ADDENDUM TO: IWASAWA-GREENBERG MAIN CONJECTURE FOR
NONORDINARY MODULAR FORMS AND EISENSTEIN CONGRUCENCES
ON GU(3,1)

FRANCESC CASTELLA, ZHENG LIU, AND XIN WAN

ABSTRACT. We explain how to adapt the proof of the main result in [CLW22] under weaker mod p
nonvanishing results than previously used.

1. INTRODUCTION

The proof in [CLW22] uses [-tower mod p nonvanishing results proved in [Hsil2, Hsil4b] for
Hecke L-values for imaginary quadratic fields and for central L-values for base change to imaginary
quadratic fields of automorphic representations of GLg(Aq) twisted by anticyclotomic characters.
The proof in [Hsil2,Hsil4b] are based on the ideas of Hida in [Hid10,Hid04], and a key ingredient
is [Hid04, Theorem 3.2]. A few years ago, a gap in the proof of [Hid04, Theorem 3.2] was pointed
out by Venkatesh. To address it, an argument has been given in [Hid24] to prove a weakened version
of that theorem, which is not sufficient for proving the assertions about nonvanishing modulo p for
almost all anticyclotomic twists in an I-tower in [Hid04, Hsi12, Hsildb], but can be used to prove a
weakened statement with “almost all” replaced by “infinitely many”.

More precisely, let I be an imaginary quadratic extension of Q in which p splits and ¢ # p be
an odd prime. Let K, denote the maximal pro-¢ anticyclotomic extension of K and denote by
X, the set of finite order characters of Gal(KC,w /). By replacing the use of [Hid04, Theorem 3.2]
in [Hsil2, Hsil4b] by [Hid04, Theorem 0.1], one gets the following weakened versions of [Hsil2,
Theorem B] and [Hsil4b, Theorem C]. (Note that [Hsil2, Hsil4b] treat general CM fields, but we
will only state the results in the case of imaginary quadratic fields, which is all that we need.)

Theorem 1.0.1. Let x : K*\AG — C* be a Hecke character of oo-type (k + m,—m) with k,m
positive integers satisfying the conditions in [Hsil2, Theorem BJ. Then there are infinitely many
¢ € X such that

< m p) Lk +m) Leoo(O,XqS) #0 mod m,,

Qo (2mi)k+m
with Qo € C* (resp. Q, € Z}H’X) the complex (resp. p-adic) CM period in [Hsilja, Section 2.8].

Theorem 1.0.2. Let 7 be a cuspidal automorphic representation of GLa(Aq) with unitary central
character generated by a modular form of weight t and x : K*\Ag — C* be a Hecke character of co-
type (%—Fm, —% —m) withm € Z>o such that ™ and x satisfy the conditions in [Hsi14b, Theorem C].
Then there are infinitely many ¢ € X such that

omi - 2, \ X D¢+ m)D(m + 1) (1 2
<Qoo> (2mi)t+2m+1 L <27BC(7F) XA Xh,2X9,2> #0 mod m,.

In [CLW22], [Hsil2, Theorem B] and [Hsil4b, Theorem C] are used in §5.6 to guarantee the ex-
istence of auxiliary Hecke characters yg, x» such that three normalized L-values are simultaneously
p-adic units. The above two theorems (weaker than [Hsil2, Theorem B], [Hsil4b, Theorem CJ) can
only guarantee the mod p simultaneous nonvanishing of two among the three.
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In the following, we explain how to modify the argument in [CLW22] to prove the main theorem
there based on the above two theorems. The idea is to choose two sets of auxiliary data, each with
two of those three normalized L-values p-adic units, and construct two Klingen Eisenstein families.
The key observation is that the p-adic L-function interpolating the third L-value, appearing in the
analysis of Fourier—Jacobi coefficients of each of the Klingen Eisenstein family, is one-variable, and
the variable is different for the two families, so no height one prime can contain both of the two
p-adic L-functions.

