HEEGNER CYCLES AND HIGHER WEIGHT SPECIALIZATIONS
OF BIG HEEGNER POINTS

FRANCESC CASTELLA

ABSTRACT. Let f be a p-ordinary Hida family of tame level N, and let K be
an imaginary quadratic field satisfying the Heegner hypothesis relative to N.
By taking a compatible sequence of twisted Kummer images of CM points over
the tower of modular curves of level I'g(N) NT'1(p®), Howard has constructed
a canonical class 3 in the cohomology of a self-dual twist of the big Galois
representation associated to f. If a p-ordinary eigenform f on I'g(IN) of weight
k > 2 is the specialization of f at v, one thus obtains from 3, a higher weight
generalization of the Kummer images of Heegner points. In this paper, we
relate the classes 3, to the étale Abel-Jacobi images of Heegner cycles when p
splits in K.
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1. INTRODUCTION

Fix a prime p > 3 and an integer N > 4 such that p{ N¢(NV). Let
fo=" ang" € Sk(Xo(N))

n>0
be a p-ordinary newform of even weight £ = 2r > 2 and trivial nebentypus. Thus
fo is an eigenvector for all the Hecke operators T, with associated eigenvalues a,
and a,, is a p-adic unit for a choice of embeddings ¢ : Q < C and ¢, : Q — Qp
that will remain fixed throughout this paper. Also let O denote the ring of integers
of a (sufficiently large) finite extension L/Q, containing all the a,,.
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For s > 0, let X be the compactified modular curve of level
FS = Fo(N) N Fl(ps),

and consider the tower
_>Xg i)Xs—l — .

with respect to the degeneracy maps described on the non-cuspidal moduli by
(E,ap,mg) = (E,ap,p- 7g),

where ap denotes a cyclic N-isogeny on the elliptic curve F, and g a point of E
of exact order p*. The group (Z/p*Z)* acts on X; via the diamond operators

(d): (E,ap,mg)— (E,ag,d 7g)

compatibly with o under the reduction (Z/p*Z)* — (Z/p*~'Z)*. Set I := 14pZ,.
Letting Jg be the Jacobian variety of X, the inverse limit of the system induced
by Albanese functoriality,

(11) ~-~—>Tap(JS) ®ZPO—>Tap(J5,1) ®ZPO—> SN
is equipped with an action of the Iwasawa algebras Ao := O[[Z]] and
Ao = O][I]].

Let b5 be the O-algebra generated by the Hecke operators Ty (£1 Np), Uy := Ty
(¢|Np), and the diamond operators (d) (d € (Z/p*Z)*) acting on the space Si(X5)
of cusp forms of weight k and level I'. Hida’s ordinary projector

ord .__ 71 n!
e 1= nlLH;o U,
defines an idempotent of b, projecting to the maximal subspace of b, where U, acts
invertibly. We make each b into a Ap-algebra by letting the group-like element
attached to z € Z act as 2F72(2).

Taking the projective limit with respect to the restriction maps induced by the

natural inclusion Sk (Xs_1) < Si(Xs) we obtain a Ap-algebra

(12) [Jord = yLneordhs
S
which can be seen to be independent of the weight k > 2 used in its construction.
After a highly influential work [Hid86] of Hida, one can associate with f, a certain
local domain I quotient of ho'd, finite flat over Ay, with the following properties.
For each n, let a, € I be the image of T,, under the projection h°*d — I, and
consider the formal g-expansion

f=2 a,q" el

n>0

We say that a continuous O-algebra homomorphism v : T — Qp is an arithmetic
prime if there is an integer k, > 2, called the weight of v, such that the composition
r—>1I1*— 6; agrees with v — v¥~2 on an open subgroup of I of index p*»~1 > 1.
Denote by Xapitn(I) the set of arithmetic primes of I, which will often be seen as

sitting inside Spf(I)(Q,). If v € Xarien (1), F,, will denote its residue field. Then:
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e for every v € Xuin(I), there exists an ordinary p-stabilized newform®
f, € Sk, (Xsu)

such that v(f) € F,[[g]] gives the ¢g-expansion of f,;
e if s, =1 and k, = k (mod 2(p — 1)), there exists a normalized newform
ff € Sk, (Xo(N)) such that
g P
(1.3) f.(¢9) = £5(q) - £5(¢");
v(ap)

e there exists a unique v, € Xayitn (1) such that f, = fﬂa.

In particular, after “p-stabilization” (1.3), the form f, fits in the p-adic family f.
Similarly for the associated Galois representation V¢ : the continuous hord-linear
action of the absolute Galois group Gq on the module

(1.4) T:=T" @pora I,  where T :=lim e (Ta,(Jy) ©z, O),

S

gives rise to a “big” Galois representation pr : Gq — Aut(T) such that
V(pf) = p;,, for every v € Xarith (H);

where pg is the contragredient of the (cohomological) p-adic Galois representation
pe, - Gq — Aut(V},) attached to f, by Deligne; in particular, one recovers p}, from
pr by specialization at v,,.

Assume from now on that the residual representation p¢, is irreducible; then T
can be shown to be free of rank 2 over I. (See [MT90, Théoréme 7] for example.)
Let K be an imaginary quadratic field with ring of integers Ok containing an ideal
N C Ok with

(1.5) Ok /M= Z/NZ,

and denote by H the Hilbert class field of K. Under this Heegner hypothesis rela-
tive to N (but with no extra assumptions on the prime p), the work [How07b] of
Howard produces a compatible sequence U, *- X of cohomology classes with values
in a certain twist of the ordinary part of (1.1), giving rise to a canonical “big”
cohomology class X, the big Heegner point (of conductor 1), in the cohomology of a
self-dual twist TT of T. Moreover, if every prime factor of N splits in K, it follows
from his results that the class

3 = COI‘H/K(}:)

lies in Nekovéi’s extended Selmer group }NI} (K, T"). In particular, for every v €
Xarith (I) with s, = 1 and k, = k (mod 2(p — 1)) as above, the specialization 3,
belongs to the Bloch-Kato Selmer group H}(K, Ves (ky/2)) of the self-dual repre-
sentation TT @ F, = ¢ (k,/2). The classes 3, may thus be regarded as a natu-
ral higher weight analoguue of the Kummer images of Heegner points, on modular
Abelian varieties (associated with weight 2 eigenforms).

But for any of the above f%, one has an alternate (and completely different!)
method of producing such a higher weight analogue. Briefly, if k, = 2r, > 2,
associated to any elliptic curve A with CM by O, there is a null-homologous cycle

A}szf, a so-called Heegner cycle, on the (2r, — 1)-dimensional Kuga-Sato variety

LAs defined in [NP0O, (1.3.7)].
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W, giving rise to an H-rational class in the Chow group CH™ (W, ), with Q-

v

coefficients. Since the representation Vi:(r,) appears in the étale cohomology of
W,

N T4
He?tru_l(wrw Qp)(TV) 5 Vf}j (rv),

by taking the images of the cycles Agcif under the p-adic étale Abel-Jacobi map

o - CHY Y (W, )o(H) — H'(H, HE" (W, Qp) (1))
and composing with the map induced by g on H b’s, we may consider the classes
O L (AN®) = Cor g i (g B (A2,

By the work [Nek00] of Nekovaf, these classes are known to lie in the same
Selmer group as 3, and the question of their comparison thus naturally arises.

Main Theorem (Thm. 5.11). Assume that p splits in K and that 3 is not I-torsion.
Then for any v € Xaritn (1) of weight k, = 2r, > 2 with k, =k (mod 2(p — 1)) and
trivial character, we have

A N PR Lt
Bl = (1) WDy T |

where {, )i 1s the cyclotomic p-adic height pairing on H}(K, Ve (ry)), uw:=|0g|/2,
and —D < 0 is the discriminant of K.

Thus assuming the non-degeneracy of the p-adic height pairing, it follows that
the étale Abel-Jacobi images of Heegner cycles are p-adically interpolated by 3.
We also note that 3 is conjecturally always not I-torsion ([How07b, Conj. 3.4.1]),
and that by [How07a, Cor. 5] this conjecture can be verified in any given case by
exhibiting the non-vanishing of an appropriate L-value (a derivative, in fact).

This paper is organized as follows. Section 1 is aimed at proving an expression for
the formal group logarithms of ordinary CM points on X, using Coleman’s theory
of p-adic integration. Our methods here are drawn from [BDP, Sect. 3|, which we
extend in weight 2 to the case of level divisible by an arbitrary power of p, but with
ramification restricted to a potentially crystalline setting. Not quite surprisingly,
this restriction turns out to make our computations essentially the same as theirs,
and will suffice for our purposes.

In Sect. 2 we recall the generalised Heegner cycles and the formula for their p-
adic Abel-Jacobi images from loc.cit., and discuss the relation between these and
the more classical Heegner cycles.

In Sect. 3 we deduce from the work [Och03] of Ochiai a “big” logarithm map
that will allow as to move between different weights in the Hida family.

Finally, in Sect. 4 we prove our main results. The key observation is that, when
p splits in K, the combination of CM points on X taken in Howard’s construction
appears naturally in the evaluation of the critical twist of a p-adic modular form at
a canonical trivialized elliptic curve. The expression from Sect. 1 thus yields, for
infinitely many v of weight 2, a formula for the p-adic logarithm of the localization
of 3, in terms of certain values of a p-adic modular form of weight 0 associated
with f, (Thm. 5.8). When extended by p-adic continuity to an arithmetic prime v
of higher even weight, this expression is seen to agree with the formula from Sect. 2,
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and by the interpolation properties of the big logarithm map it corresponds to the
p-adic logarithm of the localization of 3,. Our main results follow easily from this.

