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ABSTRACT. Let E/Q be a semistable elliptic curve, and p > 3 a prime of
good supersingular reduction for E. In this paper we prove the following
p-converse to a theorem of Gross—Zagier and Kolyvagin:

corankz,Sel, (£/Q) =1 = ords=1L(E,s)=1.

In particular, this gives new mod p criteria for a rational elliptic curve to
satisfy the Birch—-Swinnerton-Dyer conjecture. For good ordinary primes
p, the implication is due to Skinner and Wei Zhang independently. A
key new ingredient in our proof is a result towards a Heegner point main
conjecture in the style of Perrin-Riou formulated in this paper.

1. INTRODUCTION

The purpose of this paper is to prove a p-converse to the theorem of Gross—
Zagier and Kolyvagin for good supersingular primes. With “supersingular”
replaced by “ordinary”, such a p-converse is due to Skinner [Ski20] and Wei
Zhang [Zhal4] independently.

1.1. Statement of the main results. Let E/Q be an elliptic curve, and
p a prime of good reduction for E. Let Sel,(E/Q) C HY(Q, E[p™]) be the
p>-Selmer group fitting into the descent exact sequence

(1.1) 0— E(Q)®Qp/Zy, — Sely~ (E/Q) — LL(E/Q)[p™] — 0,

where I1I(E/Q) is the Tate-Shafarevich group of E. In rank one, the Birch-
Swinnerton-Dyer conjecture predicts the finiteness of LLI(F/Q), and that the
following are equivalent:

(i) ords—1 L(E,s) = 1;

(ii) corankgz, Sel,~(E/Q) = 1.
The implication (i) = (ii) follows from the celebrated works of Gross—Zagier
and Kolyvagin in the 1980s, which also yield the finiteness of III(£/Q) when
ords—1 L(E,s) = 1. More recently, the converse (ii) = (i) was obtained by
Skinner [Ski20] and Wei Zhang [Zhal4] independently in the p-ordinary case.

The main result of this paper is a proof of the implication (ii) = (i) when

p is supersingular for E.
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Theorem A. Let E/Q be a semistable elliptic curve and p > 3 a prime of
good supersingular reduction. Then

corankz, Sely~(E/Q) =1 = ords=1L(E,s)=1.
In particular, if corankz, Sely~ (E/Q) = 1 then #11(£/Q) < oo.

Note that Theorem A concludes the finiteness of the full III(E/Q), not
just of its p-primary part. In particular, Theorem A yields the following mod
p criterion for a rational elliptic curve to satisfy the Birch—-Swinnerton-Dyer
conjecture. Let Sel,(E/Q) C HY(Q, E[p]) be the p-Selmer group.

Corollary B. Let E/Q be a semistable elliptic curve, and p > 3 a prime
of good supersingular reduction for E. If Sel,(E/Q) ~ Z/pZ, then

rankz E(Q) = ords—1 L(E,s) =1
and #11(E/Q) < oo.

Proof. Since Elp] is irreducible as a Gq,-module by a well-known result of
Fontaine (see e.g. [Edi92]), the natural surjection

Sel,(B/Q) = Sely (E/Q)[p)

is an isomorphism. By the exact sequence (1.1) and the non-degeneracy of
the Cassels—Tate pairing on HI(E/Q)/HI(E/Q)giv, we thus see that

Selp(E/Q) =Z/pZ = Sely=(E/Q) = Qp/Zy,
and therefore ords—1 L(F, s) = 1 by Theorem A. The conclusion now follows
from the work of Gross—Zagier [GZ86] and Kolyvagin [Kol88]. O

Remark 1.1. The mod p criterion of Corollary B for a rational elliptic curve
to have algebraic and analytic rank 1 extends to supersingular primes p an
analogous criterion in the p-ordinary case! originally due to Skinner [Ski20]
and Wei Zhang [Zhal4]. See the work of Bhargava-Skinner-Zhang [BSZ14]
for an application of such criteria to the proof that a large proportion of
rational elliptic curves statisfy the Birch—-Swinnerton-Dyer conjecture.

1.2. Main ideas of the proof. A key input in the proof of the p-converse
for ordinary primes in [Ski20] is the “lower bound” divisibility in a Greenberg
type Iwasawa main conjecture for Rankin—Selberg convolutions obtained by
the second author in [Wan20] by a delicate study of Eisenstein congruences
on GU(3,1). Similarly, a key input in our proof of Theorem A is a divisibility
towards a Greenberg type Iwasawa main conjecture for Rankin—Selberg con-
volutions obtained in recent work of the authors with Zheng Liu [CLW22],
extending the main results of [Wan20] to the non-ordinary case.

In this sense, our approach to the p-converse is similar in spirit to Skinner’s
proof in the p-ordinary case, but our method does not require the hypothesis
that #I(E/Q)[p™] < oo (cf. [Ski20, Rem. 2.9.1(x)]). This improvement is

ISee also [Wan23] for a proof in the p-ordinary case of a similar mod p criterion for
higher weight modular forms.
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ultimately explained by the fact that our approach takes advantage of the
presence of Heegner points over the anticyclotomic tower, rather than just
over the base. In practice, as a key to the proof of Theorem A, in this paper
we initiate the study of the anticyclotomic Iwasawa theory of Heegner points
at supersingular primes, extending a theory first systematically developed
by Perrin-Riou [PR87] in the p-ordinary case.

More precisely, for any elliptic curve E/Q with good supersingular reduc-
tion at p satisfying the condition (automatic if p > 3) that

ap:=p+1—-#E(F,) =0,

in §4 we construct signed A*-adic Heegner classes zZ% attached to an imagi-
nary quadratic field K in which p splits and satisfying a “generalized Heegner
hypothesis”. Here A = Z,[Gal(K3S/K)] denotes the Iwasawa algebra for
the anticyclotomic Z,-extension K2 /K. We show that the classes zZ land
in a signed Selmer group Sel® (K, T?°) in the style of Kobayashi’s [Kob03],
and extending Perrin-Riou’s Heegner point main conjecture [PR87, Conj. B|
to the supersingular case, we conjecture that the classes zg[o are not A?°-
torsion, that both Seli(K , T2¢) and the Pontryagin dual X of its analogue
for torsion coefficients have A2°-rank one, and that

Sel* (K, Ta¢)\
Aacgd
as ideals in A?°, where the subscript tors denotes the A?°-torsion submodule
(see Conjecture 4.8).
Contrary to the usual Selmer groups, the signed Selmer groups satisfy a

version of Mazur’s control theorem (see Lemma 6.5), and from this one sees
that the implication

corankz Sely(E/K) =1 = orde=1L(E/K,s) =1,

(1.2) charpee (X5 ;) = charpac <

follows from Conjecture 4.8 and the Gross—Zagier formula [YZZ13]. In fact,
the divisibility “C” in (1.2) after inverting p suffices for the above implica-
tion.

The proof of Theorem A is thus deduced from the following result, where
K is any imaginary quadratic field in which p splits and satisfying the gen-
eralized Heegner hypothesis (gen-H) in §2.

Theorem C. Let E/Q be an elliptic curve of conductor N, and p > 3 a
prime of good supersingular reduction for E. Assume that:
(i) N is squarefree,
(ii) some prime £ | N is non-split in K,
(iii) of N is odd, then 2 splits in K.
Then the classes zZ are not A**-torsion, Seli(K, T) and X* both have

o0
A*-rank one, and

Sel* (K, T) ) 2

+ _
char pac (Xtors) = charpac < NocgE
o0
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as ideals in A*°[1/p]. If in addition E[p] is ramified at every prime £ | N,
then the above equality holds in A*°, and so Conjecture 4.8 holds.

For the proof of the key Theorem C, we first obtain an explicit reciprocity
law (see Theorem 6.2)

BDP
oz

—
—
—

Logy (resp(za,)) = 01 -

relating the image of zoiQ under certain anticyclotomic signed logarithm maps
constructed in §3 to the p-adic L-function ,,%BDP first studied by Bertolini—
Darmon-Prasanna [BDP13]. In particular, it follows from this result and
the nonvanishing of ngDP that the classes zZ are not A*-torsion. With this
result in hand, in §6.2 we establish the equivalence between our Perrin-Riou
Heegner point main conjecture and the Iwasawa—Greenberg main conjecture
for (‘,%BDP)Q. Since divisibilities are preserved under the equivalence, we are
thus ultimately able to deduce Theorem C from the main result in [CLW22].

Remark 1.2. Applied for a suitable auxiliary imaginary quadratic field K,
the main result of [CLW22] (a divisibility in a 2-variable Iwasawa—Greenberg
main conjecture; see the proof of Theorem 5.3) is also a key ingredient in the
proof by the second author [Wan21b] of Kobayashi’s cyclotomic main con-
jecture [Kob03]. In that case, Beilinson—Flach classes and their reciprocity
laws are used in the passage between different main conjectures. As a result,
another key ingredient in [Wan21b] is a study of big Galois representations
associated with certain CM Hida families carried out by Burungale—Skinner—
Tian [BST21]. In this paper, we do not use Beilinson-Flach classes, and the
results of [BST21] are not needed.

Finally, we conclude this Introduction by noting that the method intro-
duced in this paper to deduce a p-converse theorem from a divisibility in an
Iwasawa main conjecture for Heegner points? has influenced subsequent work
in this direction, notably [BT20, BCST22, Kri20] (CM cases) and [CGLS22]
(residually reducible case).
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1.3. Notations. For every prime p we fix once and for all complex and p-

adic embeddings C & Q <L—p> C,, and use them to view algebraic numbers as
lying in both C and C,,. For L an algebraic extension of Q or Q,, we let G,
denote the corresponding absolute Galois group. If L is a number field and
v a finite place of L, we let recy, : A} — G%b and rec, : L — G%E be the
global and local reciprocity maps of class field theory, respectively. In this
paper we take their geometric normalization, i.e., rec, sends a uniformizer
w, to a geometric Frobenius Frob, € G, /I,, where I, C G, is the inertia
subgroup, and recy| Lx =Tecr,.

2. p-ADIC L-FUNCTIONS

In this section we introduce the p-adic L-functions that will appear in
our arguments. Throughout this section, we let E/Q be an elliptic curve of
conductor N, let f € S2(I'o(IN)) be the associated newform, and let p > 5
be a prime of good reduction for E. Let K be an imaginary quadratic field
with ring of integers Ok and discriminant Dy < 0. Writing

N=N'tN"
with N the largest factor of N divisible only by primes which are split or

ramified in K, we assume that K satisfies the following generalized Heegner
hypothesis:

(gen-H) N7 is the squarefree product of an even number of primes,

and fix an integral ideal Mt such that Ox /NT = Z/N1Z. In addition, we
assume that

(spl) (p) = pp splits in K,
with p be the prime K above p induced by ¢,.

