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ABSTRACT. We construct an anticyclotomic Euler system for the Asai Galois representation
associated to p-ordinary Hilbert modular forms over real quadratic fields. We also show that
our Euler system classes vary in p-adic Hida families. The construction is based on the study
of certain Hirzebruch—Zagier cycles obtained from modular curves of varying level diagonally
emdedded into the product with a Hilbert modular surface. By Kolyvagin’s methods, in the
form developed by Jetchev—Nekovai—Skinner in the anticyclotomic setting, the construction
yields new applications to the Bloch-Kato conjecture and the Iwasawa Main Conjecture.
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1. INTRODUCTION

In this paper, we construct an anticyclotomic Euler system for the Asai Galois representa-
tion associated to p-ordinary Hilbert modular forms over real quadratic fields. We also show
that our Euler system classes vary in p-adic families. Using Kolyvagin’s methods, in the form
developed by Jetchev—Nekovai—Skinner [JNS24] in the anticyclotomic setting, our construc-
tion yields new applications towards the Bloch—Kato conjecture in rank one and towards the
Iwasawa Main Conjecture.

1.1. Setting. Let F' be a real quadratic field with ring of integers Op. With conventions
as in Section 2, we let g € S;(MNy, xg;C) be a Hilbert eigenform over F' of level N, C Op,
parallel weight [ > 2, and nebentype x,. Let K be an imaginary quadratic field of discriminant
—D < 0, and let 9 be a Hecke character of K of conductor ¢ C Ok and infinity type (1 —k,0)
for some even integer k > 2. We assume the self-duality condition

xwzcxg!%f =1,

where x, denotes the central character of ¥, and e is the quadratic character corresponding
to £/Q. Put N = Ny q(c)DNp/g(My). Fix a prime p{ 2N and an embedding ¢, : Q—Q,,
where Q denotes the algebraic closure of Q in C, and let E = Ly be a finite extension of Q,
with ring of integers O containing the image under ¢, of the Fourier coefficients of g and the
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values of ¥. Let p, : Gp — GL(V,) ~ GL2(E) be the p-adic Galois representation attached
to g, and let
As(V,) := @-IndR(V,)

be the associated four-dimensional Asai representation.

1.2. The Euler system. A main result of this paper is the construction of an anticyclotomic
Euler system for the conjugate self-dual G-representation

V= As(Vy)lap (") (2 = 1 = k/2),

where ¥y : G — L™ is the p-adic avatar of 1.

For each positive integer n, we let K[n] denote the maximal p-extension inside the ring class
field of K of conductor n, and let S be the set of all squarefree products of primes ¢ split in
both F' and K and coprime to pN. For any prime q of K where V' is unramified, put

Py(V; X) = det(1 — Fry " X|V),

where Fry denotes an arithmetic Frobenius element at q. The representation As(V;) appears in
the middle-degree cohomology of Hilbert modular surfaces, and so taking integral coefficients
we obtain a G-stable O-lattice T' C V. Let hx denote the class number of I, and let

Selpal (K[np™], T) € Hi, (K[np™],T) := l'&lHl(lC[nps], T)

be the balanced Selmer group introduced in Section 2.7; in the range k < 2[, this interpolates
the Bloch-Kato Selmer groups for T" over the tower [np™]/K[n].

Theorem A (Theorem 5.7). Suppose p splits in K and p t hic, and that g is ordinary at p.
There exists a collection of classes

{Kp,gn,00 € Selbal(K[np™],T) : m € S}
such that whenever n,nqg € S with ¢ a prime, we have

COTK[ng)/K[n] (Fip,g,ng,00) = Pq(V5 Fl"q_l) Rap,g,n,005

where q is a prime of K above q.

It follows from our construction that the Euler system classes of Theorem A are interpolated
p-adically along the parallel weight Hida family ¢ passing through the ordinary p-stabilization
of g. Indeed, the results of Section 4 yield a construction of two-variable families of cohomology
classes

Koo Z,9) € HHQ, V)
where .# (resp. ¢) is a Hida family of elliptic modular forms (parallel weight Hilbert modular
forms), and V}g is a self-dual twist of the tensor product Vg ® As(Vg) for the standard big
Galois representations V& and Vg associated to % and ¥, respectively. The construction of
the classes koo(F,%) is based on the study of the p-adic étale Abel-Jacobi image of certain
generalized Hirzebruch—Zagier cycles obtained from modular curves of varying p-power level
diagonally embedded into the product with Hilbert modular surfaces, and is inspired by the
approach by Darmon—Rotger [DR22] in the setting of triple products of elliptic modular forms.

The classes Ky gnoo Of Theorem A are obtained from a variant of the classes koo(F,¥)
with added tame level at n by taking .% to be a CM Hida family attached to ¢ and ¢ to
be the parallel weight Hida family passing through g. The bulk of the work then goes into
the proof of the tame Euler system norm relations, which is obtained by a careful study of
the image under various degeneracy maps of the generalized Hirzebruch—Zagier cycles used in
the construction. It would be interesting to study whether an alternative proof of our Euler
systems norm relations can be given following the automorphic approach of Loefler—Skinner—
Zerbes [LSZ22], as done by Grossi [Gro20] in the related setting of Asai-Flach classes.
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1.3. Applications. By Kolyvagin’s Euler system machinery, in the form developed by
Jetchev—Nekovar—Skinner [JNS24] in the anticyclotomic setting, we deduce bounds on Selmer
groups from the non-triviality of our Euler system. Our first result in this direction gives new
evidence towards the Bloch-Kato conjecture [BK90] in rank one.

In the next theorem, we use ‘big image’ to refer to Hypothesis (HS) in Section 6; in Proposi-
tion 6.3 we shall give sufficient conditions under which this is satisfied. As a piece of notation,
write

Kiy.gn € Selbal(IC[n]jT)

for the image of Ky gn.00 under the corestriction Hf, (K[np™],T) — H*(K[n],T).

Theorem B (Theorem 7.1). Let the setting and hypotheses be as in Theorem A, and assume
in addition that V' has big image. Let ky g := Ky g1. If k < 21, then the following implication
holds:
Kay.g 75 0 = dimg Sel(lC, V) =1,
where Sel(KC, V) ¢ H'(Gx,V) is the Bloch-Kato Selmer group.
We also deduce applications to the Iwasawa Main Conjecture for V. More precisely, let
Selpar (K[np™], A) ¢ HY(K[np™], A)

be the balanced Selmer group dual to Selya1(KC[np>],T), where A = Homg, (T’ pip ), and let
Xpal (K[np™], A) denote its Pontryagin dual. Write pOx. = pp, with p the prime of I above p
induced by ¢y, and put Az = O[I';], where T, is the Galois group of the unique Z,-extension
of K unramified outside p. As explained in Section 5, this can be naturally identified with the
Iwasawa algebra for the anticyclotomic Z,-extension K[p*]/K.

Theorem C (Theorem 7.2). Let the setting and hypotheses be as in Theorem A, and assume
in addition that V' has big image. If the class Ky g o0 = Ky g1,00 5 N0t A gz-torsion, then the

modules Selpa (K[p™],T) and Xpa(K[p>], A) have both A gz-rank one, and

Selpal (K[p™], T) ) 2
Az - Kyg,oo
as ideals in Az @z, Qp, where the subscript tors denotes the A z-torsion submodule.

Char/\g’ (Xbal(lc[poo]y A)tors) D) CharAg. <

1.4. Further directions. We expect the classes koo (%, %) to satisfy an explicit reciprocity
law relating their images under a Perrin-Riou big logarithm map to a p-adic Asai L-function as
constructed by Ishikawa [Ish17] in the p inert case. In particular, this would allow us to deduce
a variant of Theorem C for the F-unbalanced Selmer group Xz (K[p™], A) of Section 2.7, as
well as applications to the Bloch-Kato conjecture for V' in analytic rank 0 in the range k > 21.
We plan to study these problems in a sequel to this paper.

It would also be interesting to study the implications of our Euler system in the “degenerate”
case where g = BC(go,) is the base-change of an elliptic modular form g,. As observed in
e.g. [Liul6, §1.3], in this case the Asai representation As(V;) contains Sym?(V,,) as a direct
summand; following the approach in [LZ23], one might hope to build on this decomposition
and (a suitable variant of) the Euler system of Theorem A to improve on the results obtained
[ACR23a| towards the anticyclotomic Iwasawa Main Conjecture for the adjoint representation
of go.

1.5. Related works. The Euler system constructed in this paper may be seen as an anticy-
clotomic analogue of the Asai-Flach Euler system of Lei-Loefller-Zerbes [LLZ18]. Generalized
Hirzebruch—Zagier cycles similar to those constructed in this paper were studied in [BCF20]
and [FJ24]; following the approaches of [DR14] and [DR17], respectively, these works express
the syntomic Abel-Jacobi images of these cycles in terms of special values of p-adic Asai
L-functions outside the range of interpolation. (Unfortunately, the results of [BCF20] restrict
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to g of non-parallel weight, while [FJ24] is subject to a conjecture on the integral cohomology
of Hilbert modular surfaces.)

In a different direction, Kolyvagin’s methods, in a form influenced by the work of Bertolini—
Darmon [BD05] using level-raising congruences, were first applied in the setting of Hirzebruch—
Zagier cycles in work of Y. Liu [Liul6], with applications towards the Bloch—Kato conjecture
analogous to our Theorem B in the case of parallel weight 2 (but allowing more general twisted
triple products), in addition to certain counterparts in analytic rank 0.
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the construction of our Euler system classes and his detailed explanations of his earlier results
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This material is based upon work supported by the NSF grant DMS-1928930 while the au-
thors were in residence at MSRI/SLMath during the spring of 2023 for the program “Algebraic
Cycles, L-Values, and Euler Systems”.

