MAZUR’S MAIN CONJECTURE AT EISENSTEIN PRIMES
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ABSTRACT. Let E/Q be an elliptic curve and let p be an odd prime of good reduction for E. Assume that E
admits a rational p-isogeny ¢ : E — E’, and let ¢ : Gg — ]F;; be the character by which Gg acts on ker(y). In
this paper, we prove the Iwasawa main conjecture for E, as formulated by B. Mazur in 1972, when d)\gp # 1w,
where G, C G is a decomposition group at p and w is the Teichmiiller character.

Two key innovations in our proof are a Kolyvagin system argument for the Selmer group of E twisted by
anticyclotomic Hecke characters arbitrarily close to the trivial character, and a congruence argument exploiting
Beilinson—Flach classes and their explicit reciprocity laws.
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1. INTRODUCTION

Let E be an elliptic curve over Q, and let p be an odd prime of good reduction for E. In the early 1970s,
motivated by Iwasawa’s theory for the p-part of class groups of number fields in Z,-extensions, Mazur initiated
a parallel study for the arithmetic of E over the cyclotomic Z,-extension Qo /Q. In particular, in [Maz72] he
proved a foundational “control theorem” for the p-primary Selmer group Sel,(E/Qs ), viewed as a module
over the Iwasawa algebra Ag = Z,[Gal(Qo/Q)], and formulated an analogue of Iwasawa’s main conjecture,
expressing the characteristic ideal of the Pontryagin dual of Xo.4(E/Qox) = Sely=(E/Qo)Y in terms of the
p-adic L-function attached to E by the work Mazur—Swinnerton-Dyer [MSDT74]:

(MC) cha, (Xora(E/Qo0)) = (LYSP(E/Q))

(see [op. cit., Conj. 3]). By the Weierstrass preparation theorem, conjecture (MC) can be viewed as the equality
between two integral p-adic polynomials attached to E, one by means of the arithmetic of F (i.e., its Mordell-
Weil and Tate-Shafarevich groups) over Qo and the other by means of the modular symbols associated with
E (available thanks to its modularity [Wil95, TW95, BCDTO01]), encoding the special values of the Hasse—Weil
L-function of E twisted by finite order characters of Gal(Q./Q).

The main result in this paper is the proof (under a mild hypothesis) of Mazur’s main conjecture (MC) when
p is an Fisenstein prime for E, meaning that £ admits a rational p-isogeny. In other words, we consider the
case where E[p] is reducible as a module over the absolute Galois group Gg = Gal(Q/Q), so that

E[p]*”® = F(¢) @ F(¢)

as Gg-modules, where ¢, : Gg — F* are characters whose product ¢ = w is the mod p cyclotomic character.
(In the non-Eisenstein case, conjecture (MC) was proved under mild hypotheses in [Kat04, SU14, Wan15].)

Theorem A. Let E/Q be an elliptic curve, and let p > 2 be a prime of good reduction for E. Suppose that p is
FEisenstein with ¢|g, # 1,w, where G, C Gq is a decomposition group at p. Then Xord(E/Qu) is Ag-torsion
with

cha, (Xora(E/Qx)) = (L3P (E/Q)),

and hence Mazur’s main conjecture holds.

In the setting of Theorem A, Kato proved [Kat04] that Xo.q(E/Q) is Ag-torsion and that its characteristic
ideal contains Eg/[SD(E /Q) after inverting p. This ambiguity of powers of p was subsequently removed by
Wiithrich [Wut14]. On the other hand, in a foundational paper [GV00], Greenberg—Vatsal proved conjecture
(MC) for Eisenstein primes p under the assumption that

unramified at p and odd, or

ramified at p and even.

(GV) ¢ is either {

Under this hypothesis, they could show that both Xora(E/Qsc) and LMSP(E/Q) have vanishing p-invariant by
building on the work of Ferrero-Washington [FW79] and Mazur-Wiles [MW84], thereby reducing their result
on (MC) to a delicate comparison of Iwasawa A-invariants.

Without hypothesis (GV), the situation is known to be more complicated. Indeed, Greenberg showed that if
E[p>] contains a Gg-invariant cyclic subgroup ® of order p™ which is ramified at p and odd, then Xorq(E/Qoo)
has p-invariant > m (see [Gre99, Prop. 5.7]). On the analytic side, a conjecture by Stevens [Ste89] predicts a
similar phenomenon for C}\,/ISD(E /Q). The methods in this paper allow us to prove Mazur’s main conjecture
(MC) for Eisenstein primes regardless of the value of the p-invariant. In particular, our results include giving
a new proof for the case previously handled by Greenberg—Vatsal.

1.1. Some ideas from the proof. Our proof of Theorem A goes through anticyclotomic Iwasawa theory for
E over an auxiliary imaginary quadratic field K/Q in which p splits. Roughly speaking, this is used to show
that Xord(E/Qo) and LMSP(E/Q) have the same Iwasawa invariants':

WXord(B/Qo0)) = p(LyPP(E/Q)) and  M(Xora(E/Qx)) = ML, PP (E/Q)),

even in situations of positive p-invariant.

1Strictly speaking, our results only show these equalities for the sum of the Iwasawa invariants of E' and the quadratic twist
EX | but this suffices for the proof of Theorem A thanks to Kato’s work.
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More precisely, our argument rests on the proof of an Iwasawa main conjecture for E over the anticyclotomic
Zp-extension of K (see Theorem C below), and a congruence argument building on the cyclotomic Euler system
of Beilinson—Flach classes of Lei-Loeffler—Zerbes [LLZ14] and Kings—Loeffler—Zerbes [KLZ17].

Anticyclotomic main conjectures. Denote by N the conductor of F, and let K be an imaginary quadratic field
such that

(disc) the discriminant Dy is odd and Dy # —3,
and such that the following Heegner hypothesis holds:
(Heeg) every prime ¢|N splits in K.

Let I'y = Gal(K,,/K) be the Galois group of the anticyclotomic Z,-extension of K, and for each n denote
by K, the subfield of K__ with [K, : K| = p™. In sharp contrast with the case of Qu,/Q, one can show that
rankz F (K, ) is unbounded as n — oo, and therefore the Pontryagin dual X,.q(E/KL ) of the Selmer group
Sel, (E/KZ) has positive rank as a module over the anticyclotomic Iwasawa algebra Ax = Z,[I';]. This
unbounded growth is accounted for by the existence of Heegner points on E associated with a given modular
parametrization

m: Xo(N) — E.

This system of points gives rise to a A -adic class /{?g which was shown to be non-torsion by Cornut [Cor(2]
and Vatsal [Vat03] in their proof of “Mazur’s conjecture” on higher Heegner points [Maz84]. As recalled below,
a formulation of the Iwasawa main conjecture in this context was given by Perrin-Riou [PR87a]. Write

Gora(E/Kx) := limlim Sel,m (E/K;7),
n m

. . — s H
which is a compact Ax-module containing x; ®.

Conjecture B (Perrin-Riou). Let E/Q be an elliptic curve, p > 2 a prime of good ordinary reduction for E,
and let K be an imaginary quadratic field satisfying (Heeg) and (disc). Then Gora(E/KL) and Xora(E/KL)
both have Ay -rank one, and

_ _ 2
char, — (Xora(E/KZ )iors) = chary— (Sora(E/K5)/ (k1))
where the subscript tors denotes the Ay -torsion submodule.

The first general result towards Conjecture B for Eisenstein primes p was obtained in [CGLS22]. Namely, it
was shown that Perrin-Riou’s main conjecture holds for Eisenstein primes p under the additional hypotheses
that

(spl) (p) = vo splits in K,
that ¢|g, # 1,w, and that
(Sel) the Z,-corank of Sely (E/K) is 1.

In particular, hypothesis (Sel), which obviously excludes elliptic curves with ranky E(Q) > 2, was imposed
to account for the inability of the methods in [op. cit., §3] to control certain error terms appearing at height
one primes of A} approaching the augmentation ideal g C Aj.

A key technical innovation in this paper is the proof of a Kolyvagin system argument for the Selmer group of
E/K twisted by characters of I';; arbitrarily close to 1 yielding the “upper bound” divisibility in Conjecture B
after localization at height one primes of A approaching Bo. Together with complementary results obtained
in [CGLS22], this argument yields the following.

Theorem C. Let E/Q be an elliptic curve, let p1 2N be an Fisenstein prime for E, and let K be an imaginary
quadratic field satisfying (Heeg), (disc), and (spl). Suppose that ¢|c, # 1,w. Then Conjecture B holds.

To go from Theorem C to Theorem A, we use a reformulation of the former in terms of p-adic L-functions.
Let Z," be the completion of the ring of integers of the maximal unramified extension of Q,, and put

AR = A @z, 22
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It follows from the explicit reciprocity law for nlfg, that Conjecture B is equivalent to the Iwasawa—Greenberg
main conjecture for the p-adic L-function LFPF(f/K) introduced in [BDP13]. Under the same hypotheses of

Theorem C, we thus deduce that a different Greenberg Selmer group denoted X, (E/KZ) is Ax-torsion, with
char, - (Xc:(E/KL))Ag™ = (£;°F (f/K))
as ideals in A", This equality of characterisitc ideals is the first key ingredient in the proof of Theorem A.

Comparing Twasawa invariants. In [LLZ14] and [KLZ17], Lei-Loeffler—Zerbes and Kings—Loeffler—Zerbes con-
structed a cyclotomic Euler system (over Q) for the Rankin—Selberg convolution of two modular forms moving
in Hida families. To be able to use these classes as a bridge between the anticyclotomic Z,-extension K /K
and the cyclotomic Z,-extension Q. /Q (or rather its translate by K), here we are led to consider a variant
of their construction attached to the pair (f,g), where f is the weight 2 newform attached to E, and g is
a suitable CM Hida family. Because our g specializes in weight 1 to the p-irregular Eisenstein series Eis ),
where 7 = 1)k g is the quadratic character associated to K/Q, in fact we use a refinement of the construction
in [KLZ17] studied in [BST21].

Let Ak (resp. Aj;) be the Iwasawa algebra for the Z2-extension of K (resp. the cyclotomic Zj,-extension
K1 /K). In particular, from these works we obtain a two-variable Iwasawa cohomology class

BF € Hi, (K, TpE,),

where F,/Q is the distinguished elliptic curve in the isogeny class of E constructed by Wiithrich [Wut14].
Combined with the relations between different p-adic L-functions established in Sect. 2, we also deduce two
explicit reciprocity laws:

(1) One relating locs(BF) to a p-adic L-function L) (E,/K) € Ak whose image £} (E,/K)* under the
natural projection Ax — A; satisfies

L,M(Ee/K)F = LSP(E,/Q) - LPP(ES/Q)
up to a unit, where EX is the twist of E, by the quadratic field K.
(2) Another relating loc, (BF) to a p-adic L-function L§™(f/K) € A% = AK®Z}‘;r whose image L5 (f/K)~
under the natural projection A% — A" satisfies

LY (FIK)™ = L;°F (f/K)
up to a unit.

The next key idea to have Theorem C to bring to bear on the proof of Theorem A is to consider the restriction
of BF to Hi_ (KX, T,E,), and exploit the fact that the anticyclotomic and the cyclotomic Z,-extensions meet
at the trivial character (in other words, K, N K1 = K). When LPP(f/K)(1) # 0 (which by the main result
of [BDP13] can only happen when rankz E(Q) < 1), the argument for the implication Theorem C=-Theorem A
is relatively simple, and to help orient the reader, this simpler case is explained in detail in Sect. 5.

To make the argument work in arbitrary rank, we take a character a of I', with

a =1 (modp™)
for some m > 0 such that LEPP(f/K)(a) # 0 (as always possible by the nonvanishing of L3P (f/K)), and
consider a-twisted versions of the above Selmer groups and p-adic L-functions projected to A}. With the aid

of a cyclotomic Euler system extending the a-twist of the class BF projected to Hj, (KX, T,F,), building on
Theorem C we deduce that the twisted Selmer group Xoa(Fe(a)/KL) is Af-torsion, with

(1.1) chyt (Xora(Ea(a)/KL)) = (L, (Ea(a)/K)T)
as ideals in Aj;. On the other hand, Kato’s divisibility [Kat04] (as refined by Wiithrich [Wut14]) applied to
E, and EX implies that the untwisted Selmer group Xoa(Fe/KZ) is Aj-torsion, with the divisibility
+ PR +
(1.2) chyy (Xora(Ee/KL)) D (L, (Ee/K)T)
as ideals in A;. By a congruence argument using the study of the variation of both sides of (1.1) as a varies

carried out in the earlier parts of the paper, we deduce from this equality (for « sufficiently close to 1) that
Xora(Be/KZ) and LJ®(E,/K)* have the same Iwasawa invariants, and so equality holds in (1.2). The proof
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of Theorem A for both E, and the original elliptic curve E, can then be deduced from Kato’s work and the
invariance of Mazur’s main conjecture under isogenies.

1.2. Application to the p-part of the Birch—Swinnerton Dyer formula. As a standard consequence of
Theorem A, we deduce most cases of the p-part of the Birch-Swinnerton Dyer formula for elliptic curves E/Q
of analytic rank < 1 at Eisenstein primes p.

Theorem D. Let E/Q and p > 2 be as in Theorem A, and let r € {0,1}. If ords=1L(E,s) = r, then

d(%) ~ ord, (#m(E/@)Eoce(E/@)),

where

e Reg(E/Q) is the regulator of E(Q),
e Op = fE(R) |wg| is the Néron period associated to the Néron differential wg, and

e ¢(E/Q) is the Tamagawa number of E at the prime £.
In other words, the p-part of the Birch—Swinnerton-Dyer formula for E holds.

Proof. In the case r = 0, the argument is the same as in [CGLS22, Thm. 5.1.4], replacing the appeal to [GV00,
Thm. 1.3] by an appeal to our Theorem A. In the case r = 1, we argue as in [CGLS22, Thm. 5.3.1], choosing
a suitable K with L(E*,1) # 0 and applying our result in the rank 0 case to EX. O

Remark 1.2.1. Previously, by the work of Greenberg—Vatsal [GV00] in analytic rank 0, and of the authors
with Lee [CGLS22| in analytic rank 1, Theorem D was only known for roughly “half” of the p-Eisenstein cases,
as both results required a certain parity hypothesis on ¢.