Finally, we note that an extension of the results in this paper, and in particular
of the Main Theorem above, has a number of arithmetic applications arising from
the connection with the theory of p-adic L-functions. (See [Casl2].)

2. PRELIMINARIES

2.1. p-adic modular forms. To avoid some issues related to the representability
of certain moduli problems, in this section we change notations from the Introduc-
tion, letting X be the compactified modular curve of level T'y := T'; (Np®), viewed
as a scheme over Spec(Q,). Let m: & — X, be the universal generalized elliptic
curve over X, and let
Wy, = W*Qés/xs (log Zs)

be the invertible sheaf on X given by the pushforward of the relative differentials
on &,/ X with log-poles along the inverse image of the cuspidal subscheme Z; C Xj.

Algebraically, H O(Xs,g?f) gives the space of modular forms of weight 2 and
level T, (defined over Q,). Consider the complex

(2.1) %.q, (08 2,) 10— Ox, 5 Qg (log Z,) — 0

of sheaves on X;. The algebraic de Rham cohomology of X
HéR(XS/Qp) = H'(X,, QE(S/QP (log Zs))

is a finite-dimensional Q,-vector space equipped with a Hodge filtration

0 C H(X, 9 q (05 Z.) C Hip(X./Q,).

and by the Kodaira-Spencer isomorphism g?}f = Qﬁ( /Q, (log Zs), every cusp form

[ € S2(X) (in particular) defines a cohomology class wy € Hlg (Xs/Qp).
Let X be the complete modular curve of level I'; (IV), also viewed over Spec(Q,),
and consider the subspaces of the associated rigid analytic space X2":

X C Xy © Xep/pn) © X

To define these, let X,z be the canonical integral model of X over Spec(Zy), and let
Xr, := X xz, F}, denote its special fiber. The supersingular points SS C Xr, (Fp)
is the finite set of points corresponding to the moduli of supersingular elliptic curves
(with T'; (V)-level structure) in characteristic p. Let E,_; be the Eisenstein series

of weight p — 1 and level 1, seen as a global section of the sheaf g?;(p -b, (Recall
that we are assuming p > 5.) The reduction of E,_; to X, is the Hasse invariant,
which defines a section of the reduction of g?}(p Y with S5 as its locus of (simple)
zeroes. If x € X(Qp), let z € X, (F,) denote its reduction. Each point z € SS is

smooth in Xg,, and the ordinary locus of X

xordi=x" | Ds
zess
is defined to be the complement of their residue discs Dz C X?". The function
|Ep—1(z)|, defines a local parameter on Dz, and with the normalization |p|, = p~!,
X<1/(p+1) (resp. Xop/(pt1)) is defined to be complement in X" of the subdiscs of

D; where |E,_1(z)|, < p~ /@t (vesp. |E,_1(x)|, < p~?/®P+D) for all 7 € SS.
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Using the canonical subgroup Hp (of order p) attached to every elliptic curve FE
corresponding to a closed point in X, /(,41), the Deligne-Tate map

G0 Xc1/p+1) = Xap/(p+1)

is defined by sending E — E/Hpg (with the induced action on the level structure)
under the moduli interpretation. This map is a finite morphism which by definition
lifts to characteristic zero the absolute Frobenius on Xg,. (See [Kat73, Thm. 3.1].)

For every s > 0, the Deline-Tate map ¢y can be iterated s — 1 times on the
open rigid subspace X_j2-s /41y of X* where |E, ()], > p*pz_s/(PJrl). Letting
as : Xg — X be the map forgetting the “I'y (p®)-part” of the level structure, define

Wi(p®) € Xg"

to be the open rigid subspace of X, whose closed points correspond to triples
(E,ag,7g) whose image under a; lands inside X<p2—s(p+1) and are such that g
generates the canonical subgroup of E of order p® (as in [Buz03, Def. 3.4]).

Define Wh(p®) C X" is the same manner, replacing p?>~*/(p+1) by p!=%/(p+1)
in the definition of W;(p®). Then we obtain a lifting of Frobenius ¢ = ¢5 on X;
making the diagram

Wi (p*) ——= Wi (p*)

las \Las
%o

Xept=s(pt1) = X<pz=2(pt1)-

commutative by sending a point = (E, ag,1g) € Wa(p®), where 1z : . — E[p°]
is an embedding giving the I'; (p®)-level structure on E, to 2’ = (¢oE, poam, Vy),
where 1 is determined by requiring that a(z’) lands in X p2-s /(1) and for each
€ € prps — {1}, 275(¢) = 9@ if 1£(¢) = pQ. (Cf. [Col97b, Sect. B.2].)

Let I, :={veQ : 0<v<p*%/(p+1)}, and for v € I, define the affinoid
subdomain X, (v) of X" inside W (p®) whose closed points z satisfy |E,_1(z)|, >
p~?. Then X,(0) is the connected component of the ordinary locus of X, containing
the cusp oo.

Let £ € Z, and denote by w Xan the rigid analytic sheaf on X2* deduced from
wx, . The space of p-adic modular forms of weight k and level Iy (defined over Q,,)
is the p-adic Banach space

M (X)) = HO(X,(0),w3h),

and the space of overconvergent p-adic modular forms of weight k and level Iy is
the p-adic Fréchet space

ME(X.) = lim HO(X.(0), w3)

where the limit is with respect to the natural restriction maps as v € I, increasingly
approaches p?~*/(p + 1). By restriction, a classical modular form in HY(X, g?}]f)
defines an (obviously) overconvergent p-adic modular form of the same weight an
level. Moreover, the action of the diamond operators on X, gives rise to an action
of (Z/p*Z)* on the spaces of p-adic modular forms which agrees with the action
on H° (Xs,g?}]j ) under restriction.

We say that a ring R is a p-adic ring if the natural map R — lim R/p™R is an
isomorphism. For varying s > 0, the data of a compatible sequence of embeddings
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Ky — E as R-group schemes, amounts to the data of an embedding g, < E[p™]
of p-divisible groups, and also to the given of a trivialization of E over R, i.e. an
isomorphism
1 - E — Gm

of the associated formal groups. The space M(N) of Katz p-adic modular functions
of tame level N (over Z,) is the space of functions f on trivialized elliptic curves
with T’y (IV)-level structure over arbitrary p-adic rings, assigning to the isomorphism
class of a triple (F,ag,1g) over R a value f(E,ag,1g) € R whose formation is
compatible under base change. If R is a fixed p-adic ring, by only considering
p-adic rings which are R-algebras, we obtain the notion of Katz p-adic modular
functions defined over R, forming the space M (N )@sz which will also be denoted
by M(N) by an abuse of notation.

The action of z € Z, on a trivialization gives rise to an action of Z; on M(N):

()f(E,ap,g) = f(B,ag, 2" ' -1p),
and given a character x € Homeont(Z, , R*), we say that f € M(N) has weight-
nebentypus x if (z)f = x(2)f for all z € Z). If k is an integer, denoting by 2¥ the
k-th power character on Z, the subspace Mg™ (Np®, e) of M (X) consisting of
p-adic modular forms with nebentypus ¢ : (Z/p*Z)* — R* can be recovered as

(2.2) M (Np®e) = {f e M(N) : (2)f = 2Fe(2)f, forall z € Z)}.

Since it will play an important role later, we next recall from [Gou88, Sect. I11.6.2]
the definition in terms of moduli of the twist of p-adic modular forms by characters
of not necessarily finite order. Let R be a p-adic ring, and let (E,ag,1g) be a
trivialized elliptic curve with I'y (IV)-level structure over R. For each s > 0, consider
the quotient Ey := E/zgl(ups), and let g : E — Ej denote the projection. Since
p1 N, po induces a I'1 (N)-level structure ag, on Ey, and since ker(¢o) = ., the
dual ¢g : Ey — F is étale, inducing an isomorphism of the associated formal groups.
Thus (with a slight abuse of notation) 1z, := 15 o @o : Ey =5 G, is a trivialization
of Fy, and since we have an embedding 7 : Z/p°Z = ker(pg) — Ep[p®], we deduce
an isomorphism

Eolp*] = py. & Z/p°Z
which we use to bijectively attach a p*-th root of unity (¢ to every étale subgroup
C C Ey[p®] of order p*, in such a way that 1 is attached to ker(¢g).
Now for f € M(N) and a € Z,, define f ® 1,4psz, to be the rule on trivialized
elliptic curves given by

(2.3) f®Latpez, (E,ap,1p) = %ZC&“ - f(Eo/C,ac,1c0)
C

where the sum is over the étale subgroups C' C Ey[p®] of order p®, and where ac
(resp. 1¢) denotes the 'y (IV)-level structure (resp. trivialization) on the quotient
Ey/C naturally induced by ag, (resp. 1g,).

Lemma 2.1. The assignment a + p°Z, ~ (f — f®]la+pszp) gives rise to an
EndgM(N)-valued measure pigou on Zy.

