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ABSTRACT. For n-dimensional Riemannian manifolds M with Ricci curvature bounded below by
—(n - 1), the volume entropy is bounded above by n — 1. If M is compact, it is known that the
equality holds if and only if M is hyperbolic [LW]. We extend this result to RCD*(-(N - 1), N)
spaces. While the upper bound follows quickly, the rigidity case is quite involved due to the lack
of a smooth structure in RCD” spaces. As an application we obtain an almost rigidity result which
partially recovers a result in [CRX] for manifolds.

1. INTRODUCTION

Volume entropy is a fundamental geometric invariant, related to the topological entropy of geo-
desic flows, minimal volume, simplicial volume, bottom spectrum of the Laplacian of the universal
cover, among others. For a compact Riemannian manifold (M", g), the volume entropy is defined
as,

In Vol(B(Z, R))
7 .

Here B(Z,R) is a ball in the universal cover M of M. For M compact, the limit exists and is
independent of the base point & € M [Mann]. Thus, the volume entropy measures the exponential
growth rate of the volume of balls in the universal cover. It is nonzero if and only if the fundamental
group m1 (M) has exponential growth.

When Ricy; > —(n - 1), Bishop volume comparison gives the upper bound h(M,g) < n -1,
which is the volume entropy of any hyperbolic n-manifold. Ledrappier-Wang [LW] showed that if
h(M,g) =n—1, then M is isometric to a hyperbolic manifold. This is called the maximal volume
entropy rigidity. Liu found a simpler proof [Liul, and recently Chen-Rong-Xu gave a quantitative
version of this rigidity result [CRX].

In this paper we will show the same kind of maximal entropy rigidity holds for a class of metric
measure spaces—known by now as RCD* (K, N) spaces—that is of interest in both optimal trans-
port and in the theory of limits of Riemannian manifolds with bounded Ricci curvature (known as
Ricci limit spaces).

Alexandrov geometry can be seen as a synthetic approach to the spaces that occur as limits of
smooth manifolds with sectional curvature bounded below. In this same spirit, RCD* (K, N') spaces
can be thought as the synthetic analog to Ricci curvature being bounded below by K, for dimension
at most N. These spaces include Ricci limit spaces and Alexandrov spaces [Pet], and have been
studied extensively, see Section 2 for details.

h(M,g) = lim
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The last-named author joint with Mondino proved that the universal cover of an RCD* (K, N)
space with 1 < N < oo exists and is also an RCD* (K, N') space [MW]. This allows us to define the
volume entropy similarly for compact RCD* (K, N) spaces.

That is, let (X,d,m) be a compact RCD* (K, N) space, and (X,d,m) its universal cover. We
define the volume growth entropy of (X,d,m) as

1
h(X,d,m) :=limsup & Inm(Bg(z,R)).
R—o0

The volume growth entropy is well defined, and it is independent of x and the measure m, (see
[Revl, BCGS]). Observe that if (M, g) is a Riemannian manifold then with the induced distance
d = dg, and the volume measure m = dvoly, both definitions coincide.

Our main results are:

Theorem 1.1. Let 1 < N < oo and (X,d,m) be a compact RCD*(-(N - 1),N) space. Then
h(X) < N -1, and the equality holds if and only if N is an integer and the universal cover of X is
isometric to the N-dimensional real hyperbolic space.

As in the smooth case the compactness of X is essential here. For N > 1 the well known smooth
metric measure space ((0,00), ]| - |, sinh™ () dz) is an RCD*(=(N - 1), N) space with volume
entropy = N — 1. This example does not contradict our theorem as it is not the universal cover of
any compact RCD*(-(N - 1), N) space.

The key step in proving the above theorem is the following result, which is of independent interest.
In the statement we use the language of differential calculus developed by Gigli (see Section [2). We
refer to the Preliminaries section for definitions and more details.

Theorem 1.2. Let 1 < N < oo and (X,d,m) be a complete RCD*(-(N - 1), N) space. If there
exists a function u in Dy,.(A) such that |Vu| =1 m-a.e. and Au= N -1, then X is isometric to a
warped product space R x.« X', where X' is an RCD*(-=(N -1),N - 1) space.

An immediate consequence is the rigidity of the bottom of the spectrum of the Laplace operator.
Corollary 1.3. Let 1 < N < oo and (X,d,m) be a compact RCD*(=(N -1),N) space. If

[ Jx VPP dm o - ) (N -1)2
Mg i=inf{ XL T e pin(X d) n L2(X, f dm <ot = =D
(X,d,m) n { ff( f2 dm ‘fe lp( )ﬁ ( m) Xf m 4

then X is isometric to the N-dimensional real hyperbolic space.

The previous corollary follows from the inequality /\( dm) S %lim SUP R 00 % Inm(Bg(z,R))

([Stu3, Theorem 5]).

In all above statements we prove in fact that the isometries are measure preserving.

The corresponding results for Alexandrov spaces have very recently been proved by Jiang [Jiang].

Rigidity results for RCD* spaces often imply stability results directly as RCD* spaces are closed
under measured Gromov-Hausdorff convergence. Theorem implies an almost rigidity assuming
the volume entropy is continous under measured Gromov-Hausdorff convergence, which is true for
non-collapsed sequences. As a result we have

Theorem 1.4. Let 1 < N < oo, v >0, D > 0. There exists e(N,v,D) > 0 such that for 0 < € <
e(N,v,D), if (X,d,m) is a compact RCD*(=(N —1),N) space satisfying diam(X) < D, h(X) >
N-1-¢, m(X) 2 v, then X is ¥(e|N,v, D) measured Gromov-Hausdorff close to an N -dimensional
hyperbolic manifold.

We conjecture that the non-collapsing condition is not necessary. In fact when X is a manifold
a diameter upper bound and almost maximal volume entropy imply non-collapsing as proved in
[CRX].
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The strategy and techniques used in proving our results somewhat resemble those of Gigli’s
Splitting Theorem in the non-smooth context [Gigd], as well as the “volume cone implies metric
cone” Theorem by De Philippis-Gigli [DePG]. The key idea for proving these results is to work at
the level of the Sobolev space. In this way we overcome obstacles that appear due to the lack of
analytical tools available in the smooth category. Once a result is obtained at this level it can be
transported to a statement at the level of the metric measure space itself.

We now present a summary of our strategy. In order to show that the universal cover (X .d, m)
of an RCD*(-(N -1), N) space (X,d,m) with maximal volume entropy is isomorphic—isometric
via a measure preserving isometry—to a real hyperbolic space, it is sufficient to show that X is
isomorphic to a warped product space of the form X’x R, and then show that X’ is regular enough.
At this point an analogy with [DePG| becomes clear, as now our problem can be considered as a
warped splitting theorem under the assumption of maximality of volume entropy.

To obtain a metric measure space which is a candidate for the role of X’, we reconstruct in
our context Liw’s ideas [Liu] and build a Busemann-type function u: X — R in Djo.(A), which is
regular enough to admit a Regular Lagrangian Flow F : R x X — X associated to Vu (in the sense
of Ambrosio-Trevisan [AT]). The trajectories F{.y(z) of our flow induce a partition of X. The high
regularity of u provides useful information on how the reference measure m changes under the flow.
Moreover, an analysis of how the Cheeger energy of Sobolev functions changes once composed with
the flow shows that a representative of F' can be chosen such that the maps F; are bi-Lipschitz.
Then we proceed to obtain estimates of the local Lipschitz constants of F.

Therefore, the natural candidate for X’ is u~1(0), the slice at time 0 of the partition induced by
F', endowed with the natural intrinsic metric and an appropriately defined measure which agrees
with the data provided by F. Given that X’ is non compact the measure defined on it is written
in a similar way to |Gig4] and not as in [DePG]. The proof that it is a complete, separable and
geodesic space is more involved than in [Gigd] and [DePG|. In [Gig4], the distance in X’ can be
seen as the restriction of the metric of d and in [DePG] X' is compact. It is also shown that X’ is
locally doubling and not doubling as in [DePGl.

At this point we need to show that the natural maps from and into X and R x.t X' are isomor-
phisms of metric measure spaces. As mentioned above, we obtain this at the level of the Sobolev
spaces. The relation between the Sobolev spaces Wh2(X) and W12(R x. X') is explained by
studying the metric speeds of curves in X in relation with those in X’. This leads to a relationship
between the minimal weak upper gradients of Sobolev functions in X’ and X. Gathering everything
together, and combining them with the work of Gigli-Han [GH]| on the structure of Sobolev spaces
of warped products, the task can be finished.

Finally, the structure of a warped product space naturally implies via Bochner’s inequality that
X' is an RCD*(-(N -1), N —1) space. To complete our proof, we apply Chen-Rong-Xu’s argument
[CRX], which shows that R x.+ X' is isomorphic to the N-dimensional hyperbolic space.

The article is organized as follows. In we review definitions and properties of metric measure
spaces and, in particular, RCD* spaces that will be needed in the paper. In using the Bishop-
Gromov volume comparison theorem we provide the upper estimate of the volume entropy for
RCD*(-(N-1), N) spaces. For the rigidity case, we construct the Busemann function u, calculate its
Hessian and construct a Regular Lagrangian Flow associated to Vu. In §4f we estimate the minimal
weak upper gradient of functions of the form fo F} for f € WLQ(X ,d,m). In the next section we use
this to improve the regularity of the Regular Lagrangian Flow F', define the metric measure space
(X',d’,m") and estimate the minimal weak upper gradients of functions g € W'2(X’) in terms of
functions in W1H2(X). Moreover, we prove that (X’,d’,m’) is an infinitesimally Hilbertian space.
In §6| we use Gigli’s Contraction By Local Duality Lemma, and his proposition on isomorphisms
via duality with Sobolev norms, to show that the warped product space R x.: X’ is isometric to
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(X,d,m). In gzlwe prove that (X',;d’;m’") is an RCD*(-(N —1), N — 1) space. In the final section
we see that N € N and R x.+ X’ is isometric to the hyperbolic space HY.

On a complementary direction, the work of Besson-Courtois-Gallot [BCGI], BCG2] treated the
minimal entropy of smooth manifolds and established major rigidity results for locally symmet-
ric spaces of negative curvature. Their work implies that negatively curved locally symmetric
Riemannian metrics with given total volume cannot be perturbed to nonsymmetric ones without
increasing the volume entropy. A number of important corollaries in geometric rigidity and ap-
plications to dynamics then follow. We have also extended these barycenter techniques to RCD*

spaces in [CDNPSW].
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2. PRELIMINARIES

The following is a review of the necessary definitions and results. First we recall the concepts
pertaining to first order calculus on metric spaces, we refer readers to [Gig2, |Gig4] for further
details.

2.1. Calculus on metric measure spaces. We will consider a proper metric space (X,d). Let
C([0,1]; X) be the set of continuous curves in (X,d). A curve v € C([0,1];X) is said to be
absolutely continuous if there exists an integrable function f on [0, 1] such that for every 0 <t < s <1,

A1) < [ F@r)ar

Absolutely continuous curves v have a well defined metric speed,

. . d(7t+h77t)
= 1 D ——
el = i =

which is a function in L'([0,1]). The set of absolutely continuous curves in (X,d) will be denoted
by AC([0,1]; X).
Let m be a non-negative Radon measure and P(C([0, 1]; X)) be the space of probability measures

on C([0,1]; X). A measure m € P(C([0,1]; X)) is called a test plan if there exists C' > 0 such that
for every t € [0, 1],

(er)ym < Cm

1
f/|"yt|2dtd7r(7) < 00.
0

Here, e; : C'([0,1]; X') > X is the evaluation map e;(y) = .

and

The Sobolev class S*(X) := S?(X,d,m) (respectively S _(X) = S2_(X,d,m)) is the space of all
Borel functions f : X — R such that there exists a non-negative function G € L?(X) := L*(X,m)
(respectively G € LZQOC(X ) = Ll20 (X, m))—called weak upper gradient—such that for any test plan
7 the following inequality is satisfied

1
[ 156 - f60)ldr() < [ [ GGl dedr(y).
0

It is possible to prove that there exists a minimal G, which we denote by |V f|, called the minimal
weak upper gradient of f. We now recall the following fundamental result.

Proposition 2.1. [AGS14] Definition 5.6, Proposition 5.7] , [Gig2, Definition B.2, Theorem B.4]
The following are equivalent,

(i) feS*(X) and G is a weak upper gradient.
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(ii) For every test plan m the following holds: For m-a.e. 7 the function t — f(v) is equal
at t =0, t =1 and almost everywhere else on [0,1] to an absolutely continuous function
f110,1] = R whose derivative for a.e. t € [0,1] satisfies |f1|(t) < G ().

A local version of the Sobolev class is produced in the following manner: A function f : Q c
X - R, with Q an open set, is an element of S? (Q) := S2 (Q,d,m) if for any Lipschitz function

loc loc

X : X — R with supp(x) c © we have that fy e SZQOC(X). In this case |V f]: Q - R is given by
IV :=|V(fx)| m- ae. onx=1.

Then, the set S?(Q2) is defined as the subset of S7 () of functions f such that |V f| € L*(Q2,m).
The Sobolev space is defined as

Wh2(X,d,m) = L*(X,d,m) n S*(X,d,m)
endowed with the norm

1By = 120, + 19 A2y = [ (£2+19) dm
X

We say that a proper metric measure space (X,d, m) is infinitesimally Hilbertian if W2(X) is
a Hilbert space, i.e., if || - H%/Vl,? (X) is induced by an inner product. This happens if and only if the
parallelogram rule is satisfied, so the condition is that

IV + D2y + IV = DIz = 2 (VA1) + 1Vl x))

for all f,g € S?(X). On an infinitesimally Hilbertian metric measure space (X,d,m), for Q c X
open and any f, g€ S2 (Q) the functions D* : Q » R defined m-a.e. by

loc
V(g + )P - [vgP
0

D*f(vg) =in

2e
_ V(g+ef)]? -|vg?
D f(vg) —sup T+ EDEI¥0)
e>0 2e

coincide m-a.e. on 2. We denote the common value by (V f, Vg).

Let (X,d,m) be an infinitesimally Hilbertian metric measure space and €2 ¢ X an open set. Let
g: 2 — R be a locally Lipschitz function. We say that g has a measure valued Laplacian, provided
there exists a Radon measure p on 2 such that

—f(Vf,Vg>dm=ffdu
Q Q

for all f:Q — R Lipschitz and compactly supported in €. In this case y is the measure valued
Laplacian of g, and it is denoted by Ag|g. The set of all locally Lipschitz functions g admitting
a measure valued Laplacian is denoted by D(A,Q). A particular instance of the notation is that
D(A,X)=D(A) and then Ag|y = Ag.

A different definition is that of the L2-Laplacian operator defined as follows. The domain D(A)
of the L% Laplacian is the subset of W12(X) of all g such that for some h € L?(X),

—f(vf,Vg) dmszhdm

for all f e Wh2(X), written as Ag = h. Both definitions agree in the sense that g € D(A) if and
only if g e WH3(X)nD(A) and Ag = hm (see [Gigd, Definition 4.6]). We similarly define Dj,.(A)
to be the corresponding subset of VVI})CQ(X ).
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2.2. Tangent and cotangent modules. We will now give a brief account of some of the tools of
the tangent and cotangent modules as defined and developed in detail by Gigli [Gigl] (see also the
section on preliminaries of [DePGl).