It is easy to produce examples of elliptic curves to which Theorem D can be applied. Let p =5 and J be
any of the three non-isomorphic elliptic curves of conductor 11; one could take for example the elliptic curve
of Weierstrass equation

v +y =% — 22— 10z — 20,
which is the strong Weil curve of conductor 11. It is known that J[5] is reducible and its semi-simplification
is isomorphic to ps @ Z/5Z. Moreover, the rank of J is equal to zero. We can then consider ¢ any quadratic
character such that ¢(5) = —1 and take E = J,, the quadratic twist of J by 1. Since the root number of J is
1, applying [FH95, Thm. B.1], we can produce infinitely many v such that E = J, has analytic (and hence
algebraic) rank zero and for which the hypothesis of Theorem D are satisfied for p = 5. Note that prior to this
paper, the only elliptic curves in this family for which the theorem was known are of the form £ = Jy, where
1 is odd.
Similarly, take p = 5 and consider the elliptic curve

J:y? 4y =2+ 2% — 10z + 10.

The curve J has conductor 123 and analytic rank 1, and satisfies J[5]°° = s ® Z/5Z as Gg-modules. Let 1)
any quadratic character such that ¢(5) = —1 and take E = Jy the quadratic twist of J by 4. Since the root
number of J is —1 (being of analytic rank one), by [FH95, Thm. B.2] we can find infinitely many 1 as above
for which E' = Jy also has analytic rank one and hence to which Theorem D can be applied for p = 5. Earlier
result in this direction would only apply to the elliptic curve in this family of the form F = J,, with ¢ even.

One can proceed similarly for p = 3,7,13, 37, taking quadratic twists of elliptic curves of rank zero or one
and with a rational p-isogeny. If the character describing the kernel of the isogeny is not trivial (which has to
be the case for p = 13 or p = 37), one might have to impose further conditions to the quadratic character at
some bad primes in order to apply [FH95, Thm. B].

1.3. Further applications and relation to previous works. In addition to being a key ingredient in the
proof of our main results, the Kolyvagin system argument with error terms for the p-adic Tate module of F
twisted by characters close to the trivial one contained in Sect. 6 (see Theorem 6.1.1) is used in a forthcoming
work of the authors with A. Burungale [BCGS23] to establish Kolyvagin’s conjecture on the nonvanishing of
derived Heegner classes under mild hypotheses on E[p], including the first cases for Eisenstein primes p (many
cases in the non-Eisenstein case were first proved by W.Zhang [Zhal4]).

Finally, we note that the idea of using Beilinson—Flach classes to relate different Iwasawa main conjectures
has appeared in earlier works, notably in [Wan21, CW22], but the congruence argument mechanism introduced
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in this paper to deduce Theorem A from Theorem C is new, and should be useful in other settings, as we plan
to exploit in forthcoming work.

1.4. Outline of the paper. We begin in Sect. 2 by introducing the different one- and two-variable p-adic
L-functions, and the various relations between them that will be needed for our arguments. Then in Sect. 3
we introduce corresponding Selmer groups, both primitive and imprimitive, and prove some ancillary results
for the latter ones. In Sect. 4 we discuss Beilinson—Flach classes and some direct applications of their relations
with p-adic L-functions. As a guide to the general case, in Sect. 5 we give a simplified proof of Theorem A in
the case of rank one. In Sect. 6 we prove our new Kolyvagin system bound for twists by characters arbitrarily
close to 1, resulting in Theorem C. Finally, in Sect. 7 we run our congruence argument and conclude the proof
of Theorem A.

1.5. Acknowledgements. We would like to thank Ashay Burungale, Shinichi Kobayashi, and Romyar Sharifi
for useful exchanges related to this work. During the preparation of this paper, F.C. was supported by the
NSF grants DMS-1946136 and DMS-2101458; G.G. was partially supported by the postdoctoral fellowship
of the Fondation Sciences Mathématiques de Paris; C.S. was partially supported by the Simons Investigator
Grant #376203 from the Simons Foundation and by the NSF grant DMS-1901985.

2. p-ADIC L-FUNCTIONS

Let E/Q be an elliptic curve of conductor N, and let p 4 2N be an odd prime of good ordinary reduction
for E. Let K be an imaginary quadratic field of discriminant Dg < 0 prime to N, and assume that

(spl) (p) = vo splits in K.

We denote by I'g (resp. I'x) the Galois group of the cyclotomic Zy-extension Qn/Q (resp. the Zf,—extension
K /K). Since p > 2 the action of complex conjugation gives an eigenspace decomposition

Tk =T% xTx.

Note that '} (resp. I'y) is identified with the Galois group of the cyclotomic Z,-extension KL /K (resp. the
anticyclotomic Z,-extension of K_/K), and hence I'}; is naturally identified with I'g. Let

Ag = Zp[[FQ]]a A = Zp[[FK]]a A}i( = Zp[[rzi(]}
be the corresponding Iwasawa algebras, so in particular A}; is naturally identified with Ag.

2.1. Cyclotomic p-adic L-function. Given a modular parametrization 7g : Xo(IN) — FE, we denote by
cg € 7 the corresponding Manin constant, so that

mp(wg) = cg - 2mif(T)dT,

where wg is a minimal differential on E and f =Y >° | a,q" € S2(Io(N)) is the newform associated with E.
Pick generators 0+ of H;(F,Z)*, and define the Néron periods QZIS by

We normalize the 6% so that QJBC € Ry and Qj € iRo.
The Fourier coefficient a,, is a p-adic unit by hypothesis, and we let o, be the p-adic unit root of x2 —apT+Dp.

Theorem 2.1.1. There exists an element EQASD (E/Q) € Ag such that for any finite order character x of T'g
of conductor p" with r > 0, we have

MSD _ o LEX]D

where 7(X) = Y4 mod pr X(@)eX™/P" is the Gauss sum, and

LYSP(E/Q)(1) = (1 —a,h)”-

P
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Proof. The construction of E;\,/ISD (E/Q) as an element in Ag ® Q, with the stated interpolation property is
given in [MSD74, §9]. The integrality of EQASD (E/Q) is shown in [GV00, Prop. 3.7] in the case where E[p]
is irreducible as a Gg-module, and in [Wutl4, Cor. 18] in the reducible case. Since the latter integrality
result and some of the ingredients in the proof will be important later, we briefly outline the argument. First,
Wiithrich shows the existence of an elliptic curve E,/Q in the isogeny class of E with Ei\,/[SD (Fe/Q) € Ag and
whose p-adic Tate module satisfies
T,Eu = Va, (£)(1),

where V7 (f) is the geometric lattice in the p-adic Galois representation Vg, (f) associated to f considered
in [Kat04, §8.3]. Building on the theorem of Ferrero-Washington [FW79], Kato’s divisibility in the Iwasawa
main conjecture for Fo “without zeta functions” [Kat04, Thm. 12.5(4)] is shown to be integral, from which the
integrality of E;\)ASD (F./Q) and of Eg/ISD (E/Q) itself follows by global duality and the invariance of Mazur’s
main conjecture under isogenies. O

2.2. Two-variable p-adic L-function, I. In this section we recall the p-adic L-function constructed in
[PR8S] following Hida’s p-adic Rankin method [Hid85], and explain the relation with the p-adic L-function of
Mazur—Swinnerton-Dyer.

Let X be the set of infinity types of Hecke characters ¢ of K for which s = 1 is a critical value of the Rankin
L-function L(f/K,,s). Following the notations and conventions in [LLZ15, §6.1], the set ¥ decomposes as

Y=y yun®y 2(2')7
where () = {(0,0)} (i.e., corresponding to characters v of finite order), (®) = {(a,b): a < —1,b > 1},
and £ = {(b,a): a < —1,b > 1}. Note that the regions () and %) are interchanged by the involution
¥ — 7, where " denotes the composition of ¢ with the non-trivial automorphism 7 € Gal(K/Q).
For v a finite order Hecke character of K of conductor ¢, denote by 6(1) the associated theta series, which

is an eigenform of weight one and level M = DgN(c). As in [PR87b, p.457], define the “Artin root number”
of 1 to be the complex number W (1)) with |[W(¢)| = 1 given by

01 (p ~1) = =W (@) - 0(¥);
then the completed L-function A(y,s) = M*/2(2r)~*I'(s) >, ¥ (a)N(a)~* satisfies the functional equation
A(2p,s) = W(p)A(1),1 — s). As before, let f € So(I'g(N)) be the newform associated with £, and put

m-(-5)0-%)

P P
Denote by ¢y € Z,, the (cuspidal) congruence number of f, as defined in e.g. [Hid81, §7] or [Rib83].

Theorem 2.2.1. There exists an element L,(f/K, %X W)y e cy “YAx such that for every finite order character
¥ of ' of conductor v™o™ with m + n > 0, we have

(/K 50 () = VW02 LUK, 1)

ap T H,(f) 87 f f)n
where W () is the Artin root number of ¥, and

(I—a, ) L(f/K,1)
Hy(f)  87(f, f)n
where (f, g) fFo NN\ Ff()g(r)dzdy is the Petersson inner product on Sy(I'1(N)).

L,(f/K,5M)(1) =

Proof. This is a reformulation of [PR87b, Thm. 1.1]. For our later use, we note that this is the same as the
two-variable p-adic L-function

Ly(f,9) € ¢;' Zy®Ag[Tq]
obtained by specializing to f the three-variable p-adic Rankin L-series in [KLZ17, Thm. 7.7.2], where g is the
CM Hida family introduced in the proof of Lemma 2.4.4 below. g

Definition 2.2.2 (“Perrin-Riou’s p-adic L-function”). Let f € S2(I'o(NN)) be the newform associated to E,
and let 75 : Xo(IN) — FE be a modular parametrization. Then we put

epME/K) = CETEL () 2y (/8,20



8 FRANCESC CASTELLA, GIADA GROSSI, AND CHRISTOPHER SKINNER

where cg is the Manin constant associated to 7g.

Remark 2.2.3. Note that the factor H,(f) can be interpreted as an Euler factor coming from the adjoint
L-function of f (see [KLZ20, Rem. 6.5.10]). Moreover, setting

1
/ VIDk| JE)
we find deg(rp)
P eg(m
8w2<f,f>N:/ wp nimp = YBTE) o
Xo(N) g

and so Theorem 2.2.1 says that LL®(E/K) interpolates the finite order twists of L(f/K,1) normalized by the
complex period Qg k.

Denote by L)®(E/K)* € Ag the image of £)®(E/K) under the map induced by the projection I'x —
't ~Tg.
Proposition 2.2.4. Up to a unit in A(S, we have
PR + _ p,MSD MSD [ K
where EX is the twist of E by the quadratic character corresponding to K/Q.
Proof. Let x be a Dirichlet character of conductor p”. Using the standard formula

T 2 r
WxoN) = (DD "N = x(1Dx -

(see e.g. [Miy06, Lem. 4.8.1]) and the factorization
L(f/K,xoN,1) = L(E,x,1) - L(E® X, 1),
from Theorem 2.1.1 and Theorem 2.2.1 we find
p" -
Lp(F/K,20) (0 o N) - Hy(f) = W(x o N) - 5 L(f/K,X o N, 1)

p
2r
=x(|Dk|) - == - L(E,X, 1) - L(EX¥ X, 1
(D) - e HBT D B
— (1D LB/ - (B Q) - T
R Y TG
Since the complex period Qg /x in Remark 2.3.2 satisfies
Qp/x = [ER) : E°(R)] - Qf - Qf
(see [GZ86, §V.2]), the result in now clear from the definition of L)®(E/K)*. O

2.3. Anticyclotomic p-adic L-function. We next recall the “square-root” p-adic L-function of Bertolini—
Darmon-Prasanna [BDP13], explicitly shown to be a p-adic measure in [CH18]. Assume that

(Heeg) every prime ¢|N splits in K,
and fix an integral ideal 91 C Ok with O /M = Z/NZ. For simplicity, we also assume that
(disc) the discriminant Dg < 0 is odd and Dg # —3.
In the following we let 2, and Qx be CM periods attached to K as in [CH18, §2.5] and put A" = AKQA@Z;r,

where Z," is the completion of the ring of integers of the maximal unramified extension of Q,.

Theorem 2.3.1. There exists an element EEDP(f/K) € A" characterized by the following interpolation
property: for every character £ of I'y. crystalline at both v and v and corresponding to a Hecke character of
K of infinity type (n,—n) with n € Zso and n =0 (mod p — 1), we have

_ Q" T()l(n+1EM)
Qi 4(27T)2n+1\/m2"*1

Moreover, L?DP (f/K) is a nonzero element of A" .

LPP(F1E)(E) (1= apE(@p + 6@ Lf/K, ).
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Proof. See [CGLS22, Thm. 2.1.1] for the construction, which is deduced from [CH18, §3]. Since (Heeg) implies
that f does not have CM by K, the nonvanishing of £ (f/K) follows from [CH18, Thm. 3.9]. O

Remark 2.3.2. The CM period Qi € C* in Theorem 2.3.1 agrees with that in [BDP13, (5.1.16)], but is
different from the period Qs defined in [dS87, p.66] and [HT93, (4.4b)]. In fact, one has
In terms of €, the interpolation formula in Theorem 2.3.1 reads
Q" T(n)(n+ 1)EMY) 2
BDP N (1 — T)p L )2p 1) .
EPP TN = gl o et - (1= (O™ (0P ™) LUK ),

This is the form of the interpolation that we shall use later.

2.4. Two-variable p-adic L-function, II. The main result of this section is Proposition 2.4.5, relating the
p-adic L-function EEDP( f/K) of Theorem 2.3.1 to the anticyclotomic projection of the following two-variable
p-adic Rankin L-series.

Theorem 2.4.1. There exists an element L,(f/K, 2(2/)) € Frac Ax such that for every character & of I'k
crystalline at both v and U, and of infinity type (b,a) with a < —1 and b > 1, we have
20=bjb—a=1(p 4 1)[(b) NoFo+! E, f,1
= 2b+(1 o ’ -t —< )71 =y LUK, 1),
(2m)204 10y, O, ) v (I=97(0))1 —pt'=7(0))
where Oy, is the theta series of weight b—a+ 1 > 3 associated to the Hecke character iy, = 1| |~ of co-type
(0,a —b), and
EW, f.1) = (1= p (0)ay) (L = 9(0)ay ) (1 =9~ (v)ay (L —p~ 9 (v)ay).

Proof. This is another instance of Hida’s p-adic Rankin L-series, as explained in [LLZ15, Thm. 6.1.3] (note,
however, that we have reversed the roles of v and ¥ with respect to loc. cit.). O

L, (f/ K, 23)) ()

We also need to recall the interpolation property of the Katz p-adic L-functions [Kat78], following the
formulation in [dS87]. Put A} = Ax®z, Z1".

Theorem 2.4.2. There exists an element L5(K) € AW such that for every character § of T of infinity type
(k,j) with 0 < —j < k satisfies

k—j J
£aR)©) = i T - (Y25 ) (- o)1 - €(0) - LIEO).

