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ABSTRACT. Let E/Q be an elliptic curve and let p be an odd prime of good reduction for
FE. Let K be an imaginary quadratic field satisfying the classical Heegner hypothesis and in
which p splits. The goal of this paper is two-fold:

(1) We formulate a p-adic BSD conjecture for the p-adic L-function Lg"¥ introduced by
Bertolini-Darmon—Prasanna [BDP13].

(2) For an algebraic analogue FFBDP of LyPP | we show that the “leading coefficient” part of
our conjecture holds, and that the “order of vanishing” part follows from the expected
“maximal non-degeneracy” of an anticyclotomic p-adic height.

In particular, when the Iwasawa—Greenberg Main Conjecture (FFBDP) = (LEDP) is known,
our results determine the leading coefficient of LEDP at "= 0 up to a p-adic unit. Moreover,
by adapting the approach of Burungale—Castella—Kim [BCK21], we prove the main conjecture
for supersingular primes p under mild hypotheses.

In the p-ordinary case, and under some additional hypotheses, similar results were obtained
by Agboola—Castella [AC21], but our method is new and completely independent from theirs,
and apply to all good primes.
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1. INTRODUCTION

1.1. The BDP p-adic L-function. Let E/Q be an elliptic curve of conductor N and let p
be an odd prime of good reduction for E. Set f € S3(I'o(IN)) to denote the newform associated
with F. Let K be an imaginary quadratic field of discriminant prime to Np, and assume the
classical Heegner hypothesis, i.e., that

(Heeg) every prime factor of N splits in K.

Fix an embedding ¢, : Q— Qp, and assume also that

(spl) p = pp splits in K,
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with p the prime of K above p induced by ¢,. Let K /K be the anticyclotomic Z,-extension,
and put

F:Ga](KOO/K), A:Zp[[F]], A@:A@Zpé\’

where O is the completion of the ring of integers of the maximal unramified extension of Q.
In a seminal paper [BDP13|, Bertolini-Darmon—Prasanna introduced a p-adic L-function

BDP N
ZPPP € Ay

whose square LEDP = (‘,%BDP)2 interpolates central critical values of the complex L-function
of f/K twisted by infinite order characters of I'. The main result in op. cit., asserts that the
value of LEDP at the trivial character 1 of I' (which lies outside the range of interpolation) is
given by

1 1—ay(E)+p\°
BDP (1 _ P 2
(BDP) LR = () o
Here, ap(E) :=p+1—#E(Fp), ug := 3#05, zx € E(K) is a Heegner point arising from
a modular parametrisation

¢E2X0(N)—>E

with associated Manin constamﬂ cg € ZxoNZg, (so zx ® cz' € E(K) ® Z, is independent
of the choice of ¢g), and

log,, . : E(Ky) @ Zy, — Zy

is the formal group logarithm associated with a Néron differential wg € Q' (E/Z)).

The above formula has been a key ingredient in recent progress over the past decade
towards the Birch-Swinnerton-Dyer conjecture when the analytic rank of E is < 1: [JSWI1T],
[Ski20], etc. (see [Bur22] and the references therein).

The goal of this paper is to formulate and study a p-adic analogue of the Birch—-Swinnerton-
Dyer conjecture for LE’DP for all good primes p > 2, predicting:

(i) the “order of vanishing” of LEDP at the trivial character 1;
(ii) a formula for the “leading coefficient” of LEDP at 1.

In the p-ordinary case, this task was first carried out by Agboola—Castella [AC21] drawing
from the methods of Bertolini-Darmon [BD95]. The formulation of the conjecture in [AC2I]
imposed some technical hypotheses required for the existence of a “perfect control theorem”:
p 1 ¢, for the Tamagawa numbers ¢, of E/Qy for all primes ¢ | N, and p { #E(F,). Such
control theorem is well-known to fail in the supersingular case. Moreover, it was also assumed
that #1L(E/K)[p>] < co.

The new approach in this paper allows us to give a formulation of a p-adic BSD conjecture
for LBPP without any of those additional hypotheses and for all good primes p > 2. Moreover,
modulo the expected “maximal non-degeneracy” of an anticyclotomic p-adic height pairing,
we prove our conjecture for an algebraic analogue of LE’DP.

1.2. p-adic analogue of BSD for LEDP. For the formulation of our conjecture, we assume
that the triple (E, K, p) satisfies the following additional hypotheses:

(hO) E(K)[p] =0,

and that for every q € {p,p} the restriction map

(hl) resq : Sp(B/K) — E(Kq) ® Zy

Lusing [Maz78] for the inclusion cp € Z).
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has non-torsion image, where S,(E/K) = lim, Sel,, (E/K) is the usual compact Selmer group.
(Note that is implied by the finiteness of III(E/K)[p*>], since by the p-parity conjecture
[NekO1), Kim07], hypothesis implies that the Selmer group S,(E/K) has odd Z,-rank.)

Denote by E(Kg)/or the quotient of E(Kj) by its torsion submodule, and let resg i, be
the composition of res; with the projection E(Ky) ® Z; — E(Kq) jtor @ Zyp. Let

T = T%lE[pk]

be the p-adic Tate module of E, and set Sely(K,T) = ker(resytor)-
In Section (3 building on Howard’s theory of derived p-adic heights [How04], we construct
a filtration

Selq(K,T) D ggl) D g,(f) DD gg” DEEEE
with ggi) = {0} for ¢ > 0, equipped with a sequence of “derived” p-adic height pairings
(1.1) b8y x & = i
where J C A is the augmentation ideal. Using these pairings, we define a p-adic regulator
Regp,der € ((JO/JU+1) ®Zp QP)/Z;)<7

where o = Zi21i -rankgz, ( ,(f)/ gffﬂ)). By construction, Reg, 4., is always nonzero.
Set
roi= ranksz’p(E/K).
Under hypotheses (h0)-(hI]), the Selmer groups Selq(K,T) C S,(E/K) are free Z,-modules
of rank 7 — 1 and r, respectively. Let (s1,...,s,—1) be a Zy,-basis for Sel,(K,T'), and extend

it to a Z,-basis (s1,...,s,_1,8p) for Sp(E/K). In particular, resy /tor(Sp) 7 0.

The following is our p-adic BSD conjecture for LE’DP.

Conjecture 1.1 (p-adic BSD conjecture for LEDP). Assume —.
(i) (Leading Coefficient Formula) Let

gan = ordyLyPY :=max{i > 0: L;°" € J'},

and denote by LEDP the natural image of LE’DP in J%n [ Jontl Then up to a p-adic
unit

—5 1—a,(E)+p\°
LEDP — (W) . 1ng(8p)2 - Regy ger - # Bk (K, W) - Hc%
{N

(ii) (Order of Vanishing) Let r* denote the Z,-rank of the +-eigenspace of Sp(E/K) under
the action of complex conjugation. Then,

Qan = 2(max{r+, r-}—1).

Here c; is the Tamagawa number of E/Qq, W = E[p>], and lllpk (K, W) = Sely= (E/K) /qiy
is the Bloch-Kato Tate-Shafarevich group, i.e., the quotient of the p*°-Selmer group Selp~ (E/K)
by its maximal divisible submodule. Also,

log, : Sp(E/K) — Zy

denotes the composition log,, o res, o
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Remark 1.2. In the p-ordinary case, a variant of Conjecturewas formulated in [AC21], with
a regulator defined using the theory of derived p-adic heights by Bertolini-Darmon [BD95|. An
important advantage of the present formulation in comparison with the formulation of [AC21),
Conj. 4.2] is that the latter requires a hypothesis on the derived p-adic heights amounting to
the requirement that ggz) = 0 for ¢ > p for the definition of their derived p-adic regulator in

[op. cit., Def. 4.1], whereas our formulation of Conjecture is completely unconditional.

Remark 1.3. Assuming #I1I(E/K)[p™] < oo for the usual Tate-Shafarevich group HI(E/K),
it is possible to remove the ambiguity by a p-adic unit in the formulation of Conjecture (1)
Indeed, following an observation from [BD95, Rem. 2.21], this can be achieved as follows: in
this case

Sp(E/K) =~ E(K)® Zy, = (E(K)/E(K)tor) ® Zp = Z,

using for the middle equality. Let M be an endomorphism of S,(E/K) sending a Z-basis
(P1,...,Pr) of E(K)/E(K)tor =~ Z" to (s1,...,8r—1,8p). Then it suffices to replace Reg, je;
in the right-hand side of Conjecture i) by the modification

det(AM)*2 - Regy ders
which is a well-defined element in (J7/J7) ®z Q, and is independent of the choice of M.

Remark 1.4. When ord,—; L(E/K, s) = 1, Conjecture [L.1f(ii) follows immediately from
and the work of Gross—Zagier and Kolyvagin. In this case, g., = 0, and the Leading Coefficient
Formula in Conjecture(1.1{i) is equivalent to the p-part of the Birch-Swinnerton-Dyer formula
for L'(E/K,1) (see Proposition [4.4)).

1.3. Main results. By the Iwasawa—Greenberg Main Conjecture (see Conjecture ,
should generate the characteristic ideal of a A-adic Selmer group denoted X7 = Selg(K oo, w)v
in the body of the paper. This module is known to be A-torsion under hypothesis (see
Proposition [2.5]).

The main result of this paper is the following.

BDP
LP

Theorem 1.5. Let FEBDP € A be a generator of charp(Xp), and put
Oalg = ordJFEBDP :=max{i >0: FEBDP c J'}.

(i) Let FEBDP be the natural image of FEBDP in JO%is / JeastL Then, up to a p-adic unit

TBDP 1-— ap(E) + p 2 2 2
FE = — : 1ng(sp) : Regp,der ) #H—[BK(K7 W) ’ H Ce-
p 4N
(ii) Furthermore,
Qalg > Q(max{r+u 7_7} - 1)?

with equality if and only if rankng,gm =rt—r7|—1 and géi) =0 fori>3.

Set hy := hgl). We say that hy is mazimally non-degenerate when the condition for equality
in the last part of Theorem holds. In the p-ordinary case, conjectures due to Mazur and
Bertolini-Darmon ([BD95, §3]) imply that h, is maximally non-degenerate (see Remark,
and we expect this condition to hold for all good primes p > 2. (For the second assertion in
Theorem (ii), note that hypothesis and the p-parity conjecture imply that ™ and
r~ have different parities, and so |[r™ — 77| =1 >0.)

As a consequence, when the Iwasawa—Greenberg Main Conjecture

(1.2) (FP7) = (L3°F)
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is known, Theorem implies Conjecture [1.1[i) (up to a p-adic unit). For ordinary primes,
a proof of the Main Conjecture (|1.2)) was obtained in [BCK21]. In Section |7| we extend their
methods to the supersingular case, leading to the following result.

Theorem 1.6. Let p > 2 be a prime of good supersingular reduction for E, and let K be an
imaginary quadratic field satisfying (Heeg) and (spl). Assume in addition that:

(i) N is square-free.

(ii) Elp| is ramified at every prime £ | N*.

(iii) E[p] is ramified at every prime ¢ | N~ with ¢ = £1 (mod p).

(iv) Ewvery prime above p is totally ramified in K /K.
Then X3 is A-torsion, with

chary (Xﬁ) = (LEDP).

