NONVANISHING OF GENERALISED KATO CLASSES AND
IWASAWA MAIN CONJECTURES

FRANCESC CASTELLA

ABSTRACT. A construction due to Darmon—Rotger gives rise to generalised Kato classes kp(E) in

the p-adic Selmer group Sel(Q, V, E) of elliptic curves E/Q of positive even analytic rank, where

p > 3 is any prime of good ordinary reduction for E. In [DR16], they conjectured that x,(E) # 0

precisely when Sel(Q, V,E) is two-dimensional. The first cases of this conjecture were obtained

by the author with M.-L. Hsieh [CH22]. In this note we give a new proof of the implication
kp(E) #0 = dimq,Sel(Q,V,E) =2

established in op. cit., and show that the converse implication holds if and only if the restriction
map loc, : Sel(Q, V,E) — E(Q,)®Q, is nonzero. The present approach is an adaptation to the
non-CM case of the method introduced by the author [Cas22] in the case of CM elliptic curves.

1. INTRODUCTION

After the groundbreaking works of Gross—Zagier and Kolyvagin in the 1980s, the construction
of non-torsion rational points (or more generally, Selmer classes) on elliptic curves of E/Q with
ords—1 L(FE,s) > 2, akin to the construction of Heegner points in the cases of analytic rank 0 or
1, is widely regarded as one of the central open problems in number theory.

In a recent series of spectacular works [DR14, DR17, DR22, BSV20, BSV22b| (culminating
in the collective volume [BDR™22] with applications to the theory of Stark—Heegner points),
Darmon—Rotger and Bertolini-Seveso—Venerucci revisited the construction of diagonal cycle classes
due to Gross—Kudla [GK92] and Gross—Schoen [GS95], obtaining in particular an interpolation
of these classes in p-adic families. Directly from their geometric construction, one obtains classes
attached to triples (f, g, h) of cuspidal eigenforms of “balanced” weights (k,l,m) (meaning that
none of k, [, or m is larger than the sum of the other two), but after p-adic interpolation one also
gets classes for weights beyond this range, such as the “unbalanced” weight (2,1,1).

Of special relevance to the Birch—-Swinnerton-Dyer conjecture and its equivariant refinements is
the case where f is the newform of weight 2 associated to an elliptic curve E/Q, and g and h are
the weight 1 cuspidal eigenforms associated (as a consequence of the proof of Serre’s conjecture
[KW09]) to degree 2 odd irreducible Artin representations g1 and g2, respectively. In this case,
one of the main results of [DR17] and [BSV22b] relates the resulting generalised Kato classes

Kp(fvg)h) EHl(Qv%E(@Q)? 0= 01 ® 02,

obtained from a specialisation in weights (2,1,1) of a p-adic family of diagonal cycles classes, to
the value at s = 1 of the twisted Hasse-Weil L-funcion L(E ® p, s). Together with global duality,
this relation leads to a proof of the implication

LE®9,1)#0 = Homg,(V,,E(H)® L) =0,
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where L is any number field over which g is defined (assumed to admit an embedding into Q,, for
simplicity), ng is the linear dual of an L-vector space affording o, and H is the fixed field of ker(p).
More precisely, by virtue of the explicit reciprocity law obtained in loc. cit., the nonvanishing of
L(E ® p,1) implies that the class k,(f, g, h) is non-crystalline at p, from where the bound on the
o-isotypical component of F(H) follows by global duality.

Interestingly, the same explicit reciprocity law shows that the generalised Kato classes k,(f, g, h)
are Selmer whenever L(E ® p,1) = 0. Moreover, the representations g for which the construction
applies necessarily have real traces, and in many cases the sign in the functional of the self-dual
L-function L(E ® g, s) is +1. Thus the results of [DR17] and [BSV22b] provide a construction of
(possibly zero a priori!) Selmer classes in situations where ords—1 L(E ® g, s) > 2.

In [DR16], Darmon—Rotger carried out a systematic study of their construction in relation
with the Birch-Swinnerton-Dyer conjecture and the elliptic Stark conjecture of [DLR15]. (More
recently, a similar study was carried out by Bertolini-Seveso—Venerucci [BSV22al, which in partic-
ular allows one to interpret and refine some of the rationality conjectures in [DR16] in terms of a
p-adic Birch-Swinnerton-Dyer conjecture for p-adic Garrett—Rankin L-functions.) In particular,
when L(E ® p,1) = 0 with sign +1 they conjectured the equivalence

(1.1) kp(fr9.h) #0 <= dimg,Sel(Q, V,E® o) = 2.

This leads to the expectation, when combined with the equivariant Birch—-Swinnerton-Dyer con-
jecture, that k,(f, g, h) is a nonzero class in Sel(Q, V,E®V,) if and only if ords—1 L(E® g, 5) = 2.

Of special interest to the Birch—-Swinnerton-Dyer conjecture is the case in which ¢ contains the
trivial representation. This occurs precisely when g3 ~ oY, so that

Ve~ L& ad’(Vy),

where ad’(V,,) is the 3-dimensional representation of Gq acting on the trace zero endomorphisms
of Vp,. By the Artin formalism, we then have

L(E ® o,5) = L(E, s) - L(E ® ad’(01)).

In particular, if L(E®ad®(g1)) # 0, denoting by r,(E) the image of «,(f, g, h) under the resulting
natural projection H'(Q, V,E @ 9) — HY(Q, V,E), by the Bloch-Kato conjecture [BK90] (which
in this case predicts that the dimensions of the Selmer groups for V,E and V,E ® o are the same)
the equivalence (1.1) amounts to the conjectural equivalence

(1.2) kp(E) #0 <= dimg,Sel(Q, V,E) = 2.

In [CH22], the author and M.-L. Hsieh proved the first cases of conjecture (1.2), in situations
where g1 and g9 are induced from inverse finite order characters of an imaginary quadratic field
in which p splits. One of the key ingredients in the proof was a leading coefficient formula for the
p-adic L-function introduced in [BD96] in terms of Howard’s derived p-adic heights [How04].

The main result of this note is the following, which includes a new proof of [CH22, Thm. A].
Let w € {£1} denote the sign in the functional equation of L(E, s).

Theorem A. Let E/Q be an elliptic curve of conductor N with good ordinary reduction atp > 3.
Assume that:

(i) E[p] is absolutely irreducible,
(ii) there exists a prime q||N, and if ¢ = £1 (mod p) then E[p] is ramified at q,
(iii) either p > 5 or Gal(Q(E[p])/Q) contains a conjugate of SLa(F,).
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Let k,(E) € HY(K,V,E) be the generalised Kato class attached to any auziliary pair (K, x) as in
Choice 5.2.1. If w=+1 and L(E,1) =0 (so ords—1 L(E,s) > 2), then r,(E) € Sel(Q, V,E) and
the following hold:

(1) If kp(E) is nonzero, then dimq,Sel(Q, V,E) = 2.

(2) If dimq,Sel(Q, V, E) = 2, then k,(E) is non-zero if and only if the restriction map

loc, : Sel(Q, V,E) — E(Q,)®Q,

is nonzero, and in that case kp(E) spans the one-dimensional subspace ker(locy).