Proof. Let ) anq"™ be the g-expansion of f, i.e. the value that it takes at the triple
(Tate(q), Qean, tean) = (Gm/q?%, (N, Hpoo > G,./q%) over the p-adic completion
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of R((q)). By the g-expansion principle, the claim follows immediately from the
equality
f ® ]la+pSZp <Q) = Z anqn7
n=a mod p*

which is shown by adapting the arguments in [Gou88, p. 102]. O

Definition 2.2 (Gouvéa). Let f € M(N) and x : Z, — R be any continuous
multiplicative function. The twist of f by x is

roxi= ([ x@ducn() (1) € M@V

Zyp

This operation is compatible with the usual character twist of Hecke eigenforms:

Lemma 2.3. Let x : Z; — R* be a continuous character extended by zero
on pZ,. If f € M(N) has g-expansion ) anq", then f ® x has q-expansion
> on X(n)ang™, and if f has weight-nebentypus k € Homes (2,5, R*), then f® x has
weight-nebentypus x2k.

Proof. See [Gou88, Cor. II1.6.8.7] and [Gou88, Cor. II1.6.9]). O

In particular, twisting by the identity function of Z, we obtain an operator
d: M(N) — M(N) whose effect on g-expansions is qdiq. For every k € Z, we see
from (2.2) and Lemma 2.3, that this restricts to a map

d: Mlgrd(XS) - Mltc)-rk%(XS)

which increases the weight by 2 and preserves the nebentypus. Moreover, for k = 0,
the arguments in [Col96, Prop. 4.3] can be adapted to show that d restricts to a
linear map M} '®(X,) — My®(X), viewing M, ®(X,) < Mg™(X,) by restriction.

2.2. Comparison isomorphisms. Let (; be a primitive p®-th root of unity, and
let F' be a finite extension of Q,(¢s) over which X, acquires stable reduction, i.e.
such that the base extension X, xq, I’ admits a stable model over the ring of
integers O of F. For the ease of notation, from now on we will denote X, xq, F'
(as well as the associated rigid analytic space) simply by X.

Let 25 be the minimal regular model of X, over Op, and denote by F the
maximal unramified subfield of F. The work [HK94| of Hyodo-Kato endows the
F-vector space Hip(X,/F) with a canonical Fy-structure

(24) Hllog—cris(‘%fs) — HéR(XQ/F)

equipped with a semi-linear Frobenius operator .

After the proof [Tsu99] of the Semistable conjecture of Fontaine—Jannsen, these
structures are known to agree with those attached by Fontaine’s theory to the p-adic
G p-representation

(2.5) Vi = Hi (X6, Qp).

More precisely, since X, has semistable reduction, Vj is semistable in the sense of
. ta . ta (. 1 . .
Fontaine, and there is a canonical isomorphism D (Vs) — Hiy_cis(Z5), inducing
an isomorphism

(2.6) Dar(Vy) = Hig(X./F)

as filtered p-modules after extension of scalars to F'.
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Consider the étale Abel-Jacobi map CH'(X,)o(F) — H'(F, V(1)) constructed
in [Nek00], which in this case agrees with the usual Kummer map

§p 2 Jo(F) — HY(F,Q, ® Ta,(J,)),

where J, = Pic’(X,) is the connected Picard variety of X,. (See [loc.cit., Ex. (2.3)].)

Let g € S2(Xs) be a newform with primitive nebentypus, let V; the p-adic Galois
representation attached to g, which is equipped with a Galois-equivariant projection
Vi — V,, and let V" be the representation contragredient to Vj, so that V,(1) and
V, are in Kummer duality. Also let Ly be a finite extension of Q, over which the
Hecke eigenvalues of g are defined. By [BK90, Ex. 3.11], the image of the induced
composite map

(2.7) Sg.r : Jo(F) 25 HY(F, V(1)) = H'(F, V(1))

lies in the Bloch-Kato “finite” subspace H} (F,V4(1)), and by our assumption on g,

the Bloch-Kato exponential map gives an isomorphism

. Dar(V,4(1))

" Fil’Dar(Vy(1))

whose inverse will be denoted by logg v, (1)
Our aim in this section is to compute the images of certain degree 0 divisors on

(2.8) €XPrv, (1) - H}‘(Fa V(1))

X, under the p-adic Abel-Jacobi map (5!(;7) 1)?’ defined as the composition
logp, v, (1) DdR(Vg(l))

(2.9)  Jo(F) 25 HY(F,V,(1) = (Fil Dar(V,))Y,

Fil"Dar (Vy (1)) !
where the last identification arises from the de Rham pairing
(2.10) ()1 Dar(Vy(1)) x Dar(Vy) = Dar(Qyp(1)) ®q, Ly = Ly

with respect to which Fil®Dgg(V,(1)) and FilODdR(Vg*) are exact annihilators of
each other. A basic ingredient for this computation will be the following alternate
description of the logarithm map log FV,(1)-

Recall the interpretation of H*(F,V,(1)) as the space Ext%{ep(GF)(Qp, Vy(1)) of
extensions of V,(1) by Q, in the category of p-adic G p-representations. Since F'
contains Q,((s), Vj is a crystalline G p-representation in the sense of Fontaine, and
under that interpretation the Bloch-Kato “finite” subspace corresponds to those
extensions which are crystalline (see [Nek93, Prop. 1.26], for example):

(2.11) H(F, Vy(1)) 2 Extiep () (Qp: Vo(1).
Now consider a crystalline extension
(2.12) 0—=Vy(1) =W —=Q, —0.

Since Deyis(Vy(1))#=! = 0 by our assumptions, the resulting extension of ¢-modules
(2.13) 0 = Deris(V4(1)) = Deris(W) = Fo — 0

admits a unique section s?P : Fy — Deyis(W) with sf2P(1) € Deyig(W)#=L. Ex-
tending scalars from Fy to F in (2.13) and taking Fil%-parts, we take an arbitrary
section s% F— FilODdR(W) of the resulting exact sequence of F-vector spaces

(2.14) 0 — Fil’Dar (V,(1)) = Fil’Dgr(W) — F — 0
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and form the difference
tw = sy (1) — sy(1),

which can be seen in Dgg(V,(1)), and whose image modulo Fil® Dag (V, (1)) is well-
defined.

Lemma 2.4. Under the identification (2.11), the above assignment
0=V,(1) =W =Q, =0 ~ tw mod Fil’Dar(V,(1))

defines an isomorphism which agrees with the Bloch-Kato logarithm map

~ Dar(Vg4(1))
1 Hp(F,Vg(1)) = 5 =T
ogrv,) - Hy(F, V(1)) Fil’ Dy (V, (1))

Proof. See [Nek93, Lem. 2.7], for example. ]

Let A € Js(F) be the class of a degree 0 divisor on X with support contained
in the finite set of points S C Xs(F'). The extension class W = Wa (2.12) corre-
sponding to 0, r(A) can then be constructed from the étale cohomology of the open
curve Yy := X, \ S, as explained in [BDP, Sect. 3.1]. We describe the associated

fil frob
Sy, and sy?
By [Tsu99] (or also [Fal02]), denoting g-isotypical components by the superscript

g, there is a canonical isomorphism of Iy ®q, Lg-modules

(2.15) Deris(Vg) & Hpy erio(23)?

compatible with p-actions and inducing an F' ®q, Lg-module isomorphism
(2.16) Dar(Vy) 2 Hig(Xs/F)

after extension of scalars.

Writing A = 3", 4nq.Q for some ng € Z, we assume from now on that the
reductions of the points @) € S are smooth and pair-wise distinct. Assume from
now on that the reduction of S in the special fiber is stable under the absolute
Frobenius. Like Hiy(X,/F), the F-vector space Hiy(Ys/F) is equipped with a
canonical Fy-structure

(217) Hllog—cris(%) — H(}R(Y‘?/F)v

a Frobenius operator still denoted by ¢, and a Hecke action compatible with that
n (2.4). Thus for W = Wa the exact sequence (2.13) is obtained as the pullback

(218) CI'IS C—> Dcrls(WA) % FO ®QP L
| |
éBreSQ
Hlog Crlb )(H Hlog Crlb(g)g(]‘) (FO ®Q L )

of the bottom extension of p-modules with respect to the Fy ®q, Lg-linear map
sending 1 — (ng)ges, where the subscript 0 indicates taking the degree 0 subspace.
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On the other hand, after extending scalars from Fy to F and taking Fil’-parts,
(2.14) is given by the pullback?

(2.19) Fil’ Dag (Vy (1)) Fil’ Dyr (Wa) —2— F @q, L,

| j

Fil' Hl, (X, /)9 Fil' Hl, (Y, /F) 252 (F g, Ly)8°

of the bottom exact sequence of free F'®q, L,-modules with respect to the F®@q, Lg-
linear map sending 1 — (ng)ges-
Let g* € So(Xs) be the form dual to g, defined as the newform associated with

the twist g ® e;!, and let wy- € H(Xj, QkS/F) be its associated differential, so

that FilODdR(Vg*) = (F ®q, Lg).wg-. Thus (5!(11771);(A) is determined by the value

(2.20) SPL(A) (W) = (twa,wy+)

of the pairing (2.10), which corresponds to the Poincaré pairing on H}g(X,/F)
under the identification (2.16). Using rigid analysis, we now give an expression for
the latter pairing that will make (2.20) amenable to computations.

Let X5 be the canonical balanced model of X, over Z,[(,] constructed by Katz
and Mazur (see [KM85, Ch. 13]). The special fiber X; xz_ (¢,]F) is a reduced disjoint
union of Igusa curves over F), intersecting at the supersingular points. Exactly two
of these components are isomorphic to the Igusa curve Ig(T's) representing the
moduli problem ([I'; (N)], [I'1(p®)]) over Fp,, and we let I, be the one that contains
the reduction of Wi (p®) xq, Qp((s), and Iy be the other. (These two are the two
“good” components in the terminology of [MWS86].)