Let I'** = Gal(K%/K) be the Galois group of the anticyclotomic Z,-
extension of K, and set

AZC — Zp[[Fac]]7 AW — AaC®ZpZ;r7

where Z," is the completion of the ring of integers of the maximal unramified
extension of Q,. Note that since I'*® ~ Z,, (non-canonically), A* is isomor-
phic to a power series ring in one variable (so in particular, is a domain).

We say that an algebraic Hecke character x : K*\Aj} — C* has infinity
type (£1,02) € Z2 if xoo(2) = 212" for all z € (K ®q R)* ~ C*, where
Xoo 1s the component of y at the archimedean place, and we say that a
locally algebraic p-adic character X : G&> — C, has weight ({1,/2) € Z? if
Y(reck (a)) = a1a’ for all a € (K ®q Q,)* close to 1 (cf. [Ser98, §I11.2]).
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Associated with a locally algebraic p-adic character y of weight (¢1,/2)
there is an algebraic Hecke character x of infinity type ({1, ¢2) given by

(2.1) ¥(@) = ooty (¥(reck (a))ay “ a5 *)alhal2,

where (ap,a5) = (K ®q Qp)* and ax € (K ®q R)* are the components of
a at p and oo, respectively.

Let IT be the cuspidal automorphic representation of GLy(A) such that
L(Il,s —1/2) = L(f, s), and put

L(f7X7S) = L(HK®X7S_ 1/2)7

where IIx denotes the base change of II to an automorphic representation
of GLQ (A K)

Proposition 2.1. There exists a square-root p-adic L-function
BDP ur
Ly €A

characterized by the following interpolation property. If N~ # 1, assume
that N is squarefree. Then for every locally algebraic character x : I'*¢ — CJ
of weight (n,—n) with n € Zso and n = 0 (mod p — 1) and crystalline at
both p and p, we have

BDP, 2 _ [ 2 n L(n)L(n+ 1)x(zpn+)~?
270 = () o
x (1= apx(zp)p~ ' + x(ap)p~ ") LS, %, 1),

: a(fv fB)_l

where

o zy+ € AR s such that ordy(zm+ ) = ordy(MY) for all finite
places w of K,

® O, € (Z)7)* and Qo € C* are CM periods attached to K as in
[CH18, §2.5] and [JSW17, §4.5.5],

e off, fB) = (f?f‘i) is a ratio of Petersson norms mormalized as in
[Pra06, §1] when N~ # 1, and o(f, f) = 1 otherwise.

Proof. This is a refinement of the p-adic L-function constructed in [BDP13]
for N© =1 and [HB15] for N~ # 1. As an element in A", the construction
of ,,%BDP can be found in [BCK21, §4], where it is deduced from an extension
of the construction in [CH18|. The proof of the stated interpolation property,
building on a explicit Waldspurger formula [Pra06, Thm. 3.2] is then deduced
as in [HB15, §8]. O

Remark 2.2. The CM period Qg € C* in Proposition 2.1 agrees with that
in [BDP13, (5.1.16)], but is different from the period Qs defined in [dS87,
p.66] and [HT93, (4.4b)]. In fact, one has

Qoo = 271 - Q.
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In terms of {2, the interpolation formula in Proposition 2.1 reads
ZBDP ()2 = <Qp>4n T(n)I'(n+ 1)X($31+_)1_1

Qoo 4(2m)1=2n/ D"
x (1= apx(ap)p " + x(a)’p ") - L(fx 1),

This is the form of the interpolation that we shall use later.

: a(f’ fB)il

By an extension of Hida’s methods [Hid10], the p-adic L-function D%BDP
of Proposition 2.1 is known to have vanishing p-invariant (and in particular,
to be nonzero) under a mild hypothesis.

Theorem 2.3. Assume that E[p] is absolutely irreducible as a G -module.
Then p(ZPPF) = 0.

Proof. This follows from [Hsil4, Thm. B] for N~ =1 and [Burl7, Thm. B]
for N© # 1. O

As noted in the proof of Proposition 2.1, the proof of the interpolation
property of %BDP in [BDP13] is based on an explicit from of Waldspurger’s
formula [Wal85]. Later we shall use the fact that, up to unit, the construc-
tion of another element of A" with the same interpolation property as the
square of ,%BDP (and hence equal to it) can be deduced from the work of
Hida and Katz. We explain this in the remainder of this section. (It should
be possible to extract the following results from [JSW17, §§5.2-5.3], but we
provide full details for the convenience of the reader.)

Let T be the Galois group of the Z2-extension of K, and set A = Z,[I']
and A" = A®z,Z)".

Theorem 2.4 (Katz). There exists a p-adic L-function
Katz
o% a 6 AUI‘

such that for every locally algebraic character X : T' — CJ of weight (k,7)
with 0 < —j < k crystalline at both p and p, we have

ifm@»=<9py“frw»(“be

Qo 27i
X (1=x"Hap)p™") - (1= x(@p)) - Lx, 0),
where Q, and Qs are periods as in Theorem 2.1 and Remark 2.2, respec-

tively, and L(x,s) is the Hecke L-function of x. Moreover, we have the
functional equation

D%Katz((XC)—lN—l) — %Katz(i)’
where the equality is up to a p-adic unit and X denotes composition of x
with the non-trivial automorphism of K/Q.

Proof. See [Kat78, §5.3.0], or [dS87, Thm. I1.4.14]. for the construction, and
[Kat78, §5.3.7] or [dS87, Thm. I1.6.4] for the functional equation. O



8 F. CASTELLA AND X. WAN

Write f =307, ang™ € So(To(NN)) for the newform associated to E, and
let M =lem(N, Dg).
Theorem 2.5 (Hida). There exists a p-adic L-function
L9 € Frac(A ®z, Qp)
such that for every locally algebraic character) : T — C, of weight ({2, (1) €

Z? with by > —f1 > 0 and crystalline at both p and p, we have
261—Z2i42—€1—1M61+£2+1

Hida/ 7\ .
Lp (11[)) - (27T)2£2+1 ] <9w£2’9,¢}£2>M F(EQ)F(EQ + ]-)
8 w<f—§wjf7 . S ARRARR
(- S (1 - pw@fp))

where 91/,@2 is the theta series of weight {9 — 01 + 1 > 3 associated to the

Hecke character 1, == 1| - \g?, (g,9)m s the Petersson norm on I'y(M),
K

and E(, f,1) is given by

(1= p~ (zp)a) (1 —p~ () B) (L — ¢~ Hap)a™ ) (L =y~ (zp) 871,
with o« and B the roots of X* — a,X + p.

Proof. This is a special case of the p-adic Rankin—Selberg L-functions con-
structed by Hida [Hid88]. In the form stated here, the result is given [LLZ15,
Thm. 6.1.3(ii)] after reversing the roles p and p (which accounts for our un-
conventional ordering (¢2,¢1) in the statement). O

Since p is odd, the Galois group T' decomposes as the product I'" x I'"™
of its eigenspaces under the action of complex conjugation, with the minus
eigenspace corresponding to the anticyclotomic Galois group I'*¢ ~ T'™.
Thus in particular A ~ A*&g Z,[T'*].

Definition 2.6. Let LIS to be the element in the fraction field of A" ®z,Q,
given by
hg  Katz— rHi
LRS — R goRatz— LHlda’
p wre ¥ p
where hg is the class number of K, wix = |0/, and .,%Katz’_ is the image
of .,%Katz under the map A™ — A™ given by v v(7¢) L.

Let prpac (L?S) be the image of L?S under the map induced by the natural
projection I' — I'™ ~ I'*®, which a priori defines an element in Frac(A" ®z,

Qp), and put
(2.2) LYPY = (ZPPP)2,

Proposition 2.7. If N~ #£ 1, assume that N is squarefree. Then pryac (LE{S)
is an element in A" and

(prrac (L)) = (LB - o (. £5)
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as ideals in AY.

Proof. It suffices to show that after multiplication by a unit in A" the p-
adic L-function prrac (L}}S) satisfies the same interpolation property as the
product LEDP ~a(f, fB)-

Let zﬂ be a character of I" as in Theorem 2.5 factoring through I'*¢, hence of
weight (n, —n) for some n € Z~o; then (6, , 0y,) r is the period appearing in
the interpolation formula. Since 6, has weight 2n+1, by Hida’s formula for
the adjoint L-value [HT93, Thm .7.1] and Dirichlet’s class number formula
we obtain

I'2n+1) hg

(O, O ) ~ e Lxa(x5) " 1),

where ~ means the ratio between the two terms is interpolated by a unit in
A" asn varies. Since L(xn(xS) ™1, 1) = Lxn(xS)IN"1,0) and x,, (x&) " IN1
has infinity type (2n+ 1,1 — 2n) within the range of interpolation of .,%Katz,
by Theorem 2.4 it follows that

(2.3)

i Q\" (| Plap) v(zp) wi
gKatz, D) ~ 7T4n_(p> .<1_ p ><1_ b >9 .0 a1
W) 0nd D))\ iy ) o Dondar g
Noting that the modified Euler factor £(¢, f,1) in Theorem 2.5 satisfies

EW, f,1) = (1 — apyp(ap)p~ ' + ¢(a)p 1),
substituting (2.3) into the definition of L’I}S we thus see that

prrac (L) (9) ~ ZPPP(W)? - alf, f5)

by comparing the interpolation formulas in Theorem 2.5 and Theorem 2.1,
and this yields the result. O

WK

3. LOCAL RESULTS

The results in this section will be used to study the local properties at
the primes above p of the signed Heegner classes constructed later in the
paper. Throughout this section, we let £/Q, be an elliptic curve with good
supersingular reduction at an odd prime p with

ap:=p+1—#E(F,) = 0.

Let Qp,00 (resp. ko) be the cyclotomic (resp. unramified) Zy-extensions of
Qp, and denote by L., the compositum of Q, - and k. Let

U:=Gal(ks/Qp), I :=Gal(Qpoo/Qp);, Goo :=Gal(Ll/Qp) U x T,

and fix topological generators v € I' and v € U, with u corresponding to the
arithmetic Frobenius. Finally, we let A = Z,,[G] and, letting T'= T, E be
the p-adic Tate module of E, we set

(3.1) T, :=T&z, A,
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equipped with the diagonal Galois action, where Gq, acts on the second
factor via the tautological character Gq, — Goo — A™.