Given an infinitesimally Hilbertian metric measure space (X, d,m), recall that there is a unique
couple (L*(T*X),d) (up to isomorphism) where L*(T* X)) is an L?(m)-normed L*°(m)-module (see
[Gigl], Definition 1.2.10]) and d : S?(X) - L?(T*X) is a linear operator such that the following
two conditions hold

(i) |df| = |Vf| m-a.e. for every f e S*(X). Here |df| denotes the pointwise norm of df in
LX(T*X).
(ii) L?(T*X) is spanned by {df | f € S*(X)}.

The module L?(T*X) is called the cotangent module of X and d is the differential. Note that
we abuse the notation slightly by using d for the differential of a function and the distance of the
space.

The tangent module of X, denoted by L?(TX) is defined as the dual module of L?(T*X) and
the gradient Vf € L*(TX) of a function f € WH2(X) is the unique element associated to df via
the Riesz isomorphism.

Let (Y,dy,my) be a metric measure space. We will say that a map F' : Y - X has bounded
compression if Fymy < Cm for some C' > 0. Given an L?-normed L*°-module M over X, the
pullback module F* M is an L?*-normed L*°-module over Y carrying a pullback operator F* : M —
F* M defined (uniquely up to isomorphism) in the following way: F* is linear and satisfies the
following,

(i) |F*v| = |v| o F, my-a.e. for all ve M,
(ii) {F*v|ve M} generates F*M as a module.
Denote by M* the dual module of M. Then, we have the unique duality relation,

F*M* x F* M - LYY, my).
It is L= (Y)-bilinear, continuous and satisfies
F w(F*v) =w(v) o F, my —a.e. for all ve M,we M".

For M = L*(T*X) (respectively M = L?(T X)) the pullback is denoted by L*(T*X,F,my) (re-
spectively L?(TX, F,my)). A special instance of this construction occurs when Y = C([0,1]; X)
equipped with the sup distance and a test plan 7 as reference measure. The evaluation maps e,
have bounded compression and there exists a unique element 7 € L?(T X, e;, ) such that

L () tim L2 2L gy

h
for all f e Wh2(X). It follows from this result that for 7-a.e. 7 and a.e. t € [0,1],
il () = Fel-

2.3. CD*(K,N) and RCD*(K, N)-spaces. Here we briefly recall the synthetic notions of lower
Ricci curvature bounds on metric measure spaces.

A notion of metric measure spaces with Ricci curvature bounded below by K € R and dimension
bounded above by N € (1, 00] was first considered in the setting of Optimal Transport Theory by
Lott-Sturm-Villani [LV], [Stul [Stull], resulting in the class of spaces with the curvature dimension
condition or briefly CD(K, N) spaces. It was then proved by Ohta that smooth compact Finsler
manifolds are CD spaces [Ohta]. In contrast, a Finsler manifold can only arise as a limit of Rie-
mannian manifolds with Ricci curvature uniformly bounded below if and only if it is Riemannian.
Recall that a Finsler manifold is Riemannian if and only if the Cheeger energy is quadratic or,
equivalently, if the heat flow is linear.
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To address the problem of isolating the class of Riemannian-like CD-spaces, Gigli proposed
in [Gig2|] to reinforce the definition of a CD(K, N) space (X,d,m) with the functional-analytic
condition of infinitesimal Hilbertianity, that is, that the Sobolev space W12(X,d,m) is an Hilbert
space (see Definition . This definition came out as a result of a program initiated by Gigli
in [Gig3|, further developed by Gigli-Kuwada-Ohta [GKO] and Ambrosio-Gigli-Savaré [AGS14],
with the aim of investigating the heat flow on metric measure spaces and the introduction of
RCD(K, o) spaces [AGS,[AGMR]. The finite dimensional case, i.e. RCD(K, N) for N € (1, 00) was
then analyzed independently in [EKS] and [AMS]).

At the emergence of CD(K, N) spaces, it was not clear whether this class exhibits a local-to-global
property, i.e. whether satisfying CD(K, N) for all subsets of a covering implies the condition on
the full space. To address this issue, Bacher-Sturm introduced an a priori slightly weaker condition
of Ricci curvature bounded below by K with dimension at most N, namely the reduced curvature-
dimension condition or CD* (K, N) [BS].

To state the definitions and results in this section, we begin by recalling the so called distortion
coefficients. Given K, N ¢ R with N >0, for (¢,0) € [0,1] x R, we define

, if K6?> Nn?,

in(t0\/K /N
SIn(OVEIN) i 0« K62 < N2,
(2.1) O_(t) (6) == sin(0v/K/N)

K,N t if K6?2<0and N =0, orif K6%=0,

inh(t0\/-K /N

sinh( IN) i K62 <0 and N >0,
sinh(6/-K/N)

For N>1,K eR and (¢,60) € [0,1] xR, we define

(2.2) TN (@) =t N D ()N DN,

Let Po(X,d, m) denote the family of probability measures with finite second moment, Opt (1, 1)
the set of optimal transports between pg and p1 and Geo(X) the set of geodesics of X.

Definition 2.2 (CD condition). A metric measure space (X,d,m) is a CD(K, N) space if for each
pair g, 11 € Po(X,d, m) there exists m € Opt(po, 1) such that

23) o, N 2 T (0. v))0g TN (0) + T ([0, 1)) N (1), meacey € Geo(X),

for all t € [0,1], where (e¢)ym = pym.

It is worth remembering here that for a Riemannian manifold (M, g) of dimension n and h €
C?(M) with h > 0, the metric measure space (M, g, hvol) verifies condition CD(K, N) with N >n
if and only if (see Theorem 1.7 of [Stull)

2]“[,1\7 n

Ricy n,v > Kg, Ricg v = Ricyg — (N - n)—<

N n
Here one takes the convention that if N = n the generalized Ricci tensor Ricy ) n = Ric, makes
sense only if A is constant.
The reduced CD* (K, N) condition requires the same inequality (2.3]) of CD(K, N) but with the

coefficients TKN(d(’}/(],’)/l)) and 7 N)(d(yo, 71)) replaced by JE(N(d(’yo,vl)) and O'E(N (d(v0,71)),
respectively. Hence while the distortion coefficients of the CD(K, N) condition are formally obtained
by imposing one direction with linear distortion and N — 1 directions affected by curvature, the
CD*(K, N) condition imposes the same volume distortion in all the NV directions.
Now we will recall the generalized Bishop-Gromouv comparison theorem for CD* (K, N')-spaces for
K <0. Let B(z, R) be the metric ball around z with radius R and we denote its metric closure by
8



B(z, R). We note that the fact that the sharp version of this result is valid for CD* (K, N) spaces
is a consequence of [CS, Theorem 1.1] and [Ohtall, Theorem 5.1].

Theorem 2.3 (Generalized Bishop-Gromov volume growth inequality for CD* (K, N)). Assume
that the metric space (X,d,m) satisfies the CD* (K, N)-condition for some K <0 and N € R. Then

for allr <R,
m(B(z,r)) [y sinhV (/=K /(N - 1)t) dt
m(B(z,R)) [ sinh¥ (/=K J(N - 1)t) dt

Furthermore, for the function sy, (z,r) = limsup;_, %m(B(az,r +0) N B(z,r)) the following in-

equality holds
sm(@,r) sinh™ 1 (\/-K /(N - 1)r)
sm(7,R) ~ sinhV ' (v/~K/(N-1)R)

We now recall the definition of the so called Riemannian curvature-dimension condition.

Definition 2.4 (RCD* condition). A metric measure space (X,d,m) is a RCD*(K,N) space if it
is an infinitesimally Hilbertian CD* (K, N) space.

Cavalletti-Milman have shown the equivalence of the CD and CD” conditions when the space
is essentially non-branching and has finite measure [CM| Corollary 13.7]. In particular under
the assumption of finite measure, RCD(K, N) is equivalent to RCD*(K, N). It is expected that
RCD(K, N) is equivalent to RCD* (K, N') without any further assumptions.

Now we state the Laplacian comparison for distance functions originally proved by Gigli for
RCD(K, N) spaces [Gig2, Corollary 5.15] and shown to hold sharply on CD* (K, N) spaces (and
more generally on MCP(K, N') spaces) in [CaMo|. We will use this result in the following section.
For simplicity we only state the result for K <0.

Theorem 2.5 (Laplacian comparison for distance functions). Let K <0, N € (1,00) and (X,d,m)
be an RCD* (K, N) space. Let r: X — R be the function given by r(x) = d(x,0), where o € X. Then
reD(A, X ~{o}) and

(2.4) Arlx (o) < \/mcoth(\/mr)m.
In order to introduce the notion of Hessian we recall the definition of the algebra of Test Functions
Test(X) := {f € D(A) nL®(X,m) | |[Vf| € L®(X,m) and Af e W'*(X)}.
An important fact is that if X satisfies RCD* (K, N) then Test(X) is dense in W12(X). Fur-
thermore, if f € Test(X) then |Vf|*> € W12(X) and by polarization, for every f,g € Test(X) we

have that (Vf,Vg) €e WH2(X) (see for example [Gigll Proposition 3.1.3]). The definition of this
space allows for the definition of a Hessian

Hess|[ f] : Test(X) x Test(X) - L*(X,m),

as follows. For a function u € Test(X) we define the Hessian of u as

(2.5) Hess[u](f,9) = % (V. V(Vu, Vg) +(Vg, V(Vu, V) = (Vu, V(Vf,V9))) .

We note that this is a symmetric bilinear operator. The space W?%?(X) consists of the functions
f e WH2(X) such that for any g1, g2, h € Test(X), there exists an A € L?(T*X) ® L*(T*X) such
that

thA(Vglan)dm:f—(Vf7V91)diV(hV92)—(Vf7V92)diV(hV91)—h(Vf,V(VQth))dm-
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There is a unique such A in L?(T*X) ® L?>(T*X) which is denoted by Hess(f) (see [Gigll, Section
1.5] for details). A very important result [Gigl, Theorem 3.3.8] states that Test(X) c W22(X)
and that for every g, g2 € Test(X),

(2.6) Hess[ f](g1,92) = Hess(f)(Vyg1,Vg2).

2.4. Bakry-Emery condition and Bochner’s inequality. We begin this section by recalling
the weak version of Bochner’s inequality obtained by Ambrosio-Mondino-Savare [AMS] and Erbar-
Kuwada-Sturm [EKS].

Theorem 2.6 (Weak Bochner’s inequality [EKS, [AMS]). Let (X,d,m) be an RCD* (K, N)-space.
Then, for all f € D(A) with Af e WY3(X,d,m) and all g € D(A) n L*®(X,m) non-negative with
Ag e L= (X.m) we have

(2.7) %ng|Vf|2dm—fg(V(Af),Vf)dmzng|vf|2dm+%fg(Af)de.

A remarkable property is the equivalence of the RCD* (K, N') condition and the Bochner inequal-
ity under some conditions (namely the Sobolev-to-Lipschitz property—which we recall below—and
a certain volume growth estimate). The infinite dimensional case was settled in [AGS], while the
(technically more involved) finite dimensional refinement was established in [EKS| and [AMS].

Let f,g € Test(X) and define the measure-valued map

Fa(f.9) = SA(VS,V9) - 3 (V1 980) + (V9. TAS) m.

Let Ta(f) :==Ta(f, f). It was shown by Ambrosio-Mondino-Savaré [AMS] and Erbar-Kuwada-Sturm
[EKS] that the following non-smooth Bakry-Emery condition is satisfied on an RCD* (K, N)-space:
for every f e Test(X)

(2.8) Ty(f) > (K\va . %(Af)Q)m.

Now we state a fundamental technical tool (see [Sav]) which is useful when “changing variables”.
In the following, ¥ : R” — R is a smooth function such that ¥(0) = 0. We denote ¥; := 9; ¥ and
;5= 0;;V. We will also let fi,..., fn € Test(X), and W(f) :=¥(f1,...,fn): X =R

Proposition 2.7 ([Sav]). The function W(f) is in Test(X) and the following formulas hold true:

(i) VO m= 3 Gi())T;() (Vi T fi)m,
(i) A(Y(f)) = Wl HAS) + 235 Vi ()i, V) m,
(iif) To(W(f)) = X3 W)Y (HT2(fis ) + 227, 6 G ) (H)H[fi](f5, fe)m
+ X35 kn Yik(F)Yin ()Y i, V)V fi, V ) me

2.5. Isomorphisms of metric measure spaces. This is an account of several results in [Gig4].
We consider metric measure spaces (X, d,m) such that (X, d) is complete and separable and m is a
non-negative Radon measure on X. We begin by recalling the definition of isomorphism of metric
measure spaces.

Definition 2.8 (Isomorphisms between metric measure spaces). We will say that two metric
measure spaces (X1,d1,m1) and (Xa,d2,mo) are isomorphic provided there exists an isometry
T : (supp(my),di) = (supp(me),ds) such that Tymq =my. Any such T' is called an isomorphism.

The following property will allow us to study isomorphisms between metric measure spaces in
terms of isometries between their W12 spaces, see Proposition m
10



Definition 2.9 (Sobolev to Lipschitz property). Let (X,d,m) be a metric measure space. We say
that (X,d,m) has the Sobolev to Lipschitz property if any f e WH2(X,d,m) with |Vf| <1 m-a.e.
admits a 1-Lipschitz representative, that is, a 1-Lipschitz map g: X — R such that f = g m-a.e..

Gigli showed (using a result of Rajala [Raj|) that CD(K, N)-spaces have the Sobolev to Lips-
chitz property. Furthermore, Ambrosio-Gigli-Savaré showed that RCD (K, oo)-spaces also have the
Sobolev to Lipschitz property (see the paragraph after [Gigd, Definition 4.9]). As CD*(K, N) spaces
are CD(K™, N) spaces for a suitable value of K* (see [Cav] and [CS]), RCD* (K, N) spaces also
satisfy the Sobolev to Lipschitz property.

Lemma 2.10 (Contractions by local duality [Gig4, Lemma 4.19]). Let (X1,d1,m1) and (X2, d2, m2)
be two metric measure spaces with the Sobolev to Lipschitz property where mo gives finite mass to
bounded sets, and T : X1 — X9 a Borel map such that Tymy < Cmgy for some C > 0. Then the
following are equivalent

i) T is my-a.e. equivalent to a 1-Lipschitz map from (supp(mi),dy) to (supp(ms),ds)

ii) For any f e WY2(Xy,dg, m2) we have foT e WH2(Xy,dy,m1) , and moreover,

V(feD)<IVfleT,  mi-ae.

Proposition 2.11 (Isomorphisms via duality with Sobolev norms [Gig4, Proposition 4.20]). Let
(X1,d1,m1) and (Xa2,da,m2) be two metric measure spaces with the Sobolev to Lipschitz property
and T : X1 — X9 a Borel map. Assume that both m1 and mo give finite mass to bounded sets. Then
the following are equivalent.
i) Up to a modification on a mi-negligible set, T' is an isomorphism of the metric measure
spaces
ii) The following two are true.
ii-a) There exist a Borel my-negligible set N' ¢ X1 and a Borel map S : Xo — X1 such that
S(T(z)) =z, Ve e X1\ N.
ii-b) The right composition with T produces a bijective isometry of W1H2(Xs,do, ms) in
Wh2(X1,dy,my), ie. feWbl2(Xa,dy,ms) if and only if foT e WY2(X1,dy,my) and
in this case | fllwi2(xy) = |f o Tlwr2(xy)-

2.6. Warped product of metric measured spaces. Here we review the main definitions and
results concerning the warped products of metric measure spaces following Gigli-Han [GH].