Remarks.

(1) Theorem A recovers [CH22, Thm. A] under slightly weaker hypotheses on E[p|, and more-
over, shows that the condition Sel(Q, V,E) # ker(loc,) is necessary for the nonvanishing
of k,(E) when Sel(Q, V,E) is 2-dimensional.

(2) When Sel(Q, V,E) is 2-dimensional and different from ker(loc,), Theorem A shows that

HP(E> =A- (logp<Q)P - logp(P)Q)
for some A € Q), where (P, Q) is any basis for Sel(Q, V,F) and log,, is the composition of
loc, with the formal group logarithm on E (Qp)®Qp. This is consistent with the refined
conjecture in [DR16, Conj. 3.12] specialised to the “adjoint rank (2, 0) setting” (see [DR16,
§4.5.3]), which further predicts a rationality statement for A (see also [BSV22a, Conj. 3.4,
Rem. 3.5.2)).

To prove Theorem A, in this paper we adapt the method introduced in [Cas22], where a similar
result is proved for elliptic curves E/Q with complex multiplication (note that the two results
are complementary: the existence of a prime ¢|| /N of multiplicative reduction for E excludes the
CM case). More precisely, the approach is based on a study of the relation between two different
formulations of the Iwasawa—Greenberg main conjecture for triple products:

(IMC-1) one in terms of Hsieh’s triple product p-adic L-functions [Hsi21];
(IMC-2) another without reference to p-adic L-functions, phrased in terms of the p-adic family of
diagonal cycles used in the construction of x,(f, g, h) and kp(E).

In the case where g; = gy is dual to g2, and is induced from a finite order Hecke character of an
imaginary quadratic field K, conjecture (IMC-1) can be related to the Iwasawa main conjecture
for F/K in the anticyclotomic setting, and using global duality and the explicit reciprocity laws
of [DR22] and [BSV22b], one can easily show that (in general) conjectures (IMC-1) and (IMC-2)
are equivalent. Thus, from the results on the anticyclotomic main conjecture stemming from the
works of Bertolini-Darmon [BD05] and Skinner—Urban [SU14], we deduce under mild hypotheses
a proof of conjecture (IMC-2), from where the proof of our main result follow easily from a variant
of Mazur’s control theorem and global duality.

We conclude this introduction by noting that even though throughout the paper p is assumed to
be a prime of good ordinary reduction, it seems possible to extend our results to the multiplicative
case; it would then be interesting to compare the resulting x,(E) with the p-adic limits of Heegner
points studied in [DF23, FG23] (see also [Casl8]| for a related construction).

1.1. Acknowledgements. I heartily thank Matteo Longo, Marco Adamo Seveso, Rodolfo Venerucci,
and Stefano Vigni for the opportunity to contribute this note to the proceedings in celebration
of Massimo Bertolini’s 60th birthday. The chief insight exploited in this paper is that the nonva-
nishing of k,(E) can be related to an Iwasawa main conjecture in the spirit of the Heegner point
main conjecture studied by Massimo about 30 years ago [Ber95]. Some of Massimo’s later results
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also play in our proof. It is a pleasure to dedicate this note to him as a humble attestation of his
lasting and growing impact on the subject. We also thank the referee for their careful reading and
the helpful suggestions. During the preparation of this note, the author was partially supported
by the NSF grants DMS-1946136 and DMS-2101458.

2. p-ADIC L-FUNCTIONS

Fix a prime p > 3. Let K be an imaginary quadratic field of discriminant D and assume that
(p) = pp splits in K,

with p the prime of K above p induced by a fixed embedding ¢, : Q— Qp. In this section we
recall from [Hsi21] the construction of the triple product p-adic L-function for Hida families, and
its relation with the anticyclotomic p-adic L-functions of Bertolini-Darmon [BD96] in the case
where two of the Hida families are CM Hida families attached to dual ray class characters of K.

2.1. Triple product p-adic L-function. Let I be a normal domain finite flat over
A = ﬁ[[]' +pzpﬂ,

where €' is the ring of integers of a finite extension of Q,. For a positive integer N prime to p and

a Dirichlet character y : (Z/NpZ)* — Q; , assumed to be valued in & after extending scalars in
A if necessary, we denote by S°(N,x,I) C I[q] the space of ordinary I-adic cusp forms of tame
level N and branch character y as defined in [Hsi21, §3.1].

Denote by X; C Spec H(Qp) the set of arithmetic points of I, consisting of the ring homomor-
phisms @ : I — Qp such that Q[11pz, is given by 2z szeQ(z) for some kg € Z>5 called the
weight of Q and €g(z) € ppo. As in [Hsi2l, §3.1], we say that f = 7, an(f)g" € S°(N, x,1)
is a primitive Hida family if for every @ € %ﬁ" the specialization f gives the g-expansion of an
ordinary p-stabilised newform of weight kg and tame conductor N. Attached to such f we let
Xﬁls be the set of ring homomorphisms () as above with kg € Z such that f, is the g-expansion
of a classical modular form; so XHCIS D %f by Hida theory.

For f a primitive Hida family of tame level N, we let

pf : Gq — GLa(Fracl)

denote the associated Galois representation, where Fracl is the field of fractions of I. It will be
convenient for us to take py to be the dual of the Galois representation considered in [Hsi21, §3.2];
in particular, det py = X1 - €cyc in the notations of loc. cit., where .y is the p-adic cyclotomic
character. We assume that the associated the residual representation py is absolutely irreducible,
and also denote by

pf - GQ — AutH(Vf) ~ GL2(H)
the realisation of py on a module Vy ~ [¥2. By [Wil88, Thm. 2.2.2], restricted to Gq, the Galois
representation Vy fits into a short exact sequence

0=VS = Ve = Ve =0,

where fo is free of rank 1 over I, with the Gq,-action given by the unramified character sending
an arithmetic Frobenius Fr, to a,(f).
Associated with f there is a I-algebra homomorphism

Af i T(N,I) — 1,
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where T(NV,I) is the Hecke algebra acting on @,S°(NN, x, ), where x runs over the characters of
(Z/pNZ)*. Let Ty be the local component of T(N,I) through which As factors, and following
[Hid88] define the congruence ideal C(f) of f by

C(f) := Ag(Anny, (ker Ag)) C L.

When, in addition to absolutely irreducible, p¢ is also p-distinguished (i.e., the semi-simplification
of pflcq, is non-scalar), it follows from the results of [Wil95] and [Hid88] that C'(f) is generated
by a nonzero element 1y € L.

2.1.1. Triple products of Hida families. Let

<f>g7h) S SO(Nf7Xf7]If) X SO(N97Xg?Hg) X SO(NInXha]Ih)
be a triple of primitive Hida families with
(2.1) XfXgXh = w?® for some a € Z,

where w is the Teichmiiller character. Note (2.1) does not uniquely determine a; we fix once and
for all one of the two possible choices for @ modulo (p —1)/2. Put

R = L;®s1,&01h,
which is a finite extension of the three-variable Iwasawa algebra AQsA®g A, and let
%fz = {(QI,QQ,Q3> € %i X j{ﬂs X xﬂc}f : kg, > kg, + kg, and kg, = kg, + kg, (mod 2)}

be the weight space for R in the so-called f-unbalanced range.

