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ABSTRACT. Let E/Q be an elliptic curve and p an odd prime. In 1991 Kolyvagin conjectured that the system
of cohomology classes for the p-adic Tate module of E derived from Heegner points on E over ring class fields
of an imaginary quadratic field K is non-trivial. In this paper we prove Kolyvagin’s conjecture in the cases
where p is a prime of good ordinary reduction for E that splits in K and a p-adic anticyclotomic Iwasawa
Main Conjecture for E/K holds. In particular, our results cover many cases where p is an Eisenstein prime,
complementing W. Zhang’s progress towards the conjecture.

Our methods also yield a proof of a refinement of Kolyvagin’s conjecture expressing the divisibility index
of the p-adic Heegner point Kolyvagin system in terms of the Tamagawa numbers of E, as conjectured by
W. Zhang in 2014, as well as proofs of analogous results for the Kolyvagin systems obtained from the cyclotomic
Euler system of Beilinson-Kato elements.
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Let E/Q be an elliptic curve of conductor N, and let p be an odd prime of good ordinary reduction for
E. In this paper we prove Kolyvagin’s conjecture on the non-vanishing of the p-adic Heegner point Kolyvagin
system under mild conditions (cf. Theorem A). When p is non-Eisenstein for F, the conjecture was first proved
by W.Zhang in many cases. The approach introduced in this paper covers the general non-Eisenstein case, as
well as the first general cases where p is Eisenstein for E. Moreover, in the former case we prove the refined
Kolyvagin conjecture due to W. Zhang, expressing the divisibility index of the Heegner point Kolyvagin system
in terms of the Tamagawa numbers of F (cf. Theorem B). Following a similar strategy, we also prove analogous

results for the Kolyvagin system derived from Beilinson—Kato elements (cf. Theorem C).

0.1. Main results.
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Kolyvagin’s conjecture. Let K be an imaginary quadratic field of discriminant —Dy < 0 such that

(Heeg) every prime £|N splits in K,
and fix an integral ideal 91 C Ok with O /M = Z/NZ. Assume also that
(disc) Dy is odd and Dk # —3.

For each positive integer m prime to N, let O,, = Z + mQOg be the order of K of conductor m and denote by
K[m)] the corresponding ring class field extension of K.
By the theory of complex multiplication, the cyclic N-isogeny between complex CM elliptic curves

C/Op = C/(MNNO,,) "

defines a point x,, € Xo(N)(K[m]). Fix a modular parameterisation

(0.1) m: Xo(N) — E.
The Heegner point of conductor m is defined by
(0.2) P[m] :=m(xy) € E(K[m]).

We call £ a Kolyvagin prime if £ is inert in K, coprime to Np, and
M (£) := min{ord, (¢ + 1), ordy,(as)} > 0,
where a; := £ + 1 — |E(F;)| and ord,(z) denotes the p-adic valuation of an integer . Let Mg be the set of
squarefree products of Kolyvagin primes, and for n € Myeeg put
M(n) :=min{M¥) : £|n}
if n>1 and M(1) := co. Let T =T, E be the p-adic Tate module of E, and suppose that
(tor) E(K)[p] = 0.
From the Kummer images of the Heegner points P[n], Kolyvagin constructed a system of classes
{KJSGEg e HY(K,T/I,T) : n€ NHCCg}, where I,, = pM(")Zp.

In particular, £y °*® is the image of the Heegner point Py := Trgpy,x (P[1]) € E(K) under the Kummer map

E(K)®Z, — H'(K,T),

and so by the Gross Zagier formula [GZ86], £1°°® + 0 if and only if L'(E/K,1) # 0.
In [Kol91] Kolyvagin conjectured that even when the analytic rank of E/K is greater than one, the system
{kHeee} is non-trivial, i.e. there exists n € MNheeg such that

jHees L ()

The first major progress towards this conjecture was due to W. Zhang [Zhal4b]: about a decade ago, he proved
Kolyvagin’s conjecture when p{ 6N is a prime of good ordinary reduction for E under the assumption that

(sur) pE : Gg = Gal(Q/Q) — Autg, (E[p]) is surjective

and pp satisfies certain ramification hypotheses. More recently, some of the hypotheses have been relaxed by
N. Sweeting [Swe20] using an ultrapatching method for bipartite Euler systems.

In the first part of this paper we prove Kolyvagin’s conjecture in cases where (sur) is not necessarily satisfied,
and we also relax the ramification hypotheses. The paper considers Eisenstein primes p as well as cases where

irr FElp] is an irreducible Gg-module.
Q

Our method relies on anticyclotomic Iwasawa theory, recent developments towards anticyclotomic main con-
jectures, and ideas introduced in [CGS23]. A key ingredient is a Kolyvagin system bound with “error terms”
obtained in op. cit. allowing us to control the size of the Tate-Shafarevich group of certain anticyclotomic
twists of T by characters o with & = 1 (mod p™) for m > 0. When (sur) is satisfied, the error terms are
zero and when a certain Iwasawa Main Conjecture is known, our methods also yield a proof of the refined
Kolvyagin conjecture due to W.Zhang [Zhal4a, Conj. 4.5].

We now describe the main result precisely. Let Gg be the absolute Galois group of Q and G, C Gg a
decomposition group at p. Denote by w : Gg — F,; the Teichmiiller character.
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Theorem A (Kolyvagin’s conjecture). Let E/Q be an elliptic curve, and let p be an odd prime of good ordinary
reduction for E. Let K be a quadratic imaginary field satisfying (Heeg), (disc), (tor), and such that p splits
in K. Assume that the rational anticyclotomic Main Conjecture 1.2.10 holds. Then

there ezists n € Nyeeg such that rHeee £ ),
In particular, {k!°8} # 0 in both of the following cases:

o I admits a rational p-isogeny with kernel F,(¢) C E[p], where ¢ : Go — F S is a character such that

dla, #1,w.
o p > 3 satisfies (irr).

The ‘In particular’ part of Theorem A relies on the results of [CGS23, BCS23], respectively, on the anticy-
clotomic Main Conjecture.

The non-vanishing of the Kolyvagin system in combination with [Kol91, Theorem 4] leads to a link between
the order of vanishing of the Kolyvagin system and the rank of the p®-Selmer group of E/K. More precisely,
for any n, let v(n) denote the number of primes factors of n, and for n € Nyeeg let

ord(k"1°°8) ;= min{r : there exists n € Njeeg With v(n) = r such that x1°°& £ 0}.

The p*>°-Selmer group Sel,~(E/K) has an action of complex conjugation. Denote by Sel,~(E/K)* the -
eigenspaces with respect to this action and let
r(E/K)* = corankz,, Sele (E/K)*.
Corollary A. For E, p and K as in Theorem A, we have
ord(k1°®) = max{r(E/K)",r(E/K)"} — 1.
Remark. The corollary applies for arbitrary values of (E/K)*. In the rank one case it yields a p-converse
to the Gross—Zagier and Kolyvagin theorem:
corankz, Sely~(E/K) =1 = ords—1 L(E/K,s) =1
as the Birch and Swinnerton-Dyer conjecture predicts (cf. [Zhal4db, Theorem 1.3]). One can also deduce the
p-parity conjecture for E/Q (cf. [Zhaldb, Theorem 1.2, Remark 1]).

Refined Kolyvagin’s conjecture. As formulated by W.Zhang [Zhal4b], a natural refinement of Kolyvagin’s
conjecture predicts a formula for the divisibility index of the Heegner point Kolyvagin system {«!¢°8} in terms
of the Tamagawa numbers
ce = [B(Qe) : E°(Qy)]
at the primes ¢|N.
For each 1 € Mueeg, define .#(n) € Zso U {00} by .#(n) = oo if xll*® = 0, and by

M (n) = max{A : xll*e € p”H (K, T/I,T)}
otherwise. Put .4, = min{.#(n): v(n) =r}. We have A, > 4,1 > 0 for all r > 0 (cf. [Kol91]). Put
Moo = lim M.

T—00
Note that Kolyvagin’s conjecture is equivalent to the finiteness of #,. W. Zhang’s refinement [Zhal4b,
Conj. 4.5] provides a conjectural formula for .#.,, which we establish:

Theorem B (Refined Kolyvagin’s conjecture). Let (E,p, K) be as in Theorem A, and assume that p > 3 and
(sur) holds. Assume also that the fired modular parametrisation ™ : Xo(N) — E as in (0.1) is p-optimal'.

Then we have
Mog =Y ordy(cy).
(N
Remark. In the rank one case Theorem B implies the p-part of the conjectural Birch and Swinnerton-Dyer
formula for E/K (cf. [Zhal4b, Theorem 1.6]).

Our proof relies on the cases of the anticyclotomic Main Conjecture 1.2.10 established in [BCS23].

In [Jet08] Jetchev showed that .#Z, > ord,(c,) for any prime ¢|N. The first cases of the refined Kolyvagin’s
conjecture were proved by W.Zhang: the ramification hypotheses in [Zhal4b] imply that p t ¢, for all primes
£|N, and the main result of op. cit. shows that .Z,, = 0.

IThat is ordp(deg(m)) is minimal among all modular parametrisations of all curves in the Q-isogeny class of E.
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Non-vanishing of Kato’s Kolyvagin system. The strategy introduced in this paper for the proofs of Theorem A
and Theorem B can be adapted to establish analogous results for the Kolyvagin system derived from Beilinson—
Kato elements. The second part of the paper is devoted to the proof of these results.

In [Kat04] Kato constructed an Euler system for T (viewed as a Gg-representation) building on Siegel units
on the modular curve of level N. Let Lkato be the set of primes ¢ Np such that

Iyi=(—1,a0—0—1)Cp'zZ,

for some k > 0 (in other words, £ = 1 (mod p*) and a; = £+ 1 (mod p*)), and let Nkaio be the set of squarefree
products of primes in Lxato. For n € Nikato, let

I, = ZI,;

Ln
for n > 1, and put I := {0}. By the process of Kolyvagin derivatives, from Kato’s Euler system one obtains
a system of cohomology classes
{ki2° € HY(Q,T/I,T) : n € Nkato}

forming a Kolyvagin system for 7" in the sense of Mazur-Rubin (see [MR04, Thm. 3.2.4]).
In this setting our main result is the following.

Theorem C (Non-vanishing of Kato’s Kolyvagin system). Let E/Q be an elliptic curve without CM, and let p
be an odd prime of good ordinary reduction for E such that E(Q)[p] = 0. Assume that the rational cyclotomic
Main Conjecture 3.2.4 holds. Then

there exists n € Niato such that Hsam #0.
In particular, {kK2*°} £ 0 in both of the following cases:

o E admits a rational p-isogeny with kernel F,(¢) C E[p], where ¢ : Go — F )’ is a character such that

(1§|(;;1[7 75 Il,w.
o p > 3 satisfies (irr).

The ‘In particular’ part relies on the cases of Conjecture 3.2.4 established in [Kat04, CGS23] for Eisenstein
p and in [Kat04, SU14, Wanl15] for non-Eisenstein p.

We now describe an application of Theorem C. Similarly as in the Heegner point case, for any n € Nxato,
define the order of vanishing of the Kolyvagin system «Xt° by

ord(kX#*) := min{r : there exists n € Nkato with v(n) = r such that k5> = 0}.

Let H.,(Q, E[p>]) denote the Selmer group for E[p>] obtained by imposing the strict local condition at p

(see §3.1). Let
Tstr(E/Q) = corankg, (Hitr((@, E[poo])) .

Combining the theorem above with [MR04, Theorem 5.2.12(v)], we obtain an analogue of Corollary A for
Kato’s Kolyvagin system.

Corollary C. For E and p as in Theorem C, we have
ord(k¥2%°) = r . (E/Q).

The divisibility index .ZXa% of {xKa*°} was studied by Mazur and Rubin [MR04, §6.2], who showed that
if ord,(cg) > 0 for some prime £|N, then .#X*° > 0. This was refined by Biiyiikboduk [Buy09], who showed
that .#X% > ord,(c;) for any prime ¢|N. Our approach to Theorem C also leads to a proof of the conjecture
[Kim22b, Conj. 1.10] of Kim:

MEN =" ordy(cy)

oN

under some hypotheses (see Remark 3.3.4; these also include that 7 is p-optimal).
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0.2. Strategy. Let I' = Gal(K . /K) be the Galois group of the anticyclotomic Z,-extension of K, and denote

by A = Z,[[I']] the anticyclotomic Iwasawa algebra. The key ingredients in the proof of Theorem A are:

(a) The non-vanishing of the base class mlfeeg of the A-adic Heegner point Kolyvagin system (i.e., the

proof by Cornut and Vastal of Mazur’s conjecture).
(b) Letting £1°°%() be the specialisation of £1°°® at a character a of I’ with v = 1 (mod p™) for suitable
m > 0 such that

(0.3) K1 (@) # 0,

an estimate on the divisibility index of n?eeg(a) in terms of Tamagawa numbers and the Shafarevich—
Tate group of the twist of E/K by a.
(¢) The Kolyvagin system bound with controlled error terms obtained in [CGS23].

Most of the work in the first part of the paper goes into the proof of (b), which we deduce from the explicit
reciprocity law? for ls:lfeeg in [CH18] and an extension of the anticyclotomic control theorem in [JSW17] allowing
character twists. Together with a congruence relation between k8 (a) and xH°¢  the results (a)—(c) lead to
a proof of Theorem A.