Let (X,dx,mx) and (Y,dy,my) be two complete and separable metric measured spaces and
W, Wy 2 Y = [0,00) two continuous functions such that {wg =0} ¢ {w,, = 0}. The l,-length of an
absolutely continuous curve v = (y¥,7%) in Y x X is defined by

1
L= [ VRYP w3 G
The function d,, : (Y x X)? - R given by

dw(p,q) =inf{ly[v]: v is an absolutely continuous curve from p to ¢}

is a pseudometric. Hence, it induces an equivalence relation on Y x X. By taking the quotient and

then its completion we obtain a metric space denoted by Y x,, X and an induced distance denoted

also by dy,. If wy(y) > 0 there is no abuse in denoting the elements of Y x,, X by (y,z) with y e Y

and z € X, because points in the completion not coming from points in ¥ x X will be negligible

with respect to the measure or Y x,, X. The same holds for the set of (y,x) such that wy(y) = 0.
The measure m,, on Y x,, X is defined as

(29) [ 1@9w) dmuty.) = [ ( [ 1wty amx @) gy dmy ).

for any Borel non-negative functions f: X >R and g:Y — R.
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The warped product of (X, dx,myx) and (Y, dy,my) via the functions wg and w,,, called warping
functions, is the metric measure space denoted by (Y x4, X, dy, my). By definition (Y x,, X, dy, M)
is complete, separable and is a length space.

Definition 2.12 (Almost everywhere locally doubling space). Let (X,d,m) be a metric measure
space. We say that it is an almost everywhere locally doubling space provided there exists a Borel
set B with m-negligible complement such that for every x € B there exists an open set U containing
x and constants C, R >0 for which

m(Bar(y)) < Cm(B:(y))
forre(0,R) and y e U.
Definition 2.13 (Measured-length space). Let (X,d,m) be a metric measure space. We say that
it is measured-length if there exists a Borel set A ¢ X with m-negligible complement that satisfies

the following. For all xo,x1 € A, there exist € >0 and a map (0,£]*> - P(X), (g0,€1) = 7L, such
that

o For any p € Cy(C[0,1],X), the map (0,£]*> - R given by
(60,81) — f (pdﬁ80’817

is Borel.
o For every ep,e1 € (0,¢] and i = 1,2, we have
1p. (%)
e )ym0 = — 1 T,
= B @)
e We have

1
lim f[o ;| dt dmo€t () < d (o, 21).

€0,110

Theorem 2.14 (|[GH|, Theorem 3.22]). Let (X, d,m) be an a.e. locally doubling and measured-length
space, I ¢ R a closed, possibly unbounded, interval and wq,wy, : I - [0,00) a couple of warping
functions. Assume that wy, is strictly positive in the interior of I. Then the warped product space
(Xw, dw, my), where Xy = I %y X, is almost everywhere doubling and a measured-length space.
Hence, it has the Sobolev-to-Lipschitz property.

The following result may be shown from the equivalence of the so-called Beppo-Levi space ([GH,
Definitions 3.8, 3.9]) and the Sobolev space on warped products obtained by Gigli-Han. For sim-
plicity, we will not restate here the precise definition of the Beppo-Levi space, rather only summa-
rize their results in a manner suitable for our purposes (cf. [GH, Propositions 3.10, 3.13, 3.14]).
Given f: X, » R, let f® : X - R and f® : I - R denote the functions f® (z) = f(t,z) and
f(z)(t) = f(t,.’l,‘).

Theorem 2.15 ([GH]). Let (X,d, m) be a metric measure space, I c R a closed, possibly unbounded,
interval and wq, wy, : I - [0,00) warping functions. Suppose that {w,, = 0} is finite and for some
CeR, wy(t) < Cinfyy, (s)=0lt = s| for all t € I, then the following two are equivalent:
1. feWbh(Xy,dw, my)
2. (i) for m-a.e. x € X we have @) e WE2(R, dgye, wm L),
(ii) for wpL'-a.e. t € R we have ) e WH2(X),
(iii) For all (t,z) € Xy,

(2.10) IV [T, (t2) = w (OIS OB (@) + VD 2R g )

Corollary 2.16. With the same notation and assumptions of Theorem[2.15 the following are true.
12



(wmLY). For wpmll-a.e. t, fO) e 52

loc

i) Let f €S2 (Xy). Then for m-a.e. x, @) ¢ 52

loc

Furthermore, equation (2.10)) holds in this setting.
i) Let fy € Sﬁ)C(me) and define f: X,y - R by f(t,x) = f1(t). Then f € SIZOC(XU,) and

IV flx, (t, %) = |V filw,r (1), My — a.e. (t,z).
iii) Let fo € SE.(X) and define f: Xy = R by f(t,x) := fo(x). Then f e SE.(Xw) and

(X)-

IV flx, (t, ) = wi' (B)|V fa| x (2), My — a.e. (t,2).

Proof. All the properties follow from the previous theorem with a truncation and cut-off argument
based on the locality property of minimal weak upper gradients, see subsection [2.1 ]

Corollary 2.17. With the same notation and assumptions of Theorem if (X,d,m) is in-
finitesimally Hilbertian then the metric measure space (X, dy,My) 18 infinitesimally Hilbertian.

Proof. Let f,ge€S? (Xw). By Theorem we get
V(f+9)%, +IV(F -9, = w(V(f+9) PR +V(F-9)VR) + (19 (f+9) DL, m+ IV (F-9) L, 2)-

Now, by Corollary above we know that f(*), () ¢ S2 (X) and @) (@) ¢ S2 (wmL'). As
(X,d,m) is infinitesimally Hilbertian,

VOO + gD+ 00 - D = 219 O + 9 OR)  m-ae,
In a similar way, because (R, dgyc, wm L) is Hilbertian we obtain
V(D + g+ V(D = g o =2V O+ VOB, 2)  wnl! -ae.

Putting the equations together and because the choices of f, g € SZQOC(Xw) were arbitrary, we get
the result. g

Now we define,
G ={g € St(Xw) | g(z,t) = §(x) for some g e S*(X)n L*(X)},
H={h e SE.(X) | h(z',t) = h(t) for some h e S*(w,R) 0 L*(R) },
A = algebra generated by GUH c SZ.(X,,).

Proposition 2.18. Let (X,d,m) be a metric measure space and wgq,wy, : R - [0,00) warping
functions. Suppose that {w,, =0} is finite and for some C € R,
w(t) <C  inf |t -5
0

siwm (8)=
for all t € I, then the set AnWh2(X,) is dense in WH2(X,,).
Proof. Consider the algebra
AP = algebra generated by (GUH nSE.(([a,b] xw X, du, M)

By the cartesian product case proved in |Gig4, Proposition 6.6] (see also [DePG, Proposition 3.35]),
AL AW 2(X,,) is dense in W2 ([a,b] xy X, duw, M) whenever [a,b] ¢ R\ {w,, = 0}.

It follows that AnW'2(X,,) is dense in BLy(X,,) which is the closure in BL(X,,) of the space of
functions which vanish in a neightborhood of {wy, = 0}u{co}. However, under the hypotheses, [GH,
Proposition 3.14] shows that BLo(X,) = BL(X,,) = W1?(X,,) which implies the statement.  [J
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2.7. Universal covers of RCD”* spaces. A metric space (Y, dy) is a covering space of (X,dy) if
there exists a continuous map p: Y — X such that for every point x € X there exists a neighborhood
U, c X with the property that p~1(U,) is a disjoint union of open subsets of Y each of which is
mapped homeomorphically onto U, by p.

A (connected) metric space (X',dX) is a universal cover of X, with the covering map p, if for
any other covering space Y of X with the covering map p there exists a continuous map f : X->Y
such that po f = p. Whenever a universal cover exists, it is unique. (Note that we do not require
X to be semilocally simply connected, so X need not be simply connected.)

In the presence of the RCD* condition, the following theorem was obtained by Mondino-Wei
[MW|, Theorem 1.1].

Theorem 2.19. Let (X,d,m) be an RCD*(K,N)-space for some K € R, N € (1,00). Then
(X,d,m) admits a universal cover (X,d,m), with m given by the pullback measure via the covering
map, which is itself an RCD* (K, N)-space.

3. CONSTRUCTION OF A BUSEMANN FUNCTION

In this section we prove that the volume entropy of compact RCD*(-(N-1), N') spaces is bounded
above by N — 1. In the equality case, we construct a Busemann type function u defined on the
universal cover of the space. Finally we show the existence and main properties of the regular
Lagrangian flow of Vu.

3.1. Volume growth entropy estimate for RCD* spaces.

Theorem 3.1. Let (X,d,m) be an RCD* (K, N)-space with N € (1,00) and K <0. Then

h(X) <\/-K(N -1).

Proof. By the work of Mondino-Wei [MW], the universal cover space X is also an RCD*(K, N)
space. In particular, it is a CD* (K, N) space. Let R >0 and let us fix rg such that 0 < rg < R. By

Theorem

V-EJ(N-1) V-K[(N-1)

- o . 1 N-1 . R s 1 N-1
m(Bg(x, R)) fo sinh™ ™"t dt <m(Bg(x,r0)) f sinh™ ™" ¢ dt.
0
Taking logarithms, dividing by R and taking the limsup on both sides of the previous inequality
we get
1 R\/-K/(N-1)
h(X) < lim Eln(/
0

R—o0

sinh¥=1¢ dt) .
To conclude, we use L’Hoépital’s rule. ]

The next corollary follows directly by taking K = —(N - 1).
Corollary 3.2. Let (X,d,m) be an RCD*(=(N -1), N)-space with N € (1,00). Then h(X) < N-1.

We remark that the previous volume entropy growth estimate holds in the more general setting
of spaces which satisfy the so-called measure contraction property introduced by Ohta [Ohtal] and
Sturm [Stul]. Indeed, a Bishop-Gromov type inequality was obtained in [Ohtall, Theorem 5.1] and

the proofs of Theorem [3.1 and Corollary [3.2] can be carried out in this setting analogously.
14



3.2. Construction of a Busemann function. In this section we will prove the following result
on the existence of a Busemann-type function on the universal cover of a compact RCD* (K, N)
space with maximal volume entropy. We will follow the strategy developed by Liu [Liu], with the
necessary adaptations (cf. [Jiang, Theorem 1.7]). More precisely, we will prove:

Theorem 3.3. Let (X,d,m) be a compact RCD*(K,N) space with K < 0 and N > 1, and let
(X,d,m) be its universal cover. If h(X) =/—K(N -1), then there erists a function u: X - R
with w € Dyjy.(A) , that satisfies |Vu| =1 m-a.e. and Au=+/-K(N -1) m-a.e. .

The theorem follows from the next technical lemma.

Lemma 3.4. Let (X,d,m) be a compact RCD*(K,N) space with K <0, N > 1, and (X,d,m) its
universal cover. If h(X) = \/-K(N —1), then for any yo € X and R > 50diam(X) there exists
ug : Br(yo) = R Lipschitz with |Vug| =1 m-a.e. and Aug =+/-K(N -1) m-a.e. .

To prove the previous lemma we need the following propositions. Set @ :=/-K(N -1). Let us
recall the definition of the function sz appearing in Theorem

S (x,7) = limsup %ﬁz (B(x,r +0)N B(a:,r))

-0
Proposition 3.5. For any o€ X we have

5m(0,’l"+50R) _ 100QR

lim sup exp

rooo  Si(0,7 —B0R)

s (0,m:+50R)

In particular, there is a sequence of positive numbers r; with lim; ., r; = oo, such that Se (o —50R)
m b

1§ @ monotonic increasing sequence converging to exp00QF

Proof. Since h(X) = N -1 > 0, X has infinite diameter. Recall that by Mondino-Wei [MWI,
(X,d,m) is an RCD*(K, N) space. By Theorem

sin(0,7 +50R) sinh™ 1 (Q(r + 50R))

sm(0,7 =50R) ~ sinhV"1(Q(r - 50R))

Notice that
. 1 N-1
- s?nhN_l(Q(r +50R)) _ oxp100QR
r—oo ginh (Q(T - 50R))

We will show that
iy B

By contradiction, suppose that there exist rg > 100R and € > 0 such that for any r > rg,
sm(0,7 +50R)
sm(0,7 —50R)

Therefore, for any r > rg big enough we have that

sm(0,7) < (1—¢)expt®9F s (0,7 — 100R).

r—rg
100R

< (1-¢)exp!O@E,

r=rQ
100R

Iterating this inequality | | times, where | | is the largest integer smaller than or equal to

T—T0
Toor: We get

=70
sm(o,r) < ((1-¢) explOOQR)llooRJ sm (0,7 = | {555 J100R).
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Now, r—| {555 J100R = rq +1 for some ¢ € [0,100R). Hence, by Theorem and as the hyperbolic

sine is an increasing function:

sinh™ 1 (Q(r - | 557% ] 100R))
sinhV 1 (Qro)
sinh™ 1(Q(ro + 100R))
sinh™ 1 (Qry) '

A

sm(0,7 = | {oam JI00R) < sm(0,70)

IN

8771(07 TO)

Thus, for r > rg
r-ro
sm(0,7) < ¢(N, K, 79, R) ((1 - &) exp'0QF) 07

where we used that | {555 ] < Togr- Integrating sz (o,-) from 7 to r and using the previous inequality,

we get an upper bound of m(B(o,r) \ B(0,79)). Using this bound, we obtain

hMX) = limsupllnm(B(o,r)) <Q.

r—soo T

This contradicts h(X) = @, and concludes the proof. O

For the following proposition let us recall that any distance function r(z) := d(o,z) on X has a
well-defined measure valued Laplacian on X \ {o}. Then, we have the following.

Proposition 3.6. Let r: X — R be the function given by r(y) = d(y,0). Then
Ar = s;(0, 1
‘/B(o,t)\{o} " Sm(O, )7

for s the same as in Theorem[2.3

Proof. Let {d;}ien be a decreasing sequence such that d; - 0. For each §; define a function f;, :
X >R by

i if z € B(o,t)
fo.(x) =1 —r(z)+0;+t if xeAlo,t,t+0;)
0 otherwise,

where A(o,t,t+0;) = {x e X |t<d(o,z)<t+ 5Z~}. We observe that f5, e WH2(X,d, ) for all i e N.

Then,
.A:/\ 5iA f A
L(o,t+5i)\{o} fdz " B(o,t)N{o} rr A(o,t,t+d1) fdz "

By the definition of Ar and fs5;, we now have that,

A :_f o) i
‘/;(O,t-%-éi)\{o} Jo. Ar Blot+5){o} (Vf(;l vr) dm

f (vr,vr) dm
A(o,t,t+9;)
(A0, t,t+6;)).

Hence,

5. / Ar=m(Ao,t,t+6;)).
/;B(o,t)\{o} nr A(o,t,t+6i)f§z r=m(Ao +0:))

Now choose 9; to a specific sequence achieving the limsup in the definition of sz. Dividing the
previous equality by §; and taking the limit when ¢ — oo, we get:

f Ar+ lim ];6? Ar = s(0,t)
B(o,t)\{o} i—o00 JA(o,t,t+61) “°
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Notice that 0 < ];’s_i <1 and lim;_ oo %(m) =0 in A(o,t,t +6;). Thus, it follows from the dominated

convergence theorem that

. fs;
lim .
1—o00 JA(o,tt+6;)

The result follows. u

Ar=0.

