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ABSTRACT

Theanalysisof afamily of physically-basethndscapenodelsleadsto the analysisof two
stochastiprocessethatseento determingheshapeandstructureof riverbasins.Thepar
tial differentialequationdeterminethe scalinginvariancesof the landscapéhroughthese
processesThe modelsbridgethe gapbetweenhe stochastianddeterministicapproach
to landscapevolution becausehey producenoiseby sedimentdivergenceseededy in-
stabilitiesin the waterflow. The first procesds a channelizationprocesscorresponding
to Brownian motion of theinitial slopes.It is drivenby white noiseandcharacterizedy
the spatialroughnessoeficient of 0.5. The secondorocessdrivenby colorednoise,is a
maturation processvherethelandscapenovescloserto amaturelandscapeleterminedy
separablesolutions. This procesds characterizedyy the spatialroughnessoeficient of
0.75 andis analogougo aninterfacedriventhroughrandommediawith quenchedoise.
Thevaluesof the two scalingexponentswhich areinterpretedasreflectinguniversal,but
distinct, physicalmechanismsnvolving diffusion driven by noise,correspondvell with
field measurementfsom areador whichtheadwective sedimentransporiprocessesf our
modelsareapplicable.Variousotherscalinglaws, suchasHack’s law andthe Law of Ex-
ceedenc®robabilitiesareshavn to resultfrom thetwo scalingsandHorton’s Laws for a
river network arederivedfrom thefirst one.



1 Intr oduction

In threeprecedingpapers[38, 41, 42], we shaved that a family of landscapesvolution
modelscaptureatleastto afirst approximationtheemegenceanddevelopmenbf stable,
dendriticpatternsof valleys andridges.In this paperwe demonstratéhe mannein which
thesemodelsalsocapturetheeffectsof randominfluencesn driving theprocessesf land-
scapeevolution. In particular our resultsprovide a physicalbasisfor explaining various
fundamentatcalingrelationshipshatcharacterizéluvial landscapeandsuggest bridge
betweerdeterministicandstochasti¢heoriesof drainagebasinevolution.

An importantcriticism of the discretestochastianodelsis that, despitetheir impressve
simulationsof mary planarfeaturesf fluvial landscapeghey containnoacceptabléridge
to themorephysicallyacceptabléheoriesbasedon PDEs. The compl«ity of fluvial pro-
cesseandlandforms,however, haslong provided a justificationfor modelsthatincorpo-
rate stochastielements.The growing body of researcifocusedon scalingrelationships
in landscapegecentlysummarizedn [16], emphasizethe importanceof integratingde-
terministicand stochastiaepresentationsf fluvial processemto a tractableand useful
theory A generalgoal of this paper therefores to shav thatby interpretingPDE-based
modelsof landscapevolution asdriven by randominfluencespneobtainssignificantin-
sightsnotonly into the natureof landscapecalinglaws, but alsointo themannerin which
thedeterministicandstochastidinesof investigatiormaybebridged.

In relationto our modelingcontext, we notethatthe modelsdescribedn Section2 below
focuson the advectiveentrainmentand transportof sedimenin transportlimited condi-
tions asthe dominantprocessn drainagebasinevolution. While other processessuch
asdetachmentimited entrainmentand gravity driven diffusion, areimportantprocesses
in mary geomorphiccontexts, the modelingresultspresentedn [38, 41] indicatethatad-
vective entrainmenandtransporfprocessearein somesensehe fundamentaprocesses
underlyingdrainagebasinevolution. We believe thatisolatingandunderstandinghe ef-
fectsof theseprocesseis anecessargndcritical stepin understandinghe effectsof mary
interactingprocessesn landscapelevelopment.

In relationto our analyticalcontext, we applythe methodslevelopedn alargeandrapidly
growing body of researcHocusedon explaining the dynamicsandforms of complex sur
facesandinterfacesevolving in avarietyof physicalcontets. Importantgoalsof thislitera-
tureareto characteriz¢hequalitatve behaior of high- andinfinite-dimensionalnonlinear
systemdghat aredriven by noiseandto explain the origin of temporalandspatialscaling
behaior in awide varietyof phenomeng26, 13,18, 7]. It is now known thattheevolution
of surfaceswhosedynamicsaredrivenby variousforms of noisearefrequentlycharacter
izedby scalinglaws Suchlawsoften,but notalways,indicatethatthesystems insensitve
to differencesn thedetailsof theunderlyingmechanismandprocessesThis insensitvity



leadsto the obsenration that seeminglydifferentsystemsexhibit qualitatvely similar, or
universality classesf, behaiors (see,for example,Snepperj20].) This factis of great
valueinsofar asit allows oneto extendresultsthat are known aboutthe responsef one
systemto noisy inputsto other systemsan the sameuniversality class. In the following
analysis,we make useof suchextensionsin understandindnow the two typesof noise
(homogeneouand quenched)eadto distinct emegentscalingsin the erodingsurfaces
describedy our models.

We employ severalspecifictechniquesrom theemeging theoryof complex surfaceevolu-
tionin investigatinghemodelsdiscussedh [38, 41] assystemgdrivenby noiseor stochas-
tic processesFirst, we characterizehe statisticalstructureof erodingsuriacesandflows
in termsof variousstructule functionsthatrepresenthe statisticalcorrelationstructureof
comple surfaces.Secondwe apply known resultsfrom this theoryconcerninghe form
of scalingsthatemege from appropriateuniversality classeof PDEswhensubjectedo
randomdriving forcesof a specificform. As notedabove, the rationalefor suchapplica-
tion is that systemselongingto the sameuniversalityclassmanifestqualitatvely similar
behaiors. In orderto take advantageof theseknown resultswe employ suitableapproxi-
mationsof our modelsin conjunctionwith specificmodelsof noisethatwe justify in terms
of the basicpropertiesof our models. We alsoconnectpart of our theoryto the concept
of self-oganizedcriticality (SOC)asproposediy Bak etal. [31, 30, 25, 20]. Although
this concepthasyet to find an appropriatemathematicaformulation, it is basedon the
underlyingideaof anattractor poisedat criticality to which a systemis drivenby random
perturbationsSuchsystemsarecharacterizetly essentiatelationshipdetweerthespatial
andthetelmporalscalingsof events[43] andby specificasymptoticforms of the structure
functions™.

In relationto thestatisticalstructureof our erodingsurfacesandflows, our mainresultsare
thediscovery of two fundamentatcalingrelationshipghatarerepresented termsof the
asymptotidormsof a structurefunctioncharacterizinghewidth, or height-heightorrela-
tion function(seesection2.3 belaw), of erodingsurfaces.A first scalingrelation,with an
exponentof 0.5 characterizinghe depthof waterflow andthe slopeof the watersurface,
emepgesearly This scalingis fundamentallyassociatedvith the developmentof chan-
nelizedflows on unstablesurfacesandindicatestheimportanceof stochastienfluencesn
determiningheconfiguratiorof emeging channehetworks. A secondscaling,with anex-
ponentof approximately0.75,is associatewvith self-similarseparablesolutionswhichare
associateavith the matuie stagef developmentandthe emegenceof a variationalprin-
ciple. Thisscalingcharacterizetheform of thelandsurfacesandits slope.Thedifferences
betweernthetwo scalingssuggesthatthey aredeterminedy differentmechanisms.

lWe believe, in fact, that our theorymay provide someof the foundationfor a mathematicatheory of
self-olganizedcriticality.



We notewith greatinterestthatfield valuesof the sameheight-heightorrelationfunction

obtainedfor landscape#n Ethiopia, Somalia,and SaudiArabia by Weisseland Pratson
[19], fall neatlyinto the range0.5-0.7. Although empirical scalingresultsof this form

tendto clusteraroundarelatively smallsetof values theseresultsprovide somevalidation
for ourtheory particularlysinceour modelsmaybeinterpretedasrepresentingonditions
underwhich our advective modelsof sedimenentrainmentndtransportapply, sincethe

diffusive mass-vastingprocessesf humidlandscapearerelatively unimportantWe may
thereforeinterpretour modelsasproviding physically-base@xplanationdor suchempiri-

cal scalingrelationships.

In relationto the applicationof known resultsfrom the theoryof comple surfacesto ex-
plainthe physicalmechanismsnderlyingthesescalingswe first constructappropriatdin-
earizationf our modelsin the two relevantregimes: the early channelinitiation regime
andthe mature,separablesuriaceregime. We shav that, whenviewed at their fasttime
scalestheselinearizedmodelspossessoisegeneratingnechanismsThesemechanisms
act as seedsof the noisethat drivesthe erosionequationsat their long time scalesand
therebyproducethe obsened scalings.We may interprettheinitial, small,randomvaria-
tionsascharacteristiof the erodingelevationsandof therainfall process.

Themechanismghatgeneratehis driving noiseareimportantsincethey provide alinkage
betweertheobsenedscalingsandthephysicalmechanismanderlyingtheevolutionof the
erodingsurfaces We identify two plausiblemechanismsf noisegeneratiorthatstemfrom
instabilitiesin the flow of waterover the erodingsurfacesandthattake placeon the short
time-scalesssociateavith suchflows. A mechanisnthatwe associatavith the regime of
early channelinitiation involvesthe formationof shods or hydrolic jumps? in the flow
of waterover locally corvex portionsof landscapes which channelsarefirst emeging.
Theseshockformationsare of two types. The first is associatedvith nonlinearitiesin
the water flow, the secondwith both nonlinearitiesin the sedimentflow and the linear
propagatiorof singularitiesn thewaterflow. As weshow below, noisegeneratety shocks
of bothtypesmay be viewed asseeddor the instabilitiesin the sedimentlow thatdrive
the procesof channelizationA secondnechanisnof noisegeneratiorthatwe associate
with the regime of mature, sepagable surfacesagaintakesplaceon a shorttime-scaleand
involvestheformationof shockson characteristicallgoncae surfacesat the pointswhere
the derivatives of the surfaceelevation function are singular and hydrolic jumpson the
lowerreache®f theslopesandin thevalleys. While we emphasiz¢hatthesemechanisms
of nonlinearnoise generationare specificto our simple advectve models,mechanisms
involving analogousffectsalmostcertainlyexist in morecomple« models.The detailsof

2In computingsolutionsto our basicmodel,we simulatesuchnoiseasa combinatiorof perturbationso
theinitial erodingsurfaceandtheround-of errorin thenumericalcomputations.

3A shockis a discontinuityin a wave-like form thatoccurswhenthe higherpartsof the wave propagate
ata highervelocity thanthelower part(see for example,Smoller[36]).
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how thenoisegeneratingnechnismsnake thewaterflow turbulentandleadto divergences
in the sedimenflow arenot completelyunderstood.Thesemechanismrandhow to model

themmathematicallarethetopic of currentinvestigationsWe will elaboratdelon onthe

intuitive reasoninghatinstabilitiesin thewaterflow actasseedgo the divergencesn the

sedimentlow andthatthe resultingmathematicamodelfor the sedimentransportmust
beanoise-drvengradientflow.

The cumulatve effects of the noisegeneratedn the flow of water at shorttime-scales
impactthesedimentlows atthelongertime-scaleof erosionandleadto the obseredscal-
ings. Hencewe view thefirst scalingrelation,which arisesfrom anerosionprocessiriven
by noise,generatedy waterseededlivergencesn the sedimentlow, asresultingfrom
universalphenomenghataremodeledasdiffusive (random)processedrivenby homoge-
neousnoise. Sincethis scalingis associatedvith the developmentof channelizedlows
on unstablesurfaces,it indicatesthe importanceof stochastianfluencesin determining
the configurationof emeging channelnetworks. In particular we shav that suchcon-
figurationsmay be viewed as arisingfrom a randomwalk. The secondscalingrelation,
whicharisedrom erosionprocessebeingseededy instabilitiesin thewaterflow but over
separablesurfaceswith singularitieg38], is alsoa universalphenomenomgeneratedy a
noise-drvendiffusive process.Whereaghe noisegeneratedy shocks(hydrolic jumps)
over theinitial channelizingsurfacesis spatiallyhomogeneoushe noiseseededy the
shock-inducingsingularitiesof the separablesurfacesis highly inhomogeneous space
dueto nonlinearquenching.Thusthe sedimentdivergencesareseededy homogenoum-
stabilitiesin thewaterflow in caseof thefirst processut coloredinstabilitesin caseof the
secondprocess.In additionthe sedimentdivergenceshemselesdiffer in the two cases.
Hence althoughthetwo processearesimilarin bothbeingdiffusive andnoise-drven,the
differencesn formsof theassociatedioiseresultin differing scalingexponents.