To approach the refined form of Kolyvagin’s conjecture as in Theorem B, we replace the Kolyvagin system
bound in (c¢) with an ezxact formula for the size of the above Tate—Shafarevich group in terms of the divisibility
index of k1*8(a) and the divisibility of the system {xH°8(a)},,, gencralising a consequence of the structure
theorem [Kol91, Thm. 1] in the case « = 1. We emphasize that our result applies to the twists of F by any
anticyclotomic character o not necessarily p-adically close to the trivial one. Relating the index of divisibility
of {kllee8(a)},, to that of {xilee}, gives Theorem B.

The proof of Theorem C proceeds along similar lines. The analogue of (a) follows from results of Rohrlich
and Kato, and we deduce the analogue of (b) from Kato’s explicit reciprocity law and a twisted variant of
the Euler characteristic computation originally due to Schneider and Perrin-Riou. The analogue of (¢) in the
setting of Kato’s Euler system requires more work; we deduce it from the results developed in the last section
of the paper that extend the Kolyvagin system bound of Mazur and Rubin [MR04] to a more general setting,
allowing in particular for Eisenstein primes, a result that may be of independent interest.

Finally, we note that the links established in this paper between non-triviality of a Kolyvagin system (hor-
izontal variation), and Iwasawa theory (vertical variation) of elliptic curves seem amenable to generalisations,
which we plan to explore in the near future.

0.3. Relation to previous works.

Comparison with [Zhaldb, Swe20]. The approach used by W. Zhang in his breakthrough work on Kolyvagin’s
conjecture is based on the principle of level-raising and rank-lowering, where rank refers to that of an associated
mod p Selmer group; this was extended by N. Sweeting to mod p™ Selmer groups for large m. The approach
proceeds by induction on the rank, the base case being: the triviality of the mod p Selmer group associated to
a weight two elliptic newform implies the p-indivisibility of the algebraic part of the associated central L-value.
This rank zero implication is a consequence of the (integral) cyclotomic Main Conjecture for the newform, as
established by Skinner and Urban [SU14] under the hypotheses of [Zhal4b] (by working mod p™, some of the
ramification hypotheses were removed in [Swe20]). It is precisely at this stage that Iwasawa theory enters into
the approach of W. Zhang, albeit only implicitly. In contrast, the strategy in this paper is inherently Iwasawa-
theoretic, based on the variation of Heegner points along the anticyclotomic Z,-extension. Moreover, a rational
Main Conjecture suffices for its implementation. The approach of [Zhaldb, Swe20] essentially excludes the
Eisenstein case. However, while the results of this paper on Kolyvagin’s conjecture are for p split in K, the
results of [Zhal4b, Swe20] apply also when p is inert in K.

Comparison with [Kim22a, Kim22b]. In the cases where (sur) holds, results similar to Theorems A and C
are obtained by C.-H. Kim [Kim22a, Kim22b|: he proves that if the anticyclotomic (resp. cyclotomic) Main
Conjecture holds at the trivial character, then the system {x!*®&} (resp. {xK2%}) is non-trivial. To draw a
parallel with our approach, while the ingredient (a) is common, his proof interestingly replaces our ingredients
(b) and (c) with a structure theorem for Selmer groups in terms of divisibility indices of certain specialisations
of A-adic classes. In contrast, under (sur) our approach also leads to a proof of the refined Kolyvagin conjecture

and its cyclotomic analogue.

2This is a A-adic avatar of the Bertolini-Darmon—Prasanna formula [BDP13].
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1. HEEGNER POINTS AND ANTICYCLOTOMIC IWASAWA THEORY

1.1. The Kolyvagin system of Heegner points. In this section we recall the construction of the classes
Ky = rleee ¢ HY(K,T/I,T) and of their Iwasawa-theoretic analogues. See [How04a, §1.7,§2.3] for more details.

1.1.1. Selmer structures. Let E/Q be an elliptic curve of conductor N, let p t 2N be a prime of good ordinary
reduction for E, and let K be an imaginary quadratic field of discriminant Dg prime to Np. We assume that
the triple (F,p, K) satisfies hypotheses (Heeg), (disc), and (tor) from the Introduction.

Let I' = Gal(Kw/K) be the Galois group of the anticyclotomic Z,-extension of K and o : I' — Z) a
character. Let pp : Gg — Autz, (T, E) give the action of Gg on the p-adic Tate module of E' and consider the
G g-modules

To =T, EQRZy(), Vo:=Ta®@Qp, Wy4:=T,Q,/Z,~V,/T,,
where Z,(«) is the free Z,-module of rank one on which Gk acts via the projection Gx — I' composed with
«, and the Gi-action on T, is via p, = pg ® a. For k > 0 let T(gk) = Ta/kaa; this is identified with
Walp*] = Ep*] @ Zy(a) viaT, 2 a— a® pik € Wa.

A Selmer structure F on any of the G g-modules M = T,,V,, WQ,TSC) is a finite set ¥ = X(F) of places
of K containing oo, the primes above p, and the primes where Ty, is ramified, together with a choice of Z,-
submodules (“local conditions”) Hx(K,,, M) C H'(K,,, M) for every w € X. The associated Selmer group is
then defined by

HY(K,, M)
HY(K, M) :=ker{ HY(K* /K, M) — || a2~
]:( ’ ) er{ ( / ) ) H Hl (Kw,M) )
wex F
where K~ is the maximal extension of K unramified outside X.
We recall the definition of the local conditions of interest in this section:

e For a finite prime w { p, the finite (or unramified) local condition for V,, is
H} (Ko, Va) = ker{H' (K, Vo) — H' (K, Va) }5

the corresponding local conditions H}(Kw, T,) and H}(Kw7 W,) are defined to be the inverse image
and the image, respectively, of H}(Kw, V) under the natural maps

(1.1) HY (K, T,) = HY(Ky, V) = HY (K, W,,).

Similarly, the local condition H}(Kw,Ték)) is the preimage of H}(Kw,Wa) under the natural map

HY(K,, Ték)) — HY (K, Wa)[p¥]. If T,, is not ramified at w, then all these are just the submodules of
unramified classes (see also Remark 1.1.1 below).
e Denote by Lg the set of rational primes ¢ # p such that

— [ is inert in K,

— T, E is unramified at ¢,

—p|l+1.
Letting K[¢] be the ring class field of K of conductor ¢, define the transverse local condition at A|¢ € Lo
by

ng(K>n T(gk)) = ker{Hl(KM To(zk)) — HI(K[K]AU To(zk))}a
where K]y is the completion of K[¢] at any prime X above A and k > 0 is any integer such that
k

p* | {4+ 1.
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e For w a prime of K above p, set
Fil} (T,E) := ker{T,E — T,E},
where E is the reduction of E at w, and put
Filf (Ty) := FilL (T, F) ® Zy(a), Fili(Va,) := Fil}(T,) ® Q,.
The ordinary local condition for V, is defined by
Hl (K, Vo) o= im{H" (K, Fil}(Va)) = H' (K, Vo) }-

Similarly as before, the corresponding local conditions H} (K, T,) and H. (K, W,) are defined to

be the inverse image and the image, respectively, of H! (K, V) under the natural maps (1.1), and
H! (Kw,T(gk)) is the preimage of H! (K., Wy).

ord

Remark 1.1.1. For w1 p, it follows immediately from the definitions that H}(Kw, W) is contained in
H, (K, Wo) = ker{H" (K,,, W,) — H' (K, W) }.
In fact, for V,, one even has H f(Kw, V.) = 0, and therefore H}(Kw, W) is also trivial. Thus the p-part of the
Tamagawa number of W, is given by
Cq(f) (Wa) = [Hlllr(va Wa): H}‘(va Wao)l = #Hlllr(va Wa).
Definition 1.1.2. The ordinary Selmer structure Fo.q on V,, is defined by taking ¥(Foq) = {w | pN} and
H! ((Ky, Vo) ifw|p,

HY (K, V) =
Fural ) {H}(Kw,va) else.

Let Forq also denote the resulting Selmer structure on T,, W, and Ték).
Remark 1.1.3. For o = 1, one knows that Hy (K, W,) = Sely= (E/K) (see e.g. [Rub00, Prop.1.6.8]).

Given a subset £ C Lo, we let N(L) be the set of squarefree products of primes ¢ € £; when the choice of
L is irrelevant or clear from the context, we shall simply denote this by N. Given a Selmer structure F on

Ték), and n € N, we define the modified Selmer structure F(n) by
HL (K, TF) if A | n,

H} n Kz\vT(k)) =
Foy (Fr T HL (K, M) it Afn.

1.1.2. The Kolyvagin system of Heegner points. Let T' =Ty = T,E. We start by defining the derived Heegner
classes mHeeg € Hx(, )(K,T(k)), where T®) = T/pFT ~ E[p*] and k < M (n).
We recall the following result.

Lemma 1.1.4 ([CGLS22, Lem. 3.3.1]). For everyn € N and 0 < i < k < M(n) there are natural isomor-
phisms
Hi () (K, TW) = Hp, (K, T® /p'T®) S B, (K, TW [p']) = H,, (K, T®)[p']

. . k—i .
induced by the maps T4 = T®) /piTk) 2 k) [pi] — 7*)

We first define sllece = nse&g(n) € H}-(n)(K TMM)): the classes nHe,fg for k < M(n) are then defined
to be the pre-image of pM(M—FgHees yunder the isomorphism Hy (K, T®)Y) = = Hp, (K, TMEY[pF] of
Lemma 1.1.4 above.
Put
Liieeg :={f € Lo: ag=C(+1=0 (modp)},
where ag = £+ 1 — #E(F@) For £ € Lyeeg we let G, = Gal(K[(]/K[1]), and for n € Nyeeg := N (LHeeg) We
set G(n) = Gal(K[n]/K) and G(n) = Hz|n Gy. Then for m dividing n we have the natural identification

Gal(K([n]/ ~ [ Ge=cmn/m)
A(n/m)
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induced by the projections Gal(K[n]/K[m]) - G¢. The Kolyvagin derivative operator D, € Z,[G/)] is defined
by

4
(1.2) Dy =Y oy,
=1

where oy is a fixed generator of Gy. Let Dy, =[], D¢ € Zy[G(n)].
Recall the Heegner points P[n] € E(K|[n]) in (0.2). Choosing a set S of representatives for the cosets
G(n)/G(n), one can show the inclusion

fo = Y oDu(Pln) € (B0l /i )™
oceS

(see [HowO4a, Lem. 1.7.1]). Hence, applying the Kummer map we may consider &, € H'(K[n], T(M())9(n),
Hypothesis (tor) ensures that the restriction map

H'(K, T(M(n))) - Hl(K[n],T(M(n)))g(n)

is an isomorphism, and the derived Heegner class 1% is defined to be the unique class in H!(K,T (M (”)))
which restricts to the image of &, in H'(K[n], T(M())9(n),
The classes #;,°® land in the n-transverse Selmer group H,\ (K, TM (M) (see [HowO4a, Lem. 1.7.3]), and
after a slight modification — which we still denote by x!¢°® — the resulting collection of classes
{"{Eeeg}neNHeeg
forms a Kolyvagin system for (T, Fora, L) in the sense of [op. cit., Def. 1.2.3].
1.1.3. The A-adic Kolyvagin system. Let Ko, /K be the anticyclotomic Z,-extension, let I' = Gal(K /K) and
A = Z,[[T']] the anticyclotomic Iwasawa algebra. Put
T =T,E®y, A,
and consider the ordinary Selmer structure F5 on T given by
im{H (K, Fil' (T,E) ® A) — H'(K,,,T)} if w|p,
0, (e, ) - | K FLE(TE) 8 0) BT} i
H! (K,,T) else.

We now briefly recall the construction of the A-adic Heegner point Kolyvagin system, which is a collection of
classes il*e ¢ H'(K, T/pM™T) = H' (K, EpM™] @ A).
Let K}, be the subfield of K., of degree p* over K. For each n € Nieeg as above set

Py [TL] = NormK[npd(k)]/Kk[n] (P[npd(k)]) € E(Kk [TLD,

where d(k) = min{d € Zso: K}, C K[p?*)]}, and K[n] is the compositum of K}, and K[n]. Let Hy[n] be the
Zyp|Gal(K}[n]/K)]-submodule of E(Ky[n])®Z, generated by P;[n] for j < k, and consider the A[G(n)]-module

Hn] = liTmHk[”L

where the limit is taken with respect to the norm maps. By [How04a, Lem. 2.3.3], there is a family
{Q[n] = lim Qx[n] € H[n|}nen
k

such that

(p — apop + 02)(p — apoy, + 032)  p splits in K,

(1.3) Qo[n] = ®P[n|, where ® = {(p +1)2—a, p inert in K.

Here, when p splits in K, 0, and o, are the Frobenius elements in G(n) of the primes above p in K.
Letting D,, € Z,|G(n)] be the Kolyvagin’s derivative operators defined in (1.2), and choosing a set S of
representatives for G(n)/G(n), the class kll*¢ € H (K, T/I,T) is defined as the natural image of

fn =Y _ oD,(Q[n]) € Hn]

oeS
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under the composite map
(H[n] /p™ O H[n)) " 2 B (K [n], T/pM T 1 (K, T/pM OO,

where §(n) is induced by the limit of Kummer maps dx(n) : E(Ky[n]) @ Z, — H'(Kg[n],T), and the second
arrow is given by restriction. The latter is an isomorphism since the extensions K[n] and Q(E[p]) are linearly
disjoint, and F(Ko)[p] = 0 by hypothesis (tor).

