM� =M1 > M2 > � � � > Mk > Mk+1 = 0and by Theorem 3.18 each Mi is a right H {module.Fix an integer i with 1 � i � k. Then Mi \ �H �i � Mi+1. Consequently,there is a well{de�ned homomorphism � :S�i �!Mi=Mi+1 ofH {modules given by�(mt) = mSit+Mi+1 for all t 2 Std(�). The map � is certainly surjective; moreover,both modules have the same rank, so � is an isomorphism.The last result in this section requires some more notation. Let � be a partitionof n and let � and � be compositions of n. Suppose that S 2 T0(�; �) and T 2T0(�; �). Now de�ne mST =Xs;t mstwhere the sum is over all pairs (s; t) of standard �{tableaux such that �(s) = S and�(t) = T. Then, by (4.7), mST 2M� \M��. This allows us to prove the followingresult whose importance derives from Corollary 4.9.4.12 Corollary Suppose that � and � are compositions of n. Then M� \M�� isfree as an R{module with basisn mST ��� S 2 T0(�; �) and T 2 T0(�; �)for some partition � of n o:Proof. Suppose that h is a non{zero element ofM�\M��. Then, with respect tothe Murphy basis ofH we may write h =P rstmst for some rst 2 R. Now h 2M�,so by Theorem 4.10 if rst 6= 0 then �(s) is semistandard and rst = rs0t whenever�(s) = �(s0). Similarly, because h 2 M�� if rst 6= 0 then �(t) is semistandard andrst = rst0 whenever �(t) = �(t0). Consequently, if �(s) = �(s0) and �(t) = �(t0)then rst = rs0t = rs0t0 . The result follows.3. The semistandard basis theoremWe are now ready to prove that the q{Schur algebras are cellular. In fact, weshall see that they are quasi{hereditary.Recall that �(d; n) is the set of compositions and let �+(d; n) be the set ofpartitions contained in �(d; n). Suppose that � 2 �+(d; n), �; � 2 �(d; n) and that



3. THE SEMISTANDARD BASIS THEOREM 41S 2 T0(�; �) and T 2 T0(�; �). By Corollary 4.12,mST 2M�\M�� so we can de�ne'ST to be the element of S (d; n) given by4:13 'ST(m�h) = ���mSTh for all � 2 �(d; n) and h 2H :For any partition � 2 �+(d; n) let T0(�) = S�2�(d;n) T0(�; �) and de�ne�S �(d; n) to be the R{submodule of S (d; n) spanned by the homomorphisms 'STwhere S; T 2 T0(�) for some � 2 �+(d; n) such that � B �. Similarly, S �(d; n) isthe R{submodule spanned by the maps 'ST where S; T 2 T0(�) and � D �.4.14 The Semistandard Basis Theorem (R. Green) The q{Schur algebra isfree as an R{module with basis� = n 'ST ��� � 2 �+(d; n) and S; T 2 T0(�)o:Moreover,(i) The R{linear map � :S (d; n)�!S (d; n) determined by '�ST = 'TS, for allS; T 2 T0(�) and all � 2 �+(d; n), is an anti{isomorphism of S (d; n).(ii) Suppose that � 2 �+(d; n) and that T is a semistandard �{tableau. Then forall ' 2 S (d; n) there exist rV 2 R such that for all S 2 T0(�)'ST' � XV2T0(�) rV'SV mod �S �(d; n):Consequently, (�;�+(d; n)) is a cellular basis of S (d; n).Proof. Combining Corollary 4.9 and Corollary 4.12 shows that S (d; n) is free asan R{module with basis �. It remains to verify (i) and (ii).Let � be a partition in �+(d; n) and suppose that S 2 T0(�; �) and T 2 T0(�; �).Then '�ST(m�) = m�ST = mTS = �'TS(m�)��. Now suppose that � 2 �+(d; n), U 2T0(�; �) and V 2 T0(�; � ). We may assume that � = � since otherwise 'ST'UV = 0.Write mST = hSm� and mUV = hUm� for hS; hU 2H . Then('ST'UV)�(m�) = �'ST'UV(m� )�� = �hShUm� )� = m�h�Uh�S= 'VU(m� )h�S = 'VU(m�h�S) = 'VU'TS(m�):Hence, ('ST'UV)� = '�UV'�ST and � is an anti{isomorphism, proving (i).Now consider (ii). We may assume that ' 2 HomH (M � ;M�) for some � 2�(d; n). By Corollary 4.9 there exists an h 2 H such that '(m� ) = m�h; so,'ST'(m� ) = mSTh. Now mSTh is an element of M� \M �� so by Theorem 4.10we may write mSTh = P rUVmUV where rUV 2 R and the sum is over pairs (U; V)of semistandard �{tableaux where � 2 �+(d; n). Therefore, by Theorem 3.18(ii),there exist rV; rU0V0 2 R such thatmSTh = XV2T0(�;�) rVmSV + X�2�+(d;n)�B� XU02T0(�;�)V02T0(�;�) rU0V0mU0V0 :Hence, 'ST' � XV2T0(�;�) rV'SV mod �S �(d; n), which proves (ii).We call � the semistandard basis of S (d; n).Now that we have a cellular basis of the q{Schur algebra we can describe itsirreducible representations over a �eld. Traditionally, the cell modules of S (d; n)are called Weyl modules.



42 4. THE q{SCHUR ALGEBRALet � 2 �+(d; n) be a partition and recall that T� = �(t�) is the uniquesemistandard �{tableau of type �. From the de�nitions one sees that 'T�T� restrictsto the identity map on M�.The Weyl moduleW � is the right S (d; n){module ( �S �(d; n) + 'T�T� )S (d; n).Thus, W� is a submodule of S (d; n)= �S �(d; n) and which, as an R{module, is freewith basis f �S �(d; n) + 'T�T j T 2 T0(�) g.There is another description of W � which is more convenient for our purposes.Given a semistandard �{tableau T of type � let mT = Ptmt, where the sumis over those standard tableau t such that �(t) = T. Then mT 2 S�. De�ne'T to be homomorphism in HomH (M�; S�) given by 'T(m�) = mT. Note thatHomH (M�; S�) becomes a right S (d; n){module under composition of maps.4.15 Proposition Let � 2 �+(d; n) be a partition of n. Then there is a canonicalisomorphism of S (d; n){modulesW� �= M�2�(d;n)HomH (M�; S�) given by �S �(d; n) + 'T�T 7�!'T;for all T 2 T0(�).Proof. Let M = L�2�(d;n)M� and �M� = L�2�(d;n) �H � \M�. Each homo-morphism ' in �S �(d; n) mapsM into �M�; so we may regard S (d; n)= �S �(d; n) asa set of maps from M into M= �M�. In this way, if T is a semistandard �{tableauthen the homomorphism �S �(d; n) + 'T�T can be regarded as the map from M�into M= �M� which sends m� to �M� +mT�T. By the third isomorphism theorem,( �M� +M�)= �M� �=M�=( �M� \H �) =M�=( �H � \M�) �= ( �H � +M�)= �H �:However, ( �H � +M�)= �H � = S� so this shows that �S �(d; n) + 'T�T can be iden-ti�ed with the homomorphism 'T as claimed. Consequently, the map given in thestatement of the Proposition is an S (d; n){module isomorphism fromW � into theR{module spanned by f'T j T 2 T0(�) g. Conversely, given ' 2 HomH (M�; S�),the above identi�cations show that we can de�ne an element '̂ of W � by requiringthat '̂(m�h) = '(m�)h for all h 2 H . Hence, f'T j T 2 T0(�) g must span theS (d; n){moduleL� HomH (M�; S�). The Proposition follows.Hereafter, we identify W � andL�HomH (M�; S�). In particular, we will callf'T j T 2 T0(�) g the semistandard basis of W �.As in Chapter 2, the Weyl module W � possesses an associative symmetricbilinear form which is completely determined by the equationh'S; 'Ti'T�T� � 'T�S'TT� mod �S �(d; n)for all S; T 2 T0(�). In particular, h'S; 'Ti = 0 unless S and T are semistandardtableaux of the same type.Let L� = W �= radW � where, once again, radW � is the set of elements x 2W �such that hx; yg = 0 for all y 2W �.4.16 Theorem (Dipper{James) Suppose that R is a �eld.(i) Let � be a partition in �+(d; n). Then L� is an absolutely irreducible S (d; n){module.(ii) fL� j � 2 �+(d; n) g is a complete set of non{isomorphic irreducible S (d; n){modules.



