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ABSTRACT. These notes give a fully self—contained introduction to the (modu-
lar) representation theory of the Iwahori-Hecke algebras and the g—Schur alge-
bras of the symmetric groups. The central aim of this work is to give a concise,
but complete, and an elegant, yet quick, treatment of the classification of the
simple modules and of the blocks of these two important classes of algebras.
Our approach is combinatorial in nature and is based upon the construction
of (cellular) bases which are particularly well adapted to the representation
theory.
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Keep it simple; as simple as possible, but no simpler.
Albert Einstein

Introduction

Iwahori—Hecke algebras first appeared in the work of Twahori [34] and now
have applications in subjects ranging from the ordinary and modular representation
theory of Coxeter groups and the groups of Lie type, to knot theory, quantum
groups and statistical mechanics (see [52] and the references there). Schur algebras
were introduced by Schur [61] who used them to classify the ordinary irreducible
polynomial representations of GL,(C); their “quantum analogues,” the ¢-Schur
algebras, also determine the representation theory of the finite general linear groups
in non—defining characteristic [15].

These notes aim to give a clear and concise treatment of the modular repre-
sentation theory of the Iwahori-Hecke algebras of the symmetric groups and of the
g—Schur algebras. Both of these theories were pioneered by Dipper and James in a
series of landmark papers [13-16]. Taking full advantage of recent advances, these
notes recast this theory with a primary goal of classifying and constructing the sim-
ple modules and the blocks of these algebras. Apart from some basic representation
theory, these notes are entirely self—-contained.

One of the central themes of these notes is to view the Iwahori—Hecke algebras
and g—Schur algebras as cellular algebras, a class of algebras introduced by Graham
and Lehrer [26]. This amounts to constructing a basis which is extremely well
adapted to the representation theory of the algebra. For example, given a cellular
basis one can immediately construct all of the simple modules of the algebra.

The cellular basis of the Iwahori-Hecke algebra which we concentrate upon
is the so—called Murphy basis [55]; this is a very natural basis indexed by pairs
of standard tableauz. Apart from being cellular, the Murphy basis has another
marvelous property in that it 1s very easy to “lift” this basis to give a cellular basis
for the g—Schur algebra, which is indexed by pairs of semistandard tableauz. In this
way, one obtains a very clean and very elegant construction of the simple modules
of both the Iwahori-Hecke algebras and the ¢—Schur algebras.

In order to classify the blocks of the our algebras we prove an analogue of
Jantzen’s sum formula for the Weyl modules of the ¢—Schur algebras. Key to our
proof of this result are generalizations of the Jucys—-Murphy elements from the
representation theory of the symmetric groups. Using these elements we are able
to construct orthogonal bases for the Weyl modules (when the ¢—Schur algebras are
semisimple), which then allow us to compute the Gram determinant of the cellular
basis of the Weyl modules. Essentially some highest weight theory then allows us
to deduce the sum formula and so classify both the blocks of the ¢—Schur algebras
and Iwahori—Hecke algebras.

Briefly, the structure of these notes is as follows. Chapter 1 begins by proving
some basic facts about the symmetric group and its Iwahori-Hecke algebra . In
fact, this is really a chapter Coxeter groups and general Iwahori-Hecke algebras
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in disguise because everything generalises to this more general context. Chapter 2
develops Graham and Lehrer’s theory of cellular algebras, culminating with the
construction of the simple modules in this setting.

In Chapter 3 these notes begin in earnest. The combinatorics of tableaux are
introduced and Murphy’s basis theorem is proved in the first two sections. Using
Chapter 2 this yields the simple .#-modules. The third section uses the Jucys—
Murphy elements to construct the g—analogue of Young’s seminormal form for the
Specht modules of 7 in the semisimple case. The fourth section classifies the
simple s#-modules.

Chapter 4 shows how the Murphy basis of 3# can be “lifted” to give a cel-
lular basis of the ¢—Schur algebra. This involves the introduction of semistandard
tableaux which correspond to orbits of the standard tableaux which index Murphy’s
basis. The simple modules for the ¢—Schur algebras are constructed and classified
using the results of Chapter 2. For free, we obtain the fact that the ¢—Schur algebras
are quasi—hereditary.

Chapter 5 is devoted to proving the Jantzen—Schaper theorem and classifying
the blocks of these algebras. Here we follow the paper of James and the author [39],
using improvements from [40]. This is by far the most technical part of these notes.
The key idea is to first construct an orthogonal basis of the Weyl modules of .#(d, n)
in a “modular system”; it is here that generalizations of the Jucys—Murphy elements
play their most crucial role.

The most obvious omission from these notes 1s any mention of the beautiful
result of Dipper and James [15] which says that the representation theory of the
general linear groups in non-defining characteristic is completely determined by
the ¢—Schur algebras. It would also have been good to include the Kleshchev—
Brundan branching rules [4] and the work of Ariki [2], Grojnowski [30] and Lascoux,
Leclerc and Thibon [51] connecting quantum groups and decomposition matrices
of Iwahori-Hecke algebras over field of characteristic zero. These matters would
have more than doubled the size of these notes so instead we refer the interested
reader to the literature and, in time, to Brundan’s forthcoming book [5].

These notes are based upon a series of lectures I gave at the Universitat Biele-
feld in 1997 and it is a pleasure to thank the members of the Sonderforschungsbere-
ich 343, and in particular Steffen Konig and Claus Ringel, for their encouragement
and support. At times these notes draw heavily upon my papers [39,40] with Gor-
don James, and our paper [17] with Richard Dipper, so in addition T would like to
thank my coauthors for their contributions to this document.

Finally, I thank Jon Brundan and Steffen Konig for numerous suggestions and
comments on an earlier version of this manuscript.



CHAPTER 1

The Iwahori—Hecke algebra of the
Symmetric Group

In this chapter we begin by proving some fundamental results about the sym-
metric group and then define the associated Iwahori-Hecke algebra. Everything
in this chapter, including the proofs, generalises to the case of arbitrary Coxeter
groups and Iwahori—Hecke algebras.

1. The Symmetric group

Throughout these notes we fix an integer n > 1.

1.1 Let &,, be the symmetric group acting on 1,2,... n from the right. For
i=1,2,...,n—1let s; be the basic transposition (¢,i+1) and let S. As a Coxeter

group, &, is generated by s1,s2,...,8,-1, subject to the relations
s?=1, fori=1,2,...,n—1,

5iS; = 5;5;, forl<i<ji—1<n-2
$iSi415i = Si415iSi41, fori=1,2,... ,n—2.

The reader is invited to prove that this does indeed give a presentation of &,,. (Hint:
{1, $n—1, Sn—28n—1,. .. ,5182...5,—1 1 18 a complete set of right coset representatives
of &,_;1 in &,,.) The second and third relations are the braid relations of &,,.

Suppose that w is an element of &, and write w = s;, ...s;, forsomey,...
in {1,2,...,n—1}. If k£ is minimal then we define the length, £(w), of w to be k
and we will call both s;, ...s;, and (¢1,... ) a reduced expression for w.

The sign representation of &,, 1s the one dimensional representation ¢ determined
by e(s) = —1 for all s € S. Thus, e(w) = (=1)*®) for all w € &,,. Consequently, if
w € 6, and s € S then £(sw) = f(w) £ 1.

We would like to know when ¢(sw) = ¢(w) 4+ 1 and for this we need another
description of the length function. For w € &,, let

Nw)={(,k e, |1<j<k<nand jw>kw}.

So, for example, N(1) = @ and N(s) = {s} for all s € S.
Given sets A and B let A+B = (AUB)\ (AN B) be their symmetric difference.
1.2 Lemma (Dyer) Suppose that v,w € &,. Then N(vw) = N(v)+vN(w)v™?t.
Proof. Ifs ¢ Sand (j,k) € &, then s(j, k)s = (js, ks) so N(sw) = N(s)+sN(w)s
for any w € &,; so the Lemma holds when ¢(v) = 1. If £(v) > 1 then v = su for
some s € S and u € &,, and with £(u) = £(v) — 1. Therefore, by induction on the
length of v,
N(vw) = N(suw) = N(s)4sN(uw)s = N(s)+sN(u)s+suN(w)u"'s
= N(v)+vN(w)v™?
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as required. O

For convenience let T'= {(i,j) € 6,} = Uyes, wSw™". Then T is the set of
reflections in &,, (considering &,, as a Coxeter group), and N(w) C T

1.3 Proposition Suppose that w € &,,. Then

() £(w) = |N(w)|; and,

(il) N(w)={t e T | {tw) < {(w)}.
Proof. Suppose that s;, ...s;, 1s areduced expression for w and, fora =1,... k|
let {4 = siy...8i,_,8i,8i,_,..-5i. Then t, € T for all a and, by Lemma 1.2
N(w) = N(siy ...81,) = {t1}+ - +{tx}. We claim that ¢, # ¢, for a # b. By way
of contradiction, suppose that t, = #; for some a < b. Then

W =TqlpW = Si, .. .85, 185,554 1 -+ +Si1Siy -+ Siy_15i,5iy_q - -Si; W

= S S, Sy - Sy,

where §; indicates that the transposition s; is omitted. However, this contradicts
the assumption that w has length %k so #1,...,%; must all be distinct. Hence,
N(w)={t1,... 1t} and £(w) = |N(w)| proving (i).

Now tqw = 85, ...5, ...s;, fora=1,... jkso N(w) C{t €T | L(tw) < £(w) }.
Conversely, by what we have already shown, if ¢ € T' then ¢t € N(¢). Furthermore,
N(tw) = N(t)+tN(w)t by Lemma 1.2; so if ¢ ¢ N(w) then t € N(tw) and {(w) =
{(ttw) < L(tw) by (i). This proves (ii). O

As a special case of the Proposition we have the following.
1.4 Corollary Suppose that w € &,, and that s; € S. Then

)+, dfiw < (i 1w,
Hoiw) = {E(w) — 1, ifiw > (i— Dw.

1.5 Theorem (The Strong Exchange Condition) Suppose thats; , ... s;, are
elements of S, t € T and that £(ts;, ...si,) < £(si, ...8:,). Then

tsil...sik = S5y S, .. S84y,

for some a. Furthermore, t = 8;, ... Si,_1Si Siq_q -+ Siy-
Proof. Let w = s;,...s;, and, for 1 < a < k, define {, as in the proof of the
Proposition 1.3. Then N(w) = {t;}+---+{tx} by Lemma 1.2 and ¢ € N(w) by

Proposition 1.3(ii). Therefore, t = ¢, for some a and the result follows. O

Note that in the statement of the strong exchange condition we do not require
that s;, ...s;, be reduced. The exchange condition also has an equivalent right
hand analogue.

1.6 Corollary Suppose that w € &, and s € S. Then

(1) L(sw) < L(w) if and only if w has a reduced expression beginning with s;

(i) L(ws) < L(w) if and only if w has a reduced expression ending with s.
Proof. Because {(sw) = f(w™!s), parts (i) and (ii) are equivalent and it suffices
to consider (i). Suppose then that ¢(sw) < £(w) and let s;, ...s;, be a reduced
expression for w. By the exchange condition there exists an integer a such that
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sw = 8, ...8,...8,. Therefore, w = ss;,...5;,...s;, and this expression is
reduced. The converse is clear.
]

1.7 Corollary (The Deletion Condition) Suppose that w € 6&,, £(w) < k and
that w = s, ...s;, for some s;; € 5.
(1) There exist integers 1 < a < b < k such that w = s;, ... 5, ... 5, ...5;,.
(i1) A reduced expression for w can be obtained by deleting an even number of the
s;i, from sy ...s;,.
Proof. Since £(w) < k there exists an integer a with 1 < a < k such that
0(si, .. .8i,) < L(Sipy, ---5i,). Hence, by the exchange condition s;, ...s;, =

Sigps -+ Siy -8, for some b with a < b < k. Thus, w = s;, ...5;, ~~~§ib~~~5ik
proving (i). Part (ii) is now immediate. O

We can now prove the main result we need from this section. Given two reduced
expressions (i1,...,4) and (J1,...,Jg) write (41,... ,4%) ~p (j1,...,Jx) if one ex-
pression can be transformed into the other using only the braid relations. Thus, ~
is the equivalence relation on k—tuples generated by (... ,4,7,...) ~ (..., 4,4,...),

when |i—j| > 1,and (..., 604+ 1,4,...) ~p (..., i+ 1,64+ 1,...).

1.8 Theorem (Matsumoto) Suppose w € &, and let (i1, ... i) and (j1,... ,jk)
be two reduced expressions for w. Then (i1, ..., i5) ~b (J1,- -, Jk)-

Proof. We argue by induction on & = £(w). If k < 1 there is nothing to prove
so suppose that & > 1. By assumption s;, ...s;, = w = s;, ...5s;, and these ex-
pressions are both reduced. Consequently, s;,s;, ...s;, is not a reduced expression
and s;, 85, ...85, = 85, ...5;, ...s;, for some integer a by the exchange condition.
Therefore, (i) si,...s;, = sj, ...8, ...5;, and (ii) s;,8;, ...8;,_, = 8;, ...s;, and
all four of these expressions are all reduced.

If @ # k then all of the reduced expressions in (i) and (ii) have length strictly
less than k. Therefore, using induction and (i) and (ii) in turn,

(ilai2a"' alk) ~b (ilajla"' aja—laja-l-la"' a.]k) ~b (jla"' aja’ja-l-la"' a.]k)
as required.
If @ = k only expressions in (i) have length less than &, so we deduce that

(f2,...,tk) ~b (J1,-- ., Jk—1); by symmetry we may also assume that (ja,..., k) ~b
(il, c. ,ik—1)~ Hence, (il, iz, c. ,ik) ~b (il,jl, c. ,jk—l) and (jl,jz, c. ,]k) ~b
(J1,%1, .- ,ik—1); so it suffices to show that (é1,71,...,dk—1) ~b (J1, %1, ,ik—1).
If |¢ — ji| > 1 then (é1,41) ~» (j1,41) is a braid relation of length 2 so we need
only show that (i2,...,ik-1) ~& (j2,...,Jk—1) which follows by induction. If
|i1 — ji| = 1 then by reapplying the argument of the first paragraph we are re-
duced to showing that (i1, j1,¢1,%2, ... ,4—2) ~» (41,41, J1,J2, ... ,jk—2). However,
(41, 71,%1) ~b (J1,%1,41) is a braid relation of length 3, so it is sufficient to show that
(i2,...,iK—-2) ~b (J2,...,jk—2) which again follows by induction. O

2. The Iwahori—Hecke algebra

1.9 Let R be a commutative integral domain with 1 and let ¢ be an arbitrary

element of R. The lwahori-Hecke algebra ¢ = % ,(S,) of &, is the unital
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associative R-algebra with generators 77,75,...,7,_1 which are subject to the
relations
(T; —¢)(T; +1) =0, fori=1,2,...,n—1,
TT; = 1513, forl<i<ji—1<n-2
EE-I—IEIE-I—lEE-I-Ia forizlaQa"'an_Q'

Notice that when ¢ = 1 the first relation reduces to 77 = 1; thus, by (1.1), 5#
is isomorphic to the group ring RS,, of the symmetric group in this case. When
q # 1 this may seem a strange algebra to consider but, in fact, 7 arises naturally
in the representation theory of the general linear groups (see Note 4 on page 7).

Our first aim is to produce a basis of J#. Suppose that w € &, and let
(41, ... 1) be a reduced expression for w. We define

1.10 Ty = i

iy .- ik
By Theorem 1.8, Ty, 1s independent of the choice of reduced expression for w. If w

is the identity element of &,, we identify T, with 1, the identity element of R.

1.11 Theorem The Iwahori-Hecke algebra 5€ = % o(Sy) is free as an R—
module with basis { Ty | w € &, }. Moreover, the multiplication in 3 is determined
by the formulae

T — Tws, if L(ws) > L(w),
e qTws + (¢ — )Ty,  otherwise.

foradlwe &, and s € S.

Proof. By Corollary 1.6(ii), if w € &, and s € S then £(ws) < ¢(w) if and only
if w has a reduced expression ending in s; so the multiplication formulae follow
from the definition of T,, and the relation T? = (¢ — 1)T; + q.

By the relations in 57 the set {T,, | w € &, } certainly spans . Thus, it
remains to show that {7}, | w € &, } is linearly independent.

Let ¢ be an indeterminate over Z. Then R becomes a Z[¢]-module via the
homomorphism ¢ : Z[§] — R determined by ¢(1) = 1 and ¢(¢) = ¢. The generators
T; ® 1 of the R-algebra S = 54 4(6n) @gq R satisfy the relations in J# so
there is a surjection a : 5 — . Therefore, it is enough to show that 74 :(6,)
is free as a Z[gl-module with basis { T}, | w € &, } because then 5"’ is R—free with
basis { T,y @ 1 | w € &,, } and, consequently, o must be an isomorphism.

Suppose then that J# = 374 4(6,). If {Tw |w € &, } were not linearly
independent then there would exist polynomials ay,(§) € Z[g], not all zero, such
that > aw(¢)Tw = 0 in 2. Without loss of generality, the greatest common
divisor of the polynomials { 4, (§) | w € &, }is 1. Consider Z as a Z[g]-module by
letting ¢ act as 1. Then J Qg Z = Z6, and {1, @ 1 | w € &, } maps to the
natural basis {w | w € &, } of Z&,, under this isomorphism. Hence, we obtain the
relation )", ay(1)w = 0 in Z&,; this forces ay, (1) = 0 for all w € &,,. Therefore,
for all w € &, the polynomial ay(§) belongs to (¢ — 1)Z[¢], contradicting our
assumption that the a, (§) have greatest common divisor 1. Hence, { Ty, | w € &,, }
is a basis of (4 7(6,) and the Theorem follows. O

Now that we have established that S is free over R, the argument from the
second paragraph of the proof generalizes to yield the following result. (In the
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tensor product of the Corollary we consider R as an R-module with 7 € R acting
on R as ¢(7).)
1.12 Corollary Suppose that gp:R—)R is a ring homomorphism with ¢(§) = ¢

for some § € R. Then hrq(6n) and q(Gn) ®p R are canonically isomorphic
algebras.

In the situation of Corollary 1.12, we say that g ,(5,) is a specialization of
L%”qu(@n); the tensor product map L%”qu(@n) — L%”qu(GBn) is called a specializa-
tion homomorphism.

Let Z = Z[q,q™ '], where ¢ is an indeterminate over Z. Then % (&,) is a
specialization of 2%z = 5% ;(&,) whenever ¢ is a non—zero element of R. As we
are most interested in the case where ¢ # 0, we call 5% the generic Iwahori—Hecke
algebra of &,,.

1.13 Corollary The [wahori—-Hecke algebra has two one dimensional representa-
tions 1 and € which are the R-linear maps determined by

L (Ty) = ¢") and  ex(Ty) = (—1)"™)
forall we &,.

Proof. It is sufficient to check that these maps preserve the relations in ¢ and
this is clear. O

The representation 1 is the Iwahori-Hecke algebras analogue of the trivial
representation of &,, and that 4 is its analogue of the sign representation.

Define an R-bilinear map (, ): 5 x 7 — R by setting (h1, ha) equal to the
coefficient of 1 in hihy for all Ay, hs € 7. In particular, this form is associative;

that iS, (hlhz, hg) = (hl, hzhg) for all hl, hz, h3 € .
1.14 Proposition Suppose that x and y are elements of &,,. Then

L(z) 1

(T T)_{q , fr=y,
Ly —

0, otherwise.

In particular, if q is invertible then ( , ) is a non-degenerate associative symmetric
bilinear form.

Proof. Let z,y € &,,. The Proposition will follow if we show that there exists an
integer m and a, € R, for z € &, such that a, = 0 unless £(z) > {(zy) and

LTy =q" Tey+ Y a:T..

z2€6,

To prove this we argue by induction on the length of . When £(z) = 0 then
2z = 1 and there is nothing to prove. If £(z) > 0 then there exists s € S such that
l(zs) < L(z). Then T,T, = T,,(T,T,) and the claim follows easily by induction
using Theorem 1.11. O

Given any representation of ¢, its character i1s defined in the usual way by
taking traces. By Theorem 1.11 the characters of . are R-linear maps which are
determined by their values on the basis elements 7T, for w € &,,. Unlike in the
case of finite groups, if x is a character and = and y are conjugate elements of
S, it is not necessarily true that x(75) = x(Ty); for example, consider the trivial
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representation 1, of 7. Nonetheless, there is an analogue of the orthogonality
relations when 7 is semisimple.

Let Wn(9) =2 pes, ¢“®) be the Poincaré polynomial of &, this polynomial
arises naturally in the invariant theory of the symmetric group (see, for example,
[33, §3.15]). Because {1,s,-1,80-18p—2,...,8p—1...81} is a set of right coset
representatives for &,,_1 in &,,, it follows that

Wn(‘j):(1+‘j)(1+(j+§2)...(1+(j+..._|_(jn—1);

thus, W, (¢) = [g], in the notation of (3.28). Finally, note that if § = 1 then
W,(1) = nl =6,

1.15 Corollary Suppose that K = C(§) and let st = i 4(6,). Then i is
semistmple. Moreover, if x and ¢ are irreducible characters of 5 then

#@) Z (j—z(w)X(Tw)1/)(Tw—1) = 5waX((j)a

weS,
for some rational function D, (§) in .

Proof. By Proposition 1.14, 5% is a symmetric algebra with dual bases {7}, } and
{(j_z(w)Tw_l }, so the orthogonality relation will follow from the theory of symmetric
algebras (see [11, §9A]) once we show that 5% is semisimple.

Suppose that % is not semisimple. Then we can find a non—zero element h
in the radical of 5% . Without loss of generality we may assume that i € 5% and
h¢(§—1)5#z. Let p: 5% — CS, be the specialization homomorphism sending
¢ to 1 € C. Then for any a,y € C we have

Z axyxgo(h)y:go( Z axyTthy).

z,YeG, 7,y€S,

Now h is nilpotent so ¢(h) is also nilpotent; however, C&,, is semisimple so we
must have p(h) = 0. Therefore, h € kerp = (§ — 1)5#% which contradicts our
assumptions on h. O

We shall see in Corollary 3.22 below that the Hecke algebra .5 is split semisim-
ple and that, as an algebra, it is isomorphic to K&,,.

The rational functions D, (¢) of Corollary 1.15 are the so—called generic degrees
of &,; they are all explicitly known (see [6, p. 446]) and turn out to be polyno-
mials in Z[g]. Therefore, given the remark of the last paragraph, the equation
defining D, (¢) in Corollary 1.15 can be evaluated at § = 1 where it becomes one of
the orthogonality relations for the ordinary irreducible characters if the symmetric
group. It follows that D, (1) is the dimension of an irreducible complex representa-
tion of &,,. What is more, when ¢ is a prime power the D, (¢) give the dimensions
of the principal series representations of G'L,(q); see [6] and Note 4 below.

3. The 0-Hecke algebra
After this section we will assume that ¢ is invertible. For completeness we now
describe the simple J#—modules when ¢ = 0.