In other words, the Iwasawa—Greenberg Main Conjecture (1.2)) holds.

Hence (together with the proof of in [BCK21] in the p-ordinary case, since Theorem [L.5]
also applies to this case), our results in this paper determine (up to a p-adic unit) the leading
coeflicient of LE’DP at T' = 0 for all primes p > 2 of good reduction, and reduce a full proof of
Conjecture to the expected maximal non-degeneracy of hy.

1.4. Relation to prior work. In the p-ordinary case, a version of Theorem [1.5| was obtained
in [AC21) Thm. 6.12] under some additional hypotheses, including:

(i) ay(E) # 1 (mod p),

(ii) p1 e for all primes £ | N,

(iti) #LU(E/K)[p™] < o.

As noted in [op. cit., §6.2], their proof is largely based on an adaptation of the arguments from
[BD95], and hypotheses (i) and (ii) are essential to their method. Our proof, building on the
approach to derived p-adic heights later developed by Howard [How04], is completely different
from and independent of [AC2I], and we are able to dispense with hypotheses (i)—(iii) (and
obtain a result also in the p-supersingular case).

Back to the p-ordinary case, Sano [San23|] has also given a new proof of [AC21, Thm. 6.12]
removing hypotheses (i) and (ii) by building on an extension of Nekovai’s descent formalism
[Nek06l §11.6] using “derived” Bockstein maps; his methods are also different from ours.

Finally we note that for supersingular primes p > 2, the results of Theorem [I.5is new for all
cases Pa1g > 0; on the other hand, the case g, = 0 of Theorem (in which case Selq(K,T') =
0 and p-adic heights make no appearance) can be deduced from the “anticyclotomic control
theorem” of Jetchev—Skinner—Wan [JSW17], but our results also give a new proof in this case.

1.5. Method of proof. In a series of papers culminating in [PR92| (see also [Col00]), Perrin-
Riou developed a method for computing the leading coefficient of algebraic p-adic L-functions
in terms of arithmetic invariants. In the setting of this paper, her methods allow one to

determine a formula for g, and the image FplBDP € Jeaig / Jeaie Tl (up to a p-adic unit) precisely
when the sequence

0 & ©Q, - Sely(K, V) ™ Hom(Sely(K, V), Q) - Hom(8™ © Q,, Q,) - 0

is exact, where V' =T ® Q,, is the rational p-adic Tate module, ggm) ®Qp = ﬂizlggi) ® Qp
is the space of universal norms in Sely(K, V), and the middle arrow is defined by the p-adic

height pairing hy (see [PR92, Thm. 3.3.4]). However, in the setting of this paper one can show
that
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(see Proposition and Corollary [3.11](ii)), and therefore exactness of amounts to the
non-degeneracy of hy, which in the anticyclotomic setting fails as long as [rT — 7| > 1 (see
Proposition .

The key technical innovation of this paper is the development of an extension of the results
of [PR92] applicable to X3, building on Howard’s theory of derived p-adic heights [How04] to
account for the systematic degeneracies of hy in the anticyclotomic setting.

1.6. Outline of the paper. In Section [2] we introduce some of our Selmer groups of interest,
and state the Iwasawa—Greenberg Main Conjecture . In Section |3 we extend the results
we need from [How04] to our setting, yielding the groundwork for the definition of the derived
regulator Reg, 4, in the formulation of our conjectures in Section (4] In Section 5] we state our
main results toward the p-adic Birch—-Swinnerton-Dyer conjectures for LE’DP , and Sections
are devoted to the proofs. In particular, we refer the reader to the start of Section [f] for an
outline of the proof of our main Theorem
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2. SELMER GROUPS

We keep the notation from the Introduction, and assume that the triple (E, K, p) satisfies
hypotheses and (spl). For every n > 0, we write K, for the subextension of the
anticyclotomic Z,-extension K /K with Gal(K, /K) ~ Z/p"Z.

Let X be a finite set of places of K containing the archimedean place co and the primes
dividing Np. Denote by X the set of finite places in X, and assume that all primes in X split
in K. For every number field F' containing K, let Ggy. = Gal(F*/F) be the Galois group of
the maximal algebraic extension of F' unramified outside the places above Y. Recall that T
denotes the p-adic Tate module of F, and put

V=T&gz,Qp W=V/T~Ep>]

Definition 2.1. Suppose F' D K is a field extension, and let q € {p,p} be any of the primes
of K above p. We define the q-strict Selmer group of V' by

Hl(l V )
2.1 Sel,(F,V):=k HlG V) — || Rl
( ) eq( ’ ) er{ ( F7E7 ) wEEf II%(‘Z ’U)?‘ )}’

where

1 . —_
Hl(Fw,V) _ H'(F,,V) ifw]q,
a 0 else.
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Similarly, letting Hl (F,, V) and H
Hl

str

11(Fu, V) be defined by
(Fy, V) =0 forallwe Xy,
and

HY(F, if
Hrel(FU)aV):{ ( ij) ' w‘p’

else,

we define the Selmer groups Sels (F, V') and Sel,ei (F, V') by replacing Hc1| (Fy, V) by HY (F,, V)
and H | (F,, V), respectively, in (2.1)).

For ? € {q, str,rel}, let HY(F,,T) and H}(F,,, W) be the pre-image and image, respectively,
of H%(Fw7 V') under the natural exact sequence

HY(F,,T) — HY(F,,V) = HY(F,, W),

and define the Selmer groups Sel;(F, T') and Sel;(F, W) by the same recipe as in Definition [2.1]
Let Selx(E/F) C HY(Gryx, E[p*]) be the Selmer group fitting into the p*-descent exact
sequence
0 — E(F)/p"E(F) — Sel,«(E/F) — III(E/F)[p*] — 0,

where I1I(E/F)[p*] denotes the p¥-torsion in the Tate-Shafarevich group of E/F. Set
Sely (E/F) = lgSel «(E/F), S, (E/F) = &_ m Sel . (E/F),

where the limits are with respect to the inclusion E[p¥] — E[p**1] and the multiplication-by-p
map E[p**1] — E[p*], respectively. Finally, set K, ;== K ® Q, ~ K, ® K.

Lemma 2.2. Assume (h0)-(hl). Then for every q € {p,p}
Selq(K7 T) = ker(resq/tor)a

where resy i, is the composition

resg

Sp(E/K) —% E(Kq) ® Zp, — E(Kq) jror ® Zy.
In particular,

rankz Sely (K, T) = rankz, S,(E/K) — 1.
Proof. 1t follows from global duality and Tate’s global Euler characteristic formula that the

image of the restriction map
Selyel (K, T) — HY (K, T) := H'(K,, T) & H' (K5, T)

has Z,-rank 2 (see [Ski20), Lem. 2.3.1]). By global duality we also have the exact sequence

0 = Selye (K, T) = Sp(E/K) —L5(E(Kyp) or @ Zp) @ (E(Kp) jror © Zp)
— Selyel (K, W)Y — Sely (E/K)Y — 0.

Note that by assumption, the Zj,-rank of the image of the map res, i, = resy jor © resg/or 18
either 1 or 2. In the former case, it follows from [Ski20, Lem. 2.3.2] that

(2.3) Sely (K, T) = Selgs (K, T) = Selg(K, T)

and this yields the conclusion of the lemma. If the image of res) i, has Zj-rank 2, we see
from (2.2)) that Sel,~ (E£/K) is contained in Sel,e (K, W) with finite index, and the conclusion
again follows. (]

(2.2)

Remark 2.3. A discussion of the case where im(res), ) has Z,-rank 2 is missing in the proof of
[AC21), Lem. 2.2]. Hence the statement of that lemma needs to be corrected as in Lemrna
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For q € {p,p} set
Selg (Koo, W) = lim Selq (K, W).

As is well-known, Sely(Ks, W) is a cofinitely generated A-module, i.e., its Pontryagin dual
Selq (Koo, W) is finitely generated over A.

Conjecture 2.4 (Iwasawa-Greenberg Main Conjecture). Sels(Ko, W) is A-cotorsion and
char (Selg(Koo, W))Ag = (LyPF).
Here, as in the Introduction, LE’DP = (.,iﬂpBDP)2 denotes the square of the p-adic L-function
BDP
< €4

introduced in [BDP13] and further studied in [Brall] (where it was shown to be an element
in the Iwasawa algebra) and |[CH18a] (where it was also shown to be non-zero).
The first claim in Conjecture is now known under a mild hypothesis.

Proposition 2.5. Assume (h0)). Then Selq(Ks, W) is A-cotorsion.

Proof. In the p-ordinary case, this follows from [CGLS22, Thm. 4.2.2] and [CGS23|, Thm. 5.53].
Note that the proof of these results is based on Kolyvagin’s methods applied to the anticyclo-
tomic Euler system of Heegner points on £/ K and a A-adic extension of the formula of
Bertolini-Darmon—Prasanna obtained in [CH18a, Thm. 5.1]. For supersingular primes p (and
assuming a, = 0 when p = 3), the result similarly follows from an adaptation of the argument
in [CGLS22, Thm. 3.4.1] applied to (signed) Heegner point Kolyvagin system constructed in
[CW24, Thm. A.4] (which is non-trivial by [CW24] Cor. 6.4] and in a similar relation to LqBDP
as in the p-ordinary case by virtue of [CW24, Thm. 6.2]). Finally, when p = 3 is supersingular
for E but aj is not necessarily zero, the result follows from the analogues of the aforementioned
results from [CW24] developed in |[CCSS18, §4]. O

We conclude this section by recalling the following basic result which will be useful in some
of our arguments.

Proposition 2.6. Assume (h0)). Then Sely(Ko, W) has no proper finite index A-submodules.

Proof. As shown in [HL19, Prop. 3.12], this can be deduced from Greenberg’s general results
[Grel6]. O

3. HOWARD’S DERIVED p-ADIC HEIGHTS AND THE DERIVED REGULATOR

We keep the setting from Section |2} and assume in addition that holds. In this section,
we recall Howard’s general construction of derived p-adic heights [How04], and extend some
of his results in op. cit. to our setting to obtain derived p-adic heights on Selq(K,7T"). Then
we define the regulator Reg, 4o, appearing in the formulation of our conjectures.

3.1. Ax-adic Selmer groups. Fix a topological generator v € I'. Adopting the notations in
[How04], for any k we set
Ok = Zp/kap, Ak = (’)k[[l“]]

"1
v—1

Let K, be the localisation of Ay at all elements of the form g, = for some n, and define

Pr. by the exactness of the sequence
(3.1) 0— A = K — P — 0.
Let S®) = E[p*], and put
ST = limIndg, e S®,  SE = lim Ind ., /5§

Iw —
n
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where the limits are with respect to the natural corestriction and restriction maps, respectively.
By Shapiro’s lemma, we have a canonical A;[G k x]-module isomorphism SI(V’? ~ Sk) ®0, Ak,
where the Gk s-action on Ay is given by the inverse of the tautological character Gxy —
[ < A (see [HowO4, Lem. 1.4]). There is also an isomorphism S*) @0, Py ~ Sk ([How04,
Lem. 1.5]) depending on the choice of 4. Tensoring over Oy, with S*), we then obtain

(3.2) 0— 8% - 5" g 0,

dropping the subscripts in K for the ease of notation.
For q € {p,p}, let F; be the Selmer structure on S,(Ck) given by

Hllmr(KlWSI(Ck)) ifwj(poo,
(3.3) HE: (K, SE)) = Y (KR SW)  ifw =1,
0 if w=gq.

