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ABSTRACT. Let E/Q be an elliptic curve with complex multiplication by an imaginary quadratic
field in which p splits. In this note we prove that if Selp (E/Q) has Z,-corank one, then E(Q)
has a point of infinite order. The non-torsion point arises from a Heegner point construction, and
as a result we obtain a converse to a theorem of Gross—Zagier, Kolyvagin, and Rubin in the spirit
of Skinner [ ]. For p > 3, this gives a new proof of a theorem by Burungale-Tian [ 1,
which our method extends to small primes.
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INTRODUCTION
Following a result by the third author | ], in recent years several works have been devoted

to the proof, under varying sets of hypotheses, of a so-called “p-converse” to a celebrated theorem
of Gross—Zagier, Kolyvagin, and Rubin; namely, the deduction that ords—; L(E, s) = 1 for elliptic
curves E/Q provided the p>°-Selmer group Selp (E/Q) has Zy-corank 1. An important impetus
for the development of these results has arisen from related advances in arithmetic statistics,
whereby such p-converse theorems have lead in particular to the proof | ] (when combined
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with an analogous result in rank 0 deduced from the cyclotomic Iwasawa main conjecture for
modular forms | , , ]) that a sizeable proportion of elliptic curves F/Q (and
conditionally, 100% of them) satisfy the Birch-Swinnerton-Dyer conjecture.

Skinner’s original result, whose proof is obtained by showing that a certain Heegner point on
E has infinite order assuming corankz, Selye (£ /Q) =1, was for primes p > 3 of good ordinary
reduction of F, and under certain technical hypotheses that excluded the CM case.

Our main result in this note is the proof of a p-converse theorem in the spirit of | | in the
CM case. For primes p > 3, the result was first obtained by Burungale-Tian | ]

Theorem A. Let E/Q be an elliptic curve with complex multiplication by the ring of integers of
an imaginary quadratic field K of discriminant —Dyx < 0, and assume that the Hecke character
of K associated to E has conductor exactly divisible by 0 := (v/—Dx). Let p be a prime of good
ordinary reduction for E. Then

corankz, Sel,= (E£/Q) =1 = ords—1L(E,s) = 1.
In particular', if corankz, Sel, (E/Q) = 1 then rankzE(Q) = 1 and #11(E/Q) < oo.

More generally, our main result establishes an analogue of Theorem A for CM abelian varieties
B, /K associated with Hecke characters of K of infinity type (—1,0) (see Theorem 7.0.2). We
also note that the assumption on the conductor of the Hecke character associated to E is not
an intrinsic limitation of our methods. Rather, it arises from our appeal to results from |
which are only proved under a classical Heegner hypothesis, and it may be removed? building

on the p-adic Waldspurger formula of Liu-Zhang-Zhang | |. (The same hypothesis is not
present in | |, thanks to the p-adic Gross—Zagier proved by Disegni [ | in the generality
of Yuan—Zhang—Zhang [ 8]

Remark B. A recent spectacular result by A. Smith [ | has reduced the proof of Goldfeld’s
conjecture [ ] for elliptic curves E/Q with E(Q)[2] ~ (Z/2Z)? and admitting no rational
cyclic 4-isogeny to the proof of the implication in Theorem A (and its analogue in rank 0, which
should follow from a refinement of Rubin’s result | ]) for p = 2. Unfortunately, Theorem A

falls short of providing the desired implication for two reasons. First, F should of be allowed to
just have potentially good ordinary reduction at p (likely this can be achieved with some more
work); the second—and more serious—reason is that Q(v/—7) is the only imaginary quadratic
field of class number 1 where 2 splits, and unfortunately all elliptic curves E/Q with complex
multiplication by Q(v/—7) have E(Q)[2] ~ Z/2Z (see e.g. the table in [ , p- 2]).

Assuming that #111(E/Q)[p>°] < oo and that p is odd, a p-converse theorem as in Theorem A
was first proved by Rubin, [ , Thm. 4], motivated in part by his striking formula [ ]
expressing the p-adic formal group logarithm of a point P € E(Q)®zZ,, in terms of the value of a
Katz p-adic L-function at a point outside the range of interpolation. Our proof of Theorem A is
inspired by the new proof of Rubin’s formula discovered Bertolini-Darmon—Prasanna | .

More precisely, let E/Q be an elliptic curve with CM by an imaginary quadratic field K, and
assume that p is a prime of good reduction for E which splits in IC. Let A be the Hecke character
of IC associated with E, so that

L(E,s) = L(\, s).

Building on certain nonvanishing results, in | | it is shown that there exist pairs (¢, x) of
Hecke characters of K, with y having finite order, satisfying in particular the conditions

(0.1) Yx =X, L{®*x,1)#0.

lWhen combined with the work of Gross—Zagier, Kolyvagin, and Rubin.
2See [ , §4] for partial progress in this direction.
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Letting f = 6, be the theta series of ¢, the main result of | | relates the p-adic formal
group logarithm of a Heegner point Py, € By, (K) to a value (outside the range of interpolation)
of a p-adic Rankin L-series .Z,(f, x), where By, is a CM abelian variety over K admitting a
KC-rational isogeny iy : By, — E. By the Gross—Zagier formula (in the generality of [ D,
the point Py, is non-torsion if and only if L'(f, x,1) # 0. Setting P := ix(Py,y) € E(K), one
thus obtains a point on F which, in light of (0.1) and the factorization

(02) L(fv X5 8) = L()" 8) ) L(¢*X7 8)7

is non-torsion if and only if ords—1 L(FE, s) = 1, and whose formal group logarithm is related to
a value of a Katz p-adic L-function as in Rubin’s formula by virtue of a factorization for p-adic
L-functions mirroring (0.2).

