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ABSTRACT

Theanalysisof a family of physically-basedlandscapemodelsleadsto theanalysisof two
stochasticprocessesthatseemto determinetheshapeandstructureof riverbasins.Thepar-
tial differentialequationdeterminethescalinginvariancesof the landscapethroughthese
processes.Themodelsbridgethe gapbetweenthe stochasticanddeterministicapproach
to landscapeevolution becausethey producenoiseby sedimentdivergencesseededby in-
stabilitiesin the waterflow. The first processis a channelizationprocesscorresponding
to Brownianmotionof the initial slopes.It is drivenby white noiseandcharacterizedby
thespatialroughnesscoefficient of 0 � 5. Thesecondprocess,drivenby colorednoise,is a
maturationprocesswherethelandscapemovescloserto amaturelandscapedeterminedby
separablesolutions. This processis characterizedby the spatialroughnesscoefficient of
0 � 75 andis analogousto an interfacedriventhroughrandommediawith quenchednoise.
Thevaluesof thetwo scalingexponents,which areinterpretedasreflectinguniversal,but
distinct, physicalmechanismsinvolving diffusion driven by noise,correspondwell with
field measurementsfrom areasfor which theadvectivesedimenttransportprocessesof our
modelsareapplicable.Variousotherscalinglaws,suchasHack’s law andtheLaw of Ex-
ceedenceProbabilities,areshown to resultfrom thetwo scalings,andHorton’sLaws for a
rivernetwork arederivedfrom thefirst one.
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1 Intr oduction

In threeprecedingpapers[38, 41, 42], we showed that a family of landscapeevolution
modelscapture,at leastto afirst approximation,theemergenceanddevelopmentof stable,
dendriticpatternsof valleysandridges.In thispaperwe demonstratethemannerin which
thesemodelsalsocapturetheeffectsof randominfluencesin driving theprocessesof land-
scapeevolution. In particular, our resultsprovide a physicalbasisfor explainingvarious
fundamentalscalingrelationshipsthatcharacterizefluvial landscapesandsuggestabridge
betweendeterministicandstochastictheoriesof drainagebasinevolution.

An importantcriticism of the discretestochasticmodelsis that, despitetheir impressive
simulationsof many planarfeaturesof fluvial landscapes,they containnoacceptablebridge
to themorephysicallyacceptabletheoriesbasedon PDEs.Thecomplexity of fluvial pro-
cessesandlandforms,however, haslong provideda justificationfor modelsthat incorpo-
ratestochasticelements.The growing body of researchfocusedon scalingrelationships
in landscapes,recentlysummarizedin [16], emphasizesthe importanceof integratingde-
terministicandstochasticrepresentationsof fluvial processesinto a tractableanduseful
theory. A generalgoalof this paper, therefore,is to show thatby interpretingPDE-based
modelsof landscapeevolution asdrivenby randominfluences,oneobtainssignificantin-
sightsnotonly into thenatureof landscapescalinglaws,but alsointo themannerin which
thedeterministicandstochasticlinesof investigationmaybebridged.

In relationto our modelingcontext, we notethat themodelsdescribedin Section2 below
focuson the advectiveentrainmentand transportof sedimentin transportlimited condi-
tions as the dominantprocessin drainagebasinevolution. While otherprocesses,such
asdetachmentlimited entrainmentandgravity driven diffusion, are importantprocesses
in many geomorphiccontexts, themodelingresultspresentedin [38, 41] indicatethatad-
vective entrainmentandtransportprocessesarein somesensethe fundamentalprocesses
underlyingdrainagebasinevolution. We believe that isolatingandunderstandingthe ef-
fectsof theseprocessesis anecessaryandcritical stepin understandingtheeffectsof many
interactingprocesseson landscapedevelopment.

In relationto ouranalyticalcontext, weapplythemethodsdevelopedin a largeandrapidly
growing bodyof researchfocusedon explainingthedynamicsandformsof complex sur-
facesandinterfacesevolving in avarietyof physicalcontexts. Importantgoalsof thislitera-
tureareto characterizethequalitativebehavior of high-andinfinite-dimensional,nonlinear
systemsthataredrivenby noiseandto explain theorigin of temporalandspatialscaling
behavior in awidevarietyof phenomena[26, 13,18,7]. It is now known thattheevolution
of surfaceswhosedynamicsaredrivenby variousformsof noisearefrequentlycharacter-
izedby scalinglaws. Suchlawsoften,but notalways,indicatethatthesystemis insensitive
to differencesin thedetailsof theunderlyingmechanismsandprocesses.This insensitivity
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leadsto the observation that seeminglydifferentsystemsexhibit qualitatively similar, or
universality classesof, behaviors (see,for example,Sneppen[20].) This fact is of great
valueinsofar asit allows oneto extendresultsthat areknown aboutthe responseof one
systemto noisy inputs to othersystemsin the sameuniversalityclass. In the following
analysis,we make useof suchextensionsin understandinghow the two typesof noise
(homogeneousandquenched)lead to distinct emergentscalingsin the erodingsurfaces
describedby ourmodels.

Weemploy severalspecifictechniquesfrom theemergingtheoryof complex surfaceevolu-
tion in investigatingthemodelsdiscussedin [38, 41] assystemsdrivenby noiseor stochas-
tic processes.First, we characterizethestatisticalstructureof erodingsurfacesandflows
in termsof variousstructure functionsthatrepresentthestatisticalcorrelationstructureof
complex surfaces.Second,we applyknown resultsfrom this theoryconcerningthe form
of scalingsthat emerge from appropriateuniversalityclassesof PDEswhensubjectedto
randomdriving forcesof a specificform. As notedabove, therationalefor suchapplica-
tion is thatsystemsbelongingto thesameuniversalityclassmanifestqualitatively similar
behaviors. In orderto take advantageof theseknown resultswe employ suitableapproxi-
mationsof ourmodelsin conjunctionwith specificmodelsof noisethatwe justify in terms
of the basicpropertiesof our models. We alsoconnectpart of our theoryto the concept
of self-organizedcriticality (SOC)asproposedby Bak et al. [31, 30, 25, 20]. Although
this concepthasyet to find an appropriatemathematicalformulation, it is basedon the
underlyingideaof anattractorpoisedat criticality to which a systemis drivenby random
perturbations.Suchsystemsarecharacterizedby essentialrelationshipsbetweenthespatial
andthetemporalscalingsof events[43] andby specificasymptoticformsof thestructure
functions1.

In relationto thestatisticalstructureof ourerodingsurfacesandflows,ourmainresultsare
thediscoveryof two fundamentalscalingrelationshipsthatarerepresentedin termsof the
asymptoticformsof astructurefunctioncharacterizingthewidth, or height-heightcorrela-
tion function(seesection2.3below), of erodingsurfaces.A first scalingrelation,with an
exponentof 0 � 5 characterizingthedepthof waterflow andtheslopeof thewatersurface,
emergesearly. This scalingis fundamentallyassociatedwith the developmentof chan-
nelizedflows on unstablesurfacesandindicatestheimportanceof stochasticinfluencesin
determiningtheconfigurationof emergingchannelnetworks.A secondscaling,with anex-
ponentof approximately0 � 75,is associatedwith self-similarseparablesolutionswhichare
associatedwith thematurestagesof developmentandtheemergenceof a variationalprin-
ciple. Thisscalingcharacterizestheform of thelandsurfacesandits slope.Thedifferences
betweenthetwo scalingssuggestthatthey aredeterminedby differentmechanisms.

1We believe, in fact, that our theorymay provide someof the foundationfor a mathematicaltheoryof
self-organizedcriticality.
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We notewith greatinterestthatfield valuesof thesameheight-heightcorrelationfunction
obtainedfor landscapesin Ethiopia,Somalia,andSaudiArabia by WeisselandPratson
[19], fall neatly into the range0.5-0.7. Although empirical scalingresultsof this form
tendto clusteraroundarelatively smallsetof values,theseresultsprovidesomevalidation
for our theory, particularlysinceour modelsmaybeinterpretedasrepresentingconditions
underwhich our advective modelsof sedimententrainmentandtransportapply, sincethe
diffusivemass-wastingprocessesof humidlandscapesarerelatively unimportant.Wemay
thereforeinterpretourmodelsasproviding physically-basedexplanationsfor suchempiri-
cal scalingrelationships.

In relationto theapplicationof known resultsfrom thetheoryof complex surfacesto ex-
plainthephysicalmechanismsunderlyingthesescalings,wefirst constructappropriatelin-
earizationsof our modelsin the two relevant regimes: theearlychannelinitiation regime
andthe mature,separablesurfaceregime. We show that, whenviewed at their fast time
scales,theselinearizedmodelspossessnoisegeneratingmechanisms.Thesemechanisms
act as seedsof the noisethat drives the erosionequationsat their long time scalesand
therebyproducetheobservedscalings.We mayinterpretthe initial, small, randomvaria-
tionsascharacteristicof theerodingelevationsandof therainfall process2.

Themechanismsthatgeneratethisdriving noiseareimportantsincethey providea linkage
betweentheobservedscalingsandthephysicalmechanismsunderlyingtheevolutionof the
erodingsurfaces.Weidentify two plausiblemechanismsof noisegenerationthatstemfrom
instabilitiesin theflow of waterover theerodingsurfacesandthat take placeon theshort
time-scalesassociatedwith suchflows. A mechanismthatwe associatewith theregimeof
early channelinitiation involvesthe formationof shocks or hydrolic jumps3 in the flow
of waterover locally convex portionsof landscapesin which channelsarefirst emerging.
Theseshockformationsare of two types. The first is associatedwith nonlinearitiesin
the water flow, the secondwith both nonlinearitiesin the sedimentflow and the linear
propagationof singularitiesin thewaterflow. Asweshow below, noisegeneratedbyshocks
of both typesmay beviewedasseedsfor the instabilitiesin the sedimentflow thatdrive
theprocessof channelization.A secondmechanismof noisegenerationthatwe associate
with theregimeof mature, separablesurfacesagaintakesplaceon a shorttime-scaleand
involvestheformationof shocksoncharacteristicallyconcavesurfacesat thepointswhere
the derivativesof the surfaceelevation function aresingular, andhydrolic jumpson the
lower reachesof theslopesandin thevalleys. While weemphasizethatthesemechanisms
of nonlinearnoisegenerationare specificto our simple advective models,mechanisms
involving analogouseffectsalmostcertainlyexist in morecomplex models.Thedetailsof

2In computingsolutionsto ourbasicmodel,we simulatesuchnoiseasa combinationof perturbationsto
theinitial erodingsurfaceandtheround-off errorin thenumericalcomputations.

3A shockis a discontinuityin a wave-like form thatoccurswhenthehigherpartsof thewave propagate
atahighervelocity thanthelowerpart(see,for example,Smoller[36]).
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how thenoisegeneratingmechnismsmakethewaterflow turbulentandleadto divergences
in thesedimentflow arenot completelyunderstood.Thesemechanismandhow to model
themmathematicallyarethetopicof currentinvestigations.Wewill elaboratebelow onthe
intuitive reasoningthatinstabilitiesin thewaterflow actasseedsto thedivergencesin the
sedimentflow andthat the resultingmathematicalmodelfor the sedimenttransportmust
beanoise-drivengradientflow.

The cumulative effects of the noisegeneratedin the flow of water at short time-scales
impactthesedimentflowsat thelongertime-scaleof erosionandleadto theobservedscal-
ings.Henceweview thefirst scalingrelation,whicharisesfrom anerosionprocessdriven
by noise,generatedby water-seededdivergencesin the sedimentflow, asresultingfrom
universalphenomenathataremodeledasdiffusive(random)processesdrivenby homoge-
neousnoise. Sincethis scalingis associatedwith the developmentof channelizedflows
on unstablesurfaces,it indicatesthe importanceof stochasticinfluencesin determining
the configurationof emerging channelnetworks. In particular, we show that suchcon-
figurationsmay be viewed asarisingfrom a randomwalk. The secondscalingrelation,
whicharisesfrom erosionprocessesbeingseededby instabilitiesin thewaterflow but over
separablesurfaceswith singularities[38], is alsoa universalphenomenongeneratedby a
noise-drivendiffusive process.Whereasthe noisegeneratedby shocks(hydrolic jumps)
over the initial channelizingsurfacesis spatiallyhomogeneous,the noiseseededby the
shock-inducingsingularitiesof the separablesurfacesis highly inhomogeneousin space
dueto nonlinearquenching.Thusthesedimentdivergencesareseededby homogenousin-
stabilitiesin thewaterflow in caseof thefirst processbut coloredinstabilitesin caseof the
secondprocess.In additionthe sedimentdivergencesthemselvesdiffer in the two cases.
Hence,althoughthetwo processesaresimilar in bothbeingdiffusiveandnoise-driven,the
differencesin formsof theassociatednoiseresultin differingscalingexponents.

Weshow thatvariousotherscalingrelationsfollow from ourtwo basicscalingrelations.In
particular, we show that thesecondscalingleadsto a simplederivationof theestablished
scalingrelationshipbetweenstreamlengthanddrainageareaknown asHack’s Law. Fur-
thermore,thenoisethat leadsto thefirst scalingalsodrivestheinitial growth of channels,
allowing usto characterize,in termsof randomwalks,thenatureof theprocessby which
channelsemergefrom unstructuredsurfaces.We emphasizethatour contributionsin rela-
tion to ourscalingresultsarenotsimply in showing how oneparticularmodelgivesriseto
(self-similar)scaling,but to show thatthescalingof surfacesandprocessesin a largeclass
of relevantmodelsmaybeviewedasbeingcausedby universalphysicalprocesses.