We show thatvariousotherscalingrelationsfollow from ourtwo basicscalingrelations.In
particular we shav thatthe secondscalingleadsto a simplederivation of the established
scalingrelationshipbetweenstreamlengthanddrainageareaknown asHadk’s Law. Fur-
thermore the noisethatleadsto thefirst scalingalsodrivestheinitial growth of channels,
allowing usto characterizein termsof randomwalks, the natureof the procesdy which
channelemege from unstructureduriaces.We emphasizeéhatour contributionsin rela-
tion to our scalingresultsarenot simply in shaving how oneparticularmodelgivesriseto
(self-similar)scaling,but to shav thatthe scalingof surfacesandprocesses alargeclass
of relevantmodelsmaybe viewedasbeingcausedy universalphysicalprocesses.

Many detailsof this theoryremainfor investigationandsignificantefforts will berequired
to generalizeéhetheoryto casesnvolving othergeomorphigrocessesSpecificquestions
of interestincludewhetherthetwo suggestednechanismsf noisegeneratiorcanbegen-
eralizedto other morecomprehense models;whetherthe scalingresultscanbe shavn



to follow in the full nonlinearregime of the equationsandwhetherthe two scalingsare
sufficient to determineall of the otherscalingrelationsof fluvial landscapespr whether
thereareotherscalingsthatwe have eitheryetto find or thatariseasa resultof processes
notencompassewithin our adwective models.Despitethesedauntingresearchproblems,
we believe thatthe resultspresentedn this paperprovide a reasonableualitatve model
of theemegenceof form andscalingsover a broadrangeof fluvial contexts andthatsuch
resultsarelik ely to beindependentf mary specificmodelingdetails.

The paperis structuredasfollows. In Section2 we discusshe mathematicamodels,the

nonlinearshockformationthat seedghe noise,andthe structurefunctionsthat give rise

to the scalingrelations. The resultsof numericalsimulationsof the mathematicamodels,
whicharepresentedh Section3, provide a basisfor theempiricalandanalyticalinvestiga-
tionspresentedh theremainingsectionof thepaper In Sectiord, we provide atheoretical
explanationfor the first scalingrelationthatis associatedvith the emegenceof channel-
izationon unstructuredurfaces.In Section5, we provide atheoreticalexplanationfor the

secondscalingrelationthatis associatedvith the separabldandscapesWe discussthe

implicationsof our resultsfor the understandin@f geomorphigghenomenan Section6,

while Section7 containsa summaryof our results. A derwation of the formationof hy-

drolic jJumps(shocks)in the waterflow over concae surfacesin containedn Appendix
A. A proof of theformationof shocksfrom surfacesingularitiesandtheir linear propaga-
tion, andan explanationfor the obsened scalingof the gradientof the watersurfaceare
containedn AppendiceB andC respectrely anda derivation of arelationshipbetween
Horton'slawsis containedn AppendixD.

2 Modeling Eroding Surfacesand their ScalingLaws

Becauséhe surfacesgeneratedy fluvial erosionarethe resultof highly nonlinearpro-
cessedriven by noisy inputs, they are complex and difficult to represenin traditional
terms. We now discusshe modelsof nonlinearerosionprocessefrom which our results
are generatedand briefly indicatethe natureand origin of the randomeffectsthat drive
the equations.We thendescribethe mannerin which suchsurfacesmay be represented
in termsof structurefunctions,the asymptoticforms of suchstructurefunctions,andthe
associatedcalinglaws.

2.1 A Family of LandscapeEvolution Models

The scalingresultspresentedn this paperare derived from the samefamily of models
studiedanalytically and numericallyby Smith, Birnir, and Merchant[38], Smith, Mer-
chant,andBirnir [41], andBirnir, Smith,andMerchant[5]. Thesemodelsrepresenthe



advectiveentrainmentandtransportof sedimentn transportlimited conditiong2]. Based
on our previous analysesand on the resultsreportedin this paper we believe that they

captureessentiahspectof fluvial erosionat smallto mediumscalesof spatialresolution
(see,for example,Howard, Dietrich, and Seidl [3]) . While it is straightforvard to ex-

tendthesemodelsto representtherprocessethataresignificantin theevolution of fluvial

landscapessuchasgravity-driven diffusion processesn hillslopes,we believe thattheir
effectswould maskthe scalingrelationsassociatedavith the adwective processesf sedi-
menttransporin channelndoverlandflows °.

We now provide a summarydescriptionof thefamily of models.A moredetaileddescrip-
tion of their derivationis providedin [38]. We also provide a brief discussiornof those
aspectof the characteristidcime scalesof the modelsthatarerelevantto the presentcon-
text. Themodelsarebasednconditionsdescribingheconserationof waterandsediment
fluxesoveracontinuouserodiblesurfacez = z(x,y,t)

oh
_R+E:D'(quw)a (1)
0z
5 = O (Uwa) @)
in which h = h(x,y,t) is the depthof water varying continuouslyover the landsuréce,
—Uy = —% IS a unit vectorin the direction of both water and the adwectedsediment

flows,H = H(x,y,t) = z(x,y,t) + h(x,y,t) is afreewatersurface,qy representtheflux of
waterperunit width, andgs representthe adwectedflux of sedimenperunit width.

Therearethreenaturaltime scalesthat characterizéhe dynamicsof equations1), (2).
Thesetime scalesmay be derived by transformingthe variablesof equationg1), (2) to
dimensionlesform, usingrelationsv = [v]v* in which [v] is ascaleandv* adimensionless
variable. Given valuesfor the scalingparametersH], [h], [aw], [as], [R] and [x] = [y] that
arecharacteristiof thevariablesn equationg1), (2), ® we maythendefinerepresentatie
valuesof the scalingparametefor the time variable([t]) by settingthe valuesof specific
dimensionlesparametersf the problemto unity.

A shorttime scale[t] for t maybe definedby therelation|t][qw]/[h][X] = 1, whichmaybe
interpretedo imply that(t] is the time scaleat which the volumeof waterflowing over a
lateralcrosssectionof theridgeis approximatelythe sameasthe volumeof wateron the

4Whetherthey captureessentiahspectstlarge scaleof spatialresolutionis anopenissue.

SWe planto explorethe effectsof suchprocessesn scalingin laterpapers.

6A usefulsetof suchvaluescharacterizéhe representatie scalesvhenthe basicmodel(1, 2) is usedto
representheerosionof asmall,linearridge.



surface.Applying this scalingto dimensionlessersionsof equationg1), (2) anddropping
theasteriskglenotingdimensionlessariableswe obtain

oh XR
at - D (uW qW)+ [qw] R

oH [on _ [iag

R (o M%)

It is naturalto choosea scalingthat makesthe dimensionlesparametefx|[R]/[qw] = 1
in the waterflow equationandinterpretall termsin this equationasbeingO(1) (see,for
example,[1]). Thesignificanceof thisfact,aswe shav in Section2.4andin AppendixA,
is thatthe flows describedy this equationarecharacterizedhy shockwavesthatwe may
interpretasshorttermnoise. The orderof the dimensionlesparameteth|[qgs]/[H][gw] in
the erosionequationis muchsmallerthanunity andsmallerthan[h] /[H]. Hencewe obtain
the (approximategrosionequation
oH [h] oh

ot~ [H]at

whichindicateghatvariationsin thewatersurfaceH aresmallatthistime scaleanddriven
by shorttermvariationsin the flow depthh describedoy the waterflow equation. This
equationalsoimpliesthaterosionof the surfaceis neggligible atthistime scale.

A time scal€[t] thatis intermediatebetweerthe previousshortscaleandlongerscalesnay
be definedby the relation|t][qgs|/[h][X] = 1, which implies that we may interpret[t] asa
time scaleat whichthevolumeof sedimenflowing overalateralcrosssectionof theridge
is approximatelyequalto the volume of wateron theridge at ary time. On applyingthis
scalingto equationg1), (2) we obtain

[gs] oh

ma = O-(uwaw)+R
H [ ] oh
ot ED‘(Uqu)‘i‘mE

wherewe have oncemore usedthe scalingrelation [x][RL/[qW] = 1. We notethatthe di-
mensionlesparametefqs| /[qw] thatmultipliestheterm %—t hasa magnitudethatis greater
thanits magnitudeat the shorttime scale. Sincethe evolution of the watersurfaceH is
determinedy two termsthatwe mayassumeo be O(1), see[1], andsincebotharemul-
tiplied by the samesmalldimensionlesparametefh]/[H], we mayinterpretthis to mean
thatchangesn the surfaceH aredeterminedo a significantdegreeby smallfluctuations
in the depthof waterh, indicatedby the waterflow equationaswell asby the erosionof

thez surface.



A longtimescale[t] maybedefinedby therelation[t][qs] /[H][X] = 1 andwe mayinterpret
[t] asthetime scaleat whichthevolumeof sedimenflowing over alateralcrosssectionof
theridge represents significantproportionof the volumeof the ridge. On applyingthis
scalingto equationg1), (2) andagainusingthe scalingrelation[x][R] /[aw] = 1, we obtain

[h][as] oh X[R]

Hlgg ot~ (w7 TR
aH [h] ah
ot D'(Uqu)+ma-

The small size of the dimensionlesparameteion the LHS of the water flow equation,
[h][as]/[H][aw] << 1, suggestshatthe basicflow is essentiallyan equilibriumflow down
thesurfacegradient.lt is notunreasonablehereforefo adoptthefollowing approximation
to thewaterflow relation

XIR
(O]
aswasdone,for example,in the analysegpresentedn [39, 10, 38, 41]. While we may
interpretthedominantbalancen theerosionequatiorasbeingbetweerthefirst two terms,

we mayinterpretthe relatively smallterm [h] /[H]oh/dt asrepresentingandomvariations
thatdrive the sedimentlow.

0 ~ O-(uwow) + R 3

2.2 Previous Resultsfor Long Time ScaleApproximations

Smith, Birnir, andMerchant[38, 41] analyzeda subfamily of the models(1), (2) thatwas
obtainedwith the useof the following assumption First, the long time scaleapproxima-
tion (3) to the basicmodelwasassumedtogethermwith the additionalscalingrelationship
[h]/[H] = [gs]/[aw] = n- Seconda Manning-typeconstitutive relation

Gw = nhd|OH |2 (4)

wheren, the inverseof the channekoughnessis a constantwasadoptedo representhe
flux of water Third, a power law relation

gs = kh OH 319 (5)

wasemployedin representingheflux of sedimenigs [46]. Theseassumptionseadto the
following dimensionlesgquations:

OH s 1
_R=0-|——h3|0OH|?2
LDH‘ :| \] 6)
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oH oh OH s y

L o R o U ML 310

L e [T TR A 0
The initial and boundaryconditionsemployed in theseanalyseanodeleda linear ridge
undegoingerosionasa resultof auniformrainfall (seeequationg9), (10) below.)

Applying the numericalmethodsdescribedn [41] to equationg6)-(7), it wasshavn [41]
thatinitially unstructuredut randomlyperturbediwo-dimensionakurfacesare unstable
whenerodedby water Channelizedlows develop on the surfaceswith a region of maxi-
mumchannelizatiorfirst emeging towardsthelowerboundaryof surfaceswith aninitially
planarconfiguration’. This processf channelizatiorinvolvesthe mewging of “ri vulets”
andthe formationof larger “channels”. The longitudinal profiles of the ridge simultane-
ously develop a concaity thatalsoemegesinitially nearthe baseof the ridge underthe
influenceof the fixed lower boundary The region characterizedby the maximumrate of
channelizatiorand by the emegenceof the concaity graduallymovestowardsthe upper
boundaryof theridgeasthe surfaceerodes.

A patternof dendriticvalleys separatetly ridgesemegesandcomedo dominateheerod-
ing surface. Sucha patternis illustratedin Figuresl and2, which representhe surface
after 10% of aninitially planarsurfacehasbeeneroded. After a characteristigeriod of
erosion,the surfacesevolve towardsstablelandscapesf concae valleys andridgesthat
decayslowly in aself-similarmanner Suchapatternisillustratedin Figures3 and4, which
representhe surfaceafter60%of aninitial planarsurfacehasbeenerodecf.