Let Gely(K, S,(Ck)) be the associated Selmer group:

Gely(K, 5 = ker{Hl(GKg,S(k) - 11 (Kws(:))}
ot HY (K, SP)
The short exact sequence induces the natural exact sequence
H' (K., ) = HY (K, SP) — H' (K, SE)).
Taking the image (resp. inverse image) of H}_—q(Kw,S,(Ck)), we obtain the local condition
H}q(Kw,Sgé)) (resp. H}_-q (Kw,SI(fV))). Following [MRO04], we refer to these local conditions
as being propagated from Hlfq (K, S,(Ck )) (or S,(Ck)) via . The Selmer groups they define

will be denoted Gelq(K, S@) and Gelg (K, SI(V?), respectively. (Similar definitions of local
conditions “by propagation” will be made below.)

Definition 3.1. For every q € {p,p}, denote by HI}-q(Kw, S®)) the local conditions obtained
from Hlfq(Kw, Sé’g)) by propagation via S®*) — Sé’é), and let

Sk ))
(k)Y . 1
Gelg(K,SW) := ker{H (GK,Ea ) = wg K’was( ))}

be the resulting Selmer group.

Note that by condition (h0)), the natural surjective map H' (G s, S®)) — H' (G x:, S&))[J]

is an isomorphism; since the local conditions on Gely (XK, S (k)) are propagated from Sgé), this
restricts to an isomorphism

(3.4) Sely(K, ™)) ~ Sely (K, S [J].

3.2. Howard’s derived p-adic heights. For every i > 1, let ngi C Gely(K, S(k)) be the

submodule mapping to J z'_IGe[q(K , S@) [J] under the isomorphism (3.4). We have a filtration
Sely(K,SM) =6l) 56 5. o6l 5

Theorem 3.2 (Howard). Fori > 1, there is a sequence of canonical symmetric i-th “derived”
height pairings
(6) . x( (4)
U RECIV RSO ON
such that the kernel on the left (resp. right) is 6;1 (resp +1)).
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Proof. By definition , the local conditions cutting out Gely(XK, S(k)) and Gelg(K, S(k))
are everywhere exact orthogonal complements under the pairing

H (K, SP) x HY (K, ST = H2(K,, (1)) ~ K

induced by the Weil pairing S*) x §®*) — O, (1). Therefore, by [How04, Thm. 1.11] there is
a canonical symmetric height pairing

ok : Gelg(K, SP)) x Selg(K, SP)) — O.

(As written here, the pairing h k depends on the choice of a topological generator v € I", but
the J/.J?-valued pairing (y — 1) - thc is independent of ~, as one checks immediately from

[How04, Lem. 1.10(b)].) Note that J"~'Gely(K, Sé’é))[J] is the image of the injection
Sely (K, ST [J1]
Sely (K, ST [Ji-1]

given by multiplication by (y — 1)*~!. Thus we may define
R) s T Sely (K, SE) ] x T Selg(K, SE)[T) — Oy,

(3.5) Diy s Gelg(K, SE) (]

by hg 3{3(5 t) hq k(07 ( ),t). In particular, B(lli is the restriction of hq j to Gely(K, S(k))[J] X
Selg(K, )[ ]. By [HOW04 Lem. 2.3], the left kernel (resp. right kernel) of h(i is exactly
JZGe[q(K, S’éo))[,]] (resp. J'Gelg(K, Séo))[ﬂ). Since ([3.4)) restricts to an isomorphism

&V ~ T 1Sely (I, SE) (],

we can transfer fz‘(ﬁc to 61(113@ X 6%% via this isomorphism. Thus, we get a sequence of pairings

hgli with the stated properties. O

3.3. Control theorems. We now compare the Selmer groups Gel, (K, S. (k )) (and limits thereof)
of the preceding section with the Selmer groups Selq (K, T) and Selq (Koo, W) (see Corollary [3.6]
and Corollary . This will allow us to deduce frorn Theorem (3.2 - a construction of p-adic
height pairings for Sely(K,T'), and to relate their degeneracies to the A-module structure of
Selq (Koo, W).

Let Sely (XK, Sgé)) be the Selmer group cut out by the local conditions

H! (Ky, Sc(,lé)) if w1 poo,

Hy (Ko, SE) = { HY(K;, SY) it w =17,
0 ifw=nq.

Putting Seo = lim, S we also consider the A = Z,[I']-module

Selq(K, Soo) = hgﬁlselq(K, Sé/g))’
k

where the limit is with respect to the maps induced by the inclusion Sk) —y glk+1),
Lemma 3.3. For every q € {p,p} there is a canonical A-module isomorphism
Selq(K, Seo) ~ Selg(Koo, W).

Proof. By Shapiro’s lemma, we have H! (G %, Seo) ~ HY(Gk.. 5, W). We check that under
the above isomorphism, the Selmer groups in the statement are cut out by the same local
conditions. For the primes w above p, this is clear. For the primes w € ¥y \ {p,p}, we need
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to check that lim, HL (K, Sgg)) = 0, but this follows from [How04, Lem. 1.7], since by our

unr
assumption on X these primes are split in K, so they are finitely decomposed in Ko/K. O

Remark 3.4. In light of Lemma we shall henceforth write Sely(K, S« ) and Selg(Koo, W)
interchangeably.

Directly from the definitions we have the inclusion Gelq(K, Sgé)) C Selq(K, Sc()lé)). On the
other hand, the natural surjection

(3.6) H' (Gk,5, SP) — HY Gk s, Sxo) 0"
induces a map oy : Selq(K, Sgé)) — Selq(K, Sso) [P"].
Proposition 3.5. For every q € {p,p}, the composition

Gelg(K, ST)) = Selg(K, SE)) =% Selq(K., So)[p"]
1s injective with finite cokernel of bounded order as k — oo.

Proof. By , the map (3.6) is an injection, and therefore so is oq. To bound the cokernel of
the map in the statement, we bound the cokernel of each of the two maps in the composition.

From the definitions, we see that the quotient Selq(K, Sgg))/Ge[q (K, S’gé)) injects into
H' (K5, &)

; 15— qk) 1 gk

im{H'(Kg, S¢”) — H'(Kj, Sac’) }

By local duality, this is bounded by the size of @n‘aE(Koom)[pk]. Since @maE(Koom)[poo] is

finite by [KO20l Lem. 2.7], the above quotient has the desired bound.
On the other hand, for the primes w € X7\ {p,p}, [How04, Lem. 1.7] gives

Hl (Kwas(k)):Hl (KwaSoo):O'

unr oo unr

(3.7) = ker { (K, S1) — WY (K7, 5¢) )

Therefore, by the snake lemma we see that the cokernel of oy is bounded by the kernel of the
restriction map

(3.8) (ro)w: P H'(Kw,SP)— P H'(Ku Sw)lp"].
weX \ {7} weZ\{a}

From the cohomology long exact sequence associated with multiplication by p* we see that
ker(ry) = HY(Ky, Soo) /P HO (K, Soo ), and this is bounded by

(3.9) II #((Bw)ja), where By =P E(Kwy) ™),

weX\{7} nlw
which is clearly finite and independent of k. Thus #coker(c,) has bounded order as k — oo,
whence the result. (|

Corollary 3.6. With notation as above, the following equality of A-modules holds
lim Sely(K, SE) = Sely(K, Su).
k

Proof. By Proposition %ﬂk Gely(K, Sé’i)) is contained in Selq(K, So) with finite index, so
the result follows from Proposition [2.6 U

The next result is a variant of Mazur’s control theorem for our g-strict Selmer groups.

Proposition 3.7. The map W — S induces an injection
Bq = Selq(K, W) — Selq (K, Seo)[J]

with finite cokernel.
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Proof. The map By is the restriction of the natural map H'(Gk x, W) — H(Gk 5, Seo) in-
duced by W — S4. This natural map is part of the cohomology long exact sequence induced
by

0—>W—>SOOE>SOO—>O,

and by (h0), it induces an isomorphism H! (G 5, W) ~ H'(Gk 5, Sso)[J]. The injectivity of
Bq follows from this. On the other hand, from the definitions and a direct application of the
snake lemma, we see that the cokernel of 3; is bounded by the kernel of the restriction map

1 _
(3.10) (rq,(rw)w):mx [I B, w)={0yx [ J]H Keom W

weX \ {7} weX p\{q} n|w
For w = q, we compute
ker(rg) = H' (K, T)tors by local Tate duality
(3.11) = ker{H' (K7, T) — H' (K3, V)}
= coker{H (K7, V) — HO(K5, W)},
where the last equality follows from the cohomology long exact sequence associated to T —»
V — W. Since H(K3, V) = 0, this shows that
(3.12) #ker(rq) = #H (Kq, W) = #B(Qyp)[p™].
For w = ¢, we have
ker(rq) = Bq/(y —1)By,
where By is as in (3.9), and therefore finite by [KO20, Lem. 2.7]. Finally, for w € £\ {p,p}
we have ker(r,) = By/(7 — 1)B,. From the exact sequence
0 = E(K,)[p™] = By =5 By — By/(y — 1)B, — 0

and the finiteness of E(K,,)[p>], we see that

(Bw)aiv € (¥ = 1) Bu,

and so #ker(ry,) is bounded by [B,, : (Bw)aiv]. Since all primes w € 3 are finitely decomposed
in K /K by our assumption on ¥, this concludes the proof. O

Remark 3.8. When #8Selq (K, W) < oo, adapting the arguments in [Gre99, §4], one can deter-
mine the exact size of the cokernel of the restriction map /3, in Proposition resulting in
the formula

#COker(ﬁq) (#E Qp H Cw )

w|N

where c{?) is the p-part of the Tamagawa number of E/K, (see [JSWI17, Thm. 3.3.1]). How-
ever, Greenberg’s arguments rely crucially on the surjectivity of the global-to-local map

H (K, W)
Hl(Gsz, —> H Hl K W)

which fails when Sely(K, W) is infinite. In our approach, when Selq(K, W) is not necessarily
finite, a result playing the role of an exact control on #coker(f;) will be obtained in (see

Corollary [6.8)).