Let V = Vf®ﬁVg®ﬁVh be the triple tensor product Galois representation attached to (f, g, h),
and writing det V = X2e.y. with X(c) = (—1)° for the complex conjugation c (as is possible by
(2.1)) define

(2.2) Vi=vex?t
which is a self-dual twist of V. Define the rank four Gq,-invariant subspace ypf (V) c VT by
(2.3) FIVT) = Vi®oVy®oVh © X7

For every Q = (Q1,Q2,Q3) € %7]; we denote by ﬁpf (Vg) C VIQ the corresponding specialisations.
Finally, for every rational prime ¢ denote by Eg(VTQ) the epsilon factor attached to the restriction

of VZ? to Gq, as in [Tat79, p.21], and assume that

(2.4) for some @ € %fz, we have 55(VTQ) = +1 for all prime factors £ of NyNyN,.

As explained in [Hsi21, §1.2], condition (2.4) is independent of @, and it implies that the sign in
the functional equation for the triple product L-function

LW&@
. M f
(with center at s = 0) is +1 for all Q € Xz,.

Theorem 2.1.1. Let (f,g,h) be a triple of primitive Hida families as above satisfying conditions
(2.1) and (2.4). Assume in addition that:

o gcd(Ny, Ny, Ny,) is square-free,

e the residual representation py is absolutely irreducible and p-distinguished,
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and fiz a generator ng of the congruence ideal of f. Then there exists a unique element
LI (f.9.h) R

such that for all Q = (Qo,Q1,Q2) € .’{fa of weight (ko, k1, k2) with e, =1 we have

of h 2T+ (0 LV 0) E(FF (VI 14 712
(L] (f,9,R)(Q))" = VTQ( )‘(\ﬁ)%0 QQ Ep(FH( Q))'gel;{m( +070)%,

where:
° FV(B (0) = Fc(CQ)FC(CQ +2—k — kz)FC(cQ +1— kl)FC(CQ+ 1— ky), with

CQZ(k0+k1+k2_2)/2
and T'c(s) = 2(27) 7T (s);

° QfQo is the canonical period

/ ko—1 / ko—2
Q= (_avTT) 1580 IFo ) (1- Xf(p)Zp ° )(1- xf(p)2p ° )
w(ngg,) o Qo

with fOQO € Sk (Ny) the newform of conductor Ny associated with f, X,f the prime-to-p

Qo

part of X ¢, and ag, the specialization of a,(f) € H}( at Qo;

. Ep(ﬁg(Vg)) is the modified p-Euler factor

Ly(F (V}),0) 1
ep(F1 (VH)) - Ly(Vo/ T (V). 0) Ly(V,0)
and Yexe is an explicitly defined subset of the prime factors of NyNyNy, [Hsi2l, p.416].

I

ENF (V) =

Proof. This is [Hsi21, Thm. A], which also includes an interpolation formula in the cases where
€Q, is not necessarily trivial. g

2.2. CM Hida families. Let K., be the unique Zg—extension of K, and let Ky~ be the maximal
subfield of K, unramified outside p. Put
Iy = Gal(Ko /K) ~ 22, Ty := Gal(Kp /K) ~ Z,,

For every ideal € C Ok we let K(€) be the ray class field of K of conductor € (so in particular
Ky is the maximal Z,-extension of K inside K (p*°)). Let Art, be the restriction of the global
Artin map to K, with geometric normalisation. Identifying Z; and O[X()a via ¢ : Q — Qp, the
map Arty induces an embedding 1+ pZ;, — Tpee. Write )Y = Artp(1 + pZp) |k, and let b >0
be such that [[ye @ [)'] = p’. (Note that b = 0 if the class number of K is coprime to p.)

Fix a topological generator v, € I'pec with vﬁ’b = Arty(1 + p)| K, and for each variable S let
Ug: Gg — O[S]* be the universal character given by
(2.5) Ug(o) = (1+9)1@),

where (o) € Z,, is such that ok, = *yf,(g). Let v € € be such that vP' =1+ p (after enlarging
O if necessary). For any finite order character 1/1 : Gg — 0 of conductor € put

Z d) oa)W i (14+5)— (Ua)qN(u) € O0[5]4],

(a,p€)=
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where o, € Gal(K(€p>)/K) is the Artin symbol of a. Then 6,(S) is a primitive Hida family
defined over O[S] of tame level DgIN(€) and tame character (1) o ¥ )nx qu ™', where

v Gy =GR
is the transfer map and 7y /q is the quadratic character associated to K /Q.

2.3. Anticyclotomic p-adic L-functions. Let f € So(I'g(pNy)), with p t N¢, be a p-ordinary p-
stabilised newform of tame level Ny defined over &'. Assume that f is the ordinary p-stabilisation
of the newform f° € So(I'9(INf)), and let a;, € 0 be the Up-eigenvalue of f. Write

(2.6) Ny=N"N-

with Nt (resp. N7) divisible only by primes which are split (resp. inert) in K, and fix an ideal
Mt C Ok with OK/‘II+ ~ Z/N+Z.

Let I'™ be the Galois group of the anticyclotomic Zy-extension K /K; this corresponds to the
maximal quotient of I',, where complex conjugation c acts as inversion. Denote by m_ : 'y, — I'”
the natural projection. Then 7_ yields a canonical isomorphism T'}S¢ := {y!7¢|y € T, o} ~T~.
Similarly, restriction to Ky~ gives an isomorphism ri-c~ ['yo. Let v~ € I'” be the topological
generator mapping to 7, under the composite isomorphism I'™ ~ I'yec. We then identity &[I'"]
with the one variable power series ring O[T] via v~ — 14+ T.

Remark 2.3.1. Note that letting ¥ : Gx — O[T]* be the composition of the character Gx —
'™ — O[T ]* with the identification O[I'~]* ~ O[T]* defined by v, it follows from the above
discussion that

U =0
where ¥ : Gg — O[T]* is the universal character in (2.5) for the variable T'. This equality will
be often implicitly used later in the paper.

Theorem 2.3.2. Let x be a ring class character of K of conductor cOg with values in €', and
assume that:
(i) (pNy,cDk) =1,
(ii) N~ is the squarefree product of an odd number of primes,
(iii) if ¢ | N~ is a prime with ¢ =1 (mod p), then py is ramified at q.
Then there exists a unique © /i (T') € O[T] such that for every p-power root of unity ¢:

o _ D" o L(f°/K®xec,1)
Op/rale = 1) _Tgn'gp(f’x’o T2n)? Qe n- ~ufe/Dicxec(ons) - €p,

where:

e n >0 is such that ¢ has exact order p",
o e : 'y, — ppeo be the character defined by ec(v~) = ¢,

(1=, 'x(0)(1 = apx(p)) ifn=0,
« &0 = ’ " .
1 ifn >0,
o Qpon- = 4Hf°|]12,0(Nf) '77;]1\/— is the Gross period of f° (see [Hsi2l, p. 524]),
o ug =1|05|/2,
o ¢, € {£1} is the local root number of f° at p.