Our approach to Theorem A consists in showing that Py is non-torsion assuming Selye (E/Q)
has Z,-corank 1. From this perspective, in | | this implication is shown by combining:

(1) Rubin’s proof of the (anticyclotomic) Iwasawa main conjecture for K in the root number
+1 case;

(2) The proof by Agboola-Howard | ] and Arnold | ] of the anticyclotomic Iwasawa
main conjecture for K in the root number —1 case;

(3) Burungale’s proof [ | that the A-adic regulator appearing in the works of Agboola—
Howard and Arnold is nonzero;

(4) Disegni’s A-adic Gross—Zagier formula [ ].

Here, instead of (2), (3) and (4) above, we build on the “explicit reciprocity law” established
in [ |, which realizes .Z,(f, x) as the image of a A-adic Heegner class z¢ , under a Perrin-Riou
big logarithm map. Similarly as in | ], in §3 we establish a factorization

fv(%’ X)2 = L(x) - (¥ x)

relating %, (6, X)? to the product of two Katz p-adic L-functions. Combined with an analogous
decomposition for Selmer groups shown in §2, we thus deduce from Rubin’s work a proof of the
Iwasawa—Greenberg main conjecture for .Z, (6, x)?. Building on the A-adic explicit reciprocity
law of [ ], in §4 we show that this main conjecture is equivalent to another Iwasawa main
conjecture formulated in terms of z;,, from where the implication

corankz, Sel,~(E/Q) =1 = P #0¢c E(K)®zQ,

finally follows from a variant of Mazur’s control theorem.

Finally, we conclude this Introduction by recording some standard applications of Theorem A
to the Birch—-Swinneron-Dyer conjecture. For p > 3, these correspond to Corollaries 1.2 and 1.3
in [ |, respectively, and their proof of the latter (using Theorem A) applies without change.

Corollary C. Let E/Q be an elliptic curve with complex multiplication by the imaginary qua-
dratic field IC, and assume that the Hecke character associated to E has conductor exvactly di-
visible by Ox. Let p be a prime of good ordinary reduction for E. If corankz, Sely~(E/Q) =1,
then the p-part of the Birch—Swinnerton-Dyer formula holds for E.

Proof. By Theorem A, if corankz, Sely(E£/Q) = 1 then
ords—1 L(E,s) =rankz F(Q) =1, #II(E/Q) < oo.

As in the proof of [ , Cor. 1.4], the result thus follows from the Iwasawa main conjecture
for IC [ , , |, the non-triviality of the cyclotomic p-adic height pairing [ 1,
and the p-adic Gross—Zagier formula | , ]. O
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Corollary D. Let E/Q be an elliptic curve with complex multiplication by imaginary quadratic
field IC, and assume that the Hecke character associated to E has conductor exactly divisible by
Oxc. Let p be a prime of good ordinary reduction for E, and assume that:

(i) E@Q)[p] = 0;

(ii) Sel,(E/Q) ~ Z/pZ, where Sel,(E/Q) C HY(Q, E[p]) is the p-Selmer group of E.
Then ords—1 L(E,s) =1 and I(E/Q)[p>] = 0.

Remark E. In forthcoming work, the strategy introduced here will be used to extend the main
result of [ | to totally real fields (sidestepping the use of elliptic units in op.cit.).

As already noted, Theorem A was first proved by Rubin in cases where #I1(E/Q)[p*] < oc.
That the approach in this note can dispense with this hypothesis can be attributed to the study
of Twasawa theory of Heegner points®, a study systematically initiated by Perrin-Riou [ ].
The theory of p-adic logarithm maps [ ], another major contribution of Perrin-Riou’s work,
also plays a key role in our strategy. It is a great pleasure to dedicate this note to Perrin-Riou
as a humble gift on the occasion of her 65th birthday.
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1. PRELIMINARIES

Fix throughout a prime p, an algebraic closure Q of Q, and embeddings C & Q 2 C,. Fix
also an imaginary quadratic field K of discriminant —Dyg < 0 and ring of integers Ok.

1.1. CM abelian varieties. We say that a Hecke character ¢ : K*\Ag — C* has infinity type
(a,b) € Z? if, writing ¢ = (¢, ), with v running over the places of K, the component 1/, satisfies
Poo(2) = 292° for all z € (K ®g R)* =~ C*, where the identification is made via 1,. Hence in
particular the norm character Ny, given by q — #(Ox/q) on ideals of Ok, has infinity type
(—1,—1). The central character of such 1 is the character wy; on A* defined by

¢’AX = Wy - N_(a+b)7

where N is the norm on A*.

Our fixed embedding ¢, defines a natural map o : C®qQ, — C,, and we let 7 : C®qQ, — C,
be composition of ¢ with the non-trivial automorphism of K. The p-adic avatar of a Hecke
character v of infinity type (a,b) is the character K X\A,éjf — C, given by

Y(x) =1 01 ((x))o () T (2p)°

for all z € A,XQf, where z, € (K ® Q,)* is the p-component of x.
Thoughout the following, we shall often omit the notational distinction between an algebraic
Hecke character and its p-adic avatar, as it will be clear from the context which one is meant.
Let 9 be an algebraic Hecke character of K infinity type (—1,0) with values in a number field
Fy C Q with ring of integer Oy. Let *B be the prime of F;, above p induced by ¢,, and denote by
®,, the completion of F, at ‘B and by 0y, the ring of integers of ®,. By a well-known theorem

3More precisely, the proof of the “Heegner point main conjecture” formulated in §1.3; one of the divisibilities
suffices for the application.
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of Casselman’s (see | , Thm. 2.5] and the reference [ , Thm. 6] therein), attached to
¢ there is a CM abelian variety By, /x, unique up to isogeny over K, with the property that
Vq}Bw >~ 1&

as one-dimensional ®,-representations of Gic, where Vip By, = (I&H By btg ]) ®g,, Py is the rational
B-adic Tate module of By,.

1.2. Heegner points. Let f € So(I'1(N)) be a normalized eigenform of weight 2, level N prime
to p, and nebentypus 7. We assume that K satisfies the Heegner hypothesis relative to N:

(Heeg) there is an ideal M C Ok with Ox /M ~Z/NZ,
and fix once and for all an ideal 91 as above. We assume also that
(spl) pOx = v splits in K,

with v the prime of K above p induced by our fixed embedding 1,. Let F C Q be the number
field generated by the Fourier coefficients of f. Denote by P the prime of F' above p induced by
1p, and assume that f is P-ordinary, i.e. vp(ay(f)) = 0, where vy is the PB-adic valuation on F.