2. REVIEW OF HILBERT CUSPFORMS

In this section we summarize our conventions for Hilbert modular forms, which are mainly
taken from [FJ24] with some minor changes. Since for the purpose of this article we are only
interested in Hilbert modular forms of parallel weight, we restrict the discussion to this case.

2.1. General notations. Let F' be a totally real number field with ring of integers Op. Let
Iz denote the set of field embeddings of F' into Q. Note that there is a natural identification
of Fiw = F ®g R with RI7. Consider the algebraic group

G = RGSF/@(GLZF).
Let H denote the Poincaré upper half plane. The identity component G(R)™ of
G(R) = GLy(Foo) ~ [] GL2(R,)
o€l
acts on H!F via Mobius transformations. We denote by i = v/—1 € H the square root of —1
belonging to H and we consider the point i = (4,...,7) € H'F.

2.2. Adelic Hilbert cuspforms. Let K < G(Ag ) be a compact open subgroup. A (holo-
morphic) Hilbert cuspform of parallel weight [ and level K is a function f : G(A) — C that
satisfies the following properties:
o f(azu) = f(2)j1(uoo,i) ! for all @ € G(Q) and u € K -CY, where C; is the stabilizer
of i in G(R)™ and the automorphy factor is defined by

jl (77 Z) = H (aadU - baca)il(caza + do)l
o€l
for all v = ((ZU Z‘T>) € G(R) and (20)erp € HIF;
g o o€lp
e for every finite adelic point z € G(Aq,s) the (well-defined) function f, : H'F — C given
by fz(2) = f(2Uco)ji(Uco, 1), where us € G(R)4 satisfies usoi = 2z, is holomorphic;
e for all adelic points x € G(A) and for all additive measures on F\Ap we have

[ f((32)2)aa=o
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e if F = Q, then for every finite adelic point z € G(Ag ) the function |Im(2)"2f,(2)|
is uniformly bounded on H.

We denote by S;(K;C) the C-vector space of Hilbert cuspforms of parallel weight [ and
level K.

Definition 2.1. Let 91 be an integral Op-ideal. We define the following compact open
subgroups of G(Ag,f):

. Vo) = { (‘C‘ Z) € G(2)
o V1(N) = { (‘CL

o« V1) = { <Z Z) € Vo(9)
o« V(M) = { <Z Z) € Vo(M)

We will frequently write S;(0; C) instead of S;(V1(9N);C).

(S m@F},

Z) € V(M) ‘ d=1 (mod m@F)},

a=1 (mod ‘ﬂ@p)},

a,d=1;b,c=0 (mod m@F)}

Remark 1. There is a notion of g-expansion of Hilbert modular forms (see, for instance,
[Hid91, §1]), and, for any subring R C C, we denote by S;(91; R) the R-module of cuspforms
in S;(M; C) with Fourier coefficients in R.

2.3. Hecke Theory. Let K < G(Ag,r) be a compact open subgroup. Suppose that V(91) <
K

For every g € G(A), we define a double coset operator [K ¢gK] acting on the space of adelic
Hilbert cuspforms of level K. Let

KgK =[]k,

K2
be the decomposition of K¢gK into left K-cosets. Then the action of [KgK]| on an adelic
Hilbert cuspform f is given by

(1K gK1f) () = 3 f(a)

Definition 2.2. Let q be a prime ideal in O and let @y be a uniformizer in Opy. With a
slight abuse of notation, we also denote by wg the ideéle with g-component equal to w, and
all other components equal to 1. The Hecke operator T'(w,) on Sj(kK;C) is defined by

1 0
T(c) = [K (0 wq) K}
If V1) < K or q 1N, the definition does not depend on the choice of uniformizer and we
may denote this Hecke operator simply by Tj.
Definition 2.3. Let z € Zg(Aq,¢) (where Z¢ denotes the center of G). The diamond operator
(z) on Si(K;C) is defined by ((z)f)(x) = f(zz).
Put clf(M) = FX\AR/FX(1+ MNOp)*. Given a character
¥ clf (M) — CX,
we denote by S;(M, ), C) the submodule of S;(NM, C) on which the diamond operator (z) acts
by ¢(z)|z|i;lf for all z € Aﬁf. Cuspforms in S;(1, 1, C) are said to have nebentype .

Definition 2.4. A cuspform g € S;(M; C) is said to be an eigenform if it is an eigenvector for
all the Hecke operators of the form Ty, with g a finite prime, and for all diamond operators
(z), with z € Zg(AQ’f).
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We define the operator T), =[]
operator by U,,.

olp Tv acting on Si(M; C). If p | M, we may also denote this

Definition 2.5. An eigenform g € 5;(0M;C) is said to be p-ordinary if the eigenvalue of T,
acting on g is a p-adic unit (under our fixed embedding ¢, : Q — @p).

2.4. Galois representations. Let g € 5;(91,1; C) be an eigenform. For a sufficiently large
finite extension L/Q),, we denote by
pg : Gr — GL(Vy) = GLa(L)

the p-adic Galois representation attached to g by work of Eichler—Shimura, Deligne, Carayol,
Wiles, Taylor. It is unramified outside p), and, if Fry is an arithmetic Frobenius element at
a prime q { pM and w, is a uniformizer of O, then

det(1 — py(Frg) X) =1 — aq(9)X + ¢(q) g/ 7 X2

Suppose that g is p-ordinary and [ > 2. Let p be a prime of F' above p. Let a,(g) denote
the unit root of the Hecke polynomial X2 — a,(g)X + v(wwp) ~t|p|'~!. Then,

€1 *
Palcr, = 0 e)’
where € is the unramified character such that ex(Frp) = ap(g).

2.4.1. Asai representations. When F' is a real quadratic field, we denote by
As(pg) = ®—Ind(%pg
the p-adic Galois representation obtained as the tensor-induction of p, from F' to Q. Suppose
that g is p-ordinary, and put
a (g) _ apl (g)aPQ(g) lf (p) = ppo Sphts in F?
ap(g) if (p) = p is inert in F.
Then the representation As(pg)\g(@p is endowed with a three-step filtration
As(V,) = Fil’ As(V,) D Fil' As(V,) D Fil? As(V,) D Fil* As(V,) =0

with graded pieces of dimensions 1, 2, and 1, respectively, and the graded piece Gr? As(Vy) =
Fil° As(V,)/ Fil' As(V,) is unramified with arithmetic Frobenius acting as multiplication by
ap(g) (see [LLZ18, Cor. 9.2.2]).

2.5. Hida families. Let K be a compact open subgroup of GLQ(@_\F). Suppose that V1(91) <
K for some integral ideal M of O coprime to p. For a > 1, let K(p®) = KNV(p®). Let O
denote the ring of integers of a sufficiently large finite extension L/Q,. The projective limit
of p-adic Hecke algebras

hr(K;0O) ::@hl(Kl(pa);O) acts on thl(Kl(pa);O)
through the Hecke operators Ty = lim Tg and (z) = l&na(@ and is independent of the weight
[. Since hp(K; O) is a compact ring, it can be decomposed as a direct sum of algebras
hr (I 0) = b (I 0) & b (K 0),
so that T}, is invertible in h%¥4(K;©) and topologically nilpotent in h53(K; O). We denote by

. i
ord = lim TF
n—oo

the idempotent corresponding to the ordinary part hOFrd(K ;O).
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Let A = O[1+pOp,]. There is a natural embedding AT — hr(K;O) given by z +— (2).
As shown in [Hid89, Thm. 2.4], the ordinary Hecke algebra h%4(K; O) is finite and torsion-free
over AT,

Definition 2.6. For any Af-algebra I, the space of ordinary I-adic cuspforms of tame level
K is
SFUIKGT) = Hompr_pmoa (W (K (°); 0), 1).

When an I-adic cuspform is also a Af-algebra homomorphism, we call it a Hida family.

Let Emp denote the closure in O P of the set of totally positive units in O which are
congruent to 1 modulo Mp. Then, as in [FJ24, eq. (16)], there is a canonical decomposition

(M) = Eqp\(1+pOry) X I (9p)
2 (§,0(2))

For any finite order character x : clf.(9p*>°) — 0%, we let SE4(K, x;1) denote the module of
ordinary I-adic cuspforms ¢ of level K such that

Y ((2)) = x(2)[€:]-

An I-adic cuspform in SOFrd (K, x;I) will be said to have character x.

Definition 2.7. Let ¢ : 1 + pOp, — O be a finite order character. For any non-negative
integer [, the homomorphism 1 + pOp;, — O defined by u — ¥(u)Ng, g, (u)?>7! induces a
O-algebra homomorphism

Pl,d) : AF — 0.
For a Af-algebra I, the set of arithmetic points, denoted by A(I), is the subset of
Homo_alg(ﬂ,@p) consisting of homomorphisms that coincide with some P;, when restricted
to AL,

Note that if we specialize a Hida family ¢ € S¥4(K, x;I) at an arithmetic point v € A(T)
lying above P; ,, we obtain an eigenform of parallel weight [, level K, and nebentype defined

by z X(z)w(fz)Npp/Qp(fz)2_l|z|l_2 for z € A;f.