Proof. See [BD96] for the original construction, and [CH18, Thm. A] for the stated interpolation
property. Il
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When Y is the trivial character, we write O, \(T') simply as O/ (T).

2.4. Factorisation of triple product p-adic L-functions. Let f € Sy(pNy) be a p-stabilised
newform as in the preceding section. By Hida theory, f is the specialisation of a unique primitive
Hida family f € S°(NNy,I) at an arithmetic point Qo € XEF of weight 2. Let ¢ { pN¢ be a prime
split in K, and let x be a ring class character of K of conductor Ok for some m > 0. Denoting
by ¢ the non-trivial automorphism of K/Q, write x = 1 /¢° with ¢ a ray class character modulo
MmOy with (o) = 9(coc™). Let
(2.7) g =0y(51) € O[Si]ldl. 9" =8y-1(S2) € O[S2][d]
be the primitive CM Hida families (of tame level C' = Dy ¢*™) attached to 1 and 1), respectively.
The triple (f,g,g") satisfies conditions (2.1) and (2.4) and the associated triple product p-adic
L-function fpf(f,g,g*) of Theorem 2.1.1 is an element in R = [®40[S1]®sC[S2] ~ 1[S1, S2]-
Put S = 5. In the following, we let
(2.8) Zf(f,99%) € 0[5]
be the image of .pr(f,g,g*) under the map I[S1, So] — O[S1, S2] given by the specialisation
Qo : I — O composed with the quotient O[Sy, Sa] — O[S1,S2]/(S1 — S2).
Let K (x) be the field obtained by adjoining to K the values of x, and put K (x, o) = K(x) ().
Proposition 2.4.1. Assume that:
(i) N~ is the squarefree product of an odd number of primes,
(ii) if ¢ | N~ is a prime with ¢ =1 (mod p), then py is ramified at q.
Then

gpf('ﬂ@*)(s) _ :l:Wil . @f/K(T) . Cqu . \/Lalg(f/K® X 1) . T]]Zf;]_’

where T =v~ Y1+ 8) — 1, w is a unit in O[T, Cs, € K(x,ap)*, and
Lf/K®y,1

L(f/K 0 x.1) = LILE B0

Am?| f ||r0(Nf)

Proof. This is immediate from [Hsi21, Prop. 8.1] and the interpolation property of O/ x (0). O

€ K(x)-

3. SELMER GROUP DECOMPOSITIONS

In this section we introduce two different Selmer groups associated to triple products of modular
forms, and relate them to anticyclotomic Selmer groups attached to a single modular form.

3.1. Selmer groups for triple products of modular form. Let (f, g, h) be a triple of prim-
itive Hida families as in §2.1.1 satisfying (2.1), and let VI = V @ X! be the self-dual twist of
the associated big Galois representation.

Definition 3.1.1. Put
FAVH =2V = (Vi oV e+ Vi VoVl + Vi Vi) ea,
and define the balanced local condition Hi_(Qp, VT) by
Hlloal(vavT) = im{Hl(Qpa yz‘;)al(v’[)) - Hl(QPaVT)}

Similarly, put
FIV) = (Vi @Vye V) o,
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and define the f-unbalanced local condition H}(Qp, V) by
Hy(Qp, V) = im{H(Qy, 7] (V1) = H'(Q,, VI)}.

It is easy to see that the maps appearing in these definitions are injective, and in the following
we shall use this to identify H3(Q,, VT) with HY(Q,, ﬁ;(VT)) for 7 € {bal, f}. Fix a finite set
of primes S containing oo and the primes dividing NyN;Ny, and let Gq,s be the Galois group of
the maximal extension of Q unramified outside S.

Definition 3.1.2. Let ? € {bal, f}, and define the Selmer group Sel’(Q, V1) by
Hl (Qp? VT)
H}(Qp, V) }
We call Sel”®(Q, V) (resp. Self(Q,VT)) the balanced (resp. f-unbalanced) Selmer group.
Let AT = Homg, (VT itpe) be the arithmetic dual of VT, and for ? € {bal, f} define HI(Qp, Ah c
H!(Q,, AT) to be the orthogonal complement of HY(Q,, V1) under the local Tate duality
HY(Q,, V1) x HY(Q,, A") = Q,/Z,.

Similarly as above, we then define the balanced and f-unbalanced Selmer groups with coefficients
in AT by

Sel’(Q, VT) := ker{Hl(GQ,S,VT) —

1 T
Sel’(Q, AT) ==k {Hl Gos AD) - L (QnA) H(Qr, AT }
o (Q ) er ( Q)5 ) - H%(QP?AT) g ZESIZI;EP} (QZ )

and let X7(Q, Al) = Homgz, (Sel’(Q, A"), Q,/Z,) denote the Pontryagin dual of Sel’(Q, AT).

3.2. Anticyclotomic Selmer groups for modular forms. Let f € Sy(I'o(pNf)) be an ordi-
nary p-stabilised newform and K/Q an imaginary quadratic field as in §2.3.

Let V; be the p-adic Galois representation associated to f. We adopt the convention that if f
corresponds to the isogeny class of an elliptic curve £/Q, then Vy ~ V,E' (rather than its dual).
By p-ordinarity, restricted to Gq, the representation V; fits into a short exact sequence

—+ —
0=V, =V =V, =0

with Vfi both 1-dimensional, and with the Gq,-action on Vf_ given by the unramified character

sending arithmetic Frobenius to «;, € 0, the U,-eigenvalue of f.

Below we fix ¥ to be any finite set of places of K containing co and the prime dividing pNy, and
for any field extension L/K let G, 5, the Galois group of the maximal extension of L unramified
outside .

Definition 3.2.1. Let L be a finite field extension of K, and let # = {.%,(V})},), be a collection
a Gk, -stable subpaces .7, (Vy) C V for v | p. We define the Greenberg Selmer group Selz(L, V)

by
H' (L, Vy) }
H}?(LUH Vf) ’
where w runs over the finite primes of L lying above a prime v € ¥, and
ker{H'(Ly, Vy) — H' (LY, V})} if w1 p,
im{H"(Ly, #,(Vy)) = H (L, V§)} ifw v ]p.

Selrgz(L, Vf) = ker{Hl (GL,E; Vf) — H

HY (Ly, Vi) = {

We shall be particularly interested in the following choices of %
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e The relazed-strict Selmer group Sely (L, V) obtained by taking

{Vf if v =p,

ZN=1, ifv="p

e The ordinary Selmer group Sel(L, Vy) obtained by taking .7, (Vy) = Vf+ for all v | p.