1.16 Theorem (Norton) Suppose thalt R is a field and that ¢ = 0. Then every
wreductble 7€ —module 1s one dimensional.
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Proof. Fix a total ordering wy > wy > -+ > wy = 1 on &, such that w, > wy
whenever £(w,) > £(wsp). Define 54, to the R—module with basis { Ty, | b < a } and
let 45 =0. Then 0= C 4 C A5 C -+ C Iy = .

Now, if w € &,, and s € S then because ¢ = 0

T.T, = Tws, %f L ws) > L(w),
—Tw, il f(ws) < l(w),

by Theorem 1.11. Consequently, for each a > 1 the R-module 47, is a right
s#-module (in fact it is an ideal). Therefore, J#,/#,41 is a one dimensional -
module; in particular, .5, /5,1 is simple. Since these modules give a filtration of
S, every irreducible s#—module is of the form 57, /.5, 1 for some a with 1 <a <
n!. The Theorem follows. O

Norton [57] explicitly constructs the principal indecomposable modules of 57
when ¢ = 0. She shows that, up to isomorphism, the irreducible representations
of A are labelled by the subsets of S. If I C S the corresponding irreducible
representation ¢y :. 5 — R is the unique homomorphism such that

1, ifiel
T' — bl bl
er(Ti) {0, otherwise,
for: =1,2,... ,n— 1. Furthermore, the decomposition matrices and Cartan ma-

trices of the 0—Hecke algebra of &,, are all explicitly known [7] (in type A only).

Notes on Chapter 1

1. The elegant proof of the exchange condition given in Section 1 is due to Matthew
Dyer [22,23]. Dyer calls the function N a reflection cocycle and he shows that
a group W generated a set S of involutions 1s a Coxeter group if and only if
W possesses a map N such that (i) N(s) = {s} for all s € S and (ii) for all
elements v and w in W, N(vw) = N(v)4+vN(w)v™!; ¢f Lemma 1.2.

2. Theorem 1.8 is a special case of Matsumoto’s monid lemma [11, 64.20], which is
really a result about the corresponding braid group. It i1s the key result of the
first section because 1t shows that the T—basis is well-defined.

3. Theorem 1.11 1s often taken as the definition of 5Z. In this case, it is necessary to
prove that an algebra exists satisfying Theorem 1.11; this is done by working in
the endomorphism ring of the R—module 5#; see, for example, [33, Chapter 7].

4. Let G = GL,(q), where ¢ is a prime power, and let B be the subgroup of upper
triangular matrices in G (a Borel subgroup). Let ep = ﬁZbeB b; then ep is
idempotent and Iwahori [34] showed that %, = egCGep. This is one of the
main reasons why these algebras are interesting and important. (Note that &, is
the Weyl group of GL,(¢).) The principal series representations of G are just the
irreducible constituents of CGepg; this begins to explain why the dimensions of
the principal series representations are given by specializing the generic degrees.
Proofs and more complete details can be found in [11, §67-68].

5. The proof that 5% is semisimple in Corollary 1.15 is due to Gyoja and Uno [31].

6. In the literature, a Hecke algebra is any algebra of the form eAe = End(eA)
where A is an algebra and e is an idempotent in A. Such algebras were first
studied by Hecke; this is why Iwahori called .7 a Hecke algebra.
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7. Even though the characters of % are not class functions, there is a well be-
haved notion of character table which 1s defined by the values of the irreducible
characters on minimal length conjugacy class representatives. These characters
were first calculated by Ram [59]; see also [24].



CHAPTER 2

Cellular algebras

Cellular algebras were introduced by Graham and Lehrer in [25,26]. Although
it is possible to give a basis—free approach to the theory of cellular algebras [50],
our perspective is that a cellular algebra is an algebra which has a basis which is
particularly well-adapted to its representation theory.

This Chapter describes the simple modules and blocks of a cellular algebra;
in Chapters 3 and 4 this theory is applied to the Iwahori—-Hecke algebras of the
symmetric groups and the ¢—Schur algebras.

1. Cellular bases

Let R be a commutative integral domain with 1 and A an associative unital

R-algebra.

2.1 Suppose that (A, >) is a (finite) poset and that for each A € A we have a finite
set 7()\) and elements ¢, € A for all 5,t € 7()\) such that

G ={c\|reAandsteT()))}

is a basis of A. For each A € A let A* be the R-submodule of A with basis
{chiw | p €A p>Xand u,v €7 (u)}. The pair (4, A) is a cellular basis of A if
(i) the R-linear map * : A— A determined by cé‘t* =c}, forall A € A and all 5
and tin 7(A), is an algebra anti-isomorphism of A; and,

(i) forany A € A, t € T(A) and a € A there exist r, € R such that for alls € T())

AL — A e
Car@ = E rpCq, mod A™.
vET (A)

If A has a cellular basis we say that A is a cellular algebra.
It should be emphasized that a cellular algebra may have more than one cellular
basis (up to an automorphism of A).

2.2 Examples (i) First an easy example which illustrates some of the properties
of cellular algebras. Let A = R[x], where # is in indeterminate over R, and take
A to be the non—negative integers with their natural ordering. For each n € A let
T(n) = {o} and set ¢, = «™. Tt is easy to check that { " | n > 0} is a cellular basis
of A. Here A is the set of polynomials of degree greater than n and A7 /A"t = R
1s simple for all n.

(ii) Let S = % 4(S3) and let A = {(3),(2,1), (1®)}, the set of partitions of 3
ordered lexicographically. Let s = 23], t = , u = and b = and set

9
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T(3) ={s}, 7(2,1) = {t,u} and T(13) = {v}. Then

Cg) = 1+T + L +TTH+TT +TTT

V= (1+m) (Y = m+T)

2V =+ Y = B+
cEf:):l.

is a cellular basis of 7 (check!). Note that u = tss and cii’l) = cif’l)Tz. We
generalize this example in the next chapter.

Throughout this Chapter we assume that ¥ = {c,} is a fixed cellular basis
of the algebra A. We begin our study of cellular algebras by noting four easy
consequences of the definition.

For A € A let A* be the R-module with basis the set of ¢, where 4 € A, pp > A
and u, 0 € T(pt). Thus, A* C A* and A*/A* has basis ¢, + A* where 5, € T()\).
2.3 Corollary Let A be an element of A.

(i) Suppose that s € T(A) and a € A. Then for all t € T(X)

a*c;‘t = Z rucﬁt mod A*
ue7T (A)
where for each u, ry is the element of R determined by (2.1)(ii).
) The R-modules A* and AN are two-sided ideals of A.
ii) Suppose that A € A, X\ } pp and = € A*. Then az,za € AN for all a € A,
) Suppose that s and t are elements of T(A). Then there exists an element rq,
of R such that for any u,0 € T(X)

A A A A
CLsCip = TstCh, mod A%

Proof. Applying the anti-isomorphism # to (2.1)(ii) proves (i). The remaining
statements now follow directly from part (i) and (2.1)(ii). O

Corollary 2.3(iv) is the key which unlocks the irreducible modules of a cellular
algebra. For each A € A the (right) cell module C* is the right A—module which is
free as an R—module with basis { ¢} |t € 7(\) } and where for each a € A

24 cf‘a = Z rncf,‘
vET(N)
where 7y is the element of R determined by (2.1)(ii). By (2.1)(ii) these definitions

make C* into an A-module. Similarly, abusing notation define the left cell module
C** to be the free R—module with basis { ¢} | t€ 7())} and A-action given by

2.5 a*cf‘ = Z rncf,‘
vET (A)
for all @ € A and where, once again, r, is given by (2.1)(ii). Then the ideals A*/A*
and C* @p C* are canonically isomorphic via cé‘t + AN — c;‘ @ cp for 5,6 € T(N).
By Corollary 2.3(iv) we can define a bilinear form ( , }:C* x C* — R to be
the unique bilinear map such that, for any s, t € 7(A),

A A A A A i
2.6 CasCn = (€5, ¢0)¢h, mod A%

where u and b are any elements of 7(A). The next result shows that { | ) is both
symmetric and associative.
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2.7 Proposition Suppose that A € A and let x,y € C*. Then

() (2,1) = (9, 2)

(i) (za,y) = (&, ya*) for all a € A.
(iii) zed, = (z,ed)ep for allu, v € T(N).
Proof. Because {, ) is bilinear it is sufficient to consider the case where z = c;‘
and y = ¢} for some 5,t € 7(\). Let u and b be any elements of 7(\). Then, by
definition,

<CQ’ Cf\>cﬁn = Cﬁsci\n = (C;\tcgu)* = (<Ci\’ C?>Ct>1\u)* = <Cf\’ C?>Cﬁn mod AA’

proving (i). Similarly for (ii),
<C§a, Cf\>cﬁn = (cﬁsa)cf‘n = cﬁs(acf‘n) = <C§, Cf\a*>cﬁn mod A*.

Finally, when x = ¢, part (iii) is precisely the definition of { , ). O

2.8 Letrad C* = {z € C* | (z,y) = 0 for all y € C* }. Then by Proposition 2.7(ii),
rad C* is an A—submodule of C*. Accordingly, we define D* = C*/rad C*.

Although we have yet to do anything difficult, we can now exhibit some irre-
ducible A-—modules. Recall that the Jacobson radical of a module is the smallest
submodule with a semisimple quotient; it is also the intersection of all of the max-
imal ideal in the module.

2.9 Proposition Suppose that R is a field and let X be any element of A such
that D* # 0.

(i) The right A-module D is absolutely irreducible.

(ii) The Jacobson radical of C* is equal to rad C*.

Proof. Let  be any non—zero element of C* \ rad C*. Then (z,y) # 0 for some
y € C* and, because R is a field, we may assume that (z,y) = 1. Now y =
2567—0\) rsca for some 75 € R; so, for each t € T(A), define y, = D oseh rscy € A.
Then, by Proposition 2.7(iii),

Ty = Z FeECh = Z reolx, Ve = (x,y)e} = e}

SET(A) SET(A)

Consequently, x generates C*. This argument applies to any element of C* which
does not belong to the radical; consequently, D* is irreducible and rad C* is the
unique maximal proper submodule of C*, proving (ii). By the same argument, D*
is irreducible for any extension field of R so in fact D is absolutely irreducible.

O

2.10 Proposition Suppose that R is a field and let A and p be elements of A such
that D # 0 and let M be a proper submodule of C*.

(i) If6:C*— CH*/M is a non-zero homomorphism then A > p.

(ii) Suppose that A\ = p. Then Hom(C*,C*/M) = R.
Proof. Define elements z,y and y¢ = rscé‘t as in the proof of Proposition 2.9,
where t € T()) and let 6:C* — C*/M be an A-module homomorphism. Then
there exists some ay € C* such that §(z) = M + ag. Therefore, (c}) = 0(zy,) =
O(x)ye = M + agy, for all t € T(A). By Corollary 2.3(iii) and (2.4), if A Z p then
agy. = 050 (cy) = 0 for all t. Consequently, if & # 0 then A > p, proving (i).
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Now suppose that g = A. Then by Proposition 2.7(iii) we find that

0(c)) =M+ agye = M + Z reager, = M + ¢t {ag, y).
SET (M)

Hence, @ is just the natural projection C* — C*/M composed with multiplication
by (ag, y). o

2.11 Corollary Suppose that R is a field and let A and p be elements of A such
that D # 0 and D = D*. Then A = p.

Proof. By assumption there exists a non-zero homomorphism 0 :C* — D#;
whence A > p by (i). By symmetry, g > A. Thus A = p as required. O

2. Simple modules in a cellular algebra

In this section we show that every irreducible A—-module is isomorphic to some
D#_ for some u € A, and we describe the decomposition matrix of A. Throughout,
we assume that the poset A is finite; thus A is a finite dimensional algebra.

2.12 Lemma Suppose that \ is a minimal element of A. Then rad C* = 0; con-
sequently, C* = D>,

Proof. By way of contradiction, suppose that rad C* # 0; then there exists some
z € C* such that (z,y) = 0 for all y € C*. Write = >, re} and consider
& = 3, ry. By Proposition 2.7(iii), if u,0 € 7()\) then ¢, € A*. Therefore, by
the minimality of A and Corollary 2.3(iii), Za € A* for all @ in A. In particular,
& =& - 1 belongs to A*, yielding the promised contradiction. O

2.13 Theorem (Graham—Lehrer) Suppose that R is a field and that A is fi-
nite. Then {D* | X € A and D> # 0} is a complete set of pairwise inequivalent
wrreducible A-modules.

Proof. By Proposition 2.9if D* # (0 then D* is irreducible and by Corollary 2.11
D# 2 D* whenever A € A and A # p. It remains to show that every irreducible
A-module is 1somorphic to one of the non-zero modules D* with p € A.

By the definition, any total ordering of A gives rise to a filtration of A in which
each composition factor is isomorphic to a cell module of A. Consequently, to prove
Theorem it suffices to show that if A € A then every irreducible composition factor
of C* is isomorphic to D* for some i € A. To prove this we argue by induction on
A

If X is a minimal element of A then C* = D* by Lemma 2.12 and there is
nothing to prove.

Now suppose that A is not minimal and let D be an irreducible composition
factor of C*. Then either D = D* or D is a composition factor of rad C*. Let x
be an element of rad C* and let Ay be the R—module spanned by

{lveA Xt vanduveT(v)}.
Then A, is a two-sided ideal of A, by (2.1)(i) and Corollary 2.3(i), and 24, =0

by Corollary 2.3(iii). Therefore, any composition factor of rad C* is a composition
factor of A/A,. However, by construction, A/A, has a composition series with
composition factors isomorphic to cell modules ¢ with v € A and A > v. By
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induction, if A > v then every irreducible composition factor of C* is isomorphic
to D* for some u € A. This completes the proof. O

Let AY = {p€A|D*#0}. Then u € At if and only if the bilinear form
(, ) on C* is non—degenerate. In principle, Theorem 2.13 classifies the simple
A-modules; however, in practice, it is often difficult to determine the set AT.

If p € AT and X € A let d), be the composition multiplicity of the irreducible
module D# in C*; by the Jordan—Hélder Theorem [10], dxu 18 well-defined. The
matrix D = (dy,), where A € A and € At is the so—called decomposition matrix of
A. The next result could also have been deduced during the proof of Theorem 2.13.

2.14 Corollary Suppose that R is a field. Then the decomposition matriz D of
A is unitriangular; that is, if p € AY and X € A then d,, = 1 and dy, # 0 only
if A > p.

Proof. The decomposition number dy, is non-zero if and only if there exists
a submodule M of C* and a homomorphism 6:C* — C*/M with the image
of ¢ isomorphic to D#. Therefore, if dy, # 0 then A > u by Proposition 2.10(i).
Furthermore, if A = p then C*/ker@ is simple if and only if ker @ = rad C* by
Proposition 2.9(ii), so d,, = 1. O

Next we describe the Cartan invariants of A. For each element A € AT we
have a simple module D* and a projective indecomposable module P*, uniquely
determined up to isomorphism by the property that it has simple head D*. In fact,
since DM @g D* is a simple ideal we have A = Drcar DM @r P>,

If 4 € AT let ¢y, be the composition multiplicity of D* in P*. Then C = (ex,),
where A, u € AT, is the Cartan matrix of A.

In order to compute C we need two Lemmas and some more notation.

2.15 Lemma Suppose that R is a field, X € AT and v € A. Then
dyy = dimp Homy (P*,C*) = dimg P* @4 C**.

Proof. If v € A then d,» is non—zero only if there exists a submodule M of C¥
together with a surjective homomorphism 6 : M — D¥. Since P* is projective,
lifts uniquely to a homomorphismé : P* — M and the inclusion M < C¥ produces
an A-homomorphism P* — C¥. Thus, d,» = dimg Homa (P, C¥) as required.
O

A subset T' of A a poset ideal if A € T' whenever y € ' and A > p. If T is a
poset ideal let A(T) be the R—submodule of A with basis {cf,} where y € T' and
u,0 € T(p). Then A(T) is a two—sided ideal of A by (2.1)(ii) and Corollary 2.3(i).
2.16 Lemma Suppose that P is a projective A-module. Then P has a filtration
g =Py C - C P, = P with composition factors P;/P;_y isomorphic lo the
(non—zero) modules P @4 (C** @p C*), with each ;1 € A occurring exactly once.

Proof. Let I' be a poset ideal and suppose that T'U {u} is also an ideal for some
p€ AN\T. Then 0 = A(T) = A(TU{u}) — A(T)/A(T U {u}) = 0 is a short exact
sequence of (A, A)-bimodules and A(T' U {u})/A(T) = C** @ C*. Because P is

projective, we can tensor this sequence with P to obtain an exact sequence

0= Poa AT) = Poa AT U{u}) = Poa AT U {u})/AT) — 0.



14 2. CELLULAR ALGEBRAS

Consequently, P @4 A(TU{u})/P @4 A(T) = P4 (C* @r CH).

Now suppose that @ = I'g C I'y C --- C I'y, = I'' is a maximal chain of ideals
in A. Then, fori=1,2,... k, wehave I'; = T;_1U{u;} for some u; € T'. Therefore,
0= A(Ty) — A(T1) = -+ = A(Ty) = A is a filtration of A. Tensoring with P
gives a filtration of P with composition factors, by the last paragraph, precisely the
non-zero modules P @4 (C** @p C*) for u € A. 0

Noting that P ®4 (C** @r C*) =2 (P @4 C**) @p C* = (dim P @4 C**)CH,
we see that every projective A—module P has a cell module filtration; that is a
filtration in which every composition factor is isomorphic to a cell module.

In the next result, D! denotes the transpose of D.

2.17 Theorem (Graham—Lehrer) Suppose that R is a field and that A is finite.
Then C = D'D. In particular, the Cartan matriz of A is symmetric.

Proof. Let A and g be elements of AT and take P = P*. By Lemma 2.16, P*
has a filtration with composition factors the non—zero modules P* @4 (CV* @ g C¥),
and where each v € A occurs at most once. Therefore, by Lemma 2.15,

o =[Pr DM =" [(P*@a C¥") ©r C¥ 1 D]
vEA
=Y dimp(P* @4 C*7)[C¥ : D]
vEA

=Y dyrdyy.

vEA

Hence, C = D'D as claimed. O

2.18 Corollary Suppose that R is a field. Then the following are equivalent.

(1) A is (split) semisimple.

(i) C* = D* for all x € A.
(iii) rad C* = 0 for all A € A.
(iv) dapy = rp for all X and p in A.
Proof. First we note that if A is semisimple then R is a splitting field for A
since each D? is absolutely irreducible by Proposition 2.9. Thus, the algebra A is
semisimple if and only if it is split semisimple.

Now suppose that A is semisimple. Then P* = D> for all A € A*; consequently,

C* = D* by Theorem 2.17. Furthermore, because A is semisimple,

dimg A= Y dimg(C*)? = Y [TV
AEAT AEAT
However, dimg A = 3, 4 |7 ()%, so we must have A = A+, Hence, (i) implies (ii).
Certainly (ii) and (ii1) are both equivalent and they both imply (iv), so assume
that (iv) holds. In particular, (iv) implies that A = AT and, using Theorem 2.17
again, that P*» = C* = D*. Therefore, A is a direct sum of simple (projective)
modules; that is to say it is semisimple. O

The next result connects the theory of quasi—hereditary algebras and cellular
algebras. Quasi—hereditary algebras are very a important class of algebras; however,
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as we do not need any results from their theory, we refer the interested reader to [8]
for the definition.

2.19 Corollary Suppose that R is a field. Then the following are equivalent.
(i) A=AT.

(i1) The decomposition matriz D is a square unitriangular matriz.

Moreover, if either of these conditions is satisfied then A is quasi—hereditary.

Proof. That (i) and (ii) are equivalent is clear from Corollary 2.14. If (i) holds
then it follows directly from the definitions in [8] that A is quasi—hereditary. O

Implicitly, part (ii) plays a role in the proof of the Jantzen sum formula in
Chapter b; this criterion indicates that being quasi—hereditary is a non—degeneracy
property.

Finally, we consider blocks of a cellular algebra. Suppose that R is a field (and
that A is finite). Then A can be decomposed as a direct sum of indecomposable two—
sided ideals; say A = B1@®---® By. The ideals By, ..., B; are uniquely determined
and are called the block ideals of A. Furthermore, for each ¢, there exists a (unique)
primitive central idempotent e; such that B; = ¢; A = e; Ae; = Ae;. It follows that
1=-e; + -+ ¢, and that e;e; = dj5e5; thus, By is an R-algebra with identity e;.
Proofs of these general facts can be found in [10, Chapter VIII].

Two A-modules are said to belong to the same block if all of their irreducible
composition factors lie in the same block. In particular, because e;e; = J;; for
1 <47 <k, aright A-module N belongs to the same block as B; if and only if
Nej =N and Nej =01if 7 £ 5.

2.20 Lemma Suppose that e and f are idempotents in A. Then Homy (e A, fA)
and fAe are canonically isomorphic as R-modules. Moreover, if e = f then
Enda(eA) and eAe are isomorphic as algebras.

Proof. If ¢ € Homgu(eA, fA) then ¢ is completely determined by ¢(e). Certainly,
¢(e) € fA and, because e is idempotent, ¢(e) = p(e?) = p(e)e € fAe. Hence, the
map ¢+ p(e) is an isomorphism.

Finally, suppose that e = f. For homomorphisms ¢ and ¢ in Ends(eA),
write ¢(e) = eagye and ¥(e) = eaye for some ap,ay € A. Then @(e)y(e) =
(eagpe)(eaye) = (eape)aye = (pi)(e). Hence, Endy(eA) and eAe are isomorphic
algebras. O

In particular, if 1 < ¢, j < k then Homyu (B;, Bj) = e;Ae; = e;e; A = 0;; B;.

Say that A and g in A are linked if there exist A = Ag, A1,..., Ay = pin A
such that C*-1 and C*i have a common irreducible composition factor for i =
1,2,..., k. This defines an equivalence relation on A; importantly, if u € A1 then
dxy # 0 only if A and g are linked.

2.21 Theorem Suppose that R is a field and that A is finite. Let A and p be
elements of A. Then X and p are linked if and only if C* and C* are in the same
block.

Proof. As aright A-module each block B; decomposes into a direct sum of prin-
cipal indecomposable modules. This gives a partition AT = AfU. . .I_IA,;" of AT such
that B; = @NEA+ D** @p P* for i = 1,2,...,k. Furthermore, by Lemma 2.16,

each indecomposable P* has a cell module filtration; thus, to prove the Theorem
it suffices to show that A, € At are linked if and only if A, € A} for some i.
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Suppose first that A and g are in At and that D* is a composition factor of P*.
Then, as in the proof of Lemma 2.15, Homa (P*, P#) # 0. Consequently P* and
P# must be contained in the same block since Homy (B;, Bj) = 0 if i # j. Hence,
if A and g in A are linked then C* and C* are in the same block.