2.6. Big Galois representations. Let ¥ € S¥4(0N;1y) be a Hida family. Let Fiy denote the
field of fractions of Iy. We denote by

P - Gr — GL(Vg) ~ GLQ(Fg)

the big Galois representation attached to ¢. This representation is unramified outside pt,
and, if Frq is an arithmetic Frobenius element at a prime q {f p2 and w, is a uniformizer of
Oryq, then

det(1 — py (Frg) X) = 1 — F(Ty) X + ({aoq) ol " X7,

Moreover, for any prime p of F' above p,

pelen, =\ o ¢, )

where € is the unramified character defined by es(Fry) = ¢(T},). Thus we have a two-step
filtration
Vg = Fil’Vy D Fil' Vg D Fil2Vy =0
of G g,-modules with Fil' V4 having rank one, and the graded piece Gr¥ Vy = Fil’ Vy / Fil' Vy
is unramified with arithmetic Frobenius acting as multiplication by ¢ (Tp)
For each arithmetic point v : Iy — Qp, the representation V¢ ®r, , Q, recovers the repre-
sentation attached to the v-specialization 4, of 4.
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2.6.1. Big Asai representations. When F' is a real quadratic field, we denote by
As(py) = @-Ind§ (pg)

the big Galois representation obtained as the tensor-induction of pg from F to Q. The
representation As(py)|cg, is endowed with a three-step filtration

As(Vy) = Fil° As(Vy) D Fil' As(Vy) D Fil? As(Vy) D Fil® As(Vy) =0
in which the graded pieces have dimensions 1, 2 and 1, respectively, and the Gg,-action on the
graded piece Gr¥ As(V,) = Fil’ As(Vy)/ Fil' As(Vy) is unramified, with arithmetic Frobenius
acting as multiplication by ¢ (7}).
2.7. Selmer conditions. Let F' be a real quadratic field. Let
F € Sgd(Nf7X77Hf)v 9 € S(})«ﬁrd(mgyX%H%)

be Hida families passing through the p-stabilizations of an elliptic modular form f €
Sk(Ny,xr;C) and a Hilbert modular form g € S;(My, x4; C), respectively. Assume that

XfXolay =1

Let V4 and Vg be the Galois representations attached to # and ¢, and let As(Vy) be the
Asai representation introduced above. We decompose the cyclotomic character ecyc : Gg —
Zy = pp-1 x (1 +pZp) as

€cyc = chcecym
with weye and Oeyc taking values in p,_1 and 1+ pZ,, respectively. Let

kY2 Gy — (A @A)
denote the character defined by o + [feyc(0)'/?] @ [feye(0)'/?], and put
n= wfy_ck/Q_l :Go — pp—1 CZy .
Definition 2.8. Let V}g by the twist of Vz® As(Vy) given by
Viy = V58 As(Vy) (Ez),
where Ez¢ = egylcnm_l/2 :Go — (A® AF)x.

Arising from the filtration on Vg and As(Vg) discussed above, the Galois representation
V;g is naturally endowed with a Gg,-stable filtration

t oyt 1yt 2yt 3yt gyt

where the submodules have rank 8, 7, 4, 1 and 0, respectively. In particular, the piece of most
interest to us in this paper is

F, = (Fill V& Fill As(Vy) + Fil° V& Fil2 As(Vy)) (E79).
We also define the Gg,-stable rank-four submodule
V., = (Fil' Vz&0 As(Vy)) (Esy).
Specializing the Hida family ¢ to g, we obtain a rank-eight I z-module
V}g =Vz®R0 As(Vy)(Ezg)
and Gg,-stable rank-four I#-submodules .7 2V{o;g and Vi@ -

Fix a finite set X of places of Q containing oo and the primes dividing Ny Npg/q(9,)p, and
let Q% be the maximal extension of Q unramified outside X.



AN ANTICYCLOTOMIC EULER SYSTEM OF HIRZEBRUCH-ZAGIER CYCLES I 9

Definition 2.9. For £ € {bal, 7} define the Selmer group Selg(Vgg) by

t 1/ t 1/mnr vt Hl(Q%VTQ‘(j)
Selp (Vi) =ker ( H'(QY/Q, V) — J[ H\( B Vi) x L)
veXN{p,00} HE(QP’Vﬂ‘%)

where Q)" denotes the maximal unramified extension of Q, and
ker (Hl((@pv VL}{?) — Hl(@p, VT@(¢/92VT¢(¢)) lf L‘, = bal,

ker(H'(Qp, Vi) — HY(Q,, V1, /V],,)  ifL=F.

We call Selbal(V}g) (resp. Sel}-(VL«g)) the balanced (resp. Z -unbalanced) Selmer group.
Considering instead the g-specialized modules, we similarly define the Selmer groups cor-
responding to the previous local conditions Selpa (VL« g) and Sel ]:(VLZ g).

3. GEOMETRY OF MODULAR CURVES AND HILBERT MODULAR VARIETIES

In this short section we review the definitions of certain maps and correspondences in the
elliptic and Hilbert settings for our later use in the paper.

3.1. Degeneracy maps. Let K be a compact open subgroup of GLg(@F) containing V(M)
for some ideal N of Op. Let q be a prime ideal of Op, and let wy be a uniformizer in Op.
Suppose that (q,9%) = 1. Given a non-negative integer o and a positive integer r, we put

Kq(q*,a**") = K nV(q®) N Vo(q*™").

Consider the modular variety S10(q%,q*"") = Sh(G, Kj(q%,q**")). Let ng € GLa(Ap ) be
the element defined by

1 0 10
() 2): (3 ) oo

We denote by pq the degeneracy map Sio(q®*t, q®*") — S10(q%, ") given by [z, g] — [z, g].
We also have the two degeneracy maps

Tl T2,q ¢ S10(4%, g*T") — S10(q®, 47" 7)
defined by [z, g] — [z, g] and [z, g] — [z, gng], respectively.

3.2. Hecke correspondences. Let K; and K3 be compact open subgroups of GLa(Af, )
and let g € GLa(Ap ). Then we have a correspondence

Sh(G,gK197' N Ky)
/ \
Sh(G, K;) Sh(G, Ko)
which induces contravariant maps
[K19K>3] : H*(Sh(G, K3),Z,) — H*(Sh(G, K1), Zy)
and covariant maps
[K19Ks) : H*(Sh(G, K1), Z,) — H*(Sh(G, K3),Zy).
Let K, q and 74 be as in the previous subsection. Then we define the Hecke operators
Ty = K (a%)ne i (9%)] = 20,0 0 77 g,
Ty = K (a%)ne " (9%)]) = 71,0 0 T3 g

When o > 0, we may also denote these operators by Uy and Ué, respectively.
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Let z € A}, £ Then, we can define a homomorphism

T_-1:Sh(G, K) —> Sh(G, K)

i eofi )

The corresponding contravariant (resp. covariant) operator on H*(Sh(G, K),Z,) will be de-
noted by (z) (resp. (z)"). Note that (z) = (z71).

3.3. Atkin—Lehner maps. Let K = V!(N) for some integer N. Let ¢ : GLa(Apys) —

0 -1
N 0) and let

Ty : Sh(G, K) — Sh(G, 7y K7y") be the homomorphism defined by [z, g] — [z, g7x']. Also
note that ¢ induces a map, that we will denote in the same way, ¢ : Sh(G, 7nvK7y') — Sh(G, K)
defined by [z, g] — [z,t(g)]. We define the homomorphism

Ay 1 Sh(G, K) —» Sh(G, K)

GL2(Apf) denote the involution defined by g + det(g)™'g. Let v = <

as the composition Ay =10 %, .
Let 0 € Gg and take s € AX such that artg(s) = o|ge», where artg denotes the geomet-
rically normalized Artin map. It follows from [FJ24, Lemma 7.10] that

T10Ay00 =00y
In particular, \y is defined over Q((x). Note that the above relation implies

goAlyso0o L= <S_1> 0 AN«

4. BiG HIRZEBRUCH—ZAGIER CLASSES

4.1. A compatible collection of cycles. In this section we construct big Hirzebruch—Zagier
cycles following the approach of [DR22]. The construction works both when p splits in F' and
when p is inert in F.

Let F' be a real quadratic number field, let O be its ring of integers and let o € Gal(F/Q)
be the nontrivial automorphism of . We denote by O, the Z,-algebra O ® Z,,.

Given a Z,-module (respectively Opj,-module) 2, we denote by € the set of primitive
elements in €2, i.e., the set of elements which are not divisible by any non-unit element of Z,
(respectively Opp).

For each integer o > 1, define the set

Lo = (Z/p°Z x Z/p"Z)' % (Or /™ x Op /p*)

equipped with the diagonal action of GLy(Z/p®7Z) by multiplication on the right. The quotient
Yo /SLa(Z/p*7Z) is equipped with a determinant map

D : %o/SLo(Z/p°7) — Op/p*Op x (Op/p*Op)*=°
D =
((x()?yﬂ)? (xlayl)) <$1 n ) x({ y¢17 >
For each pair (tg,t1) € Op/p*OF x (Op/p*Or)"=, we define
Ea[to,tl] = {(vo,vl) € X D(Uo,vl) = (to,t1)} .