The corvergenceto theseforms occursfrom initial surfacesthatareboth planarandnon-
planar Thecharacteristiperiodof erosionthatprecedeshis corvergencewhichwe mea-
surein termsof the percentagef the original surfaceerodeddepend®n the natureof the
initial surface,therainfall rate,andthe parameterasy andd. Thesematurelandscapes,
consistingof stablepatternsof concaities, valleys, ridges,andassociatedlows, arewell-
describedy aclassof solutionsto thenonlinearPDEs(6)-(7) for casesn which r]"—g‘t may

beignoredin equation(7) relatve to %—T [38]. Suchsolutionsdependnthecharacteristics
of thewaterandsedimentransportaws andontheboundaryconditionsfor thePDESs;they
areseparablén time andspace

H(X7y7t) = TH(t)HO(Xay)’ h(X,y,t) = Th(t)ho(x7y); (8)

andthey arestable[38]. They arealsocharacterizedn termsof a variationalprinciple
[38], by which a simplefunction of the sedimentransportover the surfaceis minimized,

A varietyof numericakexperimentshave shovn thatchannelizatiomccurson surfaceswith alargearray
of initial configurations.
8\We note,in particulay the sharpnessf thelongitudinalridges,or divides,separatinghe valleys.
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subjectto constraintsnvolving the conseration of water flow andthe elevationsof the
initial surface.

2.3 The Models Underlying the PresentAnalysis

The analysispresentedn the currentpaperis similarly basedon the useof equationg1),
(2), the Manning-typeconstitutive relation(4) for the flux of water a power law relation
(5) for theflux of sedimentandtheinitial andboundaryconditionsprescribedn equations
(11), (12). For reasonghat we discussbelav, however, we no longer assumethat the
term % in equation(1) is alwaysnegligible. As we shaow this term leadsto significant
disturbancesn the flow of water at the shorttime scalesdiscussedn Section2.1. We
interpretthesedisturbancess noise,whosecumulatve effects, aswe discusshelow, are
significantin seedingheinstabilitiesin theflow of sedimenatthelongertime scales.

We thereforefocusour attentionon the model

oh OH s 1
200 5 :
n P 0 |:|DH\h3|DH|2] + R, (9)
oH oh OH s y
2 . 23y 310
a Mot ~ U [|DH|h3 |OH |2 ] (10)

in which we have adoptedthe scalingrelation[h]/[H] = [qw]/[as] = n. In relationto the
threetime scalesdiscussedbove, we notethatthereis no lossof generalityin this rep-
resentationIn particular we may obtainthe shorttime scaleversionof the equationsy
applyingthe transformatiort = t/n? andthe intermediatetime scaleversionby applying
thethetransformatiorr =t/n.

We employ the sameboundaryandinitial conditionsas[38, 41] to modela linearridge
extendinguniformly in the lateral (X)-directionand definedover a rectanguladomainof
lengthL andwidth W,

D={(xy) € IR?0<x<L,0<y<W},
with initial conditions
h(x,y,0) = d(y), d(0)=h,, d(W)=0,

H(xY,0) = cy+hy, 0<y<W (11)
andboundaryconditions
h(x,W,t) = 0,
H(x,0,t)= ho =h(x,0,t) (12)



correspondindo a waterdepthof zeroat the top of the ridge andan absorbingbody of

water at the baseof the ridge. While the water surfacemustbe consideredo be a free
surfaceat the top of theridge, it may be viewed as consistingof finitely marny smooth
curvesthataresolutionsof a nonlinearODE (the PDE restrictedto the boundary).These
curvesarejoinedin a continuous,but not smooth,moving boundary(see,for example,
Figure3.) Theupperboundaryis characterizethy the additionalconditions

Ow=0s= 0,

indicatingtheabsencef ary flux of wateror sedimenbverthisboundary Sinceq,, andgs
areexpressedspowersof h andH in the constitutive relations,theseconditionsimply
thatthevanishingof thewaterdepthdominateshe blow-up of thegradientof H (in g, and
gs) andthatthe normalderiative of H maybecomenfinite atthe upperboundary

n- OH(x,w,t) = co.

Theboundaryconditionsonthelateralboundarie®f theridgeatx = 0 andx = L aretaken
to be periodic,modelingalinearridge of infinite extent.

2.4 The Roleof Noiseand Its Generation
Thereasongor retainingthetermnz% in thewaterflow equation(9) is relatedto theissue
of noise,its effectin driving theerosionprocessandits relationto thescalingrelationsthat
characterizeerodingland surfaces.Marny investigationof PDEsthatmodelthe evolution
of comple surfacesandinterfaceshave shavn the significantrole playedby noisyinputs
in determininghe behaior of suchsurfaces. As shavn, for example,by Snepper20] the
natureof thenoisedriving theevolution of complec surfacesandinterfacess oftenamajor
determinanbf thestructure andhencethescalingpropertiesin bothemegentandmature
systems.

It is especiallyessentiato considerthe effects of noisewhenmodelingthe evolution of
geomorphigghenomenaThe compleities of geomorphigrocesseandsuriacesmale it
virtually impossibleto modelmary aspectsof landscapesvolution without representing
variousclasse®f modelinputsin stochastiderms. The nonlinearpropertiesof suchsys-
temsmay leadto invalid analysesf explicit accountis not taken of the stochastimature
of variousinputs. This is especiallythe casefor landscapghenomenavhoseevolution
is governedby comple, interdependenprocessesharacterizedby differing time scales.
Within the context of our problem,for example,it is difficult to imaginerepresentationsf
eithersmallscale(andhenceshortterm) perturbationgo the landsurcez(x,y,t) or short
termvariationsin rainfall R thatare not stochastic.Given suchinputs,the flow of water
over the surfacez(x,y,t), asmodeledby equation(9), is itself assuredo be stochasticas
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areary shorttermeffectsof suchvariationson the entrainmenaindtransporiof sediment.
As we shawv belaw, however, randomeffectssuchasthesethatoccurover relatvely short
time scalecanneitherbeignorednoraveragedutatlongertime scalessincetheir effects
mayaccumulaten non-trivial ways.

Plausiblesourcedor randominputsto the modelspresentedn [38, 41] andrepresented
in (9), (10) include,attheleast,(1) theform of theinitial surface;(2) the structureof the
erodingsubstrateand(3) theinputsof rainfall. In theinvestigationslescribedn [41], and
againin the presentnalysistheinitial surfacesfrom which channelizedormsevolve are
randomlyperturbed Not only is this necessaryor breakingthe symmetryof the surfaces,
and henceallowing channel-formingnstabilitiesto becomeeffective, but accordswith
the precedingargumenton the impossibility of modeling,in a deterministicmanney the
processeandformsleadingto smallsurfaceperturbations.

In theinvestigationslescribedn [41], andagainin thepresenanalysisneithertheeroding
substratenor the rainfall inputsarerepresenteth termsof stochasticeffects. It is, there-
fore, valid to askwhetherthis apparentack of time-dependengtochastiovariationin the
modelinputsleadsto ary significantlack of generalityin our modelingresults.We do not
believe this to bethe case.First we notecompellingempiricalevidencefrom a variety of

studies(see for example,Morisava [29] andSchummMosley, andWeaver [34]) indicat-
ing thatthe configurationof emegentdrainagepatternss stronglydeterminedoy initial,

andessentiallyandom surfaceconfigurations.

Secondandperhapof greaterintrinsic interest,is the fact thatthe mechanismsf water
flow embeddedn equation(9) are capableof generatingvariationsin flows at shorttime
scaleghatmaybeinterpretedasconstitutingnoise.In particular we notethatequation(9)
is capableof generatingshok wavesthat provide a continuoussourceof variationto the
system. It is, for example,well-known that flows describedoy the analogouskinematic
wave approximationof the Saint-\énantequationsare characterizedby shocks[23, 35].
Thekinematicwave approximatioris known to hold underconditionsof overlandflow on
steepslopesandfor variationsin dischagethatareof smallamplitudeor long wavelength
(seefor example,[23, 39)).

In AppendixA we shav thatthewaterflow equation(9) becomes one-dimensionaqua-
tion describingheflow of waterdown the gradientof thewatersurface

oh 5 4 10h |OH [PAH — J(HZHuo+ 2HxHyHy+ HZHyy ) | h8/3
5 —2h / OH]2—— = 5 2
ot  3n 0s |OH |2 n
R
t o (13)

in which s parametrizeshis direction. We provide a proof of the existenceof shocksin
theflows describedn this equationn AppendixA, andshav belowv thatsuchshockdead
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to white noisethat seedsthe instabilitiesin the flow of sedimentin equation(10) on a
longertime-scale.Two distinctmechanismgeadto suchnoise. First, on corvex surfaces
thewaterflow equation(13) hassolutionsthatdevelop shocks.Secondthe sedimenflow

equation(10) developssolutionsthat are not smoothand that possessingularitiesin a
derwvativeof H. Thesesingularitiesywhichwe mayinterpretaswaterfllsorrapids produce
shocksin the flow of water While both of thosemechanismsre presenton the cornvex

surfacesthatemege andexist duringthe early stagef the evolution of the land surface,
thesecondshockproducingmechanisndominateghe concae surfacescharacterizinghe
maturestageof evolution.

In additionto thesesourceof noise,smallround-of errorsin the numericalcomputations
provide a continuoussourceof small randominputsto both the flow of water over the
surfaceandthe erosionof the surface. Sincethe numericalprocedureghat underlythe
currentanalysis(describedn Section3.1) aremoreaccurateghanthe proceduresisedin
[41], they do not requirethe suppressiof machinenoisewith the useof large amounts
of artificial viscosityin orderto obtaincorvergentcomputations.Insteadtherearevery
smallamountsof numericalviscosity presentin thesemoreaccuratemethodsenoughto
suppressound-of errorsbut smallenoughto give anaccuratgresentatiof theevolution
of thesmallscales.

In summarywe have identifiedtwo mechanismsapableof generatinguoisein thesystem,
on the intermediatetime-scaledefinedin Section2.1, in additionto the initial random
perturbationso thesurfaceandtheextremelysmallnumericahoise.While theserandomly
driven disturbancesccurat the shorttime-scalesiefinedby 1 = t/n? andt = t/n, their

cumulatve effectis felt in the sedimenflow onthelong time-scaleof erosionthroughthe

dependencen h andtheterm —n%. They actasseeddor theinstabilitesin the sediment
flow andareamplifiedinto noisein thesedimentlow onthelongtime-scalen Section2.1.

Theseeffectsconstituteherandonvariationsin themodel(9)-(10)thatdrive thedynamics
of thesystem.

2.5 ComplexSurfaces,Structur e Functions,and ScalingRelations

Surfacesandinterfacesmodeledby nonlinearPDEsdriven by noiseare,in general,too
comple to allow ananalyticrepresentationln mary caseghe solutionsthatexist do not
even possesslerivatives. Hencevariousmethodshave beendevelopedto representhe
structure,and particularly the statisticalstructure, of suchsurfaces. An importantsetof
characterizationsvolve structuie functionsthattake theform

pr(X,t) =< [F(x+y,t) = F(y,t)[*> (14)
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in which F(x,t) is somefunction characterizinga surface,x = (x,y) are lag variables,
<> representshe expectationoperatortaken over someensemblef (randomlyselected)
surfacesandk = 1,2, ... is apositive integer. If thesestructurefunctionspossesa scaling,
thenwe canconcludehatthesystemis statisticallyself-similarandhasthe samestructure
andperhapslynamicson all lengthscalesncludingarbitrarily smallones.

Certaincasesf the structurefunction are especiallyimportantin applicationsjncluding
thecasek = 1,in which p1(x,t) representthemeanvalueof thedifferenceof thefunction
at differentdistancesapart,andthe casek = 2, which is often emplo/edin termsof its
squaregoot

NIl

W (x,) = p2(X, )7 = < [F(x+y,t) — F(y,t)[2> (15)
to representhe root meansquareof the elevation differencesas a function of different
distancef separation x |. This function, which is known variously asthe variogram,
height-heightcorrelation function roughnesgunction or width function[11, 21, 37], is
oftenusedto characterizéheroughnessf the surfacein the directionof growth. We may
alsointerpretWe (x,t) asmeasuringhe correlationbetweerheightsat pointsseparatedy
adistance x |. We notethatthewidth functionandthe spatialautocorrelatiorfunction

Ce(x,t) =< F(y+x,t)F(y,t) > (16)
arerelatedby
Cr (x.t) = G2(1) ~ WE(x.1), an

in which of is thevariance®. An increaseén W correspond$o anincreasen correlations
betweentwo points on a surface. However, the scalingsof C andW? are, in general,
different.Brownianmotion,for example,is characterizey or (t) ~ t1/2 but by W ~ t1/4,

Importantquestionsconcernthe mannerin which structurefunctionsand their analogs
vary with changesn the valuesof the lag variablex andtime, andin particular whether
their variationmay be representeth termsof simple polynomialfunctions. In mary ap-
plications,the width functionpossessegarticularlysimpleasymptotidormsrepresenting
scalinginvariancesn thesystem.lt is oftenthe casethatthe behaior of a surfaceis well
describedy asymptotidormsof (15) thatareapplicablan differentspace-timeegimesof
thesystems dynamicgseefor example[37, 25, 20]). Suchformshave therepresentation

WE (x,t) ~ tPF (t/[x[?), (18)

%n practicethevariances alwaysfinite for topographicurfaces.
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in whicht istime, x isthelagvariable 3 is known asthetempoal roughnesgxponentand
zis calledthe dynamicexponent An interpretatiorof thesescalingrelationsis thatthere
is anequivalencéetweerthetemporl andthe spatialscalesgivenbyt ~ |x|* thatallows
oneto definevariousspace-timaegimesof the process.