Remark 3.7. The final part of the above proof shows that sz (x,t) is actually a limit,
I B
sm(x,r) = }51_1)% 5m (B(x, r+0)N B(m,r))

Let Ac X. In the following proposition, we will use the notation f AT = {;L*(ﬁ; .

Proposition 3.8. Set A; = {y € X|r; - 50R < d(o,y) <r; + 50R}. Then,
]ﬁ Ar> Q- U(i|K,N,R)

where lim; oo U(i|K,N,R) =0 and r: X — R is the function r(y) = d(y, o).
Proof. We now prove that f A, AT > Q- U (i|K, N, R). By the previous result and the definition of
Aia
L Ar = si(0,1 +50R) — s (0,7 — 50R).
Recall that, as ¢ goes to infinity,

Sm(O, r; + 50R) T 100QR
sm(0,7; —50R)

and therefore, there exist U(i|K, N, R) >0 such that lim;_,. ¥(i|K, N, R) =0 and
sm(0,7; + 50R)
sm (0,7 —50R)

)

+U(i|K,N, R) > exp'@F,

Thus,

][ sm(0,7; +50R)  sp(o,7; —50R)
Ar = — - —
A; m(Al) m(Al)

S sm(o,7; —50R)

(exp!0@R _yy _ 32007 = S0R)) e gy

o m(A) m(A;)

Hence we only need to show that
lim sm(o,7; —50R) _ Q ‘
io0 m(A;) expl00QFE 1

This would imply the existence of U(:|K, N, R) >0 that satisfies the claim.
By the Bishop-Gromov Comparison Theorem we have that for ¢ € [r; — 50R,r; + 50R],
’I?N’L(Az) ~ —/rﬁ—BOR Sm(O, t)
sm(o0,7; —50R) ri~50R Sy, (0,7; — 50R)
r;+50R sinh™ 1 (Qt)
f,n,._m sinh™™! (Q(r; - 50R))
_[T:i_g?gf sinh™V ! (Qt)dt

sinhN;l (Q(r; =50R))
1

dt

IN




Using L’Hoépital’s rule we conclude,
(A Jor sioh ™! (Qn) dt
lim — < lim
i»oo Sy, (0,7; — BOR) i»oo ginh™ ~ (Q(r; — 50R))
—sinh™ 1 (Q(r; - 50R)) + sinh™ 1 (Q(r; + 50R))

1m
i»oo (N = 1)Qsinh™ 1 (Q(r; — 50R)) cosh(Q(r; — 50R))
100QR

-1+ exp

Q
O

Recall that A; = {y € X |r; — 50R < d(o,y) < r; + 50R}. Let m: X - X be the quotient by the
action of I', given by the universal covering map, and set

Ai(yo) = {y € X |m(y) =7 (), B(y, R) ¢ 4;}.
Proposition 3.9. For every i € N, there exists y; € A;(yo) such that

Ar>Q-V(i|K,N,R).
ﬁ(m) Q- (i )

Proof. Let E; be the maximal set of A;(yg) such that B(y1, R) n B(y2, R) = @ for distinct points
y1,y2 in E;. Set F; = Uyep, B(y, R). Using Proposition we will show that

]g Ar> Q- U(i|K,N,R).

As F; = Uyep, B(y, R) is the union of mutually disjoint balls it will follow then that there a point
y; € E; such that

Ar>Q-V(iK,N,R).
ﬁ(m) Q- (i )

To this goal, first we estimate a lower bound for ?hl((ii)) Let G; = Uyer, B(y,5R). The cardinality

of F; is finite, all of its elements are preimages of the same point under the covering map 7, and
m is locally equal to m, from which we obtain m(F;) = ¥ eg, m(B(y, R)) = card(E;)m(B(y', R)))
and

m(Gi) < %m(B(y, 5R))) = card(E;)m(B(y',5R)))

for y' € E;. Thus,

m(F;) S card(E;)m(B(y', R)) S vi,N(R)

m(G;) ~ card(E;)m(B(y',5R)) ~ vkn(5R)’
by applying Theorem [2.3{ with v, n(r) = [, sinh™ (Qt) dt.

Now we will find a bound for m(A4;). We will prove that
A(o,7; = 10R, 7+ 10R) = {y € X |r; — 10R < d(0,y) < r; + 10R} c G;.

Let z € A(o,7i — 10R,7; + 10R), we will show z € G;. As z € X there exists a point y € 7~ (7(yo))
such that d(z,y) < diam(X). Then, by the triangle inequality,

r; — 10R — diam(X) < d(o,y) < r; + 10R + diam(X).

The previous inequality implies y € Ai(yo).- From the definition of E; there exists a point y' € E; such
that d(y,y') < R. By the triangle inequality, d(2,y") < diam(X)+R. Recalling that 2 > 50 diam (X')
we deduce that d(z,9') <5R. Hence, z € G;. This proves A(o,r; - 10R,r; + 10R) c G;.

18



From the previous paragraph, m(G;) > m(A(o,r; - 10R,r; + 10R)). Recall that A; = A[o,r; —
50R,r; + 50R]. Hence, by the generalized Bishop-Gromov volume comparison for annular regions
we obtain:

(Gy) | m(A(o,ri ~10R, 7 + 10R)) _ S on sinhH(Qt) dt

m(A;) m(A;) e sinh N TH(Qt) dt
As ri+10R N-1
i fr “loR Sinh™ TH(Qt) dt N exp 60QR
=00 TTZE%%% sinh™1(Qt) dt i) 7
we can write _
G | (K N.R).
m(A4;)
Therefore,
() _i(F) (G | ven(R) oo

m(4;)  m(Gy) m(A;) ~ UK7N(5R)
The Laplacian comparison theorem for RCD* (K, N')-spaces (2.4) then yields
Ar|)~(\{o} < Qcoth(Qr)m

Observe that Ar < (Q+46(i, K, N))m on A;, because lim,_ coth(r) = 1 and coth(r) > 1, here
lim; 00 6(i, K, N) = 0. Therefore (Q + 6(i, K, N))m— Ar is a non-negative measure. As F; c A; we
compute

SfFi [(Q+5(i7K7N))ﬁ%—Ar]szi [(Q+6(i, K,N))m - Ar].

Changing sign in the above equation and taking the average integral we find,

ﬁi [Ar—(Q+6(i,K,N))m] > ZE;{)) ]i [Ar - (Q+6(i, K,N))m]
> Qe KN R) - Q6 K N))
. _e(i.K,N,R) +8(i, K, N)
- C(K,N,R) '

From the first to the second line above we used ][Ai Ar>Q-¢e(i, K, N,R), and from the second to

the third, 25 > C(K, N, R). Thus,

e(i, K,N,R) +6(i,K,N)
C(K,N,R)

]i Ar>Q+6(i,K,N) -
0

We are now ready to prove Lemma in essentially the same way as the corresponding part of
[Jiang, Theorem 1.7].

Proof of Lemma[3.4 Let y; € X be as in Proposition Then there exists a deck transformation
(measure- preserving metric isometry) ¢; : X - X such that ©i(yo) = y;. Define u; : Br(yo) - R by
ui(y) =r(pi(y))- d(o, yi). As Br(yo) is precompact and the u; are 1-Lipschitz, by the Arzela-Ascoli
Theorem there is a subsequence of u; that converges to a 1-Lipschitz function ug. Moreover, the
sequence wu; is uniformly bounded in W12(Bg(yo)), so ur € WY2(Bgr(yo)) (with |Vug| = 1 m-a.e.)
and

JRINTES Y RN

Here 1) is a compactly supported Lipschitz function on Br(yo).
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The Laplacian comparison (2.4]) implies

(3.1) Aui(y) = Ar(pi(y)) < Q+ Y (ilK, N, R), y € Br(yo)-
On the other hand, Proposition [3.9] gives,

Aui:][ Ar>Q-U(i|K,N,R).
]€3R(y0) Br(yi) @ (i )

It follows then that
][ |Au; - Qdi| < U(i|K, N, R).
Br(yo)

From these observations we obtain:

A = i i A
Jyvdun = i [ vewiu

o dm
fBR(yo) Vord

Sy ¥09%

Whence, ur € D(A, Br(yo)) and Aug = (N - 1)m.
Take a sequence of radii R; 1 oo and the corresponding sequence of functions ug,. Then, up to

passing to a subsequence, the ug, converge to a 1-Lipschitz function w : X - R. It is immediate that
u € Dipe(A) and that Awu= (N —1)m. Moreover, since the Laplacian of u is constant, u € Dj,.(A)
and Au =N -1 m-a.e.. d

3.3. The Hessian of u. Throughtout this section we maintain the assumption that (X,d,m) is
an RCD* (K, N) space with K <0 and N € (1,00). Let us recall that we denote the universal cover
of X by (X,d,7n) and that by the results of [MW], X is an RCD*(K, N)-space. In this section
we will compute the Hessian of the function u: X — R constructed in Section The strategy
and computations follow along the lines of [Ketl, Theorem 3.7], which in turn draws from [Stu2],
originally formulated in the language of Gamma Calculus.

Let us fix a point x € X and let t € R. For each pair of functions f,g € Test(X ), we consider
the function @ = ¥(u, f,g) = u2+ (1-u(x)u+t(fg- f(x)g—g(x)f). Observe that ¥(0,0,0) = 0.
The partial derivatives of W at x are given by

\Illfz:(u+(1—u(a:)))|$:1 \P11’I=1 \Ifggyzzo
Ul =t(g—g(x))]z =0 Uioly = Worl, =0 Wosly = Usol, =t
Vsl =t(f - f(x)).=0 U3l = Usi|, =0 Ussl, =0

Let ~9 be the absolutely contlnuous part of I's. Now, following the same strategy as in [Ket,
Theorem 3.7], by Equation (2.8) and Proposition E 7| we have that for every x € X,

0

IN

Yo (@) - K |val* + N(AQ)Q

= 7o(u) + 4tHess[u](f, g) +|Vul* + 4t (Vu, V ) (Vu, Vg) + 26*|V f*|V [

U 2 U4 2
2271, vg))? - Klvuf — B0 VUE Ao p Gy

i 4tAu

20u,_
N (VS Ve) - — vl -




Grouping terms we obtain,

2Au

N

Au + |Vul?
N

(Au)? . N-1
N

(3.2) 0 < 7o(u) - K|vul* - N

Vul’ - =—|vul?

+4t (Hess[u](f,g)+(Vu,Vf)(Vu, Vg)—( )(Vf, Vg))

(V£ T9)).

The last term of the previous inequality (3.2), namely |V f|*|Vg|* + %((V f,Vg))?, is non-negative.
Hence, the discriminant of the right hand side of (3.2) as a polynomial in ¢ is < 0. That is,

2 (Hess[u](f,g) +(Vu, Vf){(Vu,Vg) - (%W) (Vf, V9>)2

w212 (|9 Pl +

(Au)?
v g2 + N=2 2 < 2(u) - K|vuf - N
IVIEIVyP? + S (V£ V)
JrN—1|v 2 2Au|v 2
U — —|vu| .
N N

Corollary 3.10. Let u: X — R be a function in Dyoc(A) such that |Vu? =1 m-a.e. and Au=N-1
m-a.e.. Then for all functions f,g € Test(X),

(3-3) Hess[u](f,9) = (V.f,Vg) = (Vu, V) (Vu, Vg).

Proof. Let {D;} be a countable collection of pairwise disjoint bounded sets such that X = (J; D;
up to a negligible set. Note that I';(u) = 0 and therefore v2(u) = 0. Plugging this in our previous
analysis and using that |Vu|? = 1, m-a.e., Au= N -1 and K = —(N - 1) we have that

Au + |Vul?

2
N )(Vf, Vg)) dm

[ 2 (sesCul(ra) + (90,97 (w70 -

7

is less than or equal to

Au)> N-1 2A N-1? N-1 2(N-1
f—K|Vu|2—( W, U P N B Gt it _2V =D 5oy <o,
4 N N N N N N

Therefore, Hess[u](f,9)|p, = (Vf,Vg)—(Vu,Vf)(Vu,Vg). Since this is the case for all D; we have
the result. 0

3.4. Regular Lagrangian flow of Vu. In this section we will show the existence of a Regular
Lagrangian Flow of the Busemann-type function v : X — R constructed in the previous section,
via the work developed by Ambrosio-Trevisan [AT]. To do so, we will make use of the formulation
obtained by Gigli-Rigoni [GR]. This formulation depends on the language of Differential Calculus
developed by Gigli [Gigl]. Let us recall the definition of a Regular Lagrangian Flow, following
IGR].

Definition 3.11. Let (X;) € L*([0,1], L} (T X)). We say that

FED:[0,1]x X - X
is a Regular Lagrangian Flow for (X;) provided that:
i) There exists C >0 such that

(3.4) (FXD) ym < Cm, Vse[0,1].
ii) For m-a.e. x € X the curve [0,1]3 s~ FS(Xt)(:n) € X is continuous and such that

FéXt)(x) =x.
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iii) For every f e WY2(X) we have that for m-a.e. x € X the function s — f FS(Xt) x)) belongs
) Y 9
to WH1(0,1) and satisfies

(35) SHEE (@) = dF () FEC @), mx Loy - e (,5).

With this definition in hand, we will now recall the main result of [AT] on the existence and
uniqueness of Regular Lagrangian Flows as expressed in |[GRl, Theorem 2.8]. The space of Sobolev

vector fields Wé:lzoc(TX ) is the space of V € L?OC(TX ) for which there is T in the tensor product

of L*(TX) with itself such that

f hT(Vg,V§)dm = f (V,V§)div(hVg) + hHess(§)(V, Vg) dm

for every h,g,g € Test(X) with bounded support. In this case T is the covariant derivative of V'
and we will denote it by VV.

Theorem 3.12. Let (X;) € L2([0,1], W2 (TX))nL=([0,1], L%(T X)) be such that X; € D(divioc)
for a.e. t€[0,1], with

1
(3.6) fo VXl 205y + IV(XDI 25y + (VX)) Moo ) d < 00

Then a Regular Lagrangian flow Fs(Xt) for (Xy) exists and is unique, in the sense that if F(Xy) is
another flow, then for m-a.e. x € X it holds that Fs(x) = Fs(x) for every s € [0,1]. Moreover, we
have the quantitative bound for all s € [0,1]

(FX) um < exp (fo ||(diV(Xt))_||L°°(X)dt) m.

We will apply the previous result in our setting. In the formulation of the previous definition,
a regular Lagrangian flow is associated to a family of vector fields X;. In our case, we are only
dealing with a single vector field Vu. Hence, to fulfill the necessary integrability conditions, it is
enough to prove that Vu e Wé”ZQOC(Tf( )N L®(TX). From the proof of Lemma we have that u
coincides locally with a test function on bounded sets and therefore these conditions are satisfied.
On the other hand, Vu € D(divy,.) because u € Djy.(A).