3. THE SEMISTANDARD BASIS THEOREM 43Proof. We have already remarked that 'T�T� is the identity map on M�. There-fore, we compute thath'T� ; 'T� i'T�T� � 'T�T�'T�T� = 'T�T� mod �S �(d; n);so h'T� ; 'T� i = 1. In particular, L� 6= 0. Parts (i) and (ii) now follow fromTheorem 2.13.4.17 Corollary (Parshall{Wang) Suppose that R is a �eld. Then S (d; n) isquasi{hereditary.Proof. This is immediate from Theorem 4.16(ii) and Corollary 2.19.Given two partitions � and � in �(d; n) let d�� = [W � : L�] be the compositionmultiplicity of the simple module L� in W �. Corollary 2.14 yields the next result.4.18 Corollary Suppose that R is a �eld and let � and � be partitions in �+(d; n).Then d�� = 1 and if d�� > 0 then � B �.In Chapter 3 we de�ned d�� to be the decomposition multiplicity [S� : D�];we close this chapter by investigating more closely the links between the Iwahori{Hecke algebras and the q{Schur algebras when d � n. In particular, we show thatif � is e{restricted then [S� : D�] = [W � : L�]; thus, the notation d�� is consistentin this case. (If these two sets of decomposition numbers being equal worries you,reread the warning on page 25.)For the remainder of this section we assume that ! 2 �+(d; n); or equivalently,that d � n. In this case, HomH (H ;H ) is an R{submodule of S (d; n). Further-more, there is a canonical isomorphism of R{modules H �= HomH (H ;H ) givenby h 7�! �h where �h is the homomorphism given by left multiplication by h. Infact, H �= 'T!T!S (d; n)'T!T! since given standard �{tableaux S 2 T0(�; �) andT 2 T0(�; �) we have that 'T!T!'ST'T!T! = �!���!'ST.Noting that 'T!T! is idempotent in S (d; n), we can de�ne a functor from thecategory of right S (d; n){modules to the category of right H {modules; the Schurfunctor is the functor which sends a right S (d; n){moduleM to M'T!T! .4.19 Proposition Suppose that R is a �eld and that d � n. Let � be a partitionof n. Then, as right H {modules,(i) W �'T!T! �= S�;(ii) L�'T!T! �= D�.Furthermore, if � is an e{restricted partition of n then [W � : L�] = [S� : D�].Proof. Suppose that T is a standard �{tableau of type �. Then 'T'T!T! = 0unless � = ! and, if � = !, then T = t is a standard �{tableau and 'T'T!T! = 't.Consequently, W �'T!T! is free as an R{module with basis f't j t 2 Std(�) g andthe map W �'T!T! ! S� which sends 't to 't(m!) = mt is an isomorphism (cf.Proposition 4.15).Part (ii) of the Proposition nows follows from Theorem 3.39(ii) and Corol-lary 4.18. In particular, this shows that if L�'T!T! 6= 0 then � is e{restricted.Finally, let W � = W 1 > � � � > W k > 0 be a composition series for W �.Then S� �= W 1'T!T! � � � � � W k'T!T! � 0 gives an H {module �ltrationof S� with quotients W i'T!T!=W i+1'T!T! �= (W i=W i+1)'T!T! �= L�i'T!T! forsome partitions �i. By the last paragraph, L�i'T!T! is simple when �i is e{restricted and zero otherwise. Therefore, by omitting the modules W i'T!T! such



44 4. THE q{SCHUR ALGEBRAthat W i'T!T! �= W i+1'T!T! we obtain a composition series for S� which has therequired multiplicities. This proves (iii).Finally, let M = L�2�(d;n)M�. Then M is naturally a left S (d; n){modulewith action ' �m = '(m) for all ' 2 S (d; n) and all m 2M . Of course, M is alsoa right H {module and it is clear that the actions of S (d; n) and H commute.4.20 Theorem (The double centralizer property) Suppose that d � n. ThenS (d; n) �= EndH � M�2�(d;n)M�� and H �= EndS (d;n) � M�2�(d;n)M��:Proof. The �rst isomorphism is just the de�nition of the q{Schur algebra, so thereis nothing to prove here. For the second isomorphism, notice that by Corollary 4.9for any composition � we haveM� =M�\H � �= Hom(H ;M�). In fact, we claimthat as H {modules 'T�T�S (d; n)'T!T! �= M�. To see this �rst notice that byTheorem 4.14, the R{module 'T�T�S (d; n)'T!T! has basis f'Stg where S 2 T0(�; �)and t 2 Std(�) for some � 2 �+(d; n). Hence, the R{linear map determined by'St 7�!'St(m�) is an isomorphism by Theorem 4.10. Consequently,M�2�(d;n)M� �= M�2�(d;n)HomH (H ;M�) �= M�2�(d;n)'T�T�S (d; n)'T!T! :However,P� 'T�T� is the identity element of the q{Schur algebra so, as anS (d; n){module,L�M� �= S (d; n)'T!T! . Therefore, as algebras,EndS (d;n) �M� M�� �= EndS (d;n) �S (d; n)'T!T!� �= 'T!T!S (d; n)'T!T! ;the last isomorphism coming from Lemma 2.20. Since H and 'T!T!S (d; n)'T!T!are canonically isomorphic, the Theorem follows.In fact, the argument shows that the isomorphisms in the Theorem are canon-ical. Notes on Chapter 41. The q{Schur algebra was introduced by Dipper and James in [15] where theyshowed that it completely determined the representation theory of the �nitegeneral linear groups in non{de�ning characteristic. This mirrors the classicaltheory, for which the reader is referred to Green's excellent book [27].2. Beilinson, Lusztig and MacPherson [3] have de�ned the q{Schur algebra usingthe geometry of the general linear groups (that these de�nitions coincide shownby Du [19]) and showed that there is a natural surjection from the quantumgeneral linear group Uq(gld) onto S (d; n). Latter Parshall and Wang [58] (seealso Dipper and Donkin [12]) showed how to construct Uq(gld) from the q{Schuralgebras. For details consult Brundan [5] and Donkin [18].3. A semistandard basis theorem for the Weyl modules of the q{Schur algebra was�rst proved by Dipper and James [16]; the treatment here is considerably easierand is based on [17].



NOTES ON CHAPTER 4 454. In a di�erent guise, the semistandard basis of the Schur algebra (i.e. the caseq = 1), �rst appeared as J. A. Green's [28] codeterminant basis; shortly after-wards, Woodcock [62] gave a more direct proof. Richard Green [29] generalizedWoodcocks argument to give a q{analogue of the codeterminant basis; it turnsout that this basis is the semistandard basis of Theorem 4.14. The constructionof the semistandard basis given here is based [17] and is very di�erent fromGreen's; that the semistandard basis and the Murphy basis are related was �rstobserved by Du and Scott [21].5. In [18] Donkin parameterizes the irreducible modules of the 0{Schur algebraover a �eld and also gives an explicit character formula for the simple modules.As one might expect, the 0{Schur algebra is not quasi{hereditary; surprisingly,however, it is a quasi{Frobenius algebra (at least when d � n).6. It is shown in [10, 61.2] that whenever A is a quasi{Frobenius algebra, a 2 Aand J is an ideal of A then HomA(J; aA) �= J \ aA. By Proposition 1.14, H isquasi{Frobenius so this gives another proof of Corollary 4.9. (See also [17, x5].)7. Parshall and Wang [58] �rst showed that the q{Schur algebra is quasi{hereditary.In particular, this implies that the q{Schur algebras have �nite global dimension;this dimension has been explicitly calculated by Donkin [18] when d � n.8. The double centralizer property (4.20) is normally phrased in terms of actionsof S (d; n) and H upon \q{tensor space"; see [5,16].



CHAPTER 5The Jantzen{Schaper theoremIn this chapter we prove an analogue of the Jantzen sum formula for the q{Schur algebra. This is a strong result describing the structure of Weyl modules;however, its proof follows from the calculation of Gram determinants. As our mainapplication of this result we classify the blocks of H .1. The Gram determinant of W �Throughout this section we �x a partition � 2 �+(d; n) and a composition � 2�(d; n). The �{weight space of the Weyl moduleW � isW �� = W �'T�T� ; it is the freeR{submodule of S (d; n) with basis f'T j T 2 T0(�; �) g and, by Proposition 4.15,W�� �= HomH (M�; S�). The aim of this section is to compute the Gram determinantG�� = det �h'S; 'Ti� ofW �� , where and S and T run over T0(�; �) in some �xed order.Suppose that k is an integer with 1 � k � d and let x; x + 1; : : : ; y be theentries in row k of t�. Proposition 3.24(iii) shows that5:1 (Lx + Lx+1 + � � �Ly)m� = m�(Lx + Lx+1 + � � �Ly):Hence, we can de�ne a map L�i :M��!M� by specifying thatL�k(m�h) = (Lx + Lx+1 + � � �+ Ly)m�h;for all h 2 H . Note that L!k is just left multiplication by Lk, so these elementsare a generalization of the Jucys{Murphy elements of Chapter 2. Furthermore, L�kand L�j commute for all j and k by Proposition 3.24(iv).Let T 2 T0(�; �). As in (3.5), if k is an integer let T#k be the tableau obtainedfrom T by deleting all entries greater than k. Then, extending the dominanceordering on tableaux of type ! we write S D T if Shape(S # k) D Shape(T # k) fork = 1; 2; : : : ; n. It follows from Proposition 3.3 and Proposition 4.5 that S D T ifand only if d(�rst(S)) D d(�rst(T).Finally, let [resT(k)]q = Xx2[�][resT(x)]q; where the sum is over those nodes xsuch that T(x) = k (see (3.28)).5.2 Example Suppose that e = 3 and let � = (3; 2) and � = (22; 1). ThenT0(�; �) = fS; Tg where S = 1 1 22 3 and T = 1 1 32 2 . From the de�nitions, S B T,[resS(1)]q = [0]q + [1]q, [resS(2)]q = [2]q + [2]q and [resS(3)]q = [0]q.5.3 Theorem (James{Mathas) Suppose that T 2 T0(�; �) and let k be an integerwith 1 � k � d. Then 'TL�k = [resT(k)]q'T +XSBT rS'S;for some rS 2 R. 46