Corollary 3.9. The generalised Selmer group l&lk Gelq(K, Sé’;))[J] is contained in Sely(K,T)
with finite indez.
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Proof. By (h0), the natural surjection H'(Gg 5, S?®) — HY(Gg 5, W)[p"] is an isomorphism.
Since the local conditions defining Sely (K, T") and Selq (K, W) are propagated from Hé (Ky, V),
we have

(3.13) Selq(K,T) = lim Selq (K, W)[p"].
k

On the other hand, it follows from the proof of Proposition that for every k there is a
natural injection

Sely (K, W)[p"] — Sely(K, Soo)[J + pFA]
with cokernel bounded by the size of

(E(Qp>[p°°]>< I Bw/w-l)Bw)[pk].
weXr\{qa}

Since this is finite (even before taking p*-torsion) and the transition maps are given by mul-
tiplication by p, its inverse limit with respect to k£ vanishes. Therefore,

(3.14) lim Selq (K, W)[p"] = lim Sely(K, Soo)[J + p*A].
k k

Since Proposition implies that lim, Gel, (K, Sgé)) [J] is contained in Hm, Selq(K, Seo)[J +
pFA] with finite index, the result follows from (3.13)) and (3.14). O

Definition 3.10. For every ¢ > 1, put

£’ = m Sy,
k

where the limit is with respect to the multiplication-by-p maps S*+1) — (k)

Thus we obtain a filtration

(3.15) lim &ely(K,5®) =gV 5 g 5. ol 5 o e,
k
where g((]oo) = Ni>1 ggl) The pairings hg% of Theorem are compatible as k varies, and
in the limit they give rise to a sequence of “derived” p-adic height pairings
(3.16) hy: gy x Y — 1z,
such that the kernel on the left (resp. right) is ggiﬂ) (resp. g%iﬂ)).
Corollary 3.11. Let q € {p,p}. Using ~ to denote A-module pseudo-isomorphism, write
Sely (K, Soo)” ~ A @ (A/ ) @ (A)JH)2 @ (N T) @ &M
with M a torsion A-module with characteristic ideal prime to J. Then
: i i+1
(i) e = rankg, (&¢"/&5Y).
(i) e = rankzp(ggoo)) = rankgz, (Selq(K,T)"), where

Sely (K, T)" := [ corg, i (Selq(Kn, T))

is the space of universal norms in Selq(K,T).
Remark 3.12. Proposition says that Selq(K, Se)" is A-torsion, so ex = 0.

Proof. The argument leading to the proof of [How04, Cor. 4.3] (for the usual Selmer group)
applies verbatim to our setting, replacing the use of Proposition 3.5 and Lemma 4.1 in op. cit.
by Proposition and (the proof of) Proposition above, respectively. O
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3.4. The derived regulator. Note that by Corollary and (3.4), the Selmer group

lim Gely (K, s™) = ggl)
k

is contained in Sely (K, T") with finite index.

Definition 3.13. For ¢ > 1, define
Eqi) = (gqi) ®z, Qp) N Selq (K, T)
to be the p-adic saturation of g((]z) in Sely(K,T). In particular, Egl) = Selq(K,T).
By linearity, the pairings extend to Qp-valued pairings
(3.17) hy 6y x BY = Qp,

whose kernel on the left (resp. right) is Egiﬂ) (resp. E%Z +1)) by virtue of Theorem
" . . — (i) ;= (i+1 = (i) = (i+1
By definition, for every ¢ > 1 the quotients g;) / gff ) and gg) / gél ) are free Z,-
modules, and since the action of complex conjugation defines an isomorphism Sel, (K, S) ~

Sely(K, Sx), by Corollary [3.11{i) the Z,-ranks of these quotients are equal. Hence for every
q € {p,p} we have

(3.18) &/85 ~zg

for some integers e; > 0 (the same for both p and p). By Corollary|3.11{ii) and Proposition
we know that e; = 0 for ¢ > 0. 4

Note that the i-th derived p-adic heights hgl) depend on the choice of a topological generator
7, but the (J*/J™1) @z, Qp-valued pairings (y —1)* - hgl) are independent of this choice. We
record the dependence on v in the following definition.

Definition 3.14. Let (z1,1,...,%1,¢;3 - ;Ti1,-- ., Tie; -+ ) be a Zy-basis for Sel, (K, T') adapted
to the filtration
e 580 5 ... 580 ...
Selp(K,T) =6, D6y D--D6p D+,

so that for every ¢ > 1 the elements x;1,...,%;,, project to a Z,-basis for §,§i)/§ff“>. Let
(Y105 > YLers " 5 Yils- -+ Yiess ) be a Zy-basis for Selz(K,T) defined in the same manner.
Define the i-th partial requlator by

(@) ._ i)
By = det(hé (‘rivj’yi’j/))lgj,j’gei’
and the derived requlator by Regy ger » := [[;>1 R,(,Z)W

(4)

s, are non-zero, and they are well-defined

Remark 3.15. By definition, the partial regulators R,
up to a p-adic unit. So, we have

Rosy e © Q5 /7
Replacing h,(f) by (y—1)*- héi) and writing 0 = ) .., ie;, the above definition gives a non-zero
derived regulator ;

Reg, gor € ((J7/J7) ®2z, Q) /2
which is independent of ~.
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4. BSD CONJECTURE FOR LE’DP

In this section, we formulate our p-adic analogue of the Birch—Swinnerton-Dyer conjecture
for LEDP, extending the formulation given in [AC21] in the p-ordinary case.

We keep the setting from Section [2} and assume in addition that and hold.
By Lemma we have

Sely (K, T') = ker(resy tor) = Z;_l,

where r = rankg, S,(E/K). Let (s1,...,s,—1) be a Zy-basis for Sely(K,T), and extend it to
a Zy-basis (s1,. .., 5.1, 8p) for Sp(E/K). In particular, resy(sy) € E(K,) ® Z, is non-torsion.
Henceforth, we let

log, : Sp(E/K) — Z,
be the composition of the map res, /i, With the formal group logarithm E(Ky) /tor ®@ Zp — Zy
associated with a Néron differential wg € Q' (E/Z ). Also, let gk (K, W) = Selye (E/K) /iy
be the Bloch-Kato Tate—Shafarevich group, and for every prime ¢ | N write ¢; to denote the
Tamagawa number of E/Qy.

as an element in O[T via the iden-

In the following, we shall interchangeably view LEDP

tification Ag ~ @[T ] defined by T'= v — 1 for our fixed topological generator v € I'. Thus T’
corresponds to a generator of the augmentation ideal J C A5.
Conjecture 4.1 (p-adic BSD conjecture for LE’DP). The following assertions hold:

(i) (Leading Coefficient Formula) Let gay = OI'dJLEDP. Then, up to a p-adic unit,

1 d® ppp 1 —ay(E) +p\? 2
Oan! dT0an Ly ’T*O B P logy (sp)

X Regy o, #10Ic (16, W) - [ 2.
(N

(ii) (Order of Vanishing) Set r* to denote the Zy-corank of the +-eigenspace of S,(E/K)
under the action of complex conjugation. Then

Oan = 2(max{r,r"} —1).

Remark 4.2. We observe that Conjecture is a reformulation (depending on 7y) of Conjec-
ture [L.1] in the Introduction.

Remark 4.3. As noted in the Introduction (see Remark, Conjectureextends to all good
primes p > 2 and with an unconditional definition of Reg, 4o, the p-adic Birch-Swinnerton-
Dyer conjecture formulated in [AC21], Conj. 4.2]. That their p-adic heights (deduced from the
construction in [BD95]) agree with ours (deduced from the construction in [How04]) when
both apply, follows from the height comparisons in [Nek95, §11] and [BMC24, §10].

By the works of Kolyvagin, Gross—Zagier, and Bertolini-Darmon—Prasanna, Conjecture [£.1]
enjoys the following compatibility with the classical Birch-Swinnerton-Dyer for L(E/K, s).

Proposition 4.4. Assume ords—1L(E/K,s) =1. Then:
(i) Conjecture ( i) is equivalent to the p-part of the Birch—Swinnerton-Dyler formula
for '(E/K,1).
(ii) gan =0, and Conjecture [{.1|(ii) holds.
Proof. By the Gross—Zagier formula [GZ86], the Heegner point zx € E(K) in formula (BDP))

is non-torsion. Therefore, rankz F(K) = 1 and #II(E/K) < oo by Kolyvagin’s work [Kol88],
and g,y = 0 by formula (BDP)). In particular, Conjecture (ii) holds.
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The above also shows that gk (K, W) = II(E/K)[p™] and rankz,S,(E/K) = 1. To-
gether with Lemma it follows that Sely(K,T) = 0, and so Regy g¢r, = 1. Therefore, if

sp is any element of S,(E/K) ~ E(K) ® Z, satisfying resy /o (sp) # 0, Conjecture (1) now
reads

(4.1) LyPP(0) ~p (1—%(E)+p i

) logy(sp)® - #1I(E/K)[p™] - [ [ 7.
p oN
We can write 2z ® 1 = m - sp, with m € Z,, satisfying

ord,(m) = ord, ([E(K) : Zzk]),

and formula (BDP)) can then be rewritten as

2 1—a,(E)+p\°
4.2 LEPP(0) ~p s - P 1 2
( ) p ( ) P u%(CQE p ng(sp)
Combining (4.1]) and , we thus see that Conjecture ( ) is equivalent to
(4.3) [E(K) : Zzk)? ~p uicch - #11(E/K) - [] .
(N

By the Gross—Zagier formula, (4.3 is equivalent to the p-part of the Birch—-Swinnerton-Dyer
formula for L'(E/K, 1) (see e.g. [Zhal4, Lem. 10.1]), so this concludes the proof. O

5. MAIN RESULT

We shall say that the p-adic height pairing hy, := h,(jl) is maximally non-degenerate if, letting

e; be as in (3.18)), we have
{|r+ —r| =1 ifi=2,
€, =

0 ifi >3,

where 7% = rankg, (S,(E/K)*) for the +-eigenspace Sp(E/K)* of S,(E/K) under the action
of complex conjugation.
The main result of this paper is the following.

Theorem 5.1. In the setting of let FEBDP € A be a generator of charp(Sely(Koo, W)V).
Put 0a1g := ordJFEBDP.
(i) Up to a p-adic unit,

1 d®&=  ppp (1 —ap(E)+p 2 2
Qalg' dT %2 & ‘T:O_ P +logy (sp)

x Regy gor,, - #1ex (K, W) - T ] 7.
N

(ii) The following inequality holds
Oalg > 2(max{rt,r~} —1).
Furthermore, equality is attained if and only if hy, is mazimally non-degenerate.

Combined with progress towards the Iwasawa—Greenberg Main Conjecture (Conjecture,
we deduce the following result towards the p-adic Birch-Swinnerton-Dyer conjecture for Ly, SDP

Corollary 5.2. Let p: Gq — Autg,(E[p]) be the mod p representation associated with E. If
p is ordinary, assume that:

(la) FEither N is square-free or there are at least two primes (||N.
(1b) p is ramified at every prime £||N.
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(1c) p is surjective.
(1d) ap(E) #1 (mod p).
(1e) p > 3.
If p is supersingular, assume that:
(2a) N is square-free.

(2b) p is ramified at every prime £ | N.

(2¢) Ewvery prime above p is totally ramified in Ko /K.
(2d) p > 3, which implies ap(E) = 0.
Then,

(i) The Leading Coefficient Formula of Conjecture[{.1|(i) holds.
(ii) The following inequality holds
ordJLE‘DP > 2(max{rt,r"} —1).

Equality is attained, and hence Conjecture (u) holds, if and only if h, is mazimally
non-degenerate.