We now proceed to show the validity of for Vu. Observing again the independence from
the time variable of Vu, it is sufficient to show

1199l 2y + Idv(Va)l 2 ) + v (T)) e ) < oo

The bounds concerning the divergence are obtained from the fact that Au = N-1, so that div(Vu) =
div(Vu)~ = N — 1. Observe that the bound on the covariant derivative of Vu is satisfied for every
bounded set by using [Gig, Corollary 2.10] (coupled with the fact that Vvu = Hess[u]#) and that
|Vu| = 1 m-a.e., which gives a bound for || |[VVul ||L2()~(). Therefore, by Theorem m a Regular
Lagrangian Flow F : [0,1] x X - X for Vu exists and is unique in the sense of Definition w
Moreover, as we are dealing with a single vector field Vu (i.e. X; is independent of the time

variable t), F' can be extended uniquely to a regular Lagrangian flow F' : [0, 00) x X > X. In
addition, Theorem yields that F' satisfies the following bound:

37  (F)gm<exp (fot I(div (7)) Il 1) ds) i = exp(=(N = 1)t)m. V¢ e [0, 00)

The uniqueness of a Regular Lagrangian Flow is tied to the uniqueness of solutions of the so-called
continuity equation (see for example [GR) Definition 2.9]). Recall that two Borel maps ¢ » P(X)
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and t — X; € L(TX) are said to solve the continuity equation
d .
(3.8) Sl div(Xyue) =0

provided that the following conditions are satisfied:
(i) p¢ < Cm for every t € [0,1] and some C >0,
(i) [ [ 1Xef? dpe dt < oo,
(iii) for any f e W2(X) the map ¢+ [ fdpu is absolutely continuous and

d
a‘/\fd'ut=‘[df()(t)d,ut a.e. t.

The following result concerning the uniqueness of solutions of the continuity equation in con-
nection with the uniqueness of Regular Lagrangian Flows was obtained in [AT]. We recall the
formulation of [GRL Theorem 2.10].

Theorem 3.13. Let (X;) be as in Theorem and € P(X) be such that py < Cm for some
C > 0. Then there exists a unique (uy) such that the pair (ue, Xt) solves the continuity equation

(3.8)) and for which o =T. Moreover, such (u) is given by ps = (Fs(Xt))#ﬁ for all s €[0,1].

Observe that u; = e (V=-Dt is a solution to the continuity equation for X; = Vu and @ = m.
Hence, it follows from the previous Theorem that inequality is an equality for every ¢ € [0, c0).

Now we observe that the proof of |[GR) Lemma 3.18] can be applied verbatim to our case and
therefore, F' can be extended uniquely (preserving the bound to a regular Lagrangian flow
F:(-00,00) x X - X. Recalling [GR] Equation 2.3.3], that is,

(3.9) |FCXD ()] = |XJ(FED (2))  ave. s€[0,1].

We also have that |Fi(x)| = |Vu|(Fs(z)) = 1 for all s €R.

Notice that the uniqueness statement in [GRL, Theorem 2.8] implies that for X; independent of
t, F satisfies the semigroup property F; o Fs = Fy,, m-a.e. and for all ¢,s € R (cf. |[GRl, Equation
2.3.10]). We summarize the previous discussion in the following proposition.

Proposition 3.14. Let u : X > R be the function constructed in this section. Then, there exists
an m-a.e. unique Regular Lagrangian flow (in the sense of deﬁnition F:RxX - X for Vu.
Moreover, F' satisfies the semigroup property FyoFy = Fyys, m-a.e. for allt,s € R, and the following
change of measure formula holds,

(Fy)ym=e VD,

We end this section by pointing out that the following Lemma holds in our setting (cf. [Gigd,
Theorem 2.3 (iv)]).

Lemma 3.15. Let F': (—0c0,00) >~<)~( — X be the reqular Lagrangian flow associated to Vu. Then,
for every t,s e (—oo0,00) and z € X,

d(Fy(z), Fy(w)) = |s | = [u(Fs(2)) ~u(F(2))]-
In particular, u(F_y ) (7)) =0 for all x € X and the trajectories of Fy are geodesics.

Proof. Following the approach of the proof of (a) = (b) in [GRl Proposition 2.7], from (3.5 we
obtain that, for all £ < s,

S
uoFyg—uoF, = [ du(Vu) o F,dr.
t
Inverting the roles of ¢ and s, and using that |Vu| = 1 m-a.e.,

|uwo Fs—uo Fy| =|s—1.
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Furthermore, by Equation (3.9), we find d(Fs(x), Fi(z)) <|s —t| for all ¢ < s. Moreover,
luo Fy(x) —uo Fy(z)| < d(Fy(x), Fy())
because u is 1-Lipschitz. Therefore d(Fs(x), Fy(x)) =|s - t. O

4. CHEEGER ENERGY ALONG THE FLOwW

Consider the map f; = f o F}, where F : (-00,00) x X — X is the Regular Lagrangian Flow of
the Busemann-type function u: X — R obtained in the previous section and f € W2(X). In this
section we focus on computing the W1’2()~( ) norm of f;. In the first subsection we calculate its L?
norm. To calculate the norm of |V fi| we use the formula for the Hessian of u obtained in section
3.3l Then, we compute the derivative of the Cheeger energy along F}, and finally localize the result.

4.1. L? norm along the flow. Let us consider the map f; = f o F; where F; is the Regular
Lagrangian Flow of u and f € W2(X). In this section we study the L? norm of f;. For that reason
we begin by proving a version of [Gigd, Equation 3.39] in our setting.

Lemma 4.1. For any f € S*(X,d,m) and t >0,
t
IE@) - @) < [ [9AFE)ds
0

for m-a.e. x € X. Furthermore, the result also holds for t <0 by taking the integral from t to 0.

Proof. Let us consider a probability measure m on X satisfying m < m and m << m. We define
the measure 7 := Tiym € P(C([0,1]; X)) where T': X - C([0,1], X) is given by T'(z); = Fy(x). Let
e:: C([0,1]; X) = X be the evaluation map at ¢. Notice that for all ¢ >0,

(er)pm = (Fy)pm < (Fp)ym = e N D5 <o,
So 7 is a test plan (with compression constant < 1). Denote the set of trajectories of F' by I'p.
Observe that for any set of curves I' ¢ AC%([0,1]; X), the point z lies in 77'(I") if and only if
there exists v € " such that ~(t) = Fy(x) for any ¢ € [0,1]. Hence, such a 7 is an element of I'p. It
follows that T71(I') = T-}(I' nT'r) and we find that 7 concentrates on trajectories of F. By [Gig4,
Theorem 2.3, (iii)] the elements of I' are constant speed geodesics satisfying (1) € 9°(u)(v(0)),
hence d(v(1),v(0)) = 1. Therefore 7 concentrates on 1-Lipschitz curves.
On the other hand, for any T’ c C'([0,1]; X)

(ee)gm(D) = m(T" (e (1)) = (Fy) (D).
By [Gigd, (3.7)], for 0<t <1 and f e S?(X), for m-a.e. v,

() = FO)I < [ 1VAGE)N ()lds = [ 19£1(3(s))ds.
0 0

Therefore, using that for m-a.e. z € X the flow F is defined, and therefore for almost every
there is a trajectory of F' passing through it, for every 0 <t <1,

t

(4.1) F(F@) - f@) < [ 19f1(Fo(@))ds.
0
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An iteration of this argument will yield the result for any ¢t € R. Let 1 <¢ <2, then by (4.1)),

t—1
flf(Ft_l(x))—f(rc)l dmsff|vf|(Fs(x)) ds dm.
X X0

A direct computation yields that the left-hand side of the previous inequality is equal to

[ 1 Ea@)-f @) din= [ 1 E@)-FF @)l AE) g =D [ F(F@)-f(Fi ()| din
X X X
On the other hand, by the right hand side becomes

t 1 t
[ [19A(F @) dsain- [ [ [951(Fu(@)) dsdin < [ [191(Fu(@)) dsdin- [ 1f(Fi(0)-f ()] din.
%0 X0 X0 X

Combining the previous equations, using that e~ (¥~1) < 1, and the triangle inequality we obtain:

IN

[1E@) - 1@ < [IfFE@) - fE@) dis [ 17FE) - f@)] din
X X X

IN

YD I (Fa(@) - f@)] i+ [ IF(Fi(@) - f(@)] din
% X

IN

t—1
[ [ 191 @) dsam+ [ 17(Fi(@) - f)| din
0 X

X

fft|vf|(FS(x)) dsdm
%0

IN

This is precisely the result we claim in the case that 1 <t < 2. Iterating this process the inequality
follows for any t > 0, and similarly for any ¢ < 0. O

This implies a version of |Gigdl (3.40)] with appropriate modifications, as will be shown in the
next lemma.

Lemma 4.2. For any f € S*(X,d,m) and t € R,

1- e—(N—l)t

Xf F(Fi(@)) - f@) din() < t(T
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Proof. Taking squares, integrating the inequality of Lemma and using Holder’s inequality we
obtain:
2

f ftlvfl(Fs(:c))ds dm(m)étfj\VfIQ(Fs(m)) ds dm(z)
0 %0

X

t O[ J VI ) () ds = Of [ 1957 ) A(E)gm(r) ds
X X

IA

[ 17(Fi@)) - @) dina)
X

IA

t
=t e N3 9 72 () dim(x) ds
Jf

e (VD5 g ( [ 1) din(z)

X

~(N-1)t
: t( ) J 197w an)

In the following Lemma we compute the L? norm of f o F; and investigate its regularity.

Lemma 4.3. Let f e W'2(X), and fir t e R. Then fo F, € L*(X,d,m) and the map t — f o Fy is
Lipschitz.

Proof. First we compute the L? norm of f o Fj:

If e Filfa= [ (7o Ry dm= [ f2e I i = e £
X

Therefore, as f € W'2(X) and in particular f € L?(X) it follows that fo F; € L?(X). Now we
proceed with the second part of the lemma. Let ¢ < s € R, by the previous lemma,

[1feF-foRPdin = [V foFy - fP dins e WD - ) (B0 [ jos anm
X

= (s =) (S ) IV i< (- 01913

Hence, t — f o F; is Lipschitz with Lipschitz constant dominated by |V f| 2 (which is well defined
because f € W12(X)). O

We will use the following technical result to compute the derivative of the Cheeger energy of
f+, which in turn will aid in computing |V f;|. We make use of the heat flow hy : L*(X) - L*(X).
Recall that hy is is the unique family of maps such that for any f € L?(X) the curve [0,00) 3
t = hy(f) € L>(X) is continuous, locally absolutely continuous on (0, c0), satisfies that ho(f) = f,
hi(f) € D(A) for ¢t >0 and solves

d
&ht(f) = Ah(f), L'-ae t>0.
We refer the reader to [Gigd, Section 4.1.2] for a thorough exposition of the main properties of the

heat flow on infinitesimally Hilbertian metric measure spaces.
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Lemma 4.4. For each t >0, let hy : L>(X) — L*(X) be the heat flow on X and € > 0 be fized.
Then the map t — ho(f o Fy) is Lipschitz and, in particular, the map

1
tH§f|Vh5(f0Ft)’2dTh
X

1s Lipschitz.

Proof. Using the equivalence of (i) and (v) in [EKS| Theorem 7] and the fact that BL(K, N) implies
BL(K,00), [AT) Corollary 6.3] implies that the L?-T inequality holds true. Therefore,
IV (he(f 0 Fs) = he(f o Fy) |2 < C(e) [ f o Fs = f o Fy| 2.

(See |AT, Definition 5.1] for the precise value of C'(¢)). Moreover, by [Gigl], (3.1.2)]
[he(f o Fs=foF)|r2 <[ foFs=foFr

Combining the previous inequalities, we find:

(4.2) [he(f o Fs) =he(f o Fi)lwr2 <C(e)[f o Fs = f o Fi|wre
U

4.2. Derivative of the Cheeger energy along the flow. We are now ready to compute the
derivative of the Cheeger energy along the Regular Lagrangian flow of u, that is, the derivative of
the Cheeger energy of f;. In the following proposition we make use of the technical results developed
in the previous Subsection. For the reader’s convenience we recall the notation being used: f will
denote a function in W2(X), u: X - R is the Busemann-type function constructed in Section
F:(-00,00) x X - X is the Regular Lagrangian Flow of Vu, f; = f o Fy and £(t) = %f |V fif? drn.

Theorem 4.5. Let f € WY2(X,d,m) and hy : L*(X) — L*(X) the heat flow. Then, for every
e>0,
d1 y )
=5 [ IVhe(Pdi = = [ Ahae(£) (V1. Vu) din.
X X

In particular, the derivative of the Cheeger energy of fi is given by
(N

1) ff( (Vft, V fe) m.

d
ag(t):/XHeSS[u](VJ"},Vft)_ )

Proof. Using Equation (4.2) we get that

[ e B =19k (P = [ 2V, Vhe o = F)) + 19 e (foan = ) P
X X

IN

[ 29 (1), Vhefran = ) Ao+ (€ foon - fi 12)?
X

IA

[ 2(Vhe(f1), Vhe(frsn - f2)) din + [R2C ()| V £ 2.
X

Therefore, by the Dominated Convergence Theorem,

limlf |Vh€(ft+h)|2_|Vh€(ft)|2dﬁl=}lii%f(Vha(ft)vvw drn.
X X

h—0 2 h h
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Since he is in the domain of the Laplacian, using [Gigd), 4.34] we have that the right hand side is

}li%[(vhs(ft),vw)dm = —hm[(M)Ahsftdm
X

h—0J

ft+h ft

- lim f Ahoe ()

_ —lim/ Ah2s(ft)ft+h_Ah2e(ft)ftdm

h~0J h
X
Aho. oF_ Ahge -
= —}Ligl)( [ %ﬁdw)#m— [ %ftdm)
X X
- _}Li%(e—(zv-l)h[Ah%(ft)OF;Lh—Ah2a(ft)ftdm
X
o~ (N-1)h _
el | Ah%(ft)ftdm)

Notice that [Gigdl, 4.34] holds without modification in our setting. Hence, the previous expression
equals
[ (Bhoc (1), vu) fedii+ (N =1) [ Dhac(f2) fudin,
X b'e
from which our first equality follows by using Au = N - 1.
Observe that for every f,g e WH?(X) the following holds, again by using Au = N -1, (cf. [Gigd,
4.35])

(4.3) /f Vg, Vu)dm = —-(N - 1)ffgdm ]g Vf,Vu)d

Therefore, we obtain

h—>0 2

2 2
f [Vhe (ft+h)|h [Vhe (ft)| —fAhza(ft)Wft,VU)dm:f(VWftaVU)thza(ft))dm-
X X

By the Cauchy-Schwarz inequality, the right hand side of the last equality is bounded by
[+ |V fil|Vhoe(fi)|dm. Therefore, by the Dominated Convergence Theorem and the continuity in e
of the Laplacian of the heat flow taking limits when ¢ — 0 yields

1 2 _ 2
h—02 J h J
X
Using the definition for the Hessian of u, found in (2.5, and ([2.6)), and finally substituting (3.3]),
we conclude that
(N-1)

GE0 = [ Hestu(v v - S5 [ (v
X X

which is our second equality. U

In the following theorem we see how the Cheeger energy of f; decomposes along each of the

summands of (V fi, Vfi) = Hess[u](V ft, V fi) +(V [+, VU)Q.
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Theorem 4.6. Let u : X — R the function built in Section . The following identities hold for
any f e WH(X):

/Hess[u](Vft,Vft)dfn = e_(N+1)t[Hess[u](Vf,Vf)dm
X X

/Wft’W)z dm = e‘(]\"lﬁf(vf,vm2 dn

X X
Proof. We will first prove the second equality. We compute

(Vo PP (T V) (T VT 90 (57, (5,90

h h
= (02T Gy (9 f ) 4 i ).
Observe that
fin | (v I Gy wayam = (N 1) / (2420 (9 e, Ty
X X

- f (@) (VAV feen, Vu), Vu)dm.