Similarly, there exists an element L,(K) € AW such that for every character & of Tk of infinity type (j, k)
with 0 < —j < k, we have

i
- @, T(k) - VDK
Q=i 2

Moreover, we have the functional equation

L5(8) = Lo(67'NTY),

L)) ) (- w1 - £@)) - LEEO).

where the equality is up to a p-adic unit.

Proof. This is [dS87, Thm. 11.4.14], with L5(K) (resp. L,(K)) corresponding to the measure p(7*°) (resp.
p(v>)) in loc. cit.. On the other hand, as explained in [BCG™20, Lem. 3.3.2(b)], the stated functional equation
is a reformulation of [dS87, Thm. I1.6.4]. O

Definition 2.4.3 (“Greenberg’s p-adic L-function”). Put
LI (f/K) = hic - Lo(K) ™ - Ly(f/K,5E)),

where hg is the class number of K and £,(K)~ the image of £,(K) under the map AW — AY given by
v YT for v € Tk

Note that a priori we have £gr(f/K) € Frac A
Lemma 2.4.4. The p-adic L-function ﬁgr(f/K) is integral, i.e., Egr(f/K) €Ay
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Proof. Denote by n = ng/q the quadratic character corresponding to K/Q, and let Eis; ,(q) be the weight

one Eisenstein series
Eisi (q) = > q" > _n(d).
n>1 d|n

Since p splits in K, Eis; ,(q) is p-irregular. Letting g denote the unique p-stabilization of Eis; ,, by [BDP22,
Thm. A(i)] there is a unique cuspidal Hida family g passing through g. Moreover, g is of CM type, given
explicitly as the g-series
g= > [ag"® e Agq],
(a,2)=1
where Ay = Z,[T',], for ', the Galois group of the maximal Z,-extension inside K, /K unramified at v, and
where [a] denotes the natural image of the ideal a C Ok in T', under the Artin reciprocity map.
Now, the p-adic L-function £,(f/K,%®") in Theorem 2.4.1 arises from Hida’s p-adic Rankin L-series

Ly(g. f) € I8z, 2, [Ial,

where I; C Frac Ag4 is the cuspidal congruence ideal of g (that is, the image of the Ag-adic cuspforms in Frac Ag4
under the projection corresponding to g). Thus if H(g) € Ay denotes a characteristic power series for the
denominator of I, then the product H(g) - £,(f/K,%?) is integral, so it suffices to show that kg - £,(K)~
is divisible by H(g).

By [HT94, Thm. 0.3] and Rubin’s proof of the Iwasawa main conjecture for K, [Rub91], one has that such
divisibility holds up to powers of the augmentation ideal (v, — 1) C Z,[I',]; since by [BDP22, Thm. A(i)] one
knows that H(g) is not divisible by v, — 1, the result follows. O

Denote by £5*(f/K)™ the image of £5*(f/K) under the natural projection AR — A™.
Proposition 2.4.5. We have the equality
LI (f/K)™ - A" = LFPP(f/K) - A

Proof. This follows from a direct comparison of the interpolation formulas in Theorem 2.4.1, Theorem 2.3.1
and Theorem 2.4.2; together with an application of Dirichlet’s class number formula (cf. [Casl17, Thm. 1.7]).
Indeed, let £ be a Hecke character of infinity type (n, —n), n € Z>g, as in the statement of Theorem 2.3.1.
Then the character £1="N~1, of infinity type (2n + 1,1 — 2n), is in the range of interpolation of £;(K), and
noting that L(¢1~"N~10) = L(¢'77,1), by Theorem 2.4.2 we have
4n

Q or \*"7!
1) LUEETNY = gm0 @) - €T ) )

On the other hand, from Hida’s formula for the adjoint L-value (see [HT93, Thm .7.1]) and Dirichlet’s class
number formula we obtain

1 —T
(2.2) (O, ¢, )n ~p T(2n+1)- YT s hi - L(E'77,1),

where ~, denotes equality up to p-adic unit independent of n, and similarly as in Theorem 2.4.1, &, is the
theta series of weight 2n + 1 > 3 associated to the Hecke character &, = £| |™" of infinity type (0, —2n).
Combining (2.1), (2.2) and the functional equation in Theorem 2.4.2 this gives

Qén 2n—1
e LENET) ~y g (7)€@ € ) 2 (o v

Noting that the p-Euler factor £(1, f,1) in Theorem 2.4.1 satisfies
SN 2 _1\2
EE 1) = (1—a@p™ +£(0)°p7")",
from Definition 2.4.3, Theorem 2.4.1, and Theorem 2.3.1 we thus find that
L (fFE)E) ~p €M) - 25722071 LIPP (/) (€).

Since £(M) - 23772271 is interpolated by a unit in A", this completes the proof. a
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2.5. Twists and imprimitive p-adic L-functions. Let o : 'y — R* be a character with values in the ring
of integers R of a finite extension ®/Q, with uniformiser @ € R. Let Ax p = R®z, Ax = R[T'k], and define

TWa : AK,R — AK,R
to be the R-linear isomorphism given by v — a(y)y for v € T'k. Denote by LI®(E(a)/K), LS (f(e)/K) the
image of L)®(E/K), LS*(f/K), respectively, under Tw,.
Lemma 2.5.1. Suppose « =1 (mod w™). Then
PR + — pPR + m
L, (E(a)/K)T =L, (E/K)" (modw@™).

Proof. This is clear from the definitions. O

For w a prime split in K lying over the rational prime ¢ # p, we let TS be the corresponding decomposition
group in I‘Ii(, and 7= € Tt be the image of an arithmetic Frobenius Frob,, under the projection G — I‘}t(.

Definition 2.5.2. Put
Pi(a) == Pu(t'7E) € Ak g,

where P, (X) = det(1 — Frob,, X | V(a),) is the Euler factor at w of the L-function of V(o) = T,E(a) @ Q,.
For S’ a finite set of primes w as above, define

LYME(a)/K)T5 = LER(E(a)/K)T - T Pik(a),
weS’!

L (f()/K)=S i= L5 (f()/K)* - 1] Pi(a),

weSs’
and similarly EEDP(f(a)/K)S/ = LY (f(@)/K) - [yes Pa ().
Of course, the results of Proposition 2.2.4 and Proposition 2.4.5 directly extend to their analogues for these
S’-imprimitive p-adic L-functions.
3. SELMER GROUPS

In this section, we let E/Q be an elliptic curve of conductor N, p an odd prime of good ordinary reduction
for E, and K an imaginary quadratic field satisfying (Heeg) and (spl).

3.1. Selmer structures. Let X be a finite set of places of Q containing the prime p, oo, and the prime factors
of N. We assume throughout that

all finite primes in ¥ split in K.

With a slight abuse of notation, we also write 3 for the set of places of K lying above the places in X.

3.1.1. Discrete coefficients. For a discrete Z,-module M, we let
MY = Homes(M, Q/Z,)

be the Pontryagin dual. The module A(é is equipped with a Gg-action via =1 where ¥ : Gg — A@ is the
character arising from the projection Gg —» I'g. Similarly, A}, and (A%)Y are equipped with G k-actions.

Definition 3.1.1. Let F' be Q or K and w a prime above p. For A any of the Iwasawa algebras Ag, Ag, or
Af(, we put

H!,(F,,T,E® AY) = H'(F,,T,E® AY),

H. 4 (Fy, T,E ® AY) = im{H"(F,,Fil} (T,E) ® AY) = H'(F,,, T,E® ")},
Hy (Fu, ToE © AY) = {0},

str

where Fil}, (T, E) := ker{T,E — TpE} with E the reduction of E at w.
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Let Gg,» and Gk 5 denote the Galois group of the maximal extension of Q and K respectively unramified
outside X. For e € {ord, str,rel} and M = T,F ® Ay, we define the Selmer group

(00

(3.1) Hl}-.(Q,M)zker(Hl(GQ,z,M)% I @0 a3

wEX, wip

Similarly, for , e € {ord, str,rel} and M = T,E ® AV, where A is any of the Iwasawa algebras A or A%, we
let

HY(K,, M) H'(Ky M)
2 HL (K, M) = ker( H! M H' (K., M - )"
(32)  Hr (K M) ( (Crz, M) = GEIf K, >XH1<KU,M>XH1<KMM>>

w ,wip

To ease notation, we write Hy (K, M) = H

ord,ord

Xord(E/Qo) =Hy, ,(Q.T,E® Ag)”,
Xord(B/KZ) = HE, (K, T,E® (Ai)")",
Xar(B/KY) = Hy, (K. T,E® (Ag))".
It is a standard fact that these are finitely generated modules over the corresponding Iwasawa algebras. The
Iwasawa main conjecture for E, as formulated by Mazur [Maz72], [MSD74, §9.5, Conj. 3], is the following.
Conjecture 3.1.2 (Mazur). The module Xorq(E/Qo) is Ag-torsion, with
chag (Xora(E/Qx)) = (LYP(E/Q)).

More generally, a vast generalization of Mazur’s main conjecture to p-adic deformations of motives formu-
lated by Greenberg [Gre89, Gre94], predicts the following.

Conjecture 3.1.3 (Greenberg). The modules Xoq(E/KL) and Xg,(E/KL) are torsion over Af and Ay
respectively, with

(K, M) and H:_ (K, M) =H}

rel,str

(K, M), and put

chys (Xora(E/KL)) = (L7™(E/K)T),
chy- (Xar(B/KL))AR™ = (L5 (f/K)7).

In this paper we shall prove Mazur’s Main Conjecture 3.1.2 (in the case where p is a good Eisenstein prime
for F) by first proving Conjecture 3.1.3 for a suitable K.

3.1.2. Isogeny invariance. Conjectures3.1.2 and 3.1.3 are known to be invariant under isogenies. This follows
from a computation in global duality due to Schneider and Perrin-Riou [Sch87, PR87al.

Proposition 3.1.4. Suppose E1/Q and E2/Q are isogenous elliptic curves with good ordinary reduction at p.
Assume that Xora(Ei/KZ) is A -torsion (i = 1,2), and let Fora(E;/KL) and Fora(Ei/Qs) be characteristic
power series for Xorqa(Ei/ KL) and Xora(E/Qw), Tespectively. Then we have the equalities up to a p-adic unit:
QEl : ford(El/Qoo) ~p QE2 : -Ford(EQ/Qoo)y
Qp, k- Ford(B1/KL) ~p Qi - Ford(B2/KX).
In particular, the main conjectures for Xord(E/Qoo) and Xora(E/KX) are both invariant under isogenies.
Proof. See [PR87a, Appendice]. O

Although not directly needed for our arguments, we note that the isogeny invariance of the main conjecture
for Xq,(E/KS,) similarly follows from the main result of [PR89] (see [KO20, Prop.2.9]).

3.1.3. Compact coefficients. For A any of the Iwasawa algebras Ag, Ak, or Aii(7 consider the compact module
T,E®z, A,
where A is equipped with a Gg-action via ¥ : Gg — A*. For e € {ord,str,rel} and w a prime of K above

p, we define the local conditions H} (K, TpEQA@ZPA) C HY (K, TpEQA@ZPA) similarly as in Definition 3.1.1, and
for x, e € {ord, str,rel} we define the Selmer group Hy _(K,T,E®z,A) by the same recipe as in (3.2). Put

Gorarel(B/Koo) = HE | (K, T,E@z,AKk), Gora(E/Ks)=HE (K T,E®z,Ak),

ord,ord

etc., and similarly for £/KZ with A in place of Aﬁ7 respectively.
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3.2. Imprimitive Selmer groups. For any subset S’ C ¥ consisting of primes away from p, we define S’-
imprimitive versions of the above Selmer groups by relaxing the local conditions at the primes w € §’, e.g. for
M=T,E® Aé:

Hyo (Q, M) = ker(Hl(GQ,z,M) - J] HYQu,M)x 1((@1”))>

S e sty HL (Q,, M
We denote with a superscript S’ the Pontryagin duals of these modules:
X54(E/Qu) = Hyo (QT,E® Ag)”,
ord(E/Ki) (K. T,E® (A%)")",
G(BIKE) =

fs’

L, (K, T,F @ (A%)")".

The next result will be used to descend from K to Q (¢f. Proposition2.2.4). As done here, in the following
we shall often identify the Iwasawa algebras A}} and Ag (via the natural projection A}} 5 To).

Proposition 3.2.1. Let S’ C X be any subset of primes not lying above p. Then the restriction map from Gg
to G induces a Ag-module isomorphism

ord(E/K+) ord(E/QOO)@xord(EK/QOO)‘
In particular,
ChAJr ( ord(E/K+ )) - ChAQ (xord(E/QOO)) ChAQ (xord(EK/QOC))

Proof. This follows readily from the inflation-restriction exact sequence and Shapiro’s lemma (see e.g. [SU14,
Lem. 3.6)). O

3.2.1. From imprimitive to primitive. As observed by Greenberg, imprimitive Selmer groups as above tend to
have better properties with respect to congruences than their primitive counterparts. For our arguments, we
shall also find it convenient to work first with imprimitive Selmer group, and so the next results will be useful.

Proposition 3.2.2. Assume that E(K)[p] = 0 and that Xora(E/KZY) is Aj-torsion. Then for any S’ C %
consisting of primes away from p, the Selmer group %Ord(E/Kjo) is also A}L(—torsion, with

chy: (X54(E/KL)) = chys (Rora(B/KL)) - T (PE),
weS’
where P (1) € A} is as in Definition 2.5.2, with o = 1.
Proof. From the assumption that E(K)[p] = 0, we see that the G .+ -invariants of Hom (T, E, yipe) are trivial,

and so by [PW11, Prop. A.2] the global-to-local map defining Hy (K, T,E ® (Af)V) as in (3.2) is surjective.
We therefore find an exact sequence

(3.3) 0— J] H'(Kuw, T,E® (AL)")Y = X5.4(E/KL) = Xowa(E/KL) — 0.
we S’

Since the primes w € S’ split in K, by [GV00, Prop. 2.4] the module H(K,,, T,E @ (A})Y)Y is Aj-torsion,
with
1 +F\VA\VY +
chy+ (H'(Kw, T,E @ (Ag)")Y) = (P4 (1)).

The result now follows by taking characteristic ideals in (3.3). O

Corollary 3.2.3. Assume that E(K)[p] =0 and let S C X be any subset consisting of primes away from p.
Then Conjecture 3.1.3 for Xora(E/KZL) holds if and only if X5 ,(E/KZL) is Aj.-torsion, with

chy (X54(E/KS)) = (LP¥(E/K)H).