Many detailsof this theoryremainfor investigationandsignificanteffortswill berequired
to generalizethetheoryto casesinvolving othergeomorphicprocesses.Specificquestions
of interestincludewhetherthetwo suggestedmechanismsof noisegenerationcanbegen-
eralizedto other, morecomprehensive models;whetherthe scalingresultscanbe shown
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to follow in the full nonlinearregime of the equations;andwhetherthe two scalingsare
sufficient to determineall of the otherscalingrelationsof fluvial landscapes,or whether
thereareotherscalingsthatwe have eitheryet to find or thatariseasa resultof processes
not encompassedwithin our advectivemodels.Despitethesedauntingresearchproblems,
we believe that the resultspresentedin this paperprovide a reasonablequalitative model
of theemergenceof form andscalingsovera broadrangeof fluvial contextsandthatsuch
resultsarelikely to beindependentof many specificmodelingdetails.

Thepaperis structuredasfollows. In Section2 we discussthemathematicalmodels,the
nonlinearshockformationthat seedsthe noise,andthe structurefunctionsthat give rise
to thescalingrelations.Theresultsof numericalsimulationsof themathematicalmodels,
whicharepresentedin Section3, provideabasisfor theempiricalandanalyticalinvestiga-
tionspresentedin theremainingsectionsof thepaper. In Section4,weprovideatheoretical
explanationfor thefirst scalingrelationthat is associatedwith theemergenceof channel-
izationonunstructuredsurfaces.In Section5, weprovidea theoreticalexplanationfor the
secondscalingrelationthat is associatedwith the separablelandscapes.We discussthe
implicationsof our resultsfor theunderstandingof geomorphicphenomenain Section6,
while Section7 containsa summaryof our results. A derivationof the formationof hy-
drolic jumps(shocks)in the waterflow over concave surfacesin containedin Appendix
A. A proof of theformationof shocksfrom surfacesingularitiesandtheir linearpropaga-
tion, andanexplanationfor the observedscalingof the gradientof the watersurfaceare
containedin AppendicesB andC respectively anda derivationof a relationshipbetween
Horton’s laws is containedin AppendixD.

2 Modeling Eroding Surfacesand their ScalingLaws

Becausethe surfacesgeneratedby fluvial erosionarethe resultof highly nonlinearpro-
cessesdriven by noisy inputs, they are complex and difficult to representin traditional
terms.We now discussthemodelsof nonlinearerosionprocessesfrom which our results
aregenerated,andbriefly indicatethe natureandorigin of the randomeffectsthat drive
the equations.We thendescribethe mannerin which suchsurfacesmay be represented
in termsof structurefunctions,the asymptoticforms of suchstructurefunctions,andthe
associatedscalinglaws.

2.1 A Family of LandscapeEvolution Models

The scalingresultspresentedin this paperarederived from the samefamily of models
studiedanalyticallyand numericallyby Smith, Birnir, and Merchant[38], Smith, Mer-
chant,andBirnir [41], andBirnir, Smith,andMerchant[5]. Thesemodelsrepresentthe
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advectiveentrainmentandtransportof sedimentin transportlimitedconditions[2]. Based
on our previous analysesand on the resultsreportedin this paper, we believe that they
captureessentialaspectsof fluvial erosionat small to mediumscalesof spatialresolution
(see,for example,Howard,Dietrich, andSeidl [3]) 4. While it is straightforward to ex-
tendthesemodelsto representotherprocessesthataresignificantin theevolutionof fluvial
landscapes,suchasgravity-drivendiffusionprocesseson hillslopes,we believe that their
effectswould maskthe scalingrelationsassociatedwith the advective processesof sedi-
menttransportin channelandoverlandflows 5.

We now providea summarydescriptionof thefamily of models.A moredetaileddescrip-
tion of their derivation is provided in [38]. We alsoprovide a brief discussionof those
aspectsof thecharacteristictime scalesof themodelsthatarerelevantto thepresentcon-
text. Themodelsarebasedonconditionsdescribingtheconservationof waterandsediment
fluxesovera continuous,erodiblesurfacez � z

�
x � y� t �� R � ∂h

∂t
� ∇ 	 � uw qw �
� (1)

∂z
∂t

� ∇ 	 � uw qs� (2)

in which h � h
�
x � y� t � is the depthof water varying continuouslyover the landsurface,� uw � � ∇H�

∇H
� is a unit vector in the direction of both water and the advectedsediment

flows,H � H
�
x � y� t ��� z

�
x � y� t �
� h

�
x � y� t � is a freewatersurface,qw representstheflux of

waterperunit width, andqs representstheadvectedflux of sedimentperunit width.

Thereare threenaturaltime scalesthat characterizethe dynamicsof equations(1), (2).
Thesetime scalesmay be derived by transformingthe variablesof equations(1), (2) to
dimensionlessform, usingrelationsv ��
 v� v� in which 
 v� is ascaleandv

�
adimensionless

variable. Given valuesfor the scalingparameters
H ����
 h����
 qw����
 qs����
R� and 
 x����
 y� that
arecharacteristicof thevariablesin equations(1), (2), 6 wemaythendefinerepresentative
valuesof thescalingparameterfor the time variable( 
 t � ) by settingthevaluesof specific
dimensionlessparametersof theproblemto unity.

A shorttimescale 
 t � for t maybedefinedby therelation 
 t ��
 qw����
 h��
 x��� 1, whichmaybe
interpretedto imply that 
 t � is the time scaleat which thevolumeof waterflowing over a
lateralcrosssectionof theridge is approximatelythesameasthevolumeof wateron the

4Whetherthey captureessentialaspectsat largescalesof spatialresolutionis anopenissue.
5We planto exploretheeffectsof suchprocessesonscalingin laterpapers.
6A usefulsetof suchvaluescharacterizetherepresentativescaleswhenthebasicmodel(1, 2) is usedto

representtheerosionof a small,linearridge.
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surface.Applying thisscalingto dimensionlessversionsof equations(1), (2) anddropping
theasterisksdenotingdimensionlessvariables,weobtain

∂h
∂t

� ∇ 	 � uw qw ��� 
 x��
R�
 qw � R

∂H
∂t

� 
 h�
H � ∂h
∂t

� 
 h��
 qs�
H ��
 qw� ∇ 	 � uw qs�
�
It is naturalto choosea scalingthat makes the dimensionlessparameter
 x��
R����
 qw��� 1
in thewaterflow equationandinterpretall termsin this equationasbeingO

�
1� (see,for

example,[1]). Thesignificanceof this fact,aswe show in Section2.4andin AppendixA,
is that theflows describedby this equationarecharacterizedby shockwavesthatwe may
interpretasshorttermnoise.Theorderof thedimensionlessparameter
 h��
 qs����
H ��
 qw� in
theerosionequationis muchsmallerthanunity andsmallerthan 
 h����
H � . Henceweobtain
the(approximate)erosionequation

∂H
∂t � 
 h�
H � ∂h

∂t

whichindicatesthatvariationsin thewatersurfaceH aresmallat thistimescaleanddriven
by short term variationsin the flow depthh describedby the waterflow equation. This
equationalsoimpliesthaterosionof thesurfaceis negligible at this timescale.

A timescale
 t � thatis intermediatebetweenthepreviousshortscaleandlongerscalesmay
be definedby the relation 
 t ��
 qs����
 h��
 x��� 1, which implies that we may interpret 
 t � asa
timescaleatwhichthevolumeof sedimentflowing overa lateralcrosssectionof theridge
is approximatelyequalto thevolumeof wateron theridgeat any time. On applyingthis
scalingto equations(1), (2) weobtain
 qs�
 qw � ∂h

∂t
� ∇ 	 � uw qw ��� R

∂H
∂t

� 
 h�
H � ∇ 	 � uw qs� � 
 h�
H � ∂h
∂t

wherewe have oncemoreusedthe scalingrelation 
 x��
R����
 qw��� 1. We notethat the di-
mensionlessparameter
 qs����
 qw � thatmultipliestheterm ∂h

∂t hasa magnitudethatis greater
thanits magnitudeat the short time scale. Sincethe evolution of the watersurfaceH is
determinedby two termsthatwe mayassumeto beO

�
1� , see[1], andsincebotharemul-

tiplied by thesamesmalldimensionlessparameter
 h����
H � , we mayinterpretthis to mean
thatchangesin thesurfaceH aredeterminedto a significantdegreeby smallfluctuations
in thedepthof waterh, indicatedby thewaterflow equation,aswell asby theerosionof
thezsurface.
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A longtimescale 
 t � maybedefinedby therelation 
 t ��
 qs����
H ��
 x�!� 1 andwemayinterpret
 t � asthetimescaleatwhich thevolumeof sedimentflowing overa lateralcrosssectionof
the ridgerepresentsa significantproportionof thevolumeof the ridge. On applyingthis
scalingto equations(1), (2) andagainusingthescalingrelation 
 x��
R����
 qw��� 1, weobtain
 h��
 qs�
H ��
 qw � ∂h

∂t
� ∇ 	 � uw qw � � 
 x��
R�
 qw � R

∂H
∂t

� ∇ 	 � uw qs� � 
 h�
H � ∂h
∂t

�
The small size of the dimensionlessparameteron the LHS of the water flow equation,
 h��
 qs����
H ��
 qw�#"$" 1, suggeststhat thebasicflow is essentiallyanequilibriumflow down
thesurfacegradient.It is notunreasonable,therefore,to adoptthefollowingapproximation
to thewaterflow relation

0 � ∇ 	 � uw qw �
� 
 x��
R�
 qw � R (3)

aswasdone,for example,in the analysespresentedin [39, 10, 38, 41]. While we may
interpretthedominantbalancein theerosionequationasbeingbetweenthefirst two terms,
we mayinterprettherelatively small term 
 h����
H � ∂h� ∂t asrepresentingrandomvariations
thatdrive thesedimentflow.

2.2 PreviousResultsfor Long Time ScaleApproximations

Smith,Birnir, andMerchant[38, 41] analyzeda subfamily of themodels(1), (2) thatwas
obtainedwith theuseof the following assumption.First, the long time scaleapproxima-
tion (3) to thebasicmodelwasassumed,togetherwith theadditionalscalingrelationship
 h����
H �!�%
 qs����
 qw ��& η. Second,aManning-typeconstitutiverelation

qw � nh
5
3 ' ∇H ' 12 (4)

wheren, the inverseof thechannelroughness,is a constant,wasadoptedto representthe
flux of water. Third, apower law relation

qs � kh
5
3γ ' ∇H ' β2 ( δ (5)

wasemployedin representingtheflux of sedimentqs [46]. Theseassumptionsleadto the
following dimensionlessequations:� R � ∇ 	 ) ∇H' ∇H ' h5

3 ' ∇H ' 12 * (6)
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∂H
∂t

� η
∂h
∂t

� ∇ 	 ) ∇H' ∇H ' h5
3γ ' ∇H ' γ2 ( δ * � (7)

The initial and boundaryconditionsemployed in theseanalysesmodeleda linear ridge
undergoingerosionasa resultof auniformrainfall (seeequations(9), (10)below.)

Applying thenumericalmethodsdescribedin [41] to equations(6)-(7), it wasshown [41]
that initially unstructuredbut randomlyperturbedtwo-dimensionalsurfacesareunstable
whenerodedby water. Channelizedflows developon thesurfaceswith a region of maxi-
mumchannelizationfirst emergingtowardsthelowerboundaryof surfaceswith aninitially
planarconfiguration7. This processof channelizationinvolvesthe merging of “ri vulets”
andthe formationof larger “channels”. The longitudinalprofilesof the ridgesimultane-
ouslydevelopa concavity thatalsoemergesinitially nearthe baseof the ridgeunderthe
influenceof thefixed lower boundary. The region characterizedby themaximumrateof
channelizationandby theemergenceof theconcavity graduallymovestowardstheupper
boundaryof theridgeasthesurfaceerodes.

A patternof dendriticvalleysseparatedby ridgesemergesandcomesto dominatetheerod-
ing surface. Sucha patternis illustratedin Figures1 and2, which representthe surface
after 10% of an initially planarsurfacehasbeeneroded.After a characteristicperiodof
erosion,the surfacesevolve towardsstablelandscapesof concave valleys andridgesthat
decayslowly in aself-similarmanner. Suchapatternis illustratedin Figures3 and4,which
representthesurfaceafter60%of aninitial planarsurfacehasbeeneroded8.

Theconvergenceto theseformsoccursfrom initial surfacesthatarebothplanarandnon-
planar. Thecharacteristicperiodof erosionthatprecedesthisconvergence,whichwemea-
surein termsof thepercentageof theoriginalsurfaceeroded,dependson thenatureof the
initial surface,the rainfall rate,andthe parametersasγ andδ. Thesematurelandscapes,
consistingof stablepatternsof concavities,valleys, ridges,andassociatedflows,arewell-
describedby aclassof solutionsto thenonlinearPDEs(6)-(7) for casesin whichη ∂h

∂t may

beignoredin equation(7) relative to ∂H
∂t [38]. Suchsolutionsdependon thecharacteristics

of thewaterandsedimenttransportlawsandontheboundaryconditionsfor thePDEs;they
areseparablein timeandspace

H
�
x � y� t �+� TH

�
t � Ho

�
x � y�,� h

�
x � y� t �-� Th

�
t � ho

�
x � y� ; (8)

andthey arestable[38]. They arealsocharacterizedin termsof a variationalprinciple
[38], by which a simplefunctionof thesedimenttransportover thesurfaceis minimized,

7A varietyof numericalexperimentshaveshown thatchannelizationoccursonsurfaceswith a largearray
of initial configurations.