Lemma 4.1. The group SLo(Z/p*Z) acts simply transitively on X, [to, t1] if
[to,tl] S Ia = (OF/])QOF)X X (OF/paOF)X’trZO .

defined by
Lo Yo| [T1 Y1
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Proof. Let (vg,v1), (wo,w1) € X4 satisfy D(vog,v1) = D(wo,wi) in I,. Since det(vi,v]) =
det(wy,wy) is invertible, there is v € SLa(Op/p®) such that

()= (%)

We deduce that v7 = =, i.e. v € SLo(Z/p*Z). We are left to show that vg -y = wy. There
are a,b € Op/p® such that
vo =a-v; +a’ -0y, wo =b-wy + b7 - wy,
and we can compute that
a’ - det(vf],v1) = det(vg, v1) = det(wg, wy) = b7 - det(w], w1),
thus a” = b°. The claim follows. g

Let K be a compact open subgroup of GLQ(@F). We assume that V(M) C K for some
ideal M of O with (p,M) = 1. Let U = K N GL2(Ag,s). For each positive integer «, let

Kl(pa) = KN Vl(pa), Ké(pa+1) =KnN Vo(poHrl) N Vl(pa)7
Ut(p®) =UnVi(pY), Us(®) =UnV@**)nvip®)
and U(p*) = U NV (pY).
For each positive integer o, consider the Hilbert modular surface S;(p®) = Sh(G, K1 (p®)),
which is defined over Q. The complex points of S;(p®) are given by
S1(p*)(C) = GLa(F)"\H? x GLa(Apy) /K" (p7).
We will also need to consider the Hilbert modular surface Sio(p®*™!) = Sh(G, K} (p**1)).
For each positive integer a we consider the modular curves
Y1(p®) = Sh(GL2, U' (p")), Y (p*) = Sh(GL2, U(p")),
which are defined over Q. We fix a connected component Y(p®) of ¥ (p®)g(¢,q) in such a way

that points in Y(p®*!) map to points in Y(p®) under the natural map from Y (p®*!) to Y (p®).
For instance, using the complex uniformization

Y (p*)(C) = GL2(Q)"\H x GLa(Aq,f)/U(p"),
we could choose Y(p®) to be the image of the embedding 'y (p®*)\H — Y (p*)(C) taking z to
[2,1], where 'y (p®) = GL2(Q)™ N U(p*). We will also need to consider the modular curve
Yio(p™*1) = Sh(GLa, U (p1)).

Let (vo,v1) = ((co,do), (c1,d1)) be an element in 3, and choose matrices §y € SLa(Z,,) and
01 € SLa(OFp) such that the reduction modulo p® of their bottom row is given by vy and vy,
respectively.

Let a € GLg(i) be the element with local components a, = 1 for v # p and a, = 50_1.
Let b e GLQ(@F) be the element with local components a, = 1, for v {p and b, = (51_1. Then
we can define a morphism of varieties defined over QQ

Plogwn) 2 Y (0%) — Y1 (p®) x S1(p?)
by the rule
[z, 9] = ([, gal, [z, z, gb]) ,

where we use the same notation for an element g € GL2(Ag, ) and its natural inclusion in
GL2(Afpy). We denote by Ay (vo,v1) = ©(ug,0;)(Y(p®)) the scheme-theoretic image of Y (p®)
bY ©(v,01)- Since Y(p®) is only defined over Q((pe), so is Aq(vo, v1).

It is clear that the cycle Ay, (vg,v1) C Y1(p®) x S1(p®) depends only on the class of (vg, v1)
in ¥,/SLo(Z/p*7Z). In particular, if (t,t1) € I, we can define

Aqlto, t1] € CHA(Y1(p%) x S1(p*)(Q(Ca))
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to be equal to the cycle A, (vo,v1) for any (vg,v1) € Xq[to, t1]-
For m € (Z/p®Z)*, we denote by o, the element in Gal(Q((p)/Q) defined by ¢ — (™.

Lemma 4.2. Let [to,t1] € Io. Then, for all o, € Gal(Q((p)/Q),
UmAa[to, tl] = Aa[m . t(), m - tl].

Moreover, for all zo € Z), 21 € (’);71)

(zg, 27 D Aulto, t1] = Anl(2021) - to, Np/g(z1) - t1].
Proof. To prove the first statement, we first note that the map
Y (p®) = GL2(Q)"\H x GL2(Ag,r)/U(p*) — QX’J“\A(B,f/det(U(pO‘))
[z, 9] — det(g)

yields an isomorphism

mo(Y (p*)) = Q\AG 4/ det(U (p*)),
Moreover, for all s € Aj s> the action of 0 = artg(s) € Gal(Q*®/Q) on mo(Y (p®)) is described,
via the above isomorphism, by ¢ +— st.

Let m € Z;. Let h € GLa(Ags) be the element with local components h, = diag(1,m)
and h, = 15 for v # p. Then artg(det(h)) = op, in Gal(Q((p)/Q). Therefore, the Q-rational
morphism

om: Y (p*) — Y (p%)
[z, 9] — [z, gh]
descends to o, on mo (Y (p®)). Let (vo,v1) € Lalto, t1]. Since wryy vy : Y () — Y1 (p®) xS1(p®)
is also a QQ-rational morphism,

TmAalto, t1] = Tm (©(ug,00) (Y(P™))) = ug,01) (@m(Y(PY))) = (ug,0m) (m (Y (p))) -

For j = 0,1, let v; = (¢j,d;) and
(9 b
5 = (cj dj).

_ o d —m~ b o
5 U (%), = < 0 “) U,

Then, we have

—mcy aq
_ o d —m~ b o
hpdy 1K1(p )p = <_ni01 o 1) Kl(pp)-

This shows that ©(y,.0,) © Pm = Py 0p), Where v; = (mc;, d;) for j = 0,1. Since D(vj,vy) =
(m - tg,m - t1), we deduce that

UmAa[t07 tl] = P, (Y(pa)) = Aa[m ~to,m - tl]'
The result for diamond operators follows after noting that

_ 0 N dy —z;'b N
3! (’26’ )Ul(p )p = <ZO S 0) U (™),

20 —20Co ZO_ ag

_ 0 N di  —z7'b N
ot (201 )Kl(p )p = <Zl S 1) K (p™)p-

21 —z1€1  Zp a1
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Lemma 4.3. Let o > 1 and let [t),t)] € Io+1 map to [to,t1] € Io. Then

(w1, @1)sDaxt1[ty, t1] = psAa[to,tl],
(wQa w2)*Aa+1[t67 tll] = (UIM Up)Aa[th tl]'

Moreover, the cycles Ay[to, t1] satisfy the distribution relation

Z Aarity, t] = (w1, @1)" Aglto, ta],

[t6:t1]
where the sum is taken over pairs [t(,t] € In41 which map to [to,t1] € I,.

Proof. Choose (v},v]) € Zat1[t), )] and let (vo,v1) be its image in X, [to, t1].
We have a commutative diagram

90(1;6 ,vll)

Y(pa+1) Yl(pa+1) X Sl(pa+l)

l I

QD'U,'U
Y(p®) sy (p) x S (p*)

in which the horizontal maps are closed embeddings. Since the left vertical map is finite of
degree p3, we deduce the first identity in the lemma.
To prove the second identity, we observe that in the diagram

LACTRED)

Y(pa—i—l) Yl(pa'H) % Sl (pa+1)

(518

Yo1(p®™1) x So1(p**1)

the diagonal arrow is also a closed embedding. The map qb(%’v/l ) above is simply defined as the
composition of the other two maps in the diagram, and we define Aba +1to, t1] as the scheme-
theoretic image of P(vy - The notation here reflects the fact that AI(’N +1lto, t1] only depends

on [tg, t1] € I, and it is clear from the definitions that (u, pt)«Aa1[th, th] = AZH[tO, t1]. Now,
in the diagram

Pl )

¥(pt) Yor(p* ) x Soa (p*)

| frue

P(v ,U
Y(p®) 2" i (p) x Sy (p®)

the horizontal arrows are again closed embeddings, whereas the vertical maps are both finite
of degree p®. Hence, we obtain the identity

(m1,m1)* Aalto, t1] = A(b1+1[t0,t1]-
Altogether, we have
(w27w2)*Aa+l[t67tll] = (7T2?7r2)*(7r17Wl)*Aa[t(J?tl] = (UIM Up)Aa[t(btl]'

Finally, to prove the last statement, observe that the map (u, ) is a Galois cover and the
sum in the statement is taken over the Galois-translates of a fixed Ayy1[t(, t}]. Therefore,

Z Aav1lto, 1] = (1, 1) (s 1)« Dara [to, th] = (w1, @1)" Anlto, t1]-
[to:t1]
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4.2. Galois cohomology classes. Assume from now on that V!(N) < K for some integer
N such that pt N. We shorten notation by writing

Zo = Y1(p") x 51(p%)-

Let E be a finite extension of @, and let O denote its ring of integers.
We want to use the cycles A, [to, t1] C Z, to define compatible families of Galois cohomology
classes with coefficients in H?’t(Za@, 0O(2)). To that end, we first modify the cycles Ay[to, 1]

€
to make them null-homologous, i.e., to obtain cycles in the kernel of the étale cycle class map

CH(Za) (QCa)) — H& (70 70(2))

«

Let £ be a rational prime and define
Al lto, 1] = (£ + 1 — (Ty,1d)) Agto, t1] € CH?(Z)(Q(Ca))-

Since, as in the proof of [FJ24, Prop. 5.10], the correspondence ¢+ 1 — (1y,id) annihilates the
cohomology group HZ (Z, 9+ Zp(2)), the cycles Ag[to, 1] are null-homologous.

a

Fix an element [a,b] € I;. We denote by |A{[a, b]| the support of the cycle AS[a, b] and we
define A?[[a, b]] to be the variety fitting in the Cartesian diagram

A?[la,b]] —— Z4

| }

|AS[a, b]| —— Z;.

We also define the variety U, = Z, — A2 [[a, b]].

As before, let A = O[1+pZ,] and AT = O[1+pOp,]. We define A ® AF-module structure
on H (Z,5,0), Hy (A e, b]g, O) and HE (U, 5, O) by letting a group-like element [u]®[us]
act by (u1,u2)’ = (uyt,uyt).