Proof. Since for any prime w € S’, the element P} (1) € A} is nonzero, this is clear from Definition 2.5.2 and
Proposition 3.2.2. d
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3.3. Anticyclotomic twists and congruences. We now introduce the twisted variants of the Selmer groups
from the preceding sections that we shall need. The results of Proposition 3.3.2 and Proposition 3.3.4 will play
an important role later.

Let @ be a finite extension of Q,,, and let R be the ring of integers of ® with uniformizer w. We consider a
character o : I'yy — R* which satisfies

a=1 (modw™)
for some m > 0. Let S’ C X be any subset consisting of primes away from p. Replacing T, E by the twist
Ty = TpE ®Zp R(a),

we define (imprimitive) Selmer groups Hlfsld (K, T, ® (AL)Y) and HL, (K T, ® (AL)Y) (with Pontryagin

Fé
duals X5, (E(a)/KZ) and X2 (E(a)/KZL), respectively) in the same way as before, replacing Filf (T, E) by
Fil (T},E) ®z, R(«) in Definition 3.1.1. We also consider their counterparts with KX and A% replaced by Ko
and A, respectively. Each of these Selmer groups is a module for the Iwasawa algebra A = R@ZPA with A
either Ag, Ak, or Aii( (per the definitions).
Put Vo, =T, ®Qp, and W, =T, ® Q,/Z,, = V,/T,,. We shall also need to consider the following variant of

the above Selmer groups for the module W, := T, ® Q,/Z,:

H;g; (K,V,) := ker (Hl(Gm, Va)— I  H'(Kw,Va) x B (K, Va)>,
wELNS , wip
and the resulting H _, (K, T,) and H. ,
]:Gr ]:Gr
also consider the Bloch—-Kato Selmer group H}:BK (K, V,) consisting of classes that land in

H} (K, Va) = ker(H' (K, Va) — H' (K, Va ® Baris))

(K, W,) obtained by propagation via 0 — T, — V,, — W, — 0. We

at the primes w | p and are trivial at the primes w { p, and its counterparts Hy (K, T,) and Hy_ (K, W,)
defined by propagating the local conditions.

3.3.1. Ancillary results for Xar(F(a)/KZL). The main result of this section is a relation between the special-
izations of the cyclotomic Selmer group Xg,(F(a)/K%) and the anticyclotomic Selmer group Xa,(E(a)/KL)
at the trivial character.

Define
M:t = (l@Zp (Ali()va

«

and for any S’ C ¥ consisting of primes not dividing p, put

Per(Ma; §') = H'(Ky, My) x - [  H'(Kuw, Ma),
wEXNS wip

and similarly,

HY(K,, W,
Per(Wa; 8') = Hl(I((VV)d)- x HY(Ky, W) X H HY (K., W),

wEXNS  wip
so in particular Hlfs, (K,W,) is the kernel of the global-to-local map H (G 5, Wa) — Par(Wa; S').
Gr

Lemma 3.3.1. Assume E(K)[p] =0 and a : 'y — R* is a crystalline character such that:
(a) corankpHY (K, Wo-1) =1,
(b) The restriction map
Hb (K, Wo1) 255 HE (K, W)
18 MONZero.
Then the following hold:
(i) HE, (K, W,) is finite, and Hy_ (K,T,) = 0.
(i) H' (G2 My)rz =0.

(iii) For any S" C X consisting of primes away from p, H;g (K, Mf)ri =0.

’
T
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Proof. Tt follows from their definition by propagation that Hl}-Gr (K, T,) is the p-adic Tate module of Hl}-Gr (K, W,),
and so part (i) is shown in Proposition 3.2.1 of [JSW17]. For the proof of parts (ii) and (iii), we shall adapt the
arguments in the proof of [op. cit., Lem. 3.3.5]. Let v+ ¢ Ff( be any topological generator. From the relation

W, (Mi) k = MZ*[y* — 1] we get an injection
Hl(GK7E7 M;E)F;t( — Hz(GK’E, Wa).

Since the p-adic representation V,,—1 is pure of weight —1, we have H?(K,,, W) = H(K,,T,-1)" = 0 for all
w € %, and so H3(G g », W,) = % (K, W,,) which by Poitou-Tate duality is dual to I (K, T, -1). However,
from E(K)[p] = 0 the group 1L (K, T, 1) is torsion—free, and from our assumption on « it is also of Z,-corank
0. Hence 1L (K, T,-1) = 0, so also H*(G g 5, W,) = 0, and the vanishing of H! (G ., M:t)ri follows.

This shows part (ii), and the vanishing of HY s (K, M* )Fj: for any S’ C ¥ as in part (iii) then follows from

the exact sequence

HY (G, W) = H (Grem, ME)TH 2 Pan(ME; ST = HY o (K, ME)ps — HY(K® /K, ME)ps

73

in which the map ) is surjective, being the composition of the restriction map H(Gk 55, Wo) — Par(Wa; S’

(whose cokernel naturally injects into the dual of Hl}_s,(K, T,) = 0) and the natural map PGr(Wa; S’
Gr

_>
Par(ME; S’ )F1i<, whose surjectivity follows from the fact that for w € 3, the local Galois group Gal(KZ / Ky)
(for any njw in KZ) is either trivial or isomorphic to Z,, and so has p-cohomological dimension < 1. O

Denoting by £ + £* the natural projection Ax — A? the equality
PR 8"y _ ,PR -5
L, (E()/K)™2(0) = £, (E()/K) ™7 (0)

is clear, reflecting the fact that the trivial character is both cyclotomic and anticyclotomic. The next important
result (which we shall only need for S’ = () is a parallel equality for characteristic power series.

Proposition 3.3.2. Suppose E(K)[p] =0 and «a : 'y — R* is such that the conditions in Lemma 8.5.1 hold.

Then the Selmer groups Xé;(E(a)/Kjo) and .’{gr(E(a)/Ko_o) are torsion over Af; and Ay, respectively, where
S" C X is any subset consisting of primes away from p. Furthermore, we have the equality up to a p-adic unit:

FE(E()/KL)(0) ~p FE(E()/KX)(0),
where F&.(E(a)/KE) e A?R is any characteristic power series for X8, (FE(a)/K%).
Proof. By Poitou-Tate duality, the cokernel of the global-to-local map in the defining exact sequence
0 — Hy (K, W,) = H (Gk 5, Wa) = Par(Wa; 0)

injects into the Pontryagin dual of the Selmer group Hlfér (K,T,-1) dual to HI}-Gr (K,W,), defined by the local
conditions given by the orthogonal complement of those in Pg,(W,; @) under local Tate duality. Since this
dual Selmer group is torsion-free by the assumption E(K)[p] = 0, and it follows from part (i) of Lemma3.3.1
and the finiteness of H' (K, T, 1) for finite primes w { p that it has finite order, we conclude that the above
global-to-local map is surjective. It is then immediate that for any S’ as in the statement, we have an analogous
exact sequence

0— HFS, (K, W) = HY(Gr.5, Wa) = Par(Wa; ') — 0
A variant of Mazur’s control theorem shows that the natural restriction map

HY ., (K, W,) — HL, (K, M)'%

s s/
e ]:Gr

has finite kernel and cokernel. By Lemma3.3.1 and the above remarks, it follows that X5, (F(a)/K%) is AL-
torsion (for both choices of sign +), and together with the general result [Gre99, Lem. 4.2] for the Ff{-Euler
characteristic of F3.(E(a)/KZ) we obtain the equality up to a p-adic unit:

(3.4) FEE(Q)/KE)(0) ~p #HLy (K, M)
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Now, from the Snake Lemma applied to the commutative diagram with exact rows

00— H!

(K, Wo) ————H'(K¥ /K, W,) ———=Pcr(Wa; §') ——0

\Lsi lhi rE

FS!

0——Hp (K, MH)T% — > HYKE/K, M) x — = Pa,(M*E; 8"k,
we obtain
+\TE _ ' #ker(rt)
(3.5) #HL (K, ME)'S = #HY o (K, Wa) (i)
Clearly,

ker(h™) = H' (I, (M) 9%) = (M) /(v = 1) (M) %% = HO (K3, W),
and this vanishes by our assumptions. On the other hand, since we assume that every finite prime w € ¥ splits

in K, the argument in the proof of [JSW17, Prop. 3.3.7] (but noting that here the roles v and @ are reversed)
shows that for both choices of sign =+, the order of ker(r*) is given

#ker(r¥) = #HO(K,, W) [ P (W),

wEXNS  wtp

where ¢ = #H. (K., W,) is the p-part of the local Tamagawa number of W, at w. Thus the value in (3.5)
is the same for both choices of sign +, and together with (3.4) this yields the result. g

3.3.2. Ancillary results for Xora(E(a)/KL). Finally, in this section we prove a congruence relation modulo
@™ for the (characteristic power series of the) Selmer groups X5 ,(E(a)/KYL) and X5 (E/KX), where « is an

ord
anticyclotomic character as above such that « =1 mod w™. We start with the following preliminary lemma.

Lemma 3.3.3. Assume that E(K)[p] = 0 and that X5.,(E(a)/KL) is A}’R-torsion, where 8" C ¥ is a subset

consisting of primes away from p. Then }ﬁord( (a)/KZL) has no nonzero finite A}R—submodules,

Proof. This is shown in [Gre99, Prop. 4.14] when o =1 and S’ = (), and the general case follows from a slight
variation of the same arguments (see e.g. [Skil6, Prop. 2.3.3]). Alternatively, this can be seen as a special case
of Greenberg’s results [Grel6]. O

Put
S =Y~ {p, oo},
which as above we shall view as a set of primes of Q or of K according to context. The next important result
is an algebraic counterpart of Lemma 2.5.1.
Proposition 3.3.4. Assume that E(K)[p] =0, that X5 (E(a)/KZ) is A} p-torsion, and that X5 ,(E/KL)
is Ajc-torsion. If a = 1 (mod@™), then there are suitable characteristic power series F2 (E(a)/KZL) and
ord(E/K*‘) for the modules X5 4(E(a)/KL) and X5 ((E/KX), respectively, such that
ford( ( )/cho) ord(E/KJr) (mOdwm)

Proof. Since X5 (E(a)/KL) and X5 4(FE/KX) have no nonzero finite Af-submodules by Lemma 3.3.3, their
characteristic ideals are the same as their Fitting ideals (see [Skil6, Lem. 2.3.4(ii)]), so to prove the result it

suffices to show that

(3.6) Hys (K, M)[@w™] ~Hgs (K, Ma)[="],

ord

where M = T,E®z, (A;QJ,_T,/)v and M, = T,E(a)®z,(A%)". By the assumption E(K)[p] = 0, the natural maps
HI(GK,Z, M[me — Hl(GKl;, M)[wm], Hl(GK,Z, Ma[wm]) — Hl(G[QE, Ma)[wm]

are isomorphisms. Moreover, since p { N, for any w|p the restriction map H'(K,,, M) — H(I,, M) is an
injection. Thus H-s (K, M)[w™] is naturally identified with the kernel of the restriction map
ord

H' (Gx s, M@™]) — [[H' (1o, M),

wlp
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which factors through H!(Gk s, M[@™]) — [T H'(I,, M~ [@™]). Here we put M~ = (T,E/FiliT,E)
(A})V. Since the kernel of the natural map H*(1,,, M~ [@™]) — H*(I,,, M) is given by (M ~)w /p™ (M~ )1,
and this is zero since (M ~)!» ~ Homes(R, Q,/Z,) is p-divisible, we conclude that

Hys (K, M)[@™] = ke (Hl(GK,E, M[w™]) = [[H" (Tw, M—[wm])).
wlp
Letting M, = (T,E(a)/Fili T, E(a))®(AL)Y we similarly find (M )Iw o~ HomCtS(R Q,/Z,), noting that after
restriction to Gy« the character o becomes unramified, and so (1, ) /pm (M) = 0and H (K, M) [w™]
is identified with the kernel of the restriction map
H' (G 2, Ma[@™]) = [ [H (I, M [@™]).
wlp

Since My [w™] = M[w™], this proves (3.6) and yields the result. O

4. BEILINSON—FLACH CLASSES

Let f =37 an,q™ € S2(To(N)) be a newform with Fourier coefficients in Q, and fix a prime p { 2N. We
denote by Y7 (N) the modular curve of level I'; (V). The p-adic Galois representation V associated to f can be
geometrlcally realized as the maximal quotient of H} (Y1(N),Q,)(1) on which the Hecke operators T}, acts as

n- (Note that this is denoted Vg, (f)* in [LLZ14, Def 6.3], and corresponds to Vg, (f)(1) in the notations of
[Kat04].) Let Ty be the Z,-submodule V; generated by the image of H, (Y1(N),Z,)(1), which is a Gg-stable
Zy-lattice in Vy.

We assume that f is ordinary at p, i.e., a, € Z, so there is a Gip-stable filtration

0=T) =Ty =T; =0
with TfjE free rank one Z;-modules with the Gp-action on T, given by the unramified character sending an
arithmetic Frobenius to the p-adic unit root of z? — apx + p. Replacing FilI(TpE) with TJZ" we can define the
ordinary local condition for Ty as in Definition 3.1.1.

Let K be an imaginary quadratic field satisfying (spl). In this section we introduce the special case of the
Beilinson—Flach classes of [KLZ17] that will be needed for our arguments, and deduce some applications.

4.1. Reciprocity laws. Let g € Ag[q] be the CM Hida family from §2.4, and fix a character a : 'y — R*
with values in the ring of integers of a finite extension ®/Q,. With a slight abuse of notation, we continue to
denote by A the Iwasawa algebra R[I'x] and by Ay the extension of scalars Ay ®z, R.

Let Iy C Qp, be the image of the unique Hecke-equivariant map M>(I'g(N),Z,) — Q,, with the Hecke
action on Q, such that 7}, acts as multiplication by a,, that sends f to 1. Then I is a free Z,-module of rank
one. We similarly define I; C Frac(Ag). Note that I, is a finitely-generated Ag-module.

Theorem 4.1.1. There exists a class
BF, € H;

ord,rel

(K, Tf(0) @A)
and injective Ak -linear maps with pseudo-null cokernel
Coly : H' (K3, Tf (a)®Ak) = [1®Ak, Colg : H'(K,, Tf (a)®Ax) — I,@Ak,
satisfying:
(a) @f(p_ (locy(BF,))) = L,(f(a)/K,2M), where p~(locy(BF,,)) is the natural image of locy(BF )
in HI(KE,TJ:(Q)@AK);
(b) loc,(BFa) € HY(K,, T} (0)@Ak) C HY(K,, Ty(a)@Ak), and Colg(locy (BF o)) = L, (f(a)/K,5@)).

