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The Nonlinear Fokker-Planck Equation

Suppose that
mv:[0,T] xRY = RY,
m f:[0,00) - RUoois |.s.c., coercive, convex, and f(0) = 0.
Consider the nonlinear Fokker-Planck equation
ap =V - (VF*(p) + pv)
p € 0f(p) (PDE)
p(0) = po.
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mv:[0,T] xRY = RY,
m f:[0,00) - RUoois |.s.c., coercive, convex, and f(0) = 0.
Consider the nonlinear Fokker-Planck equation
ap =V - (VF*(p) + pv)
p € 0f(p) (PDE)
p(0) = po.
This equation describes cases of linear and nonlinear diffusion, such as:
[ The Fokker-Planck equation: f(s) = sIn(s) — s = 0iyp = Ap+ V - (pVv).
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The Nonlinear Fokker-Planck Equation

Suppose that
mv:[0,T] xRY = RY,
m f:[0,00) - RUoois |.s.c., coercive, convex, and f(0) = 0.

Consider the nonlinear Fokker-Planck equation

Op =V - (VFI*(p) + pv)
peaf(p) (PDE)
p(0) = po.

This equation describes cases of linear and nonlinear diffusion, such as:
[ The Fokker-Planck equation: f(s) = sIn(s) — s = 0iyp = Ap+ V - (pVv).

The porous media / fast diffusion equation [Ott, Vaz]: If m > 1 — 225,

sin(s)—s m=1
f(S)Z{ m = Op = Ap" + V- (pv).
= m#1
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Suppose that
mv:[0,T] xRY = RY,
m f:[0,00) - RUoois |.s.c., coercive, convex, and f(0) = 0.

Consider the nonlinear Fokker-Planck equation

Op =V - (VFI*(p) + pv)
peaf(p) (PDE)
p(0) = po.

This equation describes cases of linear and nonlinear diffusion, such as:
[ The Fokker-Planck equation: f(s) = sIn(s) — s = 0iyp = Ap+ V - (pVv).

The porous media / fast diffusion equation [Ott, Vaz]: If m > 1 — 225,

sin(s)—s m=1
f(S)Z{ m = Op = Ap" + V- (pv).
= m#1

Height-constrained transport [DMSV, AKY]:

<s<1 . =
o= {0 0SSt fop+V-(m =0,
oo otherwise 0<p<.
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Longtime Behavior

Setup: Let 5 be a probability measure on Euclidean space RY. Assume f : [0, 00) —
R U o is differentiable and v = V'V, where V : RY — R is continuously differentiable
and \-convex for A > 0.
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Longtime Behavior

Setup: Let 5 be a probability measure on Euclidean space RY. Assume f : [0, 00) —
R U o is differentiable and v = V'V, where V : RY — R is continuously differentiable
and A-convex for A > 0.
Linear Fokker-Planck equation
Assumption: j5(x) = Ze~"™®dx. Zis a constant chosen s.t. [ 5 = 1.

PDE perspective: [AGS] If p(t) is a solution to the Fokker-Planck equation with
v =VYV,then

Wa(p(1), 5) < & Wa(po, ).
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Longtime Behavior

Setup: Let 5 be a probability measure on Euclidean space RY. Assume f : [0, 00) —
R U o is differentiable and v = V'V, where V : RY — R is continuously differentiable
and A-convex for A > 0.
Linear Fokker-Planck equation
Assumption: j5(x) = Ze~"™®dx. Zis a constant chosen s.t. [ 5 = 1.

PDE perspective: [AGS] If p(t) is a solution to the Fokker-Planck equation with
v =VYV,then

Wa(p(1), 5) < & Wa(po, ).
Nonlinear Fokker-Planck equation
Assumption: j(x) = max((f')~"(Z — V(x)),0). Zis a constant chosen s.t. [ 5 = 1.
PDE perspective: [CJT] Formally, if p(t) is a solution to the nonlinear Fokker-Planck
equation with v = V'V, then

Wa(p(t), 5) < & Wa(po, B).
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Blob Methods for the Nonlinear Fokker-Planck Equation

In recent years, blob methods have shown tremendous promise in simulating a wide
range of PDEs [BE, CCP, CCY, CESW, CEHT, CJT]. The main challenge in the imple-
mentation of these methods is their computational complexity.
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Blob Methods for the Nonlinear Fokker-Planck Equation

In recent years, blob methods have shown tremendous promise in simulating a wide
range of PDEs [BE, CCP, CCY, CESW, CEHT, CJT]. The main challenge in the imple-
mentation of these methods is their computational complexity.