Let [to,t1] be an element in I, mapping to [a,b] in I;. Then, we have the following com-
mutative diagram of O[Ggc,)]-modules

H}(Zy 5, 0)(2)(—KM?) cmmmmmmmemaes y & mmmmmmm » O

:
H 3 J’
;

HEy(Zo,g O)@)(=r1?) —— H (U, O)@)(=#!?) — HE (A [la, b O) (=),

where

o k'/2: Go(c) = (A ® AT)* is the character defined by o — [eye(0)/?] @ [ecye(0)/?],
with the square root taken in 1 4 pZp;

e j:0 < HY(AYa, blg: O)(—k'/?) is the map sending 1 € O to the cycle AS[to, t1];

e the upper row is the pullback of the lower row via the map j.

To simplify notation, let A\, denote the Atkin-Lehner map Anpe introduced in Section 3.3,
using the same notation both for Y;(p®) and for Si(p®). Then, we define the class

Ralto,t1] € H'(Q(C1), HE (Z, 5, 0)(2)(—K'?))
as the image of 1 € O via the connecting map
O — H'(Q(G1), Hz (2,5, 0)(2)(=K"?))
arising from the upper short exact sequence in the diagram, and we define the class

ralto. 1] € H'(Q(G1), Ha (2,5, 0)(2)(—k"?) (wn, wn)))
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as the image of Rq[to, 1] via the Atkin—Lehner map
(Aas Aa)s : HH(Q(G), HE(Z, 5, 0)(2)(—r?)) = HY(Q(G), HE(Z, 5, O)(2)(—"7) (wnv, wn))),
where wy : Gg = [y Zg is defined by wy (o) =[] n €g.eye(0)-
Lemma 4.4. Let o > 1 and let [t),t]] € Io+1 map to [to,t1] € Io. Then
(@2, w2)skat1[to, 1] = P ralto, t1],
(@1, @1)wkar1to, t1] = (Up, Up)kat1lto, ta]-

Moreover, the classes kq[to, t1] satisfy the distribution relation

Z ’{a+1[t67t/1] = (w2, @w2) " Kalto, t1],
[tg,t]]

where the sum is taken over pairs [t),t}] € In41 which map to [to,t1] € I,.
Proof. This follows from Lemma 4.3 taking into account the relations
(@1,@1)x © (Aat1; Aa+1) = (Aas Aa)x 0 (@2, @2)s,

(U]/ga Ué) © ()\cw Acx)* = ()\om Acu)* © (Up7 Up)'

O
Define
Hy(Z,, 5 0) = lim Hy
a>1
where the projective limit is taken with respect to the maps (w1, w1 )s, and let
V = ¢ H3(Z,, 5 0)(2) (=K ((wn, wn)),
where
= lim (U,, U’)
n—oo
is Hida’s anti-ordinary projector. For convenience we also introduce the notation
Va = Hgt(Za,@a O)(z)(iﬁ'ln)'
Now, given an element [tg,t1] € I := @az L I, in view of Lemma 4.4 we define a class
so[to, t1] = Um (Uy, Up)~“€'kalto, t1] € HY(Q(61), V).
a>1
=0

Observe that we can canonically identify I; with the set of torsion elements in O x (’);’tr
and therefore we can define a canonical lift of [a, b] to I, which we will denote in the same way.
Let wp and wy be characters of (Z/pZ)* and (Or/pOr)*, respectively, taking values in E*
for some finite extension E of Q,. Assume that there exists a character n of (Z/pZ)* taking
values in E* (in fact in Z) such that wowi = n* as characters of (Z/pZ)*. The character 7
is then determined by wg and wy up to the unique quadratic character of (Z/pZ)*. Choose a
trace-zero element § € (Op/pOF)*. Define

1
Koo (Wo, w131 Z Y(Nryg(a)sb)wo(5b)w: (a)kso[a, b].
[a b el

We decompose the cyclotomic character ey : Gg — Z; = pp—1 X (1 + pZ,) as €cye =
Weycleye, With weye and Oy taking values in p,—1 and 1 + pZ,, respectively. Note that
we can extend the character k!/2 : Goy — (A ® AF)* to a character of Gg by 7
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[Oeye(7)Y?]®[0ceye(7)/?]. Then, as a map of O[Ggl-modules, the Atkin-Lehner correspondence
(Ao, Aa) actually yields a map
(Aas Aa)x HI(Q(Cl)v Vo) — HI(Q(<1)7 Va)(<wchyCa WNchC>)~

In the following lemma we consider the class koo (wo,w1;m) as a class in
HY(Q(61), V) ({Weye, Weye))-
Lemma 4.5. For all 0, € Gal(Q({x)/Q),
Tmbioo (W0, w13 1) = 1(1M)Koo(wo, w1; 7).
For all 29 € W(Zy), 21 € W(Of,),
(20, 21) oo (wo, w13 1) = wo(20)wi (27 ) Koo (w0, w15 7).
Proof. Tt follows easily from the definition of the class Ko (wo,w1;7n) using Lemma 4.2. O

Consider the idempotent

1 — -1/ 0
ewo’wl = E Z w01<20)w11(zl)<20721>
(s0.2)€(Z ) <p(OF,)

and let Vi, o, = €y V. As a consequence of the previous lemma, we have that

’foo(WO,wﬁ 7]) € HI(Q(Cl)’Vwo,wl)(n2)v

where 7 = 70 €cyc, and, after twisting, we can regard koo (wo, w1;7) as the restriction of a class
in HY(Q, Vi w; (n)). We use the same notation oo (wo,w1;7) to denote this class.

5. EULER SYSTEM NORM RELATIONS

In this section, we construct a split anticyclotomic Euler system for the Asai representation
attached to (p-ordinary) Hilbert modular forms over real quadratic fields.

5.1. CM Hida famlies. Let C be an imaginary quadratic field of discriminant —D < 0 and
let e be the corresponding quadratic character. Assume that p splits in I as

(p) = b,
with p the prime of K above p induced by our fixed embedding ¢, : Q — @p. Assume also
that p does not divide the class number hx. Let 1 be a Hecke character of K of conductor ¢

coprime to p and infinity type (1 — k,0) for some even integer k > 2, taking values in a finite
extension L/K. Let xy be the unique Dirichlet character modulo N g(c) such that

¥((n) =n*"xy(n)
for integers n coprime to N q(c). Put Ny = Niq(c)D, and let 6, € Sip(Ny, xyex) be the
theta series attached to 1, i.e.,

Op= > tp(a)g"erl®,
(a,0)=1

Let B denote the prime of L above p induced by ¢,, put E = Ly and let O C E be the ring
of integers. Let A denote the unique Hecke character of infinity type (—1,0) and conductor p
whose p-adic avatar Ay : K*\AZ s — B, defined by

Ap(T) = x;l)\(az)

for x, the p-component of z € Ag , factors through I'y, the Galois group of the unique Z,-
extension of K unramified outside p. Then we can uniquely write 1) = 1o A\*~1, with v a ray
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class character of conductor dividing cp. Since (¢,p) = 1 and k is even, it easily follows that
1 is non-FEisenstein and p-distinguished, meaning that

M Vlog, # w (mod ),

where w is the Teichmiiller character (see [LLZ14, Rem. 5.1.3]. Letting ¥y be the continuous
E-valued character of K*\Ag ; defined by

Yp(z) = 2y Fp (),

and viewing it as a character of G via the geometrically normalized Artin map, the p-adic

representation (dual to Deligne’s) attached to the eigenform 6y is given by Ind% E (1/1;31). Note

that by (1), the associated residual representation is absolutely irreducible and p-distinguished.
Consider the g-expansion

0= (a0 ¢ O[Hy]ldl.
(a,ep)=1

where Hpeo denotes the maximal pro-p quotient of the ray class group of K of conductor ¢p,
and [a] is the image of a in Hye under the Artin map. Since we assume that p { hg, we can
factor Hepeo = He X I'y. Hence, we have © € O[H,] ®o O[I'p][q], and putting v := 10| m, we
can specialize this to

2) F =3 olla)apa™2® € Az[q],
(a,cp)=1

where Az = O[I'y] and [a], denotes the image of a in I'y. We identify I'y with I' = 1 + pZ,
via the isomorphism I' = O,(Cl’)p — T defined by u ~ art,(u)~!, where art, stands for the
geometric local Artin map, and in this way we identify Az with A. We can therefore regard
Z as a primitive Hida family of tame level N, and character XweKwk_z passing through the
ordinary p-stabilization of 6.

Let I'ac be the Galois group of the anticyclotomic Zj,-extension of K; this can be identified

with the anti-diagonal in (1 + pZ,) x (1 + pZ,) = (’),(Cl)p X (’),(Cl)E via the Artin map. Let

Kac : Tac — 2y

be the character defined by mapping the element ((1 + p)~1, (1 +p)) to 1 + p and let Ky :
I'ac — A* be the character defined by mapping ((1+p)~%, (14 p)) to the group-like element
[1+ p]. We use the same notation for the corresponding characters of Gy.

For each positive integer n, let [n] denote the maximal p-subextension of the ring class
field of K of conductor n and let R,, = Gal(K[n|/K). Also, for n coprime to pN, and a > 0,
let Y, , denote the affine modular curve of level V!1(Nyp®) N Vy(n?), and put

Hgt (Yoo,n,@’ O) = m Hélt (Ya,n,@’ O)’
«

with the projective limit defined with respect to the maps wi,.. We also let
T'(Ny(n?)) = €'ho(V!(Ny) N Vo(n?); O)

denote the big anti-ordinary Hecke algebra acting on e’Hélt(Y n@,(’)), and we regard

[o¢]
T'(Ny(n?)) as a A-module by sending the group-like element [2] € A to ()’ € T'(Ny(n?)).
Let I';, , denote the Galois group over K of the compositum of K[n] and the unique Z,-
extension of K unramified outside p, and note that I', , = R,, x I'}.