8We note,in particular, thesharpnessof thelongitudinalridges,or divides,separatingthevalleys.
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subjectto constraintsinvolving the conservation of waterflow andthe elevationsof the
initial surface.

2.3 The ModelsUnderlying the PresentAnalysis

Theanalysispresentedin thecurrentpaperis similarly basedon theuseof equations(1),
(2), theManning-typeconstitutive relation(4) for the flux of water, a power law relation
(5) for theflux of sediment,andtheinitial andboundaryconditionsprescribedin equations
(11), (12). For reasonsthat we discussbelow, however, we no longer assumethat the
term ∂h

∂t in equation(1) is alwaysnegligible. As we show this term leadsto significant
disturbancesin the flow of waterat the short time scalesdiscussedin Section2.1. We
interpretthesedisturbancesasnoise,whosecumulative effects,aswe discussbelow, are
significantin seedingtheinstabilitiesin theflow of sedimentat thelongertimescales.

We thereforefocusourattentionon themodel

η2∂h
∂t

� ∇ 	 ) ∇H' ∇H ' h5
3 ' ∇H ' 12 * � R� (9)

∂H
∂t

� η
∂h
∂t

� ∇ 	 ) ∇H' ∇H ' h5
3γ ' ∇H ' γ2 ( δ * (10)

in which we have adoptedthe scalingrelation 
 h����
H ���.
 qw ����
 qs��& η. In relationto the
threetime scalesdiscussedabove, we notethat thereis no lossof generalityin this rep-
resentation.In particular, we mayobtaintheshorttime scaleversionof theequationsby
applyingthetransformationτ � t � η2 andtheintermediatetime scaleversionby applying
thethetransformationτ � t � η.

We employ the sameboundaryandinitial conditionsas[38, 41] to modela linear ridge
extendinguniformly in the lateral(x)-directionanddefinedover a rectangulardomainof
lengthL andwidthW,

D �0/ � x � y�21 IR2 '0 3 x 3 L � 0 3 y 3 W 4��
with initial conditions

h
�
x � y� 0�5� d

�
y�6� d

�
0�7� ho � d

�
W �8� 0 �

H
�
x � y� 0�5� cy � ho � 0 3 y 3 W (11)

andboundaryconditions

h
�
x � W� t � � 0 �

H
�
x � 0 � t ��� h0 � h

�
x � 0 � t � (12)
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correspondingto a waterdepthof zeroat the top of the ridge andan absorbingbody of
waterat the baseof the ridge. While the watersurfacemustbe consideredto be a free
surfaceat the top of the ridge, it may be viewed as consistingof finitely many smooth
curvesthataresolutionsof a nonlinearODE (thePDErestrictedto theboundary).These
curvesare joined in a continuous,but not smooth,moving boundary(see,for example,
Figure3.) Theupperboundaryis characterizedby theadditionalconditions

qw � qs � 0 �
indicatingtheabsenceof any flux of wateror sedimentoverthisboundary. Sinceqw andqs

areexpressedaspowersof h and∇H in theconstitutive relations,theseconditionsimply
thatthevanishingof thewaterdepthdominatestheblow-upof thegradientof H (in qw and
qs) andthatthenormalderivativeof H maybecomeinfinite at theupperboundary

n 	 ∇H
�
x � w� t ��� ∞ �

Theboundaryconditionsonthelateralboundariesof theridgeatx � 0 andx � L aretaken
to beperiodic,modelinga linearridgeof infinite extent.

2.4 The Roleof Noiseand Its Generation

Thereasonsfor retainingthetermη2∂h
∂t in thewaterflow equation(9) is relatedto theissue

of noise,its effectin driving theerosionprocess,andits relationto thescalingrelationsthat
characterizeerodinglandsurfaces.Many investigationsof PDEsthatmodeltheevolution
of complex surfacesandinterfaceshave shown thesignificantrole playedby noisyinputs
in determiningthebehavior of suchsurfaces.As shown, for example,by Sneppen[20] the
natureof thenoisedriving theevolutionof complex surfacesandinterfacesis oftenamajor
determinantof thestructure,andhencethescalingproperties,in bothemergentandmature
systems.

It is especiallyessentialto considerthe effectsof noisewhenmodelingthe evolution of
geomorphicphenomena.Thecomplexities of geomorphicprocessesandsurfacesmake it
virtually impossibleto modelmany aspectsof landscapeevolution without representing
variousclassesof modelinputsin stochasticterms.Thenonlinearpropertiesof suchsys-
temsmay leadto invalid analysesif explicit accountis not takenof the stochasticnature
of variousinputs. This is especiallythe casefor landscapephenomenawhoseevolution
is governedby complex, interdependentprocessescharacterizedby differing time scales.
Within thecontext of ourproblem,for example,it is difficult to imaginerepresentationsof
eithersmallscale(andhenceshortterm)perturbationsto thelandsurfacez

�
x � y� t � or short

term variationsin rainfall R that arenot stochastic.Givensuchinputs,the flow of water
over thesurfacez

�
x � y� t � , asmodeledby equation(9), is itself assuredto bestochastic,as
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areany shorttermeffectsof suchvariationson theentrainmentandtransportof sediment.
As we show below, however, randomeffectssuchasthesethatoccurover relatively short
timescalescanneitherbeignorednoraveragedoutat longertimescales,sincetheireffects
mayaccumulatein non-trivial ways.

Plausiblesourcesfor randominputsto the modelspresentedin [38, 41] andrepresented
in (9), (10) include,at the least,(1) theform of the initial surface;(2) thestructureof the
erodingsubstrate;and(3) theinputsof rainfall. In theinvestigationsdescribedin [41], and
againin thepresentanalysis,theinitial surfacesfrom which channelizedformsevolveare
randomlyperturbed.Not only is this necessaryfor breakingthesymmetryof thesurfaces,
and henceallowing channel-forminginstabilitiesto becomeeffective, but accordswith
the precedingargumenton the impossibility of modeling,in a deterministicmanner, the
processesandformsleadingto smallsurfaceperturbations.

In theinvestigationsdescribedin [41], andagainin thepresentanalysis,neithertheeroding
substratenor the rainfall inputsarerepresentedin termsof stochasticeffects. It is, there-
fore, valid to askwhetherthis apparentlack of time-dependentstochasticvariationin the
modelinputsleadsto any significantlack of generalityin our modelingresults.Wedo not
believe this to bethecase.First we notecompellingempiricalevidencefrom a varietyof
studies(see,for example,Morisawa [29] andSchumm,Mosley, andWeaver [34]) indicat-
ing that theconfigurationof emergentdrainagepatternsis stronglydeterminedby initial,
andessentiallyrandom,surfaceconfigurations.

Second,andperhapsof greaterintrinsic interest,is the fact that themechanismsof water
flow embeddedin equation(9) arecapableof generatingvariationsin flows at shorttime
scalesthatmaybeinterpretedasconstitutingnoise.In particular, wenotethatequation(9)
is capableof generatingshock wavesthatprovide a continuoussourceof variationto the
system. It is, for example,well-known that flows describedby the analogouskinematic
wave approximationof the Saint-Venantequationsarecharacterizedby shocks[23, 35].
Thekinematicwaveapproximationis known to hold underconditionsof overlandflow on
steepslopesandfor variationsin dischargethatareof smallamplitudeor longwavelength
(see,for example,[23, 35]).

In AppendixA weshow thatthewaterflow equation(9) becomesaone-dimensionalequa-
tion describingtheflow of waterdown thegradientof thewatersurface

∂h
∂t

� 5
3η2h29 3 ' ∇H ' 12 ∂h

∂s
� : ' ∇H ' 2∆H � 1

2

�
H2

x Hxx � 2HxHyHxy � H2
y Hyy�' ∇H ' 52 ; h59 3

η2� R
η2 � (13)

in which s parametrizesthis direction. We provide a proof of the existenceof shocksin
theflowsdescribedin this equationin AppendixA, andshow below thatsuchshockslead
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to white noisethat seedsthe instabilitiesin the flow of sedimentin equation(10) on a
longertime-scale.Two distinctmechanismsleadto suchnoise.First, on convex surfaces
thewaterflow equation(13) hassolutionsthatdevelopshocks.Second,thesedimentflow
equation(10) developssolutionsthat are not smoothand that possesssingularitiesin a
derivativeof H. Thesesingularities,whichwemayinterpretaswaterfallsor rapids,produce
shocksin the flow of water. While both of thosemechanismsarepresenton the convex
surfacesthatemergeandexist duringtheearlystagesof theevolution of thelandsurface,
thesecondshockproducingmechanismdominatestheconcavesurfacescharacterizingthe
maturestageof evolution.

In additionto thesesourcesof noise,smallround-off errorsin thenumericalcomputations
provide a continuoussourceof small randominputs to both the flow of water over the
surfaceandthe erosionof the surface. Sincethe numericalproceduresthat underly the
currentanalysis(describedin Section3.1) aremoreaccuratethantheproceduresusedin
[41], they do not requirethe suppressionof machinenoisewith theuseof largeamounts
of artificial viscosityin order to obtainconvergentcomputations.Insteadtherearevery
small amountsof numericalviscositypresentin thesemoreaccuratemethods,enoughto
suppressround-off errorsbut smallenoughto giveanaccuratepresentationof theevolution
of thesmallscales.

In summary, wehaveidentifiedtwo mechanismscapableof generatingnoisein thesystem,
on the intermediatetime-scaledefinedin Section2.1, in addition to the initial random
perturbationsto thesurfaceandtheextremelysmallnumericalnoise.While theserandomly
drivendisturbancesoccurat the shorttime-scalesdefinedby τ � t � η2 andτ � t � η, their
cumulativeeffect is felt in thesedimentflow on thelong time-scaleof erosionthroughthe
dependenceon h andtheterm � η∂h

∂t . They actasseedsfor theinstabilitesin thesediment
flow andareamplifiedinto noisein thesedimentflow onthelongtime-scalein Section2.1.
Theseeffectsconstitutetherandomvariationsin themodel(9)-(10)thatdrivethedynamics
of thesystem.

2.5 ComplexSurfaces,Structure Functions,and ScalingRelations

Surfacesand interfacesmodeledby nonlinearPDEsdriven by noiseare, in general,too
complex to allow ananalyticrepresentation.In many casesthesolutionsthatexist do not
even possessderivatives. Hencevariousmethodshave beendevelopedto representthe
structure,andparticularlythe statisticalstructure,of suchsurfaces. An importantsetof
characterizationsinvolvestructure functionsthattake theform

ρk
�
x � t �<�=" 'F �

x � y � t � � F
�
y � t � ' k > (14)

14



in which F
�
x � t � is somefunction characterizinga surface,x � �

x � y� are lag variables," > representstheexpectationoperatortakenover someensembleof (randomlyselected)
surfaces,andk � 1 � 2 �?�@�@� is apositiveinteger. If thesestructurefunctionspossessascaling,
thenwecanconcludethatthesystemis statisticallyself-similarandhasthesamestructure
andperhapsdynamicsonall lengthscalesincludingarbitrarilysmallones.

Certaincasesof the structurefunctionareespeciallyimportantin applications,including
thecasek � 1, in whichρ1

�
x � t � representsthemeanvalueof thedifferencesof thefunction

at differentdistancesapart,and the casek � 2, which is often employed in termsof its
squareroot

WF
�
x � t ��& ρ2

�
x � t � 1

2 �A" 'F �
x � y � t � � F

�
y � t � ' 2 > 1

2 (15)

to representthe root meansquareof the elevation differencesas a function of different
distancesof separation' x ' . This function, which is known variouslyasthe variogram,
height-heightcorrelation function, roughnessfunction, or width function [11, 21, 37], is
oftenusedto characterizetheroughnessof thesurfacein thedirectionof growth. We may
alsointerpretWF

�
x � t � asmeasuringthecorrelationbetweenheightsatpointsseparatedby

adistance' x ' . Wenotethatthewidth functionandthespatialautocorrelationfunction

CF
�
x � t �<�=" F

�
y � x � t � F �

y � t � > (16)

arerelatedby

CF
�
x � t ��� σ2

F
�
t � � 1

2
W2

F
�
x � t �6� (17)

in which σF is thevariance9. An increasein W correspondsto anincreasein correlations
betweentwo points on a surface. However, the scalingsof C andW2 are, in general,
different.Brownianmotion,for example,is characterizedby σF

�
t ��B t19 2 butbyWF B t19 4.

Importantquestionsconcernthe mannerin which structurefunctionsand their analogs
vary with changesin thevaluesof the lag variablex andtime, andin particular, whether
their variationmaybe representedin termsof simplepolynomialfunctions. In many ap-
plications,thewidth functionpossessesparticularlysimpleasymptoticformsrepresenting
scalinginvariancesin thesystem.It is oftenthecasethatthebehavior of a surfaceis well
describedby asymptoticformsof (15)thatareapplicablein differentspace-timeregimesof
thesystem’sdynamics(see,for example,[37, 25,20]). Suchformshavetherepresentation

WF
�
x � t ��B tβ f

�
t � ' x ' z��� (18)

9In practicethevarianceis alwaysfinite for topographicsurfaces.
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in whicht is time,x is thelagvariable,β is known asthetemporal roughnessexponent, and
z is calledthedynamicexponent. An interpretationof thesescalingrelationsis that there
is anequivalencebetweenthetemporal andthespatialscalesgivenbyt B ' x ' z thatallows
oneto definevariousspace-timeregimesof theprocess.