Proof. This is proved in [BST21, §5], where it is deduced from results in [KLZ17] in combination with results
in [BDP22], though here we have reversed the roles of v and v. O

Let E; be the optimal curve in the isogeny class associated with f, in the sense of [Ste89], with opti-
mal parametrization m : X;(IN) — E;. The inclusion Y;(N) < X; (V) identifies the maximal quotient of
H; (X1(N),Q,(1)) on which the Hecke operators T}, acts as a, with the similar quotient of H}, (Y1 (N), Q,(1)),
that is, with Vy. Via this identification and the parametrization 7, the Tate module T, F; is identified with
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the image of H}, (X1(N),Z,(1)) in Vy; this is a sublattice of Ty. Let E,/Q be the elliptic curve in the isogeny
class associated with f constructed in [Wutl4]. By construction, there is a cyclic isogeny ¢ : E1 — E, that
is étale in characteristic p and for which the resulting parameterisation me = ¢ o m : X1(N) — FE, identifies
T,E with Tf in Vy:

(cf. Proposition 8 and Theorem 4 of op. cit.).
Lemma 4.1.2. We have deg(me)Ilf = Zp.
Proof. Let wg, (resp. wg,) be a Néron differential for E, (resp. Eq). Then
ToxTawp, = deg(me)w, -

As the isogeny ¢ is étale, ¢*wg, = wiwg, for some u; € Z;. Similarly, 7iwg, = ciwy for some ¢; € Zg, as
p12N. Hence, T, «wy = uic1 deg(me )wr, and so it suffices to show that 7, ww; = awg, for some a € Z, such
that aly = Z,.

As E, has ordinary reduction at the prime p, the induced map H} (Y1(N),Z,(1)) - Ty = T,E. fac-

tors through projection to the ordinary summand H°' := eyqH}, (Y1(N), Z,(1)). There is a corresponding
commutative diagram

Ht — Hord 5 H—

L

+ —
Ty Ty Ty

of Gg,-modules, where HY (resp. H™) is the maximal submodule (resp. quotient) on which the inertia group
I,, acts non-trivially (resp. trivially); this non-trivial action is via the cyclotomic character. The middle arrow
is the defining projection, which induces the other two maps.

Since p 1 2N, the integral de Rham - étale comparison isomorphisms (we need the log version for the open
curve Y7 (N)) induce compatible identifications

eordHO(QXl(N)/Zp (log(cusps)) = eqraMa(I'1(N)) ~ H™
and
M(f)~T; =T,Ey ~H(Qp,/z,) = Zywe,

Via these, 7o «wy is identified with the image of f in M(f). Since wg, is identified with a Z,-generator of
M (f) and we have an isomorphism of rank one Z,-modules M (f) ~ Iy, f + 1, it follows that me .w; = awg,
for some a € Zj, such that al; = 7Z,, as desired. O

Recall the a-twisted versions of the two-variable p-adic L-functions £ (E,/K) and LS*(f/K) introduced
in Definitions 2.2.2 and 2.4.3, respectively.

Corollary 4.1.3. There are injective Ak -linear maps with pseudo-null cokernel
Colp, : H (K4, (T,Fs) ™ (a)®Ak) — Ak, Coly: HY(K,, (T,E.) " (a)@Ak) — A%,
such that
Colp, (p~ (locy (BF,))) = £, (Be(a)/K),  Colg(loc,(BF,)) = L3 (f(a)/K).

Proof. By [Maz78, Cor. 4.1] and [GV00, Prop. 3.3|, the Manin constant associated to the modular parametriza-
tion 7e : X1(N) — E, is a p-adic unit, so setting
Colg, := deg(ms) - Hp(f) - 601«,

the first part of the result follows from Theorem 4.1.1 and Lemma 4.1.2. On the other hand, as explained in
the proof of Lemma 2.4.4, the characteristic power series H(g) of the CM family g divides hg - £, (K)~. Since
on the other hand by [Hid07, Cor. 5.6] H(g) is divisible by hx - £,(K)~, it follows that the congruence ideal
of g is generated by hg - L,(K)~. Thus setting

Coly := hg - L,(K)~ - Coly

the second part of the result follows from Theorem 4.1.1. d
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4.2. Twasawa main conjectures. One key application of Corollary 4.1.3 is in relating different instances of
the main conjectures for the cyclotomic Z,-extension K1 /K. Similarly as in §3.1, for any elliptic curve E/Q
we put

.’fgr(E(a)/K;) = xrel,str(E(a)/K:o)v Gord’rel(E(a)/K—i_ )= H]—' (K, T,E(a) ® A;r()»

ord,rel

tc.. Write BE for the image of the class BF,, of Theorem 4.1.1 under the natural projection

Hj, (K, (TpEa)()®A%),

ord,rel

(K, (TpE.)(a)@A k) — H

ord,rel

so we have BF € Gorarel(Fo(a)/KTL).

Proposition 4.2.1. Suppose E4(K)[p] = 0 and that L) (E(a)/K)" and LS (f(a)/K)" are both nonzero.
Then the following are equivalent:

(1) Gordrel(Ee(a)/KL) has Af;-rank one, Xora str(Fe(a™t)/KL) is Af-torsion, and
ChA;r( (%ord,str(E.(Oéil)/K;;) D) ChA; (Gord rel( ( )/K+)/A+ BF+)
(i) Gstrrel(Fo(a)/KL) and Xa:(Eo(a)/KL) are both Af;-torsion, and
chys (Xer(Ba()/KL)AR™ D (L5 (f(a)/K)7T).
(iil) Gord(Ee()/KL) and Xora(Ee(a)/KL) are both AJ.-torsion, and
chy i (Xora(Ba(a)/KL)) D (L, (EBa(a)/K)T).
The same result holds for the opposite divisibilities.

Proof. This is a well-known consequence of Poitou—Tate duality and the reciprocity laws of Theorem 4.1.1, but
we provide the details for the convenience of the reader. Below we set Gty rel = Gty rel(Fo()/KL), Xar =
Xar(Ee(a)/KL), ete. for the ease of notation; and similarly, Xora(a™!) = Xora(Fe(a™)/KL), Xar(a™) =
Xar(Be(a™b)/KL), etc.. Note that, since o™ = a~! and (T,Eo ® (Af)Y)” ~ T,Ey ® (A})V, the action of
complex conjugation gives rise to isomorphisms of A}-modules:

(41) xGr(aiw ~ XGrs xord(ail) ~ Xord xord,str(ail) =~ xstr,ord-
For the equivalence (i) < (ii) consider the exact sequence
(4.2) 0 = Ggtrrel = Sordrel = Horq (Ko, TpyEe(a) ® Af) = Xar(a™) = Xoaste(a™!) = 0.

In both cases, we see that Gy rel is Aj-torsion, hence trivial (by the assumption Fe(K)[p] = 0), and (4.2)
yields the exact sequence

0 — Gordyrel /A BES — HE 4(Ky, T, Ee(e) @ AJ:)/Af; loc, (BEF) — Xar(a™) = Xorastr(a™t) = 0.

Since by Corollary 4.1.3 the second term in this exact sequence is pseudo-isomorphic—via the map Colg—to
AR/ (LS™(f(ar)/K)T), the equivalence (i) <> (ii) follows from this, the multiplicativity of characteristic ideals,
and the isomorphisms (4.1). On the other hand, for the equivalence (i) < (iii) consider the exact sequence

(4.3) 0= Gord = Sordirel = H)ora (K, Ty Ee () @ Af) = Xora(a™") = Xorasir(@™') =0,
where

H' (K5, Ty Eo () ® Af)
H (Ko, TyEe (o) @ Af)

ord

H)opd (Ko, TpEe() © Af) = ~ HY (K, T; (0)@Ax).

Similarly as before, in both cases we find Gg,q is A};—torsion, so from (4.3) we obtain the exact sequence
0 = Gord et/ N BE = H) 0 (Ky, T,Ee © M) /Afp~ (locsg(BF)) = Xora(a™!) = Xorasur(a™) = 0.

Since by Corollary 4.1.1 the second term in this exact sequence is pseudo-isomorphic—via the map Colg, —to
A%/ (LyR(Eo()/K)"), taking characteristic ideals and applying (4.1) the result follows. O
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4.3. The Beilinson—Flach Euler system divisibility. In the case a = 1, the “upper bound” divisibility in
Conjecture 3.1.3 for Xora(Ee/KZ) can be deduced from Kato’s work together with Proposition 3.2.1. For our
later arguments (especially for elliptic curves E/Q of rank > 1), we will need a similar divisibility for a twist
by a non-trivial character « of I'y, a result that we shall deduce from Proposition 4.2.1 and the next result.

Theorem 4.3.1. Suppose o # 1 is a non-trivial character of Iy, and BFS # 0. Then Xopa str(Ee(a™')/KX)
18 A+ -torsion, Sord rel(Fe(a)/KL) has AJr -rank one, and we have the divisibility

ChA;r( (%OI‘CLS(]I‘(E. Oé— )/K:o) D) ChA;r( (GOI‘d rel( ( )/K+)/A+BF+)
in A ® Q.

Proof. As a consequence of the cyclotomic Euler system constructed in [KLZ17, Thm. 8.1.3] attached to the
pair (f,g), there exists an integer r > 0 such that 7" BF extends to a system of cohomology classes

BF;,m € Hl(K<Mm)v (TpEO)(a)Q%A};)

indexed by integers m > 1 coprime to pcN D for an auxiliary integer ¢ > 1 coprime to 6 N Dy with BF ;r 1=
7" BE; and satisfying the Euler system norm relations. (The @w” appears because the specialization at the
character « of the Galois module associated to g in [KLZ17] may not equal Ind(% («) but only contain this
lattice with finite index.) Thus by the results of [KLZ17, §12], giving in particular a refinement of the results
of [Rub00] for Euler systems with a non-trivial local condition at p, it suffices to verify that the Gg-module
T := (T,E.) ® Ind%(a) satisfies the following hypotheses:

(i) V=T ®Q, is irreducible as a ®[Gal(Q/Q*")]-module,

(ii) There exists an element o € Gal(Q/Q(ppe)) such that dime(V/(o —1)V) = 1.
(Note that [KLZ17, Thm. 12.3.4] gives a refinement of [Rub00, Thm. 2.3.3] under the big image hypothesis
“Hyp(BI)” in op. cit.; the same methods yield a corresponding refinement of [Rub00, Thm. 2.3.4] under the
above hypotheses (i)-(ii).)

But the verification of these hypotheses is standard. Indeed, since our running assumptions imply that the
newform f is not of CM-type, hypothesis (i) is clear. On the other hand, hypothesis (ii) follows from [Loel7,
Thm. 4.4.1], noting that by [Ser68, §IV.2.2] the quaternion algebra By considered in loc. cit. can be taken to
be split. O

5. INTERLUDE: THE RANK ONE CASE AND THE GENERAL STRATEGY

In this section we give a proof of Theorem A under the following two additional hypotheses:
(a) corankz, Sel,~(E/K) = 1.
(b) The restriction map
Sely= (EB/K) 2% B(K,) © Q,/Z,
is nonzero.
The short argument that follows, albeit independent from the discussion in the later sections, will allow us
to motivate the more involved arguments needed for the proof of Theorem A in general, and might provide
some orientation to the the reader. Note that under the additional hypotheses (a) and (b), the results in the

earlier sections of this paper and those in [CGLS22] suffice for the proof.
Recall that E, denotes the elliptic curve in the isogeny of E constructed in [Wut14].

Step 1. Under the above additional hypotheses, by [CGLS22, Thm. C] the module X2 (F,/K) is Ax-torsion,
with

(5.1) chy- (Xar(Ba/K3)) A" = (L5777 (f/K)).

b) in Lemma3.3.1 with a = 1, and so we

Conditions (a) and (b) above correspond to conditions (a) and (
) € Zp[T] be a characteristic power series for

conclude that H (K, E,[p™]) is finite, and letting Fe, (Es/ K,
Xar(FEe/K,) we have

(5.2) Far(Be/KL)(0) ~p LPF(F/K)(0) #0,

where ~,, denotes equality up to a p-adic unit.
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Step 2. From Kato’s result [Kat04, Thm. 17.4] (as refined in [Wut14, Thm. 16] to an integral divisibility in the
p-Eisenstein case) applied to E, and EX, together with Proposition 2.2.4 and Proposition 3.2.1, we deduce
that Xora(Fe/KX) is Aj-torsion, and that we have the divisibility

(5.3) ChA;r( (fford(E./K:O)) ») ('CgljR(Eo/K)+)

in AJ.. Moreover, the nonvanishing of LR (E,/K)T follows from Rohrlich’s nonvanishing results [Roh84], while
that of L5™(f/K)* follows from (5.2) and Proposition 2.4.5, noting that £5*(f/K)~(0) = LS (f/K)*(0).
Therefore, by Proposition 4.2.1 with o = 1 we obtain that Xg,(F./KT) is A}L(—torsion, with the divisibility

(5.4) chys (Xer(Ba/KL)) D (L7 (F/K)Y)
in A"
Step 3. For Far(Ee/K5) € Z,[T] a characteristic power series for X2, (F. /K ), we have the chain of relations
Far(Bo/KL)(0) ~p Far(Ba/K)(0) ~p LFPV(F/E)0) ~p LFF(f/K)7(0) = L (f/K)T(0),
using Proposition 3.3.2 with & = 1 (resp. Proposition 2.2.4) for the first (resp. third) equality up to a p-adic
unit. We thus conclude that
Fer(Be/KL)(0) ~p LF(f/K)(0) #0,
which by easy commutative algebra (see [SU14, Lem. 3.2]) implies that equality holds in (5.4):

[
chyt (Xr(Be/KL)) = (LS (f/E)T).
By Proposition 4.2.1, it follows that Xo.q(Fe/KZ) is Aj-torsion, with
hyy (Xora(Ba/K5)) = (LD (Ba/K)),

and by Proposition 3.1.4 the same conclusion holds with E in place of E,. By Proposition 2.2.4 and Proposi-
tion 3.2.1, this equality of characteristic ideals together with Kato’s divisibility for E yields Theorem A (under
the additional hypotheses (a) and (b) above).