18 RAUL ALONSO, FRANCESC CASTELLA, AND OSCAR RIVERO

Proposition 5.1. There exists a homomorphism ¢y, : T'(Ny(n?)) — A[Ry] = O[Ty, ] defined

on generators by
on(Ty) = w(@)** ¢ 2> (k2 ) (a)]a]
q

for every rational prime q, where the sums runs over ideals of Ok coprime to ncp of norm q;
and

Snl{@yh)) = (W xpen) (@)[(9)]

for all rational prime coprime to pNyn.
Proof. This follows from [LLZ15, Prop. 3.2.1] as in [ACR23b, Lemma 3.5]. O

Let n be a positive integer coprime to pNy and let g be a rational prime coprime to p/Ny,.
Let m11,%, m12,+ and mo2 « denote the degeneracy maps

O) — Hy(Y,

son, @ O)-

o — . .ol _
Tigx = Ti,qx © Tjgx * Hét(Yoo,nq,Qy

Following [LLZ15, § 3.3], we define norm maps
N9 ARug] ©g,, He (Y, O) — A[Rn] @4, He (Y,

00,nq,Q’ 0o,n,Q’ O)
by the formulae:
e if g|mn,
NI =1 ® 11 45
e if ¢fn and ¢ splits in K as (¢) = qq,
Fac ey (Brg lal | rac " (g 1>[q]> i

772 "2

NI =1@ . — w(k—2)/2(q) (

Xy (9)w**(q)
q
e if gtn and ¢ is inert in K,

+ [(9)] ® m22.4;

NP1 @y — D ((g)] @ 7.

More generally, if n’ = nr, where r is coprime to pNy, we define N,?/ by composing the
previously defined norm maps in the natural way.

Let K,(l)/Q : Gg — A be the character defined by 7 — [feyc(7)/?] and let ng : Gg — E* be
the character defined by T + weye (1) 7*/2,

Lemma 5.2. Let B be the set of positive integers coprime to pNy,. Then there is a family of
A[Gg]-equivariant isomorphisms

Vot M[Ry] @, HY (Yo 5 O)(mokg /?) — Indg ) At Kb 2kad ) (—F/2)
for all n € B, such that for n | n’ the diagram

A[Ry] @4, HL(Y,

oo,n’,Q’

i./\/'ﬁ/ iNorm

O) oty %) —2— Ind, Alw' v 2kzd) (—h/2)

O)(mokg /%) = nd ) A s 2k2l) (—h/2)

ac

A[Rn] @4, HE (Y,

00,n,Q?
commautes.

Proof. This follows from [LLZ15, Cor. 5.2.6] as in [ACR23b, Cor. 3.6]. O
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5.2. Norm relations. Let ¢ be a Hecke character of K as above, and let 4 € S%4(MNy, x¢; Iy)
be a Hida family passing through the ordinary p-stabilization of an ordinary Hilbert eigenform
g € S1(MNy, xg; C). Assume that

XpekXglax = 1.
Let N = NyNp/g(9,), and put
K =VY(N) < GLy(Ars), U=KnNGLy(Ag,y).

For each positive integer «, let S, be the Hilbert modular surface of level K!(p®) and let Y,
be the modular curve of level U!(p®). In Section 4, we constructed codimension-2 cycles

Aa[t07t1] € CH?(YQ X SCV)(Q(CC!))

For any positive integer m coprime to pN, let Yio(p®, m) denote the modular curve of level
Ut(p®) N Uy(m), let Sip(p®, m) denote the Hilbert modular surface of level K*(p®) N Ko(m)
and let A [to, t1] € CH(Y1o(p®, m) x S10(p®, m)) be the cycle constructed in Section 4 taking
as base level Ko(m) = K N Vy(m) instead of K. Recall that the construction requires the
choice of a connected component Y,,(p®) of the modular curve Y, (p®) of level U (p®) NUy(m).
The complex points of Y, (p®) are given by

Yo (p*)(C) = GLa(Q)"\H x GLa(Ag,5)/U(p™) N Up(m),

and we choose Y,,(p®) to be the image of the embedding 'y, \H — Y;,,(p®)(C) taking z to
[z,1], where Ty, , = GL2(Q)T N U (p®) N Up(m).

Lemma 5.3. Let m be a positive integer coprime to pN and let q be a rational prime coprime
to pN which splits in F' as (q) = q1q2. Then

(71q> T1,a1 72,92 )« Dayma[to, 1] = (1, Ty, ) Aa,mlto, t1];

(T1,s T2,01 72,2+ Damglto, 1] = (Tg, D) Ao g™ o, ¢~ 1]

(72,00 T 1,02 )« Bagma[to, t1] = (Tgs 1) Ao, mlto, t1];

(7r2,q7771,C|1772,C|2)*Aoc,mq[t07t1] = (17T/1)Aa,m[q71t07q ltl]
q

If q is coprime to m we have
(71,5 7r17q17T17q2)*Aa7mq[t07t1] = (q+ 1)Aa7m[t07t1]§
(72,9, T2,01T2,0) « Damgtos t1] = (g + 1) Bamlg ™ 0, g H1];
otherwise, if q | m, we have
(71,0, 71,01 02)5 Bamalto, t1] = ¢Aamlto, t1];
(T2, 2,01 T202) « Bamqlto, t1] = aBagm[a ™ o, g7 ]

Proof. Let (vg,v1) € Xq[to,t1]. Choose matrices 6y € SLa(Zp) and 6 € SLa(OF,)) such
that the reduction modulo p® of their bottom row is given by vg and vy, respectively. Let
a € GLQ@) be the element with local components a, = 12 for v # p and a, = (50_1. Let
be GLQ(@F) be the element with local components a, = 1, for v { p and b, = 51_1. Then
Amm [to, t1] is the scheme-theoretic image of Y,,(p®) by the morphism of varieties

Plvg,vr) + Ym(pa) - Ylo(pa,m) X Slg(pa,m)
[z, 9] — ([2, gal, [z, gb]),

and similarly for A%mq.
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Consider the following commutative diagram

Yo ()

P(vg,v1

)
Yio(p®, mq) x S10(p®, mq)
l(lﬂrl,ql”lm)
Yi0(p®, mq) x S1o(p®, m),

¢(v0w1)

where ¢, .,) is simply defined as the composition of the other two maps. Note that

¢(vo,v1)(qu(pQ)) = (177r17CI17r1,q2)*80(vo,v1)(Ym(pa)) = (177r1,q17r17CI2)*Aa,mlI[t0’tl]'
We also have the commutative diagram

d)(v ,01)
Ying(p®) s Yi0(p®, mq) x S1o(p®, m)

lﬂ—l,q l(ﬂ—l,qvl)
Y (pa) P(vg,v1)
m

where the vertical maps are both finite of degree ¢, if ¢ | m, or g + 1, if ¢+ m. It follows that

YlO(paa m) X SlO(paa m)v

(71,95 1) Aam[to, t1] = Gug,00) Ymg(p®)) = (1, 1,4, 71,0)xDa,mglto, t1]-
Therefore
(72,05 ™11 71,02 Barmalto, 1] = (Ta,g, D719, 1)* Aamto, t1] = (T 1) Ao mlto, 1]
and
(71,0 TLa1 1,02 )+ Bamg o, 1] = (71,5 1) (71,5 1)* B mlto, 11] = deg(m1,4) Aa,ml[to, t1].
A similar argument shows that
(Wl,qv771,‘11772,‘12)*Aa,mq[t07t1] = (17TQQ)AOI,W’L[tht1]-
Now consider the commutative diagram

Yo (p®) #(vg,v1)

Yio(p®, mq) x Si0(p®, mq)
J’(l’ﬂ,qﬂrlqz)

YlO(paa mq) X SlO(pav m)a

Y(ug,1)

where 1y, ) is simply defined as the composition of the other two maps. Note that

¢(v0,v1) (qu(pa)) = (17 772,q17r2,q2)*90(v0,v1) (Ym(pa)) = (17 7T2,q17r2,q2)*Aoc,mq [to, tl]‘
Let Yy, (p®)p, be the image of the embedding 'aln\H < Yo, (p®)(C) taking z to [z, 7], where
Lo = GL2(Q)F Ny (U (p™) N Uy(m))n, . Then, we have the commutative diagram

'L/"(v ,u1)
Ymg(p%) — Y10(p®, mq) x S10(p®, m)

lﬁz,q l(ﬂ—lqvl)

P(vg,v1)
Yon (p®)n, ———= Y10(p®,m) x S10(p®, m),
where the vertical maps are both finite of degree g, if ¢ | m, or ¢+ 1, if ¢ ¥ m. It is easy to see
that

‘P(vo,vl)(Ym(pa)nq) = Aa,m[q_ltm q_ltl]-
It follows that

(72,0 1)* Dm0, a7 1] = Vg o0) Yimg(0%)) = (1, 72,9, 72,05 )+ Aamqlto, t1].
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Therefore

(M1, 2,01 72.2) « Bamalto, t1] = (M1, D72, 1) Bagmla ™o, g 1]
= (T, DA mla o, g7 ]
and

(2,45 772,011725012)*A04mq[t07 t1] = (2,9, 1)s(m2,, 1)*Aa,m[q_1t07 q_ltl]

= deg(m2.4) Aamlq o, ¢~ 1]
A similar argument shows that
(72,4 1,91 72,0 ) # A, mglto, t1] = (1, T/ )Amm[q*lto,q*ltl].
O

For each rational prime ¢ coprime to pN which splits in F' we fix a factorization (¢) = q1q2
in F'. Then, if n is a squarefree product of such primes, we put n; = Hq‘n g1 and no = Hq‘n q2
and define

Aa,n[to’tl] = (177T1,n%7r2,n§)*5a,n2 [tO’ tl] € CHZ(YO@H X Sa)(Q(Ca))v
where Yy, , denotes the modular curve of level V1(Np®) N Vy(n?).