Therougheningof thesurface,suchasoccursfor examplewhenchannelizedformsemerge
onfluvially erodingsurfaces,is a transientphenomenon.In thespace-timeregimeof tran-
sientbehavior the roughnessof a surface,asmeasuredby WF B tβ f

�
t � xz� , typically in-

creases.This regimeis characterizedby f
�
y�CB yD β for y "$" 1, from which it followsthat

thewidth functionmaybeapproximatedby asimplepower law

WF
�
x � t ��B tβ (19)

in which β is the temporalroughnessexponent.Sincethetemporalandspatialroughness
exponentsarerelatedby 10

χ � zβ � (20)

thewidth functionin thiscasemaybeapproximatedby therelationship

WF
�
x � t �EB ' x ' χ (21)

in which χ is thespatial roughnessexponent. It is this growth in spatialroughnessthat is
easiestto computeandis estimatednumericallybelow. The lengthof the transienttime
interval is of theordert B Lz, whereL is thesizeof thesystem11. Following this transient
period,theremaybeaspace-timeregimeof stationary, or saturated, behavior in whichthe
roughnessof thesurfacefluctuatesaboutstatisticallysteadyvalues.In thisregime,whichis
characterizedby f

�
y�8B constant, y >F> 1, pairsof pointson thesurfacethatareseparated

by a distance' x ' B L arecharacterizedby differencesin theexpectedvaluesof thewidth
functionof orderof ' x ' χ.

In surfacegrowth modelsin whichWF
�
x � t � measuresthe roughnessof thesurfacein the

directionof the growth, χ may be interpretedas the fractionalpart of the dimensionof
the surface,i.e., the embeddingor avalanchedimensionis d � χ, whered is an integer.
Roughlyspeakingthedimensiond characterizesthespatialextentof theavalancheandχ
characterizestheheightof its “bulge”, seeSneppen[20].

If theroughnessexponentχ doesnot dependlinearly on k thenthescalingis calledmulti-
fractal, while if thescalingexponentdependsonthedirectionof thelagvector, thescaling
is saidto be anisotropic (see,for example,[22], [9]). For an arbitrarystructurefunction
of orderk, for example,this maytake the form ρk

�G�
x � y�?�H� constant I � ' x ' kχx � ' y ' kχy � in

10This indicatesthatthedynamicexponentz maybeinterpretedastheconstantof proportionalitylinking
thetemporalandspatialscales.

11This indicatesthatthesystemtakestime t J Lz to completelyreorganizeitself.
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which χx K� χy. In thecaseof single-fractalandisotropicscalings,only two scalingexpo-
nentsarerequiredto determineall others(see,for example,[20]). The fractal dimension,
for example,may be representedasD f � n � χ, wheren is the total (spatial)dimension,
while theembeddingor avalanchedimensionmayberepresentedby D � d � χ, whered is
the“dimension”of the interface12. Theavalanchedimensionrelatesthespatialextentof
anavalancheto its temporalgrowth, ' x ' B tD 13.

An importantclassof statisticalphenomenamaybecharacterizedin termsof processesthat
take theform of fractionalBrownianmotion[27]. Thevarianceof suchprocesses,which
areof relevancefor theanalysispresentedin Section5.3,satisfiesscalinglawsof theform

σ B tH f
�
t � ' x ' z� (22)

in which0 " H " 1 is known astheHurstexponent.Thisexponentis theleadingexponent
in the rate of increaseof the correlationfunction and is, in general,different from the
temporalroughnessexponentβ that gives the temporalrate of increaseof the structure
functions.

The usualBrownian motion is a specialcaseof fractionalBrownian motion with Hurst
exponent1� 2 andwith time incrementsthatareuncorrelatedin time. For fractionalBrow-
nianmotionwith HurstexponentH > 1� 2, increasingtrendsin thepastleadto a further
increasesin thefuturewhile for fractionalBrownianmotionwith HurstexponentH " 1� 2,
decreasingtrendsin thepastleadto furtherdecreasesin thefuturefor arbitrarilylargetimes.
It is importantto notethatsystemscharacterizedby regularBrownianmotionachieveasta-
tistically stationarystatewith respectto their time-incrementsin thelong run,whereasfor
fractionalBrownian motion H K� 1� 2, the long-timestateis not stationary. However, in
bothcasesthe long-timebehavior is differentfrom thetransientbehavior, which explains
thedifferencebetweentheHurstcoefficientandthetemporalroughnessexponentβ. It fol-
lows that for Brownianmotion(H � 1� 2) the(generalized)time derivative is statistically
stationarywhitenoise.

2.6 Estimating the ScalingExponentsfr om Experimental Data

In theanalysispresentedbelow, we employ width functionsto characterizethecorrelation
structureof: (1) thewaterdepthh in termsof thewidth functionWh; (2) thewatersurface
elevationH in termsof thewidth functionWH ; and(3) thewatersurfaceslope ' ∇H ' in
termsof thewidth functionW�

∇H
� . Becauseof the relation(20), we only requiretwo ex-

ponentsin characterizingscalingrelationsinvolving thesewidth functionsandwe employ

121 for a fractalline, 2 for a fractalsurface,etc..
13We maydefinean avalancheasa burstof activity in surfacegrowth, in which a significantnumberof

sitesmovetogether.
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the temporalandspatialroughnessexponentsβ andχ. The spatialroughnessexponent
is computedfrom the scalingof the width function (15). We alsomake useof the fact
thatwemayrepresentvariousscalingrelationsin termsof scalingof the(temporal)power
spectrum,see[28]. For presentpurposes,it sufficesto notethat

Ĉ � S
�
k �CB 1

k1( 2β (23)

in which S
�
k� representsthepower spectrumat frequency k. Employing thepower spec-

trum, we may computethe temporalroughnessexponentβ independentlyof the spatial
roughnesscoefficient χ, andthusalsoobtainthedynamiccoefficient z � χ � β usingequa-
tion (20).

In validatingandinterpretingour results,we make useof known resultsconcerningthe
scalingof solutionsto equationsin thesameuniversalityclassesasthosewe examinebe-
low.

3 The Two Scalings:Numerical Results

Numericalsimulationsof theevolutionof erodingsurfacesgeneratedby equations(9), (10)
provideconvincingevidencefor theemergenceof two fundamentallandscapescalings.We
briefly discussthenumericalmethodsunderlyingouranalysisandthendescribethescaling
results.

3.1 Numerical Methods for Accurate ScalingRelations

While the numericalmethodsemployed by Smith, Merchant,andBirnir [41] in solving
equations(6), (7) leadto solutionsthat representthe correct,separablelandscapes,they
turnout to beinsufficient for deriving numericallyaccuratescalingresults.Thesesolution
methods,describedin detailin [41], involvealternativecomputationsof equilibriumwater
flowsandverysmallerosionalchangesto thelandsurface,usinganexplicit, two-stepMac-
Cormackpredictor-correctorfinite-differenceschemeadaptedfor two-dimensionalover-
landflow [44, 40]. This schemeinvolvestheuseof artificial viscosityto avoid numerical
oscillations[17]. By suppressingthenoisethatis amplifiedby theinstability of theinitial
surface,however the small scaledynamicsbecomeinaccurate.Hencethesemethodsare
inadequatefor numericallyaccurateestimatesof thescalingparameters.

For the purposesof the currentinvestigation,we designeda significantlymoreaccurate
numericalschemecapableof representingthecorrectsmallscaledynamicsandbasedon
theexistencetheoryof thenonlinearPDEs.By solvingthehyperbolicequation(9) in two
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dimensionsusinganupwindscheme, we rendertheschemestableandeliminatetheneed
for artificial viscosity.14 A Crank-Nicholsonschememaythenbeappliedin computingthe
nonlineargradientflow (10) andby solving the resultingimplicit matrix equation. This
computationis significantlylessexpensive thanthepreviouscomputationsbecausein the
explicit schemesignificantamountsof computationarerequiredin orderto dampeninsta-
bilities in thewaterdepthby artificial viscosity15.

Wenotein passingthatthecomparisonwith thepreviousnumericalschemeisaninteresting
study in numericalanalysisandwe refer the readerto [8] for further detailson the new
numericalscheme.Thiscodewill alsobemadepublic.

3.2 The Numerical Simulations

Employing thenew code,we rana full suiteof computationalexperimentssimulatingthe
erosionof a sectionof a linear ridge satisfyingthe initial andboundaryconditions(12),
(11),whicharethesameasthoseemployedin [38, 41]. Theseexperimentswererunusing
variousrefinementsof thegridsandoverall relevantparametervaluesof themodel(9, 10)
to provideabasisfor deriving thescalingrelationshipsthatwedescribein Section3.3.

In Figure1-4,we show typical configurationsof erodingsurfaces,waterdepth,andslopes
of the watersurfacefor valuesof the sedimenttransportparametersγ � 2 � δ � 2 at two
characteristictimes: when10% of the surfaceis erodedandwhen60% of the surfaceis
eroded,which is well into the separableregime. In thesefigures,which indicatethat the
x � axisrunslaterallyacrosstheridgeandthey � axis runslongitudinallydown theridge,
werepresentthewatersurfaceH � z � h, in Figures1 and3; werepresentthewaterdepth
h andthegradientof thewatersurface ' ∇H ' , in Figures2 and4, againat10%and60%of
thesurfaceeroded.

3.3 The BasicScalingResults

Thescalingresultsthatwediscussin thissectionarebasedonnumericalsolutionsobtained
from experimentswith sedimenttransportparametersγ � 2 � δ � 2. Wenotethatthereis no
significantvariationof our resultsin a wholeneighborhoodof suchvaluesof γ andδ and
thatexperimentsstartingwith differentinitial conditionsresultin thesamescalingresults.

14An upwindschemestill producessmallamountsof numericalviscositybut of magnitudelessthanthe
artificial viscosityin [17].

15We implementedtheschemeonaparallelsupercomputerat theUniversityof California,SantaBarbara,
employingasafinal steptheimplementationof a four color schemeto parallelizetheprocedurefor maximum
computationaladvantage.
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Figure5: Log-logplot of waterdepthatagivencross-section

Scalingresultswereobtainedby computingthe width function (15) over sectionsof the
ridge either in the x-directiontransverseto the ridge or in the y-directionparallel to the
longitudinalaxis of the ridge. Estimatesof the exponentχ of the asymptoticforms (21)
wereprovidedby theslopeof log-log plotsof width functionsaveragedover anensemble
of resultsfrom randomlyseededruns. Numericalestimatesof χ wereobtainedby least
squaresfits. In Figures5 and6,weillustratetypicallog-logplotstakenatagiventransverse
sectionof theridgefor thewaterdepthh andwatersurfaceH respectively. TheR2-value
associatedwith eachplot providesameasureof theappropriatenessof scalingrelation.

It is convenientto view thevaluesof thescalingparametersasa functionof their location
on the ridge. For example,the valuescharacterizingscalingsin directionstransverseto
theridgemaybeviewedasa functionof thelocationon thelongitudinalaxisof theridge
χx � χx

�
y� . Wemaythenrepresentthescalingrelationsfoundoversectionsof theridgeby

plottingboththeestimatedvalueof χ andtheassociatedR2-valueasa functionof location
on theridge. This is illustratedin Figures7-10, in which we representthescalingsfor h,
H, and ' ∇H ' , at differentcross-sectionsof theridgeat thetwo erosiontimes.

Thescalingresultsfrom solutionsto (9) and(10) for a time of 10%erodedareshown in
Figures7 and8 asa functionof distanceupslope.Thesefiguresindicatethat,initially, the
structurefunctionsof the waterdepth(Wh) andthe gradientof the watersurface(W�

∇H
� )

scalewith the roughnessexponentχx � 0 � 5 in the lateral (or x) direction. We note that
this valuecharacterizesa large rangeof y-locationson the ridge. It shouldbenotedthat,
while in Figure8 thenumericallycomputedvalueof theexponentof '∇H ' is χ � 0 � 25,the
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Figure6: Log-logplot of thewatersurfaceatagivencross-section

true valueof this exponentis 0 � 5. Theapparentdiscrepancy is causedby the initial slope
Hy � c whosecross-termappearswhenonesquaresthecomponentsof '∇H ' andthentakes
thesquareroot,asexplainedin AppendixC.

As the solutionsconverge towardsthe separableforms definingthe maturelandscapeof
equation(8), theabovescalingdisappearsto bereplacedby anotherscaling.In aneighbor-
hoodof theseparablelandscape,at 60%of thesurfaceeroded,thewatersurfacescalesin
thex-directionasshown in Figure9 with thescalingexponentχx � 0 � 7, againovera large
rangeof y-locationson theridge. While thecorrespondingnumericallycomputedscaling
of '∇H ' is χx � 0 � 35, we noteagainthat the true valueof this exponentis 0 � 7 ratherthan
thesmallervalue,for thereasonsstatedaboveandexplainedin AppendixC, theroleof the
constantslopec now beingplayedby thegradientof theseparablewatersurface∇H2.

Wenote,therefore,thatat10%of thelandsurfaceerodedthewaterdepthh andthegradient
of thewatersurface '∇H ' scale,whereasat60%of thelandsurfaceerodedthewatersurface
H itself andthegradientof thewatersurface '∇H ' show thesamescaling. In bothcases'∇H ' controlsthescaling;in the formercaseit controlsh; in the lattercaseit controlsH.
Our resultsindicatethatH doesnot scaleoverany significantrangeof y-valuesin thefirst
case,dueto the presenceof the initial slope,whereash doesnot scalein the latter case.
Thisclearlyindicatesthattwo distinctprocessesleadto thetwo differentscalings.