Finally, [How04a, Lem. 2.3.4] et seq. show that the classes £1¢°8 land in H.17:A(n) (K, T/pM™T) and they can
be slightly modified - and still denoted k!¢°® - so that the result is a system w!& = {klees}, Niteo Satisfying
the Kolyvagin system relations. Here F(n) denotes the modification of the Selmer structure on T /p™(™)T)
induced from Fj that includes the obvious analog of the transverse local conditions at the primes ¢ | n.

1.1.4. Kolyvagin system for anticyclotomic twists. We now consider a height one prime B C A with P # pA,
and denote by Ry the integral closure of A/9B. We let Gk act on Ry by the character ap : Gg - T' = A —
Ry, and consider

T‘,B:T@ARY,B:TOUB

with diagonal G k-action. By Remark 1.2.4 and Lemma 2.2.7 in [How04a], the natural map induced by T — Tip
sends k8 to a Kolyvagin system for Ty (for the Selmer structure Forq defined in §1.1.1), which we denote by
{kHeee (ag) e Nireeg - 11l general, Ry may not be Z,, and the definitions in §1.1.1 have to be suitably modified.
However, for the purposes of this paper we will only be interested in the case P = (7 — a(v)) where 7 is a
topological generator of I' and a : I' — Z,' is a character. In this case asp is just the composition of o and the
projection G — I', and we write

{Kn ()} neNirees

for the corresponding Kolyvagin system.

Lemma 1.1.5. Suppose a« =1 (mod p™). For all n € Nyeeg with M(n) > m we have the congruence

Heeg (ap — 1)2(5;7 —1)2kHees  p splits in K

K =
) {((p+ 1)? — a2)kyiece p inert in K

(mod p™),
P

where oy, By are the Toots of the characteristic polynomial of the Frobenius at p, with oy, the p-adic unit root.

Proof. Let B = (v — a(y)) and Po = (y — 1). The image of Q[n] under the map on H[n] induced by the
composition A — A/P — (A/B)/p™ ~ Z,/p"Z, is the same as the image induced by the composition
A= A/Bo— (A/Bo)/p™ ~ Z,/p™Z, (since both are given by quotienting by the ideal (y—1,p™)). By (1.3),

the latter image is ®P[n] (mod p™) from which the result follows immediately by the constructions of s!lecs

and k8 and the definition of ®. O

In particular, noting that H!(K, T) is torsion-free as a consequence of (tor), Lemma 1.1.5 implies, combined
with the Gross—Zagier formula [GZ86], that

KI8(1) £0 <= ordeiL(E/K,s) = 1.
More generally, without any conditions on the analytic rank of F/K, we have the following.
Theorem 1.1.6 (Cornut-Vatsal). For m > 0 and any a =1 (mod p™), the class k7 (a) is non-zero.

Proof. This is immediate from the main result of [Cor02] and [Vat03], showing that &} °° is not A-torsion. [

Remark 1.1.7. Based on an extension of the Bertolini-Darmon—Prasanna formula and the nonvanishing of the
p-adic L-function ££’DP( f/K) recalled in Theorem 1.2.1 below, one can give alternate proof of Theorem 1.1.6
when p splits in K (see [Bur20] and [CH18]).
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1.2. Anticyclotomic Iwasawa Main Conjecture. We keep the hypotheses on (E, p, K) from the preceding
section, and assume in addition that

(spl) p = vo splits in K,
with v the prime of K above p induced by a fixed embedding Q — @p. Fix an integral ideal M C Ok with
Og /N ~Z/NZ.

In this section we show how a certain anticyclotomic Iwasawa Main Conjecture (see Conjecture 1.2.10) yields
an expression for the divisibility index of the Kolyvagin systems {K;;°8(@)}nentie,s for @ = 1 (mod p™) as
above with m > 0, in terms of the Tamagawa numbers and the Shafarevich-Tate group of (a twist of) E.

Below we shall write a ~;, b to denote that a and b have the same p-adic valuation.

1.2.1. p-adic L-function. Let f € S3(T'o(IN)) be the newform attached to E. Recall that A = Z,[[I']] denotes
the anticyclotomic Iwasawa algebra of K, and put A™ = A®Zp Zy', where Z," is the completion of the ring of
integers of the maximal unramified extension of Q.

The next result refines the construction of a continuous anticyclototomic p-adic L-function due to Bertolini—
Darmon—Prasanna [BDP13]. The p-adic measure underlying their construction was explicitly given in [CH18],
whose formulation we follow.

Theorem 1.2.1. There exists an element E?Dp(f/K) € A" characterised by the following interpolation

property: For every character §& of T' crystalline at both v and v and corresponding to a Hecke character of K

of infinity type (n, —n) with n € Zsg and n =0 (mod p — 1), we have

Q" T(n)T(n+1)EM?

E?Dp(f/K)2<f) _ % . (’I’L) (n + )5( 2n_1)
Qin 4(2m)2n+1 /Dy

where , and Qo are CM periods attached to K as in [CH18, §2.5]. Moreover, LEPF (f/K) is nonzero.

(1= ap @)t + @) - L(f/KLE, D),

Proof. This follows from results contained in [CH18, §3], as explained in the proof [CGLS22, Thm.2.1.1]. O

Definition 1.2.2. A collection of characters as in Theorem 1.2.1 with n essentially arbitrary can be defined
as follows. Let u € 14+ pZ, =1+ pOk, C (’)IX(H be a Z,-generator and let v € I' be a topological generator
such that there exists h > 0 a power of p for which 7" is the image of u under the reciprocity map of class
field theory. For n € Z such that n =0 (mod p—1),let &, : T — Z, be the unique continuous character such
&n(y) = u™. Then the composition of &, with the projection G — T is crystalline at v (and hence also 7)
and the corresponding Hecke character of K has infinity type (hn, —hn). For m > 0 we let

Qm = (p—1)pm-1-
Then «,, =1 (mod p™).

Assume now that E/Q is an elliptic curve in the isogeny class attached to f having a modular parameter-
isation 7 : Xo(N) — E that identifies T,E with T, where T} is the quotient of H!(Y;(N),Z,(1)) associated
with f (cf. [Wut14, Prop. 8]); we use such a choice of 7 in the following. If (irr) holds, then = is p-optimal and
7 (and E) is uniquely determined up to a prime-to-p isogeny, and the exact choice of 7 has no effect on the
formulas and relations below.

Let koo € HlfA (K, T) be the A-adic class constructed in [CHIS8, §5.2]. As explained in [CGLS22, Re-
mark 4.1.3], the class ro generates the same A-submodule of H% (K, T) as the base class nlfeeg of the A-adic
Kolyvagin system k'°¢ associated to E. For any character o : I' — Zy, put To, = TyE @ Zy() and denote
by

Ky (a) € HY(K,T,)
the image of k}'°°® under the specialisation map H' (K, T) — H' (K, T,).

As recalled in [CHI18], there exists a A-module map Zp+ : H'(K,,Fili T ®z, A) — A" (a ‘big logarithm’

map) such that
L+ (locy (57'°%)) = LT (£/ ).

In the setting of this paper, Z+ induces an isomorphism H' (K, FilI T ®z, A) @r A" — A", From this we
deduce the following.
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Lemma 1.2.3. Assume E/Q is as above. Let o : ' — Z) be an anticyclotomic character as in Theorem 1.2.1
with n > 0 and such that LIPY(f/K)(a™") # 0. If « =1 (mod p™) with m > 0, then

o« #H°(Qp, Ep™)) = #(H}, (K, To)/Z, - k(o ) - #coker(loc,),
where
to = lengthy (Z,"/L,°7 (f/K) (™))

and loc, : Hy (K, T,) = Hy (Ky, To)/H (Ky, Ta)tors =2 H (Ko, Fil{ T) jtors.

Proof. The nonvanishing of L:EDP (f/K)(a~1) implies that loc, (n?eeg( )) has nonzero image in H' (K, Fil T,,)
(note that the latter is a torsion-free Z,-module). Furthermore the cokernel of the specialization map
HY(K,,Fil[ T ®z, A) — H'(K,,Fil}T,) is naturally isomorphic to H*(K,,Fil[T ®z, A)[y — a(y)], whose
order is easily computed via local duality to equal #H°(Q,, E[p™]) if m > 0. As H'(K,,Fil/ T,) is a torsion-
free Z,-module of rank one, it follows that

# (0 (K., Fill T,) /Z, loc, (k}°® (a))) = p'> - #H°(Q,, E[p™)).

On the other hand, since H} (K, T,) is also a torsion-free Z,-module of rank one, loc, induces an injection
HY (K, T.)/Zpyk{*(a) — H'(K,,Fil] T,,) /Z; loc, (k1 °**(a)), from which it follows that

#(HY (K, Fil} T,)/Z, loc, (k)% (a))) = #(HY. (K, T.)/Zyk)*®(a)) - #coker(loc,).

Combining the last two displayed equations yields the lemma. O

Remark 1.2.4. In the case that o = 1, then x]°®(a) = (1 — a)2(1 — 3,)%k]°® and — noting that
#(Zp/(1—ap)(1=Bp)) = #(Zyp/(1 — ;') = #H(Qp, E[p™]) — the formula in the Lemma can be rewritten
as

#(Z,/L5PY (f/K)(1)) = #(Hy (K, T5)/Z, - K1°®) - #tcoker(loc, ) - #H(Qp, E[p™)).

Lemma 1.2.3 links the specialisation of the p-adic L-function at a with the based class in the Heegner point
Kolyvagin system for a specific elliptic curve (up to prime to p isogeny) associated with a specific choice of
lattice, namely the curve E, associated with the lattice Ty. The following lemma tells us that we can rephrase
it in terms of the corresponding class attached to any elliptic curve in the isogeny class associated with f. Let
E/Q be a such a curve. We write K, fe (a) for the classes k) “*® () associate as above with the lattice T and

Hlfebfg( ) for the ones for T'= T, E.

Lemma 1.2.5. Let E/Q be any elliptic curve in the isogeny class associated with f, and let T = T,E. Assume
that &Heeg( ) # 0. Consider the map
loc, g : Hy (K, T,) — H

ord

(KvaT )/Hl(KvyT )tors - H]—'

ord

(Kv, Ta)/tors7

and let loc, § be the analogous map with Ty in place of T'. Then

#Hy (K, Tt0)/Zy - nﬁjfg(a)) - #tcoker(locy f) = #(Hy (K, To)/Z,, - nﬁegg(a)) - #coker(loc, ).

o

Proof. Let E, be the elliptic curve as before such that T, F is identifified with T¢. We may assume without
loss of generality that E is closer than F, to the optimal curve, i.e. the degree of the modular parametrisation
for F is smaller than the one for F,. Then there is an étale isogeny v : E — FE, such that the induced injective
map

¢ :Hy (K, T,) = Hy (K, Tta)
satisfies w(&?egg(a)) = nlf‘}eg( ). Let d € Z>q be such that [Hy (K, Tyq) : ¢(Hy (K, Ty))] = p?. Since we

are assuming that mlf’efeg( ) # 0, we also have RHeeg( ) # 0, and so by [CGS23, Thm. 5.5.1] that Hy (K, T}.4)
and H (K, T,) are both free of rank one. Hence

(1.4) #(Hy (K, Tra)/Zy - k1,5(a)) = p* #(HE, (K, Tp.a))/Zp - k1,8(a)).
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Furthermore, since Fil}(T,) = Fil (T} ), we have the following commutative diagram:

loc,, f

H~17:ord (K, Tf@) Hl (Kwa,a)/tors

d H

locy,
H_17-‘Urd (K, Ta) — H%:Ord (Kva Ta)/tors

We thus obtain coker(loc, g) = Hy (K, Tf.a) jtors/V(HE, (K, Ty)) = HE  (Ky, T ) Jtors /P* Hy (K, Tya),
and hence the equality

(1.5) #coker(loc, ) = pP#coker(loc, f).
Combining (1.4) and (1.5) yields the desired result. O

1.2.2. Anticyclotomic Selmer group. Let X be a finite set of places of K containing co and the primes dividing
Np. We assume that all finite primes in ¥ split in K. For a discrete Z,-module A, we let A = Homs(A, Q/Z,)
be the Pontryagin dual. Put

M:=T,E®A\",
where AV is equipped with a G k-action via the inverse of the character Gx — A* arising from the projection
Gk —»T.

Definition 1.2.6. Let Gk 5 denote the Galois group of the maximal extension of K unramified outside .
We define the Greenberg Selmer group of M as follows:

Hj, (K, M) = ker{Hl(GKyg, M) — HY(K,, M)

< [T HY Kw,M)}

weE,wip
We also put
Xar(E/Ks) =HE, (K,M)".

Tt is a standard fact that Xq,(F/K) is a finitely generated A-module. We next recall a twisted anticyclo-
tomic variant of the Euler characteristic calculation for Selmer groups [Gre99, §4]. Here E/Q is any elliptic
curve in the isogeny class associated with f, and we let T' =T, F.

Theorem 1.2.7 (Anticyclotomic control theorem at a). Let a : I' — Z be an anticyclotomic character as
in. Theorem 1.2.1 such that LIPP(f/K)(a™') # 0 and o = 1 (mod p™) with m > 0. Then Xa:(E/Ko) is
A-torsion, and if Fp € A generates charp (X (E/Kx)), we have

#(Zp/Fe(a™")) = #1U(Wo-1 /K) - #coker(loc,)? - [] e (o) - #H(Qy, E[p™])?,

w|N
where:
cg’)(a_l) = #HL (K, Wy-1) is the p-part of the Tamagawa number,
o M(Wo-/K)=Hy (K, Wy-1)/HE (K, Wa-1)aiv is the Bloch-Kato Shafarevich-Tate group,
e loc, : H_l;-m_d (K, Ty) — Hl}-m_d (K, Ta) jtors 8 the restriction map at v composed with the projection.