Proof. In the p-ordinary case, the Iwasawa—Greenberg Main Conjecture (Conjecture was
proved in [BCK21, Thm. B] under hypotheses (1a)—(1le); in the p-supersingular case, a proof
of the same conjecture under hypotheses (2a)—(2d) is given in Corollary The result thus
follows from Theorem [5.1} O

6. PROOF OF THEOREM [B.1]

Before delving into the details, we give a brief outline of the proof of the Leading Coefficient
Formula in part (i) of Theorem The much shorter proof of part (ii) is given in

The proof is divided into four steps. Our starting point is Lemma giving an expression
for the leading coefficient at T' = 0 of the characteristic power series F'x of a torsion A-module
X, where A = Z,[T]. The formula is in terms of the orders of the flanking terms in the exact
sequence

0T X[T] > T'X L T'X - T"X/T™H X = 0
for any r > ordpFx. Together with the results from Section (3 ' this lemma applied to Xz =
Sely( Koo, W)V leads to a proof of the equality up to a p-adic unit

~p 4 (_)pr-&—l))

]_ anl
(Step 1) i BDP ’

Qalg 'dTQalg T=0
or any r > 0,1e.. Passing to the limit in &k, the O-valued derived hei airings b\ give rise
for any 7 > galg. Passing to the limit in &, the Op-valued derived height pairings A\') g

to a collection of exact sequences

n) ,
6.1  0— gp’“ — g; LR Homgz, (§ g)>Qp/Zp) — Homg, (§ % ).Q,/2,) —

for ¢ > 1, where g &—k k and gq lgk gli
We ﬁnd the derived regulator Regy der,y appearing naturally from an iterative computation

using (6.1) for i = 1,...,r, leading to a proof of the equality
(Step 2) ( gé””) ~p Regy gory - [Sel (K, T): 1] #((&) jarv)

for any r > galg.
Next we study the local conditions cutting out the Selmer groups gél) and gg), arriving
at a five-term exact sequence from which we can deduce the relation

(Step 3) [Sely(K. T): S5] - # (&) jase) = #(E(Qp) [N - [] 2 - #(Selg(K. W) jas)-

w|N
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Finally, using global duality and a computation using log, we obtain
(Step 4)
1—ay(E)+p 1
#(Sels (K, W) /qiv) ~ (p ;
Bl W)~ (T FER 7))
which in combination with the previous steps yields the Leading Coefficient Formula in part (i)
of Theorem [B.11

2
> -logp(s,g)2 - #1pk (K, W) -

6.1. Step 1: Non-semisimple torsion A-modules and augmentation filtration. Let
X be a A-module, where A = Z,[T]. For every r > 0, denote by

BY T X T X

the map given by multiplication by T, and put h(ﬁg)) = #coker(ﬁg)) / #ker(ﬂg)) whenever
both terms in the right-hand side are finite.

Lemma 6.1. Let X be a finitely generated torsion A-module, and let Fx € A be a generator
of charp (X). Put

ox :=ordrFx.
For any r > ox, the sub-quotients T"X/T" ' X and T"X[T] are both finite. In addition,

L dex )y #(T"X/TX)
QWFX 1o P h(Bx") = AT X[T])

where ~,, denotes equality up to a p-adic unit.

Proof. Suppose first that X is an elementary module, in the sense that
X = A/(f),
where f = a,T" + a1 T + -+ € A with a,, # 0 (so n = gx). Then for any r > n we find
X[T]=(T""5/(f),
T"X = (1", f)/(f) = (T")/[(T") n (f) = (T") /(T f),
Therefore,for any 7 > ox we have that T"X[T] ~ X[T"!]/X[T"] is trivial and
T"X/T X = (T7) (T T ) = Zy /(an)

so the result is true in this case.
In general, by the structure theorem there exists a A-module homomorphism

p: X =Y
with finite kernel and cokernel, where Y is a direct sum of elementary modules as above. Since
X and Y have the same characteristic ideal and by the above argument the result is true for
Y, it remains to show that h(ﬁgp) = h(ﬁg)) for any r > ox = oy.
For any A-module homomorphism S : M — M with finite kernel and cokernel, put h(8) =
#coker(B)/#ker(B). Note that if 0 + A — B — C — 0 is a A-module exact sequence, and
any two of the multiplication-by-T maps T4 : A - A, Tp : B — B, T : C — C have finite

kernel and cokernel, then from an easy application of the snake lemma we see that h(T4),
h(Tg), h(T¢) are all defined, with

(6.2) hTp) = h(Ta) - h(Tc).

For any r > 0, ¢ induces maps ¢, : T"X — T"Y with finite kernel and cokernel. Applying
(6.2) to the tautological exact sequence 0 — im(¢,) — T"Y — coker(¢,) — 0, we obtain

(63) h(ﬁg)) = h(frlm(gbr)) ’ h(Tcoker((;ﬁr)) = h(ﬂm@»))
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for any 7 > ox, using that h(Toker(g,)) = 1 (since #coker(¢,) < o) for the last equality. On
the other hand, applied to 0 — ker(¢,) = T"X — im(¢,) — 0, (6.2) similarly gives

(6.4) B(BY)) = h(Tier(6)) - M Timigr)) = M(Timis)
for any r > px. Combining (6.3) and (6.4]), the result follows. O

Remark 6.2. When the action of T'on X is “semi-simple” (i.e., when up to pseudo-isomorphism
X is of the form @&;A/(f;) with f; € A satisfying ordy(f;) < 1 for all i), Lemma recovers
a well-known result (see e.g. [PR93, §1.4, Lemme]).

For the rest of this section, we let A = Z,[I'] be the anticyclotomic Iwasawa algebra and
J C A the augmentation ideal. We shall often identify A (resp. J) with the one variable power
series ring Z,[T7] (resp. (T')) setting T" = v — 1 for a fixed choice of topological generator
vel.

Proposition 6.3. Let q € {p,p}. Let FqBDP € A be a generator of the characteristic ideal of
X =Sely(K,Sx)Y, and put gag = ordJFqBDP. Then

L doe BDP‘
Oalg! dT%1e 9 |T=0

~p #(85Y)

for any r > 0,1.

Proof. After Lemma [6.1] it suffices to show that we have

(6.5) H( X TTX) = #(65)), TXl] =0
for any r > pa15. Consider the exact sequence
K r+1
0— Selg(K, Soo)[J] Gelg(K, Sx) Gelg(K, Sx) Lo,

Gely (K, Soo) 7] Gely(K, Soo)[J7]  Selg(K, So)[J7]
Taking Pontryagin duals and noting that

(Selg(K, Soo)/Selg(K, Soo)[J7])” = (J'Sely(K, S)) " = J" X,
using Corollary for the last equality, we obtain the exact sequence

Gely (K, Soo)[J
GSIE(K, Sol[)[c]r] | ) Qp/zp) — 0.

Via the maps ¢,41, in given by multiplication by (v —1)", the last term in this sequence
is identified with the Pontryagin dual of J"&elq (K, So)[J] ~ ggrﬂ), and so the first equality

in (6.5) (for any r > 0) follows from (6.6).
On the other hand, since by Propositionwe know that X is A-torsion, Corollary|3.11(ii)

and our running hypothesis imply that the filtration (3.15]) satisfies ggl) =0 for i > 0.
Let

(6.6) 0— J X, — JXq— Homzp<

ip = max{i > 1: ng’) # 0}.
Then by Corollary [3.11] we may fix a A-module pseudo-isomorphism
(6.7) X ~ (AT ® (AT D@ (A)JO)% & M
with M a torsion A-module with characteristic ideal prime to J, and therefore #(M[J]) < oo.
In particular
(6.8) Oalg = €1 + 2€2 + - -+ + ip€j,

which shows that r > ig for any r > ga. From (6.7, we thus see that for any r > pu, (in
fact, 7 > ig suffices), the A-submodule J"X,[J] of X, is finite, and so by Proposition the
second equality in (6.5)) follows, whence the result. O
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6.2. Step 2: Derived p-adic regulator. We begin with a basic algebraic lemma.

Lemma 6.4. Let 0 — A % B — O — 0 be an exact sequence of finitely generated modules
over Z,. Then

#(Ator) : #(Ctor) ~p det™h - #(Btor)a
where det™h is the product of the non-zero entries in the Smith normal form of A i, LN Btor-

Proof. This follows upon noting the relations #(Cior) = # (B tor/h(A tor)) vor T (Btor /M (Ator))
and #(B/tor/h(A/tor))tor ~p det™h. O

For q € {p,p}, put

Sely(K, T) == 6§ = lim el (K, SO)[J],  Selg(k, W) = GV
k

In particular, we have seen in Corollarythat Gely(K,T) is contained in the g-strict Selmer
groups Sely(K,T") with finite index.

Proposition 6.5. For any r > 041, := OI’dJFEBDP, we have

#(GUY) ~p Regy goryy - [Sely (K, T): Gely(K,T)] - #(Sels(K, W) i)

Proof. Passing to the limit in k, the Og-valued i-th derived height pairings h’% of Theorem
induce a pairing

&) x &l - Q,/2z,.

By the descriptions of the kernels of h ZL in Theorem this gives rise to the exact sequence

(
p?
7 7 al® 7 %
0= 6y /g( e Homg, (§%)7 Qp/Zp) — Homzp( oy 7Qp/z ) =
We also have the tautological exact sequence
0 () (i+1) (i+1) i)
— Sy /gp —>SlpKT/g — Sely(K,T)/ S5 — 0.

Applying Lemma [6.4] to the above two exact sequences gives

#(( %””)/div) det* o)
#((gé’))/div) (gp /g(“rl tor)

, . det* B) - #(Sely (K, T) /éﬁm))
L (( 1)/ (2+1)) L)~ i tor
( gp gp ' ) g #(SGIP(K’ T)/gp ))tor

)

from which we get

#((85™)san) det*al) #(Sely(K.T /8,
#((&)jan) et BY g(sel (6, 1) /85,

(6.9)
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For any r > 0,14, using that #( (TH)) < oo (and so g(TH = 0) and taking the product of
. ) for i =1,...,r, we arrive at

#( gﬂ)):#(( gﬂ))/div)

T det* o #(Sely (K, T /ggl))mr "
(6.10) ~r H det* ﬂ #(Selp K T /g(r+1 )tor #((gﬁ )/le)
Qalgd t*
~p H det*ﬁ [Selp(K, T): Gely (K, T)] - #(( gp /dw)

Thus we are reduced to showing that

det* a(®) _o0)

(611) det* ﬁ(l) e Yl
where R,ﬁL is the partial regulator in Definition 3.14l

By Corollary. we note that Propos1t10n|g amounts to the statement that Selz(K, W) is
contained in gﬁ ~ Gely(K, Soo)[J] with finite index. Therefore, (g%l))div = Selg(K, W )iy
It follows from the definition of Selg( K, T') and Sel;( K, W) by propagating the local conditions
HL(Ky, V) that

(6.12) Selg(K, T) ®z, Qp/Zp = Selg(K, W) .