Let Af/Q be the abelian variety of GLo-type associated to f, determined up to isogeny over
Q by the equality of L-functions

L(Ag,s) = H L(f7,s),
T:F—=C
where f7 runs over all the conjugates of f. Denote by ® the completion of F' at 3, and let &
be the ring of integers of ®. Let TipAy := yLnAf [B’] be the PB-adic Tate module of Af, which
is free of rank two over 0.

For every positive integer ¢, let K. be the ring class field of K of conductor ¢, so Gal(K./K) ~
Pic(O.) by class field theory, where O, = Z + c¢Ox is the order of K of conductor c¢. For every
¢ > 0 prime to N and every ideal a of O, we consider the CM point z, € X;(N)(K.) constructed
in [ , §2.3], where K. is the compositum of K. and the ray class field of K of conductor 1.
Let Aq be the class of the degree 0 divisor (z4) — (00) in J1(IV) = Jac(X1(N)), and denote by

zq = 0(4y) its image under the Kummer map
§: Ji(N)(K.) — HY(K,, T, J1(N)).

Fix a parametrization 7 : J1(N) — Ay, and let ysq € HY(K., TpAy) be the image of y, under
the natural projection

HY (K¢, TpJ1(N)) = HY (K., TpAy) — HY (K, TpAy).

For the ease of notation, we set ys. = ysq for a = O.. A standard calculation shows that if
p 1 ¢, then for every n > 0 we have

ap(f) “Yfepn—1 — €f(p) “Yf epn—2 ifn>1,
(L.1) Corg /i,y Wrem) =4 710 e
< Ue (ap(f) — Oy — Uﬁ) “Yfe ifn=1,
where u. := [0 chp] and oy, 075 € Gal(l@c/ K) are Frobenius elements at the primes of K above
p (cf | , Prop. 4.4]).

Let o be the B-adic unit root of 2% — a,(f)z +e(p)p, and for any positive integer ¢ prime to
N define the a-stabilized Heegner class ys .o by

uc_l(l — oyl — Ugoz_l) “yre ifpte

This definition is motivated by the following result.

. {yﬁC - gf(p)ail ' yf,c/p ifp | ¢,
Yfeca =
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Lemma 1.2.1. For all positive integers ¢ prime to N, we have
Cory yict (Yf.epa) = @ Yfea
Proof. This follows immediately from (1.1). O

1.3. Heegner point main conjecture. Let K, be the anticyclotomic Z,-extension of K, with
Galois group

I' = Gal(Ko /K) =~ Zp,

and for every n denote by K, the subextension of K, with [IC,,: K] = p™. Let x be a finite order
Hecke character of IC with x|y« = 5]71. Upon enlarging F' is necessary, assume that & contains

the values of x. For each n, take m > 0 so that ICcpm D K, and set

(1.2) Zfym = Cor,acpm/lcn ( Z x(o) - yﬂcpm@).

UGGal(l@Cpm /K)

In view of Lemma 1.2.1, the definition of z¢ , ,, does not depend on the choice of m. Moreover,
letting Ay, be the Serre tensor Ay ®x, we see that zs, ,, defines a class zs ., € H(KC,,, TipAg,).
Let

(1.3) Ao=0O[T], A=Ag®¢®

be the anticyclotomic Iwasawa algebras. From their construction, the classes zy , ,, are contained
in the pro-P Selmer group Sq(Ay, /Ky) C HY(Ky, Tig Ay, ), and by Lemma 1.2.1 they are norm-
compatible, hence defining a class z¢, = {2z }n in the compact Ag-adic Selmer group

Denote by Selgeo (Af, /Kpn) C HY (K, Af 1 [B>]) the P>-Selmer groups of Ay, and set

%(Af,X/ICOO) = HOHlZP (%ﬂ Selq:,\oo (Af7x/lcn), q)/ﬁ) .

Set also
S(ALX/ICOO) = y(Af,x/ICOO) ®g P, X(Af,x/ICOO) = %(Afyx/lcoo) ®eo P,

which are finitely generated A-modules.
The following conjecture in a natural extension of Perrin-Riou’s Heegner point main conjec-
ture, [ , Conj. BJ.

Conjecture 1.3.1. The modules S(Af,/Ks) and X(Af,/Ks) have both A-rank one, and
chara (X(A g /Koc)a-tors) = chara (S(Ap /Koo) /A - 21)”.
where the subscript A-tors denotes the maximal A-torsion submodule.

In | , Conj. 2.2] a conjecture similar to Conjecture 1.3.1 is formulated in terms of a A-adic
Heegner class deduced from work of Disegni [ ]. Asin | ]4, our proof of Theorem A is
based on establishing a corresponding result towards Conjecture 1.3.1. The only novelty in our
approach is in the proof of cases of this conjecture when f has CM.

4Also in other results on the p-converse theorem in rank 1 without a finiteness condition on the Tate—Shafarevich
group that appeared after [ - [ I, [ ], etc.
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2. SELMER GROUPS

In this section we introduce the different Selmer groups entering in our arguments. In partic-
ular, the decomposition in Proposition 2.3.1 will play a key role.