[CJT] showed convergence of a variant of the regularized PDE

Op =V - (p[f'(pe % p)(Vipe % p) + V]) = 0
{p(o, X) = polx). (PDE)

to (PDE) as € — 0. Here, . is a mollifier and f; is a suitable regularization of f.
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Blob Methods for the Nonlinear Fokker-Planck Equation

In recent years, blob methods have shown tremendous promise in simulating a wide
range of PDEs [BE, CCP, CCY, CESW, CEHT, CJT]. The main challenge in the imple-
mentation of these methods is their computational complexity.

[CJT] showed convergence of a variant of the regularized PDE
Ap =V - (p[f (pe * p)(Vipe % p) +v]) =0 (PDE.)
>
(0, x) = po(X).
to (PDE) as € — 0. Here, . is a mollifier and f; is a suitable regularization of f.

If po(x) = SN, mid,0, then p(t, x) = SN midy. 1y, where each x; moves according to
the ODE system

N
X(t) = -t/ ( 1 mjpe (X (1) — Xj(f))> é mVpe (x(t) — x;(t)) — v(xi(t)) 1)
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Blob Methods for the Nonlinear Fokker-Planck Equation

In recent years, blob methods have shown tremendous promise in simulating a wide
range of PDEs [BE, CCP, CCY, CESW, CEHT, CJT]. The main challenge in the imple-
mentation of these methods is their computational complexity.

[CJT] showed convergence of a variant of the regularized PDE
Ap =V - (p[f (pe * p)(Vipe % p) +v]) =0 (PDE.)
>
(0, x) = po(X).
to (PDE) as € — 0. Here, . is a mollifier and f; is a suitable regularization of f.

If po(x) = SN, mid,0, then p(t, x) = SN midy. 1y, where each x; moves according to
the ODE system

N N
X(t) = -t/ ( 1 mjpe (X (1) — Xj(f))> ]; mVpe (x(t) — x;(t)) — v(xi(t)) 1)

Our goal is to improve the computational efficiency of blob methods.
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Previous Work: The Random Batch Method

The RB method has been successfully used to solve ODE systems that model
Opinion dynamics [PZ],
The movement of plasma particles [JXL],
Statistical sampling and machine learning [JL].
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Previous Work: The Random Batch Method

The RB method has been successfully used to solve ODE systems that model
Opinion dynamics [PZ],
The movement of plasma particles [JXL],
Statistical sampling and machine learning [JL].

At each time step, particles are split into random “batches" of size p. If /; equals the
index set of all particles in the same batch as particle i,

JjEl; J€l;

Xim+1 = Xim + At <_f£” (Z ﬁ?,-gos(x[” - X/m)> Z ﬁ)ngpE(X(-m - ij) - V(Xim)> )

where /iy = m;/ 3 my [JLL].
kel;
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Previous Work: The Random Batch Method

The RB method has been successfully used to solve ODE systems that model
Opinion dynamics [PZ],
The movement of plasma particles [JXL],
Statistical sampling and machine learning [JL].

At each time step, particles are split into random “batches" of size p. If /; equals the
index set of all particles in the same batch as particle i,

Xim+1 = Xim + At <_f£” (Z ﬁ?,-gos(x[” - X/m)> Z ﬁ)ngpE(X(-m - ij) - V(Xim)> )

JjEl; J€l;

where /iy = m;/ 3 my [JLL].
kel;

‘ Runtime ‘ErrorforfixedN

FE | O(N?/At) o(At)
RB | O(Np/At) O(\/At/p)

Table: At refers to the time step size, N refers to the number of particles, and p refers to the batch size.

As we will see, the random batch method is not well-suited to the ODE system (1).
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Our Contribution: The Random Multirate Method

The Random Multirate Method:
N — p randomly selected particles take a FE step with coarse step size kAt.
Remaining p particles take k FE steps with fine step size At.

cooric fme step vat
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Our Contribution: The Random Multirate Method

The Random Multirate Method:
N — p randomly selected particles take a FE step with coarse step size kAt.
Remaining p particles take k FE steps with fine step size At.

cooric fme step vat
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N Fine fime step At

‘ Runtime ‘ Error for fixed N
FE O(N?/At) o(At)
RB O(Np/At) o (V/At/p)
RM | O (% (p+52)) O(kAt)

Table: At refers to the time step size, N refers to the number of particles, p refers to the batch size, and k refers to
the time step ratio.
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Height Constraint Results

Height constraint: Our continuum solution cannot rise above height 1.

fsy= 10 s otV (pv)=0
oo otherwise 0<p<i.