Proof. This follows from a-twisted analogues of [JSW17, Prop. 3.2.1] and [JSW17, Thm. 3.3.1]. More precisely,
we begin by verifying the following properties (i)—(iii):
(i) Hy, (K, Wy-1)aiv ~ Qp/Zy,

(11) ord(KU’ Wa 1) = QP/ZP’

(i) loc, : HE (K, Wa-1)aiv = HE (K, Wa-1) is surjective.
By Lemma 1.2.3, the nonvanishing of EBDP(f/K)( 1) implies the nonvanishing of nHeeg( ); the proof of (i)
thus follows from [CGS23, Thm. 5.1.1] (Theorem 1.3.1 below). For (ii), since H! (K., W,-1) is divisible by
definition, it suffices to show that it has Z,-corank one. But this is immediate from local Tate duality and Tate’s
local Euler characteristic formula, noting that because p is a prime of good reduction and yx is pure of weight 0,
the invariant subspaces HO(K,, Fil; W, 1) and HO(K,, (Fil; W,-1)¥(1)) are both finite. Finally, as in the proof
of Lemma 1.2.3, the nonvanishing of L (f/K)(a™") implies that the map Hy (K, T,) = Hx  (Ky,To) jtors
is nonzero, from which (iii) follows.
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The same proof as [JSW17, Prop. 3.2.1] thus yields that Hl}-Gr(K, W,-1) is finite, with
(1.6) #HL (K, W,1) = #1(W,1/K) - #-coker(loc,)?.

Now put My-1 = M®z, Zp(o~ ") and X (E(e™!)/Ku) = Hy, (K, M,-1), and denote by Twq-1 : A — A
the Z,-linear isomorphism given by v — o~ (y)y for v € I'. In view of (i)-(iii), the hypotheses in Theorem 3.3.1

of [JSW17] are satisfied by V-1, from which we conclude (taking > = ) in loc. cit.) that X, (E(a™!)/Ks) is
A-torsion, and letting Fpg,-1) € A be a generator of charA(%Gr(E(afl)/Koo)) we have

(1.7) #(Zp/ Fpa-)(0)) = #Hr, (K, Wo-) - [] ¢ (a™) - #H (K, Wo-1) - #H (Kg, Wo).

w|N
Since clearly Tw,-1(Fg) gives a generator of chara (Xar(E(a')/Ku) and HY(Q,, W,-1) = HY(Q,, E[p™])
for « sufficiently close to 1, the combination of (1.6) and (1.7) yields the equality in the theorem. O

As in Theorem 1.2.7, denote by P () the p-part of the Tagamawa number of W, at w, and similarly put
P = #H!. (K, W) (see also Remark 1.1.1).
Lemma 1.2.8. Assume that o : T' — Z) is an anticyclotomic character, and w { p is a finite prime of K. If
=1 (mod p™), then c(p)( )= P (mod p™).
Proof. By definition, we have
H (K, Wa) = H (Fu, (Wa)') o= (Wa)" /(Fry, — 1) (Wa)',
where F,, is the residue field of K,, and I,, C Gk, is the inertia subgroup at w. Since « is unramified at w,
we have (W, ) = W!v and using that o = 1 (mod p™), we obtain
H, (Ko, Wa) /D" Hyy (K, Wa) 2= Hy, (Ko, W) /p" Hy, (K, W),
from which the desired result follows. O

Remark 1.2.9. If a : I' = Z; satisfies a =1 (mod p™) with m > 3_ ord (c&u)) Lemma 1.2.8 implies the

equality
cP(a) = ] .
w|N w|N
1.2.3. The Main Conjecture. We recall the statement of the anticyclotomic Main Conjecture for ﬁEDP(f/K)2.

Note that this can be seen as a special case of the Iwasawa Main Conjecture for p-adic deformations of motives
formulated by Greenberg [Gre94].

Conjecture 1.2.10. Suppose K satisfies (Heeg), (disc), and (spl). Then Xg:(FE/Ko) is A-torsion, and
chary (X (E/Koo))A™ = (L7 (f/K)?)
as ideals in A"T.
In the following, we shall refer to the statement of Conjecture 1.2.10 with A" replaced by A"™ ® Q, as the

rational anticyclotomic Main Conjecture.
Combining the results of Lemma 1.2.3 and Theorem 1.2.7 we arrive at the main result of this section.

Corollary 1.2.11. Leta : I' — Z be an anticyclotomic character as in Definition 1.2.2 with L3PV (f/K)(a™") #
0 and a =1 (mod p™) with m > 0. If Conjecture 1.2.10 holds, then

#(Hf, (K, To)/Zp - £y °F())” = #1(Wo1 /K) - [] B (a7) - #(H(Qp, E[p™])*.
w|N
We conclude this section by recording some results on Conjecture 1.2.10. The first cases of the conjecture
were proved by X. Wan [Wan21], assuming that the Gx-action on T, E is surjective and some mild ramification
hypotheses on E[p]. More recently, we have the following.
Theorem 1.2.12. Suppose K satisfies (Heeg), (disc), and (spl).

(i) If E[p]*® = Fy(¢) ® Fp(v) as Gg-modules with ¢|g, # 1,w, then Conjecture 1.2.10 holds.
(ii) If p >3 satzsﬁes (irr), then the rational anticyclotomic Main Conjecture holds.
(iii) If p > 3 satisfies (sur), then Conjecture 1.2.10 holds.

Proof. This is shown in [CGS23] in situation (i), and in [BCS23| in situations (ii) and (iii). O
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1.3. The Kolyvagin system bound with error term. For a positive integer e put
Lo={leLy: ap=L+1=0 (modp®)}.
We shall need the following mild extension of [CGS23, Thm. 5.1.1].

Theorem 1.3.1. Suppose L C LY°® satisfies L, C L fore > 0. Let o : ' — Zy be an anticyclotomic
character such that o =1 (mod p™). Suppose that there is a collection of cohomology classes

{fn € HY(K,To/1,T.) : n€N(L)}

with K1 # 0 and that there is an integer t > 0, independent of n, such that {pt"%n}ne./\/(l)) is a Kolyvagin system
for Ty, and the Selmer structure Forqa. Then there exist non-negative integers M and &, depending only on
T,E, such that if m > M then Hl}-ord (K,Ty) has Zy-rank one, and there is a finite Z,-module M such that

Hy (K,Wy)~Qy/Zy &M &M
with
lengthy (M) <ind(k1) + €,

where ind(%1) = lengthy (H: (K,T.)/Zy - F1). Moreover, if (sur) holds, then € = 0.

ord

Proof. Take e > 0 so that #1; % 0 (mod p®) and such that £ := L., is contained in £, and put N’ = N(£). As
in the proof of [How04b, Thm. 2.2.2], the collection of classes {%y }, 5 gives a (non-trivial) Kolyvagin system

for (T'/p°T, Fora, L), and a slight modification of the argument yielding [CGS23, Thm. 5.1.1] applied to this
system yields the result. The claim that £ = 0 when (sur) holds follows from [CGS23, Rem. 3.3.5]. O

2. PROOFS OF THEOREM A AND THEOREM B

2.1. Kolyvagin’s conjecture. We can now prove our main result towards Kolyvagin’s original conjecture.

Proof of Theorem A. Assume that the rational anticyclotomic Main Conjecture holds. In particular, letting
Fp(E/K) € A be any generator of chara (Xa:(E/Kx)) we have the divisibility
(2.1) Fo(E/K)-p™t = LIPP(f/K)? - h
for some R > 0 and h € A™. Let also

L= Up(#HO(Qpa Ep™])) = vp(1 — ap).
Assume for contradiction that ngeeg =0 foralln e NHCCg. Take t € Z~q such that
(2.2) t>33 ordy(cP)+ R+E,

w|N

where £ is the error term from Theorem 1.3.1. Consider a character a = oy, : I' — Z; as in Definition 1.2.2
such that the following conditions hold:

(a) LYPP(f/E)(a™h) #0,

(b) m > M + 2t 4 2z,

(c¢) The conclusion of Corollary 1.2.11 holds.

By the last claim in Theorem 1.2.1, we can always find such a. In particular, by Corollary 1.2.3 we then have

k18 (a) # 0, and moreover
[T @)~ [T
w|N w|N

by Lemma 1.2.8 and Remark 1.2.9.

Let N = N (L), where £,, = {{ € Lo : ag = £+ 1 =0 (modp™)}, so A (n) > m for all n €
N. Since we assume that all x1°® vanish, by Lemma 1.1.5 and the assumption m > ¢ + 2z we find that
kg (o) = 0 (mod pt*2?) for every n € N. We can therefore consider a collection of cohomology classes
{Fno € HY(K,To/1,Ts) tnen such that

pt+2:v . Fﬂn,a _ Rgeeg(a).



NON-VANISHING OF KOLYVAGIN SYSTEMS AND IWASAWA THEORY 15

Note that these classes are not canonically defined, but their order (and the order of their localisations) is.
Since H!(K,T},) is torsion-free by hypothesis (tor), the nonvanishing of x'°*®(«) implies that the bottom class
F1.o is non-zero and its index is equal to ind(k}**#(a)) — ¢ — 2. Hence from Theorem 1.3.1 we get
(2.3) 3 length, (IL(W,-1/K)) < ind(ky *®(a)) —t — 22+ £.

On the other hand, from the combination of Lemma 1.2.3, Lemma 1.2.5, Theorem 1.2.7, and (2.1), we
obtain
(2.4) ind(k°8 () < %lengchp (I(Wy-1/K)) + & Z ord, (¢P) + R + 2z,

w|N

using m >3-,y ordp(cgf)) to apply the observation in Remark 1.2.9. Combining (2.3) and (2.4), we get

t<i Zordp(cgf)) +R+E,
w|N

which contradicts (2.2), thereby proving the result. O

Remark 2.1.1. In particular, if E[p] satisfies (sur), the above argument shows that .#Z, » < 1 2wl ordp(cg’)),
where Moo = Moo({KH°8},)) is the divisibility index of {8}, cpr for any N' D N(L,,).

2.2. The refined Kolyvagin’s conjecture. Let R be the ring of integers of a finite extension of @, with
maximal ideal m and uniformiser w € m. Let o : Ty — R* be a character such that « = 1 (mod m™), and
put Ty = T, £ ®z, R(), as above. In this section, we do not assume m > 0, in particular we could also have
m = 1.

Similarly as in the introduction, if & = {, }nen is a Kolyvagin system for (T, Forg, £), for each n € N' =
N (L), define A (n) € Z>o U {oc} by 4 (n) = o if k, =0, and by

M (n) = max{A: k, € m?HYK,T/I,T)} = ind(x,)
otherwise. For any N/ C N, put 4, n» = min{.#(n): v(n) = r,n € N'}, where v(n) denotes the number of
prime factors of n. Firstly, one shows, similarly as in [Kol91], that .#, x+ > 11 a7 > 0 for all r > 0. Put
Moo N (K) = ILm M N

We let Moo (K) = Moo n(K). Note that Moo n7(K) > Moo(K) for every N C N.

In addition to the ingredients that went into the proof of Theorem A, the proof of the refinement in
Theorem B relies on the independence of the integer .#., o~ from N/ C N and an exact formula for the length
of (W,-1/K) in the spirit of Kolyvagin’s structure theorem [Kol91, Thm. 1].

Proposition 2.2.1. Assume that p > 3 and that (sur) holds. Let & = {kn}nen be a Kolyvagin system for
(T, F,L). Let e > 0 be any integer such that L. C L and let N©) = N'(L.). Then

Moo N (K) = Moo N (K).

Theorem 2.2.2. Assume p > 3. Suppose L C Lo and let k = {kp}nen be a Kolyvagin system for (T, F, L)
with k1 # 0. Assume further that (sur) holds. Then

lengthy (U(Wo-1/K)) = 2(Mo(k) — Ms(K)),
where My(Kk) = ind(K1).
Remark 2.2.3. Note that this theorem applies to any anticylotomic character a of I', as will be clear from the
proof below: the need to distinguish trivial characters sufficiently close to the trivial character in [CGS23, 5.1.1]
(close with respect to [CGLS22, Thm. 3.3.8], where essentially the maximum m such that « =1 mod m™

was part of the error term) disappears when (sur) holds. In particular, Theorem 2.2.2 applies for characters
a:T—= A/(B +p™)* for any height one prime ideal 3 of A.

Let F = Forg and T = T,,. For any k > 1, let R®) = R/m* and T®¥) = T'/m*. Recall that, by [CGLS22,
Prop. 3.3.2], there is an integer € € {0, 1} such that for all k£ and every every n € N there is an R*®)-module
M®)(n) such that

(2.5) HY () (K, T®) ~ (R/m*)* & M®) (n) @ MP (n).
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Moreover, by [CGLS22, Thm. 3.3.8], if & = {kn }nen is a Kolyvagin system for (T, F, L) with k1 # 0, then
e =1 and for k > 0, exp(M*) (1)) < k. We also denote by k¥ = {l‘{"(@k)}nEN(k) the Kolyvagin system for
(T*), F, £*)) obtained from &, where L*) = {¢ € £ : I, ¢ m*}. In particular, if £ = Lticeg and R = Z,,, then
L£*) =z,

We adopt the following notation: a finite torsion R-module X is isomorphic to a sum of cyclic R-modules:
X ~ @:(:)f)R/mdi(X) for some uniquely-determined integers d;(X) > 0, with di(X) > do(X) > -+ > dy(x)(X).
For any x € X, let the order and index of z in X be

ord(z) :==min{n > 0:@" -2 =0}, ind(z):=max{t>0:2€m'X}.

