
OperatorNorm of Random

MatricesOperatornorm leftMrightop sup_xinmathbbCnleftMxright
Goal Good upper tail bounds PleftleftMrightopgeqlambdarightleqldots
Outline
1 varepsilon net argument
2 Concentration of measure
3Moment

methodEnet
ArgumentDefine

SleftxinmathbbCdleftxright1right
Note PleftleftMrightoplambdarightPx su

tp sleftMxrightlambda

Assumption AI Let M be an nxn matrix Suppose coefficients
leftxiijright of M are independent have mean 0 and are uniformly
bounded in magnitudeby 1

Lemma1 Assume Al Choose xinS Thereexist absolute
constants Cc0 sit for 1 sufficiently large

PleftleftMxrightgeqAsqrtnrightleqCecAn
Note x is a fixednumbernot a randomvariable
Can't immediately apply to x0argmax_SleftMxright

Def A maximal E net of S is a set of points in S
separatedfromeachotherby a distance of at least

varepsilon

which is maximal writ set

inclusion.LemmaZ Let Sigma be a maximal E netwith 0varepsilon1 For some
absolute constant P leftSigmarightleqleftfracpvarepsilonrightn



Lemma3 Assume Al Let E be G maximal varepsilon netwith 0varepsilon1
For MinmathbbCntimesn and lambda0

PleftMright0 p lambdaleqPleftright ma
Sigma
x

leftMyright1varepsilonlambda
Cor Assume Al Thenthere exist absoluteconstants Cc0
sit

IPleftleftMrightopgeqAsqrtnrightleqCecAn
for all AgeqC

Proof By lemma 3 with
varepsilonfrac12

PleftleftMrightoplambdarightleqPleftmax_varepsilonleftMyrightlambda2right
sum_yinvarepsilonPleftleftMyrightgeqfraclambda2right

Lemmal

leqsum_yinSigmaCecAn
Lemma2

leqleft2prightnCecAn
It A is sufficiently large we can choose a large enough so
that left2prightn is absorbed into the

exponential.Concentration
ofMeasure

pim Talagrand Let leftXirighti1n be independent complex RVs
boundedaboveby 1 Let FmathbbCntimesmathbbR 1 Lipschitz convex
function Then absolute constants C c0 s.t foralllambda0

IPleftleftFleftXrightmedrightgeqlambdarightleqCeclambda 2



Cor Assume Al There existabsolute constants C c0 s.t
foralllambda0

IPleftleftMrightopmcdgeqlambdarightleqCeclambda2
med is a median value forM Thesame result holds
if we replacemed with IleftleftMrightopright

Proof Define FmathbbCn2mathbbR by Fleftleftxiijrightij1nrightleftMright op
Since the operator norm is convex F is convex
If 11m11 is the Frobenius norm then MopleqMFSO
F is Lipschitzwith constant 1
Theclaimfollows from

Talagrand's.The
Moment

MethodAssume
M symmetric MMT or Hermitian leftMMTright

Then M has n real eigenvalues leftlambda1ldotslambdanright
Noticefor k even

leftMrightopkleftmax_1leqileqnleftlambdairightrightk
max_1leqileqnlambdaik

leqsum_i1nlambdaik

trleftMright

leqsum_i1nmax_1leqjleqnlambdajk
sum_i1nleftMkrightop

nleftMkrightop



In sum MopkleqtrleftMkrightleqnMopk
k2 1

Assume Al then leftEleftleftxiijright2right1right
By theweak law of large numbers

trleftM2rightsum_ij1nleftxiijright2left1oleft1rightrightn2 as

Thus Mopleqleft1oleft1rightrightnleqsqrtnMopS0
Rightarrowleft1oleft1rightrightsqrtnleqleftMrightopleqleft1oleft1rightrightn

k4

AssumptionA2 M is symmetric or Hermitianandfor each xiij
1 Eleftxiijright0Eleftxiij2right1
2 leftxiijrightK
Assume A2

trleftMuright1leqi1i2i3i4leqnxiii2xii2i3xii sin xii1i1

RightarrowIElefttrleftMurightrightsum_1leqi1i2i3i4leqnEleftxii1i2xii2i3xii3i4xii1i1right
Sinceentries are independentwith mean 0 weonlyneed to
consider the cases
1 i1i3i2neqi4
2 i1i3i2i4
3 i1i2i3 iuneqi 1

4 i1i2i3i4



RightarrowEleftright1Oleftn3right terms
Rightarrow1Eleftright

symmtry IEleftxiijurightK2Oleftn2right terms
Rightarrow1Eleftright1Oleftn2right terms

Eleftrightk2Oleftnright
termsSoIElefttrleftMrightrightleqOleftnrightOleftn2k2right

If kOleftsqrtnright then IElefttrleftM4rightrightleqCn3 for some C
ByMarkov's inequality for

varepsilon0

PlefttrleftMurightvarepsilonnrightleq IECTLY varepsilonleqvarepsilon

RightarrowmathbbRlefttrleftM4rightleqvarepsiloncn3rightleq1varepsilon

Rightarrow1PleftleftMrightopleqcvarepsilonn34rightleq1varepsilonieleftMrightopleqOvarepsilonleftn34right
k even general

Prop AssumeA2 Then

leftMrightopOleftsqrtnlnleftnrightmaxleft1sqrtknrightright
withprobability 1Oleftn1right i e highprobability