2.1. Selmer groups of certain Rankin—Selberg convolutions. Asin §1.2,let f € So(I'1(N))
be a PB-ordinary newform with nebentypus €f, and let K be an imaginary quadratic field satis-
fying (Heeg) and (spl).
Let ¢ > 0 be a positive integer prime to N. Similarly as in [ , Def. 3.10], we say that a
Hecke character £ of infinity type (2 + j, —j), with j € Z, has finite type (c,M,ey) if it satisfies:
(a) &|ax = 5]71 "N72 ie., we -ef = 1;
(b) fe = ¢- 9, where N is the unique divisor of 91 with norm equal to the conductor of e¢;
(c) the local sign €,(f, x) = +1 for all finite prime g.
These conditions imply that the Rankin—Selberg L-function L(f,x,s) is self-dual, with s = 0
as the central critical point. The sign in the functional equation is +1 (resp. —1) when j > 0
(resp. j < 0). Denote by Yc(c, M, e) the set of such characters £, and put

SV (e, My ep) = {€ € Teele, Myep) [ 1 <0}, TP (e, Myep) = {€ € Teele, Myef) | j =0},

Let x be a finite order character of K such that XN/E1 € Eg};) (¢, M,e5). Denote by ps: Gg —
Aute (Vy) the P-adic Galois representation associated to f, where Vy = ®®4Tip Ay, and consider
the conjugate self-dual G-representation
(2.1) Vix = Vilox @ x-

For any Ag-module M, let MV = Homes(M, Qp/Z,y) be the Pontryagin dual. Fix a Gi-stable
lattice T, C V7, and define the Gx-modules

Wi =Ty @0 Mg, Tpyi=Wj (1) =Ty, @g Ao,
where the tensor products are endowed with the diagonal Galois actions, with G acting on Ag
(resp. Ay) via the tautological character ¥ : Gx — Gal(K/K) < AJ (vesp. ¥~1).

Definition 2.1.1. Fix a finite set ¥ of places of K containing oo and the primes dividing Np,
and denote by K* C Q the maximal extension of K unramified outside ¥. The BDP Selmer
group of Ty, over K is defined by

Zo(Tir/Koo) = ker{Hl(lCE//C, W) = H(K, Wey) < [ B (K, Wf,x)}-
weS, wip
We also set
X (f,x) = Zo(Tyx/Koo) @0 @,
which is independent of the lattice T,,. We define the compact version S, (f, x) C HY(K*/K, Ty )
in the same manner, replacing Wy, by Ty ,.

The BDP Selmer groups of Definition 2.1.1 differs from the Selmer group X' (A, /Ks) and
S(Af/Ks) in §1.3 in their defining local conditions at the primes above p. More precisely, by
PB-ordinarity, for every w|p there is a Gx,,-module exact sequence
(2.2) 0= FdTiy = Tix = Fuliy — 0

with ZZTy,, free of rank one over &, and the Gy, -action on %, T}, being unramified. Then
the Selmer group defined by

H' (K, W
Zord(Tyx/Koo) i= ker{Hl(lCZ/IQWﬁx) - H 0 (K £x)
wlp

I(IC’UH gujwf,x)

X H Hl(Kjw,Wf’X)},

wEX, wip
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where Z,; Wi, = (F, Thy) @0 Ay, satisfies

(2.3) Xord(f, X) = Zord(T1x/Keo) @ P~ X(Afy/Kes)
Defining Soya(f,x) C HY(K*/K, Ty,) in the same manner, we similarly have
(2.4) Sord(f, x) = S(Apy/Koo)

(see e.g. | , §4]).

2.2. Selmer groups of characters. We keep the hypothesis that the imaginary quadratic field
IC satisfies (spl), and let £ be a Hecke character of K of conductor f¢. Let F' be a number field
containing the values of £. Let ® be the completion of F' at the prime B of F' above p induced
by 1,, and let & be the ring of integers of ®. Denote by T¢ the free 0-module of rank one on
which G acts via &, and consider the G-module

Wf = Tg Re A(\)/ ,
where as before the Galois action on A is given by the character U~1.

Definition 2.2.1. Let ¥ be a finite set of places of K containing co and the primes dividing p
or fy. The v-Selmer group of ¢ over K is defined by

Zo(Te/Koo) = ker{Hl(lCZ/lC,Wg)—>H1(ICU,W§) < ] Hl(le,Wg)}.
wWEX wip

We also set X,,(§) = Z(T¢/Ko) @ P.

Remark 2.2.2. Suppose ¢ has infinity type (—1,0), and denote by £* the composition of £ with the
non-trivial automorphism of K, so £* has infinity type (0, —1). Then from e.g. | , §1.1] we
see that X, (£*) corresponds to the Bloch-Kato Selmer group of £* over the tower K /IC, whereas
X, (&) corresponds to the Bloch—Kato Selmer group for ¢ with the reversed local conditions at
the primes above p.

2.3. Decomposition. We now specialize the set-up in §2.1 to the case where f = 0, is the theta
series of a Hecke character ¢ of IC of infinity type (—1,0). Then f has level N = D - N (fy)
and nebentypus €y = 1 - wy, Where 7 is the quadratic character associated to K.

One easily checks (see | , Lem. 3.14]) that if §, is a cyclic ideal of norm Ng(fy) prime
to Di, then K satisfies the Heegner hypothesis (Heeg) relative to N, and one may take
(2.5) N =0k -fy, where dg = (\/—Dx).

In the following, we assume that f,, satisfies the above condition, and take 91 as in (2.5). On
the other hand, since we assume (spl), the CM form f is B-ordinary. Flnally, fix a positive

integer ¢ prime to Np, and let x be a finite order character such that xN,E1 € Egi) (¢, M, e5).
The following decomposition will play an important role later.

Proposition 2.3.1. Let v and x be as above. There is a A-module isomorphism
Xo (0, x) > X (¥x) B X (Y7 X).

Proof. Put f = 6, and note that there is a Gc-module decomposition

(2.6) Vix = Vix @ Vi

Since the module X,(f,x) C H/(K*/K,W;,) ®¢ ® does not depend on the lattice Ty, C Vy,
chosen to define Wy, by (2.6) we may assume that T, ~ Ty, @ T+, as Gy-modules, and so

Wiy > Wy & Wy
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as Gy-modules. The result thus follows immediately by comparing the defining local conditions
of the three Selmer groups involved at all places. O

3. p-ADIC L-FUNCTIONS

In this section we introduce the two p-adic L-functions needed for our arguments, and prove
Proposition 3.3.1 relating the two.