2. RECALL THE SETTING

Let 7 be an irreducible cuspidal automorphic representation of GLa(Aq) generated by a newform
f of weight 2. Let K be an imaginary quadratic field. Take a finite extension L of Q, containing
all the Hecke eigenvalues of f. We assume the following conditions on 7:

e for all finite places v of Q, m, is either unramified or Steinberg or Steinberg twisted by an
unramified quadratic character of Q.°,

e 7, is unramified,

e there exists a prime ¢ not split in I such that 7 is ramified at ¢, and if 2 does not split in
KC, then 7 is ramified at 2,

° ﬁW]Gal@ /K) is irreducible, (which is automatically true if 7 is not ordinary at p because in this
case prlGyp = PrlGg, 1 irreducible by [Edi92]), where p, denotes the residual representation
of the p-adic Galois representation p, : Gal(Q/Q) — GLa(L).

Also, we fix

e an algebraic Hecke character & : K*\Ag — C* of co-type (0, ky) with ko an even integer.

We also recall some notation from [CLW22]. Given a Hecke character, we use the subscript ¢ to
k,

denote its twist by a power of the norm character which is unitary. For example, & = ¢| - |;}C7
The definite unitary groups U(2), GU(2) and the unitary group GU(3,1) are defined as in §5.4
in op. cit.
The character X : K*\Ag — C* is a chosen character for theta correspondence for unitary groups
satisfying

B |ZZ|1/2

>\|AS =1K/Q Aoo(2) =

z

Let Ko be the maximal abelian pro-p extension of K unramified outside p and I'x = Gal(Koo /) (=

ZIQ,). Denote by @Er the ring of integers of the completion of the maximal unramified extension of
L.

3. THE AUXILIARY DATA FOR TWO KLINGEN EISENSTEIN FAMILIES

We fix the following two sets of auxiliary data for constructing Klinegn Eisenstein families:

— primes £, ¢ # 2, p such that ¢ splits in £/Q, ¢ is inert in K£/Q, and 7y, 7y are unramified,
— positive integers ¢, 1, ¢y 2 for each place v € LU {(, '},
— auxiliary Hecke characters xg,1, Xn,1, X6,2, Xn,2 : K*\Ag — € of co-type (0,0) with

¢ — c e
Xh:1X0,1|/A6 = Xh72X9,2’A6 = triv
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such that for each i = 1,2, the triple (¢, 4, X0,i, Xh,i) satisfies properties (1)-(5) listed in [CLW22,
§5.6], and furthermore,

omi -, \* T(k—1) _9 ) -1 P
v oo (B2 .
< Qoo > (gm) =% | T XraXba0To 5 Xnaxg o | |

27riQp . ( 2) 00 k—2 2 c, ¢
( Qs > (sz)k 2 ‘Lp T >\ Xh,1X6, 1507'0 P T7)\ Xh,IXQ,lgoT() ,

1- (Xh,ng,l&)TO) (9)g~

omi -, \* T(k —1) . -1 Lo
- oo (=2 .
< Qoo > (2mi)*—1 g 5 ’Xh,2Xe,2§om 5  Xh,2X§ 26070 )

omi -, \* T(2)0(1) 1 ) e (1 )
< Qoo > ' (271_2)3 *Tp iaﬂ-p X ()\ Xh,2X9,2)5 L §7BC(7T) XA Xh,2X6,2 | »
k-2

1 — (Xn2x§,280m0)g(0)a™ =

are all p-adic units, and

1 1
L1 (2,BC(7T) X xh,lxé,l) # 0, L1 (2, BC(m) x Xh,2x§,2> # 0.

and

Here 7 : ICX\[l\,XC — C* is an algraic Hecke character such that 7, ,qic factors through I'x and &7
has oo-type (0,k), k > 6 even.

To see that the desired (cyi, X0,is Xhi), ¢ = 1,2, exists, we can first fix places ¢,¢ and positive
integer ¢, for v € X,sU{¢'}, and choose xg,0, xn,0 satisfying the properties (1)-(5) listed in [CLW22,
§5.6]. (We don’t require the last condition in (4) for ¢j4,c2, € s U {¢}. We can choose these
C10,C2,’s after choosing xo.1, Xh,1, X0,2, Xn,2-) Then by Theorem 1.0.1 and Theorem 1.0.2 we know
that there are infinitely many 71 € X, infinitely many 72 € X, and infinitely many 73 € X, such

that
2, \ ¥ T'(k — 1) . Lo
( QOO > (277—1 k—1 e 2 7771Xh,0X§70§0T0 Lpe ?7771901,0)(5,0507-0 ;
2mi - Lk —2) _9 k_9
3.0.1 P . ) N e (=2 »
0 ( Qoo ) (2mi)k=2 Ly ( 5 772Xh,0X9,0507'0> L < 5 A 772Xh,0X0,0§oTO> ;

i, \* T(2)T(1) 1 ) e (1 2

are all p-adic units. Also, by [Hunl7], we know that for all but finitely many 71,712,793 € X,