By the universal property of the regular minimal model, there exists a morphism

(2.21) t%/s — XS XZp[Cs] OF

which reduces to a sequence of blow-ups on the special fiber. Letting x be the
residue field of F, define Wy, C X, (resp. Wy C X;) to be the inverse image
under the reduction map via %5 of the unique irreducible component of Z5 X, k
mapping bijectively onto Ic xXf, & (resp. Iy xF, k) in Xy Xz,¢,] K Via the reduction
of (2.21). Similarly, define U C X by considering the irreducible components of
Xs Xz (¢, k different from I, xg, £ and Iy Xp, k. Letting SS denote (the degree
of) the supersingular divisor of Ig(I's), it follows that I intersects Woo (resp. Wo)
in a union of SS supersingular annuli.

Since they reduce to smooth points, the residue class Dg of each Q € § is
conformal to the open unit disc D C C,. Fix an isomorphism hq : Dg — D that
sends @ to 0, and for a real number rg <1 in pQ, denote by Vo C Dg the annulus
consisting of the points x € Dg with rg < |hg(z)|, < 1. In the same manner, we
define annuli V, for each z in the cuspidal subscheme Z; C Xj.

Attached to any (oriented) annulus V, there is a p-adic annular residue map

Resy : O, — C,

defined by expanding w € 3, as w = Y oncz anT”% for a fixed uniformizing
parameter T on V (compatible with the orientation), and setting Resy(w) = ag.
This descends to a linear functional on 3,/dOy,. (Cf. [Col89, Lem. 2.1].)

2Notice the effect of the Tate twist on the filtrations.
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For any basic wide-open W (as in [Buz03, p. 34]), define

(2.22) HL, (W) :=H'(W,Q%(log Z)) = 0, /dOyy,

rig
where Q°(log Z) denotes the complex of rigid analytic sheaves on W deduced from
(2.1) by analytification and pullback, and consider the basic wide-opens

WOO = Wa N U (Do ~\Vg) and WO =Wy U (Do ~\Vag).
QeS Qes

As follows from the arguments in [BE10, Lem. 4.4.1], the spaces H}ig(Woo) and

Hrlig(VNVO) are each equipped with a natural action of the Hecke operators T; (¢ 1 Np)
compatible with the Hecke action on H}g (Y,/F) under restriction.

Lemma 2.5. e The natural restriction maps induce an isomorphism
(Wo)?.

o A classw € Hig (Ys/F)? belongs to the natural image of Hig (Xs/F)9 if an
only if it can be represented by a pair of differentials (weo,wp) € Q‘% X (2117\3
oo 0

Hig(Y,/F)? = Hj,(Weo)? © H}

rig rig

with vanishing p-adic annular residues.
e Ifn and w are any two classes in Hig(Xs/F)9, their Poincaré pairing can
be computed as

(223) <77,Ld> = Z ReSV(Fwoo\v 7700|V) + Z ReSV(Fwolv : 770|V)a
VCWao VCWo

where for each annulus V, F,,,, denotes any solution to dF,,, = wy on V.

Proof. By an excision argument, the first assertion is easily deduced from [Col97a,
Thm. 2.1] as in [BE10, Lem. 4.4.2]; the second and third are shown by adapting
the arguments in [Col96, §5] for each of the two components, as they are proven in
[Col94a, Prop. 1.3] for s = 1. (See also [Col97a, §3].) O

2.3. Coleman p-adic integration. Coleman’s theory provides a coherent choice
of local primitives that will allow us to compute (2.20) using the formula (2.23).

Recall the lift of Frobenius ¢ : Wa(p®) — Wi (p®) described in Sect. 2.1, where
W;(p®) are the strict neighborhoods of the connected component X,(0) of the or-
dinary locus of X, containing the cusp oo described there. Recall also the wide
open space Wo, described in the preceding section, which also contains X,(0) by
construction.

Proposition 2.6 (Coleman). Let g = 3 _,b,q" € S2(X,) be a normalized
newform with primitive nebentypus of p-power conductor, so that b, is such that
Upg = bpg. Then there exists a locally analytic function F,,, on We, which is unique
up to a constant on W and such that

o dF,, = wy on Wy, and

bp 1% ri
[ ] ng — ? ng S Mog(Xs).

Proof. This follows from the general result of Coleman [Col94b, Thm. 10.1] on
p-adic integration. Indeed, a computation on g-expansions shows that the action
of the Frobenius lift ¢ on differentials agrees with that of pV, with V' the map
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acting as ¢ — ¢” on g-expansions, in the sense that ¢*w, = pwy, on W, =
¢ (Woo N Wi (p*)). Since the differential w1 = wy — bpwy 4 attached to

=Y b
(n,p)=1

becomes exact upon restriction to W, , this shows that the polynomial L(T) =
1-— %”T is such that

L(¢")wy = 0.
Finally, since g has primitive nebentypus, b, has complex absolute value p'/2, and
hence [Col94b, Thm. 10.1] can be applied with L(T) as above. O

Attached to a primitive p°-th root of unity ¢, there is an automorphism w¢ of
X, which interchanges the components W, and W, (see [BE10, Lem. 4.4.3]).

Corollary 2.7. Set ¢’ = w¢ o ¢ o we. With hypotheses as in Proposition 2.6,
there exists a unique locally analytic function F:,q on Wy which vanishes at 0,
satisfies dF,, = wq on Wy, and F, — %(¢5’)*ng is rigid analytic on a wide-open
neighborhood Wy of weX(0) in Wy.

Proof. Proposition 2.6 applied to the differential wfq = wlwy gives the existence of
a locally analytic function Fw/y with F"dg = wZFw; having the desired properties.
The uniqueness of F‘Lg follows immediately from that of Fw;. O

We refer to the locally analytic function F,, (resp. FLQ) appearing in Prop. 2.6
as the Coleman primitive of g on Wy, (resp. Wy). Let g = > bnq" be as in
Proposition 2.6. The g-expansion Z(mp):l %q" corresponds to a p-adic modular
form ¢’ vanishing at co and satisfying dg’ = g/, where d is the operator described at
the end of Sect. 2.1, which here corresponds to the differential operator Oy, — Q{,\,

for any subspace W C X,. Set d—'gll := ¢'.
Corollary 2.8. If F,,, is the Coleman primitive of g on W which vanishes at oo,
then
F, — 24 R, = d g,
g p 9

Proof. Since d~'g?) is an overconvergent rigid analytic primitive of wylrl, and the
operator L(¢*) =1— %é* acting on the space of locally analytic functions on W,

is invertible, we see that L(¢*)~'(d~1glP!) satisfies the defining properties of F,,.
Since d~'¢[P! vanishes at oo, the result follows. O

Now we can give a closed formula for the p-adic Abel-Jacobi images of certain
degree 0 divisors on Xj.

Proposition 2.9. Assume s > 1. Let g € So(X;) be a normalized newform with
primitive nebentypus of p-power conductor, let P be an F-rational point of X,
factoring through X(0) C X5, and let A € J5(F') be the divisor class of (P)— (00).
Then

(2.24) 0 k(D) () = Fu,. (P),

where Fy, . is the Coleman primitive of wg= on Woo which vanishes at 0o.
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(sheP, wg+), where

Proof. By (2.20), we must compute (ty, ,wg- > = (s wge) —
o shl € Fil' Dgr(Wa) is such that p(sf, y.) =1in (2.19), and
. sfvrvob € Deris(Wa)#=! is such that p(sf;;f) =1in (2.18).
By Lemma 2.5, we see that these can be represented, respectively, by
° 7721 a section of Q}( /F OVer Y, with simple poles at P and oo and with
— Resp(nfil) = 1, while Resg(nfi ) =0 forall @ € S —{P};
- Resoo(nA) = —1, while Resz( i) =0 for all z € Z; — {0},
° nfrob (ng:ob’nfrob) c Ql X QL with
oo O
(¢*nfrob (¢/)*anrob) (p nfrob 4 dGomp nfrob 4 dGo) with Goo and
Gy rigid analytic on ¢~ Y, and (¢')~ W, respectively;
— Resy(nfi°P) = 0 for all supersingular annuli V; and
~ Resvg () = Resq(nl) (@ € 5), Resy, () = Res. (nf) (= € 2,).

The arguments in [BDP, Prop. 3.21] can now be straightforwardly adapted to
deduce the result. Indeed, using the defining properties of the Coleman primitives
F,,. and F!, . of wy on Wy, and W, respectively, one first shows that

g*

(2.25) > Resp(F,. 7)) =0 and Y Resy(F, . -nf*) =0
VWeo VCWy

as in [loc.cit., Lemma 3.20]. On the other hand, using the same primitives, one
shows as in [loc.cit., Lemma 3.19] that

(2.26) Z Resy (Fy, . il = F,,.(P) and Z Resy(F/, . -nfil) =o.
VCWeo VCWo
Substituting (2.26) and (2.25) into the formula (2.23) for the Poincaré pairing
(and using that s > 1, so that there is no overlap between the supersingular annuli
in 17\700 and the supersingular annuli in Wo), the result follows. (I

3. GENERALISED HEEGNER CYCLES

Let X7 (NN) be the compactified modular curve of level I'; (V) defined over Q, and
let £ be the universal generalized elliptic curve over X (V). (Recall that N > 4.)
For 7 > 1, denote by W, the (2r — 1)-dimensional Kuga-Sato variety?®, defined as
the canonical desingularization of the (2r — 2)-nd fiber product of £ with itself over
X1(N). By construction, the variety W, is equipped with a proper morphism

w2 W, = X1(N)

whose fibers over a noncuspidal closed point of X; (V) corresponding to an elliptic
curve E with T'y(IV)-level structure is identified with 2r — 2 copies of E. (For a
more detailed description, see [BDP, Sect. 2.1].)