3.1. The BDP p-adic L-function. As in §2.1, let f € So(I'1(IN)) be an eigenform with pt N
and nebentypus ¢, let K be an imaginary quadratic field satisfying (Heeg) and (spl), and fix an
ideal 91 C Oy with cyclic quotient of order N. Let ¢ be a positive integer prime to Np, and let
x be a finite order Hecke character of I such that XN)EI € E((;P(c, MN,ey).

Let F C Q be a number field containing /C, the Fourier coefficients of f, and the values of ,
and let ® be the completion of F' at the prime of F' above p induced by 1, with ring of integers
O C ®. Let Ag = O[I'], and A = Ag ®¢ P be the anticyclotomic Iwasawa algebras as in (1.3),
and set

AGT = Ao®z,Z) ~ O[], A" := A Q¢ P,
where Z," is the completion of the ring of integers of the maximal unramified extension of Q.

The p-adic L-function in the next theorem was first constructed in | | as a continuous
function on characters of I'. Its realization as a measure in Aj" was first given in [ | following
an approach introduced in [ ]. As it will suffice for our purposes, we describe below a ®*-

multiple of that p-adic L-function.
Asin [ , §2.3], define ¥ € K by

_ D'+ /—Dg Dy if 24 Dy,
B 2

Dy /2 else,
and let ©, and Qx be CM periods attached to K as in [op.cit., §2.5].

9 ,  where D' = {

Theorem 3.1.1. There exists an element £, (f,x) € A" such that for every character £ of T'

crystalline at both v and © and corresponding to a Hecke character of IC of infinity type (n,—n)

with® n > 1, we have

_ " T()T(n+ 1§
Qe (4m)2H (Im 09)2n

Zo(f,)%(6) (1=ap(N(XE) @) e () (€)@~ )2 LS, X6, 1).

Proof. Let n be an anticyclotomic Hecke character of I of infinity type (1,—1) and conductor
dividing ¢Oy, and define £, ,(f, x) € Ag" by

Lalf0@) = Y N@ [ ol dug,

[a]€Pic(O.)

for all continuous characters ¢ : I' — @; , where:

o = ZMn an(f)q™ is the p-depletion of f,
o [ is the measure on Z,; corresponding (under the Amice transform) to the power series

-1
fb(tcll\IK(G)CV_DK ) e ﬁ/ur[[ta _ 1]]

with ¢4 the Serre-Tate coordinate of the reduction of the point x4 on the Igusa tower of
tame level N constructed in | , (2.5)],
e ny(z) == n(recy(z)) with rec, : Q) = K — G# — T the local reciprocity map at v,

STherefore, XN € Egg)(c, N, ef).
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o ¢lla] 1 Z) — @; is defined by (¢[[a])(x) = ¢(rec,(x)o, 1) with o, the Artin symbol of a.

The same calculation as in | , Prop. 3.8] then shows that the element .Z,(f, x) € A" defined
by
Zo(f () = Lo (f 0 (7€)
has, in view of the explicit Waldspurger formula in | , Thm. 3.14], the stated interpolation
property up to a fixed element in ®*. The result follows. O
Remark 3.1.2. We our later use, we note that the complex period Qx € C* in Theorem 6.0.1
(which also agrees with that in | , (5.1.16)]) is different from the complex period Qq, € C*
defined in | , p. 66] and | , (4.4b)]. In fact, one has
Qe =271 - Qo

In terms of {2+, the interpolation formula in Theorem 6.0.1 reads

Qin n)'(n -1
Lu1.20%6) = g PR ADEE) (1 (e + e ) LG )

Specialized to the range of critical values for the representation V7, the Iwasawa—Greenberg
main conjecture | | predicts the following.

Conjecture 3.1.3. The module X,(f, x) is A-torsion, and
Cha‘rA(‘XU(fa X)) = (zv(fv X)Z)

In Theorem 4.0.2, we will explain the relation between Conjectures 1.3.1 and 3.1.3.

3.2. Katz p-adic L-functions. Let K be an imaginary quadratic field satisfying (spl). Let
¢ C Ok be an ideal prime to p, and let IC(cp™) be the ray class field of K of conductor ¢p™°.

The p-adic L-function in the next theorem follows from the work of Katz | ], as extended
by Hida-Tilouine | ] (see also | ]). Here we shall use the construction in [ ], and
similarly as in Theorem 3.1.1, it will suffice for our purposes to describe a fixed ®*-multiple of
the integral measure constructed in op.cit..

For any Hecke character & of IC, we denote by L(&, s) the Hecke L-function L(,s) with the
Euler factors at the primes [|¢ removed.

Theorem 3.2.1. Let ¢ be a character of Gal(K(cp™)/K) corresponding to a Hecke character of
K of infinity type (—1 — j,j), with j € Z=o and conductor prime to p. There exists an element
Zy(@) € A" such that for every character & of T' crystalline at both v and v and corresponding
to a Hecke character of IC of infinity type (—n,n) with n+ j € Z>o, we have
92n+2j+1 . (27_[_)n+] IR L
Zo(9)(§) = W Tn+j+1)- m 077 (1—¢7'¢ (@) L(o™ 17, 0),
where Qp, Qoo = (2m8) 1 Qc, and Y are as in Theorem 6.0.1. Similarly, if ¢ as above has infinity
type (j,—1—7), with j € Z>, there exists an element L5(p) € A" such that for every character
& of ' crystalline at both v and v and corresponding to a Hecke character of IKC of infinity type
(n,—n) with n + j € Z=o, we have
Q2nt2i+l _ (27r)"+j L 9 L
Zy(9)(8) = W Tn+j+1)- T 977 (1—07'¢ (0)" L(¢7'¢ 71, 0).
Proof. Let £, be the integral p-adic measure on Gal(K(cp™)/K) constructed in | , §4.8],
associated to the p-adic CM type corresponding to our fixed embedding ¢, 2,. Setting

Zo()(€) = Lo(¢7! T
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for all characters £ of I', where 7*¢ is the pullback under the projection 7 : Gal(K(¢p™>)/K) — T,
that %, (¢) satisfies the claimed interpolation property follows from [ , Prop. 4.9]. Taking
the conjugate CM type, the result for Z5(¢) also follows. O

3.3. Factorization. Asin §2.3, we now specialize to the case where f = 6, for a Hecke character
¢ of K of infinity type (—1,0) and conductor f,, with cyclic quotient of norm prime to Dg, so
that IC satisfies hypothesis (Heeg) relative to N = Dx - N (fy).