From this, it follows that for every i > 1 we have

(Indeed, because Eg ) is defined as the saturation of gg) inside Selz(K,T), the composite
map

89 Q,/2, - Sely(K.T) © Qy/Zy = (&)

is injective with image gél ))div.) From ([6.13]) we deduce

(6.14) Homz, (& )aiv, Qp/Zy) ~ Homz, (81", Z
for all # > 1. Note that the composition

[0}

i i O] i i —(
&y /ey"! = Homg, (&1, Qy/Z,) — Homg, (& )aiv, Qp/Zy) = Homg, (&Y, 2,)

is induced by the pairing héi). Hence,

det* o = disc(h(i)| (1) /& (i+1) SO ﬂm))
P (e s )/mrxgﬁ /85

_ R z) |:ng g (i4+1) (gpl)/ng—l )/tor:|
= R{) - det* g0

This shows (6.11]), which together with (6.10)) yields the result. O
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6.3. Step 3: Local universal norms. Note that by definition, we have

Sel(K, T) = lim &ely(K, W), Sel(K, W) = lim Sely(K, S™)),
k k

where Gely(K, S*) is as in Definition

Proposition 6.6. For every w € Xy, the local conditions Hlfq (K, S®) and HlfH(Kw,S(k))
are exact orthogonal complements under the local Tate pairing

(6.15) H' (K, S®)) x HY (K, S®) — O,

induced by the Weil pairing e : S®) x S*) — O (1).

Proof. We begin by considering the case w = q. From the definitions, we have
H}fq(va s®) = im{H(Kq, S = Hl(qus(k))},

HY- (Kq, SM) = im {H'(K,, ${))r — H' (K, S®)}.

w

(6.16)

To see the second equality, we note that the propagation to S (k) of
B (Kq, $E) = im {H (Kq, S) = H (K, SO) } = ker{H! (K, SE)) — H2(K,, S[3)}

equals the kernel of the composition H' (K, S*®)) — H' (K, Sgé)) — HQ(Kq,SI(VkV)), which is
the same as the connecting homomorphism for the exact sequence

(6.17) 0— SF 2= gk gt) s g,

Hence,

HY (K, &) = ker(H' (K, S®) - H2(Kq, Sy )} = im{H (Kq, S{))r < H (K, S®) .

Iw Iw
Now, since we have
H' (Kq, 5™)

(6.18) i Gl LR
H(Kq, Si)r

~ H2(Kq, S")[J] ~ (HO(Kq, S$)p)

from the cohomology long exact sequence associated with (6.17)) and Tate’s local duality, the
orthogonality assertion for w = q follows. The argument for w = q is the same.

Next we consider the case w € ¥\ {p,p}. In this case, H}_-q(Kw, Séﬁ)) = Hlfa(Kw, ng))) =0,
and therefore
H, (Ku, S®)) = Hy (Ky, M) = ker{H' (K, S¥)) — H' (K, S{)) }
= im{H(Ky, S&)r — H' (K, S®)}.

From the short exact sequence

(6.19) 0 — H'(Ky, S)r — HY(K,, S®) = H2(K,, ST [J] ~ (HO(K,, SE)r)" = 0

w

induced by (6.17)) and local Tate duality, we see that
i

)

HY, (Ko, S®) = (im{H' (K, S{))r = H! Ky, S7)})

where the superscript | denotes the orthogonal complement under ((6.15]). Thus it suffices to
establish the equality

(6.20) HO(K . S8 = H! (K, S0
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inside H (K, S®). Consider the commutative diagram with exact rows

0 — HO(Ky, SE) o — HY(K,p, SIF)) —— im{H (K, SI) = H' (K, S&7)} — 0
] -
0 — HO(Ky, SE)) 0 — HY(Kyp, SI)) —— im{H' (K, S\) = HY (K, &)} — 0,

where the rows are induced by (3.2)) and the subscript /K denotes the quotient by the natural
image of HO(K,, S,(Ck )) in HO(K,, Sé.]f)). Using the fact that multiplication by v—1 is invertible

in S (k) , the snake lemma applied to this diagram yields an injection

(6.21) HO (Ko, SO < HY (Ko, SW)r-

On the other hand, we can compute

(6.22) #H(Ku, SE)r = # (D EKoc) ")) = # (6D E(Koc) ")) 1] = #E(Ko) ),
njw njw

using the finiteness of E(K ,)[p¥] and the fact that w is finitely decomposed in K, /K (since
it splits in K) for the second equality. From , we similarly find

(6.23) [H (K., S®)) : H (Kyp, S8)r] = #HZ(Kw,S V) = #E(Ku)[p")-

Since #H' (K, S®)) = (#FE(K,)[p"])? by Tate’s local Euler characteristic formula and Tate’s
local duality, the desired equality (6.20] - now follows from the combination of - -,
and - ), thereby concluding the proof.

From the analysis in the proof of Proposition we deduce the following two key results.
Corollary 6.7. We have

H (K, T)

~ X . A Bw, 1)

Sely(K,T) _ker{H (Gr»,T) = H' (K, T) x Ey\{ }Hl(Kw,T)u}
w £\

where HY (K, T)% := L 1m{H1 Kw,S(k))F — HY(K,, S(k‘))},

Proof. By (6.16)) and the equality (6.20)) established in the proof of Proposition the local
conditions cutting out Gely(K,T) are given by HY (K., T)* for w € ¥\ {q}. Restricted to g,
the classes in Gelq(K,T) land in the image of lim, HO(K,, Sé’é))p in H' (K, T), and so their
restriction to g vanishes by the finiteness of @, ; E(Koon)[p™]- O

Corollary 6.8. We have a five-term exact sequence
0 — Gelg(K,T) — Selg(K,T) = L — Gelg(K,W)" — Selg(K,W)" — 0

with
#L = (H#EQp)p™))* - [] e,
w|N
where c(p) is the p-part of the Tamagawa number of E/K,,.

Proof. In light of Proposition and Corollary Poitou-Tate duality gives rise to a five-
term exact sequence as in the statement with
Hy (K, T)

(6.24) L=H(K.,T)x [] (K, T}

weXp\{q}

It remains to compute the size of each the factors in the right-hand side.
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For the first factor, Deﬁnitiongives HclI (Kq,T) = HY(Kq, T)tor, and from the combination
of (3.11)) and (3.12)) we have
(6.25) #Hé (vaT) = #Hl(KmT)tor = #E(Qp)[poo]~
For w = ¢, the numerator in the second factor is Hc1|(Kﬁv T) =H'(Kg,T), and from (6.18) we

have

B 0 )10 (06 )" = (g O 501 )
k

Since ling, HO(Kg, SK) is finite by [KO20, Lem. 2.7], it follows that
(6.26) # (Hy (Kq, T)/H' (Kq, T)") = # (H' (Kq, T)/H' (Kq,T)") = #E(Qp) [p™].
It remains to consider the case w { p. In this case, we have
Hy(Kw, T) = B (Ku, T)tor = H' (Kw, T),
using Tate’s local Euler characteristic formula for the second equality. Therefore,
# (Hg (K, T) /H (K, T)") = # (K (K, T) /H (Ko, T)")

(6.27) = # (lim H (Ko, S®)r) = #(Bu /(v — 1)Bu),
k

where the second equality is shown in the proof of Proposition and By, is as in (3.9). Now
recall that cq(f) = #HL (Ky, W), where

unr

H (K, W) = ker {HY(K,,, W) — H' (K5™, W)} .

unr

Since for every 1 | w the restriction map H (Koo 5, W) — HY (K2, W) is injective (this follows
from the fact that Gal(K ™ /K« ) has trivial pro-p-part), we deduce that

H (Ko, W) = ker{H' (K, W) = @ H' (Koo, W)}
(628) njw
~ By /(v — 1)By.

From (/6.27) and (6.28]), we conclude that #(Hé(Kw,T)/Hl(Kw,T)“) = P for w tp. To-
gether with (6.25)) and (6.26]), this gives the stated formula for #L. O

6.4. Step 4: p-adic logarithm. The last step is to relate # (Sels (X, W)/div) to #1pk (K, W)
and some of the other terms appearing in our Leading Coefficient Formula.

Proposition 6.9. Assume hypotheses —. Then
#(Sely (K, W) jaiv) = #Wpk (K, W) - (#coker(resy/ior))”,

where res, jyo; is the composition S,(E/K) BN E(Ky) ® Zp — E(Ky) jpor ® Zp.
Proof. By Lemma [2.2] we have

Sely (K, T') = ker(resy) ~ Z;fl,
where r = rankszP(E/K). Let 51,5801 be a Z,-basis for Sel, (K,T) and extend it to a
Z,-basis s1,...,5.—1,8p for S,(E/K), so we have
(6.29) Sy(E/K) =~ Sely(K,T) © Zypsp.

The map resy o gives an injection Zysy — E(Ky) jtor @Zyp, and defining U by the exactness
of the sequence

(6.30) 0 — Zpsy = E(Ky) jtor ©@ Zp — U — 0,
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we see that U is finite, with #U = #coker(res, /1,r). Tensoring (6.30) with Q,/Z,, gives
(6.31) 0—=U — (Qp/Zy)sy — E(Ky) @ Qp/Zy — 0

for a certain finite module U’ with #U’ = #U. .
Noting that Sel,(K,T) ®z, Qp/Z, = Sely (K, W)qiv (see (6.12))) and similarly S,(E/K)®z,
Qp/Z, = Selpy= (E/K)a4iy, from (6.29) and (6.31) it follows that

(6.32) ker{Selpoo (B/K)ay —5 E(K,) © Q, /zp} ~ Sely (K, W)giy ® U'.

Moreover, we know that
(6.33) #U' = #coker(resy /or)-

Denote by Selyel fin(K, V) the Selmer group obtained by relaxing the condition at p in
the usual Bloch-Kato Selmer group Sel(K, V), and let Selyel fin (K, W) be the Selmer group
obtained by propagation. Then from Poitou-Tate duality we have the exact sequence
resp/ﬁn\ Hl(Kp, W)dlv

E(Ky) © Qp/Zy

0 = Selyoe (E/K) = Selye in (K, W) ~ (B(Kp) jror @ Zp)"

(resp/tor ) v

Sp(E/K)",

and it follows from our assumption that the map resy /i, has finite cokernel. Hence the map
resy/fn has finite image, with

(6.34) #im(res, /gn) = #coker(resy /ior)-

We thus deduce the following commutative diagram with exact rows
Selp"o (E/K)div — Selrel,ﬁn(Ka W)div
(6.35)

0 —— Sel,~(E/K) Selrel fin (K, W) —— im(res, /5,) — 0,
from where, together with (6.34]), we conclude that
(6.36) #(Selrehﬁn(K, W)/div) = #HIBK(K, W) . #coker(resp/mr).

On the other hand, from (6.32)) and the isomorphism in (6.35]) we also have the commutative
diagram with exact rows

resy
0 — Sels (K, W)diy ® U’ — Selyel fin (K, W)aiy —> E(K5) ® Qp/Zp — 0

resﬁ

0 Selrel,ﬁn(K7 W) - E(Kﬁ) ® QP/ZP - 0’

Selg(K, W)
from where we conclude that
#(Selg (K, W) jaiy) = #(Selrel,fin (K, W) jaiy) - #U'.