Let K be an imaginary quadratic field of odd discriminant —D < 0. It will be
assumed throughout that K satisfies the following hypothesis:

Assumption 3.1. All the prime factors of N split in K.
Denote by Ok the ring of integers of K, and note that by this assumption we
may choose an ideal M C Ok with Ok /N = Z/NZ that we fix once and for all.

3Perhaps most commonly denoted by Way_o; cf. [Zha97] and [Nek95], for example.
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Let A be a fixed elliptic curve with CM by Og. The pair (A, A[D]) defines a
point P4 on Xo(V) rational over H, the Hilbert class field of K. Choose one of
the square-roots v—D € Ok, let I /=5 C A x A be the graph of /=D, and define

h . (r—l)
TAej‘g’ Z:me er

viewed inside W,. by the natural inclusion (A x A)"~1 — W, as the fiber of 7, over

a point on X7 (V) lifting P4. Let ey be the projector from [BDP, (2.1.2)], and set

(3.1) A};‘e’ig = eWTEf’ig,

which is an (r — 1)-dimensional null-homologous cycle on W,. defining an H-rational

class in the Chow group CH"(W,.)o (taken with Q-coefficients, as always here).

These cycles (3.1) are usually referred to as Heegner cycles (of conductor one,
weight 2r), and they share with classical Heegner points (as in [Gro84]) many of
their arithmetic properties (see [Nek92, Nek95, Zha97]).

We next recall a variation of the previous construction introduced in the recent
work [BDP] of Bertolini, Darmon, and Prasanna. Let A be the CM elliptic curve
fixed above, and consider the variety*

X, =W, x A2,

For each class [a] € Pic(Ofg), represented by an ideal a C Ok prime to N, let

Ay := A/Ala] and denote by ¢, the degree Na-isogeny
ot A— A,

The pair ax* (A4, A[N]) := (Aq, Aq[N]) defines a point Py, in Xo(N) rational over

H. Let Ffaa C Ag x A be the transpose of the graph of ¢, and set
(2r—2) e . r—2 (ta,ida)

Yo =T x 7 xTL C (Aax A2 = A7 72 x A2 0 X
where 1, is the natural inclusion A2"~2 — W, as the fiber of 7, over a point on
X1(N) lifting P4, . Letting e4 be the projector from [BDP, (1.4.4)], the cycles

bdp .__ bdp
(32) Atﬂaﬂ“ = GAGWTS%,T

define classes in CH*"~*(X,.)o(H) and are referred to as generalised Heegner cycles.
We will assume for the rest of this paper that K also satisfies the following:

Assumption 3.2. The prime p splits in K.

Let g € S2,(Xo(N)) be a normalized newform, and let V, be the p-adic Galois
representation associated to g by Deligne. By the Kiinneth formula, there is a map

Hyl 7> (X0, Qp(2r — 1)) — HE ™ (W, Qp(1)) ® Sym® —* Hy, (4, Qu(1)),
which composed with the natural Galois-equivariant projection
HE (W, Qu(1)) ® Sym™ "2 Hy (4, Qp(1))
induces a map

Tynr—t  HY(F HE (X, Qp(2r — 1)) — HY(F, Vy(r))

TgQmyr—1

V(1)

over any number field F'. In the following we fix a number field F' containing H.

4Notice that our indices differ from those in [BDP].
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Now consider the étale Abel-Jacobi map
% CH* N (X, )o(F) — HY(F,H *(X,,Qp)(2r — 1))
constructed in [Nek00]. Let F,, be the completion of 2,(F'), and denote by loc, the
induced localization map from G to Gal(Q,/F,). Then we may define the p-adic
Abel-Jacobi map AJp, by the commutativity of the diagram

ét
Ty N1 o<I>F

(33)  CHY}(X,)o(F) - HY(F,Vy(r)) — H(Fy, V,(r))

U]

T HNE, V()

ilOng,vg (r)
Fil' Dar (V, (r — 1))V,

where the existence of the dotted arrow follows from [Nek00, Thm.(3.1)(i)], and the
vertical map is given by the logarithm map of Bloch-Kato, as it appeared in (2.9)
for » = 1. Using the comparison isomorphism of Faltings [Fal89], the map AJp,
may be evaluated at the class wy ®e?r_1, with ec an Fp-basis of Dar (Qp(1)) = F.

The main result of [BDP)] yields the following formula for the p-adic Abel-Jacobi
images of the generalised Heegner cycles (3.2) which we will need.

Theorem 3.3 (Bertolini-Darmon-Prasanna). Let g = >, bnq™ € So,(Xo(N)) be
a normalized newform of weight 2r > 2 and level N prime to p. Then

(b +p™) D Na' T ATR (AR )y @ o)
[a]€Pic(Ok)

=)= Y d gk (4, APY)),

[a]€Pic(OK)

where gl = Z( b.q"™ is the p-depletion of g.

n,p)=1
Proof. See the proof of [BDP, Thm. 5.13]. O

We end this section by relating the images of Heegner cycles and of generalised
Heegner cycles under the p-adic height pairing. (Cf. [BDP, Sect. 2.4].)
Consider I, := W, x A"~! seen as a subvariety of W,. x X,. = W, x W,. x (A?)" !
via the map
(idw,,idw,, (ida, V=D)" ).

Denoting by 7wy and 7x the projections onto the first and second factors of W,. x X.,
the rational equivalence class of the cycle II,. gives rise to a map on Chow groups
I, : CH* ! (X,) — CH" ™ (W,)

induced by II,.(A) = mw« (1L, - 7% A).
Lemma 3.4. We have
(AL AR w, = (D)1 (AR A ),

ida,r’ —ida,r

where (,)w. and (,)x, are the p-adic height pairings of [Nek93] on CH"™(W,.)q
and CH* 71(X,)o, respectively.
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Proof. The image @%(Ag‘fig) remains unchanged if we replace I' /=5 by Z4 :=
I /=5 — (Ax{0}) — D({0} x A) (see [Nek95, §11(3.6)]). Since Z4-Z4 = —2D, we
easily see from the construction of II,. that

(34) TE(ANE) = (—2D)" - BS(IL (AR )).

ida,r

On the other hand, if (,)4 denotes the Poincaré pairing on H}y (A/F), we have
(V=D)'w,(V=D)'w')a =D (w,w)a,

for all w,w’ € Hig(A/F). By the definition of the p-adic height pairings (, )w, and
{,)x, (factoring through ®%), we thus see that

(3.5) (AR AP Y = DT (L (AR )L IL (AR Y,
Combining (3.4) and (3.5), the result follows. O

4. BIG LOGARITHM MAP

Let f = > _ga,q" € I[[¢]] be a Hida family passing through (the ordinary
p-stabilization of) a p-ordinary newform f, € Si(Xo(N)) as described in the In-
troduction. We begin this section by recalling the definition of a certain twist of f
such that all of its specializations at arithmetic primes of even weight correspond
to p-adic modular forms with trivial weight-nebentypus.

Decompose the p-adic cyclotomic character ey as the product

Eye=w-€:Gq =2y =p,  xT.
Since k is even, the character w*~2? admits a square root W' Gq — Hp_1,
and in fact two different square roots, corresponding to the two different lifts of
k—2€Z/(p—1)Z to Z/2(p — 1)Z. Fix for now a choice of w" =, and define the
critical character to be
(4.1) O=wz [€1/2]: Gq — A,
where €!/2 Gq — I' denotes the unique square root of € taking values in I'.

Remark 4.1. As noted in [How07b, Rem. 2.1.4], the above choice of © is for most
purposes largely indistinguishable from the other choice, namely prfl(%, where
p—1 ~ % p—1
w7 Gal(Q(vpY)/Q) — {£1}  (p" =(-1)"7 p).

Nonetheless, for a given f, as above, our main result (Theorem 5.11) will specifically
apply to only one of the two possible choices for the critical character.

The critical twist of T is then defined to be the module
(4.2) T .= T @ I
equipped with the diagonal Gq-action, where It = I(©71) is T as a module over

-1
itself with Gq acting via the character Gq SN AS5 —T*.

Lemma 4.2. Let prt : Gq — Aut(T") be the Galois representation carried by Tt.
Then for every v € Xaritn (L) of even weight k, = 2r, > 2 we have

v(pri) = pr; @ €cyes
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where £/, is a character twist of £, of the same weight and with trivial nebentypus.
In other words, defining Vi := Tt @1 F, and letting Vk, be the representation space
of pg;, we have

(43) VzT/ = val’, (’I“l,),
and in particular Vi, is isomorphic to its Kummer dual.

Proof. This follows from a straightforward computation explained in [NP0O, (3.5.2)]
for example (where T' is denoted by T). O

Let 0 :Z; — AJ be such that © = foegy.. It follows from the preceding lemma
that the formal g-expansion

fl=f@6 "' :=> 0" (n)anq" €1[[q]]
n>0

(where we put #~1(n) = 0 whenever p|n) is such that, for every v € Xuien(I) of even
weight, V1 is the Galois representation attached to the specialization f, ® 6" of ft,
which by Lemma 2.3 is a p-adic modular form of weight 0 and trivial nebentypus.