For a G -stable lattice Ty C Vy, we let Hg(Lw, Ty) be the inverse image of ng (Lw, Vy) under
the natural map H!(L,,, T¢) — H' (L4, V}), and define Sel# (L, Tf) by the same recipe as above.
Then, for Ay := Homg, (T, pip ), we define the dual Selmer group Selz«(L, Ay) by

Hl(Lw,Af))},

Selz«(L, Ay) := ker{Hl(GL,E»Af) 11 HL. (L, Ay
w 32:* wH

where HY., (L, Af) is the orthogonal complement of HY; (L, Tf) under local Tate duality
H' (L, Ty) x H' (L, Ap) = Qp/Zy.

Write K, for the subextension of the the anticyclotomic Z,-extension K3 with [K, : K] = p™,
and put

%

m

Se]y(Ko_o,Tf) = lim Selg;(K;L,Tf), Selg‘(Ko_o,Af) = ligﬂSelg(K;L,Af),

where the limits are with respect to the corestriction and restriction maps, respectively. Let
U : Gxg — O[I'"]* be the character arising from the projection G — I'". Writing Ty @ ¥~!
(resp. Ay ® V) for the module Ty @4 OI'"] (resp. Ay ®¢ O[I'"]) with Gi-action on the second
factor given by W1 (resp. ¥), we then have natural &[I'~]-module pseudo-isomorphisms

(31) Sel?(Ko_wa) ~ Selﬁ(Kv Tf ® \I’_l)v Self(Ko_ovAf) ~ Sely(K, Af ® \P)v

where the Selmer groups on the right-hand side are defined is the same way as in Definition 3.2.1,
with .7, (Tf®\l’_1) = (ﬁv(Vf)ﬂTf)(X)\If_l and gv(Af(X)‘l’) = Homzp (Tf/(fU(Vf)ﬁTf), upoo)®\11.

3.3. Decomposition of triple product Selmer groups. Suppose now that f is the Hida fam-
ily passing through the p-stabilised newform f € S2(I'o(pNy)), and (g,g*) = (04 (51), 0,-1(52))
are CM Hida families as in (2.7).

For any primitive Hida family ¢, we now let Vg be the realisation of pg arising in the p-adic
étale cohomology of the p-tower of modular curves as in Ohta’s works [Oht99, Oht00], following
the conventions in [KLZ17, §7.2] (except that a “Hida family” for us is a “branch” in their sense).

In the case of g (and similarly g*), when y := 1) /9° satisfies

(3'2) >_<|GKF 7& ]-a

where G, C Gk is a decomposition group at p, it follows from a slight extension of the isomor-
phism in [LLZ15, Cor.5.2.5] (see [BL18, §3.2.3]) that

Vy ~ Ind (¢~ 0q,),

where Ty = v~ 1(1+5;)—1 and U7, is the associated universal character (2.5). Suppose Qg : I — &
is such that f is the specialisation of f at )y, and write V} 9g* for the resulting specialisation of
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V. Similarly setting 75 = v=1(1 + S2) — 1 and noting that (det Vg)(det Vg+) = Uy, ¥y, o ¥, we
then have

_ 1/25.1/2 _
Vi = T @ Ind2 (410, ) © Ind@ (v0r,) @ (U205 0 )7

~ (Ty @ IndR 1) ® (T @ IndFx ' 0°),
where T is the specialisation of V; at Qo and
Wi =v i 1+ S)Y2(1+ 8)Y2 =1, W= (1+S)2(1+8) 21
In particular, together with Shapiro’s lemma this gives

(3.4) HY(Q, V) ~ HY(K, Ty ® U};,%) @ H' (K, Tf @ x ' j°)

(3.3)

Proposition 3.3.1. Suppose ¥ is a ray class character of K such that x = ¢ /¢° satisfies (3.2).
Then under the isomorphism (3.4), the balanced Selmer group decomposes as

Sel/(Q, Vi .) ~ Sely (K, Ty @ Uip-°) & Sel(K, Ty ® x ' ¥}.°),

and the f-unbalanced Selmer group decomposes as

Self(Q,V}gg*) ~ Sel(K, Ty ® 11111471‘3) ® Sel(K, T ® X—l\p‘l/[;;).

Proof. This is shown in [CD23, Prop. 5.3.1]; we recall the details for the convenience of the reader.
From (3.3), we see that

Viggloq, = (Tr @ Up0) @ (Tr @ Ui ) @ (T @ x ' 0y.0) @ (Tr ® x5,

1

noting that x¢ = x~", and we find that the balanced local condition is given by

(3.5) Ty (Vhgge) = (Tr © Vi) @ (T} @ x ' 3°) @ (TF @ x Ui},
wh(;::re fj‘fﬂf tTf is the specialisation of V]f at Qo. Put ’V}gg* =Ty ® \I/Il,;lc) @ (T ® X_I‘I’%/@C%
and note tha

(3.6) HY(Q, Vi ) ~HY(K,V )

T
fag* fag*
by Shapiro’s lemma. For q € {p,p}, letting .7, bal(@

q fag*
to .ZPal (V). from (3.5) we have

p fg9g*
bal (7T ~ 1— + e
{ﬁp a (Vfgg*) - (Tf ® \IIWIC) ® (Tf ©X \I/WQC)v

- o
FPUVE ) = T @ x 1 ue,

using again that x¢ = x ™! for the second isomorphism. As a result, under the isomorphism (3.6)
we have

Sel’(Q, Vi ) ~

) be the submodule of @} gg+ corresponding

(3.7)
fg9g*

fag*
_ H(K,, Vi . H(K;, Vi |
ker{Hl(GK’E’V}gg*) - 1(—cp fgg+) Toloen X Tl ( +p fg_g1)1—c }7
HY (K, (T @ Wy ©) & (T @ x 'y, %)) HU(KG TF @ x1y,°)

yielding the result in this case. Similarly, we find that the f-balanced local condition is given by
f oyt ~ (T 1— + —1gyl-
{yp (Vigg-) = (Tf ® \IIWIC) @ (Tf ®X \IIW2C)7

FLV] ) = (Tf @ W) & (T} @ x 1 0y0),

and as above we arrive at the claimed description of Self (Q,VTf 9 g*). [l



12 F.CASTELLA

As a consequence, we also obtain decompositions for corresponding Selmer groups with coeffi-
cients in A}gg* = Homg, (V}gg*,upoo), mirroring in the case of Self(Q,A}gg*) the factorisation
of p-adic L-functions in Proposition 2.4.1. Put Ay = Homgz, (T, ftpe).

Corollary 3.3.2. Under the asumption in Proposition 3.3.1, we have the decompositions

Sel™(Q, Al _.) ~ Selgo(K, Ay ® U5 1) & Sel(K, Ay @ x5},

Self (Q, Al ) ~ Sel(K, Ap @ U5 @ Sel(K, Ay ® xU§)).

Proof. This is immediate from Proposition 3.3.1 and local Tate duality. U

4. TWASAWA MAIN CONJECTURES

Keeping the setting from §3.3, and put Ay = O[S1, S2] and

vl = V}gg*®A2A2/(51 - S3),

fgg*
where Ay = O[S1,S2]. In this section we recall the diagonal cycle main conjecture formulated
in [ACR23| specialised to our setting, and explain its relation with the anticyclotomic Iwasawa
main conjecture for f.