Together with and , this last formula yields the result. O

Recall that we use log, : S,(E/K) — Z, to denote the composition of resy /tor : S,(E/K) —
E(Kp) jtor @ Zp with the formal group logarithm associated with a fixed Néron differential
WEg € QI(E/Z(p))
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Proposition 6.10. Let the hypotheses be as in Proposition[6.9. Then

1—ay(F)+ 1
ooker(tes, ) ~ < %;W> 108,(%) " ZE T

where s, is any generator of Sp(E/K)/ker(resp/tor) ~7Z, and ap(E) :=p+1—#E(F,).
Proof. As shown in the proof of Proposition (see ), we have
(6.37) #(coker(resy tor)) = [E(Kp) jror ® Zp : Zpsp).
Let E1(K,) be the kernel of the reduction map modulo p, so we have the exact sequence
0 — Ey(Ky) = E(Kp) = E(Fp) — 0.
The formal group logarithm defines an isomorphism
log, : E1(Ky) ® Zy = pZy,
and this extends to an injection E(Ky) jior ® Zp < Zp. Hence from we find
2y - logy (sp)Zy)]

p - logp(E(KP)/tor ® ZP)]
_ Zy, : 10gp(3p)zpi

#(coler(resya) = 77

[E(Kyp) jtor @ Zyp 2 E1(Kyp) @ Zp]

2y : pZy)]
_logy(sp) [E(Kp) ® Zp 1 B1(Kp) ® Zy)
oo #E(Ky) [p™] ‘
Since by definition #(E(F)) ® Z,) ~ #Z,/(1 — ay(E) + p)Z,, this yields the result. O

6.5. Leading Coefficient Formula.

Proof of Theorem ( i). Let r > pa1y = ord ]FEBDP. From Propositionand Proposition
we have the equalities up to a p-adic unit:

(r+1)
~p #(_>p )
~p Regy qor - [Sely (K, T): Gely(K, T)] - #(Gels (K, W) i)
Since from Corollary [6.8] we have the relation

[Sel, (K, T): Sely(K,T)] - #(Selg(K, W) 1q,) = #(EX )2 T ) - #(Selg(K W) i),
w|N

1 anlg BDP ‘

(638) Qalg' dT'91s T=0

continuing from (|6.38) we deduce that

1 d%alg BDP’

Qalg' dT Calg T=0
~p Regy dorry - (HE(Qp) ™)) - [ i) - #(Selg(K, W) saiv)
w|N
~p Regy qery - (H#E(Qp)[p™))” - [ i - #1pk (K, W) - (#coker (resy or))?
w|N

1—ay(E)+p

» ) -log,, (sp) H o) - #lpk (K, W),

Np Reg%derﬁ ) <
w|N

using Proposition and Proposition for the middle and the last equality, respectively.
Noting that Hw‘ N Cw = Hf\ ~ €7 as a consequence of (Heeg)), this finishes the proof. O
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6.6. Order of Vanishing. In this section we give the proof of Theorem (ii). Since ggl) =
Selq(K,T), from we have a p-adic height pairing
hy = b\ : Sely (K, T) x Selg(K, T) — Q,
whose kernel on the left is given by gf) (and whose Z,-rank is the same as that of g,(f)).
Proposition 6.11. Set r* = rankngp(E/K)i. Then
rankngf) > ‘TJF — r*‘ — 1.
Proof. Note that complex conjugation acts on Selg, (K, T) = Sel, (K, T) N Selg(K, T). Let
(6.39) hstr = Selser (K, T') x Selger (K, T) = Qp
be the pairing obtained from h, by restriction. By [How04, Rem. 1.12], we have
hete (27, y7) = —hy(2,y),

for all z,y € Sely (K, T), where T is complex conjugation. Writing = to denote the Z,-rank

str
of the T-eigenspace Sely, (K, T)*, it follows that
(6.40) rankz, ker(hstr) > ‘r+ — T -

str

We distinguish two cases according to the Z,-rank of the image of the restriction map res, in
the proof of Lemma [2.2]

Case (i): rankz, im(res,) = 1. By (2.3), we have hgt = hy and

(rdera) € {0 = 1,r7), (" = D}
Thus {7’+ - T’S_tr‘ > |rt —r~| — 1, and the result follows from ([6.40).

str

Case (ii): rankg, im(res,) = 2. Consider a non-zero element z € S,(E/K) satisfying res,(z) =
res(27) = 0 and resg o, (2) # 0. Then

(6.41) S,(E/K) = Selg (K, T) ® Zpz" @ Zpz~,
where 2z = (2 & 27). With this notation, we can write

Sely (K, T) = Selgt, (K, T) ® Zyz, Selg(K,T) = Sels (K, T) @ Zy2".
Now, we immediately see that

(left kernel of hy) D ﬂker(hstr(—, s)) Nker(hy(—,27)),

where s runs over all the elements in Selg, (K, T). Thus we conclude that

rankz,, g,(f) > rankz ker(hstr) — 1

> T;—;r - Ts_tr‘ -1
= ‘r+ -7 | -1,
using (6.40)) and (6.41)) for the second inequality and the last equality, respectively. O

Remark 6.12. Conjecturally, Case (i) in the proof of Proposition only occurs when either
r+or 7~ is 0. Indeed, let EX /Q be the twist of E by the quadratic character corresponding to
K/Q. If both r* and r~ are positive, then the finiteness of III(E/K)[p™] = LLI(E/Q)[p*>] @
II(EX/Q)[p>] implies that the restriction map

res, = (resl";,res]:) : Sp(E/K) — B(K,) ®Z,=(E(Qp) ®Z,) & (EK(Qp) ® Zyp)

satisfies rankyz, im(res;

5 ) = 1, so the Z-rank of im(res,) is 2.
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The following is Theorem [5.1(ii):
Corollary 6.13. Let 9,1, = ordJFpBDP. Then
Oalg > 2(max{rt,r~} —1),
where r+ = rankngp(E/K)i, with equality if and only if hy is mazimally non-degenerate.
Proof. With the notation from , we have

Oalg = €1 + 2e2 + - - - +ige;,
> (e1t+ex+ - +ei) +(e2+ - +egp)
> (r—1)+(‘r+—r_| -1)
= 2(max{rt,r"} — 1),

using Proposition for the second inequality. These inequalities are equalities if and only
if e; =0 fori >3 and e; = |[r™ —r~| — 1, as was to be shown. O

Remark 6.14. Assume that p is ordinary for E. Applied to the usual (compact) Selmer group
Sp(E/K), Howard’s work produces a filtration

Sp(E/K)@ Q=51 >8P >...o80 5.

and a sequence of pairings h}()i) : SI(,i) X S}(,i) — Qp such that SZ(,H_I) is the kernel of Sg) ([How04,
Thm. 4.2]). In this setting, a conjecture due to Mazur and Bertolini-Darmon predicts that

+ | it —
(6.42) dimg, 5@ 2 " T =2
Q2p 1 if i = 3,

and SI(,i) =0 for ¢ > 4, and that 51(73) spanned by the space of universal norms

Sp(B/K)" = (cork, /i (Sp(E/Kn))

n

(see [How04, Conj. 4.4] and [BD95, Conj. 3.8]). Using Proposition and Corollary
one easily checks (arguing similarly as in the proof of Proposition [6.11)) that S,(E/K)* N

Sely(K,T) = 0. As a result, conjecture (6.42)) implies that hj, is maximally non-degenerate.

In the p-supersingular case the same conclusion should hold, building on the work of Benois
[Ben21] to obtain (derived) anticyclotomic p-adic height pairings on SP(E /K)®Q, compatible
with our hy.

7. PROOF OF ANTICYCLOTOMIC MAIN CONJECTURES: SUPERSINGULAR CASE

The purpose of this section is to give a proof of the signed Heegner point main conjecture
formulated in [CW24] for supersingular primes p under mild hypotheses. By the equivalence
between this conjecture and Conjecture when p = pp splits in K, we deduce a proof of the
latter conjecture under the same hypotheses.

The formulation of the signed main conjecture in [CW24] is under a generalised Heegner
hypothesiﬂ and many cases were proved in op. cit. by building on the main result of [CLW22].
Unfortunately, due to the technical hypotheses from [CLW22], the classical Heegner hypothesis
, i.e. the case N~ = 1, was excluded from those results. To obtain a result under ,
here we adapt the approach of [BCK21] to the supersingular settinﬂ

2Allovving N to be divisible by any square-free product N~ of an even number of primes inert in K.
3After a first draft of this Appendix was written, similar results were announced in [BLV23].
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7.1. Statement of the main results. We begin by introducing the setting, which is slightly
more general than what is needed for the application in Corollary

Let E/Q be an elliptic curve of conductor N, and let p > 2 be a prime of good supersingular
reduction for E. We assume that
(non-ord) ap(E) =0

(which by the Hasse bounds is automatic for p > 3). Let K be an imaginary quadratic field
of discriminant prime to N such that

(spl) p = pp splits in K.
Writing N = NTN~ with N* (resp. N7) divisible only by primes that split (resp. remain
inert) in K, assume the following generalised Heegner hypothesis:

(gen-Heeg) N7 is the square-free product of an even number of primes.

As in the main text, we let I be the Galois group of the anticyclotomic Z,-extension Ko /K,
and let A = Z,[I'] be the anticyclotomic Iwasawa algebra.

For any triple (F, K, p) satisfying , , and as above, an analogue
of Perrin-Riou’s Heegner point main conjecture [PR87]| was formulated in [CW24, Conj. 4.8].
Letting ST and X* be the compact Selmer groups over K, /K denoted by Sel* (K, T?) and
Sel® (K, A2)V in [CW24, §4.2], respectively, the conjecture predicts that both ST and X'+
have A-rank one, with the characteristic ideal of the A-torsion submodule X C X* being
the same as chary (ST /(k%))? for the A-adic +-Heegner class
(7.1) K € S*

constructed in [CW24, §4.1] (where it is denoted 2%, = cor k1) (200 [1]F).
In this section we prove the following.
Theorem 7.1. Let (E, K,p) be a triple as above, and assume in addition that:
(i) N is square-free.
(ii) Elp| is ramified at every prime £ | NT.
(iii) E[p] is ramified at every prime £ | N~ with £ = +1 (mod p).
(iv) Ewvery prime above p is totally ramified in K /K.
Then S* and X* have A-rank one, and

chary (XE

tors

) = charp (8% /(%)%
In other words, the +-Heegner point main conjecture in [CW24l, Conj. 4.8] holds.

Corollary 7.2. Let the hypotheses be as in Theorem . Then [CW24l, Conj. 5.2] holds. In
particular, in the case N~ =1, Conjecture in the body of the paper holds.

Proof. This follows from Theorem and the equivalence in [CW24, Thm. 6.8], noting that
Conjecture [2.4]is the same as [CW24] Conj. 5.2] when N~ = 1. O

The remainder of this section is devoted to the proof of Theorem [7.1]

7.2. Bipartite Euler system for non-ordinary primes. Let f =Y 7, an,q" € So(T'o(N))
be the newform corresponding to F, and denote by
p:Gq — Auty,(E[p]) ~ GLo(F))
the associated residual representation. Following [PWT1I], we say that the pair (p, N ™) satisfies
Condition CR if:
e p is ramified at every prime ¢ | N~ with £ = +1 (mod p), and

® 0 is surjectiv

4t follows from [Edi97, Prop. 2.1] that if F is semistable and p is supersingular for E, then p is surjective.
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We refer the reader to [BD05S, p. 18] for the definition of j-admissible primes (for any j > 0)
relative to f. Denote by L£; the set of j-admissible primes, and by N the set of square-free
products of primes ¢ € £;. When j = 1, we suppress it from the notations. We decompose

o ind def
Ny = NPUUNG
with /\/;nd consisting of the square-free products of an even number of primes ¢ € L;.