In characterizingsomeof the detailsof thesescalings,we may interpretthe longitudinal
axisof theridgeasatimescaleandmaythink of thefiguresasrepresentingincreasingtime
values.Figures7-10indicatethatthescalingis uniformneitherin y norin time. Initially, or
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Figure7: Thescalingfor thewaterdepth

at10%of thelandsurfaceeroded,theroughnessexponentof Wh is approximatelyconstant
(0.5)for mostof theupslopedirectionbut deviatesat thetopwheretheboundaryexertsits
influence,asshown in Figure7. As time increasesthis plateaudisappearsandoneobtains
differentexponentsasfunctionsof y. Similarly, the width function of the watersurface
WH initially shows differentvaluesof χx asa functionof y but asthesolutionapproaches
theseparablesurface,a plateauis formedwheretheroughnessexponentis constant(0.7)
for a largeportionof theupslopedirections,asshown in Figure9. Thustheexistenceof
a plateauin χx, asa functionof y, implies that theensembleaveragepossessesa scaling.
Thesefiguresshow the slope(or scalingexponent)asa functionof the distancey up the
ridge.

Thescalingis anisotropicin thesensethat thereis no plateauin χy asa functionof x, but
this is moredueto thefactthattheupslopedirectionis reallyatime-scale,ratherthanareal
anisotropy. We examinedtheslope-freepartof thegradientHx, in AppendixC, in various
directionsbut foundlittle evidenceof significantanisotropy. Wealsoexaminedbothhigher
andlowerstructurefunctionsρk � k K� 2,or moments,of h � H and∇H but foundnoevidence
thatthefirst scalingis multifractal.Thesecondscalingontheotherhandseemsto bemulti-
fractalbut thiswill beexploredin a laterpublication.Thespatialscalingswerecheckedby
computingthespatialpower spectrum.Thetemporalpower spectrumwasvery noisydue
to theunevennessof thetemporalevolution in theupslopedirectionandmachinenoise.It
only gavereasonableresultsfor thefirst scalingandthenonly for thewaterdepthh.
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Figure8: Thefirst scalingof thegradientof thewatersurface

4 The Emergenceof Channelsand the First Fundamental
Scalingof Fluvial Landscapes

Wenow considertheemergence,earlyin theevolutionof surfacesdeterminedby themodel
(9)-(10),of scalingsin thewaterdepthh andin theslopeof thewatersurface ' ∇H ' thatare
associatedwith theemergenceof channelizedflows. In particular, we focuson explaining
how the fundamentalscalingsof 0 � 5 in the width functionsWh andW�

∇H
� aredriven by

noisegeneratedby divergencesin thesedimentflow thatareseededby instabilitiesin the
waterflow. Sincethis processis intimatelyrelatedto theemergenceof channels,we view
thenatureandorigin of this fundamentaldiffusive scalingasproviding significantinsight
into themannerin whichtheearlygrowth of channel-like featuresis dominatedby random
influences.In particular, theseconsiderationsprovide a modelof how randominfluences
determinethelocationof channelsand,assuch,maybeusedin justifying theassumptions
thatunderlytheapplicationsof variousdiscretestochasticmodelingapproachesto fluvial
networks.

4.1 The Emergenceof Channelsand theFundamentalChannelization
Instability

Resultsfrom previous analysesof modelsof the form (1), (2), provide insight into the
earlieststagesof channelevolution. SmithandBretherton[39] analyzedversionsof equa-
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Figure9: Thescalingof thewatersurface

tions (6), (7) in which the constitutive relationfor sedimenttransportwasgeneralizedto
qs � F

�
qw � ' ∇H ' � , with ∂F

∂qw

> 0 and ∂F
∂S

> 0 16. Basedon a linearizedanalysisof these

equations,they showedthatif F
qw

" ∂F
∂qw

, thensmallamplitudedisturbancesof smalllateral
scalewill initially grow very rapidly, with theinitial growth ratebeinggreatestfor distur-
banceswith thesmallestwavelengths.Thiscriterionis equivalentto theconditionγ > 1 for
theparticularsedimenttransportlaw embeddedin equation(5). This latterfactleadsto the
particularlysimplecriterionthatchannelincisiontakesplacewhenthesedimenttransport-
ing capacityof waterincreasesatafasterratethanthedischargeof water, andoccursfaster
for shorterwavelengthdisturbancesbecausetheconvergenceof waterflows is greaterfor
disturbanceswith steeperlateralgradients.Theseresultswerereconfirmedby Loewenherz
[10], whoalsoderivedthefull asymptoticsolutionin thesmallwavelengthlimit.

Thesimulationsof Smith,Merchant,andBirnir [41] confirmednumericallythatthehigh-
est initial growth ratesoccurat the highestfrequencies.They alsofound, however, that
the growth ratesof lower frequenciesbecamedominantafter a very short initial period,
presumablyasaresultof saturationof thenonlinearitiesin theerosionprocess.Thesignif-
icanceof theseresultsfor thepresentanalysisis thatthey show thattheinstabilitiesof the
initial erosionprocessarehighly susceptibleto beingdrivenby randominfluences.

We now provide analternative analysisof theseearlychannelforming instabilitiesof (1),
(2) which providesadditionalinsight into theunderlyingprocesses.In particular, we lin-
earizetheequations(9) and(10) aboutan initial surface,linear in y anduniform in thex

16Theterm ∂h
∂t in equation(7) wasnotconsideredin theseanalyses.
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Figure10: Thesecondscalingof thegradientof thewatersurface

direction,andaconstantwaterdepthH � cy � d � h � d 17, wherec andd areconstants.We
notethat,while theseinitial conditionsdiffer fromthosein thestabilityanalysesof [39, 10],
they leadto essentiallythesameresultsbut canberegardedasonestepearlierin theevo-
lution from a ridgewith constantslope.As suchthey provide anadditionalinterpretation
of thechannelforming instabilities.

We let
h � d � εa

�
x � y� t �6� H � cy � d � εb

�
x � y� t �,�

andincludea (very)smallstochasticvariationin therainfall rate

R � Ro � εr
�
x � y� t �6�

Thelinearizedsystemof equationsbecomes

η2∂a
∂t

� 5
3

d
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3 c

1
2

∂a
∂y

� d
5
3

c
1
2

� ∂2b
∂x2 � 1

2
∂2b
∂y2 �L� r � (24)
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2
� 1
η
� 2c

5
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2
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� d
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� 1
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5
3 � ∂2b

∂x2� d
5
3

c
1
2

� 1
2η

� 5
2

c
5
2d

5
3 � ∂2b

∂y2 � r
η
� (25)

17Strictly speakingwe shouldlet thewaterdepthgo to zeroat thetop of theridgeto satisfytheboundary
conditionsthere.This,however, makesnodifferenceto theresultsof theanalysis.
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Thenumericalresultsreportedin Section3.3indicatethatthevariationof thewatersurface
b doesnot scale,initially at least,with a roughnessexponentthat is constantover a range
of y values.However, thegradient∇b doesscalefrom which it follows that theequations
generatingthescalingmustbeequation(24)andtheequation18

∂∇b
∂t

� 5
3

d
2
3c

1
2
� 1
η
� 2c

5
2d

2
3 � ∂∇a

∂y
� d

5
3

c
1
2

� 1
η
� c

5
2d

5
3 � ∂2∇b

∂x2� d
5
3

c
1
2

� 1
2η

� 5
2

c
5
2d

5
3 � ∂2∇b

∂y2 � ∇r
η
� (26)

Sinceη � d � 100c B h� H is small,theterm∇r � η canbelargeif r is notexceedinglysmall.
However in mostcasesr canbetakento beverysmallandthereforewehavedroppedit in
theequationbelow, still keepingin mind thatverysmallfluctuationsarealwayspresentin
landscapeevolution.

A straight-forwardstability analysisshows thattheinitial unchanneledsurfaceis unstable
on the long time-scaleof thesedimentflow. We set ∂h

∂t � 0 in theequations(9) and(10),

or equivalentlyusethe slow equations(6) and(7), with ∂h
∂t � 0. On taking the gradient,

equation(24)becomes

5
3

d
2
3c

1
2

∂∇a
∂y

� � d
5
3

c
1
2

� ∂2∇b
∂x2 � 1

2
∂2∇b
∂y2 � (27)

andasubstitutioninto (26)givestheequation

∂∇b
∂t

� 5
3

d
2
3c

1
2 
 � � 2 � d � ∂2∇b

∂x2 � � � 1
2
� 3d � ∂2∇b

∂y2 ��� (28)

whichis anegativeheatequationif d " 1� 6. Recallthatd is theinitial waterdepththatcan
betakento beverysmall.Thedispersionrelationfor (28)

ω � 5
3

d
2
3c

1
2 
 � 2 � d � k2

1 � � 1
2
� 3d � k2

2 ���
showsthatall thespatialfrequenciesareunstableandthatthehighestfrequenciesgrow the
fastest.We notethat this is essentiallythesameinstability asdiscoveredby [39, 10], but
expressedin termsof the unstablegrowth of arbitrarily small (spatial)frequenciesin the
slopeof thesurfaceratherthanin theelevationof thesurface. In particular, this resultis
nicely in accordancewith aninterpretationof thestability resultsof SmithandBretherton

18We havemerelyappliedthe∇ operatorto equation25.
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[39] thatsuggeststhatsmallerperturbationsgrow at fasterratesbecause,for a givenam-
plitudeof perturbation,they possesssteeperslopeswhich leadto morerapidconvergence
of erodingwaterflows.

Thesignificanceof this resultfollows from our precedingconclusionthat fluctuationsof
arbitrarily small frequenciesare always present,and that theseinstabilitiesalways lead
to the exponentialamplificationof noiseseeds,from the waterflow, andthe consequent
channelizationof theinitial surface.

4.2 The Generationof NoiseDuring Initial Channelization

We now provide and justify a hypothesisthat instabilitiesin the water surfaceprovide
a significantsourceof white noisethat seedsthe instabilitiesof the erosionprocess.In
particular, weshow thatshocksin theform of hydrolicjumpsform in theflow of waterover
initially convex portionsof the ridgesbetweenemerging channels.Althougha concavity
in the longitudinalprofile emergesearlynearthe baseof the ridge,moveslongitudinally
towardsthe top of the ridge, andthenexpandslaterally acrossthe emerging valleys (for
an analysisof this process,see[38]), the lateralprofilesof the ridgesbetweenemerging
channelstake an initial form that is typically convex in their upperparts. Two upridge
sequencesof lateral profiles that indicate,respectively, the existenceof initially convex
sectionsof theinterfluvial ridgesat 10%of thesurfaceerodedandthedominanceof fully
concave lateralprofilesat60%of thesurfaceerodedareshown in Figure11.

We baseour analysisof the mechanismthat providesa significantsourceof white noise
on theseconvex sectionsof ridge by linearizingequations(9) and(10) arounda convex
(interfluvial)profile. In particular, weassumethatourperturbedsolutionstake theform

h
�
x � y� t ��� h1

�
x � y� t �
� v

�
x � y� t �,� H

�
x � y� t ��� H1

�
x � y� t �
� u

�
x � y� t �

whereH1
�
x � y� t � representsa convex portion of an interfluvial ridge, h1

�
x � y� t � the depth

of waterflow over this portion,andv
�
x � y� t �6� u � x � y� t � arethe small perturbationsto these

quantities.Thelinearizedequationsare
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3

h
2
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3
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27



0
10

20
30

40
50

60
70

80
90

100
5

5.5 6

6.5 7

7.5 8

8.5 9

9.5

X

Z(m)
10%

 E
roded Land S

urface C
ross−

S
ections 10,20,30,40,50,60,70,80,90m

 U
pslope

0
10

20
30

40
50

60
70

80
90

100
5

5.5 6

6.5 7

7.5 8

X

Z(m)

60%
 E

roded Land S
urface C

ross−
S

ections 10,20,30,40,50,60,70,80,90m
 U

pslope

Figure11: TransverseSectionsat 10mseparationon theErodingRidgesat 10%and60%
Eroded

28
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� 2h
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1
'∇H1 ' 59 2 � � ∇H1 	 ∇u� ∇H1'∇H1 ' 39 2 * � (30)

The first equationis a hyperbolicequationfor v drivenby ∇u. The secondequationis a
parabolicequationfor u drivenby v and∇v.

Becausetheflow of wateroccursdown thegradientof thesurfaceH1
�
x � y� t � , wemayview

thefirst equationasa hyperbolicPDEin onespacedimension.Namely, if we let u denote
theunit vectorin the directionof thegradientof thewatersurface,we canwrite thefirst
equationin theform

η2∂v
∂t

� 5
3

h
2
3
1
'∇H1 ' 19 2u 	 ∇v � g

�
x � y� t � v � f

�
x � y� t �6� (31)

If we thenlet the scalars parametrizethe directionof the gradient,we may rewrite this
equationin theform

η2∂v
∂t

� 5
3

h
2
3
1
'∇H1 ' 19 2∂v

∂s
� g

�
x � y� t � v � f

�
x � y� t �6� (32)

The lastequationis analyzedin AppendiciesA andB, whereit is shown that it develops
shocksif theprofilesaboutwhich welinearizeareconvex or haveknick-pointsingularities.