Conversely, suppose that there exists an integer ¢, with 1 < ¢ <k, and A and pu
n AZT" such that C* and C* are not linked. Then P* and P* have no composition
factor in common so Homy (P*, P#) = 0. Let A;"l be the set of v € AZ‘»" which are
linked to A and let A}, = AF \ A, Fora=1,21et B;, = D, cat+ D @ PY. Then,
by Lemma 2.20 and the remark following it, ¢

B; 2 Ends(B;) = Enda(Bi1 @ Bi2) = Enda(Bs1) @ Enda(Bs2),

contradicting the fact that B; is an indecomposable block ideal of A. O

Notes on Chapter 2

1. All of the results in this Chapter are due to Graham and Lehrer and can be
found in [25,26].

2. The introduction of cellular algebras was largely motivated by the Kazhdan—
Lusztig [46] bases of the ITwahori—Hecke algebras of type A. Many more exam-
ples of cellular algebras can be found in [25,26]. For example, (generalized)
Temperley-Lieb algebras, Jones” annular algebra, Ariki-Koike algebras, and the
cyclotomic g—Schur algebras of [17] are all cellular.

3. A ring theoretic definition of cellular algebras has been Kénig and Xi [50]; in
particular, their approach is independent of a choice of basis. They have also
investigated cellular algebras under Morita equivalence [48] and shown that the
poset A is not, in any sense, an invariant of a cellular algebra [49].

4. Tf A is also a symmetric algebra then Graham [25, 4.12] has shown that the dual
basis of a cellular basis of A is again cellular, providing that the trace form on A
commutes with the *—automorphism.

5. Du and Rui [20] have proved a converse to Corollary 2.19; they showed that any
quasi-hereditary algebra possessing a certain type of involution is cellular.



CHAPTER 3

The Modular representation theory of 57

In this chapter we construct Murphy’s basis of the Iwahori-Hecke algebra .77.
Murphy’s papers [55,56]appeared before the theory of cellular algebras: neverthe-
less, his basis is cellular.

For the rest of these notes we assume that ¢ is an invertible element of R.
In particular, this implies that 7; is invertible with TZ»_1 = ¢ T} —q+1) for
t=1,2,...,n—1. Consequently if w € &,, and s;, ...s;, is a reduced expression
for w then Tj; 1 = lel . T;l

1. The combinatorics of tableaux

Let m be a positive integer. A composition of m is a sequence p = (i1, fia, .. .)
of non-negative integers such that |u| = >, s = m. The integers y;, ¢ > 1, are the
parts of p; if p; = 0 for ¢ > k we identify g with (g1, ..., p). A composition y is
a partition if p; > pi4q for all 2 > 1.

The diagram of a composition g is the subset

(] = {(,4) |1<j<psandi>1}.

of N x N. The elements of [u] are called the nodes of u; more generally, a node
is any element of N x N. It will be convenient to represent the diagram of p as an
array of boxes in the plane. For example, if g = (2, 3) then [u] =

If p is a composition of n then a p—tableau is a bijection t:[u] —{1,2,... ,n};
we say that t has shaper y and write Shape(t) = p. Notice that a tableau t
corresponds to a labelled diagram; for example, if g = (2,3) then and
are two p—tableaux. Accordingly, we will speak of the rows and columns of tableaux.

We distinguish two particular types of p—tableaux. A p—tableau tis row stan-
dard if the entries in t increase from left to right in each row; t is standard if (i)
p is a partition and (ii) the entries in t increase from left to right in each row and
from top to bottom in each column. If p is a partition let Std(p) denote the set of
standard p—tableaux.

Of the two tableaux above, only the first is row standard; neither is standard
because (2,3) is not a partition. If A = (3,2) then is a standard A—tableau.

Given any composition p let t* be the row standard p-tableau in which the

integers 1,2, ... n are entered in increasing order from left to right along the rows
of [u]. For example, if 4 = (2,3) then t# = .
If w = (g1, ..., 1g) is a composition of n then the symmetric group &,, acts

from the right upon the set of p—tableaux by permuting the entries inside a given

tableau. For example, if t = then t(2,4,5,3) = .
Let &, be the subgroup of &, which stabilizes the rows of t* and let (&,,)

be the subalgebra of ¢ spanned by {7, |w € &, }. Then &, = &, x --- x &,

17
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and J(8,) is isomorphic to (S, ) X -+ x H(S,,), the Iwahori-Hecke of &,,.
It follows that &, is generated by S N &, and that 3 (S,) is generated by
{T,|s€SN&,}. Finally, we let m, = > Tw and define M* to be the

right ideal m, 2.

3.1 Example Let g = (2,3). Then t* = , S, = 6y x 63 = (s1,53,54) and
muy = (1+T0) (1 + 15+ Tu 4+ T5Tu + TuTs + T3T4T5).

3.2 Lemma Suppose that p s a composition of n and let w be an element of &,,.
Then m, T, = Z(w)mu.

Proof. It suffices to show that if s € SN &, then m, T, = gm,. We have

m o= Y T,To= > TT+ Y T

weS,

weS, weES, weES,
Lws)>L(w) Lws)<L(w)
= Z Tws + Z ((q - 1)Tw + qus) =qmy,
wES weS,
Lws)>L(w) Lws)<L(w)
where the last line follows by the multiplication formulae of Theorem 1.11. O

Comparing Lemma 3.2 and Corollary 1.13 we see that m,#(6&,) = Rm,
affords the trivial representation of (&) and, moreover, that as an J#-module
M# = m,(6,) Qxs,) #. Thus, M* is the Iwahori-Hecke algebra analogue
of the induced representation Indg: (1).

To give a basis of M*# we need a set of coset representatives for &, in &,.

3.3 Proposition Suppose that p is a composition of n and let
P, ={d € &, | t*d is row standard } .

Then 92, 1s a complete set of right coset representatives of &, in &,,. Moreover, if
we€ S, and d € D, then {{wd) = l(w) + {(d) and Tyyg = TwTy.

Proof. If 6,w = &,v then the tableaux t*w and t*v agree up to a reordering of
the entries in each row; therefore, &, is a complete set of right coset representatives
of &, in &,.

It remains to show that if w € &, and d € 2, then f(wd) = £(w) + £(d).
First note that if ¢ < j, where ¢ and j are in the same row of t#, then id < jd. In
particular, if ¢ and i4+1 are in the same row of t# then id < (i+1)d so £(s;d) = 1+£(d)
whenever 5; € SN &, by Corollary 1.4.

Now suppose that w € &, and that £(w) > 1. Then w = s;v and £(w) = 14+L(v)
for some s; € 6, NS and v € &,,; therefore, iv < (i + 1)v by Corollary 1.4. Now iv
and (i4+ 1)v belong to the same row of t#, so ivd < (i+ 1)vd by the last paragraph;
whence, £(s;vd) = 1+ £(vd) by Corollary 1.4 again. Consequently, by induction on
the length of v we find that

U(wd) = (sivd) = 1+ L(vd) = 1+ £(v) + £(d) = L(w) + £(d)

as required. O

Thus each row standard p-tableau corresponds to a right coset of &, in &,.
If t is a row standard p—tableau let d(t) be the unique element of &, such that
t = t*d(t). By Proposition 3.3 d(t) is the unique element of minimal length in the
coset &,,d(t); such coset representatives are called distinguished coset representatives.
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3.4 Corollary Let i be a composition of n. Then M*" s a free R—module with
basis { m, Ty |t a row standard pi—tableau }. Moreover, if t is row standard and
5 = ts;, for some 1 <1 < n, then

gmy Ty, if 5 is not row standard,
myTayTi =< muTys), if 5 is row standard and £(d(s)) > ¢(d(t)),
qmuTysy + (¢ = 1)my Ty, if 5 is row standard and £(d(s)) < £(d(t)).

Proof. That M* is a free R—module with the basis shown follows directly from
Theorem 1.11, Lemma 3.2 and Proposition 3.3. It remains to verify the multipli-
cation formulae.

Let w = d(t)s;; then s = t"*w. Now, s is not row standard if and only if ¢
and ¢ + 1 are in the same row of t, in which case w and d(t) are in the same right
coset of &,. Therefore, w = sd(t) for some s € &, and £(w) = £(d(t)) + 1 by
Proposition 3.3; hence, m Ty Ti = m T Ty = gmyuTyy by Lemma 3.2.

Finally, if i and ¢+ 1 are not in the same row of s then s i1s row standard; thus,
d(s) € 2, and the remaining statements follow from the multiplication formulae of
Theorem 1.11. O

3.5 To conclude this section we introduce two partial orders. Let g and v be
compositions. Then p > v if

Zuj > Zl/j forall ¢>1.
j=1 j=1

If o > v we say that p dominates v. If p # v we write p > v.

Next, given a row standard tableau t and an integer m < n let t | m be the
tableau obtained from t by deleting all of the entries greater than m. Note that
tl m 1s a row standard tableau for some composition of m. Given row standard
p—tableaux s and t write s [> t if Shape(s | m) > Shape(tlm) for m =1,2... n.
Similarly, we write § [> t when s > t and s # t.

3.6 Example (i) Let A be a partition of n and let t be any row standard A-
tableau. Then t* > t.
(ii) Let s = and t = . Then the following table shows that s > t.

m 1 2 3 4 5
slm
2]
tlm [2]

Suppose that 71 ...7; is a not necessarily reduced expression for some element
of &,,, where r1,... 7y € S. A subexpression of r1...rg is any expression of the
form r;, ..., where 1 <oy << <k.

Given two elements v and w in &,, write v > w if v has a reduced expression
which 1s a subexpression of some reduced expression of w. For example, 1 > w for
all w € &,,. By the strong exchange condition (1.5), v > w if and only if there exist
reflections t;,... ,tx € T such that w = vt1,.. . t5 and £(vt1 ... t;_1) < L(vt1 ... t;)
for j = 1,2,... k. (In fact, one can show that v I> w if and only if there exist
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reflections ¢;,... ¢y € T such that w = vty,...¢x and £(vt; ...t;) = £(v) + j for
J=1,2,... k) In particular, this shows that > is a partial order on &,.

The partial order > on &,, is the ubiquitous Bruhat—Chevalley order. Perhaps
surprisingly, it agrees with the dominance ordering on row standard p-tableaux
(when restricted to 2,).

3.7 Proposition (Dipper—James) Lel p be a composition of n and suppose that s
and t are row standard p—tableaur. Then s> t if and only if d(s) > d(t).

Proof. First suppose that s > t and choose » minimal such that row r of 5 and
row r of t are different. Let a be the smallest number which is in row » of 5 but
not in row r of t; similarly, let & be the smallest number which is in row r of t but
not in row r of 5. Then a < b since s > t. Therefore, if v = t(a,b) then v > t and
d(v) > d(t). Further, if ¢ is in row ¢ of t and b is in row s of s then ¢ > r and ¢ > s;
so, either b = s or 5 > b. Therefore, by induction, d(s) > d(b); so d(s) > d(t) as
required.

To prove the converse it is sufficient to consider the case where d(t) = d(s)t for
some t € T such that £(d(t)) = £(d(s)) + 1. However, in this case it is easy to see
from the definitions that s > t. O

The Proposition has a technical Corollary which will be used many times below.

3.8 Corollary Suppose that T, g and t are row standard A—tableauzr such that T > g
and d(t) = d(g)w for some w € &, with £(d(t)) = £(d(g)) + ¢(w). Then there exist
rs € R such that m)TyTy = dos rem, Tysy and where v4 # 0 only if s > t.

Proof. It follows from Theorem 1.11 that there exist elements r, € R such that
TanTw = > ryTy where the sum is over elements # € &, which have a reduced
expression which is a subexpression of d(r)w; that is, r, # 0 only if # > d(r)w.
Consequently, by Corollary 3.4, mxTy)Tw = dos rsmyTy(sy where the sum is over
row standard A-tableaux s such that v, # 0 only if d(s) > d(r)w. By assump-
tion d(7) is a proper subexpression of d(g) and £(d(g)w) = £(d(g)) + ¢(w); so d(T)w
is a proper subexpression of d(t) = d(g)w. Thus, if rs # 0 then s > d(7)w > d(t),
giving the result. O

2. The Murphy basis

In Corollary 3.4 we saw that the permutation modules M* have a basis indexed
by row standard tableaux; in this section we show that 5 = M (™) has a cellular
basis indexed by pairs of standard tableaux of the same shape.

Let * be the R-linear antiautomorphism of ¢ determined by 17 = 1; for
1=1,2,...,n—1. Then T} = T, -1 for all w € &,,.

Let p be a composition of n and let 5 and t be row standard p—tableaux.
Define mgyi = T;(s)mqu(t) (¢f. Example 2.2(ii)). In particular, m%, = my, for all
row standard tableaux s and t of the same shape.

If w = (17) then, as R—modules, M#* = J# so the elements {mgq} certainly
span ¢ by Corollary 3.4. First we show that we need only those elements mgq,
where the shape of s and t is a partition (not just a composition).

3.9 Lemma Let i be a composition of n and let X be the partition obtained from
p by reordering its parts. Suppose that s and t are row standard p—tableauz. Then
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mg 15 an R-linear combination of terms of the form my, where u and v are row
standard A—tableauz.

Proof. Choose an element d € &,, such that &, = dGMd_1 and such that t*d and
t*d~! are both row standard (d and d~! permute the rows of t* and t* respectively;
see Example 3.10). Then &,d = d&,, d € 2, and d-'e D, s0 myTy = Tym, by
Proposition 3.3. Consequently, m, = Td_lmATd can be written as a linear combi-
nation of terms my, where u and v are row standard A-tableaux by Corollary 3.4
and its left-handed analogue. The general case follows from this and Corollary 3.4
since mgyy = T;( )mqu(t) = T;( )T;mqu Td(t). m|

i) i)

3.10 Example Suppose that g = (2, 1,3,3). Then, using the notation of Lemma 3.9,
A=(3,3,2,1) and

p [1]2] N 123|

— 13 — |4]5(6

th = Tl and t G
7]8]9] 9]

Thus we may take d = (1,4, 7)(2,5, 8)(3,6,9), in which case

[8] N 4

and thd = £
2[3] [1]
5]6] 12]

5]6]
3[9]
B

thd~1 =

w[=Tol~]

Note, however, that d is not unique; we could also let d = (1,7)(2,8)(3,9), then

. B N 7]8]o]
tHd™ =L2 and thd = [4lz]s]
4]5]6] [1]2]

1]2]3] [2]

are again row standard. However, for both choices of d we have &) = d&,d~".

Let A be a partition and suppose that s and t are row standard A-tableaux. We
need to show that mgy¢ can be written as a linear combination of terms m,, where
u and v are standard tableaux of the same shape. We begin with a special case.

Suppose that (7, j) € [\] where A\;11 > j and let @ = t*(i, j) and b = t*(i+ 1, j).
The (¢, j)th Garnir tableau of shape A is the row standard A-tableau g = g;; in which
all numbers less than a or greater than b occupy the same positions in t* and g,
and where the numbers a,a+ 1,... b are inserted in increasing order from left to
right, first along row ¢ + 1 and then along row ¢, into the remaining positions.

3.11 Example Let A = (3,3) then g1 = , g2 = and gi13 = . Let
g =g and v = (4,2). In this case, the proof of the Lemma 3.12 below reduces to
the (easily verified) coset identity

[2la]a] 4 [1Tsfa} 4 [1]2fa] 4 [1[2]3] — [1]2]af6] 4 [1[2a]s] 4 [1]2]3]4]
[i]s]e] " [2]s]e] ' [s]5]e] ' [4]5]6] 415 4]6 5]6

where, for this example, a tableau t on the left hand side is identified with m) Ty
and a tableau b on the right hand side is identified with T;(n)ml,.

For the next few Lemmas we need another ordering on the set of partitions.
Given partitions A and p we write A > p if X is greater than g in the lexicographic
ordering. That is, there exists an integer j > 1 such that A; = p; for 1 < < j and
A; > pj. Similarly we write A > p if either A = g or A > u. Note that if A > p
then A > p.



22 3. THE MODULAR REPRESENTATION THEORY OF s#

3.12 Lemma Let A be a partition of n and suppose that g s a Garnir tableau.
Then there exists a partition p of n such that p > A and

mtkg:h — E M,

resStd(N)
T>g
where h is a linear combination of terms my, such that u and v are row standard
p—tableauz.

Proof. Write A = (Aq,...,Ax) and suppose that g = g;; is the (4, j)th Garnir
tableau. Set v = (A1,... Ao, 0 — LA+ 1, A41 — 4, Aig2, ..., Ag), a composition
of n, and let X = {vw | v € &) and w € &, }. Then, by Proposition 3.3,

Yo o= Th= > Tim,

WES,ND; reX vEGAND,

(cf. Example 3.11). Now {t*w |w e &, NZ} = {g}U{r€Std(A) | 7> g}, so
rearranging this equation we obtain

mtAg = E My — E M.

d(v)ESAND, restd(X)
T>g
In order to complete the proof we need to show that h =)~ mye has the required
form. Let p be the partition obtained from v by reordering its parts. Then pu > A
so the result follows from Lemma 3.9. O

3.13 Lemma Suppose that t is a row standard A—tableau which s not standard.
Then there exists a Garnir tableau g and w € &, such that t = gw and ¢(d(t)) =
(d(g)) + {(w).

Proof. Because tis not standard there exists a node (4, ) in [A] such that t(¢, j) >
t(i+1, 7). If tis the (¢, j)th Garnir tableau we may take w = 1 and there is nothing
to prove; otherwise, there exists an s € S such that ' = ts is row standard,
t'(i,7) > t(i+1,7) and ¥’ > t. Let g be the (4, j)th Garnir tableau; by induction
we may assume that there exists a permutation w’ € &, such that ' = gw’ and

Ld()) = £(d(g)) + £(w"). Therefore, if we set w = w's then t = gw and
(d(t)) = () +1 = ((d(g)) + £(w') + 1 = L(d(g)) + {(w)

as required. O

3.14 Lemma Let X be a partition of n and suppose that s and t are row standard
A—tableaux. Then mg can be written as a linear combination of elements my, where
u and v are standard p—tableau for some partition p of n such that either (i) p > A,
or (i) u=Aandul>s and v > t.

Proof. First suppose that t is row standard but not standard. By Lemma 3.13,
Mgt = Mggly, for some Garnir tableau g and some w € &,,. Consequently, by
Lemma 3.12 there exists an element 2 = ) ryuimy,, where u and v are row standard
p—tableaux with g > A such that

Mgy = T;(s)mtAgTw = T;(S) (h — Z mtAT)Tw = T;(s)hTw — Z TvMgyp,
T>g vt
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for some r, € R and where the last equality uses Corollary 3.8. By Corollary 3.4
and induction on A, T;(s)hTw can be written in the required form. Furthermore, by
induction on t, the terms my, can be written as a linear combination of terms myy:
where u and v’ are p—tableaux such that g > A and u is row standard and v’ is
standard. Since my, = m},, we can repeat the argument to replace the left hand
tableaux with standard tableaux of the required form, and so deduce the result.

O

We will often need an important special case of Lemma 3.14 which can be
gleaned from a careful scrutiny of its proof.

3.15 Corollary Suppose that t is a standard A—tableau such that i and 1 + 1 are
wn the same column of t for some t. Then, for any standard A—tableau s,

mstﬂ = —Mmg¢ + g TupMyup

where ryy, € R and the sum is over pairs (u,0) of row standard p—tableau such that
either (i) p> A, or (i) u=A, u=sand v > t.

Proof. By assumption, ts; is not standard so we may write ts; = gw for some
Garnir tableau g and w € &, by Lemma 3.13. Now, there is a unique standard
tableau 7 such that g = rs for some s € S; moreover, £(d(g)) = ¢(d(7)) + 1 and
if v is any (standard) tableau with v > g then v > 7. Consequently, in this case
Lemma 3.12 says that

Mgy = —Mgr + g TupMyyp

where ry, € R and the sum is over pairs (u, b) of standard p—tableau such that either
(i) o> A, or (ii) g = A, u=s and v > 7. Finally, because £(d(t)) = £(d(7)) + {(w)
and t = 7w, by multiplying the equation we have obtained for mg4 on the right by
Ty and using Corollary 3.8 we obtain the result. O

Let M = {mgs¢]|s,te€ Std(A) for some partition A of n}. Then Lemma 3.9
and Lemma 3.14 show that M spans . By Theorem 1.11 we know that 7 is a
free R—module of rank n!. However, M| =", |Std(A)|? and it is well-known that
this sum is equal to n! (for example, use the Robinson—-Schensted correspondence;
see [47]). Thus, M is a basis of 5. We call M the Murphy basis of 5.

If we let A'®® be the set of partitions of n ordered lexicographically we have
shown that (M, A") is a cellular basis of %#. In order to prove the stronger
result that the set of partitions can be ordered by dominance we need the following
important Proposition.

If h € S we may write h = ) rg¢mg where 7o € R and mg € M. We say
that mg; is involved in h if rgy # 0. Recall that J#% = #% ; where Z = Z[q,¢7'].
3.16 Proposition Let i be an integer with 1 < i < n and suppose that h € M*
where pt ts the composition of n such that m,, = (141;). Suppose that h = )" regmey,
where rsy € R and mg € M. Then rs = 0 whenever ¢ and 1+ 1 belong to the same
column of 5.

Proof. First suppose that # = #% and write M5 = m,.#%. Let A be minimal
in the lexicographic order such that m,, is involved in &k for some A-tableaux u
and v. Choose a pair (u,b) of standard A-tableaux such that (i) my, is involved
in h, and (ii) whenever (s, t) is another pair of standard A-tableaux such that u > s
and b > t then my is not involved in h.
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Suppose that ¢ and 7 4+ 1 are in the same column of u. Then, by Corollary 3.15
and our choice of (u, ),

Tih = (h*Tz)* = —TupMup + Zastmst

for some ags € R such that whenever u > s and v > t then agy = 0. However,
Tim, = gm, by Lemma 3.2, so T;h = ¢h and this forces r,, = 0, a contradiction.
Consequently, ¢ and ¢ 4+ 1 do not belong to the same column of u.

Next let u' = u(¢,7 4+ 1). If o' > u then Tymy, = My 80 My, is involved in h
since ¢~T;h = h; however, this contradicts our assumption (ii) so, in fact, u > '
Therefore, myy + My, = MyuMmyy is an element of M% and b’ = h—ryy (Mg + M)
is an element of M5 which does not involve my,. Applying the same argument to A’
it follows that ¢ and ¢ + 1 are never in the same column of s if mg is involved in A.
This completes the proof when 57 = 5#%.

Now suppose that R is an arbitrary ring. By Corollary 3.4, {m,Ty |d € 2, }
is a basis of M*. By what we have shown, inside ¢z we can write each row
standard basis element m, Ty as a Z-linear combination of Murphy basis elements
of the required form. The specialization homomorphism from 5% to 5 maps the
Murphy basis of 7% to the Murphy basis of 5. It also maps the row standard
basis of M% to that of M*. Hence, in .# each basis element m,Ty can be written
as an R-linear combination of Murphy basis elements of the required form. O

As in the last chapter, we define 3> to be the R-module with basis

{ m ‘ u, 0 € Std(p) for some partition}
ue p of nsuch that g > A ’

Similarly, we define .#* to be the R-module with basis mg; where s and t are
standard p—tableaux and p > A.

3.17 Corollary Suppose that X is a partition. Then > and 3> are two-sided
wdeals of .

Proof. Let 5 and t be standard p-tableaux and w € &,. Because J#* =
ZMDA%N’ it is enough to show that mgy 7, € S#*. We prove this by induction
on A, the case A = (n) being a consequence of Lemma 3.2.