Remark 7.3. By definition, admissible primes ¢ € L satisfy in particular ¢ #Z +1 (mod p).
So, Condition CR allows for the existence, for any m € N, of m-new forms g € Sa(T'o(Nm))
level-raising f (and whose existence follows from results of Ribet [Rib84] and Diamond—Taylor
[DT94a, [DT94b]; see [Zhaldl Thm. 2.1]).

Let T = @j E[p’] be the p-adic Tate module of E, and put

T; = limIndg, /x(T/P'T),  Aj:=limIndg, x(Ep’)).

For every m € N the “N~m-ordinary” signed Selmer groups Seli,m(K, T)), Selﬁ,m(K, Aj)
are defined as in [BCK21], p. 1634], with the local conditions at primes v | p in loc. cit. replaced
by the above local conditions H (K, T;) and H) (K, A;) in [CW24, Def. 4.6].

In particular, at the primes ¢ + N~ mp, the classes ¢ € Selji\,,m(K, T;) are unramified,
ie., res,(c) € HY (K, Tj), while at the primes ¢ | N~m they are required to land in the
“ordinary” submodule H! ,(K,,T;). It is easy to see that for ¢ € £, both H. (K, T;) and

unr
H! (K, T;) are free of rank 1 over A/p’A (see e.g. [BCK21, Lem. 2.1]).

ord
Theorem 7.4 (Darmon-Iovita, Pollack—Weston). Suppose that
(i) ap(B) = 0.
(ii) p splits in K.
(iii) Fach prime above p is totally ramified in K /K.
(iv) (p, N7) satisfies Condition CR.
Then for every choice of sign = and every j > 0 there is a pair of systems
Iﬂ',;-t = {m;t(m) € Selﬁ,m(K, T;): me /\/';nd},
+ + iA . def
Aj = {)\j (m) e AJp’ A m E/\/je +
related by a system of “explicit reciprocity laws”:
o Ifmqiqs € /\/;nd with q1,q2 € L; distinct primes, then

locg, (K (mq1g2)) = A7 (ma1)

under a fized isomorphism H! (K, T;) ~ A/pIA.
e Ifmgqec /\/jdef with q¢ € L; prime, then

locy (k7 (m)) = A (ma)
under a fized isomorphism HY (K, T;) ~ A/p7A.

unr

Proof. This is shown in [DIO§] (in particular, see [op. cit., Prop. 4.4, Prop. 4.6] for the two
explicit reciprocity laws) under hypotheses (i)—(iii) and an additional hypothesis that f is “p-
isolated” in the sense of [BD05]. This last hypothesis was replaced by the weaker hypothesis
(iv) above in [PWII] (see [op. cit., §4.3]). O

For m =1, the classes n;-—L = mf(l) exist for all j > 0 and are compatible under the natural

maps Selﬁ_ (K, Tju1) — Selﬁ_ (K, T;), thereby defining the class
(7.2) @nf € Sely,_ (K, T) := L;nselﬁ_ (K, T;).
J J
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As in [BCK21, Lem. 2.2], we have natural isomorphisms
v
St~ @Selﬁ_(}(, T;), Af~ (hg Sely, (K, Aj))
j j

(note that the almost divisibility result of [HL19, Prop. 3.12] used in the proof can be shown
in the same manner in the supersingular case, replacing the appeal to results from [Casl7] by
their counterparts in [CW24], and using the equality Sel® (K, T?¢) = Sel®™!( K, T?°) shown in

the proof of [CW24, Thm. 6.8]). Moreover, comparing the construction of the classes nf(m)

in [DIOS| §4]E| and the construction of the classes z[S]* in [CW24, §4.1]E|7 we see that ((7.2))
is the same as the class xZ% in (7.1)).

Denote by m C A the maximal ideal.

Theorem 7.5 (Howard). Let the notations and hypotheses be as in Theorem . Then both
S* and X* have A-rank one, and the following divisibility holds in A:

CharA(thgrS) D CharA(Si/(/ioio))2.

Moreover, if for some j > 0 there exists m € N}def such that )\ji(m) has non-zero image under
the map
A/pPPA — A/mA ~F,

then the above divisibility is an equality.

Proof. The element xZ is non-torsion by Cornut—Vatsal [CV(07] (alternatively, it follows from
the explicit reciprocity law of [CW24, Thm. 6.2] and the non-vanishing of .,%BDP). Suppose
J = jo > 0is such that the condition in the last part of the theorem holds. Then by [BCK21l
Lem. 3.6]|Z| it follows that for all j > jo the system )\ji satisfies the following condition: for all
height one primes 3 C A, the system )\;-t contains an element with non-zero image in A/(*B, p).
The result thus follows from [How06, Thm. 3.2.3] with £ = k() = 1 and the ordinary Selmer
condition at the primes above p replaced by the 4-condition, noting that the self-duality of
the latter is given by [Kim07, Prop. 4.11], and as shown in [CW24, Lem. 6.5] the analogue of
the control theorem of [How06, Prop. 3.3.1] follows from [Kim07, Prop. 4.18]. O

For the proof of Theorem we shall verify the non-vanishing condition in the last state-
ment of Theorem building on progress towards the cyclotomic Iwasawa main conjecture.

7.3. A consequence of the GLo-Iwasawa main conjecture. If g € Sy(I'g(M)) is any cus-
pidal eigenform, we denote by A,/Q a GLa-type abelian variety in the isogeny class associated
to g, and by & = 0, the ring of integers of the completion of the Hecke field Q({an(g)}n) at
the prime g above p determined by our fixed embedding ¢, : Q— Qp. We also let

X
o5 € Q
be Hida’s canonical period of ¢ as defined in [SZ14] §9.3]. For any number field F' and a finite
prime w of F', let t,,(Ay/F) denote the Tamagawa exponent as defined in [op. cit.,§9.1].
Theorem 7.6. Let g € S2(I'g(M)) be a cuspidal eigenform, and let o be a prime of Oy above
p > 3. Suppose that

(i) p is good non-ordinary for g.
(ii) M is square-free.

Ssee esp. [DIOS|, Prop. 4.3].
6see esp. [CW24 Prop. 4.4].
Twhere o should denote the maximal ideal m of A.
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Then L(g/K,1) is non-zero if and only if Sely,ec (Ay/K) is finite, in which case

L(g/K,1
ord, <(§glgoné)> = length, Sel,e (44/K) + Z tw(Ag/K).
w|M

Proof. Let g be the newform associated to the twist of g by the quadratic character corre-
sponding to K. As a consequence of the Iwasawa Main Conjecture for GLa/Q for non-ordinary
primes (see [CCSS18, Thm. C], and also [FW21], Cor. 1.10]) we have that L(g,1) is non-zero
if and only if Sel,~(A44/Q) is finite, in which case

(7.3) ord,, (L(g,l)) = length, Sel,~(A,/Q) + Z te(Aq/Q),

—2mi - QF
9 oM

where Q:{ is the canonical period of g (see [SZ14, §9.2]), and similarlyﬂ with g% in place of g.
By [SZ14], Cor. 9.2] we have

D twl(Ag/K) =) te(Ag/Q) + ) te( Ay /Q),
w|M oM oM
and since p is irreducible as a consequence of hypothesis (i), by Lemmas 9.5 and 9.6 in op. cit.
we have the period relation
Q" ~p (2mi)? - Q;r . Q;FK.
The result thus follows from the combination of (7.3 for g and g*. O

Remark 7.7. Note that the p-th Fourier coefficient of the non-ordinary form g in Theorem
is not assumed to be zero. In fact, the result will be applied to a suitable g satisfying g = f
(mod ’) for some j > 0, where f is as in Theorem and so a priori we only have

ap(g) =0 (mod ).
Thus the Iwasawa theory of g underlying the proof of Theorem is of t /b-type (after Sprung
and Lei-Loeffler—Zerbes), rather than +-type (after Kobayashi and Pollack).

Suppose now that g € S3(T'g(M)) is an eigenform of level M = MTM~ with M~ equal
to the square-free product of an odd number of primes inert in K and such that every prime
factor of M splits in K. Further, suppose that the p-th Fourier coefficient of g satisfies
ap(g) =0 (mod p’) for some j > 0.

As explained in [CCSS18| §4.3] (see also [BBL24, Thm. 3.5]), building on the results of
[CHISD] one can associate to g a pair of theta elements O (¢/K) € O[I'], and it follows from
their construction and the interpolation formula in [CH18bl Prop. 4.3] that the image of

(7.4) Ly (9/K) = 0% (9/K)
under the augmentation map O[I'] — & is equal to
L(g/K,1) 1

. eo
cong
Qy Ng, M+ M~

up to a p-adic unit, where n, y/+ p~ € O is as in [Zhal4l Eq. (6.4)]. Moreover, one can easily
check the implication if g = f (mod @7), then

0%(9/K) = 05(f/K) (mod ¢ O[LT)
(see [BBL24, Lem. 3.7]). Therefore, from the construction of the elements )\;E(m), it follows
that if g is level-raising [ at m € ./\/;def, then the image of ©% (¢/K) under the map O[] —
O[]/’ O[] is the same as /\f(m)

8Note that [CCSS18, Thm. C] assumes square-free level as stated, but as explained in [JSW17, Rmk. 7.2.3]
it also applies to quadratic twists such as ¢g%.
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7.4. Proof of Theorem H. By Theorem and the construction of )\j[ of Theorem
it suffices to show that there exists m € N9 and an m-new eigenform g € Sz(T'o(Nm)) with
f =g (mod p), for which the p-adic L-function L;t (¢9/K) in (7.4) is invertible. Let

(7.5) r = dimg,Sel,(E/K).

The surjectivity of 5 implies that the natural map Sel,(E/K) — Sely~(E/K)[p] is an isomor-
phism. By (gen-Heeg|) and the p-parity conjecture we know that r is odd, say r = 2s + 1. By
a repeated application of the argument in the proof [Zhal4, Thm. 9.1] (to drop the Selmer
rank ([7.5)) down to 1 by adding distinct admissible primes ¢i, . .., g5 to the level of f) and the
proof of Theorem 7.2 in op. cit., there exists m = q1 - - - q25q» € N def and an m-new eigenform
g € S2(Lo(Nm)) level-raising f with dim,,Sel,(Ay/K) = 0. In particular,
Selgeo (Ag/K) = 0.
From Theorem it follows that

L(g/K,1)
ord, <Qcong = Z tw(Ag/K).
g w|Nm
By the hypothesis that E[p] is ramified at the primes ¢ | N*, we have t,,(A4,/K) = 0 for all
w | N*, and by [PWII, Thm. 6.8] (see also [Zhal4, Thm. 6.4]) we have

Ord@(ng,N+,N*m): Z tw(Ag/K)'
w|N—m

Therefore,
L(g/K.1) 1

X
Qcong € o )
g Ng, N+, N—m

and this concludes the proof.
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