After operatingwith thegradient,wemaylumpthetermsin (30)causingtheinstabilityand
involving thewaterdepthtogetherinto asinglenoisetermr. This termis thenoiseseeded
by theshocksin (29) andgeneratedby thesedimentdivergencesin (30) thatamplify the
instabilitiesproducedby (29). Theseinstabilitiesdonotleadto exponentialgrowthbecause
thewaterchangeson a fasterscalethanthesediment,seeSection2, but insteadgive rise
to whitenoisein thesedimentflow. Weobtain,asa result,aheatequationdrivenby white
noise,

∂
�
∇u�
∂t

� ν∆
�
∇u�S� r

�
x � y� t �,� (33)

whereν � d
5
3

ηc
1
2
. Wewantto emphasizeherethatwehaveprovidedanintuitiveexplaination

of the noise-makinggenerationin the sedimentflow but no detailedmathematicalmodel
for it. Thetransitionfrom equations(29) and(30) to (33) or themodelingof theamplifi-
cationof the fast-timenoisein thewaterflow by thedivergencesin the sedimentflow to
producewhite noise,mustbe taken to be a hypothesis. We hopeto be ableto provide a
detailedmodelof thenoise-generatingmechanismin futurepublications.However, aswill
beshown below with thishypothesiswecanexplain thenumericallyobservedscalings.
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Thesolutionto lastequation(33) is well-known to beBrownianmotion

∇u �UT t

0
T

IR2

exp
� � ' x � y ' 2 � 4ν

�
t � τ �G��

4π
�
t � τ �G� dW

�
y � τ �6� (34)

wherex � �
x � y� , y � �

xV�� yVW� anddy � dxV dyV is thevolumeelementin IR2 andformally the
whitenoisecanbeunderstoodasdW

�
y � τ �E� r

�
y � τ � dydτ. Adding thissolutionto ∇H1 we

obtaina randomwalk
∇H � ∇H1 � ε∇u �

of the slopesof the water surfacedown the channelizingsurface(H1), driven by white
noise. Thewaterdepthfollowssuit,by equation(9).

4.3 The Scalingof the ChannelizationProcess

We arenow in a positionto interpretthescalingexponentsthatemergeduring the initial
stagesof theerosionprocessby usingwell-known resultsfrom thetheoryof theevolution
of complex interfaces. We notethat equation(33) is the Edward-Wilkinson equationof
interfacegrowth theory, which is known to modelsurfacesover which thedepositionrate
equalsthe removal (or evaporation)rate (see[20]). The valuesof the exponentsof the
associatedwidth functionsare

β � 1
4
� χ � 1

2
� z � 2 �

We notethat β is differentfrom the Hurst exponent,which hasthe value1� 2 for a pure
randomwalk, becauseβ measuresthetransienttowardsapurerandomwalk. Theresulting
motion may be interpretedasa randomwalk occurringon top of anotherrandomwalk.
Thegradientsof thewatersurfacewalk randomlyin thedownslopedirectionandthenodes
where∇H

�
x � y� � ∇H

�
y� vanishesdoanotherrandomwalk ontopof that.Hencethecon-

figuration of theemerging channelformsmaybecharacterizedin termsof randomwalks.
We note that this importantfinding providesa physically-basedjustification for various
stochasticmodelingapproachesto theemergenceof network formssuch,for example,as
describedin [4, 15]. Thesurprisingobservationis thatthestochasticandthedeterministic
approachleadto thesameconclusionsandcanbeconsideredto beequivalentmethodsto
modelthesamephenomena;thetime-evolutionof afluvial network.

This surfacesits in a 3-dimensionalspaceandthefractaldimensionis D f � 3 � χ � 5� 2.
Theavalanchedimensionis thesameD � 2 � χ � 5� 2. Thetemporalroughnesscoefficient
β may be obtainedfrom the power spectrum. The reasonis that the erosionis initially
greatesttowardsthebottomof theslopeandthenthechannelizationmigratesupstreamand
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endswhenthe concavity, forcedby the boundaryconditionsat the bottomof the slope,
reachesthetop of theslope,see[38, 41]. This impliesthatthey directionis really a time-
scaleasdiscussedabove. That is, insteadof measuringthepercentageof the landsurface
thathasbeeneroded,we cansimplymeasurehow far upstreamthechannelizationprocess
hasmigrated.

5 Self-Similar Landscapesand the SecondFundamental
Scalingof Fluvial Landscapes

In furthersupportof ourhypothesisthattheobservedscalingsarisefrom identifiablephys-
ical processes,we now show that the secondscalingof 0 � 7 in Section3.3 may be inter-
pretedascharacterizingtheerosionprocessesin themature,separablelandscapes.These
processesaredrivenby noisethat is seededby shocksin thewaterflow over theconcave
slopesof landscapessuchasthoseshown in Figure11, andasexplainedin AppendixB.
Thesewaterinstabilitiesarethenfed into thedivergencesin thesedimentflow andsince
thewaterinstabilitiescontinueto vary on a fasterscale,thesedimentdivergencesproduce
noisein thesedimentflow. That is differentwaterprofileswith differentnoisearepresent
whenever a significantamountof sedimentis eroded.However, thereis little wateron top
of theconcave ridgesin Figure11, seeFigures2 and4, andtherethenoiseis quenched.
On the lower reachesof the concave slopesandin the valleys the samenoisegenerating
mechanismasdiscussedin theprevioussectionis at work, so thenoiseis not uniformely
distributedover maturelandscapes.This resultsin a colorednoiseandscalingwhich is
verydifferentfrom thepreviousscaling.In particular, weprovideevidenceindicatingthat
theresultingbehavior is characteristicof aSOCsystemdescribingthedrivenmotionof an
interfacein randommedia[24] and[20].

5.1 The Emergenceof Self-Similar Landscapes

Smith,Birnir, andMerchant[38] showedthat themodel(6)-(7) possessesseparablesolu-
tionsH

�
x � y� t ��� H0

�
x � y� TH

�
t � andqw

�
x � y� t ��� q0

�
x � y� . Theseareassociatedwith anopti-

mality principleby whichmatureerodingsurfacesevolveto minimizeasimplefunctionof
thesedimentflux overthesurface,subjectto two constraints.In theiranalysisof numerical
solutionsof (6), (7), Smith, Merchant,andBirnir [41] showed that after a characteristic
erosiontime 19 thesurfacesexhibit clearandconvincingevidenceof convergencetowards
suchseparablesolutions,andthecorrespondingsatisfactionof theoptimalitycriterion.

19Thecharacteristictime is 45%of thesurfaceerodedfor planarinitial surfaceswith γ J δ J 2.
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As shown in Section3, this stageof developmentis characterizedby a dominantscaling
of thewidth functionwith exponent0 � 7. We now analyzethemodel(9), (10) in orderto
determinetheorigin andphysicalbasisfor thisscaling.

5.2 The Origin of the SecondDiffusiveScaling

Thescalingof thewaterflow downtheslopeof amaturelandscapeandtheresultingscaling
of thewater(andland)surfaceis differentfrom thescalingof channelformationin Section
4. To find andanalyzethis scalingwe linearizeequations(9) and(10) abouttheseparable
solutions(8) representingthematurelandscapesof valleysandridges20

H � H2
�
x � y� t ��� εu

�
x � y� t �6� h � h2

�
x � y� t ��� εv

�
x � y� t �,�

whereH2 � Ho
�
x � y� T �

t �6� h2 � ho
�
x � y� T D 3

10
�
t �6� aretheseparablesolutionsof theequations

(9, 10). Theform of theequationsthatweobtainfor u
�
x � y� t �6� v

�
x � y� t � by this linearization

processis thesameasthatcharacterizingtheearlyperiodof channelemergencediscussed
in Section4.2,namely(29) and(30),but with thetermsH1

�
x � y� t �6� h1

�
x � y� t � replacedby

theseparablesolutionsH2 � h2.

Again, the first equationis a hyperbolicequationfor v drivenby ∇u andthe secondis a
parabolicequationfor u drivenby v and∇v. Sincethefirst equationis really a hyperbolic
PDEin onespacedimension,exactly asin Section4.2,we let thescalars parametrizethe
directionof thegradientto obtain

η2∂v
∂t

� 5
3

h
5
3
2
'∇H2 ' 19 2∂v

∂s
� g

�
x � y� t � v � f

�
u � t �6� (35)

A straight-forwardanalysisof thisequation,presentedin AppendixB, shows thatits solu-
tionsdevelopshocks,for separablesurfaceswith (slope)singularities,sinceconcaveslopes
with knick pointsarethedominantfeatureof thematureseparablelandscape,asillustrated
in Figure11.

Thusthewaterflow developsshocksat thetopasit flowsdown theseparableridges,which
thenpropagatedown theslopes.In additionon thelower reachesof theslopesandin the
valleys the instabilitiesdiscussedin Section4 areat work. The sedimentflow is driven
by the pull of gravity down the slopesandbecausethereis no wateron top of the con-
cave ridges,seeFigures2 and 4, therethe surfaceis pinned. Thus the devergencesin
the sedimentflow magnify the seedin the water flow into a highly colorednoise. We

20As in our previous analyses,we employ sedimenttransportparametervaluesγ J δ J 2, noting that
similar resultshold for parametervaluesin aneighborhoodof these.
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make this hypothesisand consequentlyturn the equation(29), with the separablesolu-
tionsH2

�
x � y� t �6� h2

�
x � y� t � replacingH1

�
x � y� t �,� h1

�
x � y� t � , into a diffusionequationdriven

by quenchednoiseor theLangevin equation

∂u
∂t

� ∆u � F � r
�
u � t �6� (36)

whereF is thedriving force,r is thequenchednoise,andλ is a parameter. Moreover, it is
verydifferentfrom equation(33)sincethenoiseterm

5
3

h
2
3
2

∇H2'∇H2 ' 19 2 � 1η � 2h
2
3
2
'∇H2 ' 59 2 ��	 ∇v

is not spatiallyhomogeneous.Thewaterdepthh2 becomesverysmallat variouslocations
on the separablesurface,andat theselocationsthe noiseis quenched.Onecanthink of
thesespotsaspinning the surfaceandcreatingsmall local minima in the sedimentflow.
Thelasttermin equation(29)playstheroleof theforcing. It is known, see[20], [24], that
suchprocessesproducepolynomialscalingwith the spatialroughnessexponentcloseto
0 � 75. This impliesthatthewatersurface

H � Ho
�
x � y� T �

t �
� εu
�
x � y� t �

executesarandommotiondrivenby noiseproducedby thedivergencein thesedimentflow,
seededby shocks∇ho

�
x � y� T D 3

10
�
t ��� ε∇v

�
x � y� t � propagatingdown the separablesurface

on a fastertime-scale,the surfacebeingpinnedat randomlydistributedsites. The slope
∇H evolvesin thesamefashion.

5.3 The Scalingof Matur eLandscapes

We computetheexponentsusingthe formulasin Section2.5, startingwith thenumerical
valueof thespatialandtemporalroughnessexponentsfrom Section3. Thevaluesof the
exponentsare

β � 0 � 4 � χ � 0 � 7 � z � 1 � 8 �
ThefractaldimensionbecomesD f � 3 � χ � 2 � 3. Theavalanchedimensionis D � 2 � χ �
2 � 7. The valuesof theseexponentsare closeto the correspondingvaluesfor a driven
interfacein randommediain 1+2dimensions,see[24] and[20], anddescribedby equation
(36),

β � 0 � 475� χ � 0 � 75� z � 1 � 58�
The computedspatial roughnesscoefficient χ is slightly smaller (0 � 7) than the spatial
roughnesscoefficient (0 � 75) of the driven interface,however this may be dueto the fact
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that the systemcrossesover from one type of a scaling(Edward-Wilkinson) to another
(driveninterfacein randommedia)andif we would follow it for a longertime (than60%
eroded)thespatialroughnesscomponentwouldeventuallymake it up to thelattervalue.

It is, in fact,well-known thatlandscapesgeneratedby discretelandscapemodelsdonotre-
producerealisticlandscapeunlessrandompinningthatmodelsquenchednoiseis included
in the model,see[12]. The lattermodelsalsogive rise to valuesof thescalingexponent
β similar to ours. Thustwo remarkablefeaturesof the continuousmodel(9 ,10) areap-
parent.First, it generatesthenoisefrom thewaterflowing down theseparablesurface(8)
andshockingasit passesoversurfacesingularities.Second,it producesthepinningof the
surfaceat randomsiteswheretheseshocksandtheirconsequentnoisein thesedimentflow
is absent.

We notewith interestthat driven interfacein randommediais known to be an example
of anSOCsystem21. Hencewe may interpretthe landscapesdescribedby our advective
modelasSOCsystems,at leastat stagesin thelandscapeevolution wherethepresenceof
theseparablelandscapeis felt.

6 Discussionand Significanceof the Results

Theprecedingresultsontheoriginsof scalingin solutionsto themodels(9)-(10)havesig-
nificant implicationsbothfor theevolution of many of theempiricalregularitiesobserved
in fluvial landscapesandfor the mannerin which onemay modelsuchphenomena.We
now describea few of themoreimportantimplications.