We next recall some of the local properties of the big Galois representation T.
Let I, ¢ D, C Ggq be the inertia and decompositon groups at the place w|p
induced by our fixed embedding 1, : Q < Qp. In the following we will identify D,,
with the absolute Galois group Gq,. Then by a result of Mazur and Wiles (see
[Wil88, Thm. 2.2.2]) there exists a filtration of I[D,,]-modules

(4.4) 0= FiT—-T—Z,T—0

with ZET free of rank one over I and with the Galois action on .%, T unramified,
given by the character o : D,,/I,, — I sending an arithmetic Frobenius o, to a,.
Twisting (4.4) by ©~! we define ZXT" in the natural manner.

Let T* := Homy(T,I) be the contragredient® of T, and consider the I-module

(4.5) D:= (yﬁr*@zpigf)%p,

where .Z/T* := Homy(#~T,I) C T*, and 2;" is the completion of the ring of
integers of the maximal unramified extension of Q, in Qp.

Fix once and for all a compatible system ¢ = {(;} of primitive p*-th roots of
unity, and denote by e the basis of Dgr(Q,(1)) corresponding to 1 € Q, under
the resulting identification Dqr(Q,(1)) = Q,.

Lemma 4.3. The module D is free of rank one over I, and for every v € Xaritn (L)
of even weight k, = 2r, > 2 there is a canonical isomorphism

Dar(Vt, (1))
Fil’ Dar (V% (r,,))

I

(4.6) D, ® Dar(Qp (1))

Proof. Since the action on .#,/ T* is unramified, the first claim follows from [Och03,
Lemma 3.3] in light of the definition (4.5) of D. The second can be deduced from
[Och03, Lemma 3.2] as in the proof of [Och03, Lemma 3.6]. O

With the same notations as in Lemma 4.3, we denote by (, )qr the pairing

(4.7) (,)ar : Dy ® Dar(Qp(ry)) x Fil' Dar (Vg: (1, — 1)) — F,

530 that T* @ F), Vg, for every v € Xypien ().
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deduced from the usual de Rham pairing

Dar(Vg, (1v))
Fil’Dyr (V%, ()
via the identification (4.6) and the isomorphism V¢* = V- (k, — 1).

x Fil’Dar (Vg (1 = 7,)) = F,

Theorem 4.4 (Ochiai). Assume that the residual representation py, is irreducible,
fix an I-basis n of D, and set A := a, — 1. There exists an I-linear map

W HY(Q,, ZETH — IA 7Y

such that if Y € HY(Qy, ZLTT) and v € Xapien (1) has weight k, = 2r, > 2, then

Log

(~1)mt
V(Logé’? )) = m
ry—1\ 1 v .
. (1-2Zay) (1= 422) logy, oy (Do) mdar i 9 = 1s
4.8 X
G(;;l) (;T(:ifi) <1Ogs,VfV(r,,)(£DV)7n;/>dR Zf 1911 7é ILa
where

e logy, () (Tesp. 10g, v, (r,)) i the Bloch-Kato logarithm map for Vg, (r,)

over Q, (resp. Qps := Qp(H,s)),

n, € FﬂlDdR(‘/f: (r, — 1)) is such that (n, ® e?r", nYar = 1,
¥, : LY — F) is the finite order character z — 0,(z)z' ",
s > 0 is such that the conductor of 9, is p°*, and

G(9,") is the Gauss sum 3, o4 0 U5 (2)CF

v

Proof. Let A(Cx) := Zp[[Cx]], where Co is the Galois group of the cyclotomic
Z,-extension of Q,, and let Agyc be the module A(C) equipped with the natural
action of Gq, on group-like elements. Also, let 7, be a topological generator of C,
and define
I = ()‘a’)/o - 1)a
seen as an ideal of height 2 inside H@ZPA(COO) >~ [[Cxo]])-
Consider the I&z A(Cw)-modules

D :=D8z A (Cx), FIT" = FIT g Aeye@w' 7,

the latter being equipped with the diagonal action of Gq,. By [Och03, Prop. 5.3]
there exists an injective I®z, A(Cw)-linear map

EXPQJ;T* :ID — Hl(Qpa ﬁJT*),
with cokernel killed by A, which interpolates the Bloch—Kato exponential map over
the arithmetic primes of T and of A(Cx).

As in (4.1), let €/2 : Cox — T' C ZX be the unique square-root of the wild
component of the p-adic cyclotomic character ey, and let

Tw' : [[[Cxo)] — I[[Cx]]

be the I-algebra isomorphism given by Tw'([y]) = e/ >()[] for all v € Cso. Then

letting Z,5 T be the I[[Cs]]-module .Z}T* with the Cu-action twisted by €'/2,
there is a natural projection Cor : ZF Tt — Z+T" induced by the augmentation
map [[[C]] — L
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Setting Dt := ITD®z I[[Cwo]]/(e}/?(70)[76] — 1), the composition

(Twh)~ EXP g e

ID ID HYQ,, F5T%)

61/2 or
2 HY(Q,, ZETT) 225 HY(Q,, F T,
factors through an injective I-linear map
(4.9) Exp ziq 1 DT — HY(Q,, Z5TT)

making, for every v € Xapien(l) as in the statement, the diagram

Engﬁgﬂ

HY(Qp, 74 TT)

Dt
lspy iSpy
Dar(ZfVy ) —= HY(Qp, Fi V)

commutative, where the bottom horizontal arrow is given by

(1_13”_1) (1_ u(ap))ilexp ¢ ifY, =1:
v(ap) prv Vfu v 5

(=)™ (r, — 1) x
(%) expyy if 9, #1,

with exp,+ the Bloch-Kato exponential map for VfJr , which factors as
f, v

DdR(VfT ) N CXPVfT
— b Y Dar(FHV) — HY(Q,, FHVE) — HY(Q,, Vi ).
FDan(17) ar(Fy Vg,) (Qp k) (Qp, V)

Now if 9) is an arbitrary class in H*(Q,, %} TT), then A -2) lands in the image
of the map Exp z+1+ and so

Logr: (9) := ™" Exp 1 (A 2)

is a well-defined element in I[A~'] ®; D'. Thus defining Log?, (9) € I[]A~!] by the
relation

Logri () = Log (V) -n @ 1,
the result follows. (]

5. THE BIG HEEGNER POINT

In this chapter we prove the main results of this paper, relating the étale Abel-
Jacobi images of Heegner cycles to the specializations at higher even weights of the
big Heegner point 3 (whose definition is recalled below), from where a deformation
of the p-adic Gross-Zagier formula of Nekovar over a Hida family follows at once.
There are two key points to the proof: the properties of the big logarithm map
deduced from the work of Ochiai as explained in the preceding section, and the local
study of (almost all) the weight 2 specializations of 3 taken up in the following.
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5.1. Weight two specializations. Recall form Sect. 3 that K is a fixed imaginary
quadratic field in which all prime factors of N split, and that 91 C Ok is a fixed
cyclic N-ideal, i.e. such that Ok /9 = Z/NZ. We also assume that p splits in K,
and let p be the prime of K above p induced by our fixed embedding 2,, and by
p the other. Finally, A is a fixed elliptic curve with CM by Ok defined over the
Hilbert class field H of K.

Let Ry = Z;;" be the completion of the ring of integers of the maximal unramified
extension of Q,, which we view as an overfield of H via ¢,. Since p splits in K, A
admits a trivialization

1A : A — Gm
over Ry with zgl(ups) = A[p®] for every s > 0. Letting a4 be the cyclic N-isogeny
on A with kernel A[91], the triple (A, aa,14) thus defines a trivialized elliptic curve
with T'o(N)-level structure defined over Rjy.

Set Ag := A/A[p®] and let (Ao, ava,,24,) be the trivialized elliptic curve deduced
from (A, aa,14) via the projection A — Agy. Let C' C Ag[p®] be any étale subgroup
of order p®, and set A, := Ag/C. Finally, let (As, aa_,24,) be the trivialized elliptic
curve with T'g(NV)-level structure deduced from (Ao, aa,,24,) via the projection
Ag — As, and consider the triple

(51) hs - (AsaaAsaZAs (Cé))a

which defines an algebraic point on the modular curve Xj.
—1
Write p* = (—1)PT p, and let 9 be the unique continuous character

such that 92 = Ecyc- Notice the inclusion Gy, C GQ( N, for any s > 0, where
H,,s denotes the ring class field of K of conductor p°.

Lemma 5.1. The curve A; has CM by the order Ops of K of conductor p®, and
the point h is rational over Lys := Hps (). In fact we have

(5.3) BT = (9(0)) - hs
for all 0 € Gal(Lyps /Hps).

Proof. The first assertion is clear, and immediately from the construction we also
see that a4, is the cyclic N-isogeny on A, with kernel A;[91NO,:]. It follows that
the point (5.1) gives rise to precisely the point hy € X;(C) in [How07b, Eq. (4)].
The result thus follows from [loc.cit., Cor. 2.2.2]. O

If v is an arithmetic prime of I, we let v, denote its wild character, defined as
the composition of v : I — Qp with the structure map I' = 1 + pZ, — I*. The
nebentypus of f, is then given by ef, = 1h,w* %, where w : (Z/pZ)* — p,, | C Z}
is the Teichmiiller character.