First note that by Lemma 3.14 there exist ry, € R such that mp Ty =
> rupimye where the sum is over pairs (u, v) of standard p—tableaux with g > A.
Suppose that 7y, # 0 for some p-tableaux u and v. By Proposition 3.16, if ¢ and
i+ 1 are in the same row of t* then they cannot be in the same column of u. It
follows that 1,2 ..., A; must all be in the first row of u; so gy > A;. Consideration
of the second row shows that g1 4+ s > A1 + A2, and so on. Hence, p > A whenever
7w 7 0.

Because mgy = T;( e the general case follows by induction on A using the

i)

left handed version of Lemma 3.14, together with Corollary 3.4. O

We can now prove the main result of this section. Let A be the set of partitions
of n ordered by dominance. Recall that *:.5# — 5 is the unique R—linear anti—
isomorphism of .7 such that T, = T, - for all w € &,,.
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3.18 The Murphy Basis Theorem (Murphy) The Hecke algebra ¢ is a free
R-module with basis

M= { Mg | 5,1 € Std(A) for some partition A of n }

Moreover,
(1) mi, =my forall X € A and all 5,t € Std(A).
(i1) Suppose that h € 3 and that t € Std(A). Then there exist r, € R such that
for all s € Std(A)

mgih = E Py mod F.
bEStA(N)

Consequently, (M, A) is a cellular basis of 5.

Proof. We have already seen that M is a basis of .5 and, from the definitions,
it is immediate that m%, = m,,. Hence, it remains to prove (ii).

Let Ny be the R-module spanned by #* and {mu, |t € Std(\)}. The ar-
gument of Corollary 3.17 shows that N, is a right ideal of 5#°. Therefore, for any
standard tableau t € Std(\) and h € F# there exists r, € R such that

meph = E Fomin, mod F.
peStd(N)

Multiplying this expression on the left by T;(s) proves (ii) and hence the Theorem.
O

For future use, we note the following strengthening of Corollary 3.15.

3.19 Corollary Suppose s and t are standard A—tableau such that ¢ and 1 + 1 are
in the same column of t for some i. Then, for all s € Std(A),

mgd; = —mge + E Pomey mod AN,
upt

for some r, € R.

We can now use the theory of cellular algebras from Chapter 2 to construct all
of the irreducible sZ—modules. The cell modules of 5 are called Specht modules.

Let A be a partition of n. Rather than the abstract definition of Chapter 2
we define the Specht module S* to be the right .#-module (#* + my).#. Note
that 7 +my is an element of the 2#-module % /. #* so that S* is a submodule
of A ).
Warning The Specht module S*, as we have defined it, is isomorphic to the dual
of the Specht module which Dipper—James [13] index by A, the partition which is
conjugate to A. Because of this, when comparing the results in these notes with
those from the representation theory of the symmetric groups (¢ = 1), or with the
papers of Dipper and James, the Specht module S* must be replaced with SA* In
the literature our Specht modules are sometimes called dual Specht modules.

Given a standard A-tableau t let m; = #* + m,. Then Theorem 3.18 gives
us the following basis of S* (and shows that S* is isomorphic to the cell module as
defined in Chapter 2).

3.20 Proposition Suppose that X is a partition of n. Then the Specht module S*
is a free R—module with basis {m | t € Std(A) }.
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We call the basis of Proposition 3.20 the Murphy basis of S*. Translating the
notation from (2.6), the bilinear form { , ) on S* is the unique R-bilinear map
from S* x S* into R such that

(mg, mdmy = mp gy mod H.

for all standard A-tableaux s and t. By Proposition 2.7, this form is associative and
symmetric so rad S* = {z € S* |(z,y) =0 for all y € S* } is an #-submodule
of S*. As in (2.8), for each partition A of n we define D* to be the right -
module S*/rad S*. Thus by Theorem 2.13 we have the following result.

3.21 Theorem (Dipper—James) Suppose that R is a field. Then
{ D* | X a partition of n such that D* # 0}

15 a complete set of non—isomorphic irreducible 7€ —modules.

We will classify the partitions A such that D* # 0 in Section 4. For now we
note that by Corollary 2.18 and Corollary 1.15 we have the following.

Recall that 5% = H#(g),4(Gn).
3.22 Corollary (Hoefsmit) The Twahori-Hecke algebra i is a split semisim-
ple algebra and { S* | X a partition of n'} is a complete set of non—isomorphic irre-

ducible 5 —modules.
In particular, this shows that ¢ and K&,, are isomorphic as K—algebras.

3. Specht modules and Jucys—Murphy elements

In this section we study the action of the following operators upon the Specht
modules and use them to construct an orthogonal basis for S*. For k =1,2,... ,n
let

L =q "Tgo1 ey + ¢  Ligmopy + -+ ¢ T,
The elements Ly, ..., L, are the Jucys—Murphy elements of 7.

3.23 Example If n = 4 then the four Jucys—Murphy elements are L, = 0, Ly =
q_lT(Lz), Lz = q_lT(Z,S) + q_zT(Ls), and Lg = q_lT(3,4) + q_zT(zA) + q_ST(1,4)~

3.24 Proposition Let i and k be integers with 1 <i<n and 1 <k <n.

(i) T; and L commute if i # k —1,k.

(1) TiLiyi=(¢—1)Liya+ 1+ LT and GL; =T;Lig1 — 1 — (¢ — 1) Li4q.
(i) T3 commutes with L;L;y1 and L + Litq.
(iv) L; and Ly commute.
Proof. The proofs of all of these statements follow easily using the relations in
S, so we prove only (i). Because L; = 0 there is nothing to prove when k& = 1, so
assume that k > 1. Then, by definition, Ly = ¢=*(Tk + T Li—17Tx ), so if |i — k| > 1
then T; Ly = ¢~ Y (T; Tk + 13Tk Le—1Tk) = ¢~ (T T 4+ T T; L1 Ty ); so T Ly = LiT;
by induction. Finally, it remains to consider the case when ¢ = k + 1; however, this
is easy because Tj1 commutes with T(; xy for j =1,... k. O

3.25 Corollary Any symmetric polynomial wn Ly, ..., L, belongs to the centre
of 7.

The Corollary indicates why the Jucys—Murphy elements are so useful. The idea
is that Ly,..., L, generate a large abelian subalgebra of 57 — which is known to
be maximal when 7 is semisimple — and consequently these elements can be used
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to distinguish between the blocks and irreducible representations of 5#, much like
the Cartan subalgebra of a Lie algebra.

In the Lemma below we write S;% to indicate that the Specht module is defined
over R. Recall that K = C(¢) and Z = Z[g,¢7}].

3.26 Lemma Let A be a partition of n. Then there exists o € R such that
my(L1 4+ Lp) = amy
for all standard A—tableau t.

Proof. First suppose that 7 = . By Corollary 3.25, the symmetric poly-
nomial Lq 4+ ---+ L, 1s central in 7 and Sf% is an irreducible J#c—module by
Corollary 3.22. Therefore, by Schur’s Lemma Ly + - - -+ L,, acts as a scalar, say &,
on Sf%. In particular, if t is a standard A-tableau then m(L1+-- -+ L,) = am,. By
Corollary 3.4 the left hand side of this equation 1s contained in .7#%; consequently,
aEeZ.

Now suppose that R is an arbitrary ring. Then, as in Corollary 1.12, we can
consider R as a Z-module by specifying that ¢ acts as multiplication by ¢ on R.
Then S} = 52 @ R as R-modules and the Murphy basis of S% is mapped to the
Murphy basis of S} by the specialization homomorphism. It follows that if & acts
on R as multiplication by o € R then m((L1 + ...+ L,) = am, for all t € Std(A).

O

The precise value of o can be computed from Theorem 3.30 below; the next
Lemma is the inductive step in proving this result.

3.27 Lemma Let A be a partition of n and let s and t be standard A—tableauz such
that s > t and t = s(i, i+ 1) for some i with1 <i<n. Fork=1,2,... n, suppose
that there exist rq(k) € R such that

mgLi = re(k)ms + Z My

vEStd(N)
vs

for some a, € R. Then, fork =1,2,... n, there exist b, € R such that
myLy = r(k)m+ Z bymy

veStd(N)
vt

where ri(k) = rg(k) ifk £ 4, i+ 1, r(i) = rs(i + 1) and r(i + 1) = r4(7).
Proof. First we note that m¢ = my7; by Theorem 1.11 because s > t. Therefore,
by Proposition 3.24(i), if k # i,4 4+ 1 then

miLe = moTiLy = mo LTy = ro(k)ms Ty + ) awmy T,
vEStd(A)
v s
and the result follows by Corollary 3.8. If kK = ¢+ 1 then, using Proposition 3.24(ii)
and Corollary 3.8,
mLiy1 = msTiLigy = mo{LiT; + 1+ (¢ — 1) Liy1 }

=rs(i)msT; + {1 +(g— Drs(i + 1)}mJ + anmn
v s

=rs(i)m¢+ anmn.

vt
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The case k = 7 1s similar. m]

Given an integer m let [m], = 1+ ¢+ -+ ¢" 1 if m > 0 and [-m], =

—q~ " [m]y otherwise; then [m], = q;n__ll when ¢ # 1. If m > 0 we also define
[m], = [1]4[2]4...[m];. These are the so—called quantum integers and quantum

factorials respectively; this is because [m]; = m and [m]} = m! for all m € Z.

3.28 Define e to be the smallest positive integer such that [e], = 0; set e = oo if no
such integer exists. In other words, either ¢ = 1 and e 1s equal to the characteristic
of R, or ¢ is a primitive eth root of unity. As we shall see, the integer e behaves
very much like the characteristic of the field in the representation theory of finite
groups.

Suppose that © = (¢,5) is a node in [A]. The e-residue of # is the integer
res(z) = j—4 mod e. If tis a A-tableau and k an integer with 1 < k < n then the
e-tesidue of k in t is res (k) = res(z) where z is the unique node in [A] such that
t(x) = k.

3.29 Example Suppose that e = 3, A = (4,2) and t = . Then the e—
residues in [A] are . So, for example, [res¢(3)], = [1]; and [res(4)], = [4],.

3.30 Theorem (Dipper—James) Suppose that A is a partition of n and let t be
a standard A—tableau. Let k be any integer such that 1 < k < n. Then there exist
ay € R such that

meLy = [res(k)]gme + Z AyMy.

veStd(N)
vt

Proof. By Lemma 3.27 it is sufficient to show that mux Ly = [resp (k)]gmp for
k=1,2,... ,n. When n = 1 there is nothing to prove so by induction we can
assume that the Theorem is known for smaller values of n. We now proceed by
induction on k, the case k = 1 being trivial because L; = 0 and [res;(1)], = [0], = 0.

Suppose first that & is in row r of t* where A\,11 # 0. Let p = (Ar,..., \).
Then |p| < n and mp = > + muh = myh, where h is some element of the
subalgebra of J# generated by Tyy1,...,7,_1. Consequently, m, Ly € #(&,)
and h and Lj commute by Proposition 3.24(i). Hence, working modulo 2> and
arguing by induction on n,

mop Ly = muhLy = muLeh = [resw (k)] gmyuh = [resp (k) ]gme .

Thus we may assume that k is in the last row of t*.
Next, suppose that & is not in the first column of t*i and that we know the result
for smaller k. Now s;_1 1s an element of &) so myTi_1 = gm) by Lemma 3.2; so,

mo L = ¢ 'mp (Ts—1 Lig—1Th—1 + Th—1) = mp (1 + L1 Tj—1)
= (1 + glrespr (b — 1)]g)mp = [resp (k)]gma

by induction on k.

This reduces us to the case where £ 1s the number in the last row and the first
column of t*. Write A = (Ay,..., A\rq1) where A,y > 0. Then my = hmix, . a1
for some h € J(&,) and m(x, .. x, 1) € H#(&). Therefore, if k < n we can again
deduce the result by induction. Finally then, it remains then to consider the case

where k =n and A = (Aq,... A 1).
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Let i be the first number in row 7 of t* and let t be the standard A-tableau
s, 1 .. .8i41. Then the second last row of t contains the numbers 7,7 +2,... ' n
and the last row of t consists of the single entry ¢ 4 1.

So far we have shown that mp Li = [resp (k)]gmp for 1 < k < n. We also
know that me (Li+- - -+ L) = amp for some a € R by Lemma 3.26; consequently,
mp Ly = rymp for some r, € R. Therefore, miL; = [resp (1)]gme + D0, asms
and mLiy1 = rame+ ) bems by Lemma 3.27.

The key point now is that ts; is a Garnir tableau; because of this we can find
elements ¢; in R such that m(7; = —mt—i—ZsM csmg by Corollary 3.19. This allows
us to compute m¢L;y1 in another way; namely, by Corollary 3.8 and Lemma 3.12
there exist al, and dy € R, respectively, such that

meLip1 = q_lmt(Tz’Lz’Tz’ +7Ti)
= —q_l{mt + Z Csms}(Lsz + 1)
s>t
= —q_lmt([restx(i)]qTi +1)+ Z armgT;

s>t

= q_l([restx ()] = )me+ Z dymyg
s>t

= [resp (n)]gme + Z dsms.
s>t

Consequently, r, = [res¢(n)], as required. O

3.31 For the remainder of this section we assume that R is a field and that e > n

(see (3.28)). Let t be a standard A-tableau and define

T Ly, — [resq(k)]
e kl_[:1 5€H(A) [rese(k)]g — [ress (k)]q

[ress (k)]g#[res<(k)]q

and let fi = mFy.

Note that all of the factors in F{ commute so there is no need to specify an
ordering in the product. In practice many of the factors in the definition of f; are
redundant; however, the above definition is convenient. The elements F are defined
whether or not e < n; it is the next Lemma where we need this assumption.

If A is a partition then a node € [A] is removable if [A]\ {«} is the diagram of
a partition.

3.32 Lemma Suppose that R is a field, e > n and let X be a partition of n. Let s
and t be standard \—tableauz.

(1) Suppose that [ress(k)]y = [resi(k)]q for k=1,...,n. Then s =+t
(i) Suppose that [ress(k)]q = [rese(k)]q for L <k <n and k #i,i+ 1 for some i.

Then either s =t ors = t(i,i + 1).

Proof. Note that because e > n the nodes with the same e-residue occur in
diagonal lines in the diagram of A; consequently, distinct removable nodes have
distinct e-residues. Therefore, by successively removing n,n — 1,...,1 from 5 we
see that t is completely determined by the sequence [res¢(1)],, ..., [res¢(n)];. Both
parts of the Lemma now follow. O
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3.33 Proposition Suppose that R is a field and that e > n. Suppose that X is a
partition of n and let t be a standard A—tableau.
(i) There exist ay € R such that f, = m¢+ Z AgMyg.
st

(i1) If s > t then mgFy = 0.
(iii) Fork=1,...,n, fiLr = [resi(k)]q [t
(iv) Ifs € Std(A) then fiFs = qify.
Proof. Let N = |Std()\)| and for any s € Std(\) let f, = msFN. We will first
prove analogues of (i)—(iv) for f. and then show that f, = fi.

We know from Theorem 3.30 that m Ly = [res¢(k)]gme + D 4 bsms, for some
bs € R. Therefore, f{ = m¢+ )", asms for some a, € R. Call this statement (i)’

Next suppose that s is a standard A-tableau such that s > t. By Lemma 3.32(i)
we can find an integer k such that [resi(k)]; # [ress(k)]g. Then (Li — [ress(k)]q)
1s a factor of Fy so msFy = anscnmn for some ¢, € R by Theorem 3.30. Now if
¢y 7 0 then v > t and, as before, we can find &' such that [res¢(k')]; # [res, (k')]q;
therefore, msFZ = Y, c,ym}, where ¢}, # 0 only if there exists b with v’ > v > t.
Continuing in this way shows that msF{¥ = 0 whenever s > t.

Next we claim that (ii1)’ holds; that is, f{Ly = [res¢(k)],f{ for all k with
1 <k < n. This now follows because by the last paragraph and Theorem 3.30

ALy = m PN Ly = m Ly FY = ([res(k)]gm¢ + Z bemg) Y = [resi(k)]q f1.-
st

Using (iii)’ and the definitions we discover that f{ is fixed by every factor of F\;
thus, f{Fi = f{. Furthermore, if 5 # t then by Lemma 3.32(i) there exists an integer
k such that [ress(k)]; # [res¢(k)];. However, (iii)’ shows that (Lx — resi(k)) kills
fl; so flFs = 0 because (Lk — rest(k’)) is a factor of Fy. Therefore, f{Fs = dsif{;
call this statement (iv)’.

Finally we can show that f; = f{. Suppose that s is a standard A—tableau
such that s > t; then by (i)’ there exist d, € R such that ms = fy + >, duf}.
Therefore, using (iv)’,

my Iy = (fi +Zdnfé)Ft = b5 ft-

v s

In particular, fi = mFy = f{ and we have proved all that we set out to prove (note
that the previous line includes (ii)). O

We can now prove the g—analogue of Young’s seminormal form for 5¢.

3.34 Theorem (Dipper—James) Suppose that R is a field and that e > n. Let
A be a partition of n.

(i) {fi|t€Std(A)} is an orthogonal basis of S*.

(ii) Let s be a standard A-tableau, t = s(7,1 4+ 1) and p = ress(¢) — res((é). Then

qfs, ift and i 4+ 1 are in the same row of s,
LT — —fs ift and i 4+ 1 are in the same column of s.
A _ﬁfs-kft, if t € Std(A) and s 1> t,

Gpfe+ el it e Std(A) and t s
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Proof. (i) By Proposition 3.33(i) the transition matrix between the standard basis
of S* and { f( |t € Std(A) } is unitriangular so this set is a basis of S*. Moreover,
if s and ¢ are standard A-tableaux then

(fs, fo) = (fsFs, Jo) = (Js, [ FT) = ([, [iFs) = 05t [s, [s)

by Proposition 2.7(ii) and Proposition 3.33(iv). Thus, { fi |t € Std(}A) } is an or-
thogonal basis of S*.

(ii) By part (i) we may write f,7; = Y, ¢y fo for some ¢, € R where v € Std(X).
Let k be any integer such that k& # i,i + 1 (note that there is nothing to prove
when n < 2). Then 7; and Ly commute so f,T;Ly = fiLxT; = [ress(k)]qfsTs by
Proposition 3.33(iii). On the other hand,

il = chfnLk = ch[resn(k’)]qfn.
D D
Equating coefficients, ¢y [resy(k)]y = cp[ress(k)]y for all k # ¢,i + 1. Therefore, by
Lemma 3.32(ii), ¢, = 0 unless v = 5, or v = t and t is standard.

Suppose first that t is not standard; then we have shown that f,7; = ¢4 fs for
some c; € R. By Proposition 3.33(i), fs = ms + ), avmy for some a, € R.
Because t is not standard, either i and ¢ + 1 are in the same row of s or they
are in the same column. In the first case, mg7T; = gms by Corollary 3.4; in the
second, msT; = —ms + ), by for some b, € R by Corollary 3.19. Therefore, by
Proposition 3.33(i) again, f,7; equals ¢fs or —f, respectively.

Now assume that t is standard. We have shown that f;7; = ¢5fs+cifi for some
¢s, ¢ € R. First suppose that 5 > t. Then msT; = my; so, fs1; = m¢+ Zuptbumu
for some b, € R. Therefore, as in the last paragraph, ¢, = 1; that is, f;7; = csfs+ [
Now resy (i) = resi(i + 1) and resg(i + 1) = res((¢). Therefore, using Theorem 3.30
and Proposition 3.24(ii), we find that

cslrese(i)]gfs + [ress (i) fe = (cofs + fO) Ligr = fsTiLiga
=fo{(g =D Llig1 + 1+ LT3}
= {(g — Dfres(d)]g + 1 + eslress(i)]q | fs + [ress(i)]q fe.
Consequently, remembering that [m], = (¢ —1)/(¢ — 1) (when ¢ # 1),

_ (q - 1)[rest(i)]q +1 _ resg(d) (q - 1) _ _L
T res@l s (0], 1 O =@ T
as claimed.
The formula for f(T; (or, equivalently, for f;7; when t is standard and t > s)
can now be obtained by expanding fsT7 = f1; — 1/[plofsT}- O

We will see in the next section that 7 is semisimple if and only if ¢ > n; so
the last few results have really been about the semisimple case. Even so, our main
applications of these results will be in the case where 7 is not semisimple.

4. The irreducible s#—modules

In this section we give necessary and sufficient conditions for the module D* to
be non-zero; by Theorem 3.21 this will classify the simple #°~modules. Throughout
this section we assume that R is a field.

Recall that e is the smallest positive integer such that [e]; = 0 (or e = 00).
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Suppose that A = (A, Ag,...). Then A is e—restricted if A\; — ;11 < e for all
¢ > 1. In addition, we say that a standard A-tableau s is e—restricted if whenever
A > poand t € Std(u) then [resg(k)], # [rese(k)], for some k. Let Std.(A) be the
set of e—restricted tableaux.

We will show that A is e-restricted if and only if there exists an e-restricted A-
tableau. The next two Lemmas prove one direction. Before the reader gets excited,
we remark that the lower bound given for dim D* in the next Lemma is rarely
sharp.

3.35 Lemma Let \ be a partition of n. Then dim D* > | Std.(\)].

Proof. Let Z be the subalgebra of 5# generated by Li,Ls,..., L, and let v be
a partition of n. Suppose that t;,1s,... ,t; are the standard v—tableaux, ordered
so that ¢ > j whenever t; > t;. For ¢ =0,1... &k let SY be the R-module spanned
by {m, |1 <j<i} andlet S¥(t;) = S7/Sy_,. By Theorem 3.30 the R-modules
SY and S”(t;) are .Z-modules and, up to isomorphism, S (t;) depends only upon
the sequence ([resy, (1), ..., [resy (n)]g]). Thus, S¥ = S7 > 5% > .- > S¢ > 01is
an .Z-module composition series of S with simple composition factors.

Now suppose that s is an e-restricted A-tableau and let g be a partition of n
with D# # 0. By Corollary 2.14, D# is a composition factor of S* only if A > y;
however, by assumption, the #-module S*(s) is not an #—composition factor
of S# — and hence D* — if A > p. Therefore, S*(s) is an £—composition factor
of D*. This proves the Lemma. O

Next, we define the ladder number of a node (7,j) € N x N to be the integer
l(i,j) = i—j+ej—e. Thus, two nodes have the ladder number only if they have
the same e-residue. For example, if A = (4, 3) and e = 3 then the ladder numbers
in [A] are and we reduce these modulo 3 to obtain the e-residues .

Let A be a partition of n. The ladder tableau [ is defined inductively as follows.
If n = 1set [} =t* When n > 1 let (4,7) be the unique node in [A] such that
(1) (2, 7) > (k1) for all (k1) € [A], and (ii), if [.(¢,§) = lc(k,!) then ¢ < k. Let
v be the partition of n — 1 with diagram [A] \ {(,j)} and define [ to be unique
A-tableau such that [} | (n — 1) = [; that is,

k1), Af (k1) # (),

336 kD) = {n if (k1) = (i, j).

By construction [ is a standard A-tableau.

For example, if A = (4, 3) and e = 3, as above, then [} = .