For an integer t > 0 we let p;(X) = #{i : d;(X) > t}. Assume a =1 mod m™ for some m > 0. For n € N'¥)
with k > m, we let

p(n)* = po(Hiy (K, T)F),  p(n) = p(n)* + p(n)~,
that is, we are counting the summands of the 4-components of H;_.(n)(K7 T(m)), on which, since a = 1
mod m™, there is a well-defined action of the complex conjugation. Note that, by [CGLS22, Lem. 3.3.1], we
are identifying
HY () (K, T™) ~ H () (K, TH) [m™]

and, in particular, p(n) does not depend on k or a.
Note also that, by (2.5), if p(n) = 1, we must have Hlf(n)(K, T®) ~ R/m*, ie. M®¥)(n) = {0}. If this is
the case, we say that n is a core vertez, as in [MRO04, Def. 4.1.8] (and [Zan19] in the Heegner point case).

Proof of Proposition 2.2.1. The essential idea of this proof can be found in the work of Kolyvagin. Indeed,
the case @ = 1 can be easily extracted from the proof of [McC91, Prop. 5.2].

Let 7 > 0 be an integers such that ///r(]j\)/ = ///O(f)N Let M := M, o) and N, := {n € N :v(n) =r}. By
definition, there exists some n € A, such that .#(n) = M. Necessarily n € NMHD "s6 we may assume that
e > M + 1. Suppose there exists a prime ¢ | n such that £y &€ L.. We will show that there exists a prime
0 € L, such that n’ = ¢n/ly € N, is such that .#(n') = M. Replacing n with n’ and repeating as necessary,
we arrive at an n € N\ such that M (n) = M, whence the proposition.

We have £ € mMHlf(n)(K, TM+D) byt M ¢ mM“'lHlF(n) (K, T™+1). From the identification

Hlf(n)(K7 TW) = H}(n) (K, TM+1D)[m], we see that kMY s identified with a non-zero class 0 # & €

Hlf(n)(K, TM). Complex conjugation acts on 7" and hence on Hlf(n)(K, TM) and we may fix a sign s = +
such that g° #£ 0.

Let 0 # ¢ € H}T(n/%)eo (K, T™M)~s. Here the superscript £y on the F(n/fy) means that we impose no
restrictions on the classes at the prime fy. The existence of such a ¢ follows easily from global duality and the
fact that ¢y € L.

Now let £ € Le, £ 1 n, be a prime such that loc,(7®) # 0 and loce(c) # 0. The existence of such a

prime ¢ follows from [CGS23, Prop. 5.3.1] (applied with m = 1 and k& = e in the notation of op. cit.)

noting that the error term is zero since we are assuming (sur) holds. Then nf € ./\/'75_?_/[1“) and so K;]‘ZIH) is
defined. By the Kolyvagin relations, 100@(/-@55}/[“)) has the same order as IOCg(mgMH)), and the latter equals

1 as locy(k) # 0. In particular /@SXIH) -4 pM‘HH}T(M)(K, TM+1)). On the other hand, nf € N,,1, so

M(nb) > Myiy n = My = M by the choice of r. It follows that £} ™) ¢ mMHE ) (K, TM+1)) and so
defines a non-zero class ky € H}(n@ (K, T™M). The Kolyvagin relations relate locy(,) with locg(k,¢) via the
usual finite-singular (iso)morphism. Since this morphism intertwines the eigenspaces for complex conjugation
(see for example [Nek07, 5.15.1], recalling that ¢ € £, and e > M + 1 imply that Frob, acts as complex
conjugation on T +1) | this shows that loc,(7F) # 0 if and only if loc, (8 F) # 0, so loc, (%, *) # 0.

By global duality we have

0= Z(locv(c), loc, (R, *))w = (loce(c),loce(R, *))e + (locg, (), loce, (R, ®)) e, -
v
As 0 # locy(c) € HL (K, TW)=% and 0 # locy(k, *) € HL (K, TW) 2, it follows that (loce(c),loce(%; *))e # 0.
This in turn implies that (loc,(c),locs, (R, *))e, # 0, which means that locy, (%, *) # 0. So the order of



NON-VANISHING OF KOLYVAGIN SYSTEMS AND IWASAWA THEORY 17

loczo(/sfyﬂ)) is 1. But then the Kolyvagin relations imply that loc,(x ;e/g ) has order 1, and so .#(nl/{y) =
M by the same reasoning that showed that .# (nf) = M. O

For the proof of Theorem 2.2.2, we will also need the following result.
Lemma 2.2.4. Assumep > 3. If k> 0 and (/iEP) = mj'*‘le“gthR(M(k)(h))Hlf(h)(K, T®)) for some h € N, then
<I€£Lk)> = ijengthR(Mm(”))H}_-(n)(K, T®) for every n € NF=1),

Proof. The proof runs along the lines of [Zan19 § 2.2]. First, one shows that for every two core vertexes
n,m e N®  the R*)-module spanned by /{n ,/1( ) are isomorphic, i.e.,

pn) = pm) =1 = R/mF=ma0 o (50 o (o0} o p/mbindCen),
This follows as in [Zan19, Cor. 2.2.13]. From this one deduces that for any k and any n € N*) with p(n) = 1,
(k1)) =~ R/m*

for some d independent on k£ and n. One then shows that

(2.6) <H£Lk)> — md-+lengthy (M (k)(n))Hl L )(K, T(k)) if n e N1
Following the proof of [Zan19, Lemma 2.3.1], one proves this statement without the assumption that p(n) =1
using [How04a, Lemma 1.6.4] and induction on 7(k,n) = k + max{p(n)*, p(n)~}. O

Proof of Theorem 2.2.2. As in the proof of [CGS23, Thm. 5.1.1], let s(n) = dimg H}, (K, TM") —

2 - dimp M (n)[m], where F = R/m. Let p = po(1). Note that p > dimp HL-(K,T(M) = s(1) + 1. By [CGLS22,
Thm 3.3.8], we can write Hx (K, W,-1) ~ Frac(R)/R® M (1)@ M (1), where M (1) is a finite torsion R-module.
Let k be a fixed integer such that

(2.7) k > lengthp(M(1)) + ind(k1) +m

(recall that & = 1 (mod m™)). In particular, HL(K,7®)) ~ R® @ M (1) ® M(1). In op. cit. we found
a sequence of integers 1 = ng,n1,...,n, € N &) (which we can actually assume to be in N@E=1) applying
[CGS23, Prop. 5.3.1] with a different choice of k) satisfying certain conditions (denoted by (a)-(g) in op. cit.),
in particular, if (sur) holds, the error term e is zero and we found:

() ind(mL,) > ind(sin);
(1) plns) < plns_1), and p(ni) = plns_1) > 1 only if po(Hk, | (K, T0V)) > 1
(g) if p(ni—2) > 1 then p(n;) < p(ni—2).
From (g), we get that p(n,) = 1, implying in particular that
Hi(, (K, TW) ~ R/mF, e, MP(n,) = 0.

Note that we do not need to assume m to be large in this case, as the proof of (B) in [CGS23] only requires
m > M and M = 0 when (sur) holds. In particular, we can take m = 1 and work with the m-torsion in the
case where the character « is attached to a height one prime ideal of A different from (p).

Moreover, by Lemma 2.2.4 and the choice (2.7), we have

(2.8) j +lengthg(M(1)) = ind(k1) < k — lengthp(M(1)) < k, j = ind(x{).
In order to prove the theorem, we need to show that ind(fig?) = M~ (k). By (2.8), ind(kn (k )) < k, so
M (n,) = ind(kn,) = ind(x)) = j
Let N7 = N2*=1 TLet i > 0 and let n € N such that .#(n) = M,yin. As M (n) > 1nd(/f£l )) by the
definition of .Z (n) and since ind(n%k)) = min{k, j + lengthr (M (n))} by Lemma 2.2.4, we have
My = A (n) > ind(k") = min{k, j + lengthx(M(n))} > j = A (n,) > My

Taking ¢ = 0, it follows that .#, » = .# (n,). Furthermore, since #,; n+ < A, p, it follows that A, 1, o =
M, o for all ¢ > 0. Hence Moo v = Mp v = M (n,). It then follows from Proposition 2.2.1 that A (k) =
Moo Nt = AM(1,p). 0

Now are ready to prove the refined Kolyvagin’s conjecture.
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Proof of Theorem B. Assume (sur), p > 3 and Conjecture 1.2.10. By the nonvanishing of EEDP(f/K), we can
choose a character & = ay, : I' — Z as in §1.1.4 with m > 37 v ordp(cgf)) + Moo (k1°°8), and such that
LIPP(f/K)(a™t) # 0. By Corollary 1.2.11 and Remark 1.2.9 we then have

(2.9) lengthy (I(W,-1/K))=2- ind (k8 () — 4z — Z ord, (c{P),
w|N

where z = v, (#H%(Qp, E[p™])) = vp(1 — ). Together with Theorem 2.2.2 for the Kolyvagin system k(o) :=
{KkHeee ()}, en, where N = N(L,,),

Moo n(K() = 3 Z ord, (cP) + 2z.
w|N
By Remark 2.1.1 we have .#, n(rk1°®) < %ZwlNordp(cgf)). If the inequality was strict, there would ex-
ist n € N such that ind(kHe®) < %waordp(cz(f)). By the congruence of Lemma 1.1.5, ind(xle®) +
2r = ind(kl*8(a)), and hence by the choice of m and the definition of .#Z. n(k()), this would im-
ply Mo n(k(a)) < %ZwlNordp(cgf)) + 2z, giving a contradiction. Therefore we have .Z p(k1°8) =
%wa ordp(cgup)) and, by Proposition 2.2.1, we find

Mo Niggos (K1) = 13 ord, (1))

w|N
0

Remark 2.2.5. Note that, conversely, the refined Kolyvagin conjecture together with Theorem 2.2.2 implies
the “anticyclotomic Iwasawa main conjecture at a,,” for m > 0, namely:

FolB/K)(am) ~p L,°F (f/K)?(orm),

where F,,(E/K) € A is any generator of chary (Xg,(E/Kw)). This follows repeating the proof of Theorem B
backwards and applying Lemma 1.2.3 and Theorem 1.2.7.

3. THE CYCLOTOMIC ANALOGUE: THE NON-TRIVIALITY OF KATO’S KOLYVAGIN SYSTEM

In this section we work with the cyclotomic Iwasawa algebra over Q. More precisely, let Q. be the unique
Zp-extension of Q, let I'g = Gal(Qoo/Q) ~ Z,, and

A = Ag = Z,[[Tq]-

3.1. The Kolyvagin system of Kato classes. We recall the construction of the Kolyvagin system of classes
Ky = k53 ¢ HY(Q, T/I1,,T) derived from Kato’s Euler system and their Iwasawa-theoretic analogues.

3.1.1. Selmer structures. Let E/Q be an elliptic curve of conductor N, without complex multiplication, and
let p{ 2N be a prime of good ordinary reduction for E. We assume

(torg) Ep]*® =Fy(¢) @Fy(¢™'w) = ¢ # 1w,

where, of course, w is the mod p cyclotomic character. This is equivalent to the assertion that E'(Q)[p] = 0
for all curves E’ in the isogeny class of E.

For a character a : I'g — R* with values in the ring of integers R of a finite extension ®/Q,,, we consider
the Gg-modules

(3.1) T, :=TyE ®z, R(a), Vo:=To@p® W, :=Ty@r®/R~V,/T,,

where R(«) is the free R-module of rank one on which Gg acts via the projection Gg — I'gp composed with
o, and the Gg-action on T, is via p, = pr ® a. Recall that as E has ordinary reduction at p, there is a
unique Gg,-stable Z,-summand Fil™(T,E) C T,E of rank one such that T,E/Fil" (T, E) is unramified. We
put Fil*(T,) := Fil" (T, E) ®z, R(«), Fil* (V) := Fil*(T,) ®g ®, and Fil" (W,) := Fil* (T.) ®r ®/R.

Let M denote any of the modules in (3.1) or a quotient T, /IT, for a non-zero ideal I C R. We define a
Selmer structure F on M to be a finite set ¥ = X(F) of places of Q containing oo, the prime p, and the primes



NON-VANISHING OF KOLYVAGIN SYSTEMS AND IWASAWA THEORY 19

where M is ramified, together with a choice of a submodule of local conditions H:(Q,,, M) C H(Q,,, M) for
every w € 3, similarly as in §1.1.1. The associated Selmer group is then defined by

180 (071000 = [T i)

where Q% is the maximal extension of Q unramified outside 3. The local conditions of interest in this setting
are the following:

e For a finite prime £ # p, the ﬁm’te (or unramified) local condition:
H}(Qp, Vo) := ker{H"(Q¢, Vo) — H'(Q}, Va) }-

e The ordinary condition at p:

H.,4(Qp, Vo) := im{H"(Q,, Fil} (Vo)) = H'(Qp, Va) }-
e The relaxed condition at ¢: H%el((@g, Vo) = HY(Qp, V).
e The strict condition at ¢: H, (Qq, Vy) = HY(Qy, Vy).