3.1. Local points. Let k/Q, be a finite unramified extension with ring of
integers Oy, and maximal ideal my, and denote by ¢ the Frobenius automor-
phism of k. For f € k[X], we let f7 € k[X] denote the result of applying
o to the coefficients of f.

Fix z € O}, and consider

oo 2])
logQP = Z 7 b ( ),
7j=1

where go( )(X) =77 0 09T 0, (X) with ¢, (X) = (X 4 2)P — 2P. For
every u =Y o, bit’ € Ok[t] and f € k[X], let

(o gpv S0 (X
As in [Kob03], we say that f has Honda type u if u(v,)(f) =0 (mod p) and
f10) =1.

Lemma 3.1. For every n = 0, log on is of Honda type t> + p.

Proof. A straightforward computation (cf. [Kob03, §8.2]). O

Let E be the formal group associated to the minimal model of E over Z,,.
By Honda theory (see [Kob03, Thm. 8.3]), it follows from Lemma 3.1 that

for every m > 0 there exists a formal group .%. Z[n] over O whose logarithm

is given by logwfn and for which the composition
(3.2) Sp 1= exXpj, O logz%gn] : é"‘\z["] — FE
[n]

is an isomorphism. Let €, . € .%;"(my) be such that
oo .
log a (€nz) = Z(_l)]—lza*(mr ])p]
j=1

(this exists since log ;) defines an isomorphism Fl (mg) = my), and define
fCVnVZ S E(mk(%n)) by
(33) Gune = S (ensl ] p2™ (G — 1),

where (pn is a primitive p™-th root of unity. For varying n, we shall assume
that the roots (,» have been chosen compatibly, so that (¥, = (pn.
P

Lemma 3.2. Let Tr"t . E(mk(upn+1)) — E(mk(upn)) be the trace map. If
z € OF is a root of unity, then

TFQH (En+1,z) = _En—l,z-
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for every positive n.

Proof. Since loc, is injective on E‘(mk(upoo)) by [Kob03, Prop. 8.7], it suffices
to check the stated relation after applying log. Since z is a root of unity
of order prime to p, for every k > 0 we have

(«p;’_"_l)(%) _ Zg%—n_l(gpnﬂi% ~ ),

and this is zero for 2k > n + 1. Hence

log ;, (Terrl (Cnt1,2))

Ty i( 1)I71ee T i( 1)’“20%_%1(%%17% -1)
=1r, — z _ -
j=1 k=0 p
io:( 1)j71 U_(M—H—zj)pj o + i( 1)kza%_n_1(<p"+172k — 1)
=p2 \= z —pz p) (=
=1 P P

= _IOgE(gn—l,z)v

n+1
n

using that Tr? (27 "' (Cpni1—1)) = —pz° """ for the second equality. [

Let k,, be the subfield of k(p,n+1) with Gal(k,/k) ~ Z/p"Z, let my,, C ky,

be the maximal ideal, and denote by
(3.4) Cn,z € E(mkn)

the image of ¢,11 . under the trace map E‘(mk(upn+1)) — E(my,). Let

of(X)= [ em(X+1), @, (X)= ] ®m(X+1),
2<m<n 1<m<n
m even m odd

where ®,,(X) =Y") X ™" is the p™-th cyclotomic polynomial. Set also
wF(X) = X&*F(X), and note that
(3.5) wn(X) = (X + 1" — 1= X (X)0E(X).
Let also A, = Z[Gal(k,/Qp)].
Proposition 3.3. There is an exact sequence

0 — E(mg) = Apcns ® Ap_16n-1,. — B(my,) — 0,
where the first map is the diagonal embedding and the second map is (P, Q) —
P[-]zQ.
Proof. This follows from Lemma 3.2 by the same argument as in the proof
of [Kob03, Prop. 8.12] (see also [Kim14, Prop. 2.6]). O

Now let k = Qpm C Q" be the unramified extension of Q, of degree p™,
and write m,, , C kp,, for the previously defined my, C k with & = Qm.
We identify A with the power series Z,[X, U] setting X =y -1, U =u—1
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for the topological generators v and u fixed at the beginning of this section.
We also set

Ay = A/ (wm(U), wn(X)), Afrjrzz, = A/ (wm(U),w (X)) = Am’n/(wf(X)),
so that Ay, p, ~ Z,[Gal(kn,n/Qp)] and Aﬁcn’ ~ OF (X)Ap,n by the relation
(3.5).

Lemma 3.4. For m,n > 0 there exists ¢y, € E(mm n) such that

sz nl n(cm n) = Cm—1n

T () =~

where Tr" n, is the trace map E(mm n) — E(mm n')-

Proof. We first show the existence of points ¢, ,, € E (mem(upn 1)) satisfy-
ing the stated compatibilities with respect to the trace maps

(3.6) Tr, "t B (mem(uan)) — E(mQPm/ (upn/+1))'
The result will then follow by taking ¢, to be the image of ¢, , under the
trace map E(mem (upn+1)) — E(mmn)
Let Z,n be the ring of integers of Q,m, and consider the module
O = @1 Zym
m

with limit with respect to the trace maps. As shown in [LZ14, Prop. 3.2], the
module O is free of rank one over Z,[U]. Let d = {d;,}m be a generator
of O as a Zp[U]-module, and write d,,, = Zj am,jCm,j With an, ; € Z, and
Cm,j Toots of unity (as is possible by the normal basis theorem). Define ¢, »,
by

(3.7) = Y B,

J
pynir)) 18 as i (3.3). Put Tr = Tr, ", ,, for the

trace map as in (3.6). Then similarly as in the proof of Lemma 3.2 we find:

logE(Tr(”cvmﬁn))

where ¢, ¢, . € E(mQPm(

2k—n—1

(Cpn+1—2k -1)

00 o
(n+1+2) Z am»]C
> et Y

> > dm)? o?hmnl (Cpn+1-2t — 1)

] 1T (n+1+2g) ( P
Sy S T
logE(cm 1n)

using that ay, ; is fixed by o for the second equality and that Tr(dy,) = dm—1
for the third one. Since the second norm relation for ¢, , (i.e., with respect

to Trgz 1) is immediate from Lemma 3.2, this concludes the proof. U
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Keeping the notations in Lemma 3.4, define the plus/minus-norm sub-
groups E£(my, ) C E(my,,) by

Et (M) = {P € E(Mmy) | Tewy  (P) € E(my, ) for all 0 < £ < n, even £},

E™(Wynn) i= {P € E(mpn) | Teny, | (P) € E(my, ) for all —1 < €< n, odd (}.

We conclude this section with the following definition of subsequences of
{¢m,n }m,n which we shall use in the next section:

38 L Jemn if n is even, __ Jempn-1 ifniseven,
( . ) (& - . . cm,n - . .
Cmn—1 if nis odd, Crm,n if n is odd.

From Lemma 3.4, we see that c,i,w € EF(my,).

Corollary 3.5. The element cim generates EF (M) as a Ay, n-module,
and we have

Am,nci,n = Am,n/(wi(X» ~oF (X) A

Proof. The first part follows immediately from Proposition 3.3. For the
second part, suppose first that n is even and consider cj%n. Using Lemma 3.4
repeatedly we obtain

wi(X)emn = w:_Q(X)Trm’n (Cmm) = —w:_Q(X)cmm_g = =1Xepo =0.

m,n—1

Thus we have a natural surjection Ay, . /(w;f (X)) = Amncih, ,, which is read-
ily seen to be an isomorphism by comparing Z,-ranks. Since multiplication
by @, (X) on Ay, defines an isomorphism Ay, ,/(w; (X)) ~ @, (X)Amn
this completes the proof of the result in this case. The proof in the other
cases is the same. O

3.2. The plus/minus Coleman maps. Let T be the p-adic Tate module
of F, and consider the local Tate pairing

(s Jmn Hl(km,m E[p™]) x Hl(km,mT) - Hz(km,m Qp/Zy(1)) ~ Qp/Zy

obtained as the limit of the usual local Tate pairing associated to the Weil
pairing E[p’] x E[p’] = p,; = Z/p’Z(1). We denote by

(, Vo s EMyn) @ Qp/Zp X H (kyn, T) — Qp/Zy

the map obtained by pre-composing ( , ), with the Kummer map E (M )@
Q,/Z, — H (kpn, Ep™)).

Definition 3.6. Let H! (K, », T) be the orthogonal complement of E* (ky, ,)®
Qp/Z, under (, )mon.

Let ¢, ,, be as in (3.8), and define

PE o H (b, T) = A = Zp[Gal(kn/Qp)]
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PE ()= (D" S (b))% D mao
aeGal(kmm/Qp)

Corollary 3.5 easily implies that
(39) Hi(k/‘m,na T) = ker(P;rE,n)

and the image of P}, is contained in & (X)Ap, 5 (see [Kob03, Props. 8.18,
8.19]). Thus there is a unique map Colff%n : H (K, T) — A ,, making the
following diagram commutative

Col¥, .
HY (0, T) il AL,
| Jsen
PE
H! (kmn, T)/HY (K, T) mons

where the right vertical map is given by multiplication by @,F(X).
+

S p
m.m 0re surjective, and for any n > n',

Proposition 3.7. The maps Col
m > m' the diagram

Col¥ .
H! (kmp, T) —————

+

m,n

.

HY (K s, T) L AE

m’n
m’,n’

commutes, where the left (resp. right) vertical map is given by corestriction
(resp. the natural projection).

Proof. This follows from the same argument as in Propositions 8.21 and 8.23
of [Kob03]. O

Recall the Gq,-module T}, in (3.1), and note that Shapiro’s lemma yields
an isomorphism

(3.10) HY(Qp, Ty) ~ lim H! (i, ),

where the limit is with respect to corestriction, and by Proposition 3.7 we
may consider the map
(3.11) Col™ := lim Col, , : H'(Qp, Tp) — A,

m,

S

noting that lim A%, ~ A. Let HL (Q,, T)) be the submodule of H(Q,, T})

m,n —

corresponding to @mn HY (km.n, T) under (3.10).
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Proposition 3.8. The map Col™ defines an exact sequence

0+ HL(Q, T;) —» H(Q,. T,) 5 A = 0
between free A-modules of rank 1, 2, and 1, respectively.

Proof. By (3.9) and Proposition 3.7, the map Col™ defines an isomorphism
HY(Q,, T,)/HL(Qp, T,) ~ A. Note that the short exact sequence in the
statement splits, and so H1 (Qp, T,) is a direct summand of H'(Q,, T)).
Since by [PR94, Prop. 3.2.1] the A-module H(Q,, T,) is free of rank 2, the
result follows. ]

3.3. The plus/minus Logarithm maps. As shown in the proof of Corol-
lary 3.5, if e = (—1)™ then
(3.12) wi(X)empn = 0.

n

Via the natural inclusion
E(mm,n)®zp = (E<mm,n)®Qp/Zp)L - (Ei(mm,n>®Qp/Zp)J— = H1i<km,naT)7

where M~ denotes the orthogonal complement of M with respect to the
local Tate pairing (, )m,n, we shall view ¢, ,, € E(my, ) as an element in
HY (kmn, T).