Therougheningf thesurface,suchasoccursfor examplewhenchannelizedormsemepe
onfluvially erodingsurfacesjs atransienjpphenomenonin the space-timeegime of tran-
sientbehaior the roughnesf a surface,as measuredy We ~ tPf(t/x?), typically in-
creasesThisregimeis characterizetby f(y) ~ y =P fory << 1, from whichit follows that
thewidth functionmaybe approximatedy a simplepower law

W (x,t) ~ tP (19)

in which [ is thetemporalroughnes&xponent.Sincethe temporalandspatialroughness
exponentsrerelatedby 1°

X=2B, (20)
thewidth functionin this casemaybeapproximatedy therelationship
WE (X, 1) ~ | x X (21)

in which x is the spatialroughnes&xponent It is this growth in spatialroughnesshatis
easiesto computeandis estimatedhumericallybelon. Thelengthof the transienttime
interval is of theordert ~ LZ, whereL is the sizeof thesystem!L. Following this transient
period,theremaybeaspace-timeegime of stationaryor saturated behaior in whichthe
roughnessf thesurfacefluctuatesaboutstatisticallysteadyvalues.In thisregime,whichis
characterizetby f(y) ~ constanty >> 1, pairsof pointson the surfacethatareseparated
by a distancex| ~ L arecharacterizedby differencedn the expectedvaluesof the width
functionof orderof |x|X.

In surfacegrowth modelsin which W (x,t) measureshe roughnes®f the surfacein the
direction of the growth, x may be interpretedas the fractional part of the dimensionof
the surface,i.e., the embeddingor avalanchedimensionis d + X, whered is aninteger.
Roughlyspeakinghe dimensiond characterizethe spatialextentof the avalancheandy
characterizethe heightof its “bulge”, seeSnepper20].

If theroughnes&xponenty doesnot dependinearly on k thenthe scalingis calledmulti-
fractal, while if thescalingexponentdepend®nthedirectionof thelag vector thescaling
is saidto be anisotiopic (see,for example,[22], [9]). For anarbitrarystructurefunction
of orderk, for example,this may take the form py((x,y)) = congart x (|x|x + |y|<%) in

10This indicatesthat the dynamicexponentz may be interpretedasthe constanbf proportionalitylinking
thetemporalandspatialscales.
UThisindicateshatthe systentakestimet = LZ to completelyreoganizeitself.
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which xx # Xy- In the caseof single-fractalandisotropicscalingsonly two scalingexpo-

nentsarerequiredto determineall others(see for example,[20]). Thefractal dimension
for example,may berepresentedsD; = n— X, wheren is the total (spatial)dimension,
while theembeddingr avalanhedimensiormayberepresentetly D = d + x, whered is

the “dimension” of the interface!?. The avalanchedimensionrelatesthe spatialextent of

anavalancheto its temporalgrowth, |x| ~ tP 13,

An importantclassof statisticabhenomenaaybecharacterizeth termsof processethat
take the form of fractionalBrownianmotion[27]. The varianceof suchprocessesyhich
areof relevancefor theanalysispresentedh Section5.3, satisfiesscalinglaws of theform

o ~tH(t/|x?) (22)

in which0 < H < 1is known asthe Hurstexponent.This exponents theleadingexponent
in the rate of increaseof the correlationfunction andis, in general,differentfrom the
temporalroughnessxponentf3 that givesthe temporalrate of increaseof the structure
functions.

The usualBrownian motion is a specialcaseof fractional Brownian motion with Hurst
exponentl/2 andwith time incrementghatareuncorrelatedn time. For fractionalBrow-

nian motionwith HurstexponentH > 1/2, increasingrendsin the pastleadto a further
increased thefuturewhile for fractionalBrownianmotionwith HurstexponentH < 1/2,

decreasingrendsn thepastieadto furtherdecreaseis thefuturefor arbitrarilylargetimes.
It isimportantto notethatsystemsharacterizeddy regularBrownianmotionachieve a sta-
tistically stationarystatewith respecto their time-increment# thelong run, whereagor

fractional Brownian motion H # 1/2, the long-time stateis not stationary However, in

both caseghe long-timebehaior is differentfrom the transientoehaior, which explains
thedifferencebetweerthe Hurstcoeficientandthetemporalroughnesgxponent. It fol-

lows thatfor Brownianmotion (H = 1/2) the (generalizedjime derivative is statistically
stationarywhitenoise

2.6 Estimating the ScalingExponentsfrom Experimental Data

In theanalysispresentedbelow, we employ width functionsto characterizeéhe correlation
structureof: (1) thewaterdepthh in termsof the width functionW,; (2) thewatersurface
elevationH in termsof the width functionW; and(3) the water surfaceslope| OH | in
termsof the width functionWy|. Becauseof therelation(20), we only requiretwo ex-
ponentsn characterizingcalingrelationsinvolving thesewidth functionsandwe employ

121 for afractalline, 2 for afractalsurface etc..
13we may definean avalancheas a burst of actiity in surfacegrowth, in which a significantnumberof
sitesmovetogether
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the temporaland spatialroughnessxponentsp andx. The spatialroughnesexponent
is computedfrom the scalingof the width function (15). We also make useof the fact
thatwe mayrepresenvariousscalingrelationsin termsof scalingof the (temporal)power
spectrumseeg[28]. For presenpurposesit sufficesto notethat

A 1
C = Sk~ PR (23)

in which S(k) representshe power spectrumat frequeng k. Employing the power spec-
trum, we may computethe temporalroughnessxponent independentlyof the spatial
roughnesgoeficient X, andthusalsoobtainthe dynamiccoeficientz = X /B usingequa-
tion (20).

In validating andinterpretingour results,we make useof known resultsconcerningthe
scalingof solutionsto equationsn the sameuniversalityclassesasthosewe examinebe-
low.

3 The Two Scalings: Numerical Results

Numericalsimulationsof theevolution of erodingsuriacesggeneratedby equationg9), (10)
provide corvincing evidencefor theemegenceof two fundamentalandscapascalings We
briefly discusgshenumericaimethodsinderlyingouranalysisandthendescribehescaling
results.

3.1 Numerical Methodsfor Accurate ScalingRelations

While the numericalmethodsemployed by Smith, Merchant,and Birnir [41] in solving
equationy6), (7) leadto solutionsthat representhe correct,separabldandscapesthey

turnoutto beinsufiicientfor deriving numericallyaccuratescalingresults.Thesesolution
methodsgdescribedn detailin [41], involve alternatve computation®f equilibriumwater
flows andverysmallerosionachangeso thelandsurface,usinganexplicit, two-stepMac-
Cormackpredictorcorrectorfinite-differenceschemeadaptedor two-dimensionabver-

landflow [44, 40]. This schemanvolvesthe useof artificial viscosityto avoid numerical
oscillationg[17]. By suppressinghe noisethatis amplifiedby the instability of theinitial

surface,however the small scaledynamicsbecomenaccurate.Hencethesemethodsare
inadequatdor numericallyaccurateestimate®f the scalingparameters.

For the purposeof the currentinvestigation,we designeda significantly more accurate
numericalschemecapableof representinghe correctsmall scaledynamicsandbasedon
the existencetheoryof the nonlinearPDESs. By solvingthe hyperbolicequation(9) in two
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dimensionausingan upwindscheme we renderthe schemestableandeliminatethe need
for artificial viscosity'* A Crank-Nicholsorschemenaythenbeappliedin computingthe
nonlineargradientflow (10) andby solving the resultingimplicit matrix equation. This
computations significantlylessexpensve thanthe previous computationdecausen the
explicit schemesignificantamountsof computatiorarerequiredin orderto dampennsta-
bilities in thewaterdepthby artificial viscosity>.

Wenotein passinghatthecomparisomwith thepreviousnumericachemas aninteresting
studyin numericalanalysisandwe refer the readerto [8] for further detailson the new
numericalschemeThis codewill alsobemadepublic.

3.2 The Numerical Simulations

Employing the new code,we rana full suiteof computationakxperimentssimulatingthe
erosionof a sectionof a linear ridge satisfyingthe initial and boundaryconditions(12),
(11),which arethesameasthoseemplgyedin [38, 41]. Theseexperimentsvererunusing
variousrefinement®f thegridsandover all relevantparametewaluesof themodel(9, 10)
to provide a basisfor deriving the scalingrelationshipghatwe describan Section3.3.

In Figurel-4,we show typical configurationf erodingsurfaceswaterdepth,andslopes
of the water surfacefor valuesof the sedimentransportparametery = 2,0 = 2 at two

characteristicimes: when 10% of the surfaceis erodedandwhen60% of the surfaceis

eroded,which is well into the separableegime. In thesefigures,which indicatethatthe

X — axisrunslaterallyacrosgheridge andthey — axisrunslongitudinallydown theridge,

we representhewatersurfaceH = z+ h, in Figuresl and3; we representhe waterdepth
h andthegradientof thewatersurface| CH |, in Figures2 and4, againat 10%and60% of

thesurfaceeroded.

3.3 The BasicScalingResults

Thescalingresultsthatwe discussn this sectionarebasedn numericakolutionsobtained
from experimentawvith sedimentransporparameterg = 2,6 = 2. We notethatthereis no
significantvariationof our resultsin a whole neighborhoodf suchvaluesof y andd and
thatexperimentsstartingwith differentinitial conditionsresultin the samescalingresults.

14An upwind schemestill producessmallamountsof numericalviscosity but of magnituddessthanthe
artificial viscosityin [17].

15We implementedhe schemeon a parallelsupercomputeat the University of California, SantaBarbara,
employing asafinal steptheimplementatiorof afour color schemeo parallelizethe procedurdor maximum
computationabdwantage.
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Figure5: Log-log plot of waterdepthat a givencross-section

Scalingresultswere obtainedby computingthe width function (15) over sectionsof the
ridge eitherin the x-directiontrans\erseto the ridge or in the y-directionparallelto the
longitudinalaxis of the ridge. Estimatesf the exponenty of the asymptoticforms (21)
wereprovided by the slopeof log-log plots of width functionsaveragedver anensemble
of resultsfrom randomlyseededuns. Numericalestimatef x were obtainedby least
squarefdits. In Figuress and6, we illustratetypicallog-log plotstakenata giventrans\erse
sectionof theridge for the waterdepthh andwatersurfaceH respectiely. The R%-value
associateavith eachplot providesa measuref the appropriatenessf scalingrelation.

It is corvenientto view thevaluesof the scalingparameterasa functionof theirlocation
on theridge. For example,the valuescharacterizingscalingsin directionstrans\erseto
theridge may be viewed asa functionof the locationon thelongitudinalaxis of theridge
Xx = Xx(Y). We maythenrepresenthescalingrelationsfoundover sectionsf theridgeby
plotting boththe estimatedialueof x andtheassociatedR?-valueasafunctionof location
ontheridge. Thisis illustratedin Figures7-10,in which we representhe scalingsfor h,
H, and| OH |, atdifferentcross-sectionef theridgeatthetwo erosiontimes.

The scalingresultsfrom solutionsto (9) and(10) for a time of 10% erodedareshown in
Figures7 and8 asafunctionof distanceupslope.Thesefiguresindicatethat, initially, the
structurefunctionsof the waterdepth(\W,) andthe gradientof the water surface (W )
scalewith the roughnessxponentyxx = 0.5 in the lateral (or x) direction. We note that
this valuecharacterizea large rangeof y-locationson theridge. It shouldbe notedthat,
while in Figure8 thenumericallycomputedralueof theexponentof |[[JH| is x = 0.25, the
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true valueof this exponentis 0.5. The apparentliscrepang is causecdy theinitial slope
Hy = c whosecross-termappearsvhenonesquareshecomponentsf |JH | andthentakes
thesquareoot, asexplainedin AppendixC.