3.37 Lemma Suppose that A is an e—restricted partition of n. Then the ladder
tableau I} is e-restricted.

Proof. We prove this by induction on n, the result being clear when n = 1.

Let (4,7) and v as in (3.36). We claim that the partition v is e-restricted. If
not then either (i) v; — vj41 = e, or (ii) i > 1 and v;_1 — v; = e. The first case
cannot happen because then A; — X;11 > e which contradicts our assumption that
A is e-restricted. In the second scenario, row (i —1) of A would contain a node with
higher ladder number contradicting our choice of (¢, j). Hence, v is e-restricted as
claimed.

Let pt be a partition and suppose that A > p and that there exists a y—tableau t
with [res((k)]; = [resp (k) for k = 1,...  n. In particular, [res((n)]; = [resp (n)]y,
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so v > Shape(t | (n — 1)) since (i, j) is the lowest node with e-residue [resp (n)],
which may be added to [v] to give the diagram of a partition. By induction on n
the tableau [¥ is e-restricted, so this forces t | (n — 1) = [¥. However, if t(k,!) = n
then k > i because A > u. Therefore, (k,1) = (i,j), t = [2 and A = y; hence, [} is
e—restricted as required. O

Combining the last two results we see that if  is e—restricted then D* is non—
zero. To prove the converse we need some more notation.

If A = (A1,..., ) is a partition and i an integer with 1 < i < k let A =
(AisNig1, -5 M) and X = (A — A2, A2 — A3, ...). Let g; be the greatest common
divisor of ['y];, where 7 runs over all partitions of A; such that ~ > X, Finally, we
define gx = 9192 ... 9k.

3.38 Lemma Suppose that A = (A1,...,A;) is a partition of n and let 5 and t be
standard A-tableaur. Then gy is a factor of (mg, my).

Proof. By definition, (mgs, mmy = mpymy mod J#*; however, by Corol-
lary 3.4, mp ymya is a linear combination of terms myTy,)my where v is a row
standard A-tableau. So, changing notation, it is sufficient to show that if t is a row
standard A—tableau then maTynma = rgama for some r € R.

Define ¢ = (g1, ... , piis) to be the composition of A; such that y; is equal to the
number of entries in row ¢ of t which are less than or equal to A;. Abusing notation,
write my = my, ... my, where & = &, x --- x G,, and m,, = erch T, for
1<i<k l

We first consider my¢my,. Let u be the row standard A-tableau which agrees
with t on all entries greater than A; and where 1,2, ... A; are inserted in increasing
order from left to right and then top to bottom into the remaining positions. Then
t = uw for some w € &, such that £(d(t)) = £(d(w)) + £(w); so mpy = mp Ty
Therefore, by Lemma 3.2 and Corollary 3.4,

!

qmtA uh

mpgmy, = meyTymy, = (]Z(w)mt*umM = qz(w)[ﬂ]

for some h € (&, .Consequently, mpmy, is an element of 5 m,, where v is the
composition (A1, A1 — p1, ..., Ap — ).

Suppose that A 2 v. Then A ¥ ¥ where 7 is the partition obtained from v by
reordering its parts; therefore, mu my, € S22 N#m, C A by Corollary 2.3(iii).
Thus, mpymy, =0 mod > and, in particular, our claim is correct in this case.

On the other hand, if A > v then (A1, Az, ..., Ak) B> (A, A — pn, oo ) A — p);
equivalently, u > Y= (A1 — Az, ..., M1 — M) Now, gy is a factor of []'

4 50 by
Theorem 3.18 there exist r, € R such that

!

MMy, = qz(w)[ﬂ]qmt*uh =0 Z rome,  mod S
pEStA(N)

Moreover, by the right handed version of Proposition 3.16, r, # 0 only if the
integers 1,2,...,A; all appear in the first row of v; that is to say that r, # 0
only if b and t* have the same first row. Repeating this argument we find that for
t=1,2..., k there exist r, € R such that

memy, ..My, = g1...9; E TpMMy
vEStd(A)
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and 7, # 0 only if the tableaux v and t* agree on the first i rows. Taking i = k
proves the Lemma. O

Let dy, = [S* : D#] be the composition multiplicity of D* in S*. We can now
prove the following key result of Dipper and James.

3.39 Theorem (Dipper—James) Suppose thalt R is a field.
(i) { D> | X an e-restricted partition of n} is a complete set of non-isomorphic
wrreducible 7 -modules.
(i1) Suppose that p is an e-restricted partition of n and that X is a partition of n.
Then dyy, =1 and dx, # 0 only if A p.

Proof. Everything will follow from Theorem 2.13 and Corollary 2.14 once we show
that D* # 0 if and only if ) is e-restricted. That D* # 0 when X is e-restricted is
immediate from Lemmas 3.37 and 3.35.

Conversely, if A is not e-restricted then A\; — Aj41 > e for some integer ¢ > 1;
consequently, [e]; is a factor of g, since [e]; divides g;. However, [e]; =0 so gx
must also be 0. Therefore, {(mg, m) = 0 for any s,t € Std(A) by Lemma 3.38; thus,

rad S* = S* and D* = 0. O

In particular, we see that S* = D* for all A if and only if ¢ > n. Hence, by
Corollary 2.18 we have an easy way of determining whether or not .7 is semisimple.
More precisely, we have the following.

3.40 Corollary Suppose that R is a field. Then the following are equivalent.
(1) S is a split semisimple algebra;

(ii) S* = D* for all partitions X of n; and,

(iii) e > n.

Note that e is equal to the characteristic of R in the case where ¢ = 1. Conse-
quently, as they must, these results agree with the corresponding results from the
representation theory of the symmetric group (see [36] and Note 3 below).

Theorem 3.39 combined with Lemma 3.35 also gives us the following combina-
torial result (a more direct proof can be extracted from [35, Theorem A]).

3.41 Corollary Let A be a partition of n. Then X s e—restricted if and only if
there exists an e—restricted A—tableau.

Notes on Chapter 3

1. The proof of Proposition 3.7 comes from [13]. Although this result must have
been known for some time, this is the only place where I have seen it in the
literature.

2. In his thesis [32], Hoefsmit classified the irreducible .#—modules by using
Young’s seminormal form (Theorem 3.34) as the definition of the Specht modules.
Later Dipper and James [13] constructed the Specht modules as submodules of
#¢ and hence classified the irreducible s#—modules over an arbitrary field. The
approach that we have taken here is based upon work of Murphy [55,56].

3. Let # be the R-linear automorphism of .7 determined by T# = (—(])Z(“’)TJ}1
for all w € &,,. Then S is isomorphic to the dual of Dipper and James’ Specht
module which is indexed by the partition conjugate to A (see [56, Theorem
5.2] and the warning on page 25). This is also why the simple ##-modules
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in Theorem 3.39 are indexed by e-restricted partitions rather than e-regular
partitions (a partition is e-regular if its conjugate is e-restricted).

. If X is a partition let n), = Zwegk(_Q)_z(w)Tw and for s,t € Std(A) define
Ngt = T;( )nATd(t). Then

i)

N = {ng|s,t € Std(A) for some partition A of n }

1s a basis of 7. It is easy to check that m? = ¢%n, for some integer a; since
the automorphisms * and # commute this shows that (A, A) is a cellular basis.
. In the representation theory of the symmetric groups the elements L; were in-
troduced independently by Jucys [45] and Murphy [54]. Dipper and James [14]
first studied their analogues in the representation theory of 7.

. Let L}, = ¢ ' F T VT . Tp—q for 1 < k < n. An easy argument shows
that L = (¢ — 1)Ly + 1; accordingly, many authors prefer to use these elements
because they are easier to work with. Unfortunately, when ¢ = 1, which is the
case of the symmetric group, L = 1 for all k. Rather that having to treat this
important special case separately we use the elements Ly throughout.

. Lemma 3.35 is essentially Proposition 5.9(i) of [26]. Lemma 3.37 is motivated
by the work of Lascoux, Leclerc and Thibon [51] who, in turn, were inspired
by James [35]. The argument of Lemma 3.38 is due to Murphy [56] (cf. [13,
Theorem 6.8]).

. The proof of Lemma 3.35 actually shows that d», > k& where k is maximal such
that Std(A) = Xo U X7 U. ..U X} (disjoint union) where for ¢ = 1,2...  k there
exists a bijection 6; : X; — Std.(u) such that [res((k)], = [resg, (k)] for all
te X; and all & with 1 <k <n.

. The rank of the Specht module S* is explicitly known (see [36]); it is equal
ton!/T] hf} where the product if over the nodes (i, j) € [A] and hf} is the (7, j)th
hook length (see page 55). Except in some very special cases, the dimension
of D* is not known.



CHAPTER 4

The ¢—Schur Algebra

The ¢—Schur algebra was introduced by Dipper and James [15] who showed
that this algebra completely determines the decomposition matrices of the finite
general linear groups in non—defining characteristic. The ¢—Schur algebras also
have applications to the representation theory of the general linear groups over
other fields. We do not explore these connections here. Instead, in this Chapter we
‘lift” the Murphy basis of 3 to give a cellular basis of the ¢g—Schur algebra.

1. Semistandard tableaux

4.1 LetA(d,n) be a set of compositions of n with a most d non—zero parts. The
q—Schur algebra is the endomorphism algebra

(d,n) = Ende ( D M“).
AeA(d,n)
Note that the g—Schur algebra, like .77, is dependent upon the choices of R and g¢.
By definition, #(d, n) = @u,ueA(d,n) Hom e (MY, M*); accordingly, much of
this Chapter is devoted to understanding the ideals M#* and the homomorphisms
between them. To this end we now introduce another kind a tableaux.

4.2 Let p and v be compositions of n. A p—tableau of type indextableaultype v is
amap T:[p]—Nsuch that v; = #{x € [p] | T(x) =7} for i > 1. Again we write
Shape(T) = p.

For example, if w = (1) then the tableaux of Chapter 3 are precisely the
tableaux of type w. We continue to use lower case letters for tableaux of type w;
tableaux of arbitrary type will be denoted by upper case letters.

A p—tableau T is row semistandard if the entries in each row of T are non—
decreasing; T is semistandard if (i) u is a partition, and (ii) T is row semistandard
and the entries in each column of T are strictly increasing. Let T (p, v) be the set
of row semistandard p-tableaux of type v and i To(g, v) be the set of semistandard
p—tableaux of type v.

4.3 Examples Suppose that p is a composition of n.
(i) LetT# be the tableau of type p such that T#(ij) = ¢ for all (¢, ) € [¢]. Then
T# is the unique semistandard p—tableau T# of type p. For example, if = (3,2,1)

then T# = 573 o

B

[eo]o]=

(i1) All of the semistandard tableaux of type A can be obtained from T* by
‘moving nodes up’ in T#. Continuing example (i), the other semistandard tableaux

1]1]2]
of type (3,2,1) are [3 CADRM [RpIe] [Anfde] [flele] [ATIRE] and AEEERE].
a 212[3]’ [2]3 22 2] 2]

—

Next we describe a way of converting tableaux of type w into tableaux of type v.
Let t be a tableau of type w and let v be a composition. Then v(t) the tableau of

36
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type v obtained from t by replacing each entry ¢ in t by r if ¢ appears in row r of

.

4.4 Examples (i) If t is a row standard p—tableau then v(t) is row semistandard.
(i) Suppose that t = and let v = (3,2,1). Then v = -

5] so we have
v(t) = .
(iil) If p is a composition then TF = p(t).

|41
6]

Let p1 and v be compositions and suppose d € Z,,. Then M d is row standard
and the subgroup d='&,,d is just the row stabilizer of A d. Therefore, d716,dN6G,
is generated by Sﬂd_16udﬂ S, and so d_16udﬁ &, = &, for some composition v
of n. We write v = pd N v.

We can now generalize Proposition 3.3 to describe the (&,, &, )-double cosets.

4.5 Proposition Suppose that p and v are compositions of n and let

v(t*d) is row semistandard and t*d > t whenever t

D = { d€ 6y is a row standard tableau such that v(t) = v(t#d)

Then 9, is a complete set of (&,,&,)~double coset representatives in &,. In
addition, the following hold.
(i) Bvery element w of &, can be written uniquely in the form w = vdu where
vEB,, d€ Dy and u € Dyan, N6, Furthermore, {(w) = £(v) +£(d) + {(u).
i) =2, 0771
(iii) The map d—v(t*d) gives a one—to—one correspondence between the elements
of D, and the set of row semistandard p—-tableaux of type v.

Proof. By Proposition 3.3, the right cosets of &, are indexed by row standard
p—tableau. Therefore, the (6M, &, )—double cosets are indexed by &,—orbits of row
standard p—tableaux. Furthermore, two row standard tableaux s and t are in the
same &, —orbit if and only if v(s) = v(t); that is, if d and d’ are elements of 2,
then 6,d6, = 6,d'6, if and only if v(t#d) = v(t*d').

Let O be a &,—orbit of row standard p—tableaux. Then O contains a unique
tableau t such that whenever ¢ and ¢+ 1 are in the same row of t# then either ¢ and
i+ 1 are in the same row of t or t > t(¢,7 4+ 1). Let d = d(t). Then O is precisely
the set of row standard tableau of the form t*du where u € &, (and du € 2,,).
Now t#du = tu is row standard if and only if iu < ju for all integers ¢ < j which
are in the same row of t*d. Therefore, u € Z,4n, and L(du) = £(d) + £(u) by
Proposition 3.3. Hence, any w in the double coset &,d&, is uniquely expressible
in the form vdu for some v € &, and v € Z,4n,. Moreover, by Proposition 3.3
again, {(w) = {(v)+£(du) since du € Z,,; thus, {(w) = £(v)+£(d) +{(u), proving (i).

For (ii) note that by (i) if d € Z,,,, then d is the unique element of minimal
length in &,d&, . In particular, d is the unique element of minimal length in &,d
and also in d&,; so Z,, C 7, N Z; ! by Proposition 3.3. Conversely, any element
of 2, N Z;! must be an element of minimal length in its double coset and hence
belongs to Z,,,,.

Finally, for (iii) if T is a row semistandard p—tableau of type v then we can easily
find a row standard tableau t such that v(t) = T, so T corresponds to a (&,, &, )
double set. We have already observed the converse, so the proof is complete. O

The elements of %, are called distinguished double coset representatives of &,,.
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Let T be a row semistandard p—tableau of type v and define first(T) to
be the unique row standard p—tableau such that v(first(T)) = T and first(T) > t
whenever t is a row standard tableau such that v(t) = T. Tt is also easy to see that
there exists a unique row standard tableau last(T) such that v(last(T)) = T and
t I> last(T) whenever t is another row standard tableau such that v(t) = T.

4.6 Example Suppose that g = (4, 4) and let T be the y—tableau . Then Tis

of type v = (2,1, 3,2), first(T) = and last(T) = . Let d = d(first(T));
then pd Nv = (2,1,1,2,1,1) since &, 4n, 1s the intersection of &, with the row
stabilizer of first(T).

Let d € Z,, and let T = v(t#d) and S = p(t'd='). Then we have shown that S
and T are both row semistandard and that

4.7 SN Trme= > Tu= Y. mT.

ve, WwES,dS, veD,

u(try)=s v(the)=T
The element d also determines an .#—module homomorphism goZl, MY — MH#
given by

eh (mh) = > Tyh, for all h € 2.

weS,dE,

In fact, these elements give a basis of Home (MY, M*).
4.8 Theorem Let i and v be compositions of n. Then Homge (MY, M*) is free as
an R-module with basis {ngV |de 2, }.
Proof. Suppose that ¢ € Homge (MY, M*). Then, for all h € 5, we have that
w(myh) = p(my)h; hence, ¢ is completely determined by ¢(m, ). By Corollary 3.4
there exist r4 € R such that

p(my,) = Z ramuTy.
A€,

Choose z € Z,, of minimal length such that 7, # 0. If © ¢ Z,, then by Propo-
sition 4.5 there exists s € SN &, such that ¢(zs) = ¢(x) — 1. Then zs € 2,
and

gp(ml/) = q_lsp(ml/Ts) = q_l Z rdmquTs = rxmusz + Z bdmqu
deD, ez,

for some b; € R such that b;; = 0. In particular, this shows that m,T,; is
involved in ¢(m,) contrary to our assumption that z is an element of minimal
length with r, # 0. Therefore, € 2, and, consequently, ¢’ = ¢ — a,¢ belongs to
Homye (MY, M*). Furthermore, ¢'(m,) is a linear combination of a terms of the
form m, Ty where d € &, and d # . In fact, the above argument shows that m, 7}
is not involved in ¢'(m, ) whenever &,d6, = 6,¢6,. Hence, we can repeat this
argument to write ¢ as linear combination of maps ¢y, with z € 7, as required.

Finally, it remains to check that {gpil, | d € Z,, } is linearly independent. This
follows because {goiy(ml,) | d € Dy }is alinearly independent subset of M# (being
sums over distinct (&, &, )~double cosets by (4.7)). O

4.9 Corollary Let p and v be compositions of n. Then Homg (MY, M*) and
M*# O MY* are canonically isomorphic as R—modules.
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Proof. Every homomorphism ¢ in Hom e (M, M*) is determined by ¢(m, ) and,
moreover, ¢(my, ) € M* N M?* by Theorem 4.8. Conversely, very element of M* N
M?* determines a homomorphism in Home (MY, M*). Consequently, the map
Homye (MY, M*) — M* N MY* given by ¢ — ¢(m,) is an isomorphism of R-
modules. O

There are two points worth noting from Theorem 4.8. First, by Proposition 4.5
we could have indexed the basis { ¢4, | d € 2, } of Home (M, M*) by row semi-
standard p—tableau of type v (or by row semistandard v—tableaux of type ). Thus,
this basis is the analogue of the row standard basis of M* given by Corollary 3.4.

Secondly, by extending the maps goZl, to elements of . (d, n) we obtain a basis
of the ¢—Schur algebra which 1s independent of R and g¢.

2. A Specht series for M"”

In Theorem 4.8 we saw that Hom (M#, M?) has a basis indexed by row
semistandard tableaux. As in Chapter 3, we want to replace this basis with a
cellular basis which is indexed by pairs of semistandard tableaux. Rather than
proving this directly, we first give another basis of M#* which is compatible with
the Murphy basis of 7.

Let A be a partition of n and p a composition of n. Let S be a semistandard
A-tableaux of type p and let t be a standard A-tableau. We define

Mgt == E Mst

s€Std(N)
p(s)=3

and let mg = m§,.
4.10 Theorem (Murphy) Let pu be a composition of n. Then M" is free as an
R-module with basis

{ mse | S € To(A, ), t € Std(A) for some partition A of n }

Proof. Suppose that S € 7o(A, pt), t € Std(A) and let d=* = first(S). By (4.7)

Mgy = Z T;(s)m)\Td(t) = Z TwTd(t)~

s€Std(N) weES,dSx
p(s)=3

In particular, mgg € M*.

Now suppose that A is an arbitrary non—zero element of M*. By Theorem 3.18
there exist 4 € R such that h = 3 rems, where mg € M. Suppose that mg
is involved in A. By definition, S = pu(s) is always row standard; therefore, S is
semistandard by Proposition 3.16. If s # first(S) then there exists s; € &, such
that if 8 = ss; then p(s’) = S and 8’ > s. Then Tymg = (¢ — 1)mg + gmary
by Corollary 3.4 and T;h = gh by Lemma 3.2; hence, mg ¢ is also involved in h.
Consequently, we may as well assume that s = first(S). Now let

h/ =h- Z Z Z TstMsyt.

AN SETo (A, p) s t€5td(A)
s=first(S)

Then h' is an element of M*#; however, h involves no term mg, with s = first(u(s)).
Therefore, i’ = 0 and we have written h as a linear combination of the required
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form. m]

This allows us to give a Specht series for M*#; that is, a filtration of M* with
each composition factor isomorphic to a Specht module.

4.11 Corollary Let u be a composition of n. Then, as an 3 —-module, M" has a
flltration M* = My > Ms > --- > Mgy1 = 0 such that for i = 1,2,... k there
exists a partition \; of n with M;/M; 1 = S*i. Moreover, for each partition \ the
number of A; equal to X is the number of semistandard A—tableauz of type p.

Proof. Let {Si,...,Si} be the set of semistandard tableaux of type u where
Si € To(Ai, 1) and A; > A; whenever ¢ > j. Fori =1,2,... k+ 1 let M; be the
R-module of M#* with basis {ms,¢ | < j <k and t € Std(A; }. Then

M“IM1>M2>"'>Mk>Mk+1IO

and by Theorem 3.18 each M; is a right s#—module.

Fix an integer 7 with 1 < ¢ < k. Then M; N #* C M; 1. Consequently,
there is a well-defined homomorphism 8 : S* —» M;/M;1q of s#—modules given by
6(my) = mg, -+ M1 forall t € Std(A). The map @ is certainly surjective; moreover,
both modules have the same rank, so # is an isomorphism. O

The last result in this section requires some more notation. Let A be a partition
of n and let g and v be compositions of n. Suppose that S € To(A, ) and T €

To(A, v). Now define
Mgt = Z Mgt
gt

where the sum is over all pairs (s,t) of standard A-tableaux such that u(s) = S and
v(t) = T. Then, by (4.7), mgr € M* N M**. This allows us to prove the following
result whose importance derives from Corollary 4.9.

4.12 Corollary Suppose that p and v are compositions of n. Then M* N M¥Y* is
free as an R—module with basis

{ —_— S € To(A, ) andTE%(/\,I/)}.

for some partition A of n

Proof. Suppose that h is a non—zero element of M*NM¥*. Then, with respect to
the Murphy basis of 5 we may write h = ) _ rgymy for some rg € R. Now h € M*,
so by Theorem 4.10 if rg # 0 then p(s) is semistandard and rg = rg¢ Whenever
p(s) = pu(s'). Similarly, because h € MY* if rg # 0 then v(t) is semistandard and
ret = rsp Whenever v(t) = v(t'). Consequently, if p(s) = u(s’) and v(t) = v(t)
then ry = ry¢ = ryp. The result follows. O

3. The semistandard basis theorem

We are now ready to prove that the g—Schur algebras are cellular. In fact, we
shall see that they are quasi—hereditary.

Recall that A(d,n) is the set of compositions and let AT (d,n) be the set of
partitions contained in A(d,n). Suppose that A € AT (d,n), p, v € A(d,n) and that
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S € To(A, p) and T € Tg(A, v). By Corollary 4.12, mgr € M* N M"* so we can define
pst to be the element of .#(d, n) given by

413 pst(mah) = dapmsrh for all « € A(d, n) and h € 2.

For any partition A € AT(d,n) let To(\) = UueA(d,n)%(/\’/’L) and define
F*(d, n) to be the R-submodule of .%(d,n) spanned by the homomorphisms @gr
where S, T € To(a) for some o € At(d, n) such that a > A. Similarly, .#*(d, n) is
the R—submodule spanned by the maps ¢gsr where S, T € Ty(a) and o > A.

4.14 The Semistandard Basis Theorem (R. Green) The ¢-Schur algebra is
free as an R—module with basis

P :{ wst | A€ At(d,n) and 8, T € 76(/\)}.