Recall the critical characters © and 6 from Sect. 4, and for every v € Xyitn(I)
of weight 2, consider the F‘-valued Hecke character of K given by

(5.4) Xv(2) = O, (artq(Nk/q(2)))

for all x € Aj. Notice that since x, has finite order, it may alternately be seen as
character on G via the Artin reciprocity map artg : Ay — G3P.
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Let Oc, be the ring of integers of the completion of Qp. For every v € Xapign (1),
after fixing an embedding F,, — Qp, the form f, € Sg, (X, ) defines a p-adic mod-
ular form f, € M(N). Finally, recall the dual form £ defined as in the paragraph
before (2.20).

Lemma 5.2. Let v € Xapien(I) have weight 2 and non-trivial wild character, and
let s > 1 be the p-power of the conductor of 1. Then

—lpx _ u Z —1/= —1px 5
(55) d fy[p] 0 9V<Aa aAazA) - G(G;l) Xv (0) -d fl/[p](h’s)v
o€Gal(Hy,s /H)

where u = |05%|/2, G(6,1) is the Gauss sum Y . s
o € Gal(Hps/H), ¢ is any lift of o to Gal(L,:/H).

0,1 (2)C%, and for every

s’

Proof. Notice that the expression in the right hand side of (5.5) does not depend
on the choice of lifts &. Indeed, as explained in [How07a, p. 808] the character
Xor = Xvl a%> Seen as a Dirichlet character in the usual manner, is such that
X&i = 02. But since the weight of v is 2, we have 02 = g¢, = ef_;kl (see [HowOTa,
p. 806]), and our claim thus follows immediately from (5.3).

To compute the above value of the twist d~'f; " & 0, we follow Definition 2.2.
The integer s > 1 in the statement is such that 6, factors through (Z/p°Z)*,
therefore

AP @ 0,(A aa0a) = D 0,0 (/ duGou(x)>(d1f[f[p])(A,aA,zA)
a+psZ,

a mod p*

(5.6) :2% > HU(Q);CEQ-d’lf:[p](Ao/C’,ac,zc),

a mod p*

where as before Ay := A/z;l(ups) = A/A[p®] and the sum is over the étale sub-
groups C' C Ag[p®] of order p®. Letting v5 be a generator of Z/p*Z, these subgroups
correspond bijectively with the cyclic subgroups Cy, = (C¥'.7vs) C pys X Z/p°Z, with
u running over the integers modulo p®, and we set (¢, = (Y.

Since 6, does not factor through (Z/p*~'Z)*, we have 3, 4 - 0.(a)(T"* =0
whenever u ¢ (Z/p°Z)*. Continuing from (5.6), we thus obtain

AP @0, (A aa,1a) >0, > GUd'gP(Ac, a0, 00,)

2 \

a mod p* u mod p*
1 I ua
:]; Z d lfy[p](ACuvaCu Z 0 C
u€(Z/p°Z)* a mod p*
1
= 2 0w d Y Ae ac00),
0:7) weamn

with the last equality obtained by a change of variables. The result thus follows
from the relation

Y. 6 w-d BV (Ac, a0, i0) =0 Y XN (E) - d T EPI(RD),

u€(Z/pZ)* o€Gal(H,s /H)

where u = |0%]/2, and for each o € Gal(H,:/H), ¢ € Gal(L,:/H) lifts o. O
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Keeping the above notations, let A € Js(Lps) be the divisor class of (hs) — (00),
and consider the element in Js(Lps) ®z F), given by

(5.7) Qv, = > Al®y, '),
o€Gal(H,s /H)

where for every o € Gal(Hp:/H), & is any lift to Gal(L,/H).
Let F, be the completion of 2,(Lys), and consider the p-adic Abel-Jacobi map
(587 ,)FS defined in (2.9) which we extend by F)-linearity to a map

6f('f,)F : S(LPS) ®Z Fl/ — (FlllDdR(‘/}:))v
Proposition 5.3. Let v € Xapitn(I) and s > 1 be as in Lemma 5.2. Then
(5.8) Yo e - d () = 51£P>F (D) (wes)-
o€Gal(H,s /H)

Proof. The integer s > 1 in the statement is so that the nebentypus eg, of f, is
primitive modulo p®. Moreover, since p splits in K, we see from the construction
that the point hg lies in the connected component X (0) of the ordinary locus of
X containing the cusp co. Thus Proposition 2.9 applies, giving

05 (A (wes) = Fuy, (he),

where wa* is the Coleman primitive of we» from Proposition 2.6 vanishing at oo,
and by hnearlty

(5.9) S XHE) - Fup, (h2) = 60 (@) (wis).
c€Gal(Hys /H)

Since ¢ lifts the Deligne-Tate map to X, we see that ¢hg is defined over the subfield
H,:—1((s) C Lps. If b, denotes the Up-eigenvalue of £, by Corollary 2.8 we obtain

Y@ 4 ) = o) W(hd)fb—pzx;%a—).%whi)
7ZX : wf*(hf)ﬂ

where all the sums are over ¢ € Gal(H,:/H), and the second equality follows
immediately from the fact 8, is primitive modulo p°®. The result thus follows from
(5.9). O

Still with the same notations, recall Hida’s ordinary projector (1.2) and set
ys := e°"Ih,, which naturally lies in e®*4J (L,:) (see [How07b, p.100]). Equation
(5.3) then amounts to the fact that
(5.10) yS =0(0) - ys

for all 0 € Gal(Ly</H,:), where © is the critical character (4.1). Denoting by
Jo(Lys )T the module e°*d.J (L) with the Galois action twisted by ©~!, and by
y! the point y, seen in this new module, (5.10) translates into the statement that

yi € HO(HPS,JSrd(Lps)T)~
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Lemma 5.4 (Howard). The classes
(5.11) xg = CoerS/H(yI) € H(H, Jo" (L))
are such that
o Top1 = Up - s, forall s >0
under the Albanese maps induced from the degeneracy maps o : Xo11 — Xs.

Proof. This is shown in the course of the proof of [How07b, Lemma 2.2.4]. (]

Abbreviate by Tagrd(Js) the module e°™(Tay(J;) ®z, O) from the Introduction,

and denote by Tagrd(JS)T this same module with the Galois action twisted by ©~1.

By the Galois and Hecke-equivariance of the twisted Kummer map
Kum, : HO(H, JY(L,)) — H'(H, Tad(J,)")

constructed in [How07b, p. 101], Lemma 5.4 implies that the cohomology classes
X, := Kumg(x;) are such that e, Xs11 = U, - X, for all s > 0.
Definition 5.5 (Howard). The big Heegner point of conductor one is the cohomol-
ogy class X given by the image of @S U, ® - X5 under the natural map induced by
the hor4[Gq]-linear projection I'&HS(Tagrd(Js)T) — TT.

Our object of study is in fact the big cohomology class
(5.12) 3= Corg /g (X),

which [How07b, Conj. 3.4.1] predicts to be not I-torsion. For v € Xp,in(I) of weight
2, let L(s,f,,x,) be the Rankin-Selberg convolution L-function of [How09, §1]. In
the spirit of the classical Gross-Zagier theorem, one has the following criterion.

Theorem 5.6 (Howard). If v € Xaien(I) has weight 2 and non-trivial nebentypus,
then

(5.13) 3,#0 <« L'(1,f,x.,) #0,
and if the non-vanishing holds for at least one such v, then 3 is not I-torsion.

Proof. See [How07a, Prop. 3] for the equivalence (5.13), and [loc.cit, Cor. 5] for the
last implication. We outline the proof for future reference. For every v € Xapitn(I)
of weight 2 and non-trivial nebentypus, consider (with the same notations as above)

(5.14) Qy, = Y Alex, (1) € Ji(Ly) 2z Q.
T€Gal(Lys /K)

If er, denotes the idempotent of the Hecke algebra (tensored with Q) defined by
the eigenform f,, the arguments in [How07a, pp. 809-810] show that

(5.15) w#F0 = e;,Qy, #0,
and by the ”twisted Gross-Zagier theorem” [How09, Thm. 4.6.2], one has
efl/QXV #O — L/(lﬁf’/7xl/) #O'
(I

Corollary 5.7. Assume that there is a V' € Xuign(I) of weight 2 and non-trivial
nebentypus such that L'(1,£,,,x,) # 0. Then the localization map

locy : H(K,V}) = H}(Q,,V})
is injective at all but finitely many v € Xayign (D).
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Proof. By [How0T7a, Cor. 5], the assumption implies that 3 is nontorsion, and by
[How07b, Cor. 3.4.3] that H (K, TT) has rank 1 over I. By [How07b, Lemma 2.1.7],
it follows that

Hi(K,V})=3,.F,

for all but finitely many v of weight 2 and non-trival nebentypus. On the other hand,
since dimp, H }(Qp, V1) = 1 for every v of weight 2 with non-trivial nebentypus, we
see that it suffices to show that one has the implication

(5.16) 3,#0 = locy(3,) #0

for every v € Xuyign(I) of weight 2 and non-trivial nebentypus. (Indeed, (5.16) will
show that loc, is injective at infinitely many v, and by [How07b, Lemma 2.1.7] it
will follow that the kernel of the localization map

locy - HH(K,T") — H'(Q,, T")

must be I-torsion, hence contained in only finitely arithmetic primes.)
The point @, (5.14) defines a K-rational point on a twist J,, of J, by the
character y;!. Since the localization map

Sy, (K) @2 Q = Jy, (Kp)

is injective, we thus see that (5.16) follows from (5.15), hence the result. O

For any class [a] € Pic(Ok), taking a representative a C O prime to Np, define
a * (Av x4, ZA) = (Aa» A, ,tA, )a
A 5—1 ~ '3 A
where A, = A/AMN, aa, = Aq[N], and 14, is the trivialization A4 Loy A Gy
induced by the projection ¢, : A — A,.