6.1 The Two ProcessesForming the Landscape

A pictureof two processesshapingtheformationof generallandscapesemergesfrom the
previoussections,althoughfor mostlandscapesimportantdetailssuchasweathering,veg-
etationandmasswastingaremissing.Wecall thefirst processtheChannelizationProcess.
It takesplaceon unchanneledsurfacesandis characterizedby a Brownianmotionof the
slopesin the water(or land-) surfacemarchingdown to form a network of channelsand
ridges.This processcharacterizesthe initial stageof the landscapeevolution (youth)and

21As notedin [20]:

A systemis a SOCsystemif thescaling(of thestructure)functionsduringthesaturatedstage
is different from the scalingduring the transientstageandthe activity during the saturated
stageoccursin burststhatareself-organizedduringthetransient.
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Figure12: Thebasinof theAmazonriver

is associatedwith the spatial roughnessexponentχ � 0 � 5. The systemthen gradually
makesa transitionto a secondprocessthatwe call theMaturation Process. This process
emergesmuchlaterwhenasystemof largevalleysandconcaveridgescloseto a landscape
determinedby separablesolutionshasemerged,characterizinga maturelandscape.The
maturationprocessevolvesthelandscapetowardstheslowly decayingbut self-similarsep-
arablelandscape.Thusit characterizesthematuration(middle-age)of thelandscapeandis
associatedwith thespatialroughnessexponentof χ � 0 � 75. 22

Onehastoputthosetwoprocessestogethertounderstandtheshapeof riverbasins.Namely,
thechannelizationprocesscontrolstheshapeof theriverbasinalongthemainriver, whereas
the maturationprocesscontrolsthe shapeperpendicularto the main river, seeFigure12.
Themain river is formedby a biasedrandomwalk down a slope( a drunk that stumbles
in the downhill direction)andthis makesriver networksanalogusto directedpercolation
networks(DP)althoughthescalingexponentsarein generaldifferent.In thedirectionper-
pendicularto the main river onerunsinto the separableslopesfor the maturelandscape.
Thusfor the river basinwhich is the projectionof the surfacein threedimensionsto the
planethe(planar)avalancedimensionbecomesD � 1 � χ. Theexponentonemeasures
thesizeof basinl alongthemainriver andtheexponentχ measuresthesizeof its bulge
lχ (width), in theperpendiculardirection,seeFigure12, wherel is thelengthof themain
river.

22We believe this to bethetruevalueof χ althoughtthetranscientnumericallydeterminedvalueof 0 X 7 is
somewhatlowerat60%eroded.
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6.2 The Origin of ObservedLandscapeWidth Scalings

We notewith greatinterestthat empirical resultsfor the height-heightcorrelationfunc-
tion from Ethiopia,Somalia,andSaudiArabia,aswell asvaluesgeneratedfor synthetic
landscapesasreportedby WeisselandPratson[19], fall in the range0.5-0.7. The Saudi
Arabiandatais virtually isotropicwith thevalue0.5,whereassomeof theSomaliandata
is anisotropic,with valuesroughly 0.5 in one directionand 0.7 in the other. Although
empiricalscalingresultsof this form tendto clusterarounda relatively small setof val-
ues,thesevaluesprovidesomevalidationfor our theoryparticularlysinceourmodelsmay
be interpretedasrepresentingadvective, transport-limited(or badland) conditions,which
presumablyhold in theseareas.

The theorypresentedin this papersuggeststhat the spatialroughnessscalingexponents
for landscapesthat are approximatelydescribedby our advection modelsshouldlie in
a neighborhoodof 0.5 and 0.7, the latter exponentgrowing to the value 0 � 75 for older
landscapes.Youngchannelizingsurfacesshouldexhibit isotropicscalingwith exponent
closeto 0.5,whereasmorematuresurfacesshouldbeanisotropic.Thisanisotropicscaling
shouldhave thescalingexponentcloseto 0.7 on theslopesof theseparableridgesbut on
channelizingsurfacesalongthemainriversthescalingexponentshouldbecloseto 0.5.

6.3 The Origin of Hack’sLaw:

Theprecedingresultsallow us to derive someof the fundamentalscalingresultsthatare
known to characterizefluvial landsurfaces.In particular, theavalanchedimensionderived
in Section5.3 allows usto derive Hack’s Law relatingthelengthof a river l to theareaA
of thebasinthatit drains.This is theareaof therivernetwork thatis givenby the(planar)
avalanchedimensions

A B lD

andthe (planar)avalanchedimensionsis D � 1 � χ. This relationsaysthat if the length
of the main river is l then the width of the basinin the direction, perpendicularto the
mainriver, is lχ. Stablescalingsfor thesurfaceemergetogetherwith theemergenceof the
separablesolutions.Wenotethatin thiscaseχ � 0 � 75,henceweobtain

l B A
1

1Y χ (37)� A0 Z 57 (38)

a numberthat is in excellentagreementwith observed valuesof the exponentof Hack’s
law of 0 � 568, see[14]. We note, in particular, that χ is not the roughnesscoefficient of
a fractalBrownianmotion. We alsonotethat the areaA is the sameasthe areaof voids
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(areaswithoutbranches)in aDPnetwork (see[20]) andthatHack’sLaw is just therelation
betweentheareaof thevoidsandthelengthof theDPbackbone.Thusonecanunderstand
the "oval shape"of most river basins,see[16], ascausedby the (second)scalingof the
matureseparablelandscape,thatrulesthesurfacesin theupperreachesof therivervalleys
andin thedirectionperpendicularto themainrivers.

6.4 The Scalingof ExceedenceProbabilities

TheprobabilityP 
A [ a� that the areaA drainedby a channelexceedsa is known asthe
exceedenceprobability. Empirical valuesfor the exponentof this probability when it is
approximatedby thepower law

P 
A [ a� � aρ � (39)

which is a goodapproximationto observedvariation,arecloseto � 0 � 4 (see,for example,
[16]).

Usingthescalingrelationperpendicularto themeanderingsof themainriver andthetwo
scalingabove we caneasily deducethis scalingof the exceedenceprobability oncewe
know Hack’s law. The ideato keepin mind is that a river basinis similar to a pureDP
network, in that when two branchesof the river network approacheachother, a small
subbasinof the larger river basinis created.Thesubbasinswithout a river brancharethe
voids of the DP network, discussedabove. The time at which two branchesoriginating
at thesamelocationjoin, which is calledtheself-interactiontime βsi, canbemeasuredin
termsof thelengthl of themainriverbranch.Welet thedimensionof thenetworkalongthe
mainriverbranch(backboneof theDP)beoneandthedimensionin thecutperpendicular
to themainriverbranchbeχ asabove. Then

P 
A [ a� � P 
 l [ t �
sinceby Hack’s Law A � l1( χ anda � t1( χ, t beingthelengthof themainbranchof the
subbasinhaving areaa. HoweverT t

0
P 
 l [ s� ds �\T t

0
sD βsids B t1 D βsi �

and
1 � βsi � � χ �

see[20]. ThususingHack’s law againweobtain

P 
A [ a� � t D χ (40)� aD χ
χ Y 1 (41)� aD 0 Z 4 � (42)
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for χ � 0 � 75. Noticethat theexponentis thenegativeof thedynamicroughnessexponent
β � 0 � 4 in Section5.3.

6.5 A Bridge BetweenDeterministic and StochasticModeling

Our analysisof theorigin of thefundamentalscalingwith exponent0 � 5 in thewidth func-
tion indicatesthatit arisesasa resultof whitenoisebeinggeneratedby divergencesin the
sedimentflow seededby shocksin thewaterflow. In particular, wefoundthattheevolution
of thewidth functionsof boththeslopesandthewaterdepthsis well-characterizedin terms
of randomwalk processes.Hencethebehavior andconfigurationof theemerging patterns
of channelsandvalleys describedby thenonlinearequations(9) and(10) andobservedin
thestudiesof Smith,Merchant,andBirnir [41] is thatresultingfrom arandomwalk.

We note that theseresultsrepresentan importantbridge betweenthe deterministicand
stochasticlines of modelingthat we discussedin Section. From the stochasticmodel-
ing literature,it is well-known that randomwalk modelsof erosionin the planeleadto
relatively realistic modelsof key aspectsof river networks (see,for example,[33, 15])
andarecapableof generatingbranchingnetworksthatobey Horton’s laws (see[16] for a
summary). We believe, in fact, that the mechanismsthat we have shown to underlythe
fundamental0 � 5 scalingprovide thefirst demonstrationthatphysically-basedPDEmodels
leadto tree-like drainagestructureswhoseconfigurationis determinedby a randomwalk
process.Hencewe mayview our resultsasproviding a physically-basedjustificationfor
theassumptionsunderlyingthevariousstochasticmodelingapproaches.Wenote,however,
that further investigationis requiredin orderto lay a fully-acceptablefoundationfor such
assumptions.

6.6 A Model of the Stagesof DrainageBasinEvolution

Basedon the precedingresultsandthe findingsof our two previous papers[38, 41], we
now suggestanend-to-endtheoryof theevolutionof landscapesthataredescribedby our
advective models.In particular, this theorycharacterizeslandscapedevelopmentin terms
of an evolutionary sequenceinvolving threestagesand associatedtime scales23. In a
first stage,occurringoverarelatively shorttime-scale,themechanismsunderlyingthefirst
scalingof 0 � 5 becomeeffectiveandachannelizednetwork thatmaybeinterpretedin terms
of randomwalksemerges.Hencein this stage,thefoundationof randomchannelnetwork
configurationsarelaid down. This stagemaybeviewedasconstitutingtheyouthfulstage

23Clearly, thethreestagesdo not have well-definedbeginningsandendings,but they do marksignificant
differencesin thequalitativedynamicsof thesystem.
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of W.M.Davis’ grandmodelof landscapeevolution [45].

A secondstage,occurringat a longertime scale,involvesa self-similarcascadetowards
decayingseparablesolutions.Wemayview theseparablesolutionsasa transientattractor
(see,for example,[38]) towardswhich thesystemis drawn. Themechanismsunderlying
the secondscalingbecomeeffective during this stage,leadingto a scalingof the width
function of 0 � 75 aswell as to variousscalinglaws, suchasHack’s Law andthe Law of
ExceedenceProbabilities.We mayview this asconstitutingthe second,or mature, stage
of theDavisianmodel. A third andfinal stageinvolvesa shorttime scaleover which the
separablesolutionscollapseasthepotentialenergy in thesystemapproachessmallvalues
andthestableglobal attractor H � 0 exertsits influence.This stagemaybeviewedas
thefinal, or old age, stagein Davis’ model.

We realizethat may elementsaremissingfrom this model, including suchprocessesas
tectonicandisostaticuplift, gravity-drivendiffusion,weathering,subsurfacewatermove-
ment,vegetationeffects,anda hostof lesserprocesses.Nevertheless,we believe thatour
advective modelcapturesthe essenceof processesthat leadto the evolution of dendritic,
fluvial structuresandtheirmostimportantscalingproperties.

7 Summary

Thesimpleadvective modelof fluvial erosion(9)-(10)providesuswith a compellingex-
planationfor the fundamentalprocessespresentin landscapeevolution. This model is
capableof representingtheprocessof channelinitiation. Instabilitiesin unstructuredinitial
surfacesleadto a channelizationprocesswhichwe arejustifiedin viewing astheEdward-
Wilkinson transientof Brownian motion. This is a noisy process:small, initial, random
perturbationsamplifiedby thenonlinearinstabilitiesleadto noise.More importantly, how-
ever, themodel(9)-(10) incorporatesmechanismscapableof generatinglargenoise. The
relatively thin film of waterflowing overtheridgesbetweenchannels“folds over” to forms
hydrolic jumpsas it movesover initially convex portionsof the interfluvial ridges. The
derivativesof theseshockwavesconstituteawhitenoiseprocessthatseedsthedivergences
of sedimentin equation(10). The divergencesin the sedimentflow seededby the white
noisein the waterflow createa noise-drivengradientflow for the sedimentwith a noise
termthat is white both in spaceandtime. Thesolutionof this equation,linearizedabout
theinitial surface,consistsof Brownianmotion.Thustheprojectionsof thechannelsonto
theplaneexecutea randomwalk andthe locationson the surfacewheretheslopeequals
the averageslopedo a randomwalk on top of the first one. This explainswhy river net-
works areobserved to possessthe characteristicsof randomnetworks and, in particular,
arecharacterizedby therelation(55)betweenthebifurcationandlengthratiosin Horton’s
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laws.

Thisrandomwalk is,however, nottheonlyprocessinfluencingtheshapeof riverbasins.As
thechannelsmergeinto riversamaturelandscapeconsistingof apatternof concavevalleys
andcusp-shapedridgesemerges.Thesesurfaces,representedby theseparablesolutionsof
the evolution equations,arecharacterizedby anotherstochasticprocessthat differs from
a randomwalk. Thereasonfor this differenceis that themechanismgeneratingthenoise
is now different from the mechanismgeneratingnoisein a channelizingsurface. First,
the separablesurfacesare characterizedby concavities whereasthe ridgesbetweenthe
channelsinitially involve upperconvexities. This meansthat shockwaves in the water
flow, originatingfrom surfacesingularities,propagatedown thesurface.Most importantly,
thevanishingof thewaterdepth,for exampleon theridgetops,on theseparablesurface,
quenchesthe noise. Thesefast-flowing water instabilitiesarethenfed into the sediment
divergencesevolving on a slower scaleresultingin anothernoise-drivengradientflow for
thesediment.However thenoiseis notwhite in spaceanymoreandthesedimentflow over
the separablesurfacesmay be characterizedasdiffusion drivenby quenchednoise. The
propertiesof this process,typical for a driveninterfacein a randommedia[24] and[20],
areverydifferentfrom thoseof Brownianmotion.