Moreover,
(i) The R-linear map * :.7(d,n) — F(d,n) determined by i = s, for all
S,T€ To(A) and all X € AT (d,n), is an anti-isomorphism of % (d,n).
(i) Suppose that A € A*(d,n) and that T is a semistandard A~tableau. Then for
all ¢ € .S (d,n) there exist ry € R such that for all S € To(N)

psrp = Z repsy mod A (d, n).
VETo(N)
Consequently, (®, A" (d,n)) s a cellular basis of #(d,n).
Proof. Combining Corollary 4.9 and Corollary 4.12 shows that . (d, n) is free as
an R-module with basis ®. Tt remains to verify (i) and (ii).

Let A be a partition in A*(d, n) and suppose that S € To(A, p) and T € To(A, v).
Then @i (my) = my = mys = (@Ts(mu))*. Now suppose that o € At (d,n), U €
To(e,0) and V € To(a, 7). We may assume that v = ¢ since otherwise gsreyy = 0.
Write mgr = hsm, and myy = hym, for hs, hy € 5. Then

(SDSTSDUV)*(mu) = (SDSTSDUV(mT))* = (hshumr)* = mTh?jhg
= ew(m)hs = ewl(myhs) = ewers(my).
Hence, (psrow)* = ¢iveir and * is an anti-isomorphism, proving (i).

Now consider (ii). We may assume that ¢ € Homge (M7, M¥) for some 7 €
A(d,n). By Corollary 4.9 there exists an h € 5 such that ¢(m;) = myh; so,
psre(my;) = mgrh. Now mgrh is an element of M# N M7 so by Theorem 4.10
we may write mgrh = > ryyimyy where ryy € R and the sum is over pairs (U, V)
of semistandard a—tableaux where o € AT (d, n). Therefore, by Theorem 3.18(ii),
there exist ry, ryy € R such that

mSTh = E ryMmgy + E E ryry Myryr .

VETo(A,T) aert(d,n) VETo(a,u)
apXx  VETo(a,T)
Hence, st = Z rypsy mod yA(d, n), which proves (ii). O
VETo(A,T)

We call @ the semistandard basis of .%(d, n).

Now that we have a cellular basis of the ¢g—Schur algebra we can describe its
irreducible representations over a field. Traditionally, the cell modules of .#(d, n)
are called Weyl modules.
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Let A € At(d,n) be a partition and recall that T* = A(t}) is the unique
semistandard A-tableau of type A. From the definitions one sees that ¢ restricts
to the identity map on M*.

The Weyl moduleWW™> is the right .7 (d
Thus, W is a submodule of .%(d, n)/.#*(
with basis { *(d,n) + ¢pr | T € To(A) }.

There is another description of W* which is more convenient for our purposes.
Given a semistandard A-tableau T of type p let mr = " my, where the sum
is over those standard tableau t such that p(t) = T. Then my € S*. Define
¢r to be homomorphism in Hom e (M*#, S*) given by @r(my,) = mr. Note that
Hom e (M*, S*) becomes a right .#(d, n)-module under composition of maps.

4.15 Proposition Let A € AT (d, n) be a partition of n. Then there is a canonical
isomorphism of % (d, n)-modules

n)-module (#*(d,n) + epp ).Z(d, n).

d,n) and which, as an R—module, is free

W = @ Hom%(M“,SA) given by yA(d, n) + Y — e,
ueEA(d,n)
for all T € To(A).
Proof. Let M = @VEA(d,n)MV and M* = @uEA(d,n)‘%ﬂA N M*. Each homo-
morphism ¢ in .#*(d, n) maps M into M*; so we may regard .%(d,n)/.#*(d,n) as
a set of maps from M into M/MA In this way, if T is a semistandard A—tableau

then the homomorphism LSVW‘(d, n) + @rap can be regarded as the map from M*
into M/M? which sends my to M* + mpaq. By the third isomorphism theorem,

(M* + MY /M = MY /(M%) = M )(A# 0 M) = (7 + M) )27

However, (#* + M)/ #* = S* so this shows that #*(d,n) + @ can be iden-
tified with the homomorphism 1 as claimed. Consequently, the map given in the
statement of the Proposition is an .#(d, n)-module isomorphism from W? into the
R-module spanned by {¢r | T € To(A) }. Conversely, given ¢ € Hom e (M#,S?),
the above identifications show that we can define an element ¢ of W* by requiring
that @¢(myh) = ¢(my)h for all h € 5. Hence, {1 |T € To(A) } must span the
& (d, n)-module @u Hom (M*#, S*). The Proposition follows. O

Hereafter, we identify W* and @u Hom e (M*, S*). In particular, we will call
{¢1|T € To(A)} the semistandard basis of W*.

As in Chapter 2, the Weyl module W* possesses an associative symmetric
bilinear form which is completely determined by the equation

<SDS,80T>SDTATA = ppgprry mod yA(d’ n)

for all S, T € To(A). In particular, {ps,¢r) = 0 unless S and T are semistandard

tableaux of the same type.
Let L* = W*/rad W* where, once again, rad W is the set of elements € W

such that (z,y} = 0 for all y € W*.

4.16 Theorem (Dipper—James) Suppose that R is a field.

(i) Let X be a partition in AT(d,n). Then L* is an absolutely irreducible ¥ (d, n)-

module.

(ii) {L* | A € AT(d,n)} is a complete set of non—isomorphic irreducible #(d, n)-
modules.
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Proof. We have already remarked that ¢gaga is the identity map on M*. There-
fore, we compute that

(P2, Pra)Pmm = @ = @ mod yA(da n);

so {ppr, ) = 1. In particular, L* # 0. Parts (i) and (ii) now follow from
Theorem 2.13. O

4.17 Corollary (Parshall-Wang) Suppose that R is a field. Then #(d,n) is
quasi—hereditary.

Proof. This is immediate from Theorem 4.16(ii) and Corollary 2.19. O

Given two partitions A and g in A(d, n) let dy, = [W* : L*] be the composition
multiplicity of the simple module L* in W?*. Corollary 2.14 yields the next result.

4.18 Corollary Suppose that R is a field and let X and p be partitions in AT (d, n).
Then d,, =1 and if dxy > 0 then p > A

In Chapter 3 we defined dy, to be the decomposition multiplicity [S* . DH];
we close this chapter by investigating more closely the links between the Iwahori—
Hecke algebras and the ¢—Schur algebras when d > n. In particular, we show that
if yt is e-restricted then [S* : D#] = [W? : L*]; thus, the notation dy, is consistent
in this case. (If these two sets of decomposition numbers being equal worries you,
reread the warning on page 25.)

For the remainder of this section we assume that w € A*(d, n); or equivalently,
that d > n. In this case, Homge (57, 5) is an R—submodule of .#(d, n). Further-
more, there is a canonical isomorphism of R-modules 5 = Hom g (5, 5) given
by h+— pp where pp, is the homomorphism given by left multiplication by k. In
fact, 5 = prore S (d, n)prere since given standard A-tableaux S € T(A, ) and
T € To(A, v) we have that prere @sr@rere = 04 pduw st

Noting that ¢rere is idempotent in 7 (d, n), we can define a functor from the
category of right .%(d, n)-modules to the category of right ##-modules; the Schur
functor is the functor which sends a right .%(d, n)-module M to M prure.

4.19 Proposition Suppose that R is a field and that d > n. Let X\ be a partition
of n. Then, as right € —modules,
(l) WAQDTwTw = SA,'
(ii) L prope = D
Furthermore, if p is an e—restricted partition of n then [W* : L*] = [S* : DH].
Proof. Suppose that T is a standard A-tableau of type p. Then prprere = 0
unless y = w and, if 4 = w, then T = tis a standard A-tableau and prprore = @¢.
Consequently, W*@rope is free as an R—module with basis { ¢, | t € Std(\) } and
the map W*prore — S* which sends ¢ to ¢((m,) = m, is an isomorphism (cf.
Proposition 4.15).
Part (ii) of the Proposition nows follows from Theorem 3.39(ii) and Corol-
lary 4.18. In particular, this shows that if L*@rwre # 0 then A is e—restricted.
Finally, let W» = W' > ... > W* > 0 be a composition series for W?.
Then S* = Wlorere > -0 > WkgoTwTw > 0 gives an J7-module filtration
of S* with quotients Wiprere /Wit prure = (WH/Wit)prere = LPigrer. for
some partitions p;. By the last paragraph, LF¢prere is simple when p; 1s e—
restricted and zero otherwise. Therefore, by omitting the modules W¥pere such
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that WigoTwTw o Wi+1ngwTw we obtain a composition series for S* which has the
required multiplicities. This proves (iii). O

Finally, let M = @MEA(d n) M#*. Then M is naturally a left 7 (d, n)-module
with action ¢ - m = ¢(m) for all ¢ € F(d, n) and all m € M. Of course, M is also
a right #—module and it is clear that the actions of .(d, n) and S commute.

4.20 Theorem (The double centralizer property) Suppose that d > n. Then

Y(d,n)EEnd%( @ M“) and %EEndy(dyn)( @ M“).
HEA(d,n) HEA(d,n)

Proof. The first isomorphism is just the definition of the g—Schur algebra, so there
is nothing to prove here. For the second isomorphism, notice that by Corollary 4.9
for any composition p we have M* = M* N3 = Hom(#, M"). In fact, we claim
that as s#-modules prure % (d, n)prore = MH#. To see this first notice that by
Theorem 4.14, the R—module puqu 7 (d, n)prore has basis {ps.} where S € To(A, p)
and t € Std(\) for some A € A*(d,n). Hence, the R-linear map determined by
st —> se(my) is an isomorphism by Theorem 4.10. Consequently,

@ MH = @ Hom g (56, M#) = @ oS (d,n)prore.
HEA(d,n) HEA(d,n) HEA(d,n)

However, Zu muu 18 the identity element of the ¢—Schur algebra so, as an % (d, n)-
module, @u M# = F(d, n)prere. Therefore, as algebras,

End s (4n) (@M“) = End .y (4,n) (Y(d, n)ngwTw) = prore. S (d, n)prers;
1

the last isomorphism coming from Lemma 2.20. Since 5 and ¢rore.? (d, n)prote
are canonically isomorphic, the Theorem follows. O

In fact, the argument shows that the isomorphisms in the Theorem are canon-
ical.

Notes on Chapter 4

1. The ¢—Schur algebra was introduced by Dipper and James in [15] where they
showed that it completely determined the representation theory of the finite
general linear groups in non-defining characteristic. This mirrors the classical
theory, for which the reader is referred to Green’s excellent book [27].

2. Beilinson, Lusztig and MacPherson [3] have defined the ¢g—Schur algebra using
the geometry of the general linear groups (that these definitions coincide shown
by Du [19]) and showed that there is a natural surjection from the quantum
general linear group U, (glqd) onto .#(d, n). Latter Parshall and Wang [58] (see
also Dipper and Donkin [12]) showed how to construct U, (glq) from the ¢—Schur
algebras. For details consult Brundan [5] and Donkin [18].

3. A semistandard basis theorem for the Weyl modules of the ¢g—Schur algebra was
first proved by Dipper and James [16]; the treatment here is considerably easier
and is based on [17].
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. In a different guise, the semistandard basis of the Schur algebra (i.e. the case
q = 1), first appeared as J. A. Green’s [28] codeterminant basis; shortly after-
wards, Woodcock [62] gave a more direct proof. Richard Green [29] generalized
Woodcocks argument to give a g—analogue of the codeterminant basis; it turns
out that this basis is the semistandard basis of Theorem 4.14. The construction
of the semistandard basis given here is based [17] and is very different from
Green’s; that the semistandard basis and the Murphy basis are related was first
observed by Du and Scott [21].

. In [18] Donkin parameterizes the irreducible modules of the 0-Schur algebra
over a field and also gives an explicit character formula for the simple modules.
As one might expect, the 0-Schur algebra is not quasi-hereditary; surprisingly,
however, it is a quasi-Frobenius algebra (at least when d > n).

. Tt is shown in [10, 61.2] that whenever A is a quasi—Frobenius algebra, a € A
and J is an ideal of A then Homyu(J,ad) = J NaA. By Proposition 1.14, 57 is
quasi-Frobenius so this gives another proof of Corollary 4.9. (See also [17, §5].)
. Parshall and Wang [58] first showed that the g—Schur algebra is quasi-hereditary.
In particular, this implies that the g—Schur algebras have finite global dimension;
this dimension has been explicitly calculated by Donkin [18] when d > n.

. The double centralizer property (4.20) is normally phrased in terms of actions
of #(d,n) and 5 upon “q—tensor space”; see [5,16].



CHAPTER 5

The Jantzen—Schaper theorem

In this chapter we prove an analogue of the Jantzen sum formula for the ¢—
Schur algebra. This is a strong result describing the structure of Weyl modules;
however, its proof follows from the calculation of Gram determinants. As our main
application of this result we classify the blocks of 7.

1. The Gram determinant of W*

Throughout this section we fix a partition A € A*(d,n) and a composition p €
A(d,n). The p—weight space of the Weyl module W* is W;‘ = W puqu; it is the free
R-submodule of .#(d, n) with basis {1 | T € To(A, ) } and, by Proposition 4.15,
W;‘ =~ Home (M#, S*). The aim of this section is to compute the Gram determinant
Gf; = det ({¢s, p1)) of W:‘, where and S and T run over 7g(A, i) in some fixed order.

Suppose that k is an integer with 1 < k < d and let z,z + 1,... ,y be the
entries in row k of t*. Proposition 3.24(iii) shows that

5.1 (Ly + Log1+ - Ly)my = my(Ly + Loy + -+ - Ly).
Hence, we can define a map LY :M# —s M*# by specifying that
Li(muh) = (Ly + Log1 + -+ Ly)myh,

for all h € 2. Note that LY is just left multiplication by Ly, so these elements
are a generalization of the Jucys—Murphy elements of Chapter 2. Furthermore, L}
and L;f commute for all j and & by Proposition 3.24(iv).

Let T € To(A, ). Asin (3.5),if & is an integer let T] k be the tableau obtained
from T by deleting all entries greater than k. Then, extending the dominance
ordering on tableaux of type w we write S > T if Shape(S | k) > Shape(T | k) for
k=1,2,... n. It follows from Proposition 3.3 and Proposition 4.5 that S > T if
and only if d(first(S)) &> d(first(T).

Finally, let [rest(k)]; = Z [rest(z)],, where the sum is over those nodes «

z€[A]
such that T(z) = k (see (3.28)).
5.2 Example Suppose that e = 3 and let A = (3,2) and g = (22,1). Then
To(A, ) = {S, T} where s = and T = . From the definitions, S > T,
[ress(1)]g = [0]g + [1]g, [ress(2)]q = [2]¢ + [2]4 and [ress(3)]; = [0],.
5.3 Theorem (James—Mathas) Suppose that T € To(A, 1) and let k be an integer
with 1 < k <d. Then

1Ly = [rest(k)]ger + Z rsps,

SpT

for some rs € R.

46
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Proof. Let t = last(T); then mr = m, + Zsbtms where the sum 1s over those
standard A-tableaux such that p(s) = T. Therefore, by Theorem 3.30,

QDTLZ(mu) =mr(Le + -+ Ly)

for some by, € R. However, oLl (m,) € M* N M*#* so by Corollary 4.12 there
exist bg € R such that

prLy (my) = [rest(k)]gmr + Z bsms.
SHT

Hence, ¢rL} = [rest(k)]gr + ZSM bsps proving the Theorem. O

Recall that e is the smallest positive integer (or e = oo) such that [e], = 0.
Just as in section 3 of Chapter 3, until further notice we assume that R is a field
and that e > n. An argument similar to that of Lemma 3.32 proves the following.
5.4 Lemma Suppose that R is a field and that e > n. Let S and T be two semi-
standard A—tableaux of type p. Then [ress(k)], # [rest(k)]y for some integer k.

Exactly as in (3.31), for any semistandard A-tableau T of type p let

L — [ress (k)]
Fr = k 9
T kl;[l seTlu(_[A,u) [ress (k)]q — [rest(k)]q
[ress (k)]q#[rest (k)]

and define 1 = @1 FT.
Because of Theorem 5.3 and Lemma 5.4 the proof of Proposition 3.33 can now
be repeated, word for word, to prove the following result.

5.5 Proposition Suppose that R is a field and that e > n. Let T be a semistandard
A-tableau of type p. Then
(i) There emist as € R such that Y1 = pr + 3 g1 dsps.
(ii) If S > T then pspr = 0.
(i) Fork=1,... ,n, YLy = [resr(k)]o¢r.
(iv) For any S € Std(A), ¢¥rFs = dsrifr.

5.6 Corollary {1 | T € To(A, ) } is an orthogonal basis of W;‘

Proof. That {41 |T € To(A, )} is a basis of W} is immediate from part (i) of
the Proposition. Using part (iv) we find that for any semistandard A-tableaux S

and T of type u we have <1/)s, 1/)T> = <80st, 1/)T> = <SDS, 1/)TFS> = 5ST<SDS, 1/)s>, proving
the Corollary. O

In order to compute the Gram determinant Gf; of W;‘ we determine the inner
products (¢, 1) for all T € To(A, ). For this we need some combinatorics.
Let T be a semistandard A-tableau of type p. For each node (7, ) € [A] let

To(i,j) = { (k,1) € [\ |1 < j, T(k,1) < T(i, j) and T(K',1) > T(, j) for all ¥’ > k }
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and let

y(q) = H [j[~l_—|;_|kikl_—|1_]1]q'
(.5)e (knertig) ‘
Most of the time we omit the ¢ and simply write ~¢.

Suppose that is t is a standard A-tableau and let # = (4, j) and y = (k,!). Then
res¢(z) —resi(y) = j — ¢+ { — k is the “axial distance” from z to y in the diagram
of A.

5.7 Example Suppose that A = (3,2) and let t = , S = and T = .
Then
P I P M P W
(g g Bl [g [1q (1] [2]4 3]

Notice that if g = (2%,1) then To(A, ) = {S, T} and ysyr = [2]4[4]4, s0 ¥s7r € Z]q].

Recall that [m];, = [1],...[m],. For any partition A = (A1,...,Ax) we also
let [A], = [Adll, - [Aell

5.8 Lemma Let A € AT(d,n). Then yp = [A],.
Proof. When n = 1 then A = (1) and v = 1 so the Lemma is correct. Now
suppose that n > 1 and let A = (A1, ..., A;), where A, > 0, and let v be the

partition (A1,...,A, —1). By induction, vy = [1/];. Consequently,
[2]q [/\r]q ' i
RPNt AN M 1 W I N
T T [1]q [Ar — 1](1 [V]q[ ]‘1 [ ]q
completing the proof. O

5.9 Lemma Suppose that s and t are standard A—tableau such that s > t and
s = t(i,i + 1) for some integer i with 1 < i < n. Then v = ¢~ ¢ + a)(1 — a)vs
where a1 = [resy (i) — res¢(i)]q-

Proof. By definition, if (a,b) € [A] then the sets T'y(a,b) and T'(a,b) are equal
unless s(a, b) = i. Furthermore, if s(a,b) = ¢ and s(¢,d) = ¢ + 1 then a > ¢ and
d<bsoTys(a,b)U{(c—1,d)} = T(a,b) U{(c,d)}, where both unions are disjoint.
It follows that

[ress (i) — res¢(d) + 1], " [resy (i) — rese(d) — 1],

[resy (i) — rese(d)]q [ress (i) — rese(d)]q

as required. O

X v =q g+ a)(l—a)ys

Tt =

5.10 Proposition Let t be a standard A~tableauzr. Then (¢, ) = ¢4 )y,
Proof. Suppose first that t = t*; then ¥}» = @@x by Proposition 5.5(1). By
definition, (¥, ¥ Yo = epp@pps mod #A(d,n), and

P @am (M) = epp (M) = epop (L)ma = mamy = [/\];mk

by Lemma 3.2. Thus, (¢, ¥ ) = ¥ by Lemma 5.8.
Now suppose that t # t*. Then there exists a standard A-tableau s such that
s> tand s = t(¢,i+ 1) for some ¢. Furthermore, by Theorem 3.34, f,T; = fi—afs,
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where a=! = [res4(i) — resy(7)],. Therefore, ¢y = 5T} + atps since (1) = f, for
all v € Std(A); consequently,
(i, ) = (s Ti 4+ aths, ¥ T; + atdy)

= (T3, e Th) + 20005 T3, ) + 0% (s, 1s)

<1/) T2 > + 20‘<1/)5Tia 1/)5> o <1/)5a 1/)5>

= (2a +q = 1)(s Ty, s) + (g + a2)<1/)5a Vs)

= (204 ¢ = D)(v — aths, ¥s) + (g + a®) (¥, ¥5)

= (¢ +a)(1 = a)(¥s, ¥s),

where for the last equality we have used Corollary 5.6. However, by induction
on dominance, (15, %s) = ¢"4) g so, by Lemma 5.9, (¢, 1) = ¢t =
qz(d(t))'yt as required. O

5.11 Corollary Suppose that t is a standard A-tableauz. Then {f,, f) = g )y,
Consequently, the Gram determinant of the Specht module S* is equal to

G = [ ¢y
tEStd(N)

Now we turn to tableaux of arbitrary type. To do this we need to compare
prem ey and or when T = p(t); this will be accomplished by the next definition.
Let t be a standard A-tableau such that T = pu(t) is semistandard. For each node

(i,7) € [] let
Pr(i ) = { (k1) €[N |1 < 4, t(k, 1) < (3, §) and T(3,§) = T(k, 1) }

0 0 =itk —1+1],

—
(e wneriy U TR
5.12 Example Suppose that A = (3,2) and p = (2%,1). Then T = is a
standard A-tableau of type p and s = first(T) = and t = last(T) = .
Therefore,

and

Tk = P2l and #= 2], [4]q.
R
Notice that v = 7{'yr by Example 5.7.

Let d € 25, and recall from Proposition 4.5 that v = Ad Ny is the composition
of n such that &, = d=1&,dnN 8.

5.13 Lemma Let T be a semistandard A—tableau of type .
(i) Let t = first(T) and let d = d(t). Then w = [v], where v = Ad N p.
(ii) Let t = last(T). Then v¢ = m{'yr.
Proof. Let t = first(T) and suppose that (¢,) € [A]. Then
PG = (kD) € N 1< j and (0, ) = T(k, )}
Therefore, if p;; = |P{ (i, 7)| then

0 [j_.ifk—wrl]q:@...u: 1],
(k€] [ —i+k—1 [1]g iila ’



50 5. THE JANTZEN-SCHAPER THEOREM

Consequently, 7f = I e [+ =151 [Tr_i{crr(t)}q where ¢, (t) is equal
to the number of entries in row r of T which are equal to k. However, the parts of v
are precisely the numbers ¢, (t) as » and k vary (cf. Example 4.6), so this proves
part (i).

Part (ii) follows by comparing the definitions of v and 7} O

5.14 Lemma Suppose that t is a standard A-tableau, T = p(t) and s = first(T).
(i) If T is semistandard then pyprom = "W rlpr where v = Ad Ny and w is the
element of &, such that d(t) = d(s)w
(i1) If T is not semistandard then there exist cg € R such that gyprom = Z CsPs-
SHT
Proof. Applying the definitions we find that

pepreme (M) = @i(my) = p(1)my = memy,.