Fix an integer ¢ > 0 prime to Np, and let x be a finite order Hecke character of K such that

XN,E1 € Egp(c, M, e¢). Then we have a Gx-module decomposition
(3.1) Vix = Vox © Vi,

where Vy, is as in (2.1). Note that each of the characters appearing in the right-hand side are
self-dual, in the sense that

Uxy*X" = Nk
(see e.g. | , Rem. 3.7]).
The following result is a manifestation of the Artin formalism arising from the decomposition
(3.1). A similar result in shown in | , Thm. 3.17]. As we shall see in §6, this is a counterpart

on the analytic side of the Selmer group decomposition in Proposition 2.3.1.

Proposition 3.3.1. Suppose that f = 0, and x are as above. Then
"E/ﬂv(f7 X)2 =U- -XWWX) : $5(¢*X)7

where w is a unit in (A")*.
Proof. This will follow by comparing the values interpolated by each side of the desired equality,

using that an element in A" is uniquely determined by its values at infinitely many characters.
Denote by ¢ : A" — A" the involution given by v — y~! for v € I'. We first claim that

(3.2) Zo(fx)? =u- L X NE) - L (") ' Nk)*

for some unit u € (A")*. Indeed, let £ be a character of I" as in the statement of Theorem 3.1.1,
of infinity type (n, —n) with n > 1. The decomposition (2.6) yields

(3:3) L(f,x6:1) = L(f,xéN', 0) = L($x&Ni!, 0) - L(*x¢N !, 0).
The factors in the right-hand side of (3.3) are interpolated by the values at £~ of %, (1~ 1x " N)
and Z,((¢*)~1x"!Nk), respectively. Noting that
(L=vxé@p™") - (L= x€@p~ )= (1 = ap(H)xE@p " + e ()xE@)%*p 1),
from Theorem 3.2.1 with j = —1 and j = 0 we find

Q}QDn—l an (27r)n71 (27T)n

Lo HCINR)(ET) - L)X TINR)ET) = 5t g TID(+ 1)

x (1= ap(f)xE@p~" +ep(p)xE@)*p™") - L(f, x4, 1),

The proof of (3.2) thus follows from Theorem 3.1.1 and Remark 3.1.2.
Now, noting that the characters ¥y and ¥*y are both self-dual and & is anticyclotomic, we
find

(Im @)1 (Im )

LI TINE)(ET) = LX) (EY) = La(vx)(€),
where the last equality follows from another direct comparison of interpolation properties (see
e.g. | , Lem. 3.3.2(a)]). Similarly, we find .Z,((¢/*) "' x "'Ni)(£71) = Z(1*x)(€), so the
result follows from (3.2). O
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4. EXPLICIT RECIPROCITY LAW

In this section we explain a variant of the explicit reciprocity law | | relating the A-adic
Heegner class zy, to the p-adic L-function .Z,(f, x) via a Perrin-Riou big logarithm map, and
record a key consequence.

Let (f,x) be as in §2.1. For every w|p, the natural map H' (K, %, T,) — H' (Ky, Tfy)
induced by (2.2) is injective, since its kernel is H*(Ky,, %, T, ) = 0. Therefore, in view of (2.4)
the image of z;, under the restriction map

locy, : HY(KC, Ty ) = H' (K, Tty

is naturally contained in H* (K, Zf Ty, ). Let ®* the compositum of ® and Q.
Recall that K is assumed to satisfy (spl), and v denotes the prime of K above p induced by
our fixed embedding 1,,.

Theorem 4.0.1. There is a A™-linear isomorphism Log, : H'(KC,, Z,Tf,) @ A™ — A" such
that

Logv (IOCU(Zf,X)) =cC- Zv(f: X)

for some ¢ € (®™)*.

Proof. The existence of the map Log, (with coefficients in Aj", rather than A"™) follows from the
two-variable extension by Loeffler—Zerbes | | of Perrin-Riou’s big logarithm map | ], and
the proof of the explicit reciprocity law (integrally) is given in | , §5.3]. That the A"-linear
map Log, is injective follows from | , Prop. 4.11], and so it becomes an isomorphism after
extending scalars to A" = A" ®¢ @. O

Similarly as observed in | | and | ], the equivalence between Conjectures 1.3.1 and
3.1.3 can be deduced from Theorem 4.0.1 using Poitou—Tate global duality.

Theorem 4.0.2. Assume that the class zy,, is not A-torsion. Then Conjectures 1.5.1 and 5.1.3
are equivalent.

Proof. This can be shown in the same way as | , Thm. 5.16], but since here we are working
in a different setting, we provide the details. We explain the implication from Conjecture 3.1.3
to Conjecture 1.3.1 (the only implication we will need later), and note that the converse follows
from the same ideas.

Following [ , §2.1], below we denote by Sgirrel(f; X) (resp. Sordrel(f;X), etc.) the Selmer
group defined as in §2.1 but with the strict at v and relaxed at T (resp. ordinary at v and relaxed
at U, etc.) local conditions. We also use implicitly use the isomorphisms (2.3) and (2.4).

Now assume Conjecture 3.1.3, so in particular &, (f, x) is A-torsion. Then Sg; rel(f, X) is also
A-torsion, and global duality yields the following exact sequence

(41) 0— Sstr,rel(fa X) — Sord,rel(fv X) M Hl(’Cm ﬁJTf,X) — Xv(f7 X) — Xstr,ord(f: X) — 0.