Note that fm(s) := % converges to f as m — oo. We approximate f with fm, m = 100.
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Height Constraint Results

Height constraint: Our continuum solution cannot rise above height 1.

f(s) = 0 se [0’.1] o Otp+V-(pv)=0
oo otherwise 0<p<i.
Sm

Note that fn(s) := >— converges to f as m — oo. We approximate f with f,, m = 100.

Continuum behavior with external velocity v(x) = x.
For t < In(3) =~ 1.098, the solution is attracted to xo = 0.
After the solution hits the “ceiling" 1, it remains steady.
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Height Constraint Results

Height constraint: Our continuum solution cannot rise above height 1.

0 se0.1] _.Jon+V (o) =0

(s) = "
(8) oo otherwise 0<p<1.
Note that fm(s) := mSZ converges to f as m — co. We approximate f with fp,, m = 100.

Continuum behavior with external velocity v(x) = x.
For t < In(3) =~ 1.098, the solution is attracted to xo = 0.
After the solution hits the “ceiling" 1, it remains steady.

FE: 60 s RB: 34 s RM: 17 s

=== t=00
-—- t=02
=== t=05
—-== t=075
=== t=10
-—- =12
——- =15

— t=00

Position Position Position

Figure: N = 600, At = 1078, p =300, k = 2, = .02108 for . a Gaussian with standard deviation «.

Claire Murphy Random Blob Methods for Diffusion July 10, 2026



Height Constraint Continued

For different choice of At, how is the runtime and accuracy of the FE, RB, and RM

methods affected?
We measure accuracy using an approximation of the 2-Wasserstein distance between
the particle solution and the exact continuum solution at final time T = 1.5.

m =100, v(z) =z

10°
8
510
e FE
e RB
102 + RM

6 x 10!
Runtime

Figure: N = 600, p = 300, k = 2, e = 0.02108 for . a Gaussian with standard deviation «.
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Diffusion Regime Results

Diffusion: We simulate nonlinear diffusion with

f(s)—{sir”n(s)s ZZ = 0p = D" + V- (p)

m—1

and v(x) = = up tofinal time 7 = 1.
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Diffusion Regime Results

Diffusion: We simulate nonlinear diffusion with

f(s)—{sir”n(s)s ZZ = 0p = D" + V- (p)

m—1

and v(x) = = up tofinal time 7 = 1.

Again, we measure accuracy using an approximation of the 2-Wasserstein distance
between the particle solution and the exact continuum solution at final time T = 1.

3

m=73 m=1 m =2 m=2>5
107!
s ; sz
w02
S T/ S (2 101 2% 10! 10
Runtime Runtime Runtime Runtime

—e— FE —— RB —*—RM‘

Figure: The performance of the FE, RB, and RM methods in the case p = N/2 and k = 2.

Claire Murphy Random Blob Methods for Diffusion July 10, 2026 9/14



2D Results: The Navier-Stokes Equation

We use the RM method to simulate the viscosity formulation of the 2D Navier-Stokes
equation

Op+Vv-Vp=viAp,
where v = K * p for K the Biot-Savart kernel. [Nor] utilized regridding to simulate this
equation with a “double bump" initial condition. We avoid regridding, instead using the
RM method to simulate the solution.

10 10

0.5
" "
—0.5 —0.5

-10 -10

—15 -15
- 0

Figure: N = 4688, At = 0.05, p = 2344, k = 2, v = 0.0005 ¢ = .08319 for . a Gaussian with standard
deviation .
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Conclusions

Major takeaways

The RM method improves computational efficiency and preserves accuracy of
blob methods for diffusion equations.

We see best performance of the RM method in the slow diffusion regime.

The RM method is compatible with a wide choice of linear and nonlinear diffusion
equations.
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The RM method is compatible with a wide choice of linear and nonlinear diffusion
equations.

Directions for future work
Mean field variational inference
Consensus-based optimization
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Conclusions

Major takeaways

The RM method improves computational efficiency and preserves accuracy of
blob methods for diffusion equations.

We see best performance of the RM method in the slow diffusion regime.

The RM method is compatible with a wide choice of linear and nonlinear diffusion
equations.

Directions for future work
Mean field variational inference
Consensus-based optimization

THANK YOU!!!
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