_h=2
(3.0.2) L —11(Xn,0X6,06070)q(9)q 2
is a p-adic unit, and
1
(3.0.3) L1 (2,]30(77) x n1Xh,ox5,o> # 0.

(For this L-value, we can choose p’ # ¢, different from p, such that the results in [Hunl7] apply.)
Therefore, we can pick 71,772,173 € X, such that the values in (3.0.1)(3.0.2) are p-adic units and
(3.0.3) holds. Take vy, 1,2, 2 € X, such that

V] = vapiy = 11, vip = 12, Vo2 = 1M3.
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Then
X6,; = ViX6,05 Xh,i = HiXh,0; 1=1,2

are the desired characters.

4. KLINGEN EISENSTEIN FAMILIES AND THEIR NONVANISHING PROPERTY

Theorem 4.0.1. There exist 1,2 € 7Y@ such that from the given auziliary data X0,i» Xh,i» Cv,i
fixed in §3 and ;, i = 1,2, we can construct semi-ordinary Klingen Eisenstein families

. . R
lin, lin
BN pRIne ¢ Meas (r,c, Vaug.), 8 ogr) ®7 Q.

satisfying the following properties:
(i) For all algebraic Hecke characters T : K*\Ag — C* such that its p-adic avatar T agic

factors through U and &1 has co-type (0, k) with k > 6 even, Egﬁ?g(Tp_adic), Eg;gg(Tp_adic)

are Klingen Eisenstein series on GU(3,1) inducing ool - ]% X 7GUE),
(ii) For all cusp labels g € C(K]e) (defined as in [CLW22, §4.1]) and ¢" € GU(2)(Aq,¢),

() ) e (Oe0). e

as ideals in @Er[[F;c]] ®z Q, where @4 is the restriction to the stratum indexed by g (cf.

Proposition 4.4.1 in loc. cit, Eig{g’él}, Ei,%%’[} € @f [Tx] ®z Q are the p-adic L-functions

introduced at the beginning of §6.1 in loc. cit. (E? ,Lé{é’gl} is the p-adic L-function appearing

in the main conjecture studied in loc. cit.)

(iii) Let B = 1 and Ej, "% € Meas (cm,V(‘;’i?(

of (u 1z u) Eg};ng along the boundary stratum indexed by the cusp label 14 € C(K?K;n)ord

as defined in Equation (7.0.1) in loc. cit. There exist linear functionals

2)® @Er> is the [B-th Fourier—Jacobi coefficient

LB
such that the ideal generated by
Klin Klin;
o) o, (BENS.) 9): by, (BESS.) (9, 9€U@ey). uve @ UM@)
vESLU{l'}
does not belong to any height one prime in @Er[[F;c]] ®z Q.

See Equation (5.8.6), §5.4, Equation (4.7.2), §5.8.3 in [CLW22] for the notations Meas(T'k, VGU(3,1)75))h,
GU(2 J.8
nGU), Ve Vo)
Proof. Let Uk, = 1+pOx p and pick N, a non-negative power of p, such that we have the embedding

N-th power

Py T U;Qp.

The embedding #y induces maps %y« from p-adic measures on I'x to p-adic measures on Uy . For
i=1,2, let
L1 L5, Lei € O [Ukp] ®2Q, Loz € L™

be as in [CLW22, page 76, page 74] with xp,xg in loc.cit replaces by Xn.i, X0, with L1, Lo;
interpolating

1 _ 1
2 (5B x Vxnovatoaty ) £ ((5BO) X ik )
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and Ls ;, Le; interpolating

Nk — 2 Nk — 2 _
Lre < 5 7XhX5€07g) , Lr= ( 5 ,AQXhXHTp,%Tp,&(ﬁng)C> ,

where the character 7, 5, of I'c is defined as 7, 5, = Tp_adiC]U&p o Py. Since p = pp splits in K, we
have