The corresponding local conditions for M € {T,,W,,T,/IT,} are defined by propagation. (Thus, for
example, HY (Qg, T) = HY(Qy, Th )tor and H! (Qr, W,) = HY(Qp, Wo)aiv.) For M =T, /IT,, with I C R a
non-zero ideal, we also consider:

e The transverse local condition at a prime £ # p is

i, (Qe, M) = ker {H' (Qe, M) — H' (Qe(pe), M) }.-
For o € {rel, ord, str} we put

1 o
HE (Qe, Vo) = Hs(Qp, Vo) if £=p,
O H%(Qp, V)  else,

and let F, also denote the Selmer structures similarly defined on T,,, W,,, and T, /IT,.

Given a Selmer structure F, and n € Z square-free and coprime to p, we define the Selmer structure F(n)
as follows:

H! ,Ty) iff | n,
H.17-"(n) (Qr, To) = ur(Qe ) |
HL(Q.,T,) if £fn.

Also, for M} = Hom(M, pipe) (so Tk ~ W,-1), we let F* be the Selmer structure on M* determined by the
orthogonal complements of HL-(Q,, M) under local Tate duality H'(Qg, M) x H*(Q, M*) — H*(Qq, pipee) =
Qp/Zyp.

We define the Bloch-Kato Selmer structure Fpx to be the Selmer structure given by H (Q¢, M) =
H}(Qg,M) for all primes ¢ and M € {T,,Vy, Wy, Ta/IT,}. Note that Ffk is just the Bloch-Kato Selmer
structure for M* = Hom(M, fipe ). From here on, we put

.
F =FBKrel, F = FBKstr-

Later on, in the proof of Proposition 3.3.1, we shall also need to consider the Selmer structure Fo;q = FBK,ord-

3.1.2. Kato’s Kolyvagin system for Ty. Let f =377 anq™ € So(To(N)) be the newform attached to E, with
associated p-adic Galois representation V; constructed as the maximal quotient of H}, (Y3 (IN), Q,(1)) on which
the Hecke operators T,, act as multiplication by a,,. After possibly replacing F by an isogenous elliptic curve,
we may suppose that the p-adic Tate module T),E is isomorphic to the Z,-lattice Ty C V¢ generated by the
image of HY, (Y1(N),Z,(1)) in V; (in other words, E is the elliptic curve denoted F, in [Wut14]).
Put T =T,FE, and let
{zn € HY(Q(1n), T)}n

be the Euler system construction by Kato [Kat04] (see esp. [op. cit., Ex. 1.3.3]). Here n runs over the positive
integers coprime to c¢dN, for a fixed pair of integers ¢,d = 1 (mod N) used in the construction of the classes z,,
and Q(u,) denotes the cyclotomic extension of Q obtained by adjoining the n-th roots of unity. For varying
n, the classes z, satisfy the following norm relations:

Zn l|n,

Q(,U'nl)
3.2 cores, Znp) =
(3.2) o) (2nt) {Pg(FI‘ObZI)Zn otherwise,
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where Py(x) = det(1 — Frob, '« | T) is the characteristic polynomial of a geometric Frobenius at /.
We outline the construction of the Kolyvagin system derived from Kato’s Euler system classes. Denote by
Lo the set of primes ¢ with (¢,cdpN) = 1. Consider

Lrp:={{eLy: =1 (modp) and ay = ¢+ 1 (modp)}.

Fix a subset £ C L, and let N' = N (L) be the set of squarefree products of primes ¢ € L. For £ € L define
the ideal

(3.3) Ii=(—1a—(—1)CZ,

and for n € N, let I,, = > o Lo Let Gy = Gal(Q(pn)/Q). The Kolyvagin derivative operator Dy, € Z[G,] at
n € N is defined by

-2
D, = H E ioy,
Ln i=1

where o is a generator of Gy. Then one easily checks that the natural image of D, 2, in HY(Q(u,), T/I,T) is
fixed by G,,, and kX2t € HY(Q,T/I,T) is defined to be its preimage under the restriction map
(3.4) HY(Q T/1,T) == H'(Q(pn), T/ 1, T)
By (torg) and our assumptions on n, the restriction map (3.4) is an isomorphism, and so kX2t is well-defined.
One can show that after a slight modification (see [MRO04, §§3.2,6.2] and [Rubll, Thm. 4.3.1]) the resulting
classes — still denoted kX2t — satisfy

Fn ™ € Hy(,) (Q, T/L,T)
and form a Kolyvagin system for (T, F, £) in the sense of [MRO04], i.e., they satisfy the finite-singular relations,
which in particular imply that

(3.5) ord(locy (kX2%)) = ord(loc, (k52*°))  for every n € N, £ € L such that £ 1 n.

n

Moreover, similarly as in the setting of Heegner points, one can show that reducing such a Kolyvagin system
modulo p* gives a Kolyvagin system for E[p*] (see [MRO4, Prop. 5.2.9 and Prop. 6.2.2]).

3.1.3. The A-adic Kolyvagin system. The Iwasawa algebra A = Z,[[I'g]] is equipped with a Gg-action given
by the character ¥ : Gg — A* arising from the projection Gg — I'g.

Let Q(up) be the extension of Qu obtained by adjoining to Q all p-power roots of unity. In light of the
norm relations (3.2), for every n € N the classes z,, define an element

Zn,00 = {ank}k € l%lHl (Q(an’“)) T) = Hl(@(:u’n)? T® ZPHGaI(Q(MPQO)/Q)H)’

where the inverse limits are with respect to the corestriction maps and the isomorphism follows from Shapiro’s
lemma. Writing Gal(Q(up~)/Q) = A x I'g and letting T = T ®z, A, we can take the projection to the
component where the action of A is trivial, obtaining classes

Zp € Hl(@(un)v T)

Since I'g is a pro-p group, the assumption (torg) implies that E(Qu)[p] = 0. Therefore the same construc-
tion as above gives classes
khe e HY(Q, T/I1,T)
that form a Kolyvagin system for (T, Fa,L), where Fa is the Selmer structure given by H_]j:A (Qe,T) =
H'(Qg, T) for all £ € X (see [MR04, §§5.3,6.2]).

3.1.4. Kolyvagin system for cyclotomic twists. We are interested in the image of this system in the cohomology
of Ty, for characters a : I'g — Z; with a =1 mod p™ and m > 0.

For any a : I'g — Z,', B = (v — a(y)) is a height one prime ideal of A such that the completion of A/ is
Z,. Composing ¥ : Gg — A* with the natural map A — A/*P recovers the character a. By [MRO04, §5.3] (see
in particular Corollary 5.3.15 in op.cit.), the image of the Kolyvagin system {xKa%°} s via the natural map
T — T, specializes to a Kolyagin system

{kn (@) hnen
for (Tip, F, £). The following is the analogue of Lemma 1.1.5, and is proved in the same manner.

Lemma 3.1.1. Suppose a =1 (modp™). For alln € N we have kK% (a) = kK&t (mod p™).
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Finally, to conclude the parallel with §1.1.3, we recall the result on the nonvanishing of rXat°

by the previous lemma, of kX% (a,,) for m > 0.

and, therefore,

Theorem 3.1.2 (Kato—Rohrlich). For m > 0 and any o = 1 (mod p™), the class kX% (a) is nonzero.

Proof. This follows from a combination of Rohrlich’s results [Roh84], implying the nonvanishing of the Mazur—
Swinnerton-Dyer p-adic L-function Ef,/ISD (E/Q), and Kato’s explicit reciprocity law [Kat04, Thm. 16.6] (which
we recall in the next section) relating £ with £YSP(E/Q) . O

3.2. Cyclotomic Main Conjecture and results.

3.2.1. The p-adic L-function. We recall the existence of the cyclotomic p-adic L-function attached to E. Given
a modular parametrisation g : Xo(IN) — E, we denote by cg € Z the corresponding Manin constant. Let
wg be a minimal differential on E. Pick generators 6% of Hy(E,Z)*, and define the Néron periods QE by

Qg = / wWEg.
e

We normalize the §* so that Qf; € Rog and Qf, € iR>. We also let a;, be the p-adic unit root of 22 —a,(f)z+p,
where a,(f) is the p-th Fourier coefficient of the modular form f attached to E.

Theorem 3.2.1 (Mazur-Swinnerton-Dyer [MSD74], Wiithrich [Wut14]). There exists an element LYSP(E/Q) €
Ag such that for any finite order character x of I'g of conductor p”, we have

p" L(EX,1) 1
P, if r >0,
[£MSD (| — T o
» o (E/Q)(x) (1_%1)2%{%1) ifr=0,

where 7(X) = >4 mod pr X(a)e*™/P" s the usual Gauss sum.

3.2.2. Kato’s explicit reciprocity law. Kato defines in [Kat04, §13.9] a modification z(f()) of the class kX#t° with
v =4(f,1,€) in the notations of op. cit., where £ € SLy(Z) is the auxiliary matrix used in the construction of
Kato’s Euler system. More precisely, he first defines

2 € H'(Q T © Z,([Gal( Q) /Q)])) © Qy

by multiplying {2, }1 by some factors depending on the auxiliary integers ¢, d and by the Euler factors at the
bad primes, and z,(f 2) € H'(Q, T) ® Q, is defined to be the projection to the trivial component for the action
of A. Kato’s explicit reciprocity law [Kat04, Thm. 16.6] then relates zﬁf% to /J%ASD (E/Q), possibly up to some

power of p accounting for the different periods (which depend on the choice of £). In particular, Kato’s result
implies (see [Rub98, Cor. 7.2]) that the natural image of £KX2*° under the Coleman map

Coly : HY(Q,, T) — A,
where H(Q,,T) := Hl(Qp,T)/Hl(Qp,Fﬂ;‘T ®z, A), is related to an imprimitive variant of [ﬁg/ISD(E/Q).
More precisely, taking ¢, d to be Z 1 (mod p), there exists t; € Z depending only on E such that
(3.6) Colo (locs (k5™€)) ~p p' [[(1 = act ™77 1) LYSP(E/Q),
oN
where 7y, denotes the image of the arithmetic Frobenius at £ in I'g.

In particular, specialising at cyclotomic characters, we can obtain the following result.

Lemma 3.2.2. Let a : I'g — Z, be a crystalline character with Hodge—Tate weight n < 0 with n = 0
(mod p — 1) and such that o = 1 (mod p™). Then there exist integers M € Z~q and h € Z, both independent
of a, such that if m > M then LYSP(E/Q)(a™!) # 0 and

# (Lp/ L3P (E/Q)(a7)) 9"~ #(H(Qp, Ta) /2y - locs (517°(0))),

where HY(Qy, T,) := % and locs is the composite of the localisation map loc, : HY(Q, T,) — HY(Qp, Tw)
ord\ =t

and the natural quotient map.
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Proof. This follows from a similar argument as in Lemma 1.2.3. Indeed, the map Coly, is an isomorphism in
our setting (see [Kat04, Prop. 17.11]), and we claim that the specialization map H!(Q,, T) — HL(Q,, T,) is
surjective. From the definitions we have a commutative diagram with exact rows:

0 —— H}(Q,, T) — HY(Q,,Fil T) —>= H%(Q,,Fil' T)

la | |
0 — H!(Qp, To) — HY(Q,, Fil T.,) —> HX(Q,, Fil' T2,),

where we have written Fil*T for Fil*T ®z, A. The vertical arrows are the natural specialization maps. By
Tate’s local duality, H?(Q,, F*T) is dual to

HO(Qy, Fil' T ©z, A*) = H(Quo . E[p™]) = E(F,) [,

using that Q. ,/Q, is totally ramified for the last equality. The same argument shows that H?(Q,, FiltT,)
is dual to E(F,)[p™] and it follows that c is an isomorphism. So replacing the right-most column with the
images of the maps d and e yields a commutative diagram with short exact rows and columns and with the
right-most arrow an injection. Applying the snake lemma to this diagram then yields coker(a) ~ coker(b). The
latter cokernel is given by H2(Q,, Fil™T)[y — a(y)], which is dual to H®(Qs p, FTE[p™>])/(y — a(y)). Since
the Qp ,-rational p-torsion in the formal group of E is trivial for all n, this shows that b is surjective and hence
that a is surjective, as claimed.

Now setting h := {1 + to where 5 := >,y ordy(1 — agl™1'), and noting that > g ordp (1 — alta(y, ) is
equal to to for m sufficiently large, (3.6) yields the result. O

Remark 3.2.3. Note that crystalline characters satisfying the assumptions of Lemma 3.2.2 are just the
characters €”, n > 0 an integer such that n =0 mod (p — 1), for € the p-adic cyclotomic character.

3.2.3. Rational cyclotomic Main Conjecture. The Pontryagin dual AY is equipped with a Gg-action via the
inverse of the character ¥ : Gg — A* arising from the projection Gg — I'g.
Let M =T,E ® A, and put

Hera(Qp, M) = im{H'(Qy, Fil" (T, E) ® AY) — H'(Qp, M)},
where Fil™ (T, E) = ker{T,E — T,E} is the kernel of reduction. The ordinary Selmer group Hy (QM)is

H'(Qy, M)) }

H! M) := ker{ H(Q*/Q, M HY(Qup, M) x ——=2 "/
b @M =@/ M) [T BQuM) x (0

weT,wip
and we write Xopq(F/Qo) for its Pontryagin dual.
We recall the statement of the Iwasawa Main Conjecture formulated by Mazur in [Maz72].