Lemma 3.9. Hli(k:mm,T) is a free Ay, n-module of rank one.
Proof. This is an immediate consequence of [DI08, Lem. 3.9]. O
Lemma 3.10. Let € = (—1)". There exists a unique class
EneHl( m,ns )/W( JH (mnaT)
such that JJ;e(X)ﬁfnm = Cmn-
Proof. Since multiplication by @, (X) on A, , yields an isomorphism
A/ (Wi (X)) == &, (X) A,
the result follows from (3.12) and Lemma 3.9. O
Define by’ ,, € HY (kmn, T) /wiE (X)HL (kpyn, T) by
n = (=268 if n is even,
= (—1)n+D) /2,8_ if n is odd.

Proposition 3.11. The class Bﬂﬁw generates the free rank one Arinyn—module
HY (kmon, T) /wE (X HY (K n, T), and the sequences

{b;m}n even,m {b;hn}n odd,m

are compatible under corestriction.
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Proof. Since E(ky.n) is torsion-free, Corollary 3.5 gives E*(my, ) @ Z, =
A nCm.m, and hence for the first part of the lemma it suffices to show that

(3.13) GTHY (ki T) = im (0 1 EXE (M) @ Zy — H (kin, T)),

where ¢ is the Kummer map. Since local points are isotropic under (', ) n,
we have im(8) C HY (km.n, T); and since H (K, p, T) is Asp, n-free, from (3.12)
we also have im(6) C &F (X)H! (K, T). Thus

im(8) € HY (kmn, T) N O (X)H (B, T),

which implies (3.13). The second part of the lemma follows from the same
argument as in [DIO8, Lem. 2.9]. We explain the case n even, and the
odd case is shown similarly. Let &, be a lift of ¢, to HL(Q,, Tp). By
Lemma 3.4 we then have

ém,n = _(I)nfl(X)ém,nf2 (mod anl(X)H}y-(Qpa Tp))v

and hence letting 3} ,, be a lift of 8, , to H! (Q,, T,) we obtain, for some
de H}F(Qp, T),), the equalities

O (X) Bt = =Pt (X)@y,_5(X) By o + w1 (X)d
= =Gy (X)B, -z + @ (X)w,_5(X)d.
Cancelling out @, (X), the result follows. O

By Proposition 3.11 for every sign € we may consider

b= {b;n,n}nze (mod 2),m € 1&1 Hi (km,n? T)/w:z (X>Hi(km,n7 T) = Hi(QP Tp)’

and b¢ generates the free A-module H}(Q,, T,).
Definition 3.12. The plus/minus logarithm map Log™ : HY(Q,, T,) — A
is defined by

x = Log™(x)b*
for all z € HY(Q,, T).
Remark 3.13. Although not reflected in the above notation, we note that
the map Log® depends on the elements d € Oy and ¢ = {¢pn }n chosen in

the proof of Lemma 3.4. It is easy to see that a different choice of d and ¢
scales Log™ be an element in AX.

Note that by Proposition 3.11 the map LogjE is a A-module isomorphism.
The next result describes its interpolation property.

Proposition 3.14. Let ¢ : Gooc — C; be a finite order character such that
() is a primitive p"-th root of unity and ¢(u) # 1 is a primitive p™-th
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root of unity, and let = {Tmn}tmn € Hi(Qp, T,), where e = (—1)". Then

¢—1(L0ge(m)) ¢|1" n+1 Z d’T

T7€EUm

= (D e@,(x) Y. logplan,)é(n),

T€Gal(km,n/Qp)
where g(¢|r) = ZWEGal(Qp(Man)/Qp) qﬁ(v)ggnﬂ is the Gauss sum of ¢.

Proof. As shown in the proof of Lemma 3.4, the point ¢, is obtained by
tracing down to My, ;, a point ¢mpn € E(MQ,m(u ,.,)) satistying
P

oo o
- 1 —(nt1425)
10g (Emn) = Y (=1 i, ™ D (<1)F
j=1 k=0

du% " I(Cpn+172k -1)
pF '

Write Tr for the trace map Qpm (piyn+1) — ki n. Twisting the above expres-
sion by ¢ and summing over 7 we then obtain

Z log s (crn)d(T) = Z (" )TI"(C pnt1)P(T)

TEUm xTh TEUm XTIy,

= g(¢|r)p(u)" ! Z dy,

TEUm

which immediately yields the result. ([

4. HEEGNER POINT MAIN CONJECTURE

In this section we construct plus/minus Heegner classes for rational elliptic
curves at good supersingular primes and formulate an analogue of Perrin-
Riou’s Heegner point main conjecture for them.

Throughout, we let £/Q be an elliptic curve of conductor N, with associ-
ated newform f = > > apq" € So(T'o(N)). We also let K be an imaginary
quadratic field satisfying hypothesis (gen-H) and p > 3 be a prime of good
supersingular reduction for E.

4.1. The plus/minus Heegner classes. Let Xy+ y- be the Shimura
curve over Q (with cusps added, if N~ = 1) attached to the rational quater-
nion algebra B of discriminant N~ and an FEichler order R C Op of level
N*. Let Jac(Xy+ n-)/Q be the Jacobian variety of X+ y- and choose a
modular parametrization

7 Jac(Xy+ n-) — E.

For every positive integer S we let Og = Z + SOk be the order of K of
conductor S, and let K[S] be ring class field of K conduction S, so that
Gal(K[S]/K) ~ Pic(Og) by the Artin map.
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Proposition 4.1. There is a collection of Heegner points xg € E(K[S])®Zy,
indexed by positive integers S prime to NDg such that

apxrs if 048 is inert in K,
Tries)/k(s)(Tes) = | aprs — Ty — xg‘-’ if 018 splits in K,
aprs — Tg/ if | S,

where o¢,0; € Gal(K[S]/K) are the Frobenius elements at the primes above
L.

Proof. Fix a prime ¢ 1 Np and consider the embedding
LN+ N- :XNJF,N* —>JaC(XN+7N7>, T +— (Tq—q—l)(x),

where T} is the ¢g-th Hecke correspondence on X y+ y-. By [How04b, Prop. 1.2.1]
there is a collection of CM points hg € X+ - defined over K[S] and such
that

Ty(hs) if 4.5 is inert in K,
Normges) k(s (hes) = § To(hs) — hg — hg  if £1.S splits in K,
Ti(hs) — hsye if£]s

as divisors on X y+ y-(C). Choosing q as above with the additional property
that a, — ¢ — 1 is a p-adic unit, the result follows by setting

TS = LN+ N- (hs) ® (aq —q— 1)71 € E(K[9]) ® Z,
(note that the Gq-representation E[p] is irreducible by [Edi92], so such ¢
exists). O]

Let T' = T,E be the p-adic Tate module of E, and denote by z[S] €

HY(K[S],T) the image of x5 under the Kummer map
E(K[S]) ® Z, — H'(K[S], T).

Since a, = 0, letting Cor™! denote the corestriction map for the extension
K[Sp"t1]/K[Sp"], the norm-compatibility in Proposition 4.1 yields
(4.1) Cor™ L (2[Sp™ 1)) = —2[Sp™ ]
for all n > 0.

The anticyclotomic Z,-extension K2/ K is contained in K [p*>°] = Uy K [p*],
and the Galois group Gal(K [p™]/K) decomposes as

Gal(K[p™]/K) ~T* x A

with A = Gal(K[p™]/K )tors & finite group. Let L C K[p™] be the fixed
field of I'* and for each n let L, 11 be the subfield of K [p™] fixed by (I'*¢)P",
Then

(4.2) [, := Gal(Lpy1/K) ~ A x Gal(K*/K),

where K2¢ is the subextension of K5 of degree p™ over K. Note that there
exists a non-negative integer ¢ such that L, 1145 = K[p"] for n > 0, with
0 = 0 when the class number of K is coprime to p.
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Consider the modules
T = T®z,Z,[Gal(K[p™]/K)], T* =T®z, A*

equipped with the diagonal G k-action, with G acting on the right factors
via the tautological characters. In particular, similarly as in (3.10), there is
a Z,[Gal(K[p*>]/K)]-module isomorphism

H' (K, T) ~ lim H' (K [p"], T)

given by Shapiro’s lemma.

For any field extension L/K, denote by L[S] the compositum of L and
the ring class field K[S]. Our construction of plus/minus Heegner classes
hinges on the next two lemmas.

Lemma 4.2. Let S be a positive integer prime to Np. For every n > 0 the
class z[Sp™] lies in the image of the natural map

HY(K[S], T) — HY(K[Sp"],T).

Proof. It suffices to show the result holds for all n sufficiently large. Note
that (4.1) yields

(4.3) Cor™F 2R (2[Sp™T2K]) = +pF2[Sp"]

for all k. Let v € I'* be a topological generator, and set 7, = 7|xac €

Gal(K;°/K). From the Gx-module exact sequence 0 — N N

T ®z, Zy[I'y] — 0 we obtain the exact sequence.

HY(K[S], T) — HY(L,1[S],T) =% H*(K[S], T)' — 0.

Note that under the maps ay,, the corestriction H(L,,11[S], T) — H(L,[S],T)
corresponds to the trace H2(K[S], T)' — H2(K[S], T)''. Since H%(K[S], T)
is finitely generated over A®®, the modules M,, := H?(K[S], T)"™ stabilize
for n > 0, so there is some ng such that M, = M, for all n > ng. In
particular, the trace map TrZJrl : M1 — M, is given by multiplication by

p on My, = lim,_o M, for all n > ng. Combined with (4.3) we thus see
that

i (2[5p"]) = an(Coriy 2 (2[Sp+24)
= T2 oy (159" 2H])) = P ok (LS H))

for all n > ng and £ > 0. Letting k — oo, this shows that a,(z[Sp"]) is
divisible by arbitrarily high powers of p, and hence a,,(z[Sp"]) = 0, yielding
the result. O

In the following, we identify A?¢ with the the one variable power series
ring Z,[Y] setting Y = +*° — 1 for a fixed topological generator v*¢ — 1.