As the solutionsconverge towardsthe separabldorms defining the maturelandscapeof
equation(8), theabove scalingdisappearto bereplacedy anotherscaling.ln aneighbor
hoodof the separabléandscapeat 60% of the surfaceeroded the watersurfacescalesn
thex-directionasshavn in Figure9 with the scalingexponentyy = 0.7, againover alarge
rangeof y-locationson theridge. While the correspondingrumericallycomputedscaling
of |OH| is xx = 0.35, we noteagainthatthe true valueof this exponentis 0.7 ratherthan
thesmallervalue,for thereasonstatedabore andexplainedin AppendixC, therole of the
constanslopec now beingplayedby the gradientof the separablevatersurfaceTH>.

We note thereforethatat 10%of thelandsurbiceerodedhewaterdepthh andthegradient
of thewatersurface|[JH | scale whereast60%of thelandsurficeerodedhewatersurface
H itself andthe gradientof the watersurface|JH| shov the samescaling. In both cases
|0OH| controlsthe scaling;in the former caseit controlsh; in the latter caseit controlsH.
OurresultsindicatethatH doesnot scaleover ary significantrangeof y-valuesin thefirst
case,dueto the presencef theinitial slope,whereash doesnot scalein the latter case.
This clearlyindicateghattwo distinctprocesseteadto thetwo differentscalings.

In characterizingsomeof the detailsof thesescalings,we may interpretthe longitudinal

axisof theridgeasatime scaleandmaythink of thefiguresasrepresentingncreasingime
values.Figures7-10indicatethatthescalingis uniformneitherin y norin time. Initially, or
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at 10%of thelandsuriceerodedtheroughnesgxponentof W, is approximatelyconstant
(0.5)for mostof theupslopedirectionbut deviatesat thetop wherethe boundaryexertsits
influence asshavnin Figure7. As time increaseshis plateaudisappearandoneobtains
differentexponentsasfunctionsof y. Similarly, the width function of the water surface
Wy initially shaws differentvaluesof xx asa functionof y but asthe solutionapproaches
the separableurface,a plateauis formedwherethe roughnesgxponentis constan{0.7)
for alarge portion of the upslopedirections,asshowvn in Figure9. Thusthe existenceof
a plateauin xx, asafunctionof y, impliesthatthe ensembleaveragepossessesa scaling.
Thesefiguresshav the slope(or scalingexponent)asa function of the distancey up the
ridge.

Thescalingis anisotropidn the sensehatthereis no plateauin xy asa functionof x, but
thisis moredueto thefactthattheupslopedirectionis really atime-scaleratherthanareal
anisotroy. We examinedthe slope-fregoartof the gradientHy, in AppendixC, in various
directionsbut foundlittle evidenceof significantanisotroy. We alsoexaminedbothhigher
andlower structurgunctionspy, k# 2, or momentspf h,H andJH butfoundnoevidence
thatthefirst scalingis multifractal. Thesecondcalingontheotherhandseemso be multi-

fractalbut thiswill beexploredin alaterpublication.Thespatialscalingsverechecledby

computingthe spatialpower spectrum.The temporalpower spectrumwasvery noisy due
to theunevennes®f thetemporalevolutionin the upslopedirectionandmachinenoise. It

only gave reasonableesultsfor thefirst scalingandthenonly for the waterdepthh.
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4 The Emergenceof Channelsand the First Fundamental
Scalingof Fluvial Landscapes

We now considetheemepgencegarlyin theevolution of surfacesdeterminedy themodel
(9)-(10),0f scalingsn thewaterdepthh andin theslopeof thewatersurface| CH | thatare
associateavith theemegenceof channelizedlows. In particular we focuson explaining
how the fundamentakcalingsof 0.5 in the width functionsW, andW gy aredriven by
noisegeneratedy divergencesn the sedimenflow thatareseededy instabilitiesin the
waterflow. Sincethis processs intimatelyrelatedto the emegenceof channelsye view
the natureandorigin of this fundamentadiffusive scalingasproviding significantinsight
into themanneiin whichtheearlygrowth of channel-lile featuregs dominatedy random
influences.In particular theseconsiderationgrovide a modelof how randominfluences
determinghelocationof channelsand,assuch,maybeusedin justifying theassumptions
thatunderlythe applicationsof variousdiscretestochastianodelingapproacheso fluvial
networks.

4.1 The Emergenceof Channelsand the FundamentalChannelization
Instability

Resultsfrom previous analysesof modelsof the form (1), (2), provide insight into the
earlieststagesf channelevolution. SmithandBretherton39] analyzedversionsof equa-
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tions (6), (7) in which the constitutve relationfor sedimentransportwas generalizedo
0s = F(dw,| OH [), with & > 0 and %5 > 0 '®. Basedon a linearizedanalysisof these

equationsthey shavedthatif = < g—F thensmallamplitudedisturbancesf smalllateral
scalewill initially grow very rapidly, with theinitial growth ratebeinggreatestor distur

bancesvith thesmallestvavelengthsThis criterionis equialentto theconditiony > 1 for

theparticularsedimentransportaw embeddedh equation5). This latterfactleadsto the

particularlysimplecriterionthatchanneincisiontakesplacewhenthe sedimentransport-
ing capacityof waterincreasesatafasteratethanthedischage of water andoccursfaster
for shorterwavelengthdisturbance®ecausehe corvergenceof waterflows is greaterfor

disturbancewvith steepetateralgradients.Theseresultswerereconfirmedy Loewenherz
[10], who alsoderivedthefull asymptoticsolutionin the smallwavelengthlimit.

The simulationsof Smith, MerchantandBirnir [41] confirmednumericallythatthe high-
estinitial growth ratesoccurat the highestfrequencies.They alsofound, however, that
the growth ratesof lower frequenciedbecamedominantafter a very shortinitial period,
presumablhasaresultof saturatiorof thenonlinearitiesn the erosionprocessThesignif-
icanceof theseresultsfor the presentanalysigs thatthey shawv thattheinstabilitiesof the
initial erosionprocessarehighly susceptibléo beingdrivenby randominfluences.

We now provide analternatve analysisof theseearly channeforming instabilitiesof (1),
(2) which providesadditionalinsightinto the underlyingprocesseslin particular we lin-
earizethe equationg9) and(10) aboutaninitial surface,linearin y anduniformin the x

16Theterm gt—h in equation(7) wasnot consideredn theseanalyses.
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direction,anda constantvaterdepthH = cy+d,h=d 1/, wherec andd areconstantsWe
notethat,while thesanitial conditionsdiffer fromthosein thestabilityanalyse®f[39, 10],
they leadto essentialljthe sameresultsbut canbe regardedasonestepearlierin the evo-

lution from aridge with constanslope. As suchthey provide anadditionalinterpretation
of thechanneforminginstabilities.

We let
h=d+ea(x,y,t), H=cy+d+eb(xy,t),
andincludea (very) smallstochasticzariationin therainfall rate
R=Ry+er(xy,t).
Thelinearizedsystemof equationdecomes

5
da 5.2 10a d3 8°b 1%
p0a _ o 2 10a O3 -
g~ 3% T glGet ) T (24)
5
b 5211 5 2. 0a d3 1 5 5 0%
a ~ 3Ty v GGreee
5
d3 1 55 .50°D r
+ C—%(%'Féczde’)a—yz + ﬁ (25)

Istrictly speakingwve shouldlet the waterdepthgo to zeroat the top of theridgeto satisfythe boundary
conditionsthere.This, however, makesno differenceto theresultsof theanalysis.
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Thenumericakesultsreportedn Section3.3indicatethatthevariationof thewatersurface
b doesnot scale,initially atleast,with aroughnes&xponentthatis constanover arange
of y values.However, the gradientl]b doesscalefrom which it follows thatthe equations
generatinghe scalingmustbe equation(24) andthe equationt®

5
d0b 5211 5 2 00a ds 1 5 5.0%00b
i §d302(ﬁ+202d3) oy g(ﬁ+c2d3) 92
dg 1 55 5 0%0b Or
+ (&= +=c2d3 +—. (26
dln Ty g 9

Sincen = d/100c~ h/H is small,thetermCr /n canbelargeif r is notexceedinglysmall.
Howeverin mostcases canbetakento bevery smallandthereforewe have droppedt in
the equationbelow, still keepingin mind thatvery smallfluctuationsarealwayspresenin
landscapevolution.

A straight-forvard stability analysisshavs thattheinitial unchanneledurfaceis unstable
on the long time-scaleof the sedimentlow. We set% = 0in theequationg9) and(10),

or equialently usethe slowv equationg6) and(7), with % = 0. On takingthe gradient,
equation(24) becomes

5
5 2 100a d3 0°0b 10°0b
3¢S = e o) 27)
anda substitutioninto (26) givestheequation
o0b 5 2 1 0%0b 1 0%0b

whichis anegative heatequatiorif d < 1/6. Recallthatd is theinitial waterdepththatcan
betakento bevery small. Thedispersiorrelationfor (28)

w = Sddd(2- )+ (5 - 30|

shavsthatall the spatialfrequenciesreunstableandthatthe highestfrequenciegrow the
fastest.We notethatthis is essentialljthe sameinstability asdiscoveredby [39, 10], but
expressedn termsof the unstablegronth of arbitrarily small (spatial)frequenciesn the
slopeof the surfaceratherthanin the elevation of the surface. In particular this resultis
nicely in accordanceavith aninterpretatiorof the stability resultsof SmithandBretherton

18\We have merelyappliedthe [ operatotto equatior25.
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[39] that suggestshat smallerperturbationgrow at fasterratesbecausefor a givenam-
plitude of perturbationthey possessteepeslopeswhich leadto morerapid cornvergence
of erodingwaterflows.

The significanceof this resultfollows from our precedingconclusionthat fluctuationsof
arbitrarily small frequenciesare always present,and that theseinstabilitiesalways lead
to the exponentialamplificationof noiseseedsfrom the waterflow, andthe consequent
channelizatiorof theinitial surface.

4.2 The Generationof NoiseDuring Initial Channelization

We now provide and justify a hypothesisthat instabilitiesin the water surface provide
a significantsourceof white noisethat seedshe instabilitiesof the erosionprocess.In

particular we showv thatshocksan theform of hydrolicjumpsform in theflow of waterover
initially corvex portionsof the ridgesbetweenemeging channels.Although a concaity

in the longitudinalprofile emegesearly nearthe baseof the ridge, moveslongitudinally
towardsthe top of the ridge, andthen expandslaterally acrossthe emepging valleys (for
an analysisof this processsee[38]), the lateral profilesof the ridgesbetweenemeqging
channelgake aninitial form thatis typically corvex in their upperparts. Two upridge
sequencesf lateral profiles that indicate, respectiely, the existenceof initially corvex
sectionf theinterfluvial ridgesat 10% of the surfaceerodedandthe dominanceof fully

concae lateralprofilesat 60% of the surfaceerodedareshown in Figurell.

We baseour analysisof the mechanisnthat providesa significantsourceof white noise
on thesecorvex sectionsof ridge by linearizingequationg9) and (10) arounda corvex
(interfluvial) profile. In particular we assumehatour perturbedsolutionstake theform

h(X, yat) = h]_(X, yat) +V(Xayat)a H(Xayat) - H]_(X, yat) + U(Xayat)

whereHj(x,y,t) represents corvex portion of aninterfluvial ridge, hi(x,y,t) the depth
of waterflow over this portion,andv(x,y,t),u(x,y,t) arethe small perturbationgo these
guantities.Thelinearizedequationsare

ov 52 0OH 5 [u 15 OH
2 3 1 3 3 1
— =0-|zh——==v| + 0 |hj ———= — =h3(0OH;- Ou)———=— 2
d ot [3 1| Hl\l/zv} { 1‘ Hl\l/2 2 1( ! u)\ H1‘3/2}’ (29)

5
ou h3 1 s 52 [OH; ,1 2
— = 0. | =L (=+h30H¥?)D 0. 12— (= 4 2n3I0H.1%/2
ot \DHl\l/z(n+ 1/OHL ) 0u| + 3 1|DH1\1/2(r]+ 7 |OH. > )V
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5 5 H
+ O hf(%+2hf\DH1\5/2)(DH1-Du) L

—_— 30
Bz (30)

Thefirst equationis a hyperbolicequationfor v drivenby [Ju. The secondequationis a
parabolicequationfor u drivenby v andCv.