1. THE GRAM DETERMINANT OF W� 47Proof. Let t = last(T); then mT = mt +PsBtms where the sum is over thosestandard �{tableaux such that �(s) = T. Therefore, by Theorem 3.30,'TL�k(m�) = mT(Lx + � � �+ Ly)= �mt + XsBt:�(s)=Tms�(Lx + � � �+ Ly)= [resT(k)]qmt +XsBt bsms;for some bs 2 R. However, 'T�TL�k (m�) 2 M� \M�� so by Corollary 4.12 thereexist bS 2 R such that'TL�k(m�) = [resT(k)]qmT +XSBT bSmS:Hence, 'TL�k = [resT(k)]q'T +PSBT bS'S proving the Theorem.Recall that e is the smallest positive integer (or e = 1) such that [e]q = 0.Just as in section 3 of Chapter 3, until further notice we assume that R is a �eldand that e > n. An argument similar to that of Lemma 3.32 proves the following.5.4 Lemma Suppose that R is a �eld and that e > n. Let S and T be two semi-standard �{tableaux of type �. Then [resS(k)]q 6= [resT(k)]q for some integer k.Exactly as in (3.31), for any semistandard �{tableau T of type � letFT = Yk�1 YS2T0(�;�)[resS(k)]q 6=[resT(k)]q L�k � [resS(k)]q[resS(k)]q � [resT(k)]qand de�ne  T = 'TFT.Because of Theorem 5.3 and Lemma 5.4 the proof of Proposition 3.33 can nowbe repeated, word for word, to prove the following result.5.5 Proposition Suppose that R is a �eld and that e > n. Let T be a semistandard�{tableau of type �. Then(i) There exist aS 2 R such that  T = 'T +PSBT aS'S.(ii) If S B T then 'S T = 0.(iii) For k = 1; : : : ; n,  TLk = [resT(k)]q T.(iv) For any S 2 Std(�),  TFS = �ST T.5.6 Corollary f T j T 2 T0(�; �)g is an orthogonal basis of W �� .Proof. That f T j T 2 T0(�; �) g is a basis of W �� is immediate from part (i) ofthe Proposition. Using part (iv) we �nd that for any semistandard �{tableaux Sand T of type � we have h S;  Ti = h'SFS;  Ti = h'S;  TFSi = �STh'S;  Si; provingthe Corollary.In order to compute the Gram determinant G�� of W �� we determine the innerproducts h T;  Ti for all T 2 T0(�; �). For this we need some combinatorics.Let T be a semistandard �{tableau of type �. For each node (i; j) 2 [�] let�T(i; j) = f (k; l) 2 [�] j l < j; T(k; l) < T(i; j) and T(k0; l) > T(i; j) for all k0 > k g



48 5. THE JANTZEN{SCHAPER THEOREMand let 
T(q) = Y(i;j)2[�] Y(k;l)2�T(i;j) [j � i+ k � l + 1]q[j � i + k � l]q :Most of the time we omit the q and simply write 
T.Suppose that is t is a standard �{tableau and let x = (i; j) and y = (k; l). Thenrest(x) � rest(y) = j � i + l � k is the \axial distance" from x to y in the diagramof �.5.7 Example Suppose that � = (3; 2) and let t = 1 2 43 5 , S = 1 1 22 3 and T = 1 1 32 2 .Then 
t = [2]q[1]q � [2]q[1]q [4]q[3]q � [2]q[1]q ; 
S = [2]q[1]q [2]q[1]q and 
T = [3]q[2]q [4]q[3]q :Notice that if � = (22; 1) then T0(�; �) = fS; Tg and 
S
T = [2]q[4]q, so 
S
T 2Z[q].Recall that [m]!q = [1]q : : : [m]q. For any partition � = (�1; : : : ; �k) we alsolet [�]!q = [�1]!q : : : [�k]!q.5.8 Lemma Let � 2 �+(d; n). Then 
t� = [�]!q.Proof. When n = 1 then � = (1) and 
t� = 1 so the Lemma is correct. Nowsuppose that n > 1 and let � = (�1; : : : ; �r), where �r > 0, and let � be thepartition (�1; : : : ; �r � 1). By induction, 
t� = [�]!q. Consequently,
t� = 
t� � [2]q[1]q � � � [�r]q[�r � 1]q = [�]!q[�r]q = [�]!q;completing the proof.5.9 Lemma Suppose that s and t are standard �{tableau such that s B t ands = t(i; i + 1) for some integer i with 1 � i < n. Then 
t = q�1(q + �)(1 � �)
swhere ��1 = [ress(i) � rest(i)]q.Proof. By de�nition, if (a; b) 2 [�] then the sets �s(a; b) and �t(a; b) are equalunless s(a; b) = i. Furthermore, if s(a; b) = i and s(c; d) = i + 1 then a > c andd < b so �s(a; b)[ f(c� 1; d)g = �t(a; b) [ f(c; d)g; where both unions are disjoint.It follows that
t = [ress(i) � rest(i) + 1]q[ress(i) � rest(i)]q � [ress(i)� rest(i) � 1]q[ress(i) � rest(i)]q � 
s = q�1(q + �)(1� �)
sas required.5.10 Proposition Let t be a standard �{tableaux. Then h t;  ti = q`(d(t))
t.Proof. Suppose �rst that t = t�; then  t� = 't� by Proposition 5.5(i). Byde�nition, h t� ;  t�i'T�T� � 'T�t�'t�T� mod �S �(d; n), and'T�t�'t�T� (m�) = 'T�t� (m�) = 'T�t�(1)m� = m�m� = [�]!qm�by Lemma 3.2. Thus, h t� ;  t� i = 
t� by Lemma 5.8.Now suppose that t 6= t�. Then there exists a standard �{tableau s such thats B t and s = t(i; i+1) for some i. Furthermore, by Theorem 3.34, fsTi = ft��fs,



1. THE GRAM DETERMINANT OF W� 49where ��1 = [ress(i) � rest(i)]q . Therefore,  t =  sTi + � s since  v(1) = fv forall v 2 Std(�); consequently,h t;  ti = h sTi + � s;  sTi + � si= h sTi;  sTii + 2�h sTi;  si+ �2h s;  si= h sT 2i ;  si+ 2�h sTi;  si + �2h s;  si= (2�+ q � 1)h sTi;  si + (q + �2)h s;  si= (2�+ q � 1)h t � � s;  si+ (q + �2)h s;  si= (q + �)(1� �)h s;  si;where for the last equality we have used Corollary 5.6. However, by inductionon dominance, h s;  si = q`(d(s))
s; so, by Lemma 5.9, h t;  ti = q1+`(d(s))
t =q`(d(t))
t as required.5.11 Corollary Suppose that t is a standard �{tableaux. Then hft; fti = q`(d(t))
t.Consequently, the Gram determinant of the Specht module S� is equal toG!(�) = Yt2Std(�) q`(d(t))
t:Now we turn to tableaux of arbitrary type. To do this we need to compare'T!T�'t and 'T when T = �(t); this will be accomplished by the next de�nition.Let t be a standard �{tableau such that T = �(t) is semistandard. For each node(i; j) 2 [�] letP �t (i; j) = f (k; l) 2 [�] j l < j; t(k; l) < t(i; j) and T(i; j) = T(k; l) gand ��t = Y(i;j)2[�] Y(k;l)2P�t (i;j) [j � i + k � l + 1]q[j � i + k � l]q :5.12 Example Suppose that � = (3; 2) and � = (22; 1). Then T = 1 1 22 3 is astandard �{tableau of type � and s = �rst(T) = 1 2 34 5 and t = last(T) = 1 1 43 5 .Therefore, ��s = [2]q[1]q and ��t = [2]q[1]q [4]q[3]q :Notice that 
t = ��t 
T by Example 5.7.Let d 2 D�� and recall from Proposition 4.5 that � = �d\� is the compositionof n such that S� = d�1S�d \S�.5.13 Lemma Let T be a semistandard �{tableau of type �.(i) Let t = �rst(T) and let d = d(t). Then ��t = [�]!q where � = �d \ �.(ii) Let t = last(T). Then 
t = ��t 
T.Proof. Let t = �rst(T) and suppose that (i; j) 2 [�]. ThenP �t (i; j) = f (k; l) 2 [�] j l < j and T(i; j) = T(k; l)g :Therefore, if p�ij = jP �t (i; j)j thenY(k;l)2[�] [j � i + k � l + 1]q[j � i + k � l]q = [2]q[1]q � � � [p�ij + 1]q[p�ij]q = [p�ij + 1]q:



50 5. THE JANTZEN{SCHAPER THEOREMConsequently, ��t = Q(i;j)2[�][p�ij+1]q = Qr�1Qnk=1fcrk(t)gq where crk(t) is equalto the number of entries in row r of T which are equal to k. However, the parts of �are precisely the numbers crk(t) as r and k vary (cf. Example 4.6), so this provespart (i).Part (ii) follows by comparing the de�nitions of 
t and ��t .5.14 Lemma Suppose that t is a standard �{tableau, T = �(t) and s = �rst(T).(i) If T is semistandard then 't'T!T� = q`(w)��s'T where � = �d \ � and w is theelement of S� such that d(t) = d(s)w.(ii) If T is not semistandard then there exist cS 2 R such that 't'T!T� =XSBT cS'S.Proof. Applying the de�nitions we �nd that't'T!T�(m�) = 't(m�) = 't(1)m� = mtm�:Therefore, if T = �(t) is semistandard then msm� = [�]!qmT by Proposition 4.5(i)and Lemma 3.2; consequently, msm� = ��s'T by Lemma 5.13(i). Moreover, d(t) =d(s)w, for some w 2 Sn, and mtm� = msTwm� = q`(w)msm� = q`(w)��smT byLemma 3.2. This proves (i).When T is not semistandard the argument is a little bit ugly. First considerthe case where H = HZ . Because T is not semistandard there exists an integer isuch that si 2 S� and i and i + 1 are in the same column of t. As a result, byCorollary 3.19, there exist rv 2 Z such that(1 + q̂)mtm� = mt(1 + Ti)m� =XvBt rvmvm�:By induction on v we can write mvm� as a Z{linear combination of terms mS forwhich S D �(v) B T. Therefore, there exist ĉS 2 Z such that (1 + q̂)mtm� =PS ĉSms with ĉS 6= 0 only if S B T. However, fmS j S 2 T0(�; �) g is a Z{basis ofM�Z \M��Z , and the structure constants lie in Z, so it follows that each of ĉS isdivisible by (1 + q̂). Hence, we can divide by 1 + q̂ and then specialize q̂ to deducethe result.5.15 Lemma Suppose that s and t are semistandard �{tableaux of type � such that�(s) = �(t), s B t and s = t(i; i+1) for some integer i. Then ��t = (q+�)��s where��1 = [ress(i) � rest(i)]q .Proof. Let (a; b) and (c; d) be the nodes in [�] such that t(a; b) = i and t(c; d) =i + 1; then s(a; b) = i + 1 and s(c; d) = i and b < d since s B t. Therefore,P�t (a; b) = P �s (a; b) [ f(c; d)g and P �t (x) = P �s (x) for all nodes x 6= (a; b) in [�].Hence, ��t = [b� a+ c� d+ 1]q=[b� a+ c � d]q��s = (q + �)��s .5.16 Lemma Suppose that t is a standard �{tableau such that T = �(t) is semis-tandard. Then  t'T�T! = ��t  T.Proof. Suppose that t is a standard �{tableau such that �(t) = T. We �rst showthat  t'T�T! = rt'T for some rt 2 R. Let k be an integer with 1 � k � d and letx; x+1; : : : ; y be the entries in row k of t�. Then, by (5.1) and Proposition 5.5(iii), t'T�T!L�k =  t(L!x + L!x+1 + � � �+ L!y )'T�T! = [resT(k)]q t'T�T! :