4.1. Diagonal cycle main conjecture. Let x(f,g,g*) € H(Q, VT) be the big diagonal class
constructed in [BSV22b, §8.1], where f is the primitive Hida family passing through f, and
denote by

(4.1) w(f,99") € H(Q, Vi)

its specialisation. More precisely, from loc. cit. one directly obtains a class as above with coeffi-
cient in a representation VT(V) isomorphic (non-canonically) to finitely many copies of VT, where
N = lem(Ny, Ny, Ng+) = lem(Ny, Dif); to obtain (4.1) we apply the projection VI(N) — VT
corresponding to the choice of level-N test vectors for (f, g, g*) furnished by [Hsi21, Thm. A].
From the decompositions in Proposition 3.3.1 we obtain
Sel?(Q, VT ) ~ Sely o(K, Ty © W) @ Sel(K, Ty ® X0 s

(4.2) Jog"

Self (Q, V) = Sel(K, Ty © Wi ®) @ Sel(K, T ® X~ Wi, ) jw,.
where T =Ty = v }(1+.5;) — 1 and the subscript /W5 denotes the cokernel of multiplication by
Ws. Put

3yt =TS VS T -1

gzp (Vfgg*) = Tf ®ﬁVf ®ﬁVg* KX,
and denote by .7 (V} @*) the resulting submodule of V} 99°" Similarly defining y;al(v}ﬂ*) from
gz}l;)al(V}gg*) =7} (V}gg*), in terms of the description in (3.7) we find that

bal (7t 3yt ~ (T 1— + -1gl-
(43) {ﬂpa (V{M)/ﬁp (V{y) ~ (T; @ ¥ %) e (T @x \IJW;)/WQ,
‘ bal ({7 Y, ~ (T+ —lygl-
T (Vigg )| T3 (Vigge) = (TF @ X7 0% pws

where T’ := Tf/TJj'.
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It follows from [BSV22b, Cor. 8.2] that x(f, gg*) lies in the balanced Selmer group Sel”?(Q, V} 9g*):
} gg+) Via the isomorphism (3.6), we can consider the image

of locy(k(f,gg*)) under the natural map

Therefore, viewing this class in H! (K, \Y%

p; - H! (Kp, gfg’al({ﬂ

Fag" )) = H'(K,, T; @ U5°)

bal /57 W
)) = HY (K, 7, (V}@*) /ﬁf(V}%*

arising from the projection onto the first factor in (4.3).
Put

A = O[T].

Let w := 1+ p, and for any A-module M and integer k, denote by M), the specialisation of M at
T = u*~2 — 1. Letting ® be the field of fractions of @, it is then easy to see that the Bloch-Kato

logarithm and dual exponential maps define isomorphisms

4) log, : Hl(Kp,T]: RUL)®Q, > @, k>3,

4.4
expy : Hl(Kp,Tf_ QUL @Q, > ®, k=2

The following fundamental result due to Bertolini-Seveso—Venerucci and Darmon—Rotger re-
lates p (locy(k(f,gg"))) to the restricted triple product p-adic L-function .,iﬂpf(f7 gg’) in (2.8).

Theorem 4.1.1 (Explicit reciprocity law). There is an injective A-module homomorphism

Log! : H'(K,, Ty @ Wi7°) — A

with pseudo-null cokernel satisfying for any 3 € Hl(Kp, Tf_ ® \IJ%F_C) the interpolation property
log,(3k) if k>3,

exp,(3r) if k=2,

where ¢, is an explicit nonzero constant, and such that

Log” (p; (locy(v(f,99*)))) = £ (f.99").

Proof. The map Log? is obtained by specialising the three-variable big regulator map of [BSV22b,
§7.1], and the explicit reciprocity law is a consequence of the results of [BSV22b, Thm. A] and
[DR22, Thm. 10]. The details are explained in [ACR23, Prop. 7.3] and [CD23, Thm. 5.1.1]. O

LOg‘f(,?))k =Cr X {

The next result shows the equivalence between a “diagonal cycle main conjecture” in the spirit
of [PR87, Conj. B] and the Iwasawa—Greenberg main conjecture for fpf (f,99").

Proposition 4.1.2. The following statements (1)-(2) are equivalent:
(1) x(f,gg*) is not A-torsion,
rank, (Sel®?(Q, V}gg*)) = rank, (XP(Q, A}gg*)) =1,

and the following equality holds in A ® Qp:

chary (Xbal(Q,A;fc@*)tors) = chary (Selbal(Q,V}ﬂ*)/(n(f, @*)))27

where the subscript tors denotes the A-torsion submodule.
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(2) .,iﬂpf(f, gg’”) is nonzero, the modules Self(Q,V}@*) and X7 (Q, A}@*) are both A-torsion,

and
charA(Xf(QvAjc@*)) = (£ (f.99))

Proof. This follows from an argument by now standard using Theorem 4.1.1 and global duality
as in [ACR23, Thm. 7.15]. O

4.2. Anticyclotomic main conjecture for modular forms. For our later use, here we record
some known results on the anticyclotomic Iwasawa main conjecture for modular forms.
Let F be the residue field of ¢, and denote by

pf: GQ — GLy(F)
the residual representation associated to f. Factor Ny = NTN~ asin (2.6). Following [KPW17],
we say that Assumption (A) holds if:
e py is absolutely irreducible,
e p; is ramified at every prime ¢ | N~ with ¢ = &1 (mod p),
e cither p > 5 or the image of py contains a conjugate of SLa(F)).
Note that this is the same as Assumption (A) from [KPW17], except that the latter also includes

the non-anomalous condition a,(f) # 1 (mod p); that the next result holds without this condition
follows from recent advances on Thara’s lemma, [MS21].

Theorem 4.2.1. Suppose that the ordinary p-stabilised newform f € Sa(I'o(pNy)) is p-old, and
that N~ is the squarefree product of an odd number of primes. Under Assumption (A), the module
Sel(K, Ay @ WSt is A-cotorsion, and

chary (Sel(K, Ay ® \I’(jzfl)v) = (Qf/K(T)2)
in A® Qyp.

Proof. In view of (3.1) and Remark 2.3.1, this follows from the combination of the main result
of Bertolini-Darmon [BDO05], as later refined by several authors (see [PW11, CH15, KPW17]),
showing the A-cotornionness Sel(K, Ay ® \If%*l) and the integral divisibility

(4.5) chary (Sel(K, Ay ® ¥S1)Y) o (Gf/K(T)2),

and the converse divisibility that follows from the two-variable main conjecture for f/K proved in
the work of Skinner-Urban and Wan [SU14, Wan15] (after inverting p in the latter case) restricted
to the anticyclotomic line. O

Remark 4.2.2. By using the Euler system divisibility from [CD23, Thm. 5.6.1] (using diagonal
cycles rather than congruence arguments and Heegner points), the ramification hypothesis on ps
in Theorem 4.2.1 can be replaced by the “big image” hypothesis in [op. cit., §3.3.2].