Conjecture 3.2.4. The module Xoa(E/Qx) is A-torsion, with
chary (Xora(B/Qoo)) = (£,"°P(E/Q))

as ideals in A.

In the following, we shall refer to the statement of Conjecture 3.2.4 with A replaced by A ® Q, as the
rational cyclotomic Main Congecture. Tt follows from the results of [Sch87, PR89] that this is invariant under
isogenies.

The first cases of Conjecture 3.2.4 were proved by Rubin [Rub91] when E/Q has complex multiplication. In
the non-CM case, the conjecture was proved in [Kat04, SU14] (residually irreducible case) and [Kat04, GV00]
(residually reducible case) under mild hypotheses. More recently, we have the following.

Theorem 3.2.5. Suppose p > 2 is a prime of good ordinary reduction for E.

(i) If E[p]*® = Fy(¢) @ Fp(v) as Gg-modules with ¢|g, # 1,w, then Conjecture 3.2.4 holds.
(ii) If E[p] satisfies (irr), then the rational cyclotomic Main Conjecture holds.

Proof. This is shown in [CGS23] in case (i), and in [Wanl15] in case (ii). O
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3.3. Nonvanishing of Kato’s Kolyvagin system. In this section we prove Theorem C in the Introduction.
The key ingredients are:

(1) The nonvanishing of kX8 (Theorem 3.1.2)

(2) For a character o : Tg — R* sufficiently close to 1, an estimate on the divisibility index of kX*°(a) in
terms the length of the dual Selmer group and the Tamagawa factors of E (Proposition 3.3.1 below).

(3) A Kolyvagin system bound with controlled error terms (Theorem 3.3.3 below).

The cyclotomic Main Conjecture® enters into the proof of (2). With these ingredients in hand, the proof of
Theorem C proceeds along similar lines as in §2.

3.3.1. Cyclotomic control theorem. As above, we consider the Gg-modules
To:=ToE ®z, Zp(a), Vo:=Ta®z,Qp, Wy:i=Ts®z, Qp/Z,
for a character a : I'g — Z, . Recall that we set F = Fpx rel and F* = FBK st:-

Proposition 3.3.1. Let M be as in Lemma 3.2.2, and suppose o : I'g — Z, is such that « =1 (mod p™) for
m > M (so in particular EMSD(E/Q)(Q_l) # 0 and LIMSD(E/@)(Q) #0). If Conjecture 3.2.4 holds then

lengthp (Hx. (Q, Wy-1)) + Zord (co(a™)) +2t3 + h = [H=(Q,T,) : Z,, - k5 ()],
ON

where co(a™t) = #HL (Qp, Wo-1), t3 = ord, (#H®(Q,, E[p™])), and h = t1 + t2 is as in Lemma 3.2.2.

Proof. Poitou—Tate duality gives rise to the exact sequence

locy,

(3.7) 0= Hp(QWy1) = Hr (QW,-1) — HL4(Qp, Wy-1) LN H3(Q,T.)Y — Hy, (Q,T,) — 0.

By the cyclotomic Main Conjecture and Mazur’s control theorem, the nonvanishing of E;YISD (E/Q)(a) and
EMSD(E/Q)( ~!) implies that H} (Q,W,-1) and Hy _(Q,T,) are both finite. From (3.7), it follows that
H}* (Q, W,-1) is also finite, and that HL(Q,T,) has Z,-rank one; since the latter is torsion-free by (torg),
we have in fact H%-(Q, T,,) ~ Z,. Moreover, by local Tate duality the map f3 is identified with the Pontryagin
dual of the natural map

H'(Qp, Ta)

locs : HY(Q, T, H(Q,,T,) = — 22—/
OCgq _7-'(@’ a) — s (Qp) ) Hérd (Q, Ta) )
and from the above we see that locs has finite cokernel, with

(3.8) #im(loc,) = #coker(locs).

Since by Lemma 3.2.2 the class k¥%°(«) € HL(Q,T,) is nonzero and has non-torsion image in H.(Q,,T,),
we find

[H3(Qp, Ta) : Zp - locy (k0 ()] _ #(Zp/ L (E/Q)(a) - "

[HF(Q,Ta) : Zp - 65 (a)] [H3(Q,To) : Zp - 65 (a)]

On the other hand, letting Fr € A be a generator of charp (Xo:da(E/Qx)), by a variant of [Gre99, Thm. 4.1]
incorporating the twist by a with m > 0, we have

(3.9) #coker(loc,) =

#Zp/(]:E(Ofl)) #H]-‘ ord (Q, Wy-1) HCZ #HO(Qpa [p ]))2
(3.10) an
p#HP(Q, w—1) - #coker(locy) - ch (#HO(QP7 [p ]))2,
ON

using (3.7) and (3.8) for the second equality. Since Conjecture 3.2.4 implies

#Lp/(Fo(a™h) = #2,/ (L, (E/Q)(a™))
the result now follows from (3.9) and (3.10). O

We have the following analogue of Lemma 1.2.8.

3In fact, as will be clear from the proof, the “lower bound” on the size the Selmer group predicted by Conjecture 3.2.4 (or its
rational version) suffices for the application to nonvanishing.
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Lemma 3.3.2. Assume that a : g — Z, is such that a = 1 (modp™), and £ { p is a finite prime. Then
co(@) = ¢p (mod w™), where ¢y is the p-part of the Tamagawa factor E at L.

Proof. The proof is exactly the same as the one of Lemma 1.2.8. O

Thus taking o : I'g — Z, as in Proposition 3.3.1 sufficiently close to 1, from Lemma 3.3.2 we arrive at

(3.11) length (Y. (Q, Wa 1)) + 3 ordy(cg) + 1 = ind(k5° (), H(Q, To),
¢N

Where h/ = tl —+ tQ —+ 2t3.

3.3.2. Kolyvagin system bound. The last ingredient we need is the following extension of [MR04, Thm. 5.2.2].
For a positive integer e we put

,CE',@ = {E el : I, C pezp},
where I, C Z, is as in (3.3).
Theorem 3.3.3. Suppose L C Lg satisfies L. C L fore> 0. Let a:T'g — Z,; be a cyclotomic character
such that « = 1 (mod p™). Suppose that there is a collection of cohomology classes

{Fn € Hl(QaTa/InTa) T ne N}
with 1 # 0 and that there is an integer t > 0, independent of n, such that {p'Fy, tnen € KS(Tw, F,L). Then
HL(Q,T,) has Z,-rank 1, H%. (Q, W,-1) is finite, and there is a non-negative integer £ depending only on
T,E such that
lengthp (Hx. (Q, W,-1)) < ind(&;) + &,
where ind (k1) = lengthy (H%(Q,T.)/Zy - F1).
Proof. By the same argument as in the proof Theorem 1.3.1, the result for ¢ = 0 easily implies the result for

any ¢ > 0, so it suffices to prove the former. Under hypothesis (sur), the result is shown in [MR04, Thm. 5.2.2];
the proof in the general case is given in §3.4 (see Theorem 3.4.1). d

Granted the results in §3.4, we are now ready to conclude the proof of Theorem C.
Proof of Theorem C. Arguing by contradiction, we assume that k,, = 0 for every n € N, and take ¢ such that

t> ZOI’dP(Cg) +E+ N,
(N

X

where £ and h’ are as in Theorem 3.3.3 and (3.11), respectively. Take a : I'g — Z), o = 1 (modp™), as
in Proposition 3.3.1, with m > ¢ and such that (3.11) holds. Then, letting N' = N (L,;,), from Lemma 3.1.1
we deduce the existence of a collection of cohomology classes {Fy, o € H'(Q,To/I,Ta)}nen defined by the
relation p' - &, o = kK2%°(a). By Theorem 3.1.2 and Theorem 3.3.3 we obtain

lengthy, (Hj- (Q, Wa-1)) < ind(k{**(a), Hx(Q, Ta)) — t + &,

which by our choice of ¢ contradicts (3.11). This concludes the proof of Theorem C assuming Conjecture 3.2.4.
A straightforward modification of the above argument leads to the same conclusion just assuming the rational
anticyclotomic Main Conjecture. O

Remark 3.3.4. Denote by .ZX° the divisibility index of {xK2*°}. Similarly as in the proof of Theorem B,
the above argument combined with Mazur-Rubin’s structure theorem for Hx. (Q, W,-1) in terms of kK#t°(q)
(see [MRO4, Thm. 5.2.12]) shows that under the following hypotheses:

(i) (sur) holds (so that £ = 0 in Theorem 3.3.3),
(ii) h =0 in the notations of Lemma 3.2.2,
(iii) ap # 1 (mod p) (so that E(Q,)[p>] =0 and t3 = 0 in the notation of Proposition 3.3.1),

if Conjecture 3.2.4 holds, then
(3.12) AE O = Zordp(cz),
(N

confirming [Kim22b, Conj. 1.10]. In particular, by the cases of Conjecture 3.2.4 established in [BCS23], (3.12)
holds under the following hypotheses in addition to (i)-(iii): p > 3 and there exists an element o € G fixing
Q(upee) such that T'/(c — 1)T is a free Z,-module of rank one.
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3.4. Extension of Mazur—Rubin’s Selmer group bound. In this section we prove Theorem 3.4.1 below.
The result extends [MR04, Thm. 5.2.2] and might be of independent interest.

Let R be the ring of integers of a finite extension of Z, with maximal ideal m and uniformiser @ € m. Let
a:Tg — R* be a cyclotomic character such that « =1 (modm), and put

T = T,E @z, R(c).

As above, we put F = FBK rel, & = FBK,str, and let £ C L be a set of primes with Lg . C £ for e > 0. We
also put N = N (L).

Theorem 3.4.1. Let E/Q be an elliptic curve without complex multiplication, and let p be an odd prime of good
reduction for E such that E(Q)[p] = 0. Suppose that there is a Kolyvagin system t = {kn }nen € KS(T, F, L)
with k1 # 0. Then H%(Q,T) has R-rank one, H%.(Q,T*) is finite, and there exists a non-negative integer £
depending only on T,E and rankz, (R) such that

lengthp(HY. (Q,T%)) < ind (k1) + &,
where ind(r1) = lengthp (H%(K,T)/R - k1). Moreover, £ =0 if (sur) holds.

As preparation for the proof of Theorem 3.4.1, we collect some preliminary results from [MR04, §4.1], whose
proof applies verbatim under the assumption E(Q)[p] = 0.

Lemma 3.4.2. Let k>0 and T™) = T/mk. For everyn € N and 0 < i < k there are natural isomorphisms

and

i wh ! ; . . i .
induced by the maps T /m'T*) Z— T®)[m?] — TF) and the inclusion T*[m?] < T*, respectively.

Proof. This is [MR04, Lem. 4.1.1]. O

Theorem 3.4.3. For every k > 0 and n € N, we have
Hy () (Q. T/m") = R/m" & HE,). (Q, T"[m"]).

Proof. Since our Selmer structure F has core rank x(T', F) = 1 in the sense of [MR04] (see [op. cit., Prop. 6.2.2]),
the result follows from [MR04, Thm. 4.1.13]. O

By assumption the elliptic curve does not have CM, so there exists 7 € Gg such that V,E/(t —1)V,E ~ Q,

1x

since it follows by Serre’s open image theorem [Ser72] that (O 1) is in the image of pg for some 0 # = € Z,,.

We fix 7 such that pg(7) = ((1) 1”) with ¢/ := v,(z) = min,, {m : ((1) ﬁ‘) € Im(pg),vp(y) = m}. In particular, we
have
(1) Tiupeo =1 and T E/(r = 1)T,E ~ 7, & Zp/pt/.
Note that, since the first condition implies Tlg, = 1 and « is a character of T'g, we also have T/(r — 1)T =~
R® R/m', where t = t' - rankz R.
Let £(®) be the set of Kolyvagin primes “mod m*”, that is, the primes £{ Np in £ such that
(i) T/(m*T + (Frob, —1)T) ~ R/m* @ R/m™ir{kt}
(ii) I, = (¢ — 1,det(1 — Frob, |T)) C mF.

Note that we can then see the reduction modulo m* of the Kolyvagin system for 7" yields a Kolyvagin system
for (T/m*T, F, L") given by classes K e Hl}-(n)(Q,T/ka) for n € N = N(L£LF),
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3.4.1. The Cebotarev argument. We recall the definitions of the error terms Cy, Co of [CGLS22, §3.3.1]. For
U =17, Nim(pg) let
Cy :=min{v,(u —1): u € U}.
As U is an open subgroup, C; < co. Recall also that Endz, (T, E)/pr(Zy|Gql) is a torsion Zy-module and let
Cy :=min{n > 0: p" Endz, (T, E) C pr(Z,[Gq])}.

Let d = rankz, R and

e:=d(C;+ Cy+t')=d(Cy + C3) +t,
where ¢’ is determined by the choice of 7 in (7). For a finitely-generated torsion R-module M and z € M, let

ord(z) := min{m > 0: @™ - x = 0}.
The following result is the analogue of [CGLS22, Prop. 3.3.6].
Proposition 3.4.4. Let k > e and consider two classes co € HY(Q, T™®)) and ¢, € HY(Q, (T™)*). Then there
exist infinitely many primes ¢ € L% such that

ord(loce(c;)) > ord(c;) —e, i=0,1.
Proof. Let Ték) =T,E® R/mF ~ (TI(;))* and let L be the fixed field of the action of Gg on Tgﬁz). Since

Q(ppr+2) C L, we have that Qr+1 C L, where Q,x+1 is the subfield of Q. such that Gal(Que /Qpr+1) =~ ph iz,
We claim that a|Gal(Qm/ka+l) =1 mod m*, which in turn implies

(3.13) alg, =1 mod m".