1. THE GRAM DETERMINANT OF W� 51However,  t'T�T!L�k 2 W �� and f'S j S 2 T0(�; �) g is a basis of W �� by Corol-lary 5.6; so it follows that there exist rt 2 R such that  t'T�T! = rt T fromProposition 5.5(iv). It remains to show that rt = ��t for all t.Suppose that t = �rst(T). Then 'T = ��t 't'T!T� by Lemma 5.13(i) andLemma 5.14(i). Furthermore, by Proposition 5.5(i), there exist as 2 R such that t = 't +PsBt as's. Therefore, by Lemma 5.14, t'T!T� = 't'T!T� +XsBt as's'T!T� = ��t 'T +XSBT bS'Sfor some bS 2 R. However,  t'T!T� is a multiple of 'T so  t'T!T� = ��t 'T byProposition 5.5(i), and we are done in this case.Finally suppose that t 6= �rst(T). Then there exists a standard �{tableau ssuch that �(s) = T, s B t and s = t(i; i+ 1) for some integer i with (i; i + 1) 2 S�.Now 'T!T�Ti = q'T!T� by Lemma 3.2 and  t =  sTi+� s, where ��1 = [ress(i)�rest(i)]q , by Theorem 3.34. Therefore, by induction, t'T!T� =  s(Ti + �)'T!T� = (q + �) s'T!T� = (q + �)��s T = ��t  T;the last equality coming from Lemma 5.15.5.17 Lemma Suppose that T is a semistandard �{tableau of type � and let t =last(T). Then there exist bs 2 R such that T'T�T! =  t +XsBt bs s:Proof. By Proposition 4.5,mT = mt+Pms where the sum is over those standard�{tableaux s such that s B t and �(s) = T. Therefore, by Proposition 5.5(i) thereexist aS 2 R such that T'T�T! (1) =  T(m�) = 'T(m�) +XSBT aS'S(m�) = mT +XSBT aSmS = mt +XsBt b0s:Hence,  T'T�T! = 't +PsBt b0s's. Now apply Proposition 5.5(i) once more.5.18 Theorem Suppose that R is a �eld and that e > n. Let T be a semistandard�{tableau of type �. Then h T;  Ti = q`(d(t))
T where t = last(T).Proof. Let t = last(T); then  t'T!T� = ��t  T by Lemma 5.17. Consequently,��t h T;  Ti = h t'T!T� ;  Ti = h t;  T'�T!T�i = h t;  T'T�T! i;the second last equality coming from Proposition 2.7(ii). By Lemma 5.17 thereexist bs 2 R such that  T'T�T! =  t +PsBt bs s, so��t h T;  Ti = h t;  T'T�T! i = h t;  ti+XsBt bsh t;  si = h t;  ti = q`(d(t))
t;by Corollary 5.6 and Proposition 5.10. However, ��t 
T = 
t by Lemma 5.13(ii) sowe're done.Let q̂ be an indeterminant over Zand de�ne g�� (q̂) = QT 
T(q̂). For the re-mainder of this section we �x N = PT `(d(last(T))) where the sum is over thesemistandard �{tableaux T of type �.



52 5. THE JANTZEN{SCHAPER THEOREM5.19 Corollary Suppose that R is an integral domain and let � 2 �+(d; n) and� 2 �(d; n). Then G�� = qNg��, considering g�� as an element of R.Proof. Suppose �rst that R = Q(q̂) where q̂ is an indeterminant over Q. ByProposition 5.5(i) the transition matrix between the semistandard basis ofW �� andits orthogonal basis is unitriangular so by Theorem 5.18G��(q̂) = q̂N YT2T0(�;�) 
T(q̂) = q̂N g��(q̂):However, by de�nition, G��(q̂) 2Z[q̂] so it follows that g��(q̂) 2Z[q̂]. (This is quiteastounding given the de�nition of the rational functions 
T(q̂)!)Now suppose that R is an arbitrary integral domain and let q be an invertibleelement of R. Consider R[q̂] as aZ[q̂]{module via the homomorphism � :Z[q̂]�!Rwhich maps q̂ to q. Then � sends an inner product h'S; 'Ti in SZ[q̂];q̂(d; n) tothe corresponding inner product in SR;q(d; n). Hence, g��(q) = ��g��(q̂)� can beconsidered as an element of R and the Gram determinant G��(q) of the R{moduleW�� is equal to qN g��(q).5.20 Example Let � = (3; 2) and � = (22; 1). Then T0(�; �) = fS; Tg whereS = 1 1 22 3 and T = 1 1 32 2 . Therefore, G�� = q[2]q[4]q by Example 5.7.Now that we have formula for G�� we pull some contortionists' tricks to rewritethe product g�� in a more usable form.Let � be a partition of n and let � 0 be its conjugate partition ; that is, � 0 =(� 01; � 02; : : :) where � 0i is equal for the number of nodes in column i of [�] for eachi � 1.For 1 � i � n let �i = n� i+ � 0i; then � = (�1; : : : ; �n) is the sequence of betanumbers for �. Notice that �1 > �2 > � � � > �n � 0. For example, if � = (n) then�0 = (1n) and (n; n � 1; : : : ; 1) is the sequence of beta numbers for �; if � = (1n)then � 0 = (n) and � = (2n� 1; n� 2; : : : ; 1; 0).5.21 Let � = (�1; : : : ; �n) be any sequence of integers and let � = (�1; : : : ; �n) bethe sequence obtained by putting the terms in � into non{increasing order. Then� is the sequence of beta numbers for some partition if and only if �c � 0 forc = 1; : : : ; n and �b 6= �c if b 6= c.Suppose that � is a sequence of beta numbers for some partition � 2 �+(d; n).Then there exists a unique element w in Sn such that �c = �cw for c = 1; : : : ; n.For any composition � let d� (�) = (�1)`(w)jT0(�; � )j; so d� (�) = � dimW �� .If � is not the sequence of beta numbers for any partition in �+(d; n) then weset d� (�) = 0.Now we return rewriting our formula for G��. Let � = (�1; : : : ; �n) be thesequence of � numbers for � and suppose that Z is the largest integer such that�Z 6= 0. Let z = �Z ; then every tableau T in T0(�; �) has z exactly entries equal toZ and these occur at the feet of distinct columns, say columns c1 < c1 < � � � < cz.Let TC be the tableau obtained from T by deleting all of the entries labelled Z andlet �C = (�C1 ; : : : ; �Cn ) be sequence of integers given by�Cb = (�b � 1; if b 2 C;�b; if b =2 C;



1. THE GRAM DETERMINANT OF W� 53where C = fc1; : : : ; czg. Let �C be the partition of n � z whose sequence ofbeta numbers is �C . Then TC is a semistandard �C{tableau of type � where� = (�1; : : : ; �Z�1; 0). Consequently, by the conventions of (5.21),d�(�) = jT0(�; �)j = XC�f1;2;::: ;ngjCj=z d�(�C ):More generally, for any sequence � = (�1; : : : ; �n) of integers we have5:22 d�(�) = XC�f1;2;::: ;ngjCj=z d�(�C);where the sequence �C is de�ned in exactly the same way as the sequence �C .For convenience let n = f1; 2; : : : ; ng. In the next Lemma, if C � n and �Cis not a sequence of beta numbers of a partition in �+(d; n) then we adopt thatconvention that g�C� = 1 and T0(�C ; �) = ?.5.23 Lemma Let � = (�1; : : : ; �n) be the sequence of beta numbers for �. Theng��(q̂) = B2B3 YC�njCj=z g�C� (q̂)where B2 = Yh�1 YC�njCj=z�1 Yb;c=2C�Cb ��Cc +1=h[h]�d�(�C1 ;::: ;�Cb �h;::: ;�Cc �1+h;::: ;�Cn )q̂and B3 = Yh�1 YC�njCj=z�1 Yb;c=2C�Cb ��Cc =h [h]d�(�C1 ;::: ;�Cb �1�h;::: ;�Cc +h;::: ;�Cn )q̂ .Proof. By de�nitiong��(q̂) = YT2T0(�;�)
T(q̂) = YT2T0(�;�) Y(i;j)2[�] Y(k;l)2P�(i;j) [j � i + k � l + 1]q̂[j � i+ k � l]q̂ :The discussion of (5.21) shows that deleting all of the nodes labelled Z from atableau gives a bijective correspondence between the sets T0(�; �) andSC T0(�C ; �),where C runs through the subsets of n of size z. Therefore,YT2T0(�;�) Y(i;j)2[�]T(i;j)6=Z Y(k;l)2P�(i;j) [j � i + k � l + 1]q̂[j � i+ k � l]q̂ = YC�njCj=z g�C� (q̂):Next suppose that (i; j) 2 [�] and T(i; j) = Z. Then (i; j) is at the foot of somecolumn in [�] and if (k; l) 2 P �(i; j) then T(k; l) < Z and l < j; therefore, �l��j =