Lemma 5.4. Letn be as above and let q be a rational prime coprime to pNn and which splits
in F as (q) = q192. Then, the following relations hold:

)=
(ﬂl,q27 1)*A0t nq[to, tl] = {(17 Tq22) - (q + 1)(17 <wc?21>)} Aa,n[tO; tl]a
(m1,472,9: 1)« Aanglto, t1] = (1, <wq1>Tq1Tq2)Aam[q*1to, g ] — ((wwq) Ty, (wq1>)Aa7n[q72t0, gty
(Ra.gts DeBamaltos 1] = {1 (&2)T2) = (g + D((L, (a))} el 20,4724

Proof. After Lemma 5.3, the proof is essentially the same as that of [ACR23b, Lem. 4.4]. We
include the computation that yields the first relation in the statement for the convenience of
the reader:

(m1,g2s DuBanglto, 1] = (1,71 4275 12) (71 g2, 1 270 42)4 A n2g2 [t0, 1]
= (1,71 0279 02 )+(T1,g5 T1,q1 T2,92)# (T1,q5 1,01 72,32+ Ban2g2 [to, 1]
= (1,7 27 05 (71> Ty T20) (1 Tga ) By g o, 1]
= (1771,11%”2,113)* {(1, 7o) (T1g, T 202+ — (1, <wq2>_1)(7fl,q7Wl,qﬂrl,qz)*} Aa,rﬁq[tovtﬂ
= (L ey ) {(LT5,) = (@ + 1)1, (@) 1)} Ag iz [to, ]
={(1,72) — (¢ + 1)(1, (@g,) ")} Aanlto, t1],
using Lemma 5.3 for the third and fifth equalities. O
Let w: (Z/pZ)* — E* denote the Teichmiiller character. We define the characters
wo = w?*: (2/p2)* — EX,
w = w? oNF/Q (Op/pOp)* — E*
and the characters
o = w2 (Z/pL)* — B,
m=w"" (Z/pL)* — E*,

so that 72 = wo and n} = w; as characters of (Z/pZ)*. Let n = nom1. Let 0 : Zy — 1+ ply
denote the projection corresponding to the canonical decomposition Z; & p,—1 X (1 + pZy).
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Let H1/2 Z, — A* be the character defined by u [0(u)'/?] and let RI/Q Z; — (AF)* be

the character defined by u — [f(u)/?]p. Let /2 : Zy — (A ® AF)* be the character defined
by u — [0(u)/?] @ [0(u)'/?]F. We also define the Go-characters

Mo =10 © €cycy, M1 =M1 0¢€cyc, T =10 €cyc,

and likewise

1/2 1/2

R(1)/2 1/2 /2 1/2 ok

Ko ©Oé€cyc;, Ky =Ky Of€cye, K O €cyc-

Similarly to what we did in Section 4, for each positive integer n we define
Voo win = 6W07W16/@H2t(ya7n,@ X Sa@v O)(2)("5_1/2)(<WN7WN>)a
[e3%
with projective limit taken with respect to the maps (w1, w@1)s. It follows from the Kiinneth
decomposition that there exists a projection
Vo win — VWD,n®OVW1a

where

Vann = €wn€ lim HL (Y, , 5, O(1) (kg /) ((wn),

and

Vi, = ew, € lim HZ (S, 5, O(1) (57 /) (wn))-

«

As in Section 4, we can use the cycles A, ,[to, t1] to construct cohomology classes

Hc>o,n(‘/~)07 Wi; 77) € Hl (Qv Vwo,n(n0)®(9vw1 (771))

Proposition 5.5. Let n be as above and let q be a rational prime coprime to pNn and which
splits in F' as (q¢) = q1q2. Then, the following relations hold:

(T2.q25 1)*/"~oo,nq(w0,W1;77) = {(1,(T3,)?) = (¢ + D1, (wg;")) } Koon(wo, wi31)
(71,472,05 1)wioo,ng(wo, wi;m) = {n~ ' (q)~ &2 (q)(1, (wq,) Ty, Ty,)
—wo (@)wr  (9)R(a) () Ty, (@a)") } Koo (wo, wi; 1)
(11,425 Dshioso,ng (W0, wi51) = wy  (@)wy  (9)w(q) {(L, (@3,) (T3,)%) — (q + 1)(L, (@,)") } Koo (wo, wiin)
Proof. This is a direct consequence of Lemma 5.4, noting that the Atkin—Lehner map (Aq, \a)

used in the construction of the classes koo pn(wo,w1;n) interchanges the degeneracy maps m;
and mo. O

Let As(Vg)T = AS(Vg)(?’hH;l/ ). The maximal quotient of V,,, ®,r Fy where T acts by
multiplication by ¢ (7;) and (@)’ acts by multiplication by ¢ ((wwg)), for all prime q coprime
to IV, is isomorphic to a direct sum of copies of AS(Vg)T(—l)(X;1 owp). The choice of a test

vector & for 4 determines a AF [Ggl-equivariant homomorphism
Vi (m1) — As(Ve)T(=1) (x5 " o wi).

Similarly, on account of Lemma 5.2, the choice of a test vector .Z for .Z determines Ao [Gol-
equivariant homomorphisms,

Vion(mo) — Ind;qn] AO(¢;;31 Ko TR ) (1 — k/z)((XilﬁlC) own)

for each positive integer n, and, again by Lemma 5.2, these homomorphisms can be chosen so
that they satisfy the compatibility property stated there. Assume that we have chosen such
a family of compatible homomorphisms, and define

(3) Foon(-F,94) eHl(@,Ind@ JAo(vyg' rie PRk ) (—k/2)@0 As(Vy)T)
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to be the resulting image of koo n(wo,w1;n). By Shapiro’s lemma, we can regard Foon(F,¥)
as an Iwasawa cohomology class

Foon(F,9) € Hy, (K[np™), Vig (s ?)) = lim H (K[np®], Vig (55 2)),

where Vg, = AS(Vg)T(d}il)(—k‘/2). Put
Koon(F,9) = wg(n)wl(n)m(n)_lxél(wm)[{;:1]/%%7”(9,%).

Proposition 5.6. Let n be a squarefree product of primes coprime to pN and split in F', and
let q be a rational prime coprime to pNn and which splits in F' as (q) = q1q2 and splits in K
as (q) = qq. Then,

ri g )
O g Koo, F) = 01 (4) X (0, () (q‘;f/gq Fry!

2—k F -1
—m(a)s; " (9)ag, (9)ag, () (ﬁ”/() F)

+ X%(wa)[qul]aql(g)2 + qing(qu)[quQ]aqz (g)2 - qil(q2 +1)
~1/2 ’ig;kw‘ﬁ(ﬁa—l) 1
@) (@), (@)ag, (9) (qk/ Fr; )

K2 Mo (Fry ) ’
+ qu (Q)X%(wa)xg(qu) <qk:/2q Fl‘a_l .

Proof. The corestriction map in Galois cohomology corresponds to the norm map in
Lemma 5.2 under Shapiro’s isomorphism. Thus, the result follows from Lemma 5.2 and
Proposition 5.5 after a somewhat tedious computation. O

Similarly as in Section 2.7, we can define a balanced Selmer group
Selyar (Tnd, Ao(kad )00 Ve y) € HY(Q?/Q,IndR, ) Ao(ry )00V y),
and we let Selpa1 (KC[np™], Vg ;) denote its image under the natural isomorphism
H'(Q%/Q, IR, Ao (ke )20V y) = Hiy (K[np™], Ve y)

arising from Shapiro’s lemma.
It is now easy to deduce from the above results that we thus obtain an anticyclotomic Euler
system for Vg , in the sense of [JNS24], as summarized in the next theorem.

Theorem 5.7. Let S be the set of squarefree products of primes q split in both F' and K and
coprime to pN. There exists a collection of classes

{/w,g,n,oo € Selpal (K[np™], Vg ) : n € S}
such that whenever n,nqg € S with q a prime, we have
COUKfngl/Kin] (Ko @ mg,00) = Pa(Veg 3 Frgt) K @m0
where q is a prime of KC above q, and
Py(Vig 3 X) = det(1 — Fry ' X|Viy ).

In particular, we obtain an anticyclotomic Euler system for each specialization of 4.
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Proof. One can check that, defining

* ar -1 -1 -1 2—k 2 ar
Fron(F.9) = [[ w1 (@0X5 (@0)x5 (as) (52 p(Frg) Frg) hioe,n(F,9)
qln
for all n € §, from the norm relations of Proposition 5.5 one has

COT kgl /K[n] Faomg(F> D) = Py(Vag (ke ) Fry ek, o (F,9)  (mod g — 1)
for any rational prime ¢ with nq € S, where
Py(Vegp(Kh?); X) = det(1 — Fry ' X[V (15 ?)).

ac
By [Rub00, Lem. 9.6.1], from x%,,(F,%) we can obtain classes satisfying norm relations
involving the Euler factor Py(Vg (kb %); Fry 1), and by the twisting result of [Rub00,
Thm. 6.3.5], we can get rid of the twist by .2, yielding classes k.4 n.0o € Hi, (K[np™], Vg )
with the stated norm relations. Finally, the fact that these classes belong to the bal-
anced Selmer group follows from [NN16, Thm. 5.9] by the same argument as in [ACR23b,
Prop. 4.9]. O

6. VERIFYING THE HYPOTHESES

Let g and ¢ be as in the introduction, and let L be a finite extension of Q containing F’,
the Fourier coefficients of g, and the image of 1. For each prime B of L, let

pi% : Gp — GLa(Lgy)

be the corresponding Galois representation attached to g, as described in [LLZ18, Thm. 4.3.1].
From these representations, we can define the corresponding Asai representations

Pg,B - GQ — GL4(Ls;3)

by taking the tensor-induction of pzt’%. We denote by As(g)qp the corresponding 4-dimensional
Galois-module. Since we are interested in prescribing good choices of 3, we write Vi for the
Gxc-representation

V = Aslg)p(ug)(2 — 1= k/2).
within which we fix a Galois stable lattice Tiz. Note that the representation Vig is conjugate
self-dual, i.e. Vig =~ Vyy(1).