5. MAIN RESULT

In this section we state and prove the main result of this note toward the nonvanishing con-
jectures of [DR16] in the setting of rank two elliptic curves.
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5.1. Generalised Kato classes. Let £/Q be an elliptic curve of conductor N, and let p > 3
a prime of good ordinary reduction for £. Let f € So(I'o(p/Ny)) be the ordinary p-stabilisation
of the newform associated to E, and let (g,g*) = (64(S1),0,-1(S2)) be a dual pair of primitive
CM Hida families as in (2.7). When x = 1/9° satisfies (3.2), we have

(5.1) H'(Q, Vigg-) = H'(K, Ty © W) @ H(K, Ty © X 03

by specialising (3.4). The following is a special case of the construction of generalised Kato classes
by Darmon—Rotger [DR16] in the adjoint case.

Definition 5.1.1. Let x,(E) be the image of x(f,gg*) under the composition

H'(Q,V}y,.) —» H'(K,Tf © U ¢) — H'(K, Ty) ~ H'(K, T, E),

where the first arrow is the projection onto the first direct summand in (5.1), and the second is
induced by the multiplication by 7" on T} ® \If%fc.

By (4.2), the inclusion x(f, gg*) € Selbal(Q,V}gg*) from [BSV22b, Cor. 8.2] implies that

(5.2) kp(E) € Selp o(K, T,E).
In the following we shall view k,(E) as a class with coefficients in V,E.
Proposition 5.1.2. The following implication holds
L(f/K,1) =0 = kp(E) € Sel(K,V,E).
Proof. By (5.2), the inclusion k,(E) € Sel(K,V,E) holds if and only if res,(x,(£)) vanishes

under the natural map H'(K,, Vy) — H'(K,, V). Since from the combination of Theorem 4.1.1,
Proposition 2.4.1, and Theorem 2.3.2 yield the equivalence

expy(resp(rp(E))) =0 = L(f/K,1)- L(f/K ®x,1) =0,
and the Bloch-Kato dual in (4.4) is an isomorphism, the result follows. |
Denote by EX the twist of E by the quadratic character corresponding to K/Q.
Corollary 5.1.3. Suppose L(E,1) =0 and L(EX,1) # 0. Then k,(E) € Sel(Q, V,E).

Proof. Since Kato’s results [Kat04] show that Sel(Q, V, EX) = 0 when L(EX, 1) # 0, this follows
from Proposition 5.1.2 and the isomorphism Sel(K, V,E) ~ Sel(Q, V,E) @ Sel(Q, V,EX). O

Remark 5.1.4. The proof of Proposition 5.1.2 show that when L(f/K,1) = 0, the class x,(E)
lies in fact in the kernel of the restriction map on Sel(K, V,,E) at the primes above p. In particular,
in the setting of Corollary 5.1.3, k,(E) lands in the strict Selmer group

Selo(Q, V, E) = ker {Sel(Q, V,E) 2, E(Qp)®Qp} .
5.2. Nonvanishing of x,(F) in rank two. Denote by
pf: Gq — AutFp(E[pD o~ GLQ(Fp)
the mod p Galois representation associated to F, and assume that:

(h1) py is absolutely irreducible,
(h2) there exists a prime ¢|| Ny, and if ¢ = £1 (mod p) then py is ramified at g,
(h3) either p > 5 of the image of p; contains a conjugate of SLa(F)).
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We shall consider generalised Kato classes as in §5.1 attached to the following.

Choice 5.2.1. Let ¢||N¢ be a prime as in (h2) above, and let £ { 6pNy be a prime. Choose an
imaginary quadratic field K and a ring class character y of conductor dividing ¢*°Og such that:

(1) g is inert in K,

(2) every prime factor of Ny/q splits in K,

(3) ¢ splits in K,

(4) ¢ is ordinary for E,

(5) L(EX,1) £ 0 and L(E/K,x,1) £ 0,

(6) Xlcx, # 1.
Remark 5.2.2. The existence of (infinitely many) K satisfying (1)—(3) and such that L(EX, 1) #
0 follows from [BFH90]; for any such K, the results of [Vat03] (see also [CH18, Thm. D]) ensure
that L(E/K, x,1) # 0 for all but finitely many x of {-power conductor.

Fix (K, x) as in Choice 5.2.1. Write x = 1 /¢° with 1 a ray class character modulo ¢™Of for
some m > 0, let (g,g") = (0,(51),0,-1(52)) be the associated primitive CM Hida families as in
(2.7), and let ,(E) € HY(K, V,E) the corresponding generalised Kato class.

By Corollary 5.1.3, when L(E,1) = 0 we have k,(E) € Sel(Q, V,E). Moreover, by our choice of
K and x, when further £/Q has sign +1 (so in particular ords—; L(E, s) > 2), the nonvanishing
conjecture of Darmon-Rotger [DR16, Conj. 3.2] (as specialised in [op. cit., §4.5.3] to the setting
of rank two elliptic curves) predicts the equivalence

kp(E) #£0 <= dimg,Sel(Q,V,E) = 2.
The following is the main result of this note in the direction of this conjecture.
Theorem 5.2.3. Suppose that L(E,s) vanishes to positive even order at s = 1. Then
kp(E) #0 = dimq,Sel(Q,V,FE) = 2.
Conversely, if dimq,Sel(Q, V,E) = 2 then ky(E) # 0 if and only if the restriction map
loc, : Sel(Q, V,E) — E(Q,)®Q,
is nonzero. Moreover, in that case k,(E) spans the strict Selmer group Selo(Q, V,E) = ker(loc,).

The rest of this section is devoted to the proof of Theorem 5.2.3.

5.3. Some Galois cohomology. Put K, = K ®q Qp ~ K, ® Kj. Let
(5.3) loc, = locy @ locy : HY (G, V, E) — H' (K, V,E)

be the restriction map, and denote by X (resp. X;) the image of Sel(K, V,, ) (vesp. Sepy o(K, V,E))
under loc,.

Lemma 5.3.1. We have dimq,Sely o(K, V,E) = dimq,Sel(K, V, E) + §, where
-1 if Xy #0,
0=40 ifXy=X,=0,
1 if Xy =0 and X, # 0.
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Proof. Since Xy is invariant under the action of complex conjugation, if X is nonzero then the
restriction maps Sel(K, V,E) — HY (K, V,E) for q € {p,p} are both nonzero, and so in this case
the result follows from [CHK™23, Lem. 2.2].

Now suppose X = 0, so that Sel(K, V},E) is the same as the strict Selmer group Selg, (K, V, E) :=
ker(locy), and consider the exact sequence

(5.4) 0 — Selys (K, V, E) — Sely o (K, V, ) =2 H'(K,, V, E).