54 5. THE JANTZEN{SCHAPER THEOREMj � i + k � l. Hence,YT2T0(�;�) Y(i;j)2[�]T(i;j)=Z Y(k;l)2P�(i;j)[j � i+ k � l + 1]q̂[j � i+ k � l]q̂ = YC�njCj=z�Yb<cc2Cb=2C [�b � �c + 1]q̂[�b � �c]q̂ �d�(�C)= Yh�1 YC�njCj=z Yb=2C;c2C�b��c+1=h[h]d�(�C1 ;::: ;�Cb�1;�b;�Cb+1;::: ;�Cc�1 ;�c�1;�Cc+1;::: ;�Cn )q̂Yb=2C;c2C�b��c=h [h]d�(�C1 ;::: ;�Cb�1 ;�b;�Cb+1;::: ;�Cc�1 ;�c�1;�Cc+1;::: ;�Cn )q̂= Yh�1 YC�njCj=z�1 Yb;c=2C�Cb ��Cc +1=h[h]�d�(�C1 ;::: ;�Cb�1 ;�Cc �1;�Cb+1;::: ;�Cc�1 ;�Cb ;�Cc+1 ;::: ;�Cn )q̂Yb;c=2C�Cb ��Cc =h [h]�d�(�C1 ;::: ;�Cb�1 ;�Cc �1;�Cb+1;::: ;�Cc�1 ;�Cb ;�Cc+1 ;::: ;�Cn )q̂= Yh�1 YC�njCj=z�1 Yb;c=2C�Cb ��Cc +1=h[h]�d�(�C1 ;::: ;�Cb�1 ;�Cb �h;�Cb+1;::: ;�Cc�1 ;�Cc �1+h;�Cc+1;::: ;�Cn )q̂Yb;c=2C�Cb ��Cc =h [h]�d�(�C1 ;::: ;�Cb�1 ;�Cb �1�h;�Cb+1;::: ;�Cc�1 ;�Cc +h;�Cc+1;::: ;�Cn )q̂ ;where the last equation follows using the relation �Cb ��Cc +1 = h, in the numerator,and �Cb � �Cc = h, in the denominator. Combining the above equations proves theLemma.In the next result (and similarly in the de�nition of B2 and B3 above), the onlyrestriction on b and c is that �b < �c+h; in particular, we do not require that b < cas might be inferred from the notation.5.24 Proposition Suppose that R is an integral domain. Let � 2 �+(d; n) and� 2 �(d; n) and suppose that � = (�1; : : : ; �n) is the sequence of beta numbers for�. Then g�� = Yh�1Yc2n Yb2n�b>�c�h[h]�d�(�1;::: ;�b+h;::: ;�c�h;::: ;�n)q ;regarded as an element of R.Proof. As in the proof of Corollary 5.19 it is su�cient to consider the case whereR = Z[q̂]. We now argue by induction on n. When n = 1 both g�� and theright hand side are equal to 1, so we may assume that n > 1. By induction,QC g�C� = G1G2G3G4 where, in the product, C runs over all subsets of n which



1. THE GRAM DETERMINANT OF W� 55have z elements andG1 = Yh�1 YC�njCj=z Yc=2C Yb2nnC�Cb >�Cc �h[h]�d�(�C1 ;::: ;�Cb +h;::: ;�Cc �h;::: ;�Cn )q̂ ;G2 = Yh�1 YC�njCj=z�1Yc=2C Yb=2C�Cb >�Cc �1+h[h]�d�(�C1 ;::: ;�Cb +h;::: ;�Cc �1+h;::: ;�Cn )q̂ ;G3 = Yh�1 YC�njCj=z�1Yc=2C Yb=2C�Cb +1>�Cc �h[h]�d�(�C1 ;::: ;�Cb +1�h;::: ;�Cc �h;::: ;�Cn )q̂ ;and G4 = Yh�1 YC�njCj=z�2Yc=2C Yb=2C�Cb >�Cc �h[h]�d�(�C1 ;::: ;�Cb +1�h;::: ;�Cc �h�1;::: ;�Cn )q̂ :Let B2 and B3 be as in Lemma 5.23. ThenB2G2 = Yh�1 YC�njCj=z�1Yc=2C Yb=2C�Cb >�Cc �h[h]�d�(�C1 ;::: ;�Cb +h;::: ;�Cc �1+h;::: ;�Cn )q̂ ;and B3G3 = Yh�1 YC�njCj=z�1Yc=2C Yb=2C�Cb >�Cc �h[h]�d�(�C1 ;::: ;�Cb +1�h;::: ;�Cc �h;::: ;�Cn )q̂ :By Lemma 5.23 again, g�� = G1(B2G2)(B3G3)B4, so combining the last threeequations and using (5.22) completes the proof.5.25 Example As in Example 5.20, let � = (3; 2) and � = (22; 1). The sequenceof beta numbers for � is � = (6; 5; 3; 1; 0) soG�� = q[2]�d�(4;7;3;1;0)q [3]�d�(9;2;3;1;0)q [4]�d�(2;5;7;1;0)�d�(2;9;3;1;0)q= q[2]jT0((3;12);�)jq [3]jT0((15);�)jq [4]jT0((22;1);�)j�jT0((15);�)jq :Because jT0((15); �)j = 0 and jT0((22; 1); �)j = jT0((3; 12); �)j = 1, this agrees withthe answer obtained for G�� in Example 5.20.Proposition 5.24 gives a closed formula for G��. A more combinatorial statementis possible; this requires a �nal piece of notation and a Lemma.Let (a; b) be a node in the diagram of �. Then (a; b)th hook of � is the setH�ab = f (a; c) 2 [�] j c � b g [ f (d; b) 2 [�] j d � a g ;that is, (a; b)th hook is the set of nodes in [�] which are either in the same row andto the right of (a; b), or in the same column and below (a; b) { including (a; b). Leth�ab = jH�abj = �a + �0b� a� b+1 be the (a; b)th hook length. The leg length of H�abis l�ab = �0b � a + 1; that is, l�ab is equal to the number of nodes in H�ab which arecontained in column b of [�].



56 5. THE JANTZEN{SCHAPER THEOREMSimilarly, the (a; b)th rim hook R�ab is the collection of nodes along the rim of [�]from row a to column b. This is best illustrated by an example; let � = (6; 4; 3)then H�12 = ������� and R�12 = ������� :Thus, there is a one{to{one correspondence between hooks and rim hooks andjR�abj = h�ab. Importantly, if � is a partition of n then [�] nR�ab is the diagram of apartition of n� h�ab. For example, when � = (6; 4; 3) then [�] nR�12 = [(3; 2; 1)].If [�] nR�ab = [�] we say that � can be obtained from � by wrapping on the rimhook R�ab; alternatively, � can be obtained from � by unwrapping R�ab.5.26 Lemma Let � = (�1; : : : ; �n) be the sequence of beta numbers for � and let band h be integers with 1 � b � n and h � 1. Then there exists a composition �such that d� (�1; : : : ; �b � h; : : : ; �n) 6= 0 only if h = h�ab for some (a; b) 2 [�]. Inthis case, d� (�1; : : : ; �b � h; : : : ; �n) = (�1)h�l�abd� (�1; : : : ; �n)where (�1; : : : ; �n) is the sequence of beta numbers for the partition � which isobtained by unwrapping the rim hook R�ab from �.Proof. There exists a composition � such that d� (�1; : : : ; �b � h; : : : ; �n) 6= 0only if �b � h 6= �c for all integers c such that b < c � n and �b � h � 0.Suppose that �b � h � 0 and that there exists an integer c such that b � c � nand �c > �b � h > �c+1 (setting �n+1 = �1 if necessary). Then we can remove hnodes from along the rim of �, starting with the last node in column b and ending incolumn c so as the leave the diagram of a partition �. If the last node is in row a thenh = h�ab and [�] = [�]nR�ab. Finally, the sign attached to d� (�1; : : : ; �b�h; : : : ; �n)is (�1)b�c = (�1)h�l where l = l�ab.5.27 Theorem (James{Mathas) Suppose that R is an integral domain and let� = (�1; : : : ; �n) be the sequence of beta numbers for �. ThenG�� = qN Y(a;b)2[�](a;c)2[�]b<c � [h�ab]q[h�ac]q�d�(�1;::: ;�b+h�ab ;::: ;�c�h�ab ;::: ;�n):Proof. By Corollary 5.19,G�� = qN g��; thus, by Proposition 5.24 and Lemma5.26,G�� = qN Y(a;b)2[�] Yc2n�b>�c�h�ab[h�ab]�d�(�1;::: ;�b+h�ab ;::: ;�c�h�ab;::: ;�n)q= qN Y(a;b)2[�] Yb<c2n�b>�c�h�ab[h�ab]�d�(�1;::: ;�b+h�ab ;::: ;�c�h�ab;::: ;�n)q� Y(a;b)2[�] Yb>c2n�b>�c�h�ab[h�ab]�d�(�1;::: ;�c�h�ab;::: ;�b+h�ab ;::: ;�n)qNow if c > b and �b > �c � h�ab then �d�(�1; : : : ; �c� h�ab; : : : ; �b +h�ab; : : : ; �n) =d�(�1; : : : ; �b + h�ab; : : : ; �c � h�ab; : : : ; �n); moreover, by Lemma 5.26 this is equal