Let us denote the first and second summands of the left hand side of the previous equation by
A; and As respectively. We claim that

Ar=—(N - 1)/(Vft,Vu)2dm.
X

To prove this claim, notice that

/ (ft+h - ft) (V fron, Vi) = (V fi, Vu)2dim = f (ft+h - ft) (VY feen, Vu) = (V ft, Vu)) dm

4 h J h
X X
+ f(Vft, Vu) ((—f“hh_ ft) —(V [, Vu)) dm.
X
Holder’s inequality implies that
[ (2222 (9 90 = (950 vupy o] < 12T a0, w0 - (9 1, 700
X
This last expression converges to 0 as h — 0, since | £ W;I_f L] 12 is bounded because £ ”’;L_f L is weakly

convergent in L? and
||<vft+h, Vu) - (Vft, VU)”Lz - 0.
Moreover, by |[Gigdl 4.34],

f(vft, Vu) ((@) —(V ft, w)) dm — 0,

X

as h — 0, and therefore the claim is proved.
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A similar procedure to the computation of A; yields

Az == [V, 7u)(9(7 fi, Tu), Tu)din
X
Now, we move on to compute

lim [ (V (ft+h ft) VulV fesn, Vu) = }Li_r)r(l)—(]\f—l)f(@)(meh,VU)dm
X

h—0J h

- _[ (%) (VAV fean, Vu), Vu)dm

As we have seen above, by [Gigd, 4.34] this last expression equals

-(N-1)/<vft,w>2dm—f(vjft,vm(v(wt,w),w)am
X X

Therefore, combining our observations, and using [Gigd, 4.35] by taking f =g = (V(fo F}), Vu)),
we obtain

lim (V fren, Vu)? = (V f1, Vu)?

h—0 J h
X

f (V¥ fo, V), Va)2((9 fi, ) = ~(N = 1) [ (Vi V)’
X

In conclusion, we have found that % fj((vft’ vu)? = -(N -1) fj(<vft’ vu)?. Hence,

AL AT
X X
Now we will obtain the second equality. Observe that (Vf,Vf) = Hess[u](Vf, Vf) + (V.f, Vu)?
implies

—&t)=—=| H 2
£() = 5o [ Heslul (Vv + 5 [ (9 vw)
By the our arguments above
il (t)—aifHess V£,V V)2
X

From the previous theorem
(N-1)

%5@) _ [Hess[u](Vft,Vft) - [(vft,vm.
X X

Using both expressions for %5 (t) and solving for % ~/)~( Hess[u](V ft, V fi), we get

%fHeSS[U](Vft,Vft)=—(N—3)fHeSS[U](Vft7Vft)-

We conclude that
[ Hess[ul(V 1,9 12) = VD" [ Hess[u] (1, V1),
X X
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Remark 4.7. As Fyym =e¢ -(N=- 1)tm we can rewrite the equalities in the previous theorem in the
following way:

[ Hess[u)(V(f o F), V(S o F)) diiv= ¢ [ Hess[u] (V. V) dFyin
X X

and
[ (9o F),vu? din= [ (0,90 Ay
X X
4.3. Localization of the Cheeger energy along the flow. Theorem[4.6|provides the behavior of

(V(f o F;),V(foF;))in an integral form, i.e., at the level of the Cheeger energy. In this subsection
we localize that result, that is, we obtain a pointwise expression for (V(f o F}), V(f o F})).

Theorem 4.8. Let u: X — R be the function constructed in Section F:(-00,00)x X - X
our Regular Lagrangian Flow. Then for every f € WY2(X) the following identity holds

(V(foF),V(foF))=eHess[u](Vf,Vf)o Fy+ (V[ Vu)’ o F;
The proof of this theorem requires the following lemma.

Lemma 4.9. Let f,g e WH(X . d, Fyym) then
(4.4)

[ Ao F).V(go F))din = [ (9F.vg) dFyrin+ (1-¢*) [ (VF,9u)(Vg, Tu) dFiyn
Proof. By equation (3.3) and Remark we write
/ <V(f o Ft)7 v(f ° Ft)> dm = €2t f (vf7 vf) dFtﬂm + (1 - e2t) f <Vf7 VU>2 dFtﬂm
X X X
Now, by the definition of (V-, V-),

[V(go Fy+efo B —|V(go Fy)P?
2e '

(V(foFt),v(goF)) =lim

Putting together both equations we find,

[ (9 0B, 9o Fyydii=tim | [ (9(g+e), V(g +2f)) - (Vg, Vo) dFryi

X X
+(1-¢) [ (Vg +ef), vu)’ - (g, vu) dFyin .
X
The result follows. t

Proof of Theorem[{.8 Let f € W2(X,d, Fiym) be non-negative. Assume that f e L (X,d, Fyym)
and let g: X — [0, 00) be bounded and Lipschitz with Fyym(supp(g)) < co. For e >0 let f. = f+£g
Notice that f2, f.g € W'2(X,d, Fyym). Let fo=f-0F, and j = go F,. Applying equation (4.4) to
each term on the right hand side of the first equality below we obtain:
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[V £ dFyin= [ (9(19), V1) (V9. 0(5)) dFyin
(4.5) =6_%fX(V(feﬁ),vfs)dm—e‘%&(V@V(é—%)dm
—(e_2t—1)f(erg,Vu)(Vfg,Vu)—(Vg,Vu)(V(%Q),Vu)dFtﬂm
X

We now observe that (V(feg), Vu)(V fe, Vu) = (f (Vg, Vu) + g (V f-, Vu)) (V f-, Vu) and also that
2
(Vg, Vu) (V%, Vu) =(Vg, Vu) fc (Vfe, Vu). Thus, equation 1’ may be rewritten as,

f)zg|vfa|2dFtum=e—2tf)}(v(ﬁg),vﬁ) dm—e—%fX (vg,v(%)) din
(e =1) [ g(V 1 Vu) (V1 V) APy

_ Now, [V(f-f:)|>0in L*(X,d, Fiym) as ¢ | 0 and IV(f-7f.)]—0in Lf()z',d,fn) as € | 0, where
f:=foF, Inparticular [ g|Vf-[>dEyym — [ g|Vf[> dFyi and [ G|V fo|* din — [ G|V f* dim as
¢ | 0. Therefore, passing to the limit in equation (4.6)) as £ | 0 we obtain,

JoolvsParyn = [ givfPdmn- (e -1) [ g(vi,vu)® dFyin.

Rearranging terms,
e 2 f)~(§|vf|2dm = fXg|Vf|2 dFyyin - (1-e™) fngf, vu)? dFyym
= [ gHess[u](V£, V) dFygin+ ™ [ g(9£,9u)* dFyyin.

As g was arbitrarily chosen, we conclude that Theorem (4.8) holds for all non-negative f €
Wh2nL>(X,d, Fiym). Finally, by a truncation argument the restriction to non-negative functions
can be dropped, and then the general case follows. O

(4.6)

(4.7)

5. THE QUOTIENT METRIC MEASURE SPACE (X', d’,m')

5.1. Continuous representative of F. Using our knowledge of |V f;| we can now improve the
regularity of the flow and show that for fixed ¢, the function F; is Lipschitz.

Theorem 5.1. The map F : R x X > X admits a continuous representative with respect to the
measure L' x . Still denoting such representative by F, we have:

i) The semigroup property holds, i.e., for everyt,s € R and x € X we have Fy(Fy(z)) = Frps(z).
Moreover,

d(Ft(l'), Ft+s($)) = ‘S|
ii) For everyteR, Fy is a bi-Lipschitz map with Lip(F;) < max{e’,1}.
iii) Given a curve 7y let 4 := Fyoy. Then one of the curves is absolutely continuous if and only
if the other is and their metric speeds are related by the following inequality

(5.1) min{1, e }4s| < [ys| < max{1, e’} |4l for a.e. s€[0,1].

Proof. For each t € R we will first obtain a max{1,e!}-Lipschitz representative of F;. Let D c

Wl’z(f( .d, m) be a countable set of 1-Lipschitz functions with compact support such that D is dense

in the space of 1-Lipschitz functions with compact support with respect to uniform convergence. As

in [Gig4, Lemma 4.19], let f,, = max{0, min{d(-, ),k - d(-,x,)}}, is a dense subset of X. These
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functions are 1-Lipschitz with bounded support thus belong to Wl’z(f(, d,m) with |V f | < 1 m-a.e.
Then, for all yg,y1 € X,

(5.2) d(yo.y1) =sup|f(yo) — f(y1)l.
feD

By Theorem we know that
(V(foFy),V(foF))=eHess[u](Vf,V[)o F+(Vf,Vu)oF,.
Therefore,
(V(foF,),v(foF))<max{e* 1} (Hess[u](Vf, Vf)oE +(Vf,vu)o Ft)
= max{e* 1} (Vf, Vf)o F.

Thus, |V(f o F})| < max{1,e!}. Because X has the Sobolev to Lipschitz property, f o F; has a
max{1, e’ }-Lipschitz representative. Given that D is countable, then there is an 7m-negligible Borel
set N7 such that the restrictions f o F; : X N\ N7 - R are max{1,e'}-Lipschitz for every f e D.
Therefore, by for 2,z € F;1(X N N') we have

d(Fy(wo), Fy(1)) = j}élglf(Ft(on)) ~ f(Fy(1))] < max{L, ' }d(z0, 21)-

Now, for each (t,z),(s,y) € R x X we obtain

(53)  d(Fi(2), Fs(y) <d(F(x), Fi(y) + d(F(y), Fs(y)) < max{1,e'}d(z,y) +[s ~ 1.

This proves that F' admits a continuous representative. From this, and Lemma (3.15)), the state-
ments in ¢) and i7) follow.
For iii), let us assume that + is absolutely continuous. Then

A 36) = d(Fi (), Fi(3)) < max{L,e'bd(n, 3) < ma{ L} [ i

Therefore, |¥s| < max{1, e'}|¥s| for a.e.-s € [0,1]. The other inequality is proven in a similar way. [

We continue this section by defining a quotient metric measure space (X', d’,m") induced by the
flow F'. We will show that it is an infinitesimally Hilbertian space, and that it satisfies the Sobolev
to Lipschitz property. We now provide the definition of X".

Definition 5.2. Let X' =u71(0) and define d’ : X' x X' - R by
d'(2,y) = nf{L(7)ly € AC([0,1], X), w0y =0, = 2, 71 = }.
Here L(v) = fol [y dr.

Lemma 5.3. Let X' be as in Definition [5.9, then d’ is a well defined function and (X',d") is a
metric space. The inclusion map v: (X',d") —» (X,d) is 1-Lipschitz.

Proof. First we will show that the set
{7 € AC([0,1],X), uoy=0,70=2 7 =y}

is nonempty for any z,y € X’. As X is a geodesic space there exists an absolutely continuous

v :[0,1] - X such that 79 = z and 7, = . By Theorem , the curve t — F_, () is

contained in u™*(0). We only have to prove that it is absolutely continuous. To that end, let

M = max{Lip(F_y(,,))|0 < s < 1}. This maximum M is achieved because u, I, and v are continuous.
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Using the triangle inequality, together with F_
forall 0<s<t<1,

(5'4) d( u('ys)('ys) u(%)("}/t)) <d(F—u('ys)(’VS) u('ys)('yt)) + d( u('ys)('yt) u('yt)(’yt))
<Lip(F. U(%))d(’Y&%) +u(ye) = u(ys)|
(Llp( u(%)) + 1)d(7577t)

<1 +1) [ lar

Hence, F_,(,,)(7t) is absolutely continuous in (X,d) and d' is well defined.
If 2,y € u=1(0) then,

u(vs) Lipschitz for all s and that u 1-Lipschitz, gives,

(5.5) d(z,y) <inf{L(7)ly € AC([0,1],X), uey=0,70 = 2, 71 = y}

=d'(2,y).
This shows that ¢ is a 1-Lipschitz map and that d’ is positive definite. Symmetry and the triangle
inequality follow from the definition of d’. U

5.2. Metric speed of curves in the quotient space. Let 7 : X - X’ be given by w(x) =
F_y(z)(x). By Lemma 7 is well defined and from now on we call it the projection map. The

aim of this subsection is to study 7 and its effect on the metric speed of curves in X. The main
results of this subsection are collected in the following proposition, which will be used in the next
subsection to relate a subspace of W12(X, d,m) with WH2(X', d',m").

Proposition 5.4. Let 7t be a test plan on X. Then, for T-a.e. vy, the curve ¥ =mo~y in (X',d")
is absolutely continuous and for a.e. te€[0,1],

(1) Pl < €700 [y N i
(2) The projection map 7 : X — X' is locally Lipschitz, .i.e. for all zg € X and all x,y € B,(x9),

d'(m(x),7(y)) < e d(a,y).

To prove (1) we will follow the strategy developed by De Philippis-Gigli (Section 3.6.2 [DePGl)
and define a “truncated” and reparametrized flow F with the property that for large s the maps
F, approximate the projection map  : uw([-R,R]) - u1(0), for 0< R< 1.

We proceed with the details in the following way. Let 0 < R < R <1 and ¢ € C*(R) with
support in (-R, R) such that ¥(z) = 122 for all z € [-R, R]. Define the function @ = ¢ o u :
X - R and consider a reparametrization functlon reps(r) defined by the property that dsrep,(r) =

¢! (rep,(r) + ). We now define the flow F : Rx X - X by Fy(z) := Flep, (u(z)) (%) and note that
Fy(z) = Fle-s_1)u(z)(z) on u “I([-R,R]). Tt follows from these definitions that F' is the regular
Lagrangian flow associated to . Moreover, the following formulae hold for all z € u™!([-R, R]),

. 1
(5.6) a = —§u2,
(5.7) Vi = -uVu,
(5.8) Ad = —u(N-1)-1,
(5.9) Hess(u) = -uld+ (u-1)(Vu® Vu).

The previous formulae imply @ € Test(X), in particular it has bounded gradient, Laplacian

and Hessian. When s — oo then rep,(u(z)) » -u(z) for every z € u '([-R,R]), that is F
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converges uniformly to m := F_u(.)(-), the projection map. We observe that F, is the identity on
X ~u"Y([-R, R]) and it sends v~ ([-R, R]) to itself.

In the following, for each s € R, we only concern ourselves with F S|u,1([_§,§]), because this will
be sufficient for our purposes. Observe that [DePGl, Lemma 3.30], [DePGl, Proposition 3.31] hold

in this setting because, as we will now see,_Fi is of bounded deformation for any s € R. We begin
by showing that Fy is Lipschitz on v ([-R, R]):

d(Ey(x), Fs(y))

A(Fe-s_1yu(z) (®)s Flems—1yu(y) (%))

A(Fes-1yu(z)(@)s Fle-s-1yu(@) (¥)) + A(Fe=s-1yu(@)(¥): Fles-1yu(y) (¥))
max{1,e(* DEED VA2 y) + (e - D)][(u()) - (u(y))|

OCEN YAz, y) + (e - 1)|d(x, y)

(max{l, e|(875_1)|§)} +](e® - 1)|) J(x,y)

IN

IN

max{1,e(*”

IA

This proves FS| w1([-RR]) is Lipschitz with Lipschitz constant

s

DIRY 4 |(e7 - 1))

max{1, el

for any s € R.
Let us proceed by showing that F; S‘u-l([—ﬁ 7)) is of bounded compression, as:

(Fs|u—1(7§ ﬁ]))#ﬁl = (F(e—s_l)u(,))#m = ef(Nil)(e_tl)u(')ﬁl < e(N71)|(6_371)|Eﬁ1

It follows from these observations that [DePGl Lemma 3.30] and [DePGl Proposition 3.31] (which
we recall below, note the different sign convention here) hold in our setting.