Ukp = Uxyp x U,J{’p
with
Ukp =1+ 00k, ng ={(a,a) € 1+ Okp) x 1+ Okp):acl+pZ,}.
A key observation here is that, by looking at the interpolation properties of L1 ;, L¢;, we see that
(4.0.2) L1; € OFUk,] @2 Q, Lsi € OF[UL ] ®z Q.
It follows from the choice of g, xn: in §3 that

~ X
L11L21L51L671 € L11 - (OET[[UK,p]] ®z Q) ;
(4.0.3)

~ X
Li2L99L52L62 € Lg2 - (OEr[[UIC,p]] ®z Q)
We also know that
(4.0.4) L1 #0, Leo # 0.

The nonvanishing of Lg2 follows immediately from the nonvanishing of the values with k£ > 0 it
interpolates. The nonvanishing of £;; follows from the results on the p-invariants in [Hsil4b].
(Note that the proof Theorem B in op. cit. shows that the p-invariant of £ is a positive integer
without the need to assume the assumptions (2)(3) there.)

For i = 1,2, we choose Schwartz function ¢;; on A?Q as in [CLW22, Proposition 7.6.1] (noting
that the choice in loc.cit works for all forms inside the space (5.6.1) in loc.cit, so we can choose
¢1,; only depending on the auxiliary data fixed in §3). Then in the same way as in §7.7 in op. cit.,
we construct integral ordinary CM families h;, ﬁ37i, 0;, 93,1‘ on U(2) (as p-adic measures on Uy ;),
and choose ; as in Proposition 7.11.2 in loc.cit. The same construction as in §§5.7-5.10 in loc. cit
applied to the auxiliary data fixed in §3 gives semi-ordinary p-adic Klingen Eisenstein families

. N R ) h
E(I;erlg’ Eg;gg € Meas (FIC7 VGU(371)75® Ogr) ¥z Q

satisfying (i), and the same computation as in §6 in op. cit. shows (ii).
To prove (iii), the same proof of Propositions 7.9.1, 7.11.1, 7.11.2 in loc.cit shows

<(‘%SE) [u@), B (lel‘] <Zz b’Eg%nig%)) >p—adic

(4‘0.5) up to ainit in ﬁl,i£2,i£5,i£6,i
O¥ [Uk ] ®z Q <<<7n’8ﬁ3) |U(2), é§90/>

Denote by J the ideal in O¥[I'x] ®z Q generated by elements in (4.0.1). Combining (4.0.3) and
(4.0.5), we see that #y(J) contains (L1 1, Le2) C @Er[[U;C’p]] ®z Q. Thanks to (4.0.2), we deduce that
#y(J) does not belong to any height one prime in O¥ [Uk ,] ©z Q. Because B embeds O [Tx] ®z Q
into O [Ux »] ®z Q, which is integral over Py(O¥ [[] ®z Q), it follows that J does not belong to
any height one prime in O [T'x] @z Q. O
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5. THE KLINGEN EISENSTEIN IDEAL AND GREENBERG—IWASAWA MAIN CONJECTURE

Theorem 5.0.1. Theorem 8.1.1 in [CLW22] holds.

Proof. The Eisenstein families Egﬁr{g, Egi’gg in Theorem 4.0.1 belongs to the Hecke eigensystem
AEis,r¢ in §8.1 in op. cit. Let P be a height one prime of @j‘{r[[F;c]] ®z Q considered in the proof of
Theorem 8.1.1 in op. cit. Then Theorem 4.0.1 implies that for ¢ = 1 or 2, § = 1, there exist g €

U(2)(Ag) and u € @ e, ugey U(1)(Qu) such that lei]’i (EKhng ) (9) ¢ P. The remaining argument

Wiﬂ":ﬁvu
in Theorem 8.1.1 in op. cit. goes through with (Eghﬂni) (g) replaced by 19‘1]' (E(I;h?% u) (g9). O

Once Theorem 8.1.1 in [CLW22] on the Klingen Eisenstein ideal is proved, the main results on the
Greenberg—Iwasawa main conjecture in op. cit. follow without change from the lattice construction
there.

Theorem 5.0.2. Theorems 8.2.1 and 8.2.3 in [CLW22] hold.
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