2. THE JANTZEN SUM FORMULA 57to zero unless (a; c) 2 [�] since �b � h�ab = �c � h�ac if (a; c) 2 [�]. On the hand, ifc < b then (a; c) 2 [�]. Combining these facts proves the Theorem.By Lemma 5.26 the exponent d�(�1; : : : ; �b + h�ab; : : : ; �c � h�ac; : : : ; �n) hasa combinatorial interpretation which makes Theorem 5.27 easy to apply. Namely,suppose that the partition � is obtained by unwrapping the (a; c)th rim hook R�acfrom [�] and then wrapping it back on in such a way that its lowest node is incolumn b; then, d�(�1; : : : ; �b + h�ab; : : : ; �c � h�ac; : : : ; �n) = (�1)l�ab+l�ac jT0(�; �)j:5.28 Example Suppose that � = (3; 2). In the diagrams below, using the notationof Theorem 5.27, we label the nodes (a; b) and (a; c) by b and c respectively andwe mark the other nodes in the various rim hooks with a cross; in the right handcolumn we give the contribution of each pair of nodes to G��.b c ! b� contributing 1b c ! b� contributing � [4]q[1]q �jT0((22;1);�)jb c �� ! b��� contributing � [4]q[3]q ��jT0((15);�)jb c ! b� contributing � [2]q[1]q �jT0((3;12);�)jTherefore, G�� = [2]jT0((3;12);�)jq [3]jT0((15);�)jq [4]jT0((22;1);�)j�jT0((15);�)jq ; agreeing withthe answer obtained in Example 5.25.2. The Jantzen sum formulaSo far this Chapter has been devoted to calculating determinants. Using atechnique due to Jantzen we now transform these results into strong statementsabout the structure of Weyl modules and Specht modules.Throughout this section R will be a principal ideal domain and p a prime in R.Let F = R=pR be the residue �eld of (R; p) and �p :R��!N the p{adic valuationmap; that is, if r 2 R and r 6= 0 then �p(r) = i if i is the largest integer such that ris an element of piR.Suppose that M is a free �nite dimensional R{module which is equipped witha symmetric bilinear form h ; i :M �M�!R. For each integer k � 1 letM (k) = f e 2M j he; fi 2 pkR for all f 2M g ;and letMF(k) =M
RF be the reduction ofM (k) modulo p. BecauseMF=M
RFis a �nite dimensional F{module, there exists an integer z � 1 such thatMF(k) = 0whenever k � z. The �ltrationMF=MF(0) �MF(1) � � � � �MF(z) > 0is so{called Jantzen �ltration of MF. Observe that MF(1) = radMF.Let e1; : : : ; ed be a basis for M and let G = det(hei; eji) be the Gram determi-nant of the bilinear form with respect to this basis. Note that G belongs to R.5.29 Lemma (Jantzen) Let R be a principal ideal domain and suppose that thebilinear form h ; i is non{degenerate. Then �p(G) =Pi>0 dimFMF(i).



58 5. THE JANTZEN{SCHAPER THEOREMProof. Because R is a principal ideal domain, we can �nd a basis ff1; : : : ; fdg ofM such that there exist ri 2 R� with hei; fji = �ijri for 1 � i; j � d. Furthermore,the Gram determinant G =Qzi=1hei; fii = Qdi=1 ri, so �p(G) =Pdi=1 �p(ri).Now, m = Pi aifi, for ai 2 R, is an element of M (k) if and only if airi is anelement of pkR for i = 1; : : : ; d; that is, �p(airi) � k for all i. Therefore, M (k) isthe free R{submodule of M with basisf fi j �p(ri) � k g [ f pk��p(ri)fi j �p(ri) < k g :Accordingly, MF(k) has basis f fi 
 1 j �p(ri) � k g and soXk>0dimF MF(k) = zXi=1 �p(ri) = �p(G);as we wished to show.We are going to apply this Lemma in the case where M = W �R'T�T� ; before wecan do this however, we need some preparation.Let q̂ be an element of R such that [n]!̂q 6= 0; by Theorem 5.27 this ensures thatG��(q̂) 6= 0 for all � 2 �+(d; n) and � 2 �(d; n). Let q = q̂ + pR and consider F asan R{module in the natural way. Then SF;q(d; n) �= SR;q̂(d; n)
R F.Suppose that MF is a right SF;q(d; n){module and let f a� j � 2 �+(d; n)g bea set of integers. Write MF !P� a�W �F ifMF�Ma�<0(�a�)W �F and Ma�>0 a�W �Fhave the same composition factors. Thus, MF and the virtual module P� a�W �Fhave the same images in the Grothendieck group of SF;q(d; n).5.30 Lemma Let MF be a right SF;q(d; n){module and suppose that there existintegers f a� j � 2 �+(d; n)g such thatdimFMF'T�T� = X�2�+(d;n) a� dimW �F'T�T�for all � 2 �+(d; n). Then MF !X� a�W �F.Proof. By Theorem 4.16 there exist integers c� such thatMF=P� c�W �F. There-fore, 0 = X�2�+(d;n)(c� � a�) dimFW �F'T�T� = X�2�+(d;n)(c� � a�) � jT0(�; �)j:However, T0(�; �) = fT�g and T0(�; �) = ? unless � D � so the matrix �jT0(�; �)j�is unitriangular, where �; � 2 �+(d; n). Hence, the equations above have a uniquesolution; namely, c� = a� for all � 2 �+(d; n).Given a sequence � = (�1; : : : ; �n) of integers recall that � is the sequenceobtained by reordering the terms in � so that they are in non{increasing order.Let w 2 Sn be a permutation such that �i = �iw. If � is the sequence of betanumbers for a partition � 2 �+(d; n) then w is uniquely determined (see 5.21) andwe de�ne W�F to be the (virtual) SF;q(d; n){module (�1)`(w)W�F. Similarly, let



2. THE JANTZEN SUM FORMULA 59S�F = (�1)`(w)S�F, a virtualHF;q{module. If � is not the sequence of beta numbersfor any partition in �+(d; n) we set W�F = 0 and S�F = 0.5.31 The Jantzen Sum Formula ( [1,39]) Suppose that [n]!̂q 6= 0 in R and let �be a partition in �+(d; n). ThenXi>0W�F(i) ! X(a;b)2[�](a;c)2[�]b<c ��p([h�ab]q̂)� �p([h�ac]q̂)�W (�1;::: ;�b+h�ab ;::: ;�c�h�ac ;::: ;�n)F :Proof. Let � 2 �+(d; n) and consider the R{module W �� = W �R'T�T� . Let � =(�1; : : : ; �n) be the sequence of beta numbers for �. Now [n]!̂q is non{zero, soG�� 6= 0. Therefore, by Jantzen's Lemma (5.29), �p(G��) = Pi>0 dimFW�F'T�T� .On the other hand, by Theorem 5.27,�p(G��) = X(a;b)2[�](a;c)2[�]b<c ��p([h�ab]q̂)� �p([h�ac]q̂)�d�(�1; : : : ; �b + h�ab; : : : ; �c � h�ac; : : : ; �n)= X(a;b)2[�](a;c)2[�]b<c ��p([h�ab]q̂)� �p([h�ac]q̂)� dimW (�1;::: ;�b+h�ab;::: ;�c�h�ac ;::: ;�n)F 'T�T� :The last equation holds for all partitions � 2 �+(d; n), so the Theorem now followsby applying Lemma 5.30.The Jantzen Sum formula is important because W �F(1) = radW �F; consequently,if � 6= � then L�F is a composition factor of W �F if and only if L�F is a compositionfactor ofPi>0W�F(i). In general, the compositionmultiplicity of L�F inPi>0W�F(i)will be much higher than the composition multiplicity of L�F in W �F; however, thismultiplicity is an upper bound on d��.Applying the Schur functor of Proposition 4.19 gives the analogue of the sumformula for HF;q.5.32 Corollary (The q{Schaper Theorem) Suppose that [n]!̂q 6= 0 in R and let� be a partition in �+(d; n). ThenXi>0 S�F(i) ! X(a;b)2[�](a;c)2[�]b<c ��p([h�ab]q̂)� �p([h�ac]q̂)�S(�1 ;::: ;�b+h�ab ;::: ;�c�h�ac;::: ;�n)F :5.33 Example Suppose that R = C [q̂ ] and that p = [m]q̂ is a cyclotomic polyno-mial in R for some integer m � 2. If � = (3; 2) then, by Example 5.28,Xi>0W�F(i) ! �p([2]q̂)W (3;12)F + ��p([3]q̂)� �p([4]q̂)�W (15)F + �p([4]q̂)W (22;1):Now, �p([k]q̂) = 1 if m divides k and �p([k]q̂) = 0 otherwise. Recall that e is thesmallest positive integer such that [e]q = 0 (in F); therefore, W �F is irreducible (thatis W�F = L�F), if and only if e > 4.