Lemma 5.5 (De Philippis-Gigli, Lemma 3.30). Let p € W'2(X). Then the map s — ok, € L*(X)
is C1 and its derivative is given by

d . ,
(5.10) P ols=(Ve,va)o F.
S

If ¢ is further assumed to be in Test(X), then the map s —~ d(¢ o Fy) € L*(TX) is also C and its
derivative is given by
d

(5.11) E(d(cpoﬁ's))=d((V<,0,Vﬂ)oFS).

Proposition 5.6 (De Philippis-Gigli, Proposition 3.31). Let v € L*(TX) and put vs == dFs(v).
Then the map s~ %\%]2 oFeL'(X) is C' on R and its derivative is given by the formula

d1 R R
(5.12) £§|v5|2OF:Hess[d](vs,vs)OFs

the incremental ratios being convergent both in L' (X') and m-a.e. If v is also bounded, then the
curve s = |vg? o Fis C' also when seen with values in L*(X), and in this case the incremental
ratios in also converge in L*>(X) to the right hand side.

We will use the previous results to prove the following monotonicity formula. The proof is similar
to that of [DePGl Corollary 3.32].

Corollary 5.7. Let v e L>(TX) be concentrated on B = u'([-R, R]) and set vs := dF,(v). Then
for every s1,s2 € R such that s < sa,

(5.13) (e, ?) o Fy, < (s, ?) o Fy,, m—a.e..
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Proof. We may assume that v is bounded up to replacing it with vy, := x{jy|<n) v, using the fact that
|dFs(vy)| 0 Fi = |[dF4(v)| o Fy on {Jv] < n} and letting n — oo.
Now we observe that on the complement of B both sides of are 0 m-a.e. (as a consequence
that v is concentrated on B). So that we only need to prove
(6_2"|vs|2OFS)XB < (6_2u|v|2)><3, m—a.e..
Observe that by Lemma the derivative of s — u o Fj is
d - . .
(5.14) d—quS:(Vu,Vﬁ>oFs:—qus.
s
Therefore, integrating with respect to s we obtain wo F, = e *u. As we are assuming v is bounded,
the map s — losl® oxp € LY(X) is C! and then

by Proposition [5

d [ -2uo
_(62uF|;‘ sXB)

o 2ueks |U5|20F +_ |Us’2015 o 2uoks B
ds 2 Tlds\ 2 3

i
ds
[vs

Ve 24, Vﬁ) o F,+ 672HOFSHGSS[@,] (vs,vs) 0 Fs) XB

(uo Fy)e” 2”°F§|v 1?0 F, +6_2“°F9Hess[ 1 (vs,v5) 0 Fy )XB

2

(
QUOFS ((qu -1)(Vu, Us) OFS)XB

< 0.

Recall that R < R < 1, from which follows that u(x) < 1 for all # € B. This concludes the
proof. ]

Proposition 5.8. Let 7 be a test plan and ~: [0,1] > v ([-R, R]). Then ms;(7) < e *Oms, ()
for a.e. te[0,1], -a.e. vy, where 7 :=mwor.

The proof of the proposition follows along the lines of [Gigd, Proposition 3.33], as follows.

Proof. Abusing the notation we will still denote by F the map C([0,1], X) - C([0,1],X) taking
v = F, o7. Recall that for every t € [0, 1] the differential of F, induces a map, still denoted by dE,,
from L2(TX,et,7'c) to LQ(TX, et, ). We claim that for any s; < s9 and any V € L2(TX, e, ),
(5.15) (et dFy,(V)P) o Fy, < (e |dE, (V)[*) o Fyy  m—ace.

To prove the claim we first consider V' to be of the form e; v for some v € LZ(TX ). By Proposition

for s < s9, M-ace.
(&2 i, (civ)P) o F

e—2uoet|e;dﬁv82(v)|2) o
e?U|dEs, (v)[*) o e 0 F,

(
(
(62“|dFS2(v)|2) ) FSQ oe;
(
(

IN

62“|df781(v)|2) o Fsl oe;
e |dEy, (efv)) o By,
Let (A;)ien be a Borel partition of C([0,1], X). The locality property of dF; : Lf(T)N(, et, M) -
L*(TX,et, ) implies that any combination of the form ¥ x 4,e;v;, with v; € L*(TX), satisfies
(72 |do (X xa ejvi)l*) o Fyy < (€7 |dEs (X xaeivil?) o Foy  m-ae,

As the elements of the form Y xa,e;v; are dense in LQ(TX ,er, ) and dF, is continuous when

considered as a map L*(TX,e;, ) - L*(TX, e;, 1) the claim follows.
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Let (7)) € L>(TX,e;,m,) be the speed at time ¢ of the test plan m,. Applying (5.15) to 7,
and using the Chain Rule for Speeds [DePG., Proposition 3.28] we obtain that for s; < s9 and a.e.
te[0,1],

(eizuoet‘(nw);ﬁp) © F82 < (672uoet’(n81 )1{,|2) ° Fsl’ T a.e..

Now we integrate with respect to ¢ and recall the link between point-wise norm and metric speed
given in [DePG, (3.58)] to obtain,

1 1
(5.16) [ [ 200kt dm () < [ [ 2002t am, ().
0 0

The lower semicontinuity of the corresponding functional follows analogously as in [DePGl Propo-
sition 3.33]. Now let us consider the functions F, as functions from B — B and recall that they
converge uniformly to the projection map 7: X — u™! (0) as s = oo. Then the test plans 7ty weakly
converge to w7t as s - oo and therefore,

L 1
[ f |;Yt|2d7r>(- T< hglo?f [ f 6_2“‘('715) |’.Yt|2d7t3.
0 0

From the last expression it follows that

1 1
/[ ms? (7 oy)dt drm < ff e 2 mg? (v)dt dr.
0 0

Now, the argument to conclude the proof from this integral formulation follows exactly as the
corresponding part of [DePGl Proposition 3.33]. ]

Proof of Proposition [5.4. We start by proving (1). By Proposition (1) holds for v € u™'[-R, R].
Proceeding as in the proof of Proposition it is possible to show that if 7t is a test plan and
v:[0,1] = u([c- R, c+ R]). Then ms;(prey) < e t()*emg, () for a.e. t€[0,1], m-a.e. v, where
prey = F_y(y)+c ©7- Take ¢ = R and

v:[0,1] = v ([¢ - R,c + R]) = w ' ([0, 2R]).

It follows by iii) in Theorem and Proposition that for almost every t € [0,1],

e msy(pr(y)) < ms(pro(prgv)) < e msi(pre(y)).
Note that pro(7y) = pro(prgy). Thus, for almost every ¢ € [0,1],
Ee_u(%)JrEmst(fy).
This shows that (1) is satisfied for curves on u~1(([0,2R]). Proceeding in the same way, (1) follows.
Now we prove part (2). Let z,y € B,(z9) and v:[0,1] - X be a minimal geodesic joining them.
As wu is 1-Lipschitz :

ms; (pro7y) = e ms; (prg(y)) <e”

u(ye) 2 max{u(0), u(71)} - d(70, 1),
u(yo) > -1 +u(zp),

u(y1) = -r+u(xo).

Thus, u(y:) 2 —r+u(zo) —2r = u(wg)—3r. From the previous paragraph 5¢| < e7#0%) |4,|. Therefore,
d'(w(x),7(y)) < L(7) < e 037 d(x,y). O
37



5.3. Properties of the quotient metric measure space. Here we show that (X’ d') is a
complete, separable and geodesic metric space. Then we define a measure m’ on X’ and study the
relationship between the spaces W2(X’,d’,m’) and W'2(X,d,m). At the end of the subsection
we show that (X', d’,m’) is an infinitesimally Hilbertian space that satisfies the Sobolev to Lipschitz

property.

Theorem 5.9. With the same notation and assumptions of Deﬁnition (X',d") is a complete,
separable and geodesic metric space.

Proof. By Proposition [5.4] the map 7 is continuous, we will show that X’ is separable. Since X is
separable there exist a Countable dense subset {z;} € X. Consider an open set U c X', then 7~} (U)
is open in X. As X is separable there exists 2; € 7 1(U), and then 7(z;) € U. Thus {m(x;)} is a

dense subset of X'. )
To prove that (X', d") is complete let {z;} € X’ be a Cauchy sequence. Then, because ¢: X' - X
is 1-Lipschitz, {¢(x;)} is a Cauchy sequence in X, and hence it has a convergent subsequence
t(xj,) = x. Given that 7 is continuous, xj, = 7(¢(z;,)) = 7(x).
To prove that (X',d") is a geodesic space recall that a complete, locally compact length space
is geodesic. So it is enough to prove that (X', d") is locally compact. This is very similar to the

previous paragraph. Let x € X" and r > 0. If {z;} ¢ B¥(z), then {¢(x;)} c Bi(u(z)). Now,
since (X,d) is locally compact, there exists a convergent subsequence ¢(z;,) - y. Because 7 is
continuous, z;, = m(¢(z;,)) = 7(y) and d'(7(y),z) = limy_o d'(z;,,x) < r. This concludes the
proof. O

Given that u : X - R and 7 : X - X’ are continuous (see (2) in Proposition where it is
shown that 7 is locally Lipschitz and recall that u is Lipschitz), we define a Borel measure on X'.

Definition 5.10. We define the measure m' on (X',d") by

m(A)= ([ eV Dds) (e (A) 0 [0,1])
for any Borel set Ac X'.
Lemma 5.11. Given A c X' Borel, let A% = {x € X|u(x) € [a,b], 7(z) € A}. Then,
b
(5.17) (ALY = m/(A) f eN-Ds g

Proof. The proof follows that of Proposition 5.28 [Gig4]. For completeness we give some details.
Note that by the definition of m’, equation (5.17)) holds for a = 0 and b = 1. By Proposition

and Theorem we know that Fyym = e~ (N-Dam and Fa—1 = F_,. Thus,
AL =N DR (E, T (A) = €N DR A
a+1
=m/(A) ] e(N=Dag(N-1)sgq — m'(A) [ e(N=1)s g5,
0 a

To prove that equation ([5.17)) holds for a = 0 and b = 1/2, we use again Proposition and
Theorem Thus,

(AL = m(AY?) + (AL ) = (1 3Dy alf?),
With some algebra we conclude
(AN = (1+ 2V D)L ab) = m(A)f eN"Ds g,

Continuing in this way, equation (5.17)) holds for a € R and b = a + k/2" with k,n € N. Then an
approximation argument concludes the proof. (|
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Proposition 5.12. Let h € Lip(R) with compact support and identically 1 on [a,b]. Let f e L*(X)
be of the form f(x) = g(n(z))h(u(x)) for some g e L>(m'). If f e WH2(X) then ge W1 2(X') and
for m-ae. x €u[a,b] we have

(5.18) Vglx: (m(2)) < "NV g ().
Proof. Let 7 be a test plan on X'. Define
T:X'x[d,b]-X, T:0(0,1],X")x[d,b'] - C([0,1],X),
and 7t e P(C([0,1], X)) given by T(z,s) = Fs(c(z)), T(7,5): = T(71,s) and
m=Ty(n x (V' = a') "L, ),

with [a’, V'] c [a,b]. )

We claim that 7t is a test plan on X. That is, 7t has finite kinetic energy and bounded compres-
sion. Finite kinetic energy for 7t follows from the fact that 7’ is a test plan and so it has finite

kinetic energy, and that ms;(T(v,s)) < Lip(Fs)|%| (where ms;(T(7y, s)) denotes the metric speed
of T'(v,s)), by Theorem [5.1| and Theorem Set M = max{Lip(F5)|s € [a’,b']}, then,

%ff()l'Wdtdﬂ(v) =%[folfa,b/(b’—a’)_lmst(f(%S))stdtdn'(y)

SM%ffolhthtdn’(fy) < co.
To show that 7t has bounded compression it is enough to consider sets of the form
A% = {2 e X|u(z) € [¢,d], m(z) € A},
for some Borel set A ¢ X'. Thus, using that 7t has bounded compression, and equation ,
eume(AL) =7 x (8 = a') " Ly (e 0 T) 7 (AD)
=7 (e (A ) Ly ([, )
<Cm/(A).
The definition of 7t and f yield,

(5.19) [ 1760 = £G0)ldr() = [ l9tn) - g(0)l d ().

Now, the definition of |V f|¢, and 7, imply the following estimates:

6200 [17en) - feoldrns [ [T9flgGolildrdn
: / /01 fab (O =) V(T (7, 8))msy(T (v, s)) ds dt dr’
s[fol(b'_af)_l [abLip(Fs)|vf|X(T(7,s)t)mmsdtdn,_

In the previous inequalities we used Theoremto bound ms;(T'(7, s)) < Lip(Fy)|3], and Lip(Fy) <
max{e®, 1}.

Combining equality , inequality , and that 7' was chosen arbitrarily, we conclude
that g € W12(X’), and that for m/-a.e. a2/,

Vol () < 0~ ) [ Lip(RITI1g (T ) ds.

This proves g € WH2(X'), and gives the right estimate for |[Vg|xs if 0 < a < b, as for s € [a,b] the
inequality Lip(F}s) < e® holds.
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If a <b<0 write f = foF, here t > —a. Then, f(z) = g(n(z)) for € u'[a +t,b+t] and
0<a+t<b+t. We note that (Vf,Vu) =0. Then by the definition of Regular Lagrangian Flow,
Definition (iii), and Corollary [3.10] the equality Wf@”( = Hess[u](Vf,Vf) holds m a.e. in
u"'[a,b]. In combination with Theorem m we have thus found,

(V,Vf) = e Hess[u](Vf,Vf)oF; + (Vf, Vu>2 oF, =¢* (Vf, Vf) o F}.
The previous equality holds for 0 < a < b, and so we conclude that m'-a.e. 2/,

V£1(z) = €[V fI(Fu(2)) 2 e'e” DD |gglx (n ().

0

Theorem 5.13. Assume h € Lip(R) has compact support and is identically 1 on [a,b]. Let f €
L?(X) be of the form f(z) = g(m(z))h(u(z)), for some g € LA(X'.d',m"). Thenge WY2(X' d',m")
if and only if f e WH2(X,d,m), and for m-a.e. x €u [a,b] we have

(5.21) V15 () = e D|vglx (n(x)).

Proof. By Proposition it is enough to prove that if g e W2(X' d', m') then f e W2(X,d,m)
and |V f|g () < e~ )| g|x:(m(x)) holds for m-a.e. x € u '[a,b]. Let G: X - R be given by

(5.22) G(x) = "D Dglxr(w(@))h(u(z)) + g(m ()1 |(u(x)).
We will show that G is a weak upper gradient of f. Notice that G is in L?(7) and that G(z) =
e @ g|x (7(x)) for x € u[a,b].