In order to obtain Theorem A in general:

e We shall prove Theorem C from the Introduction, removing the assumption corankz, Sel, (E/K) =1
from [CGLS22, Thm. C]. Then, similarly as in Step I above, we shall obtain

Far(Ba(@)/KX)(0) ~p L7PF(f(@)/K)(0) #0,
for any character « of I'y away from the zeros of LEPY(f/K) (so necessarily o # 1 if the Z,-corank
of Sel, (E/K) is greater than 1).
e By arguments similar to those in Steps 2 and 8 above, but complicated by the need to apply certain

congruences and the use of S-imprimitive Selmer groups, we will show that for « sufficiently close to
1, the module Xopq(Ee()/KZL) is Af-torsion, with

chyg (Xona(Ba(0)/K L)) = (L™ (Bo(0) [K)Y).

From this last equality, we deduce that the original Xoa(Fe/KZ) and LR (E,/K)T have the same Iwasawa
invariants, which together with Kato’s work will yield the proof of Theorem A.

6. ANTICYCLOTOMIC MAIN CONJECTURE

The key new result in this section is Theorem 6.1.1. The result is a Kolyvagin system bound complementing
[CGLS22, Thm. 3.2.1] for characters  of I'x that are close to 1. We then use this result to obtain a version of
[CGLS22, Thm. C] and its corollaries removing the assumption that corankz Sel,~(E/K) = 1 (i.e., assumption
(Sel) in loc. cit.).

Throughout this section, we let £/Q be an elliptic curve of conductor N, p{ 2N be a prime of good ordinary
reduction for F, and K be an imaginary quadratic field of discriminant Dy prime to Np. We assume that

(h1) E(K)[p] =0,

and denote by .2 = £ the set of primes ¢ { N that are inert in K and satisfy ap = ¢+ 1 =0 (mod p), where
ar =0+ 1—|E(Fy)|, and by 4 the set of square-free products of primes ¢ € Z.
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6.1. A Kolyvagin-style bound for a =1 (mod@™). Let R be the ring of integers of some finite extension
®/Q, and let w € R be a uniformizer. Let m = (w) be the maximal ideal of R. Let o : 'y — R* be an
anticyclotomic character and m a positive integer such that

(6.1) a=1 (modw™).

Denote by pg : Go — Autz, (T,E) the representation on the p-adic Tate module of £, and consider the
G g-modules

T:=T,E® R(a), Vi=Ter® A:=Tor®/R~V/T,

where R(a) is the free R-module of rank one on which G acts via the composition of the projection Gx — '
with «, and the Gx-action on T is via p = pgp ® a. Let I; be the smallest ideal containing ¢ + 1 for which the
Frobenius element Froby € G, acts trivially on T'/I,T, where A | £ € L. For any k > 0, let

T™® =T/*T, 2% ={te 2 I, cp*z,},

and let .4 (%) be the set of square-free products of primes £ € Z*). We refer the reader to [CGLS22, §3.1] for
the definition of the module of Kolyvagin systems KS(T, Forq,-Z) associated to the triple (T, Forq,-Z) (here
and until §6.5, Forq denotes the ordinary Selmer structure introduced in [CGLS22, p. 548], which is compatible
with the discrete coefficients analogue defined in §3.3 and Definition 3.1.1).

Theorem 6.1.1. There exist non-negative integers M and £ depending only on T,E and rankz, (R) such that
if m > M and if there is a Kolyvagin system & = {tn}ncy € KS(T, Fora, L) with k1 # 0, then Hy (K, T)
has R-rank one and there is a finite R-module M such that

Hy (K,A)~®/ReM oM
with
length (M) < lengthy (Hy (K, T)/R- k1) +£.

The ‘error term’ £ in this theorem is independent of m, but that comes at the expense of the result applying
only to characters « that are sufficiently close to 1 (as measured by M). The reader may wish to compare
this theorem with [CGLS22, Thm. 3.2.1] whose error term E, is at least as large as m but which also applies
to a that are relatively far from 1. Both results are crucial for the proof of Theorem C.

6.2. Structure of Selmer groups. In the following we use F to denote Fo.q for simplicity. For any k¥ > 1,
let R®) = R/m*. We recall the following structure results:

Lemma 6.2.1. For every n € N E) and 0 < i < k there are natural isomorphisms

HY () (K, T®) /m'T®) = HE (K, T® [m]) = Hy,,) (K, 7®) [m’]

. k=t .
induced by the maps T®) f;?T®F) Ty TF) [m?] — T*),

Proof. See [CGLS22, Lem. 3.3.1]. O

Proposition 6.2.2. There is an integer € € {0,1} such that for all k and every every n € N E) there is an
R¥) -module M®*) (n) such that

HY () (K, T®) ~ (R/m*)* & M®) (n) & MP (n).
Proof. See [CGLS22, Prop. 3.3.2]. O
By Lemma 6.2.1 and (6.1), if £ > m there is an isomorphism
(6.2) Y,y (K, T3 2 H ) (K, 7)) ],

where T]S:m) =T,(F) ®z, R/m™. We can then exploit the action of complex conjugation on the left hand side

(both Tgn) and the Selmer structure F(n) are stable under this action). We make use of this in our subsequent
analysis of the structure of the R-modules M (n) in terms of Kolyvagin classes.
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6.3. The Cebotarev argument. We recall the definitions of the error terms C;, Cy of [CGLS22, §3.3.1]. For
U=1Z, Nim(pg) let
Ci == min{v,(u—1): u € U}.
As U is an open subgroup, C < oo. Recall also that Endz, (T,E)/pr(Z,[Gql) is a torsion Z,-module and let
C :=min{n > 0: p" Endz, (T, E) C pr(Z,[Gq])}.
Let r = rankzp R and
e:=1(Cy + Cy).
For any finitely-generated torsion R-module M and x € M, let
ord(z) := min{m > 0: @™ -z = 0}.

The following result is one of the main tools for our proof of Theorem 6.1.1.

Proposition 6.3.1. Let ¢t € H!(K, Tjgm))i, Let k > m. Then there exist infinitely many primes £ € £*)
such that
ord(locy(¢F)) > ord(cT) —e.

In particular, R -locy(cT) + R -locy(c™) has an R-submodule isomorphic to

R/mmax{o,ord(c*')fe} ® R/mmax{o,ord(c_)fe}.

Proof. The proof of this proposition follows along the lines of that of [CGLS22, Prop. 3.3.6].

Let u € Z; Nim(pglck, ) = Z; Nim(pg) C Z; Nim(pr ® a) (see [CGLS22, Lemma 3.3.3]) be such that
vp(u—1) = Cy. Let L be the fixed field of the action of G on T//p*T, so L is the composite of the fixed field
of the action of G on Tg/ p*Ty and the field K, trivialising @ mod p*. Then there is some A in the center
of Gal(L/K) such that h acts on T/p*T, and hence on T(™) ~ Tém), as multiplication by u. The kernel of the
restriction map H' (K, 7)) — HY(L,T(™)) is H'(L/K,T(™)) and it follows from the existence of h that the
latter is annihilated by u — 1 (this is essentially Sah’s Lemma: if ¢ : Gal(L/K) — T(™) is a l-cocycle, then
c(gh) = ¢(hg) and so (h — 1)c(g) = (g — 1)c(h) and hence p©ic is a coboundary). It follows that

(6.3) p&r - ker(H'Y (K, TY™) — HY(L, TY™)) = 0.

Let d* := ord(ct) — 7(C; + Cs). If dt = d~ <0, then there is nothing to prove. So assume at least one of
d* is positive. By (6.3), the kernel of the restriction map

HY(K,T0™) " HY(L, TS = Homg, (G, TY™)
is annihilated by p©* = @w"“1. Let f* € Homg, (G, T}(Em)) be the image of c*. We then have
ord(f*) > ord(cF) — rCy.
As f£(Gp) is a Gg-submodule, f*(Gr) = Im(pg) - f*(G1) and so, by the definition of Cy, the image of f*
contains p©2 End(T,(E)) - f£(G1). Since ord(f*) > ord(c*) — rCy, it follows that the R-span of the image of
f* contains wm_ord(ci)“"”(cl"’C?)Tém). Since at least one of d* and d~ is positive, it follows that at least one
of f* and f~ is non-trivial.

Let H C G, be the intersection of the kernels of f* and of f~, and let Z = G /H. Note that H # G|,
since some f* is non-trivial, so Z is a non-trivial torsion R-module. Note also that Z is stable under the
action of complex conjugation since each f* is. In particular, Z decomposes into eigenspaces under the action
of complex conjugation: Z = Z+ ¢ Z~.

Let g% be the projection of f* to the summand (T}(;n))i >~ R/m™. Then the R-span of the image of g*
contains an R-submodule isomorphic to R/mma"{o’di}. We have g*(Z7) = 0 since f* € Hom(Gp, E[p™])*.
So we find g*(Z) = ¢g*(Z7) and that the R-span of g*(Z7) contains a submodule isomorphic to R/mmax{ovdi}.
It follows that Z* is non-trivial.

If d* > 0, let Wo C Z* be the proper subgroup such that ¢= (W) = wm_(di_l)(TIE;m))i. If d* <0, let
Wx = 0. Then both W, and W_ are proper subgroups of Z* (since there exists some z € ZT such that
gt (2) € ot (Tém))i). It follows that Wy UW_ # Z*. Let z € Z+, 2 ¢ W, UW_. By the definition of
W=, we have

(6.4) ord(g%(2)) > d*.
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Let M = @H, so Gal(M/L) = Z. Let g = 7z € Gg, and let £1 Np be any prime such that both ¢t and ¢~
are unramified at ¢ and Frob, = g in Gal(M/Q). The Cebotarev density theorem implies there are infinitely
many such primes. Since Z fixes L and since L contains the fixed field of the Gx-action on E[p*], Frob, acts
as 7 on both E[p*] and K. This means that a;(E) = £+ 1 = 0 mod p* and £ is inert in K. Since L also
contain the fixed field of & mod p*, for A | £ a prime of K, it follows that Froby acts trivially on T/p*T and
hence that ¢ € £ %),

Since / is inert in K, the Frobenius element of £ in Gal(Q/K) is Frob?. Consider the restriction of ¢* to K.
Since ¢* is unramified at £, locy(c*) is completely determined by the image ¢* (Frob?) in Tém) /(Frob? —l)T](Em).
By the choice of £, Frob; acts trivially on Tém), S0 Tém) /(Frob? fl)T]EJm) = Tgn). Moreover, Frob? = ¢% =
22 € Gal(M/L), so ¢*(Frob;) = f*(2?) = 2¢g™(2), where the second equality follows from the fact that the
projection of f* to (T]gm))jF maps z € Z* to zero. Since p is odd, (6.4) yields ord(loc,(c*)) = ord(c¢* (Frob?)) =
ord(2¢9% (2)) = ord(g*(2)) > d*. O

Remark 6.3.2. The primary difference between Proposition 6.3.1 and [CGLS22, Prop. 3.3.6] is that here we
have restricted ourselves to the m”-torsion of the Selmer groups of T*) (see (6.2)) and so we can directly work
with the eigenspaces of complex conjugation. For the proof of loc. cit. we worked over an extension trivialising
the character @ mod w”® and then used “some quadratic forms” to estimate the linear independence of the
images of the localisations of the classes. The upshot is that our error term no longer involves the C, of
[CGLS22]. This is crucial for removing the corank one assumption in the proof of the anticyclotomic Iwasawa
main conjecture in op. cit.. However it causes some complications in the proof of Theorem 6.1.1: we use the
m™-Selmer groups to control the image of the localisation at Kolyvagin primes of classes in the m*-Selmer
groups, and the resulting control is not as tight as in [CGLS22].

6.4. Proof of Theorem 6.1.1. The (co-)rank one claim in the theorem follows from [CGLS22, Thm. 3.3.8]:
HL(K,T)~ R and H-(K,A)~®/R®& M, M ~ My&® M,

for some finitely-generated torsion R-module M, such that My ~ M (k)(l) for all k> 0. In fact, the proof of
[CGLS22, Thm. 3.3.8] shows that My ~ M®*) (1) if k > ind(x;) + 3r(Cy + Cy + m). In the current setting, the
error term C,, of op. cit. is equal to m; it is essentially this fact that prevents the arguments in op. cit. from
applying to prove the theorem in the current setting and is the reason we take a different approach below to
establishing the bound

(B) $1+E> lengthR(M(k)(l))7

where 51 = ind(x1, H%(K,T)) and € does not depend on m, provided m is sufficiently large. As lengthy (M) =
length (M *) (1)) for k > 0, the bound (B) implies the bound in Theorem 6.1.1.

We now focus on the proof of (B). A finite torsion R-module X is isomorphic to a sum of cyclic R-
s(X

modules: X =~ @lzl)R/mdi for some uniquely-determined integers d; > 0. For an integer ¢ > 0 we let
pe(X) = #{i : d; > t}. In particular, for n € N M) we let

pr(n) = pe(Hlp () (K, TU)F) + py (Hl ) (K, T0) 7).
Note that it ¢ < m then p;(n) > 1 since the € of Proposition 6.2.2 is 1 (the latter fact is implicit in the above
rank one result). We also let

pi=2(pe(1) = 1).
Note that p < 2dimp(HL (K, TMV) = 2dimp, (Hx (K, E[p]), where F = R/m is the residue field of R, and hence
p is bounded by a constant independent of k, m, and «.
Proof of (B). Let s(n) = dimp H}f(n)(K7 TW) — 1 = dimg M (n)[m], and let
E=(p+(s(1)+1+2p)(5p+1))e and M = (1+ 5p)e.

Note that £ and M are bounded by constants that are independent of m (and depend on « only through the
Zy-rank r of R). Let k be a fixed integer such that

(6.5) k > lengthp(M(1)) + ind(x1) + m + (6s(1) + 2)e.

We will show that (B) holds provided
m > M.
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If p =0, then the exponent of M (1) is at most e and therefore
Llength, (M (1)) < 1(s(1) + 1)e < ind(k1) + €.