60 5. THE JANTZEN{SCHAPER THEOREMNext assume that p = 1 + q̂; then F = C and q = �1, so e = 2. Therefore,�p([2]q̂) = �p([4]q̂) = 1 and �p([3]q̂) = 0. Consequently,Xi>0W (3;2)F (i) !W (3;12)F +W (22;1)F �W (15)F :Further applications of the sum formula shows thatW (15)F = L(15)F ,W (22;1)F = L(22;1)Fand W (3;12)F  ! L(3;12)F + L(15)F + L(22;1). The composition factors of W (3;12)F arecompletely determined here because the multiplicities given by the sum formulaare 0 or 1. Combining these facts shows that Pi>0W (3;2)F  ! L(3;12)F + 2L(22;1)F ;consequently, d(3;2)(3;12) = 1 and d(3;2)(22;1) is either 1 or 2.Next consider the Specht module S�F; as before we haveXi>0 S�F(i)  ! �p([2]q̂)S(3;12)F + ��p([3]q̂)� �p([4]q̂)�S(15)F + �p([4]q̂)S(22 ;1):Suppose once more that p = 1 + q. A calculation similar to the above shows thatPi>0 S(3;2)F (i)  ! 2D(22;1)F . Therefore, S(3;2)F �= D(22;1)F by counting dimensions;hence, d(3;2)(22;1) = 1 by Proposition 4.19(iii).At this point we have calculated all but the last two rows of the decompositionmatrix of SC;�1(d; 5) where d � 5. Two further applications of the sum formulagive the remaining entries; the full matrix is as follows.15 12; 13 : 122; 1 : : 13; 12 1 : 1 13; 2 : : 1 1 14; 1 : 1 : : : 15 1 : : 1 : : 1By Proposition 4.19, the submatrix of bold faced entries is the decompositionmatrixof HC;�1.Notice that di�erence between these calculations for Weyl and Specht modulesarises because D�F = 0 whenever the partition � is not e{restricted (in particular,the partition (3; 2) is not 2{restricted).3. The blocks of S (d; n) and HThroughout this section we assume that d � n. In this case, we use the sumformula (5.31) to classify the blocks of the q{Schur algebras S (d; n) and, from this,classify the blocks of H . In order to classify the blocks we �rst de�ne the e{coreof a partition.Recall the de�nition of rim hook from the previous section. We call a rim hookR�ij an e{rim hook if it is a rim hook of length e; that is if l�ij = e.Let � be a partition of n. If the diagram of � contains an e{rim hook let �1 bethe partition of n�e obtained by unwrapping this rim hook. Similarly, let �2 be thepartition obtained from �1 by unwrapping an e{rim hook, if possible. Continuingin this way we obtain a sequence of partitions � = �0; �1; : : : ; �w with w � 0 andsuch that the diagram of �w contains no e{rim hook and the partition �i is obtainedfrom �i�1 by unwrapping an e{rim hook for i = 1; : : : ; w. The partition �w is thee{core of �; it is a partition of n� we.



3. THE BLOCKS OF S (d; n) AND H 61For example, if � = (4; 3; 2; 1) then one sequence of partitions leading to the3{core of � is the following.��� ! ��� ! ��� ! ;so the 3{core of � is the partition (1). It is not at all clear that the e{core doesnot depend upon the order in which the rim hooks are removed. The next Lemmashows that this is not the case.5.34 Lemma The e{core of a partition is well de�ned.Proof. Let � = (�1; : : : ; �n) be the sequence of beta numbers for the partition �.Think of the beta numbers as being arranged on an abacus with e{runners, wherethe bead positions on the abacus are numbered from left to right as 0; 1; : : : ; e�1 inthe �rst row, e; e+1; : : : ; 2e� 1 in the second row and so on. For example, if e = 3and � = (4; 3; 2; 1) as above then � = (13; 11; 9; 7;5;4; 3; 2;1;0) is the sequence ofbeta numbers for � and they are represented on an abacus as follows.� � �� � �� � �� � �� � �� � �By Lemma 5.26, unwrapping an e{hook from � corresponds to decreasing somebeta number �i by e; this is the same as moving a bead one row higher in somecolumn of the abacus. Consequently, the e{core of � corresponds to pushing all ofthe beads up to their highest possible positions in each column of the abacus. Inparticular, the e{core is independent of the sequence of rim hooks removed.5.35 Lemma Let M be an SF;q(d; n){module and suppose that all of the compo-sition factors of M belong to the same block and that M  !P� a�W�F for someintegers a�, � 2 �+(d; n). Then W �F and M lie in the same block whenever a� 6= 0.Proof. By Lemma 5.30 a virtual moduleP� a�W�F  ! 0 if and only if a� = 0for all � 2 �+(d; n). Hence, the Lemma follows by applying a suitable sum of blockidempotents.5.36 Theorem Suppose that F is a �eld and that d � n. Then the Weyl modulesW�F and W �F belong to the same block if and only if � and � have the same e{core.Proof. By Theorem 5.31 the composition factors ofW �F, apart from L�F itself, areof the form L�F where the partition � is obtained by unwrapping a rim hook from� and wrapping it back on lower down in the resulting diagram. Suppose that W �Fappears with non{zero coe�cient in the Jantzen sum formula for W �F. Then thereexist nodes (a; b) and (a; c) in the diagram of � such that �p([h�ab]q̂) 6= �p([h�ac]q̂)and � can be obtained from � by unwrapping the rim hook R�ac and wrapping itback on lower down. Now, if h is an integer and �p([h]q̂) 6= 0 then [h]q̂ 2 piR;therefore, [h]q = 0 in F and, consequently, e divides h. It follows that e must divide



62 5. THE JANTZEN{SCHAPER THEOREMat least one of h�ab and h�ac. If ejh�ac then � is obtained from � by moving a numberof e{hooks and so � and � have the same e{core. If e does not divide h�ac then edivides h�ab and it is easy to see that � can be obtained from � by \sliding" the(a; b){rim hook; thus again, � and � have the same e{core. Consequently, if W �Fand W �F are in the same block then � and � have the same e{core.Now suppose that � is an e{core of some partition of n; then j�j = n� ew forsome w � 0. Let 
 = (
1; 
2; : : : ) be the partition of r for which 
1 = �1 +we and
i = �i for i > 1. Then 
 has e{core �.Assume that � ` r and that � has e{core �. To prove the theorem it su�cesto show that W �F and W 
F are in the same block. Suppose that � 6= 
. Then, forsome (a; b) the rim hook R�ab of [�] has length e and its lowest node is in a rowlater than the �rst row. Remove this rim hook from [�] and add it back at theend of the �rst row of [�], to obtain the diagram [�], say. Then W �F appears withnon{zero multiplicity in Pi>0W�F(i) by Theorem 5.31; therefore, W �F and W �F arein the same block by Lemma 5.35. This proves the Theorem because, by induction,W�F and W 
F are already in the same block.We can now classify the blocks of H . At �rst sight, it is possible that therecould exist Weyl modulesW �F and W �F which are in the same block of S (d; n) andsuch that the Specht modules S�F and S�F are in di�erent blocks ofH ; for example,the Weyl modules W �F and W �F could be linked via an irreducible module L� inS (d; n) where � is partition which is not e{restricted. The next result shows thatthis does not happen.5.37 Corollary (Dipper{James, James{Mathas) Suppose that � and � arepartitions of r. Then the HF(Sr){modules S�F and S�F belong to the same block ifand only if � and � have the same e{core.Proof. By Proposition 4.19 and Theorem 5.36, S�F and S�F are in the same blockonly if � and � have the same e{core. Thus, to complete the proof it su�ces toshow that S (d; n) has at least as many blocks as H .Let M = L�M�; then S (d; n) �= EndH (M ). Write H = B1 � � � � � Bk asa direct sum of block ideals. Since M contains H as a submodule, MBi 6= 0 fori = 1; 2; : : : ; k; moreover, if i 6= j then MBi \MBj = 0. Therefore, M = MH =M (B1 � � � � � Bk) =MB1 � � � � �MBk and soEndH (M ) = EndH (MB1 � � � � �MBk) = EndB1(MB1) � � � � � EndBk(MBk);since if i 6= j then HomH (Bi; Bj) = 0 because Bi and Bj have no common ir-reducible consituents by Theorem 2.21. Therefore, the number of block idealscontained in S (d; n) is at least as great the number of blocks inH . The Corollaryfollows.Suppose that � is a partition of n with e{core �. Then � is a partition of k forsome k � n and k + we for some w � 0. We say that � is a partition of e{weightw. If � has e{weight 0 then � is an e{core and � is the only partition in its block;thus, P �F = W �F = L�F is irreducible and projective. The structure of the Weylmodules indexed by partitions of e{weight 1 are also easy to describe.5.38 Proposition (James) Suppose that n = m+ e and let � be a partition of mwhich is an e{core. Then there exist precisely e partitions �1 B �2 B � � � B �e of n



4. IRREDUCIBLE SPECHT MODULES AND WEYL MODULES 63whose e{core is �. Furthermore, if � 6= �k is a partition of n then d��k = ���k+1for k = 1; : : : ; e� 1.Proof. The enumeration of the weight 1 partitions is easy (for example, think ofthe abaci of Lemma 5.34). Hence, for k = 1; 2; : : : ; eXi>0W�kF (i) !Xj>k(�1)j�k+1W�jFby the Jantzen sum formula (5.31). In particular, W �eF = L�eF is reducible. If1 � k < e it now follows easily by induction that W �kF  ! L�kF + L�k+1F as wewished to show.4. Irreducible Specht modules and Weyl modulesIn the last section of these notes we classify the irreducible Weyl modules andthe irreducible Specht modules which are indexed by e{restricted partitions. The�rst two results depend upon the choice of Jantzen �ltration; our �nal result willdepend only upon the �eld and on q.As in Section 2 we �x a principal ideal domain R, an invertible element q̂ 2 Rand a prime p in R and let F = R=p and q = q̂ + pR.5.39 Theorem Suppose that � 2 �+(d; n) and that [n]!̂q 6= 0 in R. Then the Weylmodule W �F is irreducible if and only if �p([h�ab]q̂) = �p([h�ac]q̂) for all (a; b) and(a; c) in [�].Proof. If �p([h�ab]q̂) = �p([h�ac]q̂) for all (a; b) and (a; c) 2 [�] thenPi>0W�F(i) = 0by Theorem 5.31; in particular, Lemma 5.30 now shows that radW �F = 0, so W �Fis irreducible.Conversely, suppose that �p([h�ab]q̂) 6= �p([h�ac]q̂) for some nodes (a; b) and (a; c)in [�]. Choose a; b and c so that the partition � whose sequence of beta numbersis (�1; : : : ; �b + h�ab; : : : ; �c � h�ac; : : : ; �n) is minimal in the dominance orderingamong all the partitions appearing on the right hand side of the equation in The-orem 5.31. Then � B � and L�F is a composition factor of Pi>0W�F(i). Hence, L�Fis a composition factor of W �F and W �F is not irreducible.The irreduciblity of the Specht modules is more subtle; indeed, the classi�cationof the irreducible Specht modules even in the case of the symmetric groups is anopen problem (except in characteristic 2; see [41]). However, as the next resultshows, the answer is known when � is e{restricted.5.40 Theorem Suppose that [n]!̂q 6= 0 in R and let � be an e{restricted partitionof n. Then S�F is an irreducible H {module if and only if �p([hab]q̂) = �p([hac]q̂)for all nodes (a; b) and (a; c) in [�].Proof. First suppose that S�F = D�F. Then the Gram matrix of the S�F withrespect to its standard basis fmtg is non{zero. By Corollary 5.11 and Theorem 5.27this determinant is equal toG�! = qN Y(a;b)2[�](a;c)2[�]b<c � [h�ab]q[h�ac]q�d!(�1;::: ;�b+h�ab ;::: ;�c�h�ab ;::: ;�n);