Since HY(KC,, Z, T #x) has A-rank one, the assumption that zy, is non-torsion together with
Theorem 4.0.1 implies that Sord rel(f, x) has A-rank one. Since zf, € Sord(f,X) C Sordrel(f,X),
it follows that Sorq(f, x) also has A-rank one, and by | , Lem. 2.3(1)] so does Xora(f, X)-

Hence the quotient Sord rel (f, X)/Sord(f; X) is A-torsion, and since it injects in HY(KC,, FTry)
which is A-torsion-free, this shows the equality Sord(f, X) = Sord.rel(f, x). Thus we see that (4.1)
reduces to the exact sequence

locy,
(42) 0— Sstr,ord(f7 X) — Sord(f7 X) — Hl(’Cva egj_’]:‘f,x) — Xord,rel(f» X) — Xord(fa X) — 0.
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Since Sgirora(f, X) is A-torsion and HY(K, T £.x) trivial A-torsion-free, Sgrora(f,X) vanishes,
and therefore (4.2) yields

oc H! v, T
0_>Sord(faX) locy (IC f,X)

— coker(loc,) — 0.

A-zg, A -locy(zgy)
In view of Theorem 4.0.1, it follows that
(4.3) chary <S°Ard(f’X)> - chary (coker(locy) ) A" = (Z,(f, X))-
“Zfx

Next, from (4.1) and (4.2) we can extract the short exact sequences
0 — coker(loc,) = Xy (f, X) = Xstrord(f5 X) = 0,

0— coker(locv) — Xord,rel(fa X) — Xord(fa X) — 0,
from which we readily obtain (taking A-torsion in the first exact sequence and using a straight-
forward variant of [ , Lem. 2.3] or | , Prop. 3.14]) the relations

charp (Xv(f, X)) = chary (Xstmrd(f, X)) - charp (Coker(locv))
= charp (Xord,rel(fa X)A—tors) - charp (coker(locv))
= charp (Xord(f, X)A—tors) . charA(coker(locv))Q.
Combined with (4.3), we thus obtain

2
e (1) -char ( 2L ) A — iy (o £ 0re0) - (L0007,
X

The result follows. O

5. TWISTED ANTICYCLOTOMIC MAIN CONJECTURES FOR /C

Let K be an imaginary quadratic field satisfying (spl). The Iwasawa main conjecture for IC was
proved by Rubin [ ] under some restrictions on p (including p t Oy') that were removed in
subsequent work by Johnson-Leung-Kings | | and Oukhaba-Viguié | ]. In this section
we record a consequence of these results for the anticyclotomic Z,-extension.

Note that if £ is a self-dual Hecke character, i.e.,

£ = Ng
(so ¢ is necessarily of infinity type (—1—7,7), for some j € Z), then the Hecke L-function L(¢71, s)

is self-dual, with a functional equation relating its values at s and —s. In the following, by the
sign of & we refer to the sign appearing in this functional equation.

Theorem 5.0.1. Let ¢ be a Hecke character of K of infinity type (—1,0), and let x be a finite
order of character of such that the product ¥y is self-dual. Assume that ¥*x has sign +1. Then
the modules X, (1x) and X,(1*x) are both A-torsion, and we have

charp (X, (vx)) = (L(¥x)), chara (Xo(¥*X)) = (LW*X)).

Proof. Consider first the result for ¢*x. The Iwasawa module X, (¢)*x) recovers the Bloch-Kato
Selmer group for ¥*x over the anticyclotomic Z,-extension (see Remark 2.2.2), and so the result

follows from | , Thm. 2.4.17], as extended in [ , Thm. 3.9]. (In these references, the
hypothesis p > 3 arises from their appearance in [ ], but as already noted this restriction
can be removed thanks to | , .

On the other hand, similarly as in [ , Cor. 3.3] (an adaptation of the argument in [ ,

Thm. 12]), we see that X, (¢)x) is isomorphic as a A-module to the twist of &, (¢*x) by (*) ™,
and therefore is also A-torsion if )*x has sign +1. Since by definition .%(¢x) is similarly the
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twist of .%(1*x) by the character ¥ (3»*) ™!, the first equality of characteristic ideals follows from
the second. O

6. THE MAIN RESULTS

Recall that K is an imaginary quadratic field of discriminant —Dy < 0 satistying (spl), with
v the prime of K above p induced by our fixed embedding .

Theorem 6.0.1. Let ¢ be a Hecke character of K of infinity type (—1,0) and conductor §, with
cyclic quotient of norm prime to Dy, and set

f=0y, N =Dk -Nk(fy), MN=0k-fyp.

Let ¢ be a positive integer prime to Np, and let x be a finite order character such that XNEI €
Z((:?(c, N,er). Assume that 1x has sign —1. Then:

(i) The class zf,, is not A-torsion.
(ii) The the module X, (f,x) is A-torsion, and

chary (X, (f, X)) A™ = (Zu(f.x)°)-
In other words, Conjecture 3.1.3 holds.

Proof. We begin by showing that the class z; , is not A-torsion. As noted in §3.3, our assumption
on fy implies that K satisfies hypothesis (Heeg) relative to the level of f. In particular, the
Rankin—Selberg L-function L(f, x, s) has a functional equation relating its values at s and 2 — s
with sign —1. The Gx-module decomposition (2.6) yields

L(f7X7 S) = L(¢X7 S) : L(w*Xa 8)7

and each of the factors in the right-hand side has a functional equation relating its values at s
and 2 — s. Since we assume that ¢y has sign —1, the self-dual character ¢*x has sign +1. By
Rohrlich’s theorem [ |, for all but finitely characters £ of I', we have

L(4*x€,1) # 0.

Hence in view of the interpolation property in Theorem 3.2.1, the p-adic L-function .%(¢*x)
is nonzero, and therefore so is its twist Z5(¢x). By the factorization in Proposition 3.3.1, we
conclude that .Z,(f, x) is also nonzero, and the claim that z, is not A-torsion now follows from
the explicit reciprocity law of Theorem 4.0.1.