Therefore, if T = u(t) is semistandard then mym, = [I/]i]mT by Proposition 4.5(i)
and Lemma 3.2; consequently, msm, = 7§ @1 by Lemma 5.13(i). Moreover, d(t) =
d(s)w, for some w € &,, and mym, = m;,Tym, = qz(w)msmu = ¢" @ rlmg by
Lemma 3.2. This proves (i).

When T is not semistandard the argument is a little bit ugly. First consider
the case where 7 = 5¢z. Because T is not semistandard there exists an integer i
such that s; € &, and ¢ and ¢ 4+ 1 are in the same column of t. As a result, by

Corollary 3.19, there exist r, € Z such that

(14 ¢ymemy, = m(1 4+ T)m, = Zrnmnmu.
o>t
By induction on b we can write my,m, as a Z-linear combination of terms mg for
which § > u(v) > T. Therefore, there exist és € Z such that (1 + §)mem, =
> g ésmg with és # 0 only if S > T. However, {ms | S € To(A, p) } is a Z-basis of
M2 N ME", and the structure constants lie in Z, so it follows that each of ¢ is
divisible by (1+ ¢). Hence, we can divide by 1+ ¢ and then specialize § to deduce
the result. O

5.15 Lemma Suppose that s and t are semustandard A—tableauz of type p such that

/1( ) = pu(t), s>t and s = t(i,i+1) for some integer i. Then ' = (q¢+ a)n§ where
= [ress (i) —resy()]q-

Proof. Let (a,b) and (¢, d) be the nodes in [A] such that t(a,b) = ¢ and t(¢,d) =

i+ 1; then s(a,b) = ¢+ 1 and s(c,d) = ¢ and b < d since s > t. Therefore,

Pl(a,b) = Pl(a,b) U{(c,d)} and P} (z) = P{(x) for all nodes x # (a,b) in [A].

Hence, 7 =[b—a+c—d+1],/[b—a+c—dlyms = (¢ + a)nk. O

5.16 Lemma Suppose that t is a standard A-tableau such that T = p(t) is semis-
tandard. Then wyprure = 71y,

Proof. Suppose that tis a standard A-tableau such that p(t) = T. We first show
that ¢prure = rypr for some 7y € R. Let k be an integer with 1 < k < d and let
z,z+1,...,y be the entries in row k of t*. Then, by (5.1) and Proposition 5.5(iii),

Prp1ae LZ = (LY + Lw+1 +---+ LZ))S@T“TW = [rest(k)]q¥eprute.
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However, ¢ypmure Lj, € W;‘ and {ps|S € To(A p)} is a basis of W;‘ by Corol-
lary 5.6; so 1t follows that there exist ri € R such that ¢ pmure = ryr from
Proposition 5.5(iv). It remains to show that r¢ = 7' for all t.

Suppose that t = first(T). Then ¢r = n{' pwprem by Lemma 5.13(i) and
Lemma 5.14(i). Furthermore, by Proposition 5.5(i), there exist as € R such that
Ve = @i+ ) opi @sps. Therefore, by Lemma 5.14,

Yyproe = rPrem + Z UgPspromn = Th @1 + Z bsps
s>t ST

for some bs € R. However, prors is a multiple of ¢r so ¥yprers = wf'@r by
Proposition 5.5(i), and we are done in this case.

Finally suppose that t # first(T). Then there exists a standard A-tableau s
such that u(s) =T, s > t and s = (4,7 + 1) for some integer ¢ with (i,7+ 1) € &,,.
Now @rwe Ty = qprers by Lemma 3.2 and vy = 5T} + aths, where ™! = [resy (i) —
res¢(?)]q, by Theorem 3.34. Therefore, by induction,

Yiprens = Ys(T; + a)prom = (¢ + @)Ysprom = (¢ + a)mhr = 7 ¢r,

the last equality coming from Lemma 5.15. O

5.17 Lemma Suppose that T s a semistandard A—tableau of type p and let t =
last(T). Then there exist by € R such that

Yrpmre = Py + Z b1

s>t

Proof. By Proposition 4.5, mr = m+) . mg where the sum is over those standard
A-tableaux s such that s > t and p(s) = T. Therefore, by Proposition 5.5(i) there
exist ag € R such that

Yrmre (1) = Yr(my) = er(my) + Y asps(my) =mr + Y asmg =me+ > b,
ST ST spt

Hence, Yrprure = @i+ 3, biws. Now apply Proposition 5.5(i) once more. O

5.18 Theorem Suppose that R is a field and that e > n. Let T be a semistandard
A-tableau of type . Then (b7, ¢r) = ¢" 4D~y where t = last(T).

Proof. Let t = last(T); then v iprwrs = m{'¢br by Lemma 5.17. Consequently,

71'5<1/)T, 1/)T> = <1/)tSDTWT“a1/)T> = <1/)t, 1/)T80¥wTu> = <1/)t, 1/)T§0T“T“’>a

the second last equality coming from Proposition 2.7(ii). By Lemma 5.17 there
exist by € R such that ¢romure = e+, bsths, 50

T (Ur, ¥r) = (Yo, Yrpmre) = (Y, o) + Z bs(ihe, s) = (Y, ¥y) = qz(d(t))%,
s>t

by Corollary 5.6 and Proposition 5.10. However, 7{'yr = v by Lemma 5.13(ii) so
we’re done. O

Let ¢ be an indeterminant over Z and define g (¢) = [[;71(¢). For the re-
mainder of this section we fix N = > . ¢(d(last(T))) where the sum is over the
semistandard A-tableaux T of type p.
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5.19 Corollary Suppose that R is an integral domain and let A € At (d,n) and
w € A(d,n). Then Gf; = qNg;‘, considering g, as an element of R.

Proof. Suppose first that R = Q(§) where ¢ is an indeterminant over Q. By
Proposition 5.5(i) the transition matrix between the semistandard basis of W;‘ and
its orthogonal basis i1s unitriangular so by Theorem 5.18

@) =d" JI @ =d"g).
TETo (A1)

However, by definition, Gﬁ((j) € Z[q] so it follows that g;‘((j) € Z[q]. (This is quite
astounding given the definition of the rational functions y7(¢)!)

Now suppose that R is an arbitrary integral domain and let ¢ be an invertible
element of R. Consider R[§] as a Z[¢]-module via the homomorphism 7:Z[j] — R
which maps ¢ to ¢. Then 7 sends an inner product (ps,r) in #[g4(d,n) to
the corresponding inner product in .#g 4(d,n). Hence, gﬁ‘(q) = ﬂ(g;‘((j)) can be
considered as an element of R and the Gram determinant Gﬁ(q) of the R—module
W;‘ is equal to qNg;‘(q). O

5.20 Example Let A = (3,2) and p = (2%,1). Then To(\, ) = {S,T} where
S = and T = . Therefore, Gy = q[2]4[4], by Example 5.7.

Now that we have formula for Gf; we pull some contortionists’ tricks to rewrite
the product g;‘ in a more usable form.

Let v be a partition of n and let v’ be its conjugate partition ; that is, v/ =
(v, vh,...) where v} is equal for the number of nodes in column ¢ of [v] for each
i> 1.

For1 <i<nlet §; =n—i+vf; then 5= (51,...,0) is the sequence of beta
numbers for v. Notice that 81 > 82 > -+ > 3, > 0. For example, if v = (n) then
v/ = (1") and (n,n —1,...,1) is the sequence of beta numbers for v; if v = (17)

then v/ =(n) and f=(2n—1,n—2,...,1,0).

5.21 Let o = (ay,...,a,) be any sequence of integers and let @ = (@, ..., @,) be
the sequence obtained by putting the terms in « into non-increasing order. Then
@ 1s the sequence of beta numbers for some partition if and only if . > 0 for
c=1,... nand ap # a.if b # c.

Suppose that @ is a sequence of beta numbers for some partition v € A*(d, n).
Then there exists a unique element w in &,, such that @. = a., fore=1,... n.
For any composition 7 let d, (a) = (=1)*®)|To(v, 7)|; s0 dy (o) = £dim WY,

If @ is not the sequence of beta numbers for any partition in A*(d,n) then we
set d(a) = 0.

Now we return rewriting our formula for Gf;. Let 8 = (B1,...,0n) be the
sequence of § numbers for A and suppose that Z is the largest integer such that
pz 7 0. Let z = pg; then every tableau T in To(A, ) has z exactly entries equal to

Z and these occur at the feet of distinct columns, say columns ¢; < ¢ < --- < ¢,.
Let T¢ be the tableau obtained from T by deleting all of the entries labelled Z and
let B¢ = (BY,...,8S) be sequence of integers given by

y =

go_ [Bm—1 itbec,
By, ifb ¢ C,
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where C' = {c1,...,c.}. Let A® be the partition of n — 2z whose sequence of
beta numbers is 3“. Then T is a semistandard A“—tableau of type & where
7= (p1,...,pz-1,0). Consequently, by the conventions of (5.21),

du(P) = I1ToA )l = Y de(B).

More generally, for any sequence o = (g, ..., o) of integers we have

5.22 dy(@)= > dg(a®),

where the sequence o is defined in exactly the same way as the sequence G°.
For convenience let n = {1,2,... ,n}. In the next Lemma, if C C n and ¢
is not a sequence of beta numbers of a partition in A*(d, n) then we adopt that

convention that g%c =1and 75(A\°, 1) =

5.23 Lemma Let § = (31,...,0n) be the sequence of beta numbers for . Then

~ ] ~
9p(q) = B2Bs H g% (9)
CCn
|Cl==2

/1 3C c_ c_ c
where By = H H H [h](;dl—l(ﬁl sy =Ry B =14k, BY)

B>l CCn b C
|Cl=2—1 8555 +1=h

and  Bs = H H H [h](cilg(ﬁf,...,ﬁf—l—h,...,ﬁ§+h,...,ﬁf)’

B>l CCn b C
|Cl=2—1 85 —5S =h

Proof. By definition

an@= I »@= TI —itk—l+1;

TETo (M) TeTo (M) (6,7)E[N] (B, D) EPH (4,) =itk

The discussion of (5.21) shows that deleting all of the nodes labelled 7 from a
tableau gives a bijective correspondence between the sets 7o(X, p) and s To(AY, 1),
where C' runs through the subsets of n of size z. Therefore,

—i+k—1+1] 0

I I I el gee
T€To (A, u) (4,4)€[A] (k,1)EPH(4,5) CCn
T(i,§)27Z [Cl=2

Next suppose that (¢,j) € [A] and T(i,j) = Z. Then (¢,j) is at the foot of some
column in [A] and if (k,1) € P#(4, j) then T(k,{) < Z and [ < j; therefore, 5 — 3; =
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j—1+k—1. Hence,

—itk—1+1]; (8 — Be + 1] ™)
H H H [j—i—|—k’—l]q _H<H [6b_ﬁc]<i )

TeETo(A, ) (4,7)€[N] (k,1)EPH(i,5) CCn b<é
(,]):Z |Cl==2 ggc
H [h]cfﬁ(ﬁfw~yﬁf_lyﬁbyﬁ$+1w~yﬁ§_17ﬁ0_17ﬁ§+17~~yﬁg)
q
bgCceC
H H Bo—Po+1=h
- A . .,6C —=1,8%.,,...,8¢
h>1 CCn H [h] (ﬁl ). yﬁb 1yﬁbyﬁb+1y yﬁc_lyﬁ 1 ﬁc+1 ﬁn)
|CT== bgC ceC
Po=fe=h . /aC c c_ 4 gC c c zC c
H [h]Ad”(ﬁl 7~~~yﬁb_1yﬁc 1yﬁb+1y~~~yﬁc_1yﬁb yﬁc+1y~~~yﬁn)
q
chC

_ H H By =S +1=h
_dﬁ(ﬁlcy 7ﬁbc_1yﬁ§_1yﬁbc+1w~ yﬁg_lyﬁgyﬁ§+1w~ 7ﬁ§)

h21 CCn H [h]q

H [h]_dﬁ(ﬁfw~ yﬁf_lyﬁf—hyﬁf+1w~ 7ﬁ§_17ﬁ§_1+h7ﬁ§+17"' ﬁf)

q
b,egC
H By =B +1=h
S cen H [h]jdrwf,...,ﬁf_l,ﬁf—l—h,ﬁ&p...,ﬁf_l,ﬁ§+h,ﬁ§+wﬁ3>’
|Cl=r—1 d
b,egC
By —BS =h

where the last equation follows using the relation ﬁbc — B¢ +1 = h, in the numerator,
and B¢ — B¢ = h, in the denominator. Combining the above equations proves the
Lemma. O

In the next result (and similarly in the definition of By and Bs above), the only
restriction on b and ¢ is that 5y < §. 4+ h; in particular, we do not require that b < ¢
as might be inferred from the notation.

5.24 Proposition Suppose that R is an integral domain. Let A € At (d,n) and
1 € A(d,n) and suppose that § = (B1,...,Bn) is the sequence of beta numbers for

A. Then
H H H w(B1,. .,ﬁb+h,...,ﬁc—h,...,ﬁn)’

h>1c€n  ben
Be>Be—h

regarded as an element of R.

Proof. Asin the proof of Corollary 5.19 it is sufficient to consider the case where
R = Z[g]. We now argue by induction on n. When n = 1 both g;‘ and the
right hand side are equal to 1, so we may assume that » > 1. By induction,
Il g%c = (1G2G3G4 where, in the product, C runs over all subsets of n which
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have z elements and

G1:H H H H [h];du(ﬁf,~~~,ﬁf+h,...,ﬁf—h,m,ﬁf)’

h>1 CCn c¢C ben\C
|Cl==2 ﬁ$>ﬁc—h

H H H H [h]?d”(ﬁf""’ﬁl?+h7w,ﬁ§—1+h,,,,yﬁg)
q bl

h>1 CCn c¢C
|Cl=z-1 i ﬁ —1+h

Gz = H H H H [h](;d“(ﬁfwwﬁf+1—hw,ﬁf—h,...,gg)’

B>1 CCn cgC
|Cl=z-1 8y +1>/3 —h

G

and

a=11 II II 1I [h];du(ﬁf,...,ﬁz?+1—h,...,,@f—h—l,...,,@f).

R>1 CCn cgC  b¢C

ICl=z=2 = g7 >ﬁc—h
Let By and B3 be as in Lemma 5.23. Then

BayGy = H H H H [h](;du(ﬁf,...,ﬁf+h,...,,@f—l+h,...,ﬁ§)’

h>1 CCn c¢C b C

|Cl=2-1 @b >@ —h
and

BsGs—H H H H [h](;du(ﬁf,...,ﬁf+1—h,...,,@f—h,...,ﬁf).

h>1 CCn c¢C  bEC
[C|=2~1 By /3 —h

By Lemma 5.23 again, g;‘ = (1(B2G4)(B3G3) By, so combining the last three
equations and using (5.22) completes the proof. O

5.25 Example As in Example 5.20, let A = (3,2) and g = (22,1). The sequence
of beta numbers for A is 5 = (6,5,3,1,0) so

GA

d,(4,7,3,1,0 d,(9,2,3,1,0 d.(2,5,7,1,0)—d,(2,9,3,1,0
g[2]; (3] %« [a]; ¢ )= du( )
= To ’ 2 ’ To 5 ) To 27 ) —|7o 5 )
= g[2] oG mI[3]) Tal (1), 4] Tl (2% D)1= I Tal(12)00],

Because |To((1%), 1)] = 0 and [To((22,1), u)| = |To((3,1%), u)| = 1, this agrees with
the answer obtained for Gf; in Example 5.20.

Proposition 5.24 gives a closed formulafor G?. A more combinatorial statement
is possible; this requires a final piece of notation and a Lemma.
Let (a,b) be a node in the diagram of A. Then (a,b)th hook of A is the set

Hyy = {(a,c) e N [e>bYu{(db) e\ |d>al;

that is, (a, b)th hook is the set of nodes in [A] which are either in the same row and
to the right of (a, ), or in the same column and below (a,b) — including (a, b). Let
kY, = [HM| = Ao+ A, —a—b+1 be the (a,b)th hook length. The leg length of H?,
18 l;‘b = A, —a + 1; that is, l;‘b 1s equal to the number of nodes in Hg‘b which are
contained in column b of [A].
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Similarly, the (a, b)th rim hook R?, is the collection of nodes along the rim of [A]
from row a to column b. This is best illustrated by an example; let A = (6,4, 3)
then

A X[ x[x[x] x[x[x]
le = % | and R12 — x| x| .
x x[x

Thus, there is a one—to—one correspondence between hooks and rim hooks and
|R2,| = h2,. Importantly, if X is a partition of n then [A]\ R2, is the diagram of a
partition of n — h2,. For example, when A = (6,4, 3) then [\]\ Ry, = [(3,2,1)].

If [\]\ R}, = [v] we say that A can be obtained from v by wrapping on the rim
hook Rgb; alternatively, v can be obtained from A by unwrapping R26~

5.26 Lemma Let = (81, ..., ) be the sequence of beta numbers for A and let b
and h be integers with 1 < b < n and h > 1. Then there exrists a composition T
such that d; (B1,...,Bs — h,...,Bu) # 0 only if h = h2, for some (a,b) € [\]. In

this case,

dr(Br, o By —hy o B) = (1) d (o, )

where (a1, ..., ap) is the sequence of beta numbers for the partition v which is
obtained by unwrapping the rim hook Rgb from A.

Proof. There exists a composition 7 such that d.(81,...,8 — h,...,8,) # 0
only if By — h # f. for all integers ¢ such that 6 < ¢ < n and 5, — h > 0.
Suppose that 5, — h > 0 and that there exists an integer ¢ such that b < ¢ < n
and f. > By — h > SBeq1 (setting Bp41 = —1 if necessary). Then we can remove h
nodes from along the rim of A, starting with the last node in column b and ending in
column ¢ so as the leave the diagram of a partition v. If the last node is in row a then
h = h), and [v] = [A\]\ R),. Finally, the sign attached to d-(B1,...,8,—h,..., )
is (=1)°7¢ = (=1)"=" where [ = 2. O

5.27 Theorem (James—Mathas) Suppose that R is an integral domain and let
B=1(B1,...,0n) be the sequence of beta numbers for A. Then

oo

(a C)E[A]
b<e

)du(ﬁlw“ vﬁb‘l'hibv“ yﬁc_hibVH yﬁn)

Proof. By Corollary 5.19, Gf; = qNg;‘; thus, by Proposition 5.24 and Lemma 5.26,

A A
— (]N H H [hgb]q_dl—l(ﬁlv'“vﬁb+hab7"'yﬁc_habv'“yﬁn)

(a,b)€[r] ~ cem
ﬁb>ﬁc_hkb

A
N H H [hgb]q_dl—l(ﬁlv'“yﬁb-l—habv o Be=hYy, )

(a,b)€[A] b<cen
Bv>Pe—h,

H H [hAb]q—du(ﬁlw'yﬁc—hibywyﬁb+h2b,~~yﬁn)
a

a, ] b>cEn
Bo>Be—h),

Nowifc>bandﬁb>ﬁc—h>‘bthen— w(Biy e BNy Bo RN, Ba) =
du(Bry. o Bo+ Ry, Be—hYy, . ,ﬁn); moreover, by Lemma 5.26 this is equal
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to zero unless (a,c) € [A] since 8, — hY, = B — h), if (a,¢) € [A]. On the hand, if
¢ < b then (a,c) € [A]. Combining these facts proves the Theorem. O

By Lemma 5.26 the exponent d,(81,...,8 + h)y, ..., Bc — hoe, ..., By) has
a combinatorial interpretation which makes Theorem 5.27 easy to apply. Namely,
suppose that the partition v is obtained by unwrapping the (a,¢)th rim hook R},
from [A] and then wrapping it back on in such a way that its lowest node is in
column b; then, dy(B1, ..., B+ hlyy oo\ Be— hies o) Bn) = (=) ot | To (v, ).
5.28 Example Suppose that A = (3,2). In the diagrams below, using the notation
of Theorem 5.27, we label the nodes (a,b) and (a,¢) by b and ¢ respectively and
we mark the other nodes in the various rim hooks with a cross; in the right hand
column we give the contribution of each pair of nodes to Gf;.

- Eﬁ contributing 1

Y - 5 contributing (%)'%((2271»;1”
- g contributing (%)_m((ﬁ)v“”
- ; = contributing (%)mj((?”l )o)]

Therefore, Gi) _ [2]117’0((3,12)#”[3]117'0((15)#”[4]117'0((2271)#”—|To((15),u)|; agreeing with
the answer obtained in Example 5.25.

2. The Jantzen sum formula

So far this Chapter has been devoted to calculating determinants. Using a
technique due to Jantzen we now transform these results into strong statements
about the structure of Weyl modules and Specht modules.

Throughout this section R will be a principal ideal domain and p a prime in R.
Let F = R/pR be the residue field of (R, p) and v, : R* — N the p-adic valuation
map; that is, if » € R and » # 0 then v, (r) = ¢ if i is the largest integer such that »
is an element of piR.

Suppose that M is a free finite dimensional R—module which is equipped with
a symmetric bilinear form { , }: M x M — R. For each integer k > 1 let

M(ky={e€ M| (e f)cp*Rforall fe M},

and let My(k) = M @RTF be the reduction of M (k) modulo p. Because My = M@gF
is a finite dimensional F-module, there exists an integer z > 1 such that Mp(k) =0
whenever k > z. The filtration

is so—called Jantzen filtration of My. Observe that My(1) = rad M.

Let eq,...,eq be a basis for M and let G = det({e;, e;)) be the Gram determi-
nant of the bilinear form with respect to this basis. Note that G belongs to R.
5.29 Lemma (Jantzen) Let R be a principal ideal domain and suppose that the
bilinear form ( , ) is non—degenerate. Then vy(G) = ;. dimp Mp(2).
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Proof. Because R is a principal ideal domain, we can find a basis {fi,..., fa} of
M such that there exist r; € R* with (e;, f;) = d;;7; for 1 < i, j < d. Furthermore,
the Gram determinant G = [[;_,(e;, fi) = ngl 75, s0 vp(G) = Zgzl vy (75).

Now, m = . a; f;, for a; € R, is an element of M (k) if and only if a;7; is an
element of p* R for i = 1,...,d; that is, vy(a;7;) > k for all i. Therefore, M (k) is
the free R—submodule of M with basis

{filvp(ri) 2 kYU {pF2 U fi () < kY
Accordingly, My(k) has basis { fi @ 1 | vp(r;) > k } and so

2

k>0 i=1

as we wished to show. m]

We are going to apply this Lemma in the case where M = W2 @uru; before we
can do this however, we need some preparation.

Let ¢ be an element of R such that [n]l] # 0; by Theorem 5.27 this ensures that
Gﬁ((j) # 0 for all A € A*T(d,n) and p € A(d,n). Let ¢ = ¢ + pR and consider F as
an R-module in the natural way. Then %5 4(d, n) = Zg 4(d,n) @r F.

Suppose that My is a right . 4(d, n)—module and let {a, | v € A*(d,n)} be
a set of integers. Write My «— >~ a, Wy if

My @ @ (—a, )Wy and @ a, Wy
a, <0 a, >0

have the same composition factors. Thus, My and the virtual module )~ a, Wy
have the same images in the Grothendieck group of %% ((d, n).