Becauseheflow of wateroccursdown the gradientof thesurfaceHi(x,y,t), we mayview
thefirst equationasa hyperbolicPDEin onespacedimension.Namely if we let u denote
the unit vectorin the directionof the gradientof the watersurface,we canwrite the first
equationn theform

v

S 2 1/2
N5 = 3hiIOH Y20 0v + gy bV + f(xy). (31)

If we thenlet the scalars parametrizeéhe directionof the gradient,we may rewrite this
equationin theform

20V

_ 5.3 1/20V
n ot - 3h1|DHl| ds + g(X,y,t)V+ f(Xayat)' (32)

Thelastequationis analyzedn AppendiciesA andB, whereit is shavn thatit develops
shodsif the profilesaboutwhich welinearizeare cornvex or have knick-pointsingularities.

After operatingwith thegradientwe maylumpthetermsin (30) causingheinstabilityand
involving thewaterdepthtogethetinto a singlenoisetermr. Thistermis thenoiseseeded
by the shocksin (29) andgeneratedy the sedimentdivergencesn (30) thatamplify the
instabilitiesproducedy (29). Thesdnstabilitiesdo notleadto exponentialgrowth because
the waterchangeon a fasterscalethanthe sedimentseeSection2, but insteadgive rise
to white noisein the sedimenflow. We obtain,asaresult,a heatequationdrivenby white
noise,

d(0u)

ot

= VA(LU) + r(xyt), (33)

5
wherev = 93 We wantto emphasizéerethatwe have providedanintuitive explaination
ne2

of the noise-makinggeneratiorin the sedimentflow but no detailedmathematicamodel
for it. Thetransitionfrom equationg29) and(30) to (33) or the modelingof the amplifi-
cationof the fast-timenoisein the waterflow by the divergencesn the sedimenflow to
producewhite noise,mustbe takento be a hypothesis We hopeto be ableto provide a
detailedmodelof thenoise-generatinghnechanisnin futurepublications.However, aswill
be shavn belown with this hypothesisve canexplainthe numericallyobsenedscalings.
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Thesolutionto lastequation(33)is well-known to be Brownianmotion

_ [t oexp(=Ix=y[/av(t-T1))
Du_/o 2 @mi-1) dW(y,1), (34)

wherex = (x,y), y = (¥,y) anddy = dx'dy’ is thevolumeelemenin IR?> andformally the
white noisecanbe understoodsdW (y, 1) = r(y, T)dydt. Addingthis solutionto OH; we
obtaina randomwalk

OH = OH1 + €0,

of the slopesof the water surfacedown the channelizingsurface(H;), driven by white
noise Thewaterdepthfollows suit, by equation(9).

4.3 The Scalingof the Channelization Process

We arenow in a positionto interpretthe scalingexponentshat emege during the initial
stagesf the erosionprocesdy usingwell-known resultsfrom the theoryof the evolution
of comple interfaces. We note that equation(33) is the Edward-Wilkinson equationof
interfacegrowth theory which is known to modelsurfacesover which the depositionrate
equalsthe removal (or evaporation)rate (see[20]). The valuesof the exponentsof the
associateavidth functionsare

1 1
B_Zv X_éa z=2.

We notethat 8 is differentfrom the Hurstexponent,which hasthe value1/2 for a pure
randomwalk, becausg measureghetransientowardsa purerandomwalk. Theresulting
motion may be interpretedas a randomwalk occurringon top of anotherrandomwalk.

Thegradientof thewatersurfacewalk randomlyin thedownslopedirectionandthenodes
wherelJH (x+y) — OH(y) vanisheslo anotherandomwalk ontop of that. Hencethecon-
figuration of the emeging channelformsmaybe characterizedn termsof randomwalks.
We note that this importantfinding provides a physically-basedlustification for various
stochastianodelingapproacheso the emegenceof network forms such,for example,as
describedn [4, 15]. Thesurprisingobsenationis thatthe stochastiandthe deterministic
approacHheadto the sameconclusionsaandcanbe consideredo be equivalentmethodso

modelthe samephenomenahetime-evolution of afluvial network.

This surfacesitsin a 3-dimensionaspaceandthe fractaldimensionis Df = 3—x = 5/2.
Theavalanchalimensions thesameD = 2+ x = 5/2. Thetemporaroughnessoeficient
3 may be obtainedfrom the power spectrum. The reasonis that the erosionis initially
greatestowardsthe bottomof theslopeandthenthechannelizatiomigratesupstreanand
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endswhenthe concaity, forced by the boundaryconditionsat the bottomof the slope,
reacheshetop of theslope,seg[38, 41]. Thisimpliesthatthey directionis really a time-

scaleasdiscusse@bove. Thatis, insteadof measuringhe percentag®f the landsuréce
thathasbeenerodedwe cansimply measurénow far upstreanthe channelizatiorprocess
hasmigrated.

5 Self-Similar Landscapesand the SecondFundamental
Scalingof Fluvial Landscapes

In furthersupportof our hypothesighatthe obseredscalingsarisefrom identifiablephys-
ical processeswe now shav thatthe secondscalingof 0.7 in Section3.3 may be inter-
pretedascharacterizinghe erosionprocesses the mature,separabléandscapesThese
processearedrivenby noisethatis seededy shocksin the waterflow over the concae
slopesof landscapesuchasthoseshown in Figure 11, andasexplainedin AppendixB.
Thesewaterinstabilitiesarethenfed into the divergencesn the sedimentlow andsince
thewaterinstabilitiescontinueto vary on afasterscale the sedimentivergencegproduce
noisein the sedimenflow. Thatis differentwaterprofileswith differentnoisearepresent
wheneer a significantamountof sedimenis eroded.However, thereis little waterontop
of the concae ridgesin Figure11, seeFigures2 and4, andtherethe noiseis quenched.
On the lower reacheof the concae slopesandin the valleys the samenoisegenerating
mechanisnasdiscussedn the previous sectionis at work, sothe noiseis not uniformely
distributed over maturelandscapesThis resultsin a colorednoiseand scalingwhich is
very differentfrom the previous scaling.In particular we provide evidenceindicatingthat
theresultingbehaior is characteristiof a SOCsystemdescribinghedrivenmotionof an
interfacein randommedia[24] and[20].

5.1 The Emergenceof Self-Similar Landscapes

Smith, Birnir, andMerchant[38] shovedthatthe model(6)-(7) possesseseparablesolu-
tionsH (x,y,t) = Ho(x,y) Th (t) andaw(X, y,t) = go(X,y). Theseareassociateavith anopti-
mality principle by which matuie erodingsurfacesavolve to minimizeasimplefunctionof
thesedimenftlux overthesurface,subjecto two constraintsin their analysisof numerical
solutionsof (6), (7), Smith, Merchant,and Birnir [41] shaved that after a characteristic
erosiontime 1° the surfacesexhibit clearandcorvincing evidenceof corvergencetowards
suchseparablesolutions andthe correspondingatistctionof the optimality criterion.

19The characteristidcime is 45%of the surfaceerodedor planarinitial surfaceswith y= 8 = 2.
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As shavn in Section3, this stageof developmentis characterizedby a dominantscaling
of the width functionwith exponent0.7. We now analyzethe model(9), (10) in orderto
determingheorigin andphysicalbasisfor this scaling.

5.2 The Origin of the SecondDiffusive Scaling

Thescalingof thewaterflow down theslopeof amaturdandscapandtheresultingscaling

of thewater(andland)surfaceis differentfrom thescalingof channeformationin Section

4. To find andanalyzethis scalingwe linearizeequationg9) and(10) aboutthe separable
solutions(8) representinghe maturelandscapesf valleys andridges?®

H =Ha(x,y,t) +eu(x,y,t), h=hy(xy.t) +ev(xyt),

whereHy = Ho(X,y) T (t), hy =ho(X, y)T—%(t), aretheseparablsolutionsof theequations
(9,10). Theform of theequationghatwe obtainfor u(x,y,t), v(x,y,t) by thislinearization
processs the sameasthatcharacterizinghe early periodof channelemepgencediscussed
in Section4.2, namely(29) and(30), but with thetermsH1(x,y,t), hi(xy,t) replacedy
theseparablesolutionsHy, ho.

Again, the first equationis a hyperbolicequationfor v driven by [Ju andthe seconds a
parabolicequationfor u drivenby v andllv. Sincethefirst equations really a hyperbolic
PDEin onespacadimensiongexactly asin Section4.2,we let the scalars parametrizehe
directionof thegradientto obtain

20V

_ 5.3 1/20V
N5 = 3h2|DH2| =+ gxy.t)v + f(u,t). (35)

A straight-forvardanalysisof this equationpresentedn AppendixB, shavs thatits solu-
tionsdevelopshocksfor separablsurfaceswith (slope)singularitiessinceconcae slopes
with knick pointsarethe dominantfeatureof the matureseparabléandscapeasillustrated
in Figurell.

Thusthewaterflow developsshocksatthetop asit flows down theseparableidges,which
thenpropagatalown the slopes.In additionon the lower reache®f the slopesandin the
valleys the instabilitiesdiscussedn Section4 are at work. The sedimentflow is driven
by the pull of gravity down the slopesand becausehereis no wateron top of the con-
cave ridges, seeFigures2 and 4, therethe surfaceis pinned. Thusthe devergencesn
the sedimentflow magnify the seedin the waterflow into a highly colorednoise. We

20As in our previous analyseswe emplg sedimenttransportparametenvaluesy = & = 2, noting that
similarresultshold for parametewvaluesin aneighborhooaf these.
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make this hypothesisand consequentlyturn the equation(29), with the separablesolu-
tionsHa(x,y,t), ha(xy,t) replacingHi(x,y,t), hi(xy,t), into a diffusion equationdriven
by quentednoiseor the Langerin equation

% = Au+F +r(u,t), (36)

whereF is thedriving force,r is thequenchedoise,andA is a parameterMoreover, it is
very differentfrom equation(33) sincethe noiseterm
52 [HHy 1

“hs (—+2h%|DH 5/2). v
3 2|OHpi2'n T T2

is not spatiallyhomogeneouslhewaterdepthh, becomewery smallat variouslocations
on the separablesurface,and at theselocationsthe noiseis quenched.One canthink of
thesespotsas pinning the surfaceand creatingsmalllocal minimain the sedimentflow.
Thelasttermin equation(29) playstherole of theforcing. It is known, see[20], [24], that
suchprocesseproducepolynomial scalingwith the spatialroughnessxponentcloseto
0.75. Thisimpliesthatthewatersurface

H = Ho(X,y)T(t) +eu(x,y,t)

executesarandommotiondrivenby noiseproducedy thedivergencen thesedimentlow,
seededyy shocks[hy(X, y)T‘T?’O(t) + elv(x,y,t) propagatingdown the separablesurface
on a fastertime-scale the surfacebeing pinnedat randomlydistributedsites. The slope
[JH evolvesin thesamefashion.

5.3 The Scalingof Matur e Landscapes

We computethe exponentsusingthe formulasin Section2.5, startingwith the numerical
valueof the spatialandtemporalroughnes&xponentsfrom Section3. The valuesof the
exponentsare

=04, x=07, z=18.

Thefractaldimensiorbecome®; = 3—x = 2.3. TheavalanchedimensionsD =2+ x =
2.7. The valuesof theseexponentsare closeto the correspondingraluesfor a driven
interfacein randommediain 1+2dimensionsseg[24] and[20], anddescribedy equation
(36),

B=0.475 x=0.75 z=1.58.

The computedspatial roughnesscoeficient x is slightly smaller (0.7) than the spatial
roughnessoeficient (0.75) of the driven interface, however this may be dueto the fact
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that the systemcrossesover from one type of a scaling (Edward-Wlkinson) to another
(driveninterfacein randommedia)andif we would follow it for alongertime (than60%
eroded}he spatialroughnessomponentvould eventuallymake it up to the lattervalue.

It is, in fact,well-known thatlandscapegeneratedby discretdandscapenodelsdo notre-

producerealisticlandscapeinlessrandompinningthatmodelsquenchedhoiseis included
in the model,see[12]. The lattermodelsalsogive riseto valuesof the scalingexponent
3 similar to ours. Thustwo remarkablefeaturesof the continuousmodel(9 ,10) areap-
parent.First, it generateshe noisefrom the waterflowing down the separableurface(8)

andshockingasit passe®ver surfacesingularities.Secondijt produceghe pinningof the
surfaceat randomsiteswheretheseshocksandtheir consequemoisein thesedimentlow

is absent.

We note with interestthat driven interfacein randommediais known to be an example
of an SOCsystem?!. Hencewe may interpretthe landscapeslescribecy our adwective
modelasSOCsystemsat leastat stagesn thelandscape&volution wherethe presencef
theseparabléandscapés felt.