For part (ii), by Theorem 5.0.1 the modules X, (¢x) and X, ()*x) are both A-torsion, with
characteristic ideals generated by Z5(¢x) and Z5(1*x) over A", respectively. Thus from Propo-
sitions 2.3.1 and 3.3.1 we obtain that X, (f,x) is A-torsion, with characteristic ideal generated
by Z,(f,x)? over A™. O

Corollary 6.0.2. Let f =6, and x be an in Theorem 6.0.1, and assume that 1x has sign —1.
Then the modules S(A¢,/Kso) and X(Ay,/Ks) have both A-rank one, and

char (X (A /Koo)a-tors) = chary (S(Ajy/Koo) /A - 77.)°.

In other words, Conjecture 1.3.1 holds.

Proof. This is the combination of Theorem 4.0.2 and Theorem 6.0.1. ]
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7. APPLICATION TO p-CONVERSE

In this section we deduce from our main results the proof of Theorem A in the Introduction.
Let A be a self-dual Hecke character of infinity type (—1,0) and conductor fy, and suppose that:
(a) A has sign —1;
(b) A has central character wy = ny;
(¢) Okcl[fa-
Note that fy is divisible by 9x = (v/—Dx) by condition (b). Since A is self-dual, f, is invariant
under complex conjucation, so by condition (c) we can write fy = (¢)ox for a unique ¢ > 0.

We shall apply Corollary 6.0.2 for a pair (1, x) which is good for A in the sense of | ,

Def. 3.19]:
(G

1) 9 has infinity type (—1,0) and conductor f,; with cyclic quotient of norm prime to pD;
2) x is a finite order character such that XN;C € E( )(c, N, ey), where f = 6y and N = f,0k;
3)

(G

(G3) vx = A

(G4) L(*x, 1) #0.

The existence of good pairs for A is shown in | , Lem. 3.29] building on the non-vanishing
results of Greenberg | | and Rohrlich | -

Fix a good pair (1, x) for A, and let F C Q be a number field of containing the values of
v and x. Let P be the prime of F' above p induced by our fixed embedding 1, let ® be the
completion of F' at ‘B, and let & be the ring of integers of ®. Let Wy, be the module &/
equipped with the Gx-action via 1, and define Wy, similarly.

Let X a finite set of places of K containing oo, p, and the primes of I dividing the conductor
of X. Denote by H} (K, Wy, ) the Bloch-Kato Selmer group for ¢x:

Hl (IC”LM W
Hi (K, Wyy) = ker{Hl(lcz//c, Wyy) — Hi(K Wfi?
Rl x /div

xH' (K, Wyy)x [ H'(KW, W, )},
wEX, wip
where H (IC,;, Wy )aiv C HY(Ky, Wy ) is the maximal divisible submodule and K% denote the
maximal unramified extension of KC,,. Similarly, let
HY (Ko, W)
H! (/C Ww* )le

HEUC, W) = her /I, W) = (K, Wy ) Y W)}

wEX wip
be the Bloch-Kato Selmer group for ¢)*y (see also [ , §1.1]). Finally, let V}, be as in (2.1).
Lemma 7.0.1. In the above setting, we have

corankgSelype (A, /K) = corank o Hf (K, Wiy, ) + corank g Hf (K, Wy, ).

Proof. As is well-known (see e.g. | 1), Selypee (Ay,/K) agrees with the Bloch-Kato Selmer
group

where Wy, := V}, /T, for any Gx-stable O-lattice Ty, C Vi ,. In turn (see | , Prop. 2.2]),
the local conditions defining H% (KK, W¢,) at the primes w|p can be described in terms of the
filtration (2.2). Since different lattices T, give rise to Selmer groups H} (IC, Wy, ) with the same
O-corank, taking T, so that Wy, ~ Wy, @© Wy, similarly as in the proof of Proposition 2.3.1
the result follows by comparing the local conditions defining the Bloch—Kato Selmer groups for
Wf:X? WT/’X and Ww*x. [

The following recovers Theorem A in the introduction as a special case.
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Theorem 7.0.2. Let \ be a self-dual Hecke character of IC of infinity type (—1,0) with central
character wy = nic and whose conductor §y satisfies Ox||fx. Then

coranksSelp~ (By/K) =1 = ords—1L(A,s) = 1.

Proof. Note that by the p-parity conjecture | |, if Selpeo (B\/K) has O-corank 1, then A
has sign —1. Let (¢, x) be a good pair for A, i.e., satisfying conditions (G1)—(G4) above, so in
particular

(7.1) L(y*xNic!,0) = L($*x, 1) # 0.

Since by Theorem 3.2.1 the value L(I/JX*lel, 0) is a nonzero multiple of the value of Z(1*x)
at the trivial character 1 of I'; by Theorem 3.2.1 it follows that

#( 2o x)/ (v = 1) 2 (¥*x)) < o0,

where v € T is any topological generator. Since 25 (¢*x) corresponds to the Bloch-Kato Selmer
group for 1*x over Koo /K (see Remark 2.2.2), it follows that coranksH} (K, Wi+, ) = 0. Since
Selgee (By/K) ~ H} (K, Wy, ), from Lemma 7.0.1 we thus obtain

(7.2) corankgSelp~ (B)\/K) =1 = coranksSelp=(Af,/K) = 1.

Now, Corollary 6.0.2 together with a variant of Mazur’s control theorem immediately yields
the implication

(7.3) corankgSelpo (Af\/K) =1 = 25,0 #0€ Sp(Af,/K) @6 P.

Here zf, o is the image of z, under the specialization map S(Af,/Ks) — H (K, V}, ) at the
trivial character, which agrees with the Heegner class 2y, o (see e.g. [ , Lem. 5.4]).
Finally, we note once more that (2.6) yields the factorization

L(f7X7 S) = L(an S) ’ L(w*X7 S)‘

Since zfy,0 # 0 <= ords—1 L(f, x,s) = 1 by the general Gross—Zagier formula | , ],
together with (7.2) and (7.3), we conclude that

corankgsSelp (By/K) =1 = ords—1L(f, x,s) =1
= ords—1 L(¢x,s) =1,
where the second equality follows from (7.1). Since ¥x = A, this concludes the proof. O
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