
TheCentral LimitTheorem

pimX1ldotsXnequivX ii d real RVS with mean µ variance
sigma2

for sigma0 Define Snsum_i1nXn and

Znnnmusqrtnsigma

As n on Zn converges in distribution to Nleft01right
Recall Zn converges in distribution to ZleftZnDZright if
forall bounded cts FmathbbRtimesmathbbR

lim_nrightarrowinftymathbbREleftFleftznrightright1EleftFleftzrightright

TodayTechniques for proving the CLT
1 Reductions
2 Fouriermethod
3 Moment

methodReductionsNormalization

If CLT holds for one RVX it alsoholdsfor
aXb where abinmathbbR aneq0
Assume mu0 sigma21

Truncation Suppose we haveverifiedthe CLTfor bounded
RVs
Let X be an unboundedRVwith mu0 sigma21
Want to verify X satisfiesCLT.DefineXleqNX1leftleftxrightleqNrightXNX1leftleftxrightNrightRightarrowSnSnleqNSnN
Define muleqNEleftXleqNrightsigmaleqN2VarleftXleqNright

muN1EleftXNrightsigmaN2VarleftXNright



WTS ZnSnsqrtnSn1leqNnnmuleqNnSn onbeginmatrixnsqrtnendmatrix
nmun cdotDcdotmuleft01right

Bythe CLT for bounded RVs

ZnleqNSnleqNnmuleqNnDoinftyNleft01right

Diagonalization argument Sequence leftNnright s.t lim_nrightarrowinftyNninfty
zn1geqNn still DcdotNleft01right

DominatedConvergenceTheorem lim_nrightarrowinftysigmaleqNn1
lim_nrightarrowinftysigmaNn0

By a SnleqNnnmuleqNnDcircNleft01right

Claim Sn1NnnmuNnP0

Justification ByChebyshev's
PleftleftbeginmatrixSnNnnmuNnsqrtnendmatrixrightgeqlambdarightleqfrac1lambda2VarleftbeginmatrixSnNnnmuNnsqrtnendmatrixright

frac1lambda2cdotfrac1nVarleftsum_i1nXiNnright

frac1lambda2cdotfrac1nsum_i1nVarleftXiNnright

frac1lambda2sigmaNn2

0

Since SnN1nmuNnmathbbR0SnN1nmuNnD0

We
may assume leftXnright bounded



Fourier
MethodDef

Given a real RV X the characteristicfunction Fx mathbbRcdotmathbbC
is defined by

FXlefttrightIElefteitXright

ForX Y independent FxylefttrightFxlefttrightFylefttrightFcxlefttrightFxleftoverlinectright
Ex Suppose XNleft01right

FXlefttrightElefteitXright

int_inftyinftyeitxsqrt12piex22dx

sqrt2piint_inftyinftyenicefrac12leftxitright2et22dx

et22

Thm Lévy continuitythmspecial case Let V be a finite real
or complexvectorspace and let leftXnrightbe a sequence of Vvalued
RVsLet X be an additional Vvalued RVThenTFAE
1 Fx converges to Fx
2 chinDcdotX

Proof of CLT AssumeX has mean 0 variance 1

FXlefttrightIElefteitXright

sum_k0inftyleftitrightkkIEleftXkright

k01itleft0right2t2left1rightoleftleftright2right
k1 k2

12t2Oleftlefttright2right



FznlefttrightFsum_i1nchiisqrtnlefttrightprod_i1nFxileftbeginmatrixsqrtnendmatrixrightleftFxleftfractsqrtnrightrightnleft1t22nOleftleftfractsqrtnrightrightrightnleft1nnicefrac22Oleftleftfracsqrtnrightrightrightnnrightarrowinftyet22

FNleft01rightlefttright

By theLévycontinuity thm ZnDcircmuleft01right
trslash

Thismethod is notideal because it relies on
1 Independence of leftX1ldotsXnright
2 eABeAeB

For randommatrixtheorywewillbeforcedto modify one
or bothofthese

properties.The
Moment

MethodDef
X is subgaussian if existsCC0 sit foralllambda0

PleftleftXrightgeqlambdarightleqCeclambda2

Note X bounded X subgaussian



Thm Carlemancty thm Let leftX2right be a sequence ofuniformlysubgaussianRVs and let X beanothersubgaussianRV TFAE

1 forallkinmathbbNEleftXnkright EleftXkright

2 XnDX

ProofCLT Assume X bounded mu0 sigma21
BytheChernoffbound Zn is subgaussian
If Gsimmuleft01right WTS forallkinmathbbN

k2k2leftk2right k even
k odd

EleftZnkrightcdotEleftGkright
0

Therest of theargument is technical andmessy