Lemma 4.3. Let S be a positive integer prime to p. Then H'(K[S], T?) is
free over A?C.
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Proof. As we recall in Lemma 6.6 below, E[p] is absolutely irreducible as a
G g-module, and using this the result can be shown by arguing similarly as
in [Kat04, §13.8]. Here we give a slightly different argument.

It suffices to show that Mg := H!(K[S], T) is free over A* ~ Z,[Y].
We claim that the maps

(4.4) ay : Ms =5 Mg, oy : Mg/Y Mg -2 Mg/Y Mg

are both injective. Indeed, the irreducibly of E[p] as a Gq,-module implies
that E(K)[p] = 0, which gives HY(K,,,T) = 0. By [PR00, §1.3.3], it follows
that the A?°-torsion submodule of Mg is trivial, and so ay is injective. On
the other hand, in light of the natural inclusion

Ms/Y Mg — HY(K[S],T),

to check the injectivity of «y, it suffices to check that multiplication by p is
injective on H'(K[S], T), but this follows easily again by the irreducibility
of Elp|.

By the structure theorem, the injectivity of (4.4) implies that Mg injects
into a free A?“-module F' with finite quotient N:

0— Mg —F—N—0.

If N # 0, then Tor?™ (N, A* /Y A?) is a nonzero Z,-torsion module injecting
into Ms/Y Mg, but this is impossible by injectivity of a,. Thus N = 0, and
this concludes the proof. O

To ease notation, in the next result we let Cor,, be the corestriction map
for K[Sp"t1=0]/K2°[S)].

Proposition 4.4. Let ¢ = (—1)". There exists a unique class
(4.5) 2n[S8]° € H (K[S], T*) /wy, (Y)H' (K[S], T*)
such that &;€(Y)2,[S]¢ = Cor, (2[Sp"T'17?]). Moreover, the sequences
{1)"22[S] bneven,  {(=1) D224 [S] ™} oaa
are compatible under the natural maps
H' (K[S], T*) Jwy,(V)H! (K[S], T*) — H'(K[S], T*) Jwy,_o (Y )H (K[S], T*).
Proof. By Lemma 4.2 the class z[Sp™"t179] is in the image of the natural
embedding
HY(K[S], T) /wn (Y)H'(K[S], T) < H'(K[Sp"+'°L. T).

With a slight abuse of notation, denote by z[Sp"*'~°] the natural image of
this class under the map

HY(K[S], T) /wn (Y)H'(K[S], T) — H'(K[S], T*) fuwn (Y)H' (K[S], T*)

given by corestriction. Using (4.1), the same calculation as in Corollary 3.5
shows that w¢ (V) z[Sp"t17°] = 0. In light of the freeness result in Lemma 4.3,
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this implies the existence of a unique class z,[S]¢ as in (4.5) such that
O € (Y)2n[S]€ = Cory (2[Sp™+17°]) in the image of the map

H'(K[S], T*) Jws, (Y)H (K[S], T*) = &5, (Y)HY(K[S], T*) /w, (Y)H! (K[S], T*)
— HY(K,[S],T),

where the first arrow is the isomorphism given by multiplication by @, €(Y").
This shows the first part of the lemma, and the second is shown by the same
argument as in the proof of Proposition 3.11. U

In light of the last part of Proposition 4.4, we can make the following.

Definition 4.5. For every sign ¢ € {£} and positive integer S prime to
Np we define the e-Heegner point of conductor S to be the class z,[S]¢ €
HY(K[S], T#) given by

Zoo[S]" = {2a[S] In GLHI S1,T%) fwy,(V)H! (K [S], T*) ~ H' (K[S], T*),

where the limit is over the positive integers n of parity e.

Note that since {w$,(Y)}n=c mod 2 forms a basis for the topology of A*°,
the class z[S]¢ is well-defined.

4.2. The main conjecture. In this section we formulate the supersingu-

lar analogue of Perrin-Riou’s Heegner point main conjecture (see [PR87,

Conj. B] for the ordinary case) in terms of the signed Heegner classes z,[S]*.
Assume that

(spl) (p) = pp splits in K.

Recall that I'* = Gal(K2$/K) is the Galois group of the anticyclotomic
Z,-extension of K, and I' = Gal(K/K) is the Galois group of the unique
Zg—extension of K. Let v be a prime of K above p, and let vy, ..., v, be the
primes of K25 lying above v. Since each v; is totally ramified in Ko, /K3S,
by abuse of notation we shall also denote by v1,...,v, the primes of Ko
lying above v. Fix vy, let I'S® (resp. I'y;) be the decomposition group of vy
in I'* (resp. I') and let vy = id,y2,...,9,t € I'* be such that v; = y;v1.
Identifying K, = Qp, we then have I';, ~ Gal(Q,',,/Qy), as considered
in §3. Set
Ty = T®z,Z,[T5
with Gk, acting on the second factor by the character Gg, — ')} —
Z,[I3¢]*, and define T, similarly.

Definition 4.6. Let HL (K, T2) be the image of H (K, Ty, ) ~ H1(Q,, T})
under the map induced by the the projection I' - I'*, and set

(4.6) HL (K, T) : @% HL (K, T2).
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Let z£ € H'(K,T*) denote the image of the class z.[1]* under the
corestriction map H(K[1], T*) — HY (K, T%).

Lemma 4.7. For each prime v of K above p we have loc,(z%)) € HL(K,, T?).

Proof. Since H} (Q,, T)) ~ im ker(PTﬂn:’n) and the image of Pﬂﬁ;,n is con-
tained in @, ,, Ay (see §3.2), the result follows immediately from the isotropy
of points under the local Tate pairing and the construction of zZ . O

Now let F* be the Selmer structure on T? defined by

Hlﬁ:(KUv TaC) 1f v ‘ b,

Hl K ’TaC —
7 (Ko, T) {Hl(Kv,TaC) if v 1 p,

and let Sel* (K, T?°) be the associated Selmer group:

H'(Ky, Tac)) }

n acy . 1 ac
(47) Sel (K’T )-kGI‘{H (K,T )*)HH.I}_:E(KU’TaC

v
where the product is over all places v of K.
Setting A?¢ := T®szomzp(AaC, Q,/Z,) equipped with the natural G-
action, we let HL, (K,, A*) C H'(K,, A*) be the orthogonal complement
of HL. (K,, T*) under local duality, and define Sel® (K, A*) by the same
recipe as in (4.7). Let

X+ = Homg, (SeljE (K, A*),Qp/Zp)

be the Pontryagin dual. Note that it follows from Lemma 4.7 that zX lands
in Sel* (K, T?). As a natural extension of [PR87, Conj. B], we conjecture
the following.

Conjecture 4.8 (Plus/minus Heegner point main conjecture).

(1) The class z=, is not A*-torsion.

(2) The modules X* and Sel* (K, T?) both have A*-rank one.
(3) We have

Sel™ (K, T?) ) 2
Aaczgo ’

where the subscript tors denotes the A*-torsion submodule.

CharAac (Xirs) = ChaI'Aac (

Remark 4.9. Like its counterpart for ordinary primes, Conjecture 4.8 might
be seen as a A*-adic analogue® of Kolyvagin’s result [Kol88] showing that
when the Heegner point yx € F(K) is non-torsion, the p-primary part of
the Tate—Shafarevich group HI(E/K) is finite, of order essentially given by
square of the index [E(K) ® Z, : Zpyk].

3In connection with this analogy, we note that building on the results in this paper to-
wards Conjecture 4.8, Lei-Lim—Miiller [LLM23] have obtained a new proof of a result origi-
nally due to Ciperiani [C09] showing that for supersingular primes p, the Tate—Shafarevich
group II(E/Ks)[p™] is A*-cotorsion.
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5. GREENBERG MAIN CONJECTURE FOR %BDP

Keeping the setting from Section 2, we now consider certain variants
of the Selmer groups Sel® (K, T?) and Sel® (K, A?®) obtained by changing
their conditions at the primes above p. Recall the Selmer structure F=*
introduced in §4.2.

Definition 5.1. Let M denote either T? or A?. For v € {p,p} and
Ly € {rel, £, str}, set

HY(K,, M) it £, =rel,
Hy, (Ky, M) = { HL(K,,, M) = Hyo (K, M) if £, =+,
0 if &, = str.

Then for .Z = {%,, %} we define the modified Selmer group Sel? (K, M)
by

_ HY (K, M) H (Ko, M)
Sel? (K, M) := ker{Hl(Ka W= 1w wan HIWM)}

velpp}l L vlp

We also let X< denote the Pontryagin dual of Sel (K, A?), and for ¥ a
finite set of places of K away from p, let X<> denote the Pontryagin dual
of Selmer group obtained as above by relaxing the local conditions at the
primes w € . Thus in particular Sel'®" (K, A2°) consists of classes which
are trivial at p and satisfy no condition at p, and Sel™* (K, A*) recovers
the Selmer module Sel* (K, A?°) of §4.2.

Note that for any character y in the interpolation range for the square-
root p-adic L-function .,%BDP in Proposition 2.1, the p-adic representation

Vo E ®Ind[% (x) satisfies the Panchishkin condition introduced by Greenberg
[Gre94]. The following Conjecture 5.2 may thus be viewed as an instance of
the Iwasawa main conjectures formulated in op. cit. for LyPP = (£PPF)? .

Conjecture 5.2 (Iwasawa-Greenberg main conjecture). The module XSt
is A®-torsion, and

ChaI‘Aac (Xrel,str)Aur — (LE’DP)
as ideals in A™.

An important consequence of the main result of the authors with Zheng
Liu [CLW22] is the following divisibility towards Conjecture 5.2.