64 5. THE JANTZEN{SCHAPER THEOREMfor some N 2 N. Suppose that d � n. Then � 2 �+(d; n) and the SF;q(d; n){module W �F is irreducible if and only if its Gram matrix G� is non{zero. ByTheorem 5.27 again,G� = Y�2�(d;n)G�� = qM Y�2�(d;n) Y(a;b)2[�](a;c)2[�]b<c � [h�ab]q[h�ac]q�d�(�1;::: ;�b+h�ab ;::: ;�c�h�ab;::: ;�n)for some M 2 N. Moreover, d�(�1; : : : ; �n) is non{zero only if d!(�1; : : : ; �n) 6=0 for any partition �. Therefore, if S�F = D�F then W �F is irreducible; whence,�p([hab]q̂) = �p([hac]q̂) for all nodes (a; b) and (a; c) in [�] by Theorem 5.39.The converse is much easier because S�F  ! D�F+ radS�F and D�F 6= 0 since� is e{restricted. Therefore, S�F = D�F if �p([hab]q̂) = �p([hac]q̂) for all nodes (a; b)and (a; c) in [�] by Corollary 5.32.The last two results depended upon the choice of R, q̂ and p, and not directlyupon F and q; our �nal Theorem removes this restriction.Fix a �eld F and a non{zero element q in F. Let q̂ be an determinant over Fand let R = F[q̂] and p = q̂ � q. Then R is a principal ideal domain, p is a primeand [n]!̂q 6= 0. Furthermore, F �= R=pR and SF;q(d; n) �= SR;q̂(d; n)
R F so we arein a situation where all of the results of this section apply.Recall that e is the smallest positive integer such that [e]q = 0. Notice that[k]q = 0 if and only if [k]q̂ 2 pR. If F is a �eld of characteristic 0 set p = 1;otherwise, let p be the characteristic of F. De�ne �p to be the usual p{adic valuationon N. (If p =1 then, by convention, �p(k) = 0 for all k 2 N.)5.41 Lemma Let a and b be integers with 1 � a � n and 1 � b � n. Then�p([a]q̂) = �p([b]q̂) if and only if either(i) e - a and e - b; or,(ii) e j a and e j b and �p(a) = �p(b).Proof. We have already observed that e is the smallest positive integer such thatp divides [e]q̂. Therefore, if k 2 N then p divides [k]q̂ if and only if e divides k. Itfollows that �p([a]q̂) = �p([b]q̂) only if either (i) e - a and e - b, or (ii) e j a and e j b.If e - a and e - b then �p([a]q̂) = �p([b]q̂) = 0 and there is nothing to prove.Hence we may assume that e j a and e j b.First consider the case where p = 1. If k 2 N then [ke]q̂ = [e]q̂[k]q̂e and[k]q̂e � k1R mod p since p divides q̂e � 1. Therefore, �p([ke]q̂) = �p([e]q̂) sincep - k1R. Hence, �p([a]q̂) = �p([b]q̂) = �p([e]q̂) and the Lemma holds in this case.Now consider the case where F is a �eld of positive characteristic. Write a =eupx and b = evpy where p does not divide u or v. Then�p([a]q̂) = �p([b]q̂) () �p(q̂a � 1R) = �p(q̂b � 1R)() �p�(q̂epx � 1R)[u]q̂epx � = �p�(q̂epy � 1R)[v]q̂epy �() �p(q̂epx � 1R) = �p(q̂epy � 1R);the last line following because [u]q̂epx � u1R mod p, since p divides q̂e � 1R, andu1R 6� 0 mod p (and similarly for [v]q̂epy ). Now, if y > x then q̂epy � 1R =(q̂epx � 1R)[py�x]q̂epx . However, [py�x]q̂epx � py�x1R � 0 mod p, so this forces



NOTES ON CHAPTER 5 65�p(q̂epy � 1R) > �p(q̂epx � 1R). Therefore,�p([a]q̂) = �p([b]q̂) () �p(a) = �p(b);completing the proof of the Lemma.Given partitions � = (�1; �2; : : : ) and � = (�1; �2; : : : ) and m 2 N, we de�ne �+� to be the partition (�1+�1; �2+�2; : : : ) andm� to be the partition (m�1;m�2; : : : ).Recall that �0 is the partition which is conjugate to �.5.42 Theorem (James{Mathas) Suppose that F is a �eld of characteristic pand let � be an e{regular partition of r. Then the S�F is irreducible if and only ifthere exist partitions �(1); �(2); : : : and � (1); � (2); : : : such that(i) �0 = �(1) + e� (1), �(1) is an e{core, and �(1)i = �(1)i�1 + e � 1 for all i with� (1)i 6= 0; and(ii) for all j � 1, � (j) = �(j+1)+p� (j+1), �(j+1) is a p{core, and �(j+1)i = �(j+1)i�1 +p� 1 for all i with � (j+1)i 6= 0.Proof. If e =1, then S�F is always irreducible; in this case take �(1) = � and letthe partitions �(2); : : : ; � (1); � (2); : : : be partitions of 0. Thus, we may assume thate 6=1.By Theorem 5.40 and Lemma 5.41, S�F is irreducible if and only if for all nodes(a; b) and (a; c) in [�] either e - h�ab and e - h�ac, or e j h�ab and e j h�ac and�p(h�ab) = �p(h�ac). We show that this condition is equivalent to (i) and (ii) above.Draw the diagram [�0] and circle those nodes which have hook lengths divisibleby e, as in Example 5.43 below. The condition that for all (a; b) and (a; c) 2 [�]either e - h�ab and e - h�ac, or e j h�ab and e j h�ac amounts to saying that in eachcolumn of [�0] either no node is circled or every node is circled. By removing ane{rim hook from the rightmost column which contains a circled node and usinginduction this is equivalent to (i). Assume therefore that condition (i) holds.Suppose that the (a; b){node of [�] is circled (ie. e divides h�ab), and that (a; b)lies in the r{th column of circled nodes in [�0]. Then h�ab = eh�(1)rb . Therefore,�p(h�ab) = �p(h�ac) for all c with (a; c) 2 [�] if and only if �p(h�(1)rb ) = �p(h�(1)rc ) forall c with (r; c) 2 [� (1)]. Replace � by � (1)0, e by p and iterate this argument tocomplete the proof.5.43 Example Suppose that � = (4; 33; 25; 12) and e = 3. We illustrate [�0],marking those nodes in the e{core by � and circling those nodes which have hooklengths divisible by e. [�0] = �
��� ��
� ����Therefore, by Theorem 5.40, S�F is irreducible when F is a �eld of characteristic 0. Inthis case, the decomposition of �0 given by Theorem 5.42 is �0 = (5; 3; 12)+3(22; 1).If F is a �eld of characteristic 3 then the analogous diagram for � (1) is ��� ; so S�Fis not irreducible when p = 3.Notes on Chapter 51. The beta numbers used in the proof of Theorem 5.27 were introduced by Little-wood [53]. The abaci of Lemma 5.34 are due to James [37].



66 5. THE JANTZEN{SCHAPER THEOREM2. The combinatorics underpinning the proof of Theorem 5.27 were introducedby James and Murphy [42] (see also [54]); they consider the correspondingresult in the representation theory of the symmetric group (ie. when q = 1and � = !). The extension of this argument to the q{Schur algebras is due toJames and Mathas [39]; we have basically followed their argument adding someimprovements from [40].3. The Weyl modules W � of the q{Schur algebra can also viewed as Weyl modulesfor the quantum general linear groups (see, for example, [12, Theorem 3.3.2]).Using a geometric argument Andersen, Polo and Wen [1] proved a sum formulafor the Weyl modules of quantum groups; Theorem 5.31 can be deduced fromtheir result using the argument of Schaper's thesis [60].4. Jantzen [43] proved his sum formula �rst for the Weyl modules of the generallinear groups and later [44] extended the sum formula to Weyl modules of othertypes. In Jantzen's work the sum formula is expressed in terms of the dotaction of an a�ne Weyl group upon the weight lattice. Starting with Jantzen'sresult, and guided by [42], Schaper [60] deduced the combinatorial statement ofCorollary 5.32 in the case of the symmetric groups.5. Necessary and su�cient conditions for two Specht modules of H to belong tothe same block were proved in [14] and [39] respectively.6. In the representation theory of the symmetric group, Corollary 5.37 is known asthe Nakayama conjecture (even though it has been proved for a long time). Theelegant idea of using the double centralizer property to classify the blocks of His due to K�onig.7. Theorem 5.36 classi�es the blocks for the q{Schur algebras when d � n; whend < n the blocks of S (d; n) have been classi�ed by Cox [9].8. Proposition 5.38 �rst appeared in [38]. In this paper James also gives a seriesof \rules" which partially determine the decomposition matrices of the q{Schuralgebras together with tables of decomposition numbers when n � 10.
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