=3
So we may assume p > 0.
We will find sequences of integers 1 = ng,nq,...,n, € N E) and 1 = Zo,T1, ..., %, along with integers

b(n;) > 0 that satisfy
() s(nis1) — 2 < s(n) < s(ninn) +2
(b) llengthR( (ni)) > glengthp (M (m_1)) —b(n;) ;
(c) 3lengthp(M(n;)) < %lengthR(M(m,l)) +e;
(d) Ord("fm) > ord(kn,_,) —
(e) ind(kp,_,)+e> ind(/ﬁm) + b(n;);
() zici +2 < 2y < 221 + 5, prie(ni) < pay_je(niz1), and pge(ni) = pa;_qe(ni—1) > 1 only if

Plaeit1ye( g, (K, TmHE) > 1;
(8) if pa;_se(ni—2) > 1 then pye(ni) < pu;_ye(ni-2).
Before explaining the existence of such sequences, we demonstrate that (B) follows from (a)—(f).
From repeated appeals to (a) we obtain

s(n,) < s(1) +2p.
From repeated appeals to (g) we see that either p,,.(n;) = 1 for some 1 <i < p, in which case 1 < p; c(n,) <
Prie(ni) =1, 00 1 < pye(np) < po,_se(np—2) =1 <0 < pype(no) — %p = pe(1) — %p = 1. In either case, we

see
Pz,e(n,) = 1.
As z, < x9+5p =1+ 5p, it then follows that
(6.6) length (M (n,)) < s(n,)ape < 5(n,)(5p + e < (s(1) + 20) (5 + L.
By repeatedly applying (b) and (e) we obtain
ind(x1) + pe > ind(ky,) + b(n1) + b(na) + -+ +b(n,)
> ind(kn,) + 3length,(M (1)) — Slength (M (n,)).
Combined with (6.6) this gives
ind(k1) + & > ind(kp,) + 3lengthp(M(1)) — Slengthp (M (n,)) + (s(1) + 2p)(5p + 1)e

> ind(kn,) + 3lengthp(M(1)) + Flengthy (M (n,))

> %lengthR(M(l)),
which is the bound (B).

We will now define the sequence ng = 1,ny,...,ny € A4 ¥ (and subsequently the b(n;) and ;) by making
repeated use of Proposition 6.3.1 to choose suitable primes in Z*).

Suppose 1 = ng,n,...,n; € N E) 1 =0, 21, .. .z, and 0 = b(ng),b(n1),...,b(n;), j < p, are such that
(a)—(f) hold for all 1 < i < j (note that if j = 0 then (a)—(f) are vacuously true). We will explain how to
choose a prime ¢ € Z*) such that nq, . ..,n;, njt1 = n;{ satisfy (a)—(f) for all 1 <4 < j+ 1. Repeating this
process yields the desired sequence ng, ..., n,.

Let ¢y € Hlf(nj)(K, T®) generate an R/m*-summand complementary to M(n;), so H}T(n (£, T,y =
Reo @ M(nj) ~ R/m* & M(n;). Let v € {£} such that ord((1 + v7)@* ™cg) = m, that is, the order of ¢ =
(1+v7)(w*"eo) € Hy,, (K, T(™)¥ is m. Note that the order of @* "¢y is m, so there exists at least one

v € {£} satisfying the desired condition. Let N := exp(H}_-(n (£, T)~v) and let ¢ € Hl}-(nj)(K, T~V

have order N. We apply Proposition 6.3.1 to the classes ¢ and ¢~ and obtain a prime ¢ € Z¥) such that
ord(loc, (@ ~™¢g)) > ord(loce(c”)) > m — e and ord(locg(c™”)) > N —e,

and 1OCZ(H1}-(M_)(K, T(™)) has an R-submodule isomorphic to R/m™~¢ @ R/m™~¢. As m > e, it follows that

ord(loce(co)) = k — e, and hence loc,(HY, (K, T®")) ~ R/m*=* @ R/m® for some a < e and b > N —e. In

particular, there is a short exact sequence

(6.7) 0— H — Hy, (K, TM) 2% R/mF @ R/m® 0, a<e b>N e,
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where H := H;-(n ) (K T(*))) is the kernel of the localisation at £. Global duality then implies that there is
an exact sequence

(6.8) 0= H — Hl(, (K, T™) ~ R/m* & M(n;t) = o RimEY @ R/m® -0, a>d.,b >b.

Here we have used that the arithmetic dual of T®*) = (k)

an isomorphism H% (K, T(ik,)l) H}_-(n)(K, 7.
We now show (a)-(e) hold for i = j + 1 with nj11 = n;¢ and b(n,1) ="
Let h := dimg H[m]. From (6.7) it follows that h < 1+ s(n;) < h + 2, and from (6.8) it follows that
h <14 s(njy1) < h+2 Hence s(n;) —2<h—1<s(njy1) < h+1<s(nj)+ 2, which shows that (a) holds.
From(6.8) and (6.7) we find

length (M (nj11)) = lengthp(H) — b + a’ = lengthp(M(n;)) — (b+ V') + (a +d').

As (b+1V) <2V = 2b(nj41), it follows that (b) holds. And as (a + a’) < 2e, it follows that (c) holds.
To verify that (d) holds for i = j 4+ 1, we first observe that

is T(i,)l and that the complex conjugation 7 induces

ord(kn,,,) = ord(kn,e) = ord(locy(kn,¢)) = ord(loce(kn,)),

the last equality following from the finite-singular relations of the Kolyvagin system. So (d) holds if ord(locy(rn;)) >
ord(ky,) —e. To see that this last inequality holds, we note that ord(r,,) > ord(kn,) — je by (d) for 1 <@ < 4.
But ord(kn,) = ord(k1) = k — ind(k1) by the choice of k (and the fact that Hx(K,T) is torsion-free by (h1)),
and so by (6.5) and repeated application of (c¢) for 1 < i < j we have

ord(kn;) > k —ind(k1) — je > lengthp(M (1)) +m + (65(1) +2 — j)e
> lengthp (M (n;)) + m+ (6s(1) +2 — 3j)e
> lengthp (M (nj)) +m+ 2e
> lengthr (M (nj)) + 2e.

Write k,, = xco +y with x € R and y € M(n;). Since ord(k,;) > exp(M(n;)) by (6.9), it follows that
x = w'u for t = k — ord(kn,) and some u € R*. It follows that

(6.9)

,R-GXP(M(”J)) IOCZ(KJni) — WeXP(M("j))+tu IOC,@ (CO)'

By the choice of ¢, ord(loc(co)) = k — e =t + ord(kn;) — e >t + exp(M(n;)) + e, where the last inequality
follows by (6.9). We then deduce that

ord(loc(#y,)) = ord(loce(co)) —t > k — e —t = ord(kn,) — e,
which — as noted at the start of this paragraph — implies that (d) holds.

Next we verify (e) for i = j+ 1. Let ¢; € H%_-(njﬂ)(K, T®)) be a generator of an R/mF-summand comple-
mentary to M(n;11), so Hx F(n, (K7 T®) = Rey @ M(njy1) ~ R/m* @ M(nji1). Write k,, = unfc; +y and
Fingy, = vTc+y', where u,v € RX, y € M(n;) and vy € M(n;41). Arguing as in the preceding proof that (d)
holds for ¢ = j + 1 shows that ord(k,,) > exp(M(n;)) + 2e for 1 < i < j + 1 and in particular for ¢ = j and

i=j+1. Hence g = k —ord(k,,) and h = k — ord(x, Arguing further as in the proof that (d) holds also
yields

j+1)-

ord(locy(#n,)) = ord(loce(co)) — g and ord(loce(kn,,,)) = ord(loc,(c1)) — h.
From the finite-singular relations for the Kolyvagin system the left-hand sides of both equalities are equal and
therefore
h — g = ord(locs(c1)) — ord(loce(cp)).-
We refer again to the short exact sequences (6.7) and (6.8). By the choice of £, ord(locs(cp)) > k —e >
exp(M(n;)) > b, the last inequality by [CGLS22, Lem. 3.3.10(ii)]. Hence we must have ord(loce(cp)) = k — a.
Similarly, we also must have ord(locg(c1)) = k — b'. Thus we find

h—g=(k-V)—(k—a)=a—-b <e-V.
Since h — g = ord(kp;) —ord(kn,,, ), this proves ord(ky;) +b" < ord(kp,,,)+e and hence, since we have shown
ord(kyp,) = k —ind(ky,;) and ord(kn,,,) = k —ind(kn,,, ), (e) holds.
So far, our arguments have not wandered far from the lanes of [CGLS22, §3.3.3]. However, at this point
we cannot continue along the same path and deduce — in the notation of op. cit. (see also below) — that
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di(M(nit1)) =2 diga(M(ng)), t = 1,...,dimp(M(n;)[m]) — 2. This is because knowing the localisation of
Hlf(m)(K, T™))[m™]~ is not sufficient to determine which class(es) in Hlf(m)(K, T™) have localistion gen-
erating the summand R/m® in (6.7). Instead, to conclude the proof of (B), we establish (f). This roughly
tells us that — even without being able to control the individual d¢(M (n;))s — the number of large exponents
decreases. Actually, in general we can only show that this number does not increase, but if we are in the
unfortunate situation where it is stable (which happens essentially if all the “big summands” are in the same
eigenspace), then at the step n;1 this number decreases.

It remains to define z;4; and verify (f) and (g). To this end we introduce some more notation. A finitely-
generated torsion R-module X can be written as sum of cyclic R-modules X =~ @f(:)l{)R/mdi(X), with the
exponents d;(X) uniquely determined. We shall always suppose that the d;(X) have been labeled so that
di(X) > dX)>--->dyx)(X). Note that s(X) = dimg X[m]. We will adopt the convention that d;(X) =0
if i > s(X), extending the d;(X) to all positive 3.

Taking the m™-torsion of the exact sequence (6.7) we obtain two short exact sequences:

(6.10) 0 — Hm™]” — Hi(, (K, T0™)” 2% R/m™ % -0, 0<a, <e,
and
(6.11) 0 — H[m™| ™" — Hk(, (K, 7)™ 2% R/mP -0, N—e<b, <N,

The bounds on the exponents for the modules on the right come from the choice of £ with respect to the classes
¢ = (14 vr)w® ¢y and ¢7¥. Global duality then yields two additional short exact sequences

(6.12) 0 — Him™” — Hk, (K,T™)” 2% R/m® 0, 0<a), <e,
and
(6.13) 0 = H[m™ ™ — Hbk(, (K, 7)™ 2% Rjm™ =% 0, b, <b,.
As ord(¢”) = m and ord(loce(¢”)) = m — a with a < e, it follows from (6.10) that d;(H[m™]") <
i1 (Hy, (K, T(™)¥) 4 e. From (6.12) we deduce that di(Hx(,,, (K, 7)) < di(H[m™]”) + e, and

SO

di(Hx(,,, (K, M)y < di+1(H}r(nJ)(KaT(m))V) + 2e.
Let ig = pa,e(Hj(, ) (K, T™)"). 1t follows that d;,(H (K, T0™)") < dig1 (HE,,.
z;e+ 2e, so
(6.14) Playr2ye (Mg, (K TU)Y) g = 1= pre (g, (K, T0)") = 1.

Next we consider the exact sequence (6.13). One of the cyclic summands of Hl}'(nj+1)(Kv T™)=¥ say one

isomorphic to R/m® for d; = dt(H}(nHI),
an R-module surjection H[m™]™" — Hl}-(7LH1)(K, T™)=¥/(R/m®), and so — upon taking Pontryagin duals —
(K, T™)~"/(R/m%) < H[m™]~". From this together with the injection in

,17:(nj+1) (K’ T(m))y) + 2 <

T =) surjects under loc, onto R/m™ %, There is therefore

an R-module injection Hl}.(
(6.11) we conclude that

njt1)

di(Hy(, (K, ™)) i<t

6.15 d;(H} K, T"™) ") <

F(nj+1

It then follows that
e (K, T00) ) < p (Y (K, TOD) ™) 41
Together with (6.14) this implies

(6.16) Paj+2)e(Mj41) < Paje(nj),

which proves the first inequality in (f) for any choice of z;41 > z; + 2.
Suppose

(W) zje+e < N =exp(Hy, (K, T"™)™).

Considering the exact sequence (6.11), we see that one of the cyclic summands of H}T(nj) (K, T("™)~" say one
isomorphic to R/m for dj, = dh(H}.—(nj)(K, T(™)=¥), surjects onto R/m%. As b, > N —e > zje, it follows
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that dj, > z e, and so pmje(H.lr(nj)(K, T~V /(R/mr)) = pmje(Hlf(nj)(K, T(™))~¥) — 1. On the other hand,
since d, < N, the R-module surjection H[m™]™" — Hlf(n]_)(K,T(m))_”/(R/md’L) has kernel annihilated by
w® and 80 pg;ere(H[mMm™] ™) < pmje(Hlf(nj)(K, T™))=¥ /(R/m?)). Combining these inequalities yields

pmje-i-?e(H[mm]_y) S pwje-i-e(H[mm]_V) S ijE(H;'(nj)(K’ T(m))_y) - L

From the previously noted injection H;_-( (K, T~V /(R/m%) < H[m™]~" we deduce that

nji1
ije+2e(H1f(nj+1)(Ka 7M7) —1< sze+2e(H1f(nj+1)(K» 7)™ /(R/m®)) < Prjet2e(H[mM™]™).
Together the two displayed equations yield
pajetae(Hx(, ) (K, 7)) < pase(Hi(,) (K, Tm)).
Combining this with (6.14) we find
(6.17) (®) = pla;+2)e(nj41) < paje(ny).
If (&) does not hold, then N = exp(H%

di(H-lr(nﬁl
ort=1and p(IjH)e(Hlf(

(nj)(K, T(M)=¥) < (x; + 1)e. From (6.15) we see that each
(I, T(™)=¥) < (x; + 1)e except possibly for i = ¢. So either p(xj+1)e(H1f(nj+l)(K, Tm)=v) =0
nj+1)(K’ Tm)=v) = 1. If P(a:j+1)e(H}:(nH1)(K7 T™)=¥) = 0, then it follows from
(6.14) that p(y,12)e(j+1) < paje(ny). If dp < (x;+3)e, then we also have p(q, 43)e(nj+1) < pz;e(ny) by similar
reasoning.
Suppose p(q;+3)e(nj) = 1. The proof of (6.16) also holds for z; replaced with z; + 3, which shows
Pa;+5)e(Ni+1) < Pa;+3)e(ny) = 1.
To summarize, we have shown that
(&) does not hold,
p(1j+1)€(H.17?(nj+1)(K7T(m))_u) = 1,
dy > (x5 + 3)e,
P(a;+3)e(nj) > 1.

(6.18) Pla;+5)e(j+1) = Pase(ng) > 1 =

SUppose p(q, +5)e(Mj1+1) = paje(ng) > 1. Since pia, 45)e(M11) < Pra;+3)e(Mir1) < Pla;+2)e(Mj1) < Paje(nyg),
it follows that we also have p(,43)e(j11) = P(a;+2)e(nj+1) = paje(n;). Furthermore, all the conditions

on the right-hand side of (6.18) hold. As d; > (z; + 3)e, exp(Hlf(nHl)(K, T™)=) > (x; + 3)e, so

p(mj+3)e(H;(nj+l)(Ka T(m))_y) > 1. As p(acj+3)e(H_17?(nj+1)(K7T(m))_’/) < p(:cj+1)e(H_17:(n].+1)(Kv T(m))—u) =1,
it follows that pg, ys)e(Hy(, (K. T0)™) = 1. Since pye(ng) > 2, paa)e(Hy,,,  (K,T)) =

Pz;+3)e(Mjr1) — p(rj+3)e(H}1'(nj+1)(K7 T(™)=¥) = py.e(n;) — 1 > 1. This shows

nj+1)

p(xv+2)e(nj+1) = chje(nj)a
6.19 . j = Pz e j)>1 = ’ .
( ) p(xj+5)€(nJ+1) Pz; (n]) { p(Ij+3)8<H.17:(nj+l)(K7 T(m)>i) = L

We can now complete our definition of ;41 and the verification of (f):

(1) If p(wj+5)e(nj+1) =1or p(wj+5)e(’flj+1) < pxje(nj), then Tj41 =25 + 5.
(i) If pea;+5)e(j+1) = paje(ny) > 1, then ;11 1= x; + 2 and (6.19) shows that

p(mj+1+1)5(H.17:(nj+1)(K7 T(m))i) Z 1

Hence (f) holds for i = j + 1.

Finally, we verify (g) for i = j + 1. Suppose ps; ,e(nj—1) > 1. If pye(n;) < ps;_,e(nj—1), then
Pajire(Njr1) < peje(ng) < pz;_ie(nj—1). Suppose then that pg c(n;) = pe; ,e(nj—1). It follows from (f)
in the case ¢ = j (which holds by induction) that p(wj+1)e(Hlf(nj)(K, T(™)%) > 1. This implies that (&)
holds, and so, by (6.18) above, p(s, y5)e(nj+1) < pa,e(nj) = pz;_ye(nj—1). As xj41 = x; + 5 in this case (see
(i) above), this shows that (g) holds. O

This completes the proof of Theorem 6.1.1.
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Remark 6.4.1. The strategy to produce the n; € 4 (¥ as in the preceding proof is similar to the one
employed in [CGLS22, §3.3.3] but technically more delicate. In particular, comparing the condition (b) here
and the condition (b) in op. cit., one will notice that the one stated herein is weaker (and would follow from
condition (b) in op. cit.). The issue is exactly the one hinted at previously: we have removed the dependence
of the error term on «, but at the cost of having to work with the m™-torsion. This prevents us from proving
that we can take bar(n, ,)(n¢) = di(M(n¢—1)) — e (notation as in [CGLS22]) — and so being able to work
with the stronger condition (b). This results in the need for the additional conditions (f) and (g), which can
be thought as an induction step on “the number of summands of the m™-torsion of the Selmer groups that
are not bounded by (controlled) multiples of ¢”. Philosophically, this is what is done in the proof of [How04,
Lemma 1.6.4], where however, as e = 0, one can work with the m-torsion and have an equality for the order
in Proposition 6.3.1.

6.5. The anticyclotomic Iwasawa main conjectures. With Theorem 6.1.1 in hand, we can state and prove
a strengthening of [CGLS22, Thm. 3.4,1] and consequent strengthenings of [CGLS22, Thm. 4.1.2, Thm. 4.2.2]
as well as [CGLS22, Cor. 4.2.3]. Let A = A, and note that the modules
X =Hy (K,Mg)¥, Hy (K,T)

in [CGLS22, §3.4] are the same as the modules Xopq(F/K ) and Gora(E/KL) in §3.1, respectively.
Theorem 6.5.1. Assume E(K)[p] = 0 and suppose there is a Kolyvagin system x € KS(T, Fp, ZLr) with
k1 # 0. Then Soa(E/KL) has A-rank one, and there is a finitely generated torsion A-module M such that

(i) Xora(E/K ) ~A® Mo M,

(ii) charp (M) divides charp (Sora(E/K5)/AR1) in A[1/p].
Proof. The proof is the same as that of [CGLS22, Theorem 3.4.1]. However, the height one prime (y~—1) C A
was excluded from the analysis in loc. cit. because the error term in [CGLS22, Thm. 3.2.1] increases as the

characters a get p-adically closer to 1. Replacing the appeal to op. cit. with one to Theorem 6.1.1 for the case
of the prime (7~ — 1), yields the theorem. O

Applying Theorem 6.5.1 to the Kolyvagin system x'& = {x!l&}, ., of [CGLS22, Thm. 4.1.1], we thus
obtain the following.

Theorem 6.5.2. Assume E(K)[p] =0. Then Soa(E/KL) has A-rank one, and there is a finitely generated
torsion A-module M such that

(i) Xora(E/KL)~A® MO M,
(i) charp(M) divides charp (Gord(E/Ko’o)/A/iIl{g) in A[1/p].
Using this, we conclude just as for [CGLS22, Thm. 4.2.2]:

Theorem 6.5.3. Suppose K satisfies hypotheses (Heeg), (spl), and (disc), and that E[p]*® = Fy(¢) & F,(¢)
as Gg-modules, with ¢|g, # 1,w. Then Xa:(E/KZ) is A-torsion, and

chary (X (B/K)A™ = (£,;°7 (f/K))
as ideals in A"". Hence the anticyclotomic Iwasawa—Greenberg main conjecture in Conjecture 3.1.2 holds.

And just as for [CGLS22, Cor. 4.2.3] (noting that the ambiguity by powers of p in loc. cit. can be removed),
we then have Theorem C in the Introduction:

Corollary 6.5.4. Suppose K satisfies hypotheses (Heeg), (spl), (disc), and that E[p]** = F,(¢) @ F,(¢) as
Go-modules, with ¢|c, # 1,w. Then both Hl}-A(K7 T) and H}A (K, Mg)V have A-rank one, and

charA(H;A(K, MEg),, ) = charA<HlfA(K, T)/AHOO)Q.

tors
7. MAZUR’S MAIN CONJECTURE

In this section we put everything together to deduce the proof of Theorem A in the Introduction:

Theorem 7.0.1. Let E/Q be an elliptic curve, and p > 2 a prime of good reduction for E such that E[p]*® =
Fy(¢) ® Fy(v) with ¢|c,, # 1,w. Then the module Xora(E/Qoo) is Ag-torsion, with

cha, (Xora(E/Qu)) = (LYSP(E/Q)).

In other words, Mazur’s main conjecture for E holds.
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7.1. Proof of Mazur’s main conjecture. We divide it into three steps, similarly as we did in §5. Choose
an imaginary quadratic field K satisfying hypotheses (Heeg), (spl), and (disc). As usual, we let E, denote the
elliptic curve in the isogeny class of F constructed in [Wutl4], and put S = 3~ {p, oc}.

Step 1. The p-adic L-functions LI (E,/K)* € A} and LEPP(f/K) € Ai™™ are nonzero: For LY®(E,/K)*
this follows Proposition 2.2.4, Theorem 2.1.1, and Rohrlich’s nonvanishing result [Roh84]; and for LJPF (f/K)
this is part of Theorem 2.3.1. Fix an integer m > 0 such that

(7.1) LIR(Ey/K)' #0e A /p™AL,

and take a crystalline character o : Ty — R* with o =1 (mod @™) such that £ZPF(f()/K)(0) # 0.
By Theorem 6.5.3 we then have that Xq(Ee(c)/K5) is Ag-torsion, with

(7.2) Far(Ba(@)/KX)(0) ~p LPF(f(e)/K)(0) #0,

where F§ (Fe/K>) € R[T] is any characteristic power series for X2, (Ee(a)/K5).

Step 2. Since « is anticyclotomic, for a # 1 the nonvanishing of L% (E.(«)/K)" and Eg’“(f(oz)/K)+ is not
automatic, but for our choice of o we can show this easily.

Lemma 7.1.1. With o chosen as above, the p-adic L-functions L)®(Eq(o)/K)T and LS*(f(«)/K)T are both
nonzero.

Proof. For LJ®(Es(a)/K)*, this is clear from (7.1) and the congruence of Lemma 2.5.1; and for L5 (f(a)/K)*
it follows from the relations

(7.3) L, (f(a)/K)H(0) = L7 (f(a)/K)™(0) ~p L7 (f(a)/K)(0),
using Proposition 2.4.5 for the last equality up to a p-adic unit. O

In light of this nonvanishing, by Corollary 4.1.3 the class BE] € Gopa re1(Ee()/KX) is nonzero, and so by
Theorem 4.3.1 the Selmer group Xord ser(Ee(a™t)/KL) is Af-torsion, with

(7.4) chy+ (Xorastr(Ee(a™)/KL)) D chy+ (Sordrel(Ee(e)/KL)/ALBFET)

in A}Q ®Qp. Note the need to invert p in this divisibility, an ambiguity that we shall remove in the next result.
Lemma 7.1.2. The module Xora(Ee(a)/KL) is Af;-torsion, with

(7.5) s (Xora(Ea(0)/K5)) O (CF(Eu(a)/K)*)

in AL

Proof. Directly from the combination of Proposition 4.2.1, Lemma 7.1.1, and (7.4) we get that Xorq(Ee () /KT)

is Aj;-torsion, with the claimed divisibility holding in A}, ® Q,. Let S = X \ {p,o0}. By Corollary 3.2.3, it
follows that X5 ,(FEe(a)/KY) is also Af-torsion, with

(7.6) chyy (X5a(Ee(0)/KX)) O (£, (Ee(e)/K) ™)

in A, ®Q,. Denote by F5 ,(Ee(a)/KL) € A} a characteristic power series for X5 ;(Eq(a)/KZ1), so from the
above we have

(7.7) ForaBe()/KL) - h =" L7 (Ee(a) /K)T*
for some h € Af; and k € Z. If k < 0 there is nothing to show, so assume k > 0. From Kato’s divisibility [Kat04,

Thm. 17.4] (refined to an integral statement as in [Wut14, Thm. 16]), Proposition 2.2.4, and Proposition 3.2.1
we have that the untwisted Selmer group Xopa(Ee/KX) is Aj-torsion, with the integral divisibility

PR
(7.8) chyt (Xora(Ee/KL)) D (L, (Ee/K)T)
in A%, and so from Proposition 3.2.2 we get that X5 ,(F./KX) is also Aj-torsion, and we have the integral
divisibility
(7.9) chyy (X (Be/KL)) O (L, (Ee/K) ™)

in A%;. By the congruences of Proposition 3.3.4 and Lemma 2.5.1, it follows from (7.12) that for « sufficiently
close to 1 (i.e. taking m > 0 above) the p-invariant of 75 ,(Fe(a)/KXL) is at most that of EER(E.(a)/K)+’S.

(&)
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Thus from (7.7) we see that h is divisible by @”, and therefore the divisibility (7.6) holds in Aj. Together
with Corollary 3.2.3, this yields the result. O

From the preceding two lemmas and Proposition 4.2.1, we deduce that Xg,(Ee(a)/KZL) is Af-torsion, with
(7.10) (For(Ba(@)/KL)) > (L5 (f()/K)T)
in A", where Fa,(Fe(a)/KL) € AJ is any characteristic power series for Xa.(FEe(a)/KZ). Together with
the relations
Far(Ba(@)/KL)(0) ~p Far(Bo(a)/KL)(0) ~p L°7(£(a)/K)(0) ~p L57(f(a)/K)™(0) #0
following from Proposition 3.3.2, relation (7.2), and Proposition 2.4.5, and noting that
L (f()/K)7(0) = L5 (f() /K)*(0),
by easy commutative algebra (see [SU14, Lem. 3.2]) it follows that equality holds in (7.10), so we have
(Far(Ba(a)/KL)) = (L5 (f(e)/K)T).
(Note that conditions (a) and (b) in Lemma3.3.1 needed for the above application of Proposition 3.3.2 follow
from our choice of o with LEPP(f(a)/K)(0) # 0 together with the reciprocity law of [CH18, Thm.5.7] and
the result of [CGLS22, Thm. 3.2.1] applied to the Heegner point Kolyvagin system in [CGLS22, §4.1].)

In particular, for a as above sufficiently close to 1, we conclude by Proposition 4.2.1 that Xopq(Fe(a)/KX)
is A}L(—torsion, with

(7.11) chy+ (Xora(Ba(a)/KL)) = (LR (Eu(o)/K)T).
Step 3. We are now in a position to prove Conjecture 3.1.3 for Xo,q(E/KTL).

Theorem 7.1.3. Let E/Q be an elliptic curve, and p > 2 a prime of good reduction for E such that E[p]®*® =
Fp(9) @ Fp(¥) with |y, # 1,w. Then module Xord(E/KZ) is Aj.-torsion, with

chyt (Xora(B/KL)) = (L, (E/K)T).

Proof. By Proposition 3.1.4, it suffices to prove the result of E,. Let S =3 \ {p,o0}. As shown above, from
Kato’s work we can deduce that X35 ;(E,/KX) is Af-torsion, and we have the integral divisibility

ord
(7.12) chy s (X5a(Be/KL)) D (L (Ea/K)T7)
in Af.. Take a character o : Ty — R* with
a=1 (modw™)
for some m > 0 so that the equality (7.11) holds. (Note that the argument in Step 1 and Step 2 leading to that

equality only excludes finitely many a.) By Corollary 3.2.3 it follows that X5 ,(F./KX) is also Aj-torsion,
and denoting by F5 ,(Ee/KL) and F2 (E.(a)/KL) € A} characteristic power series for Xopa(Ee/KZL) and

X5 1(Eo(a)/KL), respectively, we have
(7.13) Fora(Bo/ KL) = Frq(Eo(a)/KL) = L7 (Be(@)/K) ™ = £ (Bu/K) T (mod w™),

as a consequence of Proposition 3.3.4, the combination of (7.11) and Corollary 3.2.3, and Lemma 2.5.1, respec-
tively. Taking m > 0, it follows from the congruence (7.13) that F3 (F./KZ) and EER(E./K)J“S have the
same Iwasawa invariants A and u, and so equality holds in (7.12). By Corollary 3.2.3, this yields the proof of
the theorem. g

The proof of Mazur’s main conjecture for E now follows easily.

Proof of Theorem 7.0.1. Choose an imaginary quadratic field K satisfying hypotheses (disc), (Heeg), and (spl).
As before, from [Kat04] and [Wutl4] we have the divisibilities

chag (Xora(E/Qux)) D (L3P (E/Q)),  chag (Xora(BX /Qu0)) D (£3°P(EX/Q))

in Ag. If chp, (Xord(E/Qo)) # (C;\,/ISD(E/Q)) then from Propositions 2.2.4 and Proposition 3.2.1 we conclude
that
(CPR(E/K)") € chy; (Xera(B/KL)),

but this contradicts Theorem 7.1.3. Thus chpy(Xord(E/Qux)) = (Eg/ISD (E/Q)), concluding the proof. O
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