Theorem 5.3 ([CLW22]). Assume that:
(i) N is squarefree,
(i1) some prime £ | N is non-split in K,
(iii) if N is odd, then 2 splits in K.
Then
CharAac (Xrel’Str)Aur C (LEDP)
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in A" [1/p]. If in addition E|p] is ramified at every prime ¢ | N~ then the
divisibility holds in A",

Proof. We first need to introduce some more notations. Denote by ¥ : I" —
A the tautological character, and by ¢ the p-adic cyclotomic character. For
> a finite set of primes of K not containing any prime above p, define the
Y-imprimitive p-adic L-function L?S’E € A"™ by

(5.1) L% = L3S x T[] Pu(e ¥ (Froby)),
wWED
where P,,(X) = det(1—Frob,, X) gives the Euler factor at w of the L-function
of E.
Part (1) of [CLW22, Thm. 8.2.1] yields the divisibility as fractional ideals
in A" ®gz_ r+] Frac(Z,[T'*]):

(52) charp (Xrel,str,E)Aur - (LES’E)7

where Y is any finite set of primes of K away from p containing all primes
dividing NDg and X2 ig defined in the same manner as X"t with
A := T®z, Homg, (A, Qp/Z,) in place of A

Letting v© € '™ be a topological generator, the natural inclusion A% —
A identifies A* with A/ITA, where It = (y* — 1), and induces an isomor-
phism
(53) Xrel,str,Z/I—l—Xrel,str,Z ~ Xrel,str,E
as A*-modules (see [SU14, Prop. 3.9]). Since I'" generates the kernel of the

projection prrac : A — A?¢, combining (5.2) and (5.3) with Proposition 2.7
we conclude that

(5.4) char pac (Xrel,str,E)Aur[l/p] c (eraC (L'I}S,E))

as ideals in A"[1/p]. Without loss of generality, assume that X*ebstr is Aac
torsion (otherwise the characteristic ideal of Xt is (0) by definition, and
there is nothing to show). Then by [PW11, Lem. A.2] for any >’ C ¥ we
have an exact sequence

0— Selrel,stnE’(K’ Aac) N Selrel,str,z([(7 Aac) N H Hl (Kw,AaC) 0.
weXNY/
By a simple adaptation of [GV00, Prop. 2.4}, it follows that
char pac (Xrel’su’z) = charpac (Xrel’Str’E/) : H P, (711 (Froby,)),
wEXNY
and hence combined with (5.1) it follows that the divisibility (5.4) also holds
for ¥ = (). Together with Proposition 2.7, this shows that
(5.5) charpee (X™ ) A1 /p] € (LPPY - a(f, f5))

as ideals in A" [1/p], yielding the first claim in the theorem.
Finally, if E[p| is ramified at every prime ¢ | N~ then by [Pra06, p.912]
the term «(f, fp) is a p-adic unit (indeed, this condition ensures that f is
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not congruent mod p to any weight 2 newform of level dividing N/¢ for any
prime ¢ | N7); since u(LEDP) = 0 by Theorem 2.3, it follows that in this
case the divisibility (5.5) holds in A", O

Remark 5.4. At the referee’s request, we note that assumption (iii) in The-
orem 5.3 is used in op. cit. to simplify the choice of test vectors for which
the corresponding local triple product integrals can be shown to be nonzero.

6. MAIN RESULTS

Let E/Q be an elliptic curve of conductor N, f = 3" | ang" € S2(I'o(N))
the newform associated with E, p > 3 a prime of good supersingular reduc-

tion for E, and K an imaginary quadratic field satisfying hypotheses (gen-H)
and (spl).

6.1. Explicit reciprocity law. In this section we give a new construction
of .,%BDP in terms of the signed Heegner classes zZ and the signed loga-
rithm maps. This explicit reciprocity law will be the key ingredient allowing
us to bring the Iwasawa—Greenberg main conjecture for .,%BDP to bear on
Conjecture 4.8.

Let Hgi be the Hilbert class field of K, let Ly := K2 N Hg, and denote
by Ly, the subextension of K& with [Ly,: Lo] = p™ (so Ly, = Kj ,, for
some fixed M > 0). As in §4.2, for every prime v of K above p we have
H) (K,,T,,) ~ HL(Qp, T,), which is generated as Z,[T',,]-module by the
clement b* = {b%, .} from Proposition 3.11. Letting p® be the inertial degree
of v1 N Ly over v, we have Ly, o, C Kymta,m- Set

a7in = Corkm+a,nL/Lm,vl (b;tn—l—a,m) € H}E(mel,T),

where l;,jf&a’m is an arbitrary lift of bffwa’m to H (Kpyt-am, T'). This defines
af, € HY(KxX, ,T) for m > M and setting a7, := Corgae o /KB (am) €

H'(K3,, ,T) for 0 < m < M we obtain a system
at ={at}, € l'LmHli(KaC T) ~ HY (K,, T%)
m

m,vy?

which by Proposition 3.11 generates HL (K, T2°) as a free rank one Z,,[I'3]-
module.

Definition 6.1. For v a prime of K above p, define Logfjl : HY (K, T2¢) —
Zp[I55] by

T = Logff’l(m)a,jE

for all(a: f HL (K, T2°). Using A* = ?;1 Y- Zp[I'5°] and the decomposi-
tions (4.6), we also define

Logk : HL(K,, T*) — A*
by Log (y) = 3=, vi-Logy 1 (y;)), writing y = 3, yi.y; with y; € HL (K, T2).
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Recall the element d = {d;, }m € O = l£1m Z,m chosen in the proof of

Lemma 3.4 (and on which the construction of Log:" depends). As explained
in [LZ14, §3], for varying m the maps

Ym + Lpm — Zpm [Gal(Qpm /Qp)]

defined by y,,(z) = EaeGal(QPm/Qp) %0~ ! assemble to yield in the limit an

isomorphism between Ou, and the subring of Z;*[U] consisting of elements
[ € Z'[U] such that
fY=wu.f for all u € U,

where the action of u on the left-hand side (resp. the right-hand side) is on
the coefficients (resp. by multiplication as group-like elements). Let

2= lim > g0t € 2 [U]
M oeGal(Qym /Qp)

be the image of d under this isomorphism. Since d is a Z,[U]-module
generator of Oy, the element =, is invertible.

Recall that by Lemma 4.7 for every prime v of K above p we have
loc,(z%)) € HL(K,, T?°), and hence Log may be evaluated on loc,(zL)

Theorem 6.2. The following equality holds:

BDP
%

—_
—

—d

=0_1p- Loggt(locp(zjE ))s

o
where 0_1p = recy(—1)|gac € T

Proof. We just give the proof in the plus case, as the proof in the minus
case is the same. Let x : I'* — pu,~ be a non-trivial character factoring
through a primitive character on Gal(K2°/K) for some even n. Viewing x as
a character on T via (4.2), the calculation in [CH18, pp. 598-9] (as adapted
in [BCK21, Thm. 4.4] to the case N~ # 1) gives

ZPPP ) =p a0 (@) Y X(0) logg(ozp" ),
oefn

where X}, denotes the component at p of the Hecke character corresponding
to x by (2.1). Combined with the definition of z,[1]" (see Proposition 4.4)
and z}, and Proposition 3.14, we thus obtain

2Py = 2D Cpenox) T so)logg (o))

9(xp) xp(u™) =
= xp(—1) - X '(Logy (locy(z)) - > R(0)dg,,
c€Un+ta

= )2_1(0,14, . Log;,F (locy (zjo)) . Ed).

Letting x as above vary, we obtain the result. O
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Remark 6.3. Note that Theorem 6.2 shows that the period Z; encodes all
the A" /A-transcendence of .,%BDP.

Corollary 6.4. The class locy(z%) is not A*-torsion.

Proof. Immediate from Theorem 6.2 and the non-vanishing result for D%BDP
in Theorem 2.3. O

6.2. Relating main conjectures. The main result of this section is The-
orem 6.8, connecting Conjecture 4.8 and Conjecture 5.2.

Let B # pA®® be a height one prime of A*, denote by Sy the integral
closure of A /B, and let @ be the field of fractions of Sg. Let also mp € Sy
be a uniformizer and myp = mpSy be the maximal ideal of Sy. Consider the
Syp-modules

(6.1) Tgp = T? Rpac Sq3, Vr_p = Tgp ®S‘l¥ ‘I)qg, Aqg = Vm/qu.
As in [How04a, Prop. 2.2.4] the Weil pairing induces a perfect G g-equivariant
pairing
(6.2) en : T X A% — 00
satisfying ep(A - t,a) = ea(t,\" - a) for all t € T*, a € A*°, and A € A*,
where \* denotes the image of A under the involution ¢ : A*® — A?¢ given by
v+ 71 for v € I'*. Letting PB* denote the image of B under ¢, this gives
rise to a G g-equivariant pairing ey : Tipe X Ap — pupe0 satisfying ep(A-z,y) =
e (x, A" - y), which together with (6.2) allows us to dualize the natural map
T /P'T* — Ty to a G and A**-equivariant map Ap — A*[R].

Using T? — T /PT*® — T, we define

Sel* (K, Typ) € HY(K, Ty), Sel™ (K, T*/PT*) c H (K, T /PT™)

from Sel* (K, T?°) by propagation (i.e., defining the local conditions cutting
out Sel™(K,Ty) to be the pushforward of those for Sel*(K,T?) via the
above map T% — Ty), and similarly define Sel* (K, Ag) and Sel™ (K, A*[])
from Seli(K , A?°) by propagation (i.e., pulling back the local conditions)
via Ap — A*[P] — A%,
Lemma 6.5. There is a finite set X5 of height one primes P C A?°, with
pA?© € ¥, such that for P ¢ Xp the composite natural maps

Sel™ (K, T) /%BSel™ (K, T*) — Sel™ (K, T*/PT*) — Sel* (K, Tyy),

Sel™ (K, Ay) — Sel* (K, A*[]) — Sel™ (K, A*)[]

have finite kernel and cokernel of order bounded by a constant depending
only on [Syp: A /B].

Proof. As in the proof of [How04a, Prop. 2.2.8], it suffices to show (thanks to
[MRO4, Lem. 5.3.13]) that for all height one primes B C A*® with B # pA?°,
and for every place v of K, the natural maps

(6.3) Hys (Ky, Ap) = Hpx (K, A[R]),
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(6.4) Hii (K, T /PT) — Hii (K, Ty),

have finite kernel and cokernel which are bounded by a constant depending
only on [Sy : A% /B], which for primes v { p is shown in [MR04, Lem. 5.3.13].
For v | p, that the map (6.3) has the desired property is shown in the proof
of [Kim07, Prop. 4.18] (see also the discussion preceding it). On the other
hand, since the natural map H' (K, Ay) — H'(K,, A*[]) clearly has finite
kernel and cokernel with a bound of the desired sort, we deduce that so does
the induced map

Hl (KU7 A‘ﬁ)/H}-‘i (Kv7 A‘ﬁ) — Hl(Km Aac[m])/H_l}'i (Kw Aac[m])v
from where the desired property for (6.4) follows by local duality. O

Lemma 6.6. For every k the natural maps qu/m%Tsp ~ Aqg[m’f;] — Ag
induce isomorphisms

HYyi (K, T /myTy) ~ Hs (K, Ap[rf]) ~ Hp (K, Ag)[m55).
Proof. This follows from Lemmas 3.5.3 and 3.5.4 in [MRO04]. O

Lemma 6.7. The following hold:
(1) The modules X* and Sel* (K, T?®) have the same A**-rank.
(2) rankpac(X™HF) = 1 + rankpac (XT5%) and
charac (X rel’i) = charac (X i’Str),

tors tors

where the subscript tors denotes the A*“-torsion submodule.