6 Discussionand Significanceof the Results

Theprecedingesultsontheoriginsof scalingin solutionsto themodels(9)-(10) have sig-
nificantimplicationsbothfor the evolution of mary of the empiricalregularitiesobsened
in fluvial landscapesndfor the mannerin which one may modelsuchphenomenaWe
now describeafew of themoreimportantimplications.

6.1 The Two Processesorming the Landscape

A pictureof two processeshapingthe formationof generalandscapesmegesfrom the
previoussectionsalthoughfor mostlandscapesnportantdetailssuchasweatheringyeg-
etationandmasswastingaremissing.We call thefirst procesghe ChannelizatiorProcess
It takesplaceon unchanneledgurfacesandis characterizedby a Brownian motion of the
slopesin the water (or land-) surfacemarchingdown to form a network of channelsand
ridges. This processcharacterizethe initial stageof the landscapevolution (youth) and

21As notedin [20]:

A systemis a SOCsystemif the scaling(of the structurefunctionsduringthe saturatedtage
is differentfrom the scalingduring the transientstageand the actiity during the saturated
stageoccursin burststhatareself-oiganizedduringthetransient.
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Figurel2: Thebasinof the Amazonriver

is associatedvith the spatialroughnessxponentx = 0.5. The systemthen gradually
makesa transitionto a secondprocesghatwe call the Maturation Process This process
emepgesmuchlaterwhenasystenof largevalleysandconcae ridgescloseto alandscape
determinedby separablesolutionshasemeged, characterizinga maturelandscape.The
maturationprocesvolvesthelandscapeowardstheslowly decayingout self-similarsep-
arablelandscapeThusit characterizethematurationmiddle-agepf thelandscapandis
associateavith the spatialroughnessxponentof x = 0.75. 2

Onehasto putthosetwo processetgetheto understantheshapeof riverbasins Namely
thechannelizatioprocesgontrolstheshapeof theriverbasinalongthemainriver, whereas
the maturationprocesscontrolsthe shapeperpendiculato the mainriver, seeFigure12.
The mainriver is formedby a biasedrandomwalk down a slope( a drunkthat stumbles
in the downhill direction)andthis makesriver networks analogugo directedpercolation
networks (DP) althoughthe scalingexponentsarein generadifferent.In thedirectionper
pendicularto the mainriver onerunsinto the separableslopesfor the maturelandscape.
Thusfor the river basinwhich is the projectionof the surfacein threedimensiondo the
planethe (planar)avalancedimensiorbecome® = 1 + X. Theexponentonemeasures
the sizeof basinl alongthe mainriver andthe exponenty measureshe sizeof its bulge
[X (width), in the perpendiculadirection,seeFigure12, wherel is thelengthof the main
river.

22\\e believe this to bethetrue valueof x althoughtthe transciennumericallydeterminedalueof 0.7 is
somavhatlower at60%eroded.
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6.2 The Origin of ObsewedLandscapeWidth Scalings

We note with greatinterestthat empirical resultsfor the height-heightcorrelationfunc-
tion from Ethiopia, Somalia,and SaudiArabia, aswell asvaluesgeneratedor synthetic
landscapessreportedby Weisseland Pratson19], fall in the range0.5-0.7. The Saudi
Arabiandatais virtually isotropicwith the value 0.5, whereassomeof the Somaliandata
is anisotropic,with valuesroughly 0.5 in onedirectionand 0.7 in the other Although
empiricalscalingresultsof this form tendto clusterarounda relatively small setof val-
ues,thesevaluesprovide somevalidationfor our theoryparticularlysinceour modelsmay
be interpretedasrepresentingdwective, transport-limitedor badlang conditions,which
presumabhholdin theseareas.

The theory presentedn this papersuggestshat the spatialroughnesscalingexponents
for landscapeshat are approximatelydescribedoby our advection modelsshouldlie in
a neighborhoodf 0.5 and 0.7, the latter exponentgrowing to the value 0.75 for older
landscapes.Young channelizingsurfacesshouldexhibit isotropic scalingwith exponent
closeto 0.5,whereasnorematuresurfacesshouldbe anisotropic.This anisotropicscaling
shouldhave the scalingexponentcloseto 0.7 on the slopesof the separableidgesbut on
channelizingsurfacesalongthe mainriversthe scalingexponentshouldbe closeto 0.5.

6.3 The Origin of Hack’sLaw:

The precedingesultsallow usto derive someof the fundamentakcalingresultsthatare
known to characterizdluvial landsuréces.In particular the avalanchedimensionderived
in Section5.3 allows usto derive Hack’s Law relatingthelengthof ariver| to theareaA
of thebasinthatit drains.Thisis the areaof theriver network thatis givenby the (planar)
avalanchedimensions

A~ 1P

andthe (planar)avalanchedimensionds D = 1+ . This relationsaysthatif the length
of the mainriver is | thenthe width of the basinin the direction, perpendiculato the
mainriver, is IX. Stablescalingsfor the surfaceemepgetogethemwith theemegenceof the
separableolutions.We notethatin this casex = 0.75, hencewe obtain

1
| ~ ATX (37)
~ A0.57 (38)
a numberthatis in excellentagreementvith obsered valuesof the exponentof Hack’s

law of 0.568, see[14]. We note,in particular thatx is not the roughnessoeficient of
a fractal Brownian motion. We alsonotethatthe areaA is the sameasthe areaof voids
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(areaswithoutbranchesin a DP network (se€[20]) andthatHack’s Law is justtherelation
betweerthe areaof thevoidsandthelengthof the DP backboneThusonecanunderstand
the "oval shape"of mostriver basins,see[16], ascausedy the (second)scalingof the
matureseparabléandscapethatrulesthe surfacesn theupperreache®f therivervalleys
andin thedirectionperpendiculato the mainrivers.

6.4 The Scalingof Exceedencd’robabilities

The probability P[A > @] thatthe areaA drainedby a channelexceedsa is known asthe
exceedencerobability Empirical valuesfor the exponentof this probability whenit is
approximatedby the power law

P[A> a] ~ a°, (39)

which is a goodapproximatiorto obsenedvariation,arecloseto —0.4 (see for example,
[16]).

Usingthe scalingrelationperpendiculato the meanderingsf the mainriver andthe two
scalingabove we can easily deducethis scalingof the exceedencerobability oncewe
know Hack’s law. Theideato keepin mind is thata river basinis similar to a pure DP
network, in that whentwo branchesof the river network approacheachother a small
subbasirof the largerriver basinis created.The subbasinsvithout a river brancharethe
voids of the DP network, discussedbove. The time at which two branchesriginating
atthe samelocationjoin, which is calledthe self-interactiortime (3sj, canbe measuredn
termsof thelengthl of themainriverbranch.Weletthedimensiorof thenetwork alongthe
mainriver branch(backboneof the DP) be oneandthe dimensionin the cut perpendicular
to themainriverbranchbex asabove. Then

PA>a] =P[l > ]

sinceby Hack’s Law A = 11X anda = t1*X, t beingthe lengthof the main branchof the
subbasirhaving areaa. However

t t _
/P[I zs]ds=/ s Psids ~ t1Psi,
0 0

and
1- BSi ==X
see[20]. ThususingHack’s law againwe obtain
PA>al ~ t*X (40)
~ a Xt (41)
~ a %4 (42)
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for x = 0.75. Noticethatthe exponentis the nggative of the dynamicroughnesgxponent
3= 0.4in Section5.3.

6.5 A Bridge BetweenDeterministic and StochasticModeling

Our analysisof the origin of thefundamentakcalingwith exponent0.5 in thewidth func-
tion indicateghatit arisesasa resultof white noisebeinggeneratedby divergencesn the
sedimentlow seededby shockdn thewaterflow. In particulay we foundthattheevolution
of thewidth functionsof boththeslopesandthewaterdepthss well-characterizeth terms
of randomwalk processes-Hencethe behaior andconfigurationof the emeging patterns
of channelsaandvalleys describedy the nonlinearequationg9) and(10) andobseredin
the studiesof Smith,MerchantandBirnir [41] is thatresultingfrom arandomwalk.

We note that theseresultsrepresentan importantbridge betweenthe deterministicand
stochastidines of modelingthat we discussedn Section. From the stochastianodel-
ing literature, it is well-known that randomwalk modelsof erosionin the planeleadto

relatively realistic modelsof key aspectf river networks (see,for example,[33, 15])

andarecapableof generatingoranchingnetworksthat obey Horton’s laws (see[16] for a
summary). We believe, in fact, that the mechanismshat we have shovn to underlythe
fundamenta0.5 scalingprovide thefirst demonstratiothatphysically-base@DE models
leadto tree-like drainagestructuresvhoseconfigurationis determinedoy a randomwalk

process.Hencewe may view our resultsas providing a physically-basequstificationfor

theassumptionanderlyingthevariousstochastienodelingapproachesi\e note,however,

thatfurtherinvestigationis requiredin orderto lay a fully-acceptabldoundationfor such
assumptions.

6.6 A Model of the Stagesof Drainage Basin Evolution

Basedon the precedingresultsandthe findings of our two previous paperdg38, 41], we
now suggestnend-to-endheoryof the evolution of landscapethataredescribedy our
adwective models.In particular this theorycharacterizetandscapelevelopmentin terms
of an evolutionary sequencénvolving three stagesand associatedime scales?3. In a
first stage poccurringover arelatively shorttime-scalethe mechanismsinderlyingthefirst
scalingof 0.5 becomeeffective anda channelizedhetwork thatmaybeinterpretedn terms
of randomwalksemeges.Hencein this stage the foundationof randomchannehetwork
configurationsarelaid down. This stagemay be viewed asconstitutingthe youthfulstage

23Clearly, the threestageslo not have well-definedbeginningsandendings but they do mark significant
differencesn thequalitatve dynamicsof the system.
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of W.M.Davis’ grandmodelof landscapevolution [45].

A secondstage,occurringat a longertime scale,involvesa self-similarcascadgowards
decayingseparableolutions.We mayview the separablsolutionsasatransientattractor
(seefor example,[38]) towardswhich the systemis dravn. The mechanismsinderlying
the secondscalingbecomeeffective during this stage,leadingto a scalingof the width

function of 0.75 aswell asto variousscalinglaws, suchasHack’s Law andthe Law of

Exceedenc®robabilities.We may view this asconstitutingthe secondor matue, stage
of the Davisian model. A third andfinal stageinvolvesa shorttime scaleover which the
separableolutionscollapseasthe potentialenegy in the systemapproachesmallvalues
andthe stableglobal attractorH = 0 exertsits influence. This stagemay be viewed as
thefinal, or old age, stagein Davis’ model.

We realizethat may elementsare missingfrom this model, including suchprocessess
tectonicandisostaticuplift, gravity-drivendiffusion, weatheringsubsurdcewatermove-
ment,vegetationeffects,anda hostof lessemprocessesNeverthelessye believe thatour
adwective modelcaptureghe essencef processeshatleadto the evolution of dendritic,
fluvial structuresandtheir mostimportantscalingproperties.

/7 Summary

The simpleadwective modelof fluvial erosion(9)-(10) providesuswith a compellingex-
planationfor the fundamentalprocessegresentin landscapesvolution. This modelis
capableof representingheproces®f channelnitiation. Instabilitiesin unstructuredhitial
surfacedeadto a channelizatiorprocessvhich we arejustifiedin viewing asthe Edward-
Wilkinson transientof Brownian motion. This is a noisy process:small, initial, random
perturbationamplifiedby thenonlinearnstabilitiesleadto noise.More importantly how-
ever, the model(9)-(10)incorporatesnechanismgapableof generatingarge noise. The
relatively thin film of waterflowing overtheridgesbetweerchannelsfolds over” to forms
hydrolic jumpsasit movesover initially corvex portionsof the interfluvial ridges. The
derwvativesof theseshockwavesconstitutea white noiseprocesghatseedshedivergences
of sedimentn equation(10). The divergencesn the sedimentflow seededy the white
noisein the waterflow createa noise-drven gradientflow for the sedimentwith a noise
termthatis white bothin spaceandtime. The solutionof this equation Jinearizedabout
theinitial surface,consistsof Brownianmotion. Thusthe projectionsof the channelnto
the planeexecutea randomwalk andthe locationson the surfacewherethe slopeequals
the averageslopedo a randomwalk on top of the first one. This explainswhy river net-
works are obsened to possesshe characteristicof randomnetworks and, in particular
arecharacterizedby therelation(55) betweerthebifurcationandlengthratiosin Horton’s
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laws.