If X, = 0, then (5.4) yields the result, so it remains to consider the case X, # 0. If dimq, X, = 2,
then the image of (5.3) contains X, ® X, where Xj is the image of X}, under complex conjugation
(equivalently, the image of Sely ¢(k, V,E)), but this contradicts [Ski20, Lem. 2.3.1]. Therefore if
X, # 0 then it is one-dimensional, and the result in this case follows again from (5.4). O

Remark 5.3.2. Standard conjectures predict that Xy # 0 unless Sel(K, V,E) = 0 (indeed, the
vanishing of X when Sel(K, V,E) # 0 would imply that IIT(E/K)[p™] is infinite).

Recall that we set A = O[T, and for any A-module M denote by M, = M/TM the cokernel
of multiplication by T'. The following is a variant of Mazur’s control theorem [Maz72].

Proposition 5.3.3. Multiplication by T induces natural maps
r* : Selg g (K, Ay) — Selgo(K, Ay @ U5 H)[T7,
7 Sely o (K, Ty ® W) )p — Sely o(K, Ty)
with finite kernel and cokernel.

Proof. Letting Sel;e1(K, Af) and Sele1(L, Ay ® \Il§_1) be the Selmer groups defined in the same
manner as Sely g(K, Ay) and Selp o(L, Ay ® \Il%_l), respectively, but with the (propagated in the
case of Ay) relaxed local condition at the primes above p, the map r* fits into the commutative
diagram with exact rows

HI(Ks, A
0—— = Sely (K, Ay) Selai (K, Ay) H(Kp, Af) X o byt

r* s* it*

0 —= Selg o(K, Ay ® TS [T] — Selo (K, Ay @ U5 ) [T] —— HY(K,, Ay ® TS )[T] x {0},

where H! (K3, Ay)aiv denotes the maximal divisible submodule of Hl(Kg, Ay). The map t* arises
from the cohomology long exact sequence associated to
0—)Af—>Af®\If§fl —X—II;)Af@\I’gfl—)O,

and therefore is surjective with kernel H(K,, Ay @ U5 1) s7- Since [KO20, Lem. 2.7] implies that

#HO (Kp, Ap ® \I/%fl) < 00, by the Snake Lemma to prove the stated property for r* it suffices to
show that s* has finite kernel and cokernel.
The latter map fits into the commutative diagram with exact rows

0

H (Ko, A
Selrel(K, Af) H! (GK,27 Af) @wEE,pr H}EK/,MA%

s* u* \Lv*

0 —— Selel(K, Ay ® U5 )[T] —=HY(Gk.5, Ap @ W5 )T — D upp B! (Ko, Ay © U5 (T,
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where H}(Kw, Ay) is the natural image of ker{H! (K, V;) — HY (K2, V})} (see Definition 3.2.1).
The finiteness of HO(K,, A ® S 1) implies that of HO(Gx, Ay ® U5 1), and so the map u* has
finite kernel. Since u* is clearly surjective and by [Gre99, Lem. 3.3] (see also [JSW17, §3.3.6]) the
kernel of the map v* is finite, by the Snake Lemma it follows that s* has the desired properties.
This shows the result for * and the case of r is shown similarly. O

5.4. Proof of the main result.

Proof of Theorem 5.2.3. The decomposition in Corollary 3.3.2 gives

(5.5) XF(Q Al ) ~ Sel(K, Ay @ U5V & (Sel(K, Ay ® x U5 H[T])".

The same argument as in:he proof of Proposition 5.3.3 shows that the natural restriction map
Sel(K, Ay @ x) — Sel(K, Ay @ x¥S [T

has finite kernel and cokernel, and therefore from [BDO05, Cor. 4] (a consequence of the divisibility
in the anticyclotomic main conjecture proved in op. cit. with p = £), as extended in [PW11, CH15,
KPW17]), it follows that

L(E/K,x,1) #0 = #8Sel(K, A; @ x5 1)[T] < cc.

Together with Theorem 4.2.1 and Proposition 2.4.1, in light of (5.5) this shows that X¥(Q, A}gg*)

is A-torsion, with
charp (Xf(Q,A}ﬂ*)) = (.i”pf(f, @*)2)
in A®Q,. By Proposition 4.1.2, it follows that «(f, gg*) is not A-torsion, that both Sel’(Q, V' )

fag*
and XP(Q, A}gg*) have A-rank one, and that

chary (X**(Q, AT)iors) = chara (Sel”™(Q, V1) /(x(£.99)))’
in A ® Q. Denote by r1(f,gg*) € Selyo(K, Ty ® W) the projection of (f, gg*) onto the first
direct summand in (4.2). By Proposition 3.3.1 and Corollary 3.3.2, the above shows that both
Selp o(K, Ty ® ) and Xoo(K, Ay ® ¥ 1) have A-rank one, with

chary (Xo (K, Ay @ US ors) = chary (Sely o(K, Ty @ UE=°) /(r1(f, 9g™)))’

in A ® Q. By the control theorem of Proposition 5.3.3, this implies that
(5.6) corankz Sely g(K, Ay) = rankgz, (X07@(K, Ar® \I/%_l)/T) = 1+ 2rankg, (B/T),
where 3 = Selp o(K, Ty ® ¥ °)/(r1(f,gg*)). Thus we conclude that

corankz, Sely g(K,Ay) =1 <= (k1(f,gg") mod T) # 0,

where (x1(f,gg*) mod T') is the image of x1(f, gg*) in Sely (K, Ty ® \PIT_C)/T. Since the natural
map
Selp o(K, Ty @ W) ;7 — Sely o (K, Ty)

has finite kernel by Proposition 5.3.3, and it sends (x1(f,gg*) mod T') to k,(E) by construction,
we arrive at

(5.7) kp(E) #0 <= rankz Sely((K,Ty) = 1,

using the action of complex conjugation to reverse the roles of p and p. Now, assuming x,(E) # 0,
by Theorem 4.2.1 (resp. the p-parity conjecture [Nek01]) the case 6 = 0 (resp. d = 1) is excluded
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in Lemma 5.3.1, and so dimq,Sel(K, V,E) = 2; since the nonvanishing of L(EX 1) implies that
Sel(Q, V,E) = Sel(K, V,E) by Kato’s work, the first implication in Theorem 5.2.3 follows.
Conversely, if dimq,Sel(Q, V,E) = 2 (and so dimq,Sel(K, V, E) = 2), from (5.6) we see that the
case § = 0 is excluded in Lemma 5.3.1 and the case § = —1 holds (i.e., dimq,Sely o(K,V,E) = 1)
if and only if Sel(Q, V,E) # ker(locy). By (5.7), this concludes the proof. O

Remark 5.4.1. Even though the approach in this paper recovers a strenghtened form of [CH22,
Thm. A] under slightly weaker hypotheses, a noteworthy advantage of the approach in op. cit. is
that — by relating the derived p-adic heights against ,(E) to the leading coefficient of © ¢, (T')
(see [CH22, Thm. 5.3]) — it provides a method to numerically verify the nonvanishing of x,(E),
and to relate its rationality properties predicted by [DR16, Conj. 3.12] to (the leading coefficient
part of) the anticyclotomic p-adic Birch-Swinnerton-Dyer conjectures formulated in [BD96]. (See
also [BSV22a] for a more general setting.)
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