Combiningthesetwo processes,thechannelizationandthematurationprocesses,we ob-
tain a strikingly simple modelof drainagebasinevolution that is analogousto directed
percolationnetworks. The channelsexecutea randomwalk of length l in the longitudi-
naldirectionunderthechannelizationprocess.In a directionperpendicularto this random
walk, however, thematurationprocessis dominantin regionsin whichseparablesolutions
have emerged,giving usthewidth lχ of thebasin,whereχ � 0 � 75 is thespatialroughness
coefficient of the maturationprocessin Section5.3. This accountsfor the oval shapeof
river basins(see[16]), andleadsto a derivationof Hack’s law (seeSection6.3)aswell as
theobserveddistributionof theexceedenceprobabilities,seeSection6.4.

Theseinvestigationsleadto interestingsetsof geomorphologicalandmathematicalprob-
lemsthatwe intendto addressin futurepublications.In particularwe intendto investigate
whetherthematurationprocessis multi-fractal,see[9]. While ourmodelscapturetwo fun-
damentalprocesses,they alsoraisethequestionasthe role andsignificanceof processes
of landscapeevolution that arenot asyet includedin our models. In particular, it is of
interestto conjecturewhetherdifferentmultifractalprocessescharacterizemorecomplex
models.We alsonotethat the analysisof the waterflow in Section2.4 andAppendixA
providescompleteinformationonly for waterflowsof verysmalldepth.If therainfall rate,
andhencethewaterdepth,is significantlygreaterthenmorecomplex fluid equationsare
probablyjustified,andthismaychangethenoise-generatingmechanismandthestochastic
driving of theerosionprocess.Thetwo processeswork in tandemin thegeneralsituation
discussedin this paperbut it is alsodesirableto find specialsituationswhereeachprocess
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canbestudiedin isolation.
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A The Generationof Shocksin the Water Flow Equation

Equation(9) describesthewaterflow down a watersurfacerepresentedby H. We rewrite
thisequationin theform

η2∂h
∂t

� ∇ 	#] uh
5
3 ' ∇H ' 12 ^ � R� (43)

whereu � ∇H�
∇H

� denotestheunit vectorin thedirectionof thegradientof thewatersurface.
If weexpandthegradientterm,thenthisequationcanbewritten in theform

∂h
∂t

� 5
3η2h29 3 ' ∇H ' 12u 	 ∇h � Q

h59 3
η2 � R

η2 � (44)

where

Q � : ' ∇H ' 2∆H � 1
2

�
H2

x Hxx � 2HxHyHxy � H2
y Hyy�' ∇H ' 52 ;

andusingthatu 	 ∇h � ∂h
∂s, wheresparametrizesthedownstreamdirectiongivenby u, we

obtainaaone-dimensionalPDE

∂h
∂t

� 5
3η2h29 3 ' ∇H ' 12 ∂h

∂s
� Q

h59 3
η2 � R

η2 � (45)

whereQ is the functiondefinedabove. It is well-known thatsuchone-dimensionalequa-
tions caneitherdevelop shocksor their solutionsmay blow up in finite time. We now
show that for a small rainfall rateR the solutionsdo indeeddevelop a shock,which is a
singularityin thes derivative,in finite time.

Wefirst setR � 0 andwrite down thecharacteristicequationsfor theequation(45),

dt
dτ

� 1 � ds
dτ

� � 5
3η2h29 3 ' ∇H ' 12

(46)

dh
dτ

� Q
h59 3
η2 � � p

�
s� τ � h59 3 �

Thefunctionp is positive
p
�
s� τ �C� � Q > 0 �

if thequadradicform Q
�
Hxx � Hxy � Hyy� is negative definiteandit is aslong asH is convex

(concave in mathematicalterms)and∇H K� 0. Now we solve the h equationin (46) and
obtain

h
�
s� t �E� ho

�
s��

1 � 2
3h29 3

o
�
s� P � s� t �G� 39 2 (47)
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where

P
�
s� t ��� T t

0
p
�
s
�
τ �
� s� τ � dτ �

increasesalongthe characteristicsbecausep > 0 � Thush
�
s� t � doesnot blow up but de-

creasesalongthecharacteristics.Next we computethecharacteristicsmakinganapproxi-
mationthatsimplifiesthecomputation.Theequationdeterminingthecharacteristicsis

ds
dτ

� � 5
3η2h29 3 ' ∇H ' 12 � � 5

3g
�
s� η2h29 3 � (48)

if H evolveson a slower time-scalethanh. But this waspreciselythe conclusionof the
discussionin Section2.1.Thuswecanseparatethevariablesandsolvetheaboveequation

G
�
s� ' sso

�UT s

so

g
�
s� ds � � 1

η2 T t

0
h29 3 � s� τ �6� τ � dτ �

Next weexpandthesolutionh in (48)above in powersof h
�
so � ,

h
�
s� t ��� h

�
so � � h59 3 � so � T t

0
p
�
s
�
τ �,� τ � dτ � O

�
h79 3 � so �G�6�

andsubstitutetheresultinto theequationfor G, to get

G
�
s� � G

�
so �8� � 5

3
h29 3 � so �

η2 t � O
�
h59 3 � so �G� η2 �6�

This impliesthattwo characteristicsemanatingfrom two distinctpointss1
> so meetat the

time

t � 3
5

η2 � G �
s1 � � G

�
so �?�

h29 3 � s1 � � h29 3 � so � � O
�
h
�
so �6� h � s1 �G�6� (49)

Moreover, thesecharacteristicscarry differentvaluesof h by equation(47) producinga
shockat thelocation

s � G D 1 � G �
so � � 5

3
h29 3 � so �

η2 t � O
�
h59 3 � so �G� η2 �G�

at thetime t � In one-dimensionalmodelsthewaterdepthis anincreasingfunctionof s sot
is positivebecauseG is alsoincreasing,seetheexamplebelow. Thisshockis a singularity
in thederivativeof h sowe canthink of it asa travelling hydrolic jump.

Thecharacteristicsthatweobtainarenotstraightlinesasfor thenonlinearwaveequation,
dueto the term '∇H ' 19 2. For examplewheng

�
s�_� '∇H ' D 19 2 � s19 4, G

�
s�`� 4

5s59 4 � the
characteristicsaregivenby theformula

s59 4 � s59 4
o � 25

12
h29 3 � so �

η2 t � O
�
h59 3 � so �G� η2 �
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andtheshockdevelopsat thetime

t � 12
25

η2 � s59 4
1

� s59 4
o �

h29 3 � s1 � � h29 3 � so � �
Theanalysisis similar for small valuesof R, thatcanbe treatedperturbatively, but if the
rainfall ratebecomeslarge, it dominatesandpreventsshocksfrom developingasshown
above. In summary, thewaterflow equationpossessestwo mechanismsproducingshocks
in the watersurface,onecausedby the nonlinearitiesin h the otherby the singularities
in the water(or land)surfaceH. We may interprettheselatter shocksasrapidsor knick
points, that causeshocksin the waterdepthandtheseshockspropagatedownstream,as
illustratedin AppendixB.

44



t

s
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Figure13: Thecharacteristicsfor theshockcausedby surfacesingularities.

B SurfaceSingularities and Shocks

We provide an illustrative exampleof how shocksare generated,on concave separable
surfaceswith singularitiesin theirslopes.Wenotethattheseexamplesmaybegeneralized
to non-separablesurfaces.We considerthe one-dimensionalhyperbolicequationfor the
evolutionof thevariationof thewatersurface

η2∂v
∂t

� 5
3

∂
∂s

� � h
2
3
1
'∇H1 ' 19 2v�a� f

�
x � y� t �6� (50)

where
1

g
�
s� � � 5

3
h

2
3
1
'∇H1 ' 19 2 � � η2∂qw

∂h

is eitherastrictly decreasingor astrictly increasingfunction.Weconsiderapproximations
to initial andseparablelandscapesin whichweassumethatthelandscapeis locally uniform
in directionsperpendicularto thegradientof thewatersurface.

Closeto aseparablelandscapeuniform in thedirection,u bw , whereuw � � ∇H�
∇H

� ,24

g
�
s�C� � sD 19 4 � (51)

is a reasonablemodel.Wemake thechangeof variables

a � 5
3

h
2
3
1
'∇H1 ' 19 2v � � v

g
�
s�

24Theseparablelandscapeis of coursenot uniform in thedirectionof u c but this examplestill givesthe
right information.
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thentheequationcanbewritten in theform

∂a
∂t

� 1
g
�
s� η2

∂a
∂s

� f
�
x � y�?� η2 � (52)

If wenow let
ds
dτ

� 1
g
�
s� η2 �

definethecharacteristicsandg � ∂G
∂s , thenequation(52)canbesolvedalongcharacteristics,

a
�
s� t ��� a0

�
G D 1 � G �

s� � t
η2 �G��� 1

η2 T t

0
f
�
G D 1 � G �

s� � t � τ
η2 �6� τ � dτ �

Theimportantequationis theequationfor thecharacteristics

ds
dτ

� 1
g
�
s� η2 � � 5

3η2h
2
3
1
'∇H1 ' 19 2 � (53)

It saysthatif thederivativeof '∇H ' 19 2 hasa singularityat theorigin thenthederivativeof
h will obtaina singularitythereandthis singularitywill propagatedownstreamalongthe
characteristics

s � GD 1 � G �
so � � t

η2 �6�
seeFigure13. This constitutesthe secondtype of shockformation, the shocksthat are
causedby singularities,rapidsor knick points,in thesurface,in distinctionto thefirst type
of shockformationdiscussedin Section2.4andAppendixA.
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C The Scalingof the Gradient

In thisappendixweexplainhow thepresenceof aprofilesuchastheinitial uniformsurface
with constantslope,or the profile of the separablelandscape,affects the scalingof the
gradientof thewatersurface '∇H ' . Consider'∇H ' � y � x�5� 
H2

x
�
y � x�
� H2

y
�
y � x��� 19 2B�
 � exχ � O

�
x2χ ���d	?	G	e� 2 � �

c � dxχ � O
�
x2χ �G� 2 � 19 2� �

c2 � 2cdxχ � O
�
x2χ �G� 19 2 �

in a statisticalsensewherec � d � e� areconstants.By theinequality,�
a � b� 19 2 3 a19 2 � b19 2 �

" � '∇H ' � y � x� � '∇H ' � y�G� 2 > 19 2 � �
c2 � 2cdxχ � O

�
x2χ �G� 19 2 � c3 �

2cdxχ � O
�
x2χ �G� 19 2 � xχ 9 2 � 2cd � O

�
xχ �?� 19 2 �

Similarly " � '∇H ' � y � x� � '∇H ' � y�G� 2 > 19 2 � �
c2 � 2cdxχ � O

�
x2χ �G� 19 2 � c[ �

2cdxχ � O
�
x2χ �G� 19 2 � � xχ 9 2 � 2cd � O

�
xχ �G� 19 2 �

by theinequality �
a � b� 19 2 [ a19 2 � b19 2 �

This shows that the statisticalscalingof '∇H ' hasthe exponentχ � 2, whenever χ is the
spatialroughnessexponent.
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D River Basinsand Horton’ sLaws

Considertheprojectionof therivernetwork ontothex � y plane.Whereastheroughening
of the surfaceabove is controlledby the width function, the laterallocationof a channel
is determinedby a purerandomwalk in thedownridgedirections.Sincetheflow is in the
downstreamdirection,permissiblemotionsat eachstepoccurin anarc subtending180o.
Thecorrespondingexponentsfor this randomwalk are

β � 1
2
� χ � 1 � z � 2 �

whereβ is now justtheHurstexponent.Now thetributarychannelssit in the2-dimensional
planeandthe fractaldimensionof the river network is D f � 2 � χ � 1. Thecorrespond-
ing (planar)avalanchedimensionis D � 1 � χ � 2. If we take a one-dimensionalslice
perpendicularto the directionof the channel,then its position on this slice is that of a
one-dimensionalrandomwalker andthewatersurfaceabove this one-dimensionalsliceis
determinedby anotherrandomwalker in theverticaldirection(seeSection2.5.)

This analysisimpliesthatmany of thepropertiesof river networksmaybederivedfrom a
randomwalk. For example,theavalanchedimensionfor apurerandomwalk alsogivesus
a simpleproof of a well-known link betweenthe Horton relationsfor streams.Consider
theStrahler-Hortonorderingfor streams25 Horton[32] discoveredthatif N

�
a� denotesthe

numberof streamsof ordera andL
�
a� is theirmeanlengththentheratios

L
�
a � 1�
L
�
a� � RL � N

�
a�

N
�
a � 1� � RB � (54)

areapproximatelyconstantoverthesamerivernetworks,whereRL is calledthelengthratio
andRB is calledthebifurcationratio. In [6], thiswasrelatedto theavalanche(embedding)
dimensionof a rivernetwork

D � ln
�
RB �

ln
�
RL � � 2 �

by thevalueof D computedabove. Thusweobtain

RB � R2
L � (55)

This relationshipis borneout by observationswheretypically RB B 4 andRL B 2.

251. streamswithout tributarieshaveorderone;2. whentwo streamsof ordera join, they form astreamof
ordera f 1; 3. whentwo streamsof differentorderjoin, theresultingstreaminheritsthehigherorderof the
two.
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Figure1: TheWatersurfaceH of aTypicalRunat10%of theSurfaceEroded
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Figure2: TheWaterDepthh andtheSlopeof theWaterSurface ' ∇H ' of aTypicalRunat
10%of theSurfaceEroded
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Figure3: TheWatersurfaceH of aTypicalRunat60%of theSurfaceEroded
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Figure4: TheWaterDepthh andtheSlopeof theWaterSurface ' ∇H ' of aTypicalRunat
60%of theSurfaceEroded
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