Thisrandomwalk is, however, nottheonly processnfluencingtheshapeof riverbasins As
thechannelsnegeinto riversamaturelandscapeonsistingof a patternof concae valleys
andcusp-shapeddgesemeges.Thesesurfacesyepresentetly the separableolutionsof
the evolution equationsare characterizedby anotherstochastiqorocesghat differs from
arandomwalk. Thereasorfor this differences thatthe mechanisngeneratinghe noise
is now differentfrom the mechanisngeneratingnoisein a channelizingsurface. First,
the separablesurfacesare characterizedy concaities whereasthe ridges betweenthe
channeldnitially involve uppercorvexities. This meansthat shockwavesin the water
flow, originatingfrom surfacesingularities propagatelown the surface.Mostimportantly
the vanishingof the waterdepth,for exampleon theridge tops, on the separablesurface,
guencheghe noise. Thesefast-flaving waterinstabilitiesarethenfed into the sediment
divergencesvolving on a slower scaleresultingin anothemoise-drvengradientflow for
thesedimentHoweverthenoiseis notwhite in spacearymoreandthe sedimentlow over
the separablesurfacesmay be characterizedsdiffusion driven by quenchedhoise. The
propertiesof this processtypical for a driveninterfacein arandommedia[24] and[20],
arevery differentfrom thoseof Brownianmotion.

Combiningthesetwo processeghe channelizatiorandthe maturationprocessesye ob-
tain a strikingly simple model of drainagebasinevolution that is analogougo directed
percolationnetworks. The channelsaxecutea randomwalk of lengthl in the longitudi-
nal directionunderthe channelizatiorprocesslin a directionperpendiculato thisrandom
walk, however, the maturationprocesss dominantin regionsin which separablaolutions
have emeped,giving usthewidth IX of the basin,wherex = 0.75is the spatialroughness
coeficient of the maturationprocessn Section5.3. This accountdor the oval shapeof
river basing(see[16]), andleadsto a derivationof Hack’s law (seeSection6.3) aswell as
the obsenreddistribution of the exceedence@robabilities,seeSection6.4.

Theseinvestigationdeadto interestingsetsof geomorphologicahnd mathematicaprob-
lemsthatwe intendto addressn future publications.In particularwe intendto investigate
whetherthematuratiorprocesss multi-fractal,se€[9]. While our modelscapturewo fun-
damentalprocesseshey alsoraisethe questionasthe role andsignificanceof processes
of landscapeevolution that are not asyet includedin our models. In particular it is of
interestto conjecturewhetherdifferentmultifractal processesharacterizenore complex
models. We alsonotethatthe analysisof the waterflow in Section2.4 and AppendixA
providescompleteinformationonly for waterflows of very smalldepth.If therainfall rate,
andhencethe waterdepth,is significantlygreaterthenmore comple fluid equationsare
probablyjustified,andthis maychangehenoise-generatingiechanisnandthe stochastic
driving of the erosionprocess.Thetwo processework in tandemin the generalituation
discussedh this paperbut it is alsodesirableo find specialsituationsvhereeachprocess
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canbestudiedin isolation.
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A The Generationof Shocksin the Water Flow Equation

Equation(9) describeghe waterflow down a watersurfacerepresentethy H. We rewrite
this equationin theform

LA |und|OHE] = R (43)

ot
whereu = |DH| denotegheunit vectorin the directionof the gradientof the watersurface.
If we expandthe gradientterm,thenthis equationcanbewrittenin theform
oh h5/3 R
— —h2/3|DH|2u Oh = Q—- T

ot  3n? (44)

where

Q=

[| OH |2AH — 3(H2Hy+ 2HxHyHyy + HyZHyy)]
|OH 2

andusingthatu-[0h = aS,wheresparametrlzeishedcn/vnstrearrt:i|rect|0ng|venbyu we
obtainaaone-dimensiond?DE

oh 5 h h5/3 R

23| OH 2% —.

whereQ is the functiondefinedabove. It is well-knalvn that suchone-dimensionaéqua-

tions can either develop shocksor their solutionsmay blow up in finite time. We now

shaw thatfor a smallrainfall rate R the solutionsdo indeeddevelop a shock,which is a
singularityin thes derwvative, in finite time.

(45)

Wefirst setR = 0 andwrite down the characteristiequationgor theequation(45),

dt . ds . 5 2/3 %
7=L 5= 3r]2h |OH |
(46)
5/3
= Q2 = PO
Thefunction p is positive
p(SaT) = _Q > 07

if the quadradidorm Q(Hxx, Hxy, Hyy) is negative definiteandit is aslong asH is corvex
(concae in mathematicaterms)andJH # 0. Now we solve the h equationin (46) and
obtain

B ho(s)
e (14 2083 (9)P(s 1)) 32 “n
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where .
P(st) = | p(st)+s ),

increaseslongthe characteristicbecausep > 0. Thush(s,t) doesnot blow up but de-
creaseslongthe characteristicsNext we computethe characteristicsnakinganapproxi-
mationthatsimplifiesthe computation.The equationdeterminingthe characteristicts

ds 5 o3 1_ 5 o3
= 3n2h IOH|2 = 3g(s)n2h , (48)

if H evolveson a slower time-scalethanh. But this was preciselythe conclusionof the
discussionn Section2.1. Thuswe canseparat¢he variablesandsolve the above equation

()2 = /S: g(s)ds= —n—lz /O "W23(s(1), 1) it

Next we expandthe solutionh in (48) above in powersof h(sy),

t
h(s:t) = h(so) =M¥%(so) [ p(s(r). ) dt+ O(h""¥(s0))
andsubstitutegheresultinto theequatiorfor G, to get

/
6(9) - 6%) = -5t 0((%)/n?),

Thisimpliesthattwo characteristicemanatingrom two distinctpointss; > s, meetatthe

time
3n?%(G(s1) — G(s0))
G h2/3(51)l— h?/3(sp) O (=) )

Moreover, thesecharacteristicgarry differentvaluesof h by equation(47) producinga
shockatthelocation

t

5h?/3(sp)
s=G{G(s) — =
atthetimet. In one-dimensionahodelsthe waterdepthis anincreasingunctionof s sot
is positive becausé&s is alsoincreasingseethe examplebelow. This shockis a singularity

in thederwative of h sowe canthink of it asatravelling hydrolicjump.

t+0(h*3(s0)/n?))

Thecharacteristicthatwe obtainarenot straightlinesasfor the nonlinearwave equation,
dueto the term |OH|¥/2. For examplewheng(s) = |OH|~Y/2 = s'/4, G(s) = gs/4, the
characteristicaregivenby theformula

25h?%/3
S = - 2P ofré(e) )
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andtheshockdevelopsatthetime

12 St
25h2/3(s;) — h2/3(s0)”

The analysisis similar for smallvaluesof R, thatcanbe treatedperturbatvely, but if the
rainfall rate becomedarge, it dominatesand preventsshocksfrom developingas shovn

above. In summarythe waterflow equationpossessetsvo metanismsproducingshods
in the water surface,one causedoy the nonlinearitiesin h the otherby the singularities
in the water(or land) surfaceH. We may interprettheselatter shocksasrapidsor knick

points, that causeshocksin the waterdepthand theseshockspropagatedownstreamas
illustratedin AppendixB.
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Singular line

Figure13: Thecharacteristicfor the shockcausedy surfacesingularities.

B SurfaceSingularities and Shocks

We provide an illustrative example of how shocksare generatedpn concae separable
surfaceswith singularitiesn their slopes.We notethattheseexamplesnaybegeneralized
to non-separablsurfaces. We considerthe one-dimensionahyperbolicequationfor the
evolution of thevariationof thewatersurface

ov 50 2
N°5 + 335~ hiIOHIY2) = f(xy.b), (50)

where 1 5 5
L PREIOH. Y2 = 2%
a(s) 3 1/0Hy T %n
is eitherastrictly decreasingr a strictly increasingunction. We considerapproximations
toinitial andseparabléandscapem whichwe assuméhatthelandscapés locally uniform
in directionsperpendiculato thegradientof thewatersurface.

Closeto a separabléandscapeiniformin thedirection,u;, whereu,, = —% 24

g(s)=—s 4 (51)
is areasonablenodel. We make the changeof variables

5o Yy Y
a_shl\DH1| V= G

24The separabldandscapés of coursenot uniformin the directionof u* but this examplestill givesthe
rightinformation.
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thenthe equationcanbewrittenin theform

oda 1 oa

Ty = T _ 2
If we now let
ds_ 1
dt  g(sn?’
definethecharacteristicandg = %—S thenequation(52) canbesolvedalongcharacteristics,
1 t 1. t—1
a(s) =ao(GHG(9 ~ )+ o [ 1(GTHG(S) ~ ). 1.
n n<Jo n
Theimportantequations theequationfor the characteristics
ds . 1 . 5 % 1/2
a g 3r]2h1|DH1| : (53)

It saysthatif thederivative of | 1H|%/? hasa singularityat the origin thenthe derivative of
h will obtaina singularitythereandthis singularitywill propagatelownstreamalongthe
characteristics

s= G 1(G(s) - %x

seeFigure 13. This constituteshe secondtype of shockformation, the shocksthat are
causedy singularitiesyapidsor knick points,in thesurface,in distinctionto thefirst type
of shockformationdiscussedn Section2.4andAppendixA.
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C The Scalingof the Gradient

In thisappendixwve explainhow thepresencef aprofile suchastheinitial uniformsurface
with constantslope,or the profile of the separabldandscapeaffectsthe scalingof the
gradientof thewatersurface|[JH|. Consider

OH|(y+X) = [HZ(y+X) +HZ(y+x)]"?
~ (@ +00) )2+ (c+dx¥+O(xX))%2
= (P+2cdX + O(xX))Y2,

in a statisticalsensewherec, d, e, areconstantsBy theinequality

(a+ b)l/Z < a1/2+ b1/2’

< (IOH|(y+X) = [OH|(y))*>"? = (c®+2cd* +O())? ¢
< (2cdX +0(x%) Y2 = xX/2(2cd+ O(xX))Y2.

Similarly

< (|OH|(y+X) — |OH|(y))?>Y? = (P +2cdX +0(x))Y2 —¢
> (2cdX +O(x%))Y2 = —xX/2(2cd+ O(xX))Y/2.
by theinequality
(a+b)¥2 > a2 _pl/2,

This shaws that the statisticalscalingof |[JH| hasthe exponenty/2, wheneer X is the
spatialroughnesgxponent.
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D River Basinsand Horton’ sLaws

Considerthe projectionof theriver network ontothex —y plane.Whereagheroughening
of the surfaceabove is controlledby the width function, the laterallocationof a channel
is determinedy a purerandomwalk in the downridgedirections.Sincetheflow is in the
downstreandirection, permissiblemotionsat eachstepoccurin an arc subtendingl8C.
Thecorrespondingxponentdor thisrandomwalk are

1
B 27X ’Z b

wherep is now justtheHurstexponent.Now thetributarychannelsitin the2-dimensional
planeandthe fractal dimensionof theriver network is D = 2—x = 1. The correspond-
ing (planar)avalanchedimensionis D = 1+ x = 2. If we take a one-dimensionaslice
perpendiculato the direction of the channel,thenits position on this slice is that of a
one-dimensionalandomwalker andthe watersurfaceabove this one-dimensionadliceis
determinedy anotherandomwalker in the verticaldirection(seeSection2.5.)

This analysismpliesthatmary of the propertiesof river networks may be derivedfrom a
randomwalk. For example the avalanchedimensiorfor a purerandomwalk alsogivesus
a simple proof of a well-known link betweernthe Horton relationsfor streams.Consider
the StrahlerHortonorderingfor streams® Horton[32] discoveredthatif N(a) denoteghe
numberof streamf ordera andL(a) is their meanlengththentheratios

L(a+1)
L(a)

N(a)
= — = 54
R N@eD ~ " (54)
areapproximatelyconstanbverthesameriver networks,whereR, is calledthelengthratio
andRg is calledthebifurcationratio. In [6], this wasrelatedto the avalanchgembedding)
dimensionof ariver network

In(Re)
D = = 5
In(RO)
by thevalueof D computedabore. Thuswe obtain
Re = Y. (55)

Thisrelationshigs borneout by obserationswheretypically Rg ~ 4 andR_ ~ 2.

251, streamawithouttributarieshave orderone;2. whentwo streamf ordera join, they form a streamof
ordera+ 1; 3. whentwo streamsf differentorderjoin, the resultingstreaminheritsthe higherorderof the
two.
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Figurel: TheWatersurfaceH of a Typical Runat 10%of the SurfaceEroded
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Figure3: TheWatersurfaceH of a Typical Runat 60%of the SurfaceEroded
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