Proof. For part (1), it suffices to show that for every height one prime 3 #
pA?© outside a finite set X5 the modules

X*/PXE = Homg, (Sel* (K, A*)[B], Qp/Zp), Sel* (K, T)/PSel® (K, T*)

have the same Z,-rank. Since Lemma 6.6 gives that Sel* (K, Tyy) is the mp-
adic Tate module of Sel (K, Ay), the Z,-corank of Sel* (K, Ap) is the same
as the Zy,-rank of Sel* (K, Ty), which by Lemma 6.5 implies the result.

For the proof of part (2), we need some more preparation. For any height
one prime B # pA*°, let Tig be as in (6.1). As explained in the proof of
[How04a, Lem. 2.1.1], the Weil pairing e : T' x T — ppe gives rise to a
perfect symmetric Sy-bilinear pairing

(6.5) ep - Tgp X qu — 533(1)

satisfying eq(s?,t7°7) for all s,t € Tip and 0 € Gk, where 7 € Gq is any
complex conjugation. Letting Tw(7y) denote the Gg-module given by T
with Gg acting through the automorphism given by conjugation by 7, the
pairing (6.5) becomes a G g-equivariant pairing

ep : Tq3 X TW(T:_B) — Sgp(l),
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and by [Kim07, Prop. 4.11] the local conditions H}_-i(KU,qu/mg’%qu), ob-
tained by propagating Hlfi(Kv, Ty) via the quotient Ty — qu/m‘%qu, are
orthogonal complements under the induced local pairing

(6.6) H' (K, Ty /m§Ty) x H (K, Ty /mypTy) — Sy /mi.

Now set HY i, (K, Ag) := Sel™*" (K, Ay), and H, , (K, Ay) to be
HY(Ky, Ap)  H (K, Ap) HY(Ky, Ay) }

HY(K,, Ap)aiv ~ HYL(KG, Ag) HL. (K,, Ap) )’

ker{Hl(K, Agp) —
vfp
where the subscript div denotes the maximal divisible submodule. (Thus
HL (K, Ayp) and H]%el’i(K7 Agy) are the propagation of HL (K, Vi) and
H%el’ 4 (K, V) under Vig — Ay and Vig — Ag, respectively.) By Lemma 6.6
and [MRO04, Thm. 4.1.13], for every k there is a non-canonical isomorphism

(6.7) Hio -+ (I, Ap) [p"] = (Pp/Sy)"[p"] © H g, (K, Ap)[p"],

where r is the core rank (in the sense of [MRO04, Def. 4.1.11]) of the Selmer
conditions defining H%el,i(K7 Ag), which by [DDT94, Thm. 2.18] is com-
puted by

(6.8) corankg,, H'(Ky, Aqp)+ corankSmHli (Kp, Agp) —coranksg,, HY (K., Ag),

where w denotes the infinite place of K. By Proposition 3.8, the first two
terms in (6.8) are equal to 2 and 1, respectively, and the third term is clearly
equal to 2. Thus » =1 in (6.7) and letting k¥ — oo we conclude that

(69) H%el,i(K? A‘B) = (Q‘B/S‘B) ©® Hlﬁ:,str(K7 A‘B)

Hence the Sp-coranks of HY, | (K, Ay) and HL (K, Ag) differ by one, and
their quotient by the maximal divisible submodule have the same order. The
argument in the proof of [AH06, Lem. 1.2.6] (taking also care of the prime
B = pA® by approximating it by Q = (Y +p™) C A* >~ Z,[Y] as m — o0)
now allows us to conclude the proof of part (2), once we show that for B
outside a finite set >4, the natural maps

(6.10) H}, o (K, Agp) — Sel™bE (K, A2)[p],

(6.11) HY (K, Ag) — Sel™" (K, A*)[],

have finite kernel and cokernel, of order bounded by a constant depending
only on the degree [Sy: A*/PB]. For (6.11), this is shown in Lemma 6.5, and
for (6.10), it suffices to note that H, , (K, Ap) injects into Sel"™"* (K, Ay)

with quotient contained in HY(K,, Ag)/H®(Ky, Agp)div, which has a bound of
the desired sort, and apply Lemma 6.5 again. This completes the proof. [

With the explicit reciprocity law of Theorem 6.2 and the preceding three
lemmas in hand, we are now ready to establish the link Conjecture 4.8 and
Conjecture 5.2.

Theorem 6.8. The following are equivalent:
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(i) Both Sel*(K,T*) and X* have A*-rank one, and the following
divisibility holds in A?°:

Sel™ (K, T?) ) 2

+
ChaI'Aac (Xtors) C ChaI'Aac ( Aaczzoto

(ii) Both Sel®™ (K T?) and X "% are A*-torsion, and the following
divisibility holds in A" :

ChaI'Aac (Xrel’Str) A C (LE’DP) .

The same result holds for the opposite divisibilities. In particular, Conjec-
tures 4.8 and 5.2 are equivalent.

Proof. Note that E(K)[p] = 0 (since E[p| is irreducible as a Gq,-module and
p splits in K), and hence E(K)[p*>] = 0, which by [PR00, §1.3.3] implies
that the A-torsion submodule of H! (K, T?°) is trivial. Global duality yields
the following exact sequence

0 — Selstr,rel(K7 TaC) N Seli’rel(K, TaC) locy H:ll: (Kpa TaC)

(6.12)
— Xrel,str N X:I:,str 0.

Since HY (Kj, T?) ~ A% (see Proposition 3.8), by Theorem 6.2 the equiv-
alence between ranks in parts (i) and (ii) follows easily from (6.12). In-
deed, if both X" and Sel*™""!( K, T?) are A*-torsion, then (6.12) shows
that Sel™™!(K, T?°) has A®-rank one, and since by Lemma 4.7 and Corol-
lary 6.4 the submodule Sel® (K, T?®) C Sel*™(K, T?°) contains the non-
torsion class zZ , it follows that Sel™ (K, T?°) has rank one, and therefore so
does X* by Lemma 6.7(1). The other implication for A*-ranks is similar.

As for the relation between divisibilities in (i) and (ii), note that it fol-
lows from the preceding paragraph that either of the rank hypotheses in
(i) or (ii) implies that both Sel*(K,T?¢) and Sel™*(K,T?) have A?-
rank one, and hence Sel™ (K, T?®) = Sel© (K, T?), since the quotient
Sel® (K, T?) /Sel* (K, T*) injects into H'(K,, T?)/H (K,, T?®), which
has trivial A**-torsion by Proposition 3.8. The map loc, in (6.12) is therefore
the same as the one in the exact sequence

locy

0 — Sel*™*(K, T%) — Sel* (K, T%) —% HL (K,, T*)

(6.13)
N Y G|}

Since H! (K, T?) has trivial A*-torsion, the non-vanishing of loc, and the
equality rankpac(Sel® (K, T?°)) = 1 implies that Sel*™* (K, T2¢) = 0, since
it is of A?“-rank zero. From (6.13) we thus obtain

N Sel® (K, T) 1oc, HY(K,, T)

Arezs, Acloo(zE)  okerlioe) = 0.
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which by Theorem 6.2 yields the relation

Selt (K, T)

(614) CharAac < AaCZ:OtO

) - char pae (coker(locy) ) A" = (Z°PP).

On the other hand, taking A®“-torsion in the short exact sequence 0 —
coker(locy) — X% — X* — 0 deduced from (6.13) and using Lemma 6.7(2)
(noting that X% is A?-torsion) we obtain

(6.15) charpac (Xi’m) = charpac (thgrs) - char pac (coker(locy)).

Similarly, the short exact sequence 0 — coker(loc,) — X rel.str _y xdstr ()
from (6.12) yields

charpac (X 1”el’m) = charpsc (X jE’S”) - charpac (coker(locy))

= charpse (X, - charpac (coker(locy))?,
using (6.15) for the second equality. Combined with (6.14) we thus obtain

Sel* (K, T)

2
Aaczéto ) ’ ("%BDP) :

tors

char pac (Xrel’Str) - charpac ( )Aur = charpac (Xi
The equivalence between the divisibilities in the statement of the proposition
is now clear. O

6.3. A p-converse to Gross—Zagier and Kolyvagin for supersingular
primes. In this section we prove a p-converse to a theorem of Gross—Zagier
and Kolyvagin for supersingular primes (Theorem 6.11).

The key step in our proof is the following result towards Conjecture 4.8.

Theorem 6.9. Assume that:

(i) N is squarefree,
(ii) some prime £ | N is non-split in K,
(iii) if N is odd, then 2 splits in K.

Then both Seli(K, T) and X* have A*-rank one, and we have the equality

Sel* (K, T) > 2

+ ) _
ChaI'Aac (XtOI‘S) = CharAac ( Aaczoio

as ideals in A*°[1/p]. If in addition E[p] is ramified at every prime £ | N—,
then the equality holds in A®°.

Proof. In the Appendix we explain how to adapt the methods of [How04a]
to deduce from Corollary 6.4 that both X* and Sel® (K, T?°) have A2-
rank one, see Theorem A.5, and that we have the divisibility “C” in A?¢ in
the claimed equality of characteristic ideals. In light of the equivalences in
Theorem 6.8 (whose proof applies without change for the Iwasawa algebras
with p inverted), the result follows from Theorem 5.3. O
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Let z1 be the Heegner point of conductor one (see Proposition 4.1), and
set

yx = Trgp) r (1) € E(K) @ Zy.
It is immediate from the definitions that Sel™ (K, E[p™]) = Sely~(E/K) and
Selt (K, T) is identified with the pro-p Selmer group

Sy(E/K) = 1# m Sel,m (E/K).

In the next result we recall all our running hypotheses for the convenience
of the reader.

Theorem 6.10. Let E/Q be an elliptic curve of conductor N, p > 3 a
prime of good supersingular reduction for E, and K an imaginary quadratic
field satisfying hypotheses (gen-H) and (spl). Assume that:
(i) N is squarefree,
(ii) some prime £ | N is non-split in K,
(iii) of N is odd, then 2 splits in K.
If Sely (E/K) has Z,-corank one, then yk is non-torsion.

Proof. Let By = ker(A*® — Z,,) be the augmentation ideal. Since A*[Py] =
E[p*>] and T?¢/PByT? = T, by Lemma 6.5 there are natural maps with finite
kernel and cokernel:

X+ /PoX T — Selt (K, E[p™]) = Sely= (E/K),

(100 ot (5, 7) /Sl (12, T = Sl (K.T) = §,(E/ K.