The claim follows from the assumption « = 1 mod w. If v is a topological generator of I'g, we need to
. k+1 .

show that a(y)?"" =1 mod w*. Since a(y) = 1+ wz for some z € R, a(y)?"" =1+ Zf; (pkjl)(w:v)’.

Since ordp((pkjl)) = k+1—ord,(:), we find ordw((pkjl)wi) > (k+ 1)ordg(p) — (orde(p) — 1)(ord, i) >
(k4 1)ords(p) — (ordw(p) — 1)(k + 1). The claim follows.
We therefore have the following identifications

(3.14) HY(L,7®) = Hom(G, TY)(®) ¢ Hom(G, ),
(3.15) H'(L, (T™)*) = Hom(G, TS)® ") ¢ Hom(Gp, TY),

where the superscript (a®!) denotes the submodule on which Gg acts via a®!. Tt then follows from [CGS23,
(5.3)] that p©* annihilates H' (Gal(L/Q),T®)) and H!(Gal(L/Q), (T®))*) and hence, using the identifications
3.14),(3.15), we have

(3.14),
(3.16) P ker (HY(Q, T™) = Hom(Gy, ) =0,
(3.17) P ker (HY(Q, (T™®)*) - Hom(G, T")) = 0.
We now consider the images of the ¢; under the following natural maps
HY(Q, M) —— Hom(Gy, Ty —— Hom(Gp, T /(r — 1)T)
cit fi Jis

where M = T®) or (T(®))* for i = 0 or i = 1, respectively, and the second map is induced by the projection
T](Ek) — T]E:k)/(T - l)T]gk). By the definition of Cs, the image of f; contains p©2 End(T,(E)) - fi(Gr). Since
ord(f;) > ord(¢;) — orde (p)Cy by (3.16), , it follows that, letting d; = ord(¢;) — e,

(3.18) R-fi(G) > w41
Let J; = {y € G, : ord(f;(7)) < d;)}. This is a subgroup of G,. We find
R- fi(J;) C wk_(d"'_l)TgC) + (r— 1)Tg€) - wk_d"Ték),

where the last inclusion follows from the fact that T}(Ek) /(1T — 1)TJ(Ek) ~ R/m*F @ R/m!; it must be strict, because
if not (7 — l)T)(Ek) = wk_diT,gk) and this implies & = ¢t. Combined with (3.18), this shows that J; C G, with
index at least p. Now consider

Bi ={y € Gr:ord(fi(y7)) < di)}.
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Note that, since v € G, acts trivially on T}(Ek), fi(y1) = fi(v) + fi(7). Therefore for any v, € G, we have
fi(v™Y) = —fi(y7) + fi(y/7). Tt follows that B; is a coset of J;. Since both J; and Jo have index at least p
in Gp and p > 2, we have shown

there exists v € G, \ (B1 U Ba).

Fix a choice of such a v. We now let ¢ { Np be any prime such that both ¢;s are unramified at ¢ and the
conjugacy class of Frob, in Gal(L'/Q), where L’ is the compositum of the fixed fields of the kernels of ¢; and
co restricted to Gr. The Cebotarev density theorem implies there are infinitely many such primes. By (3.13)

and the fact that G, acts trivially on Tgc), Froby acts as 7 on T*) | therefore by (7), we obtain

(i) T®*) /(Frob, —1)T*) ~ R/m* @ R/m* and det(1 — Frob, |T) = det(1 — 7|T) =0 mod mF;

(i) €= Xeye(Froby) = Xeye(y7) = det(pg)(y7) =1 mod m*.
In particular we have shown ¢ is a Kolyvagin prime for T(®), that is, ¢ € E%). Moreover, since cg,c; are
both unramified at ¢, we have loc,(¢;) € H}(Q,Ték)) o~ T]gk)/(Frobg —1)Tg€) ~ R/m* @ R/m!, where the
first isomorphism is given by evaluation at Frob, and the second one follows from (i) above. In particular,

ord(loce(c;)) equals the order of ¢;(Froby) = f;(y7), which, since v € G \ (B1 U Bs), is at least d;, concluding
the proof. O

Remark 3.4.5. Recall that, as it can be seen from the proof of [MR04, Thm. 4.1.13], the isomorphism of
Theorem 3.4.3 is not canonical. Therefore if we take c; to be a class generating R/m” in H;-(n) (Q,T7™) and

cy € H}m(n)(Q7 T®*)), even though we have (non-canonical) isomorphisms H}(Qy, (TM)*) ~ R/m* @ R/mt ~
H} (Qg, T™), with £ f n, the Chebotarev result does not assert some “linear independence” of the localisations
of the classes.

As warm up for the proof of Theorem 3.4.1, we first prove the following weaker result.

Proposition 3.4.6. Assume rankz, (H-(Q,T)) = 1 and let s; = ind(k1,H%(Q,T)). For k > 0 chosen so
that k > m + s1 + 2e, m*T2¢HL (Q,T*) = 0.

Proof. Choose k > s1 + 2e such that the image of k1 in Hl}-(Q, T(k)) is non-zero and has index s;. Then there
exists ¢y € H}(Q, T(k)) of order exactly k such that w®'cy = k1. Let us write
HE:. (Q, (T @R/w iy, dy>dy > > d.
This is a cyclic-module decomposition with factors of the indicated lengths d;. We apply Proposition 3.4.4 to
the classes cg, ¢; to find a prime ¢ € £#*) such that
ord(loce(cg)) > k —e, ord(loce(cr)) > dy —e.

Recall that H} (Qg, T™) and H} (Q¢, (T™)*) are isomorphic to R/m*F @ R/mt. If d; < 2e, then the statement
holds trivially. We assume d; > 2e > t. Then we have

0= HY.(Q, (TM)) = B3 (@ (T®)") 224 R/m® @ R/m® 50, ' >di—e,a<t,

0 — HL(Q,T®) - HL(Q,7®) 2% R/mb— @ R/m® -0, 2> d <t,

where the second exact sequence is obtained from the first one by global duality. Recall that k, € Hl}.[ (Q, T(k))
and that we cannot have ord(locy(x¢)) < @', since this would contradict the assumption & > m + s; +2e. Then
by the Kolyvagin system relation (3.5) and the assumptions above, we obtain

k—(dy —e) > k—x>ord(locs(ke)) = ord(locy(k1)) = ord(loce(ww® ¢g)) > k — s1 — e,

which proves exp(H%. (Q, (T™))*)) = d; < 51 + 2e. O
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3.4.2. The proof of Theorem 3.4.1. The proof follows the same lines of the proof of [CGLS22, Thm. 3.2.1]
and [CGS23, Thm. 5.1.1]. In particular, exactly as in op. cit., one reduces to proving that, for k big enough,
there exists £ depending on E and rankz, R, but not on « or k, such that

(B) 51+ € 2 length (k. (Q, (T™)")).

In order to prove this, we will inductively choose Kolyvagin primes in £*) by repeatedly applying Proposition
3.4.4. We will abbreviate Hj ) = H%(,,(Q, T®)) and Hl}-*(n) =Hr. (@, (T™,)*) for any n € N'®). We let

and we write
s(n)
rrrl
HY. () = @ R/m® M=) where dy(Hy. () > do(Hy- () > -+ = dy(n) (HEe,,))-

i=1
Let
s=s(1)
and note that this depends only on F in view of Lemma 3.4.2 and the assumption o = 1 mod m. For any
x>0, let
pe(n) = 40  di(Hhe i) 2 7}, pim pase(1) = #{i : di(HL.) > Bse).

We will find sequences of integers 1 = ng,n1,...,n, € N®) such that

(a) s(ni—1) —2 < s(n;) < s(ni—1) + 2;
(b) t+d;(HL ( o) = di+1(H.17~'*(n,3,1)) for 1 <i < pi(ni_q) — 1;
(c) lengthp(HY. ) <lengthp(Hj., ) —di(Hx., )+ 3¢

(d) ord(kn,;) > ord(kn,_,) — €;

(e) ind(kn,_,) > ind(kn,) + dy (H]_-*(n ) — 36

(f) pz(ni) > past(ni—1) — 1, for any x > 0.
In particular, applying (e) repeatedly, we find

p
(3.19) 51> ind(kn,) + di(HE.) —3e > -+ > ind(ky, ) + Z dy (Hlf*(mfl)) — 3pe.
i=1

Applying (f) repeatedly, starting with i = j — 1 and « = 3se — (j — 1)t = 3sd(Cy + C2 +1t) — (j — 1)t (which

is bigger than t as j < s), we find, for 1 <h < j—1,
Pz(Nj—1) = prrt(nj—2) =1 > > poype(nj—n—1) —h > 2 ppr-1e(1) = (G -1 =p(1) —(G—-1) > L.

In particular, 1 < pyy+(n;—2)—1 < pi(n;—2) —1 and, more generally, forany 1 <h < j—1, h < py(nj_p—1)—1.
We can therefore apply (b) to deduce

di(He () 2 do(Hpe(y, o)) =t > 2 dp(Hpug,, ) = (h= 1)t > dppi(Hpeq,, ) —ht >
>d;(HE) — (5 — Dt
Combining this with (3.19), we find
s1+3pe+ (s — )3$e—|—tp(p 1)>1nd,‘$n +Zd1 H}-*( o) =1 Zd (HL.)
1=1 i=p+1
> ind(kn,) + Y di(HE.) + Z d;(HL.) > length p(HL.).
i=1 i=p+1

Since 3pe + (s — p)3se + tp(pgl) is bounded above by 3(s? + s)e + ts(s — 1), which depends only on E and
rankz, R, we have proved the desired inequality (B).

We now prove the existence of such integers by induction. Assume we have found integers n; for i < j
satisfying (a)-(e) (note that for ng = 1 these conditions are vacuously satisfied). By Theorem 3.3.3, we can
write

Hy(, )= R/m" - co ® Hp. ().
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Similarly as in the proof of Proposition 3.4.6, we apply Proposition 3.4.4 to ¢g and the class ¢; generating the

1
R/mdl(HJr *)) summand of H}:*(”j) to obtain a prime ¢ € £*). We obtain the following exact sequences

(3.20) 0= Hx,), = Hr,) oot Rimbe @ R/mf -0, a<e f<t,

(3.21) 0= Hi.(, ), = Heo( ) = R/m® @ R/md =0, o' >di(Hk., ) —e,g' <t.
By global duality applied to the above exact sequences, we get respectively

(3.22) 0= HL. (), = Hroy o 2 R/m* @ R/m -0, o <a,f <t

(3.23) 0= Hx, ), = Hr o RimbT @ R/m? -0, x>1a,9<t,

We claim (a)-(f) are satisfied for nj;1 = njf. The proof is similar to the one in [CGLS22, §3.3.3], but
it is simplified by the fact that here the image of the localisation is almost cyclic (i.e., it is cyclic after
multiplication by w?, rather than being of rank two over R/m*) and, moreover, the “torsion part” of H}(nj) is
itself a Selmer group (namely Hé_-* (n,»)) thanks to Theorem 3.3.3, and hence we can control better the behavior
of the localisation (compare the exact sequences (3.20),(3.21),(3.22),(3.23) to [CGLS22, (3.16),(3.17)]).

Using [CGLS22, Lem. 3.3.9] applied to (3.21) and (3.22) and the fact that H5[m] ~ H§(Q,T) for all the
Selmer groups involved (thanks to Lemma 3.4.2), we obtain (a). One easily obtains (¢) combining again (3.21)
and (3.22).

In order to prove (b), we note that applying [CGLS22, Lem. 3.3.9] to the first inclusion in (3.22), we find
d; (Hl}-*(nj)g) < di(Hlf*(nje)) for 1 <i < s;(n;), where we let dsi(nj)(Hlf*(nj)e) = 0 if the number of summands
of H}T*(nm is smaller than s(n;), which happens if and only if IOCg(H_lp(nj)[m}) # 0. From (3.21) we obtain
the exact sequence

0= Ci= (Hy. (), Np'HE. () = pHE () =5 R/m™ ™" = 0,

n;)

We then let My ~ p* - R/mdio(HF*“’i)) be the summand of ptH;-*(nj) surjecting into R/m* ~*. By (3.21)

we then have a surjection C — ptHL, /My ~ el R mbHre )=t Dually, we obtain an injec-
F*(nj) i#io
, (HL _
tion @f;(iZJ)R/mdz(HF*(nj)) by oo Hlf*(nj)l, to which we can apply [CGLS22, Lem. 3.3.9] to obtain
di(Hlf*(nj)g) > di(Hlf*(nj)) if i <igand t+ di(H}T*(nj)[) > dz‘+1(H}:*(nj)) if ig < < pi(n;) — 1. In particular,

we obtain
dZ(H.17-'*(n]£)) +1 2 d’i(H.l}'*(n]-)e) Z diJrl(H.lF*(nj)) for every 1 S ) S pt(TLj) — ].7

which yields (b) for ¢ = j + 1. This inequality for ¢ = py4+(n;) — 1 also yields (f).
It remains to show (d) and (e). The proof is very similar to the proof of (d) and (e) in [CGLS22, §3.3.3],
and we leave the details to the reader.
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