Theorem 5.8. Let v € Xyign (1) have weight 2 and non-trivial wild character 1,
and let s > 1 be the p-power of the conductor of ¥,,. Then
(5.17)

a S
d_lfl[,p] @0 (ax (A aa,14)) = uiy( 11)1 log v, (1)(100p<3y))<(d.}f:>7
2 G(6; 1) 8V
[a]€Pic(OK)

where uw = |0%|/2, and G(6,1) is the Gauss sum Y., - 0,1 (x)Cx.

Proof. Since clearly d_lflp] ®0; = d_lf;[p] ® 0, letting F be the completion of
1p(Lp=) it suffices to establish the equality

e v(a,)?*
(518)  dTEP ©0,(4,04,14) = ua(w)> log, vz, (1) (locy (X)) ().

Combining the formulas from Lemma 5.2 and Proposition 5.3, we have

u ~
0 (Qr)-

G

Now the integer s > 1 is such that the natural map T — V,, can be factored as

(5.19) AP ®0,(A 04,14) =

(5.20) T — Ta2™(J,) = V.,
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and we have VI, 2V, as G L,--modules. Tracing through the construction of X, we
see that the image of U - X, in H'(Lye,V]) agrees with the image of @xu under
the composite map (where the unlabelled arrow is induced by (5.20))

ord
Jo(Lype) ©z F, 2225 HY(Lye, Tay(J,) ©z F,) S H (Lys, TaS™(J,) @7 F,) —
(5.21) — HY(Lys,V,) = HY(L,s, V).
Since U, acts on V], as multiplication by v(a,), we thus arrive at the equality
(5.22) Kum, (e”Qy, ) = v(a,)* -resy /i (X,) € H' (Lps, Vy).

By [Rub00, Prop. 1.6.8], this shows that the restriction to loc,(X,) to G, is con-
tained in the Bloch-Kato finite subspace H}(Fs,V,) = H}(F,, V). Since the map

Jg) )FS is defined by the commutativity of the diagram

(5.21) locy

——= HY(F,,V,)

Jo(Ly) @z F, HY(L,,V,)

@]

()
6ff,F5

H}(F,,V,)

ilogPS WV

(Fil’Dar (V)"
we thus see that (5.18) follows from (5.19) and (5.22). O

Remark 5.9. The expression in the left hand side of (5.17) can be interpreted as the
value of a certain p-adic Rankin L-series at a point outside the range of classical
interpolation, and hence Theorem 5.8 may be seen as a p-adic analogue of the
Gross-Zagier formula for the classes 3,, in the same spirit as the main result of
[BDP]. This interpretation, which does not play a direct role in this paper, is
studied further in the companion paper [Cas12].

5.2. Higher weight specializations. Now we can prove our main result. Recall
from the Introduction that f, is a p-ordinary newform of level N prime to p, even
weight £ > 2 and trivial nebentypus, that

f=> anq" €]

n>0
is the Hida family passing through the ordinary p-stabilization of f,. Let v, be
the arithmetic prime of I such that £, is the ordinary p-stabilization of f,, and let
Tt = T® ©! be the critical twist of T such that 9, is the trivial character (as
opposed to w%.)
If f, is the ordinary p-stabilization of a p-ordinary newform f# of even weight
27, > 2 and trivial nebentypus, the Heegner cycle Af:i’f has been defined in Sect. 3,
and by [Nek00, Thm. (3.1)(i)] the class

(5.23) @igyK(Algfeg) = CorH/K(@%,H(

lies in the Bloch-Kato Selmer group H (K, Vs (7).
On the other hand, by [How07b, Prop. 2.4.5], the big Heegner point X lies in the
strict Greenberg Selmer group Selg,(H,T') (defined in [loc.cit., Def. 2.4.2]), and

ALTE))



SPECIALIZATIONS OF BIG HEEGNER POINTS 27

since Selg, (K, V1) = H}(K, V) as explained in [How07b, p. 114]) and V{, & Vi (r,)
by Lemma 4.2, the class
3, = COI‘H/K(:{V)

naturally lies in H}c (K, Vg (r,)) as well. Our main result relates these two classes.

Assumption 5.10. (1) The residual representation pg, is irreducible,
(2) Py, lcq, has non-scalar semi-simplication,
(3) The prime p splits in K,
(4) Ewery prime divisor of N splits in K.

Theorem 5.11. Together with Assumptions 5.10, suppose that there exists some
V' € Xaritn(I) of weight 2 and non-trivial nebentypus such that
(5.24) L'(1,£f,,x.,) #0.

Then for all but finitely many arithmetic primes v € Xain (1) of weight 2r, > 2
with 2r, =k (mod 2(p — 1)), we have

)4 (@F [ (Alees) @it (Alews)) o

_ p'rl,fl
(525) <3u,3y>K - (1 - u2(4D)rV—1 ’

v(ay)
where (, )k is the cyclotomic p-adic height pairing on H}(K7 Ve (ry)), u=105g|/2,
and —D < 0 is the discriminant of K.

Proof. Since 3 € Selg, (K, TT), the localization locy(3) lies in the kernel of the
natural map

HY(Q, T = HY(Q,, 7, T7),
and since H°(Q,, %, TT) = 0 by [How07b, Lemma 2.4.4], the class loc,(3) can be
seen as sitting inside H1(Q,, Z+T"). Thus upon taking an I-basis 7 of I, we can
form

L2 (£1) = - Log™ (locy(3)) € AT (Ai=a, — 1).

On the other hand, consider the continuous function on Spf(I)(Q,,) given by

L:naly(ff) CU Z dilfip] ®9;1(a* (A, OéAaZA))'
[a]EPic(OK)

(Its continuity can be checked by staring at the g-expansion of dilf,gp ) ® 6,1 and

appealing to the results in [Gou88, § 1.3.5], for example.)

By the specialization property (4.8) of the map Logq(ﬁ)7 we see that Theorem 5.8

can be reformulated as follows: For every v € Xuitn (I) of weight 2 and non-trivial
wild character, there exists a unit Ql(,n) € O;f such that

(5.26) (LN (£1)) = Q0P - v (Lamith (1)),
In fact,
(5.27) Q(J’) =(n® e?r”,wfﬁdﬁ

under the pairing (4.7), so that we. = Qi -n!, with 1, as defined in Theorem 4.4.°

Since both £a7(£1) and Egnaly (f1) are continuous functions of v, (5.26) shows that

the map v — Q" is continuous, and hence (5.27) is valid for all v € Xyyitn (I).

6That Qf,n), which a priori just lies in F), is indeed a unit is shown in [Och06, Prop. 6.4].
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Now let v € Xaien(I) be as in the statement. Then 0, (z) = 2™ 19, (2) = 2™~ 1
as characters on Z,, from where if follows that

v(C () = > AP @60, (ax (A, 04,14))
[a]€Pic(Ok)
= > dEP(ax (A ADY)).
[a]€Pic(OK)
By Theorem 3.3, setting
(5.28)
APIP = Normp, i (AYP ) = > Na'Tm-AbR e CHMYTN(X, )o(K),
[a]€Pic(OK)
this shows that
nal * (_1)TV_1 Ty, —
V(L (E1) = E0(r)E5 () (i Al (AR gy @€ 7)
(5.20) = £, (r) T g (locy (@ (AP)))(wpy © €21
. — Cp v v 14 (’I"V _ 1)' ng p fﬁ)K Ty fﬂ C I
where .
e = (1-25), e = (1-222),
l/(ap) pru
and @iE’K P= T -1 © PS¢ with notations as in the diagram (3.3) defining AJq, .
On the other hand, by the specialization property of the map Logq(ﬂ) we have
ari (_1)7‘1,—1 —1eox
(5.30) v(L; theh)) = um&j(m) lex (r)logy1 (locy (3,))(m),)-
Comparing (5.30) and (5.29), we thus conclude form (5.26) that
Ty — 1 é Ty —
logyy (locy (3,)) (wyy ® €™ ") = —&,(r)*logy (locy (B (A7) (wyz @ €™ 7).

Since FillDdR(Vfg (r, — 1)) is spanned by wgs ® e?r”fl, it follows that

1 .
1Ogvl (IOCp (31/)) = Egy(TV)QIOng (locp ((b(;':g K (Akfp)))v

and since logy+ is an isomorphism, that
v

1 2
(5.31) locy(3,) = — &, (1) locy(Pgy  (ATTP)).

Our nonvanishing assumption (5.24) implies on the one hand, by Theorem 5.6,
that 3, is non-zero for all but finitely many v € X,itn(I), and on the other hand,
by Corollary 5.7, that the localization map locy, is injective for all but finitely many
v € Xaith (I). In particular, we thus see from (5.31) that we have

1 é é
(30 300K = 56, (r ) (@ (ANP), B (APP))
= iS (ry)* @?E,K(A?fcg)’CD?E,K(AESCg»K
v\lv (4D>Tu—1

w2
for all but finitely many v as in the statement, where the last equality follows from
Lemma 3.4 in light of the definitions (5.23) and (5.28). The result follows. O
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