The aim of this section is to give conditions under which hypothesis (HS) in [ACR23b, §8.1]
hold for Ty (and so also the weaker hypothesis (HW) for Vig in loc. cit.), so the general results
of [JNS24] can be applied to the Euler system constructed in Theorem 5.7.

We denote by ¢ the internal conjugate of g. Throughout this section, we make the following
assumptions:

e g is not of CM type;
e g is not Galois-conjugate to ¢°.
As in [Loel7, §3.1], we define subfields F,; = F,o of L, open subgroups H, and Hyo of G,
quaternion algebras B, and By, and algebraic groups G4 and Ggo, and we put

B:BgXBgrr, G:Gg XGom, Ggrr.

Let H = HyN Hyo NGi(eyo, where K(c)® denotes the ray class field of K of conductor ¢. Then
we have an adelic representation

pid,  H — G(Q)

and representations

ﬁff,ﬁa,p cH — G(Qy)

for every rational prime p. According to [Loel7, Thm. 3.2.2], for all but finitely many primes

p we can conjugate ﬁ;fia’p so that ﬁ;fga p(H) = G(Zy). Note that although the result is stated
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in the setting of elliptic modular forms, it follows from [op. cit., Rem. 2.3.2] that the same
result holds in the setting of Hilbert modular forms.

Definition 6.1. Let 9 be a prime of L above p, and let E be the subfield of Ly generated
by the field Fj;. We say that the prime B is good if the following conditions hold:
*p=T;
p is unramified in B;
p is coprime to ¢ and N;
Py p(H) = G(Zy);
= Q,.

Lemma 6.2. Assume that there is at least one prime which divides Dy but not DpNy. Then,
if P is a good prime,

(pg,f‘p X pgo’c‘p)(H N G]C(poo)o) = SLQ(ZP) X SLQ(ZP)

Proof. For the ease of notation, write K, for the anticyclotomic Z,-extension K[p*>] of KC. Let
F(pgsp) and F(pgo ) be the Galois extensions of F' cut out by the representations py g and
pgo g attached to g and g7, respectively, and note that they are unramified outside pDpN,.
Therefore, the condition on Dy implies that FIC N F(pyp) = F and FK N F(pgop) = F.
Moreover, since any Galois extension of F' contained in FK,, must itself contain F'KC, we also
have FIKoo N F(pgsp) = F and FKo N F(pgo sz) = F.

The conditions on B imply that

(P X pgo ) (H N Gpyee)) = SLa(Zp) x SLa(Zy),

and, from the remarks in the previous paragraph, it follows that

(Pgp % Pgo ) (H N G g o)) = SL2(Zyp) X SLa(Zp)-

Finally, since H N Gy po)o is a normal subgroup of H NGy (ttpo0 ) of index dividing p — 1 and
there are no such subgroups in SLy(Z,) % SLa(Z,), the lemma follows. O

Now we are able to give conditions on 8 under which the results of [JNS24] can be applied
to our setting, i.e. to the representation Tz defined above. We say that g is non-Eisenstein
(resp. p-distinguished) at P if the residual representation pg s associated to pg s is irreducible
(resp. the semi-simplication of ﬁg,‘ﬁ|GFp is non-scalar for every prime p of F' above p).

Proposition 6.3. Assume that there is at least one prime which divides Dx but not DpN,.
Let 5B be a good prime above p at which g is non-Fisenstein and p-distinguished, and assume
that there exists 1 € Gpi ey such that Yq(n) # Pg(n) modulo p. Then hypothesis (HS) in
[ACR23b, §8.1] hold for Try.

Proof. Since 1)y is trivial when restricted to H N G (pe)o, condition (1°) follows easily from
the previous Lemma 6.2. To prove condition (2’), we closely follow the proof of [Loel7, Prop.
4.2.1]. We regard x4 as a finite order character of G using class field theory. By Lemma 6.2,
the image of nH N Gic(peeye under pg gy X pgo 3 contains all the elements of the form

((g w”%(n))’(g y‘lgg(n)»’ z,y € Ly

Now choose z € Z, satisfying

27xg(n) #1 (mod p), 2’xg(m)Yp(n) > #1 (mod p),

which is possible since p > 7, and let y = x_lwqg(n). Choose o9 € nH N G (pyo whose image
under pg; X pgo sy is given by the element above, with the choices of x and y which we have
just specified. Then, the eigenvalues of ¢ acting on Tig are 1, z72x,(n), nr:%gg(n)wqg(n)*2 and
w;%(n)wcp(n)*l, which proves condition (2’).
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To check condition (3’), we can argue as in [KLZ17, Rem. 11.1.3]. By the previous lemma,
we can find an element 79 € H N Gjc(pee)o such that

(Pgsp X P ) (70) = <<_01 _01> , (é ?)) :

so 1o acts on Ty as multiplication by —1. Finally, condition (4’) follows from the assumption
that g is non-Eisenstein and p-distinguished. O

7. APPLICATIONS

In this section we apply the general machinery of [JNS24] to the Euler system constructed in
this paper to deduce applications towards the Bloch—-Kato conjecture and the anticyclotomic
Iwasawa Main Conjecture for Asai representations.

7.1. Bloch—Kato conjecture. As in the introduction, let g be a Hilbert eigenform of parallel
weight [ and let ¢ be a Hecke character of infinity type (1 — &, 0) for some even integer k > 2,
and put

V= As(Vo)lae (v (2 — 1 = k/2),

Write iy g nn € H' (K[n],T) for the image of the Iwasawa cohomology classes of Theorem 5.7
under the corestriction map H{, (K[np*>],T) — HY(K[n],T).
The following result yields evidence towards the Bloch—Kato conjecture in rank 1.

Theorem 7.1. Assume that p splits in K and p { hic, and that g is ordinary at p. Let P be
a good prime of L above p at which g is non-FEisenstein and p-distinguished, and assume that
the conditions in Proposition 6.3 are satisfied. Let

Kapg i= Kypg.1-
If k < 2, then the following implication holds:

Kypg#0 = dimgSel(,V) =1,
where Sel(KC, V) ¢ HY(KC, V) is the Bloch-Kato Selmer group.

Proof. By virtue of Theorem 5.7, the classes Ky, g land in Selp, (K[n],T') and (for varying
n € §) form an anticyclotomic Euler system for V. Thus, from the general results of [JNS24],
as recalled in [ACR23b, Thm. 8.3], and whose technical conditions are satisfied thanks to
Proposition 6.3, the non-vanishing of xy, , implies that the balanced Selmer group Selp.1(/C, V')
is 1-dimensional over E. Since for k < 2[ one can show the equality

Selpa) (I, V) = Sel(KC, V)
following the argument in [ACR23b, Lem. 9.1], this concludes the proof. O
7.2. Iwasawa Main Conjecture. With notations as in Section 2.7, put
A:;Zg = Homg, (V;g, Hpeo),
and for £ € {bal, F}, define the Selmer group Sel. (ATy ;) as in Definition 2.9, taking
H:(Qp, A; ;) to be the orthogonal complement of HE(QP,V; ;) under the local Tate duality

HY(Qp, Vi) x HY(Qp, Al ) — Q,/Z,.

Taking .% to be the CM Hida family attached to v as in Section 5.1, similarly as in Lemma 5.2
we then have a Gg-module isomorphism

Vi, ~ Aok )&oT.

Fq9
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We then let Selz (K[p™],T) C H{, (K[p*],T) be the Selmer group corresponding to Selg(Vi@g)
under the Shapiro isomorphism

HY(Q, V) = HY(K, Mo (rk;)@0T) = HY (Ko, T),

and likewise let Sel,(K[p*], A) correspond to Selg(A}g) under H(Q, V;g) =~ HY(K[p™>], A).
Finally, put

X (K[p™], A) := Homeont (Selz (K[p™], A), Qp/Zy)
for the Pontryagin dual of Selz(K[p™], A), which is a finitely generated A z-module.

Theorem 7.2. Let the hypotheses as in Theorem 7.1. If the class

Kap,g,00 = K g,1,00

is not A g-torsion, then the modules Selpa1 (KC[p™],T) and Xpa(K[p™], A) have both A z-rank
one, and

2

Selbal (K[p™], T) >
Az - Kyg00

as ideals in Az @z, Qp, where the subscript tors denotes the A z-torsion submodule.

CharAy (Xbal(/C[poo],A)tors) D) CharAg <

Proof. In view of Proposition 6.3, this follows from the general results of [JNS24], in the form
stated in [ACR23b, Thm. 8.5], applied to the Euler system of Theorem 5.7. O

The prediction that equality should hold in Theorem 7.2, even as ideals in A &, is suggested
by a natural extension of Perrin-Riou’s Heegner point main conjecture [PR87, Conj. BJ. It also
admits a natural counterpart expressing the characteristic ideal of the F-unbalanced Selmer
group X r(K[p>], A) in terms of a p-adic Asai L-function. This will be explored in the sequel
to this work.
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