By Theorem A.5 we have a A?-module pseudo-isomorphism X+ ~ A3 @
M & M for some finitely generated torsion A**-module M, and Theorem 6.9
gives the equality®

lzt K. Tac
charpac (M) = charpac (Se(,))

Aaczg'o

as ideals in A*°[1/p]. Thus the assumption that Sel,e (E/K) has Z,-corank 1
implies that charpac(Sel™ (K, T?)/A*z1 ) is not divisible by 9o, and hence,
denoting by zg the image of zX, in Sel™ (K, T?)/PBoSelt (K, T%), it follows
that zo generates a Z,-submodule of Sel™ (K, T%)/PBoSel ™ (K, T) of finite
index. Since Sp(E /K) has Z,-rank one by hypothesis, and by construction

the class zj is sent to the Kummer image of yx in Sp(E/K) under the
second map in (6.16), the result follows. O

We conclude with the proof of Theorem A in the Introduction.

Theorem 6.11. Let E/Q be a semistable elliptic curve, and p > 3 a prime
of good supersingular reduction for E. Then

corankz, Sely~(E/Q) =1 = ords=1L(E,s)=1.

4Note that only the divisibility “C” coming from Theorem 5.3 is needed for this proof.
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Proof. By Ribet’s level lowering [Rib90, Thm. 1.1], the representation E[p]
is ramified at some prime ¢ dividing N. Fix one such prime ¢, and choose
an imaginary quadratic field K of discriminant Dy such that:
(a) hypothesis (gen-H) holds,

) ¢ is non-split in K,
) hypothesis (spl) holds,
) if N is odd, then 2 splits in K,
) L(EX,1) #0.
The existence of such K follows easily from the non-vanishing result [FH95,
Thm. BJ. Indeed, if N is divisible by another prime ¢’ # ¢, we require ¢, ¢
to be both inert in K and every prime factor of N/qq’ to split in K; while
if N = ¢, we consider K ramified at ¢g. Any such K satisfies conditions (a)
and (b); in particular, the root number of F/K is w(E/K) = —1. Since
corankz, Sely~(E/Q) = 1 = w(£/Q) = —1 by [Kim07, Thm. 4.30], it
follows that w(EX /Q) = +1, and since (a) through (d) impose only finitely
many congruence conditions on the discriminant of K, condition (e) can also
be arranged by [FH95, Thm. B].

Having fixed K as above, by work of Kolyvagin [Kol88] and Kato [Kat04],
the non-vanishing of L(EX, 1) implies that

rankzEX(Q) =0, #II(EX/Q)[p™] < cc.

(b
(c
(d
(e

Thus
corankz, Sely~(E/Q) =1 == corankz Sel,~(E/K) =1,

and so the Heegner point yx is non-torsion by Theorem 6.10. By the Gross—
Zagier formula [GZ86, YZZ13], it follows that ords—; L(E/K,s) = 1, which
by (e) implies that ords—1 L(E,s) = 1. O

APPENDIX A. KOLYVAGIN SYSTEM ARGUMENT

In this Appendix we explain how to derive a Kolyvagin system from the
set of plus/minus Heegner classes constructed in §4.1, and use it to prove
Theorem A.5 below towards Conjecture 4.8.

We place ourselves in the setting of §6. We begin by briefly recalling the
ingredients from the theory of Kolyvagin systems that we need, referring the
reader to [MRO04, How04a] for more details. Let £ denote the set of rational
primes ¢ satisfying:

e /{ Np,

e / is inert in K,

e ay=(+1=0 (mod p), where ay = £ + 1 — #E(F),
and denote by N the set of squarefree products of primes ¢ € £, with the
convention that 1 € N. For each ¢ € L, let Iy C Z, be the ideal generated
by a; and £+ 1, and for S = ¢;---€, € N set [g =Y ;| I, with Ig = 0
when S = 1.
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For any Gg-module M and v a finite prime of K, define the unramified

local condition H} (K, M) by
Hf (K, M) == ker{H' (K, M) — H' (K", M)},
and the singular quotient H!(K,, M) by the exactness of the sequence
0 — H{ (Ky, M) — H' (K, M) — H}(K,, M) — 0.

Then for £ € L, letting A be the prime of K above ¢, there is a finite-singular
COmparison map
(A1) ¢f =Ev,) cevy: Hi (K, T*/I,) ~ T%/I, ~ H (K, T*/I,),
where ev) is given by evaluation at a Frobenius element at A, and Evy,,
is given by evaluation at a fixed generator oy of G(¢) := Gal(K[(]/K][1]),
viewed as an element in the Galois group of the totally tamely ramified
extension K [(]y/ /Ky, where X' is the unique prime of K[¢] above A.

For each S = /1 ---¢, € N set

G(S) := Gal(K[S]/K), G(S):=Gal(KI[S]/K[1]) ~G({1) x---x G(L),

and note that since the primes ¢; are inert, each G(¢;) is cyclic order ¢; + 1.
Fix generators oy, € G(¢;), and define the Kolyvagin derivative operator
Ds € Z[G(9)] = Z[G((1)] ® - - - @ Z[G(¢r)] by

£;
Dg:= Dy, ---Dy,, where Dy, :=» joj € Z[G(L)).
7=1

Tracing through the construction of z..[S]* in §4.1, [How04a, Lem. 1.7.1]
implies that the natural image of
F5:= Y 0Dgzs[S]F € HY(K[S], T*)
c€eG(S)/G(S)
in HY(K[S], T2 /IsT) is fixed under G(S).
In what follows we shall use repeatedly the fact that E(K)[p] = 0, which

(as already noted in the body of the paper) is immediate from the fact that
E[p] is an irreducible Gq,-module and p splits in K.

Lemma A.1. For every S € N the restriction map
resg : H' (K, T% /IsT*) — H'(K[S], T*/IsT*)9(%)
18 an isomorphism.

Proof. This follows readily from the inflation-restriction exact sequence,
noting that H(K[S], T%¢/IsT) ~ Hm HO(K2[S], E[Is]) vanishes, since
E(Ko)[p™] = 0 and Q(E[p™]) N K[S] = Q. O

In light of Lemma A.1, we let /<a§ € HY(K, T2 /IsT*) be the unique class
satisfying ress(nﬁ) = f%§ To describe its local properties, for £ € £ define
the transverse local condition HL.(Ky, M) by

H{, (K, M) = ker {H' (K, M) — H (K[}, M)},
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where X' is the unique prime of K[¢] above A. Letting HY.. (K, T?/I) be
the propagation of H}i(KU, T?°) under a quotient map T — T2 /I, for
S € N define the S-transverse Selmer group Hlfi(s)(K, T2¢/IT*) to be
HY(K,, T/1) 10 H(K,, T/1) }

ker{ HY(K, T /I) —
e Wy e Wiy o

v

Lemma A.2. Let S € N. Then we have p® - /£§ € HL. o (K, T /IgT*)

for some d > 0 independent of S.

()

Proof. Let A | £ | S be a prime, and as before let X\ be the unique prime of
K[{] above A. Then for every n the prime A splits completely in K2°[5],
and fixing a prime N’ of K2°[S] above X we have K[{]y = K2°[S]y\.
Hence from the construction of z[S]* in Proposition 4.4, to show that
/fSE satisfies the transverse local condition at ¢ is suffices to check that
> wea(s)/as) O Dszn[S] has trivial restriction to H (K;°[S]r, T/IsT), which
is checked in the proof of [How04a, Lem. 1.7.3]. On the other hand, for
primes v 1 S the only non-trivial condition to check is that at the primes
v | p and at the primes v | N. In the former case, that the class /ﬁ satis-
fies loc, (k%) € HL. (K, T?/IgT*) follows immediately from Lemma 4.7.
And in the latter case, the existence of some d > 0 such that p? - locv(/ﬁ) €
H}_.i(s)(Kv, T?¢/IgT?) (for all v | N and all S) is shown by the same argu-

ment as in the proof of the inclusion (15) in [How04b, Prop. 3.4.1]. O
Lemma A.3. For all (S € N, we have ¢f (locy(p? - £3)) = locx(p? - k).

Proof. This follows from [How04a, Prop. 1.7.4] similarly as in the proof of
Lemma A.2. O

In terms of [How04a, Def. 1.2.3], the preceding Lemmas A.2 and A.3 show
that the collection of classes {p? - nfgc}Se ~ forms a Kolyvagin system for the
triple (T2, F*, £). Letting KS(T?, F*, £) denote the A*-module of such
systems, we have thus shown the following.

Theorem A.4. There exists a collection of cohomology classes

k* = {kif € HY(K, T%/IsT*) }pen
with kT = 2% such that p® - k* := {p® - kT }en € KS(T?, F+ L).
Since zZ is not A**-torsion by Corollary 6.4, the Kolyvagin system p?-k*
of Theorem A.4 is non-trivial. From the methods of Mazur—Rubin [MR04],
as extended by Howard [How04a, How04b] to the anticyclototomic setting
of Heegner points, we thus obtain:

Theorem A.5. Assume that N is squarefree. Then the module Sel* (K, T?°)
has A*¢-rank one, and there is a finitely generated A®*-module M such that:

(i) Xt~ A Ma M,
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(ii) We have the divisibility
char yac (M) D charpac (Sel™ (K, T?) /A*z%)
in A,

Proof. Let P be a height one prime of A* with ‘B # pA®°, let Sy be the
integral closure of A* /%P, and let Ty := T2 ®pac Sy, endowed with the
diagonal Galois action G'i-action. Let &g be the field of fractions of Sy,
and set Vi := Ty ®s,, Py, Ay = Vip/Typ. Letting FE denote the Selmer
structure on Tz obtained by propagation, specialization at B yields a map

KS(TaC,]-'i 5) — KS(Ty, F, £).

S

Denoting by p¢-k=®F) = = {p? /<:n }nej\/ the image of p®-k* under this map7

it follows from Lemma 6.5 and the non-triviality of zZ that the class ] =)
is non-torsion for all but finitely many 9. Since by [Kim07, Prop. 4.11]
the local conditions H + (Ky, Ty) for v | p are self-dual under the local

Tate pairing and by [Ed197 Prop. 2.1] our assumption that N is squarefree
and p is supersingular (so in particular, Ep] is an irreducible Gg-module)
implies that the Gq-action of E[p] is surjective®, by [How04b, Thm. 2.2.2] it

follows that for all but finitely many 8 we have x £ ¢ H (K Tyg), that
H (K Typ) is a free, rank one Sp-module, and that

Hi . (K, Ay) ~ D3/ Syp) & My & My,
with My a finite Ssp—module satisfying
length(My) < length(HL. (K, Ty) /Sy - 7).
The same argument as in [How04a, Thm. 2.2.10] then yields the result. O
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