For x € suppf following the same arguments of the proof of Theorem 4.19 in [AGS114] (this is
the property of weak gradient being a local object) it is sufficient to check the definition of weak
upper gradients for f using test plans 7t such that for each ¢ € [0,1],

e Ale,r) = {y e Xlu(y) € [u(@) - ru(@) + 7], &' (7(z),7(y)) <7}
and v € supp(m). Fix such . By (2) in Proposition the map 7 : C([0,1], A(z,7)) —
C([0,1],X") given by & (y) = m o~ is Lipschitz. Arguing as in the proof of Proposition
we conclude that 7t = 7ry7r is a test plan on X'.
Since g € W12(X') and the way 7' was defined, by Proposition for m-a.e. - the map

t = g(7(7)t) is equal a.e. on [0,1] and {0,1} to an absolutely continuous map g;(,) such that for
a.e. t€[0,1]

(5.23) 195 |(0) <[99l (RN F ()il < €709 Vgl (7 () el

In the last inequality we used (1) from Proposition

For any absolutely continuous curve v in X, how o is absolutely continuous with derivative
|(howuo~v)'| <|h|(wo~y)|y|. Hence, for m-a.e. v the map t — f(v) = g(7(v:))h(u(y)) is equal a.e.
on [0,1] and {0,1} to the absolutely continuous map f,(t) = gi(y)(t)h(u(7:)) such that for a.e.
t € [0,1] satisfies

(5.24) £1(8) < (7091w glx (r(ve))(u()) + 9w ()R |(w 0 30) ) el
This proves that for m-a.e. € u [a,b]

V15 () < e P|vgly (m(x)).
O

Proposition 5.14. Under the assumptions of Definition[5.9 and Definition the space (X', d',m")
is infinitesimally Hilbertian, almost everywhere locally doubling and a measured-length space. Hence,
it satisfies the Sobolev to Lipschitz property.
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For the definition of locally doubling and measured-length space see Definition[2.13|and Definition
2.12] in Subsection 2.6

Proof. By Theorem and the infinitesimally Hilbertianity of (X,d,m) it is easy to see that
(X',d',m’) is infinitesimally Hilbertian. We now prove that (X’ d’,m’) is almost everywhere
locally doubling.

We will show that there exists a Borel set B with m/-negligible complement such that for every
x' € B there exist an open set U containing x’ and constants C, R > 0 such that if r € (0, R) and
y € U, then m/(By,(y)) < Cm/(B:(y)).

Given ' € X" and R > 0, for r < R/2 define

(5.25) Az r) = {z e Xu(z) € [-r,r], d (2, 7(z)) <r} c B(u(z),2r).
By (2) in Proposition there exists a Lipschitz constant L > 1 for 7 : Br(¢(z")) - X'. Notice

that B, 1 (¢(x")) ¢ Bar(¢(z")) because L > 1. Since u is 1-Lipschitz and by the triangle inequality, if

y € Bo,(u(2)) then |u(y)| < u(e(z"))) +d(y,v(x"))) < 2r. Thus, By,(1(z")) c Br(v(2")). This shows
d'(m(y),z") <r for any y € B,/p(e(2")). Since u is 1-Lipschitz it follows that u(y) <r/L <r for any
y € B/ (¢(2")). Thus,

(5.26) B, ((z")) c A2, r).
Equation (5.17)) gives
(5.27) (A, r)) = m'(B(2)) f " eN-Ds g

Let ¢(r) = [ e(N-Dsds. Starting with equation then using equation 7 that (X, d,m) is
locally doubling with constant C'¢ [Vil], equation (5.25]) and equation once more, we estimate
m/(By(2")) =< (r)m(A(z, 1)) 2 ¢ (r)m(Bryr(u(z")))
> C'ch_1 (r)m(Byor(1())) 2 C'X—c_1 (rym(A(x,r/AL))
= Cc N (P)e(r/ALY (B, ().

That is, m'(BJ.(z")) > C’m'(B;ML(:E')), for C = Cgc ' (r)e(r/4L). Therefore (X',d’,m’) is almost
everywhere locally doubling.

Now we show that (X', d’,m’) is a measured-length space. Let xg,z1 € X', define € = 1 and take
c0,€1 € (0,¢]. Let 7 be a geodesic in X' from z¢ to 1, and x; = ;/, for i =0,1,...,n, n = [1+1/V/]
and &’ = max{eg, €1}

Let &; = g+ ~(e1—€0), and define 15" = (m(A(z,2:)) ' M| a(z; ¢,)- Here A(w;,€;) is defined by
equation ([5.25)). From equation ((5.17)),

(5.28) s = (m/ (BL () gy 0

Let 7" be the only optimal geodesic plan from p;”' to p:y' ([GRS16]). By the triangle

[ i+1
inequality and our choices of z; and ¢;, for y; € A(x;,&;) we have

~ 1
d(i,yis1) < 265 + d' (24, 2i41) + 26441 < 4’ + Ed/($i,aji+1).
It follows that

1 1
(5.29) [ [ daramon () = W i) < (4 + S i)

£0,€1

From the definition of € and &’ for 7;°"" a.e. v, u(y) c [-€',€'] c [-1,1].
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€1

Gluing the plans 7'[?0’ we construct a plan 7T°%°! that satisfies

(i)
i+l
(Restr » )yt =t i=0,1,...,n.
(i)
1 . nl 1 . 5
G30) [ [ Rddtarot ) =ny [ atan ()
i=0
1
(5.31) Sn2(45' + ﬁd,(.%i, xi+1))2 < (8\/§+ d’(aj‘i,$i+1))2.
Note that n = |1+ 1/v/€'| and &’ < 1 implies 4ne’ < 8/&’. Then using (5.29) and taking into

account the rescaling factor we get the previous inequality.
(iii) ! a.e. 7,

(5.32) u(y) c [-€',e'] e [-1,1].
Define:
(5.33) T = yr0oe!
From ([5.28)) we get
_ 1 )
eiﬂ}n&o,al = m/(Bél(xl))m,|Bél(Iz) t=1,2.

By (1) in Proposition (5.28|) we know that

1 1
[ [ rlaamesqy < [[7e 0 araneon (7).
From equations (5.30), (5.32)), and &’ = max{eg,e1} it follows that

1 ,
lim sup [ fo F¢|dtdmeo =t () < limsup e (8Ve! + d' (24, 2411))% = d' (x5, 7441)>.

€0,6140 €0,110

6. (X,d,m) 15 ISOMORPHIC TO (X! d'  m/)

w? W

Let X/, denote the warped product of (X', d’,m') with warping functions wg, w, : R = R given
by Wi (t) = NVt and wgr(t) = €. In subsection we prove that there is a locally biLipschitz
map from (X,d,m) to (X/,d’,,m!) that preserves the measures. Then we show that the spaces
are isomorphic by showing that their W12 spaces are isomorphic.

6.1. X is measure preserving homeomorphic to a warping product. Here we prove that
there is a locally biLipschitz map from (X,d,m) to (X/,,d.,,m/,) that preserves the measures.

w Ywo
Proceeding as in Proposition [5.4] we obtain the following.

Proposition 6.1. For all (z(,to) € X}, and r >0,
d'(z',y") < (1), (', ),

for all (2',t),(y',s) € Br(xo,t0).
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Proposition 6.2. Let T': X|, - supp(m) and S : supp(m) — X, be defined by
T(z',t) = F(u(2))
and

S(x) = (w(x), u(z)).

Then T and S are inverse of each other, S is 2-Lipschitz and T is locally Lipschitz.

Proof. 1t is clear that T'o .S = Idg,pp(n) and SoT =Idx; . Let us prove that 7' is locally Lipschitz.
Let (z(,t0) € X,, and r > 0. Consider (z},t1),(z},t2) € Br(zo,tp). By the triangle inequality,
Theorem and Proposition [6.1, we obtain

d(T (2, t1), T (w5, 12)) = d(Fy, («(21)), Fiy ((25)))
<d(Fy, (((21)), Fyy ((25)) + d(Fyy (1)), Fry (1(5))
<Lip(Fy, )d' (2, z5) + [t1 — Lo
<Lip(Fy, )e ™ d,, ((2',11), (4, 12)) + dy (2", 11), (¢, 1))

It follows that T is locally Lipschitz.

Now we prove that S is Lipschitz. Let v:[0,1] - X be a geodesic from T'(z},t,) to T(zh,t2). As
u: X — R is 1-Lipschitz, the curve uo~y is absolutely continuous and |i(7;)| < |[#¢|. From Proposition
m (1), we know that e“()|3;] < |4/, here 4 = 7 0 ~. Thus,

2(T (a4, 1), T(@h,12)) =2 [ [ielt
> [ e O]+ laae)]
> [\ OB + ()P
> dy, (2, 11), (x5, t2)).

Applying Lemma [5.11] we see that T" and .S are measure preserving:

Proposition 6.3 (T and S are measure preserving). Let T : X, — supp(m) and S : (supp(m)) —
X, be given by T(2',t) = Fy(«(2")) and S(x) = (7(x),u(x)). Then Ty(m/,) =m and Sym = m/,.

Proof. As S and T are inverses of each other, it is sufficient to prove that Sym = m,,. Given that
both my, and Sym are Borel measures defined on X, which has positive warping functions, it is
enough to prove that for any Borel set F c¢ X’ and any interval I = [a,b] c R the following equality
holds

Sym(E x I) =m,,(ExI).
Equation (5.17) implies,

b
Sym(E x I) = m(STHE x I)) = m(EY) =m/(E) / c(N-1)s g
By the definition of m,,,

m (ExI) = fl(_[X’XE(m)wmr(t)dm'(x)) dt:m’(E)fabwm/(t)dt:m’(E)fabe(N‘l)tdt.

The following proposition will be helpful in the next subsection.
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Proposition 6.4. Let h e S2_(w,/R) and define f: X >R by f=hou. Then feS2 (X) and

loc
|Vf|)~((x) = |Vh|wm,R(u(x)), m-aexeX.

Proof. The proof follows the same strategy as that of [Gigd, Proposition 5.29].

Let R>0and x : R - [0, 1] be a Lipschitz function which is compactly supported and identically
1 on [-R, R]. Firstly we observe that, since the claim is a local statement, to provide a proof it is
enough to show that, if h € WH2(wpR) then f(x ou) e WH?(X) and that

(6.1) IV flx(2) = [Vhlw,,&(u(z))
is valid for m-a.e. x e u™*([-R, R]).

Let hy, be a sequence of Lipschitz functions on wpR such that b, - h and lip,, ,ghn — [VA|w, &
in L?(w,R). Such a sequence exists by [Gigd, Theorem 4.3]. Now, we consider the functions
frn = (hnou)(x ou). Proposition implies that f, - f(x ou) in L?(X). Moreover, since u is
1-Lipschitz, for e u™'([-R, R]) and n €N,

(6.2)  lipg(fn)(x) = limsup —|fn(y~) = fn(@)) < limsup on @ u(y) = hn © u(w)]
ya d(x,y) ye [u(y) - u(@)|

From the previous inequality, the Leibniz rule [Gigdl (3.9)] and the convergence of h,, we conclude

that lip ¢ (f,) is bounded in L?(X). Therefore, passing to a (non-relabeled) subsequence if neces-

~lip,, ghn o u(z).

sary, we can assume that there exists a Borel function G : X — R such that lip < (fn) = G weakly
in L?(X).

The lower semicontinuity of minimal weak upper gradie{lts (see the paragraph after |Gigdl Def-
inition 3.8]) and the convergence of f,, to f(x ou) in L?(X) imply that [V f(x ou)|g < G r-a.e..
Moreover by the locality of minimal weak upper gradients [Gigd, (3.6)], |V f|; = |[V.f(xou)|, m-a.e.

-1 . T . . . .
on u” ([-R, R]). Now, passing to the limit in we obtain the < inequality in

We now proceed to prove the other inequality in[6.1] by showing the following result, and applying
it to t = u(z'): Let f e W'?(X) and for 2’ € X' let f(*) : w,yR - R be given by f&)(¢) :=
f(T(2',t)). Then for m'-a.e. 2/, f*') ¢ S? (wpyR) and

V£, m(8) < |VFg(T(,8), mi, —ae. (') € X},

Using that for any z,y € supp(m) with m(z) = 7(y) we have |u(z) - u(y)| = d(x,y), we observe
the following inequality

63)  lipgf(z) = lmsup DD IOl o V@) =7 W)
X y— d(z,y) S et d(z,y)
@) () — FTED (4
= limsup / wlz)) - 1 (uw) =lip,,, &) (u()).

—x ulr)—u
e u(@) — uy)]

By [Gig4, Theorem 4.3], there exists a sequence (f,) ¢ L?(X) of Lipschitz functions such that
Jn = fand lipg(fn) = |[Vfl5 in L*(X). Passing to a subsequence if necessary we can further
assume that T fu -~ furil o) < % and T [ipgfu - [Vl sy < oo This, together with
Proposition implies that for m'-a.e. z', f,(T(2',-)) = f(T(2',-)) and lip ¢ (fn)(T(2',-)) -
VAl (T(',)) in L2 ().

We now fix such an z’, apply inequality to the function f,, on u™(¢) and take the limit
when n — oo. Finally, we use that |Vf(7r(x))|wm,R < lipwm,Rf(”(x)) (by |Gig4l (3.8)]) and the lower

semicontinuity of the minimal weak upper gradients to conclude. (|
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6.2. W'2(X,d,m) is isomorphic to W"2(X/ d’ ,m!). The aim of this section is to show that

w? W
(X,d,m) and (X', d’ ,m) are isomorphic. This will be achieved applying Proposition Thus,
we only need to show that right composition with S provides an isometry from W"?*(X},) to
Wh2(X).
In Proposition we showed that AnW12(X/) is dense in WH?(X!)). Here

g ={g €S2 (X! | g(z',t) = g(z") for some §e S*(X')n L“(X')},
H ={h €S2 (X)) | h(a,t) = h(t) for some h e S?(w! ,R) N L® (]R)}
A = algebra spanned by G UM c SE.(X]).
The proof that right composition with S provides an isometry from W2(X/) to Wh2(X) is

divided in the following way.

0) Proposition For every f e G or f e H, we have that foS ¢ 5120C
IV flx:, oS m-a.e.

1) Lemma For every g€ G and h e H, (Vg,Vh)x: =0 and (V(go S),V(hoS))g =0 hold
m—a.e..

2) Proposition Every f e A satisfies fo S e S2_(X) and |V(f o S)|g = |V f|x; o S m-a.e..

3) Proposition [6.8 Right composition with S is a homeomorphism between W12(X/) and
W2 (X)

(X) and |[V(foS)|g =

Proposition 6.5. The maps
G~ Sipe(X), g=gos,
H—>SL.(X), heholS,
are well defined, and satisfy [V(go S)|z =|Vglx: oS and |[V(hoS)|z =|Vh|x;, oS m—a.c..

Proof. Combining Corollary with a cut off such that supp(f) c u™'[a,b] and Theorem
shows that go S e SE (X), and [V(go S)|g =|Vg|x;, 0 S m-a.e..

Similarly, Corollary and Proposition give hoS €S2 (X) and |[V(hoS)|5 =|Vh|x, oS
O

m—a.e..

Lemma 6.6. (Orthogonality relations) With the same notation as above, let g € G and h € H.
Then,

(6.4) (Vg, Vh)X;