5.30 Lemma Let My be a right S5 4(d, n)—module and suppose that there erist
integers { a, | v € AT(d,n)} such that

dimp Mppmure = > ay dim Wi opum
veEAT(d,n)

for all p € A*(d,n). Then My +— Zal,W]ff.

Proof. By Theorem 4.16 there exist integers ¢, such that My = ZV c, Wy . There-
fore,

0= 3 (o —a)dime Wepnm = S (e —a)- [Tl nl.

veEAT(d,n) veEAT(d,n)

However, To(v,v) = {T"} and To(v, u) = @ unless v > p so the matrix (|76(1/,p)|)
is unitriangular, where v, p € A*(d, n). Hence, the equations above have a unique
solution; namely, ¢, = a, for all v € AT(d, n). O

Given a sequence a = (aq,...,ay,) of integers recall that @ is the sequence
obtained by reordering the terms in « so that they are in non-increasing order.
Let w € &,, be a permutation such that @; = ay,. If @ is the sequence of beta
numbers for a partition p € At (d,n) then w is uniquely determined (see 5.21) and
we define Wi to be the (virtual) . 4(d, n)-module (—1)Z(w)W§. Similarly, let



2. THE JANTZEN SUM FORMULA 59

S§ = (—1)Z(w)5ﬁf, a virtual % ;module. If @ is not the sequence of beta numbers
for any partition in AT (d, n) we set Wi =0 and S = 0.

5.31 The Jantzen Sum Formula ( [1,39]) Suppose that [n]l] # 0w R and let A
be a partition in AT (d,n). Then

. Ly Both o Be—h2 B
SR = 3 (e lada) — ([ Jg) )y P Pt B,

i>0 (a,b)e[A]
(a,c)€[A]
b<e

Proof. Let p € AT(d,n) and consider the R-module W;‘ = Wapmm. Let 8 =
(B1,...,Bn) be the sequence of beta numbers for \. Now [n]l] Is non—zero, so
Gf; # 0. Therefore, by Jantzen’s Lemma (5.29), Vp(Gf;) = D ;5o dimp W2 prumu.
On the other hand, by Theorem 5.27,

(@) = 30 (velaa) = o021 ) (B By + s Be = ke )
(a,b)€[A]
(a,c)€[A]
b<e
1 Bothdy o Be=h2 B
= 37 (mllu)g) — vp([h2Jg)) dimwPr s Pt B ),
(a,b)€[A]
(a,c)€[A]
b<e
The last equation holds for all partitions g € A*(d, n), so the Theorem now follows
by applying Lemma 5.30. O

The Jantzen Sum formulais important because Wf‘(l) =rad Wf‘; consequently,
if p # X then Li is a composition factor of W]Ef‘ if and only if L§ is a composition
factor of ) ;. Wi (i). In general, the composition multiplicity of L% in D is0 Wi (3)
will be much higher than the composition multiplicity of L§ in Wi'; however, this
multiplicity is an upper bound on d»,.

Applying the Schur functor of Proposition 4.19 gives the analogue of the sum
formula for 2% ,.

5.32 Corollary (The ¢—Schaper Theorem) Suppose that [n]l] # 0 in R and let
A be a partition in At (d,n). Then

DSOS e 0 (wplladlg) = vpl[ad]) ) St T P,

i>0 (a,b)e[A]
(a,c)€[A]
b<e

5.33 Example Suppose that R = C[¢] and that p = [m]s is a cyclotomic polyno-
mial in R for some integer m > 2. If A = (3, 2) then, by Example 5.28,

SR = ()W + (m([315) — o ([419) ) WA + v (4] W 0,
>0

Now, vy([k];) = 1 if m divides k and v,([k];) = 0 otherwise. Recall that e is the
smallest positive integer such that [¢], = 0 (in [F); therefore, Wy is irreducible (that
is Wi = Lg), if and only if e > 4.
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Next assume that p = 14 ¢; then F = C and ¢ = —1, so e = 2. Therefore,
vp([2)4) = vp([4]5) = 1 and v, ([3]4) = 0. Consequently,

ST ) e W p w0 -
>0

Further applications of the sum formula shows that WE(}S) = L](F}S), WEE22’1) = L](F22’1)

and WEES’IQ) — L](FS’12) + L](F}S) + LD The composition factors of WEES’IQ) are
completely determined here because the multiplicities given by the sum formula

are 0 or 1. Combining these facts shows that ), W ( Dy L( 9 + 2L](F22’1);
consequently, d(3 2y(3,12) = 1 and d(3 2)(22,1) is either 1 or 2.

Next consider the Specht module S§3 as before we have

S50 = ()55 + (m([315) — m([419)) S8+ wp([415) 50,

>0
Suppose once more that p = 1+ ¢. A calculation similar to the above shows that
EDOS]%S’z)(i) — QD%ZQJ). Therefore, S]%S’Z) = D]%f’l) by counting dimensions;
hence, d(3 2)(22,1) = 1 by Proposition 4.19(iii).

At this point we have calculated all but the last two rows of the decomposition
matrix of % _1(d,5) where d > 5. Two further applications of the sum formula
give the remaining entries; the full matrix is as follows.

IEE |
2,13 1. 1
22 1. . 1
3,121 . 1 1
3,2 |. . 1
4.1 (. 1 . . .1
5 T . .1 . .1

By Proposition 4.19, the submatrix of bold faced entries is the decomposition matrix
of %7_ 1.

Notice that difference between these calculations for Weyl and Specht modules
arises because Df = 0 whenever the partition y is not e-restricted (in particular,
the partition (3,2) is not 2-restricted).

3. The blocks of .#(d,n) and

Throughout this section we assume that d > n. In this case, we use the sum
formula (5.31) to classify the blocks of the ¢—Schur algebras .%(d, n) and, from this,
classify the blocks of 7. In order to classify the blocks we first define the e—core
of a partition.

Recall the definition of rim hook from the previous section. We call a rim hook
Rf‘j an e—rim hook if it 1s a rim hook of length e; that is if lf‘j =e.

Let X be a partition of n. If the diagram of A contains an e-rim hook let A be
the partition of n—e obtained by unwrapping this rim hook. Similarly, let A? be the
partition obtained from A! by unwrapping an e-rim hook, if possible. Continuing

in this way we obtain a sequence of partitions A = A%, A', ... A% with w > 0 and
such that the diagram of A contains no e-rim hook and the partition A’ is obtained
from A'~! by unwrapping an e-rim hook for ¢ = 1,...,w. The partition A¥ is the

e—core of X; it 1s a partition of n — we.
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For example, if A = (4,3,2,1) then one sequence of partitions leading to the
3—core of X is the following.

o o mE

X X .
N - - - 0
] x

so the 3—core of A is the partition (1). Tt is not at all clear that the e—core does
not depend upon the order in which the rim hooks are removed. The next Lemma
shows that this i1s not the case.

5.34 Lemma The e—core of a partition is well defined.

Proof. Let 3= (f1,..., ) be the sequence of beta numbers for the partition A.
Think of the beta numbers as being arranged on an abacus with e-runners, where
the bead positions on the abacus are numbered from left to right as 0,1,... je—1in
the first row, e;e+1,...,2e — 1 in the second row and so on. For example, if e = 3
and A = (4,3,2,1) as above then § = (13,11,9,7,5,4,3,2,1,0) is the sequence of

beta numbers for A and they are represented on an abacus as follows.

By Lemma 5.26, unwrapping an e-hook from A corresponds to decreasing some
beta number 3; by e; this is the same as moving a bead one row higher in some
column of the abacus. Consequently, the e—core of A corresponds to pushing all of
the beads up to their highest possible positions in each column of the abacus. In
particular, the e—core is independent of the sequence of rim hooks removed. O

5.35 Lemma Let M be an . 4(d, n)-module and suppose that all of the compo-
sition factors of M belong to the same block and that M +— Zu a, Wy for some

integers ay,, p € AT (d,n). Then W' and M lie in the same block whenever a, # 0.

Proof. By Lemma 5.30 a virtual module Zu a, W «— 0 if and only if a, = 0

for all 4 € A*(d, n). Hence, the Lemma follows by applying a suitable sum of block
idempotents. O

5.36 Theorem Suppose that F is a field and that d > n. Then the Weyl modules
Wi and Wi belong to the same block if and only if X and p have the same e—core.

Proof. By Theorem 5.31 the composition factors of Wf‘, apart from L% itself, are
of the form L§ where the partition y is obtained by unwrapping a rim hook from
A and wrapping it back on lower down in the resulting diagram. Suppose that W'
appears with non—zero coefficient in the Jantzen sum formula for W' Then there
exist nodes (a,b) and (a,c) in the diagram of A such that vy ([h),]5) # vp([has)
and g can be obtained from A by unwrapping the rim hook R}. and wrapping it
back on lower down. Now, if h is an integer and vy([h]g) # 0 then [h]; € p'R;
therefore, [h], = 0 in F and, consequently, e divides h. It follows that e must divide
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at least one of hY, and h),. If e[h), then u is obtained from A by moving a number
of e~hooks and so y and A have the same e—core. If ¢ does not divide h). then e
divides h), and it is easy to see that y can be obtained from A by “sliding” the
(a,b)-rim hook; thus again, A and p have the same e—core. Consequently, if Wy
and W} are in the same block then A and p have the same e—core.

Now suppose that p is an e—core of some partition of n; then |p| = n — ew for
some w > 0. Let v = (1,72, ...) be the partition of r for which v; = p; 4+ we and
~; = pi for ¢ > 1. Then v has e—core p.

Assume that g F r and that pu has e—core p. To prove the theorem it suffices
to show that W and W} are in the same block. Suppose that g # . Then, for
some (a,b) the rim hook R, of [u] has length e and its lowest node is in a row
later than the first row. Remove this rim hook from [u] and add it back at the
end of the first row of [u], to obtain the diagram [A], say. Then W} appears with
non—zero multiplicity in > ;o Wi (i) by Theorem 5.31; therefore, Wi and Wi are
in the same block by Lemma 5.35. This proves the Theorem because, by induction,
W]Ef‘ and Wy are already in the same block. O

We can now classify the blocks of 7. At first sight, it 1s possible that there
could exist Weyl modules W]Ef‘ and W' which are in the same block of .%(d, n) and
such that the Specht modules S]f,f and Sp are in different blocks of .7; for example,
the Weyl modules W3 and W' could be linked via an irreducible module L” in
S (d,n) where v is partition which is not e-restricted. The next result shows that
this does not happen.

5.37 Corollary (Dipper—James, James—Mathas) Suppose that A and u are
partitions of r. Then the #%(6,)-modules S]f,f and S belong to the same block if
and only if A and p have the same e—core.

Proof. By Proposition 4.19 and Theorem 5.36, Sﬁf and Sf are in the same block
only if A and p have the same e—core. Thus, to complete the proof it suffices to
show that .7 (d, n) has at least as many blocks as 5.

Let M = @u M#; then #(d,n) = Ende(M). Write 3¢ = B1 & -+ & By as
a direct sum of block ideals. Since M contains ¢ as a submodule, M B; # 0 for
t=1,2,... k; moreover, if ¢ # j then M B; N M B; = 0. Therefore, M = M ¥ =
M(B1 & - ®&Bp)=MB @& MBj and so

End%(M) = End%(MBl @@MBk) = EndBl(MBl) @~~~@End3k(MBk),

since if ¢ # j then Homyy(B;, B;) = 0 because B; and B; have no common ir-
reducible consituents by Theorem 2.21. Therefore, the number of block ideals
contained in .¥(d, n) is at least as great the number of blocks in .#°. The Corollary
follows. O

Suppose that A is a partition of n with e—core p. Then p is a partition of k for
some k < n and k + we for some w > 0. We say that A is a partition of e—weight
w.

If A has e-weight 0 then A is an e—core and A is the only partition in its block;
thus, P]Ef‘ = W]Ef‘ = L% is irreducible and projective. The structure of the Weyl
modules indexed by partitions of e-—weight 1 are also easy to describe.

5.38 Proposition (James) Suppose that n = m+ e and let p be a partition of m
which is an e—core. Then there exist precisely e partitions N1 > A2 > - > A of n
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whose e—core is p. Furthermore, if  # A\* is a partition of n then dyxe = Gkt
fork=1 ..., e—1.

Proof. The enumeration of the weight 1 partitions is easy (for example, think of
the abaci of Lemma 5.34). Hence, for k =1,2,... ¢

SR = Do (=1 Y

i>0 ik
by the Jantzen sum formula (5.31). In particular, Wf‘e = L%e is reducible. If

1 < k < e it now follows easily by induction that Wf‘k — L%k + L%Hl as we
wished to show. O

4. Irreducible Specht modules and Weyl modules

In the last section of these notes we classify the irreducible Weyl modules and
the irreducible Specht modules which are indexed by e-restricted partitions. The
first two results depend upon the choice of Jantzen filtration; our final result will
depend only upon the field and on gq.

As in Section 2 we fix a principal ideal domain R, an invertible element ¢ € R
and a prime p in R and let F = R/p and ¢ = ¢ + pR.

5.39 Theorem Suppose that A\ € A*(d,n) and that [n]l] # 0 in R. Then the Weyl
module Wi is irreducible if and only if vy([h)]s) = vp([h2.)5) for all (a,b) and
(a,c) in [A].

Proof. Ifvy([h),]g) = vp([h]g) for all (a,b) and (a,c) € [A] then 3, W2 (i) =0
by Theorem 5.31; in particular, Lemma 5.30 now shows that rad W]Ef‘ =0, so W]Ef‘
is irreducible.

Conversely, suppose that vy ([h2,]5) # vp([h).]5) for some nodes (a, b) and (a, c)
in [A]. Choose a,b and ¢ so that the partition v whose sequence of beta numbers
is (B1,... B+ A2, Be — k2., ..., By) is minimal in the dominance ordering
among all the partitions appearing on the right hand side of the equation in The-
orem 5.31. Then A > v and Ly is a composition factor of ) .. W2 (7). Hence, L¥
is a composition factor of W]Ef‘ and W]Ef‘ is not irreducible. O

The irreduciblity of the Specht modules is more subtle; indeed, the classification
of the irreducible Specht modules even in the case of the symmetric groups is an
open problem (except in characteristic 2; see [41]). However, as the next result
shows, the answer is known when A is e—restricted.

5.40 Theorem Suppose that [n]l] # 0 in R and let X be an e—restricted partition
of n. Then S3 is an irreducible € -module if and only if vy([hablg) = vy ([hacls)
for all nodes (a,b) and (a,c) in [A].

Proof. First suppose that S3 = Dg. Then the Gram matrix of the Sp with

respect to its standard basis {m.} is non—zero. By Corollary 5.11 and Theorem 5.27
this determinant is equal to

R N [hAb]q do (B, Bo+hly . Be=hly, . Bn)

Go=a 11 (mc]q) |
(a,b)€[A]

(a,c)€[A]

b<e
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for some N € N. Suppose that d > n. Then A € AT (d,n) and the . 4(d, n)—
module W3 is irreducible if and only if its Gram matrix G* is non-zero. By
Theorem 5.27 again,

h*q
= II ei= 1T T (5

)du(ﬁly"' 7/@b+h2b7"' yﬁc_hibw" 7ﬁn)

neA(dn) HEA(d,n) (a,b)€[A]
(a,c)€[A]
b<e
for some M € N. Moreover, d, (a1, ..., ®,) is non-zero only if dy (a1, ..., an) #

0 for any partition p. Therefore, if S]f,f = D% then W]Ef‘ is irreducible; whence,
Vp([hablg) = vp([haclg) for all nodes (a,b) and (a, ¢) in [A] by Theorem 5.39.

The converse is much easier because Sp +— Dg + rad Sp and D # 0 since
A is e-restricted. Therefore, S3 = Dg if vp([hab)g) = vp([hacls) for all nodes (a,b)
and (a,¢) in [A] by Corollary 5.32. O

The last two results depended upon the choice of R, ¢ and p, and not directly
upon [F and ¢; our final Theorem removes this restriction.

Fix a field IF and a non—zero element ¢ in F. Let ¢ be an determinant over F
and let R = TF[¢] and p = ¢ — ¢q. Then R is a principal ideal domain, p is a prime
and [n]l] # 0. Furthermore, F = R/pR and S 4(d,n) = Fr 4(d,n) @r F so we are
in a situation where all of the results of this section apply.

Recall that e is the smallest positive integer such that [e], = 0. Notice that
[k]; = 0 if and only if [k]; € pR. If F is a field of characteristic 0 set p = oo;
otherwise, let p be the characteristic of IF. Define v, to be the usual p-adic valuation
on N. (If p = oo then, by convention, v,(k) = 0 for all £k € N.)

5.41 Lemma Let a and b be integers with 1 < a < n and 1 < b < n. Then
vp([alg) = vp([blg) if and only if either

(i) eta and e 1 b; or,

(i) e |a and e | b and vp(a) = vp(b).
Proof. We have already observed that e is the smallest positive integer such that
p divides [e];. Therefore, if k& € IN then p divides [k]; if and only if e divides k. It
follows that v, ([a]g) = v,([b]g) only if either (i) e ta and e {5, or (ii) e | @ and e | b.

If et a and e t b then vy([als) = vp([b]3) = 0 and there is nothing to prove.
Hence we may assume that ¢ | @ and e | b.

First consider the case where p = oo. If k& € N then [ke]s = [e]s[k]se and
[k]se = klp mod p since p divides §° — 1. Therefore, v, ([kels) = vy([e]g) since
ptklg. Hence, vy([als) = vp([blg) = vp([e]g) and the Lemma holds in this case.

Now consider the case where FF is a field of positive characteristic. Write a =
eup” and b = evpy where p does not divide u or v. Then

vp([alg) = vp([blg) <= vp(¢" — 1r) = vp(¢" — 1g)
= (6 = 1r)[ulger=) = vp (47" = 1g) [V]gerv)
= (@7 = 1r) = 1,47 — 1g),
the last line following because [u]ze, = ulg mod p, since p divides ¢° — 1g, and

ulp # 0 mod p (and similarly for [v]zepv). Now, if y > x then G’ — 1p =
(g°7" — 1R)[pY ™" ]gers. However, [pY™"Jsep= = pY""1gr = 0 mod p, so this forces
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vp(§°?° — 1g) > vp(§°?" — 1g). Therefore,

ve(lalg) = v ([t]g) = vp(a) = vp(b),

completing the proof of the Lemma. O
Given partitions ¢ = (01, 09,...) and 7 = (11, 72, ...) and m € N, we define o+
T to be the partition (61471, 02472, ...) and m7 to be the partition (mr, mra,...).

Recall that A\’ is the partition which is conjugate to A.

5.42 Theorem (James—Mathas) Suppose that F is a field of characteristic p

and let X be an e-regular partition of r. Then the S3 is irreducible if and only if

there exist partitions o), 6 . and 7V, 7D . such that

Q) N =) 4+ er® oM is an e-core, and 0'2(1) = O'Z(i)l + e —1 for all i with
Tl»(l) #0; and

(i) forallj>1, 70 = 0'("7""1) +prUtY) U+ 45 a p-core, and 0'2(‘7+1) = 0'2(‘7_4{1) +
p—1 for all i with TZ»(]-H) #0.

Proof. If e = oo, then S3 is always irreducible; in this case take o) = X and let

the partitions ¢(®, ... 71 7(2)  be partitions of 0. Thus, we may assume that

e # oo.

By Theorem 5.40 and Lemma 5.41, S]f,f is irreducible if and only if for all nodes
(a,b) and (a,c) in [A] either e { A2, and e { hj,, or e | h}, and e | A}, and
vp(h2,) = vp(h},). We show that this condition is equivalent to (i) and (ii) above.

Draw the diagram [X'] and circle those nodes which have hook lengths divisible
by e, as in Example 5.43 below. The condition that for all (a,b) and (a,c¢) € [A]
either e { b2, and e t h),, or e | A2, and e | h), amounts to saying that in each
column of [N] either no node is circled or every node is circled. By removing an
e-rim hook from the rightmost column which contains a circled node and using
induction this is equivalent to (i). Assume therefore that condition (i) holds.

Suppose that the (a, b)-node of [A] is circled (ie. e divides h),), and that (a,b)
lies in the r—th column of circled nodes in [A]. Then h}, = ehZél . Therefore,
vp(h2,) = vp(hy,) for all ¢ with (a,¢) € [A] if and only if I/p(hz;jl)) = Vp(hlil)) for
all ¢ with (r,¢) € [7(V]. Replace A by T(l)/, e by p and iterate this argument to
complete the proof. O

5.43 Example Suppose that A = (4,325 1%) and e = 3. We illustrate [\],
marking those nodes in the e—core by X and circling those nodes which have hook
lengths divisible by e.

XIX[X] Q]
x[ [ [ o[ ]

O

[N =

X
X
X

1]

Therefore, by Theorem 5.40, S3 is irreducible when [F is a field of characteristic 0. In
this case, the decomposition of A’ given by Theorem 5.42 is X' = (5,3, 1%)+3(22, 1).
If F is a field of characteristic 3 then the analogous diagram for (1) is ; so Sp
is not irreducible when p = 3.

Notes on Chapter 5

1. The beta numbers used in the proof of Theorem 5.27 were introduced by Little-
wood [53]. The abaci of Lemma 5.34 are due to James [37].
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. The combinatorics underpinning the proof of Theorem 5.27 were introduced

by James and Murphy [42] (see also [54]); they consider the corresponding
result in the representation theory of the symmetric group (ie. when ¢ = 1
and g = w). The extension of this argument to the ¢—Schur algebras is due to
James and Mathas [39]; we have basically followed their argument adding some
improvements from [40].

The Weyl modules W of the ¢-Schur algebra can also viewed as Weyl modules
for the quantum general linear groups (see, for example, [12, Theorem 3.3.2]).
Using a geometric argument Andersen, Polo and Wen [1] proved a sum formula
for the Weyl modules of quantum groups; Theorem 5.31 can be deduced from
their result using the argument of Schaper’s thesis [60].

Jantzen [43] proved his sum formula first for the Weyl modules of the general
linear groups and later [44] extended the sum formula to Weyl modules of other
types. In Jantzen’s work the sum formula is expressed in terms of the dot
action of an affine Weyl group upon the weight lattice. Starting with Jantzen’s
result, and guided by [42], Schaper [60] deduced the combinatorial statement of
Corollary 5.32 in the case of the symmetric groups.

Necessary and sufficient conditions for two Specht modules of .7 to belong to
the same block were proved in [14] and [39] respectively.

In the representation theory of the symmetric group, Corollary 5.37 is known as
the Nakayama conjecture (even though it has been proved for a long time). The
elegant idea of using the double centralizer property to classify the blocks of 3¢
is due to Konig.

Theorem 5.36 classifies the blocks for the g—Schur algebras when d > n; when
d < n the blocks of .#(d, n) have been classified by Cox [9].

Proposition 5.38 first appeared in [38]. In this paper James also gives a series
of “rules” which partially determine the decomposition matrices of the ¢—Schur
algebras together with tables of decomposition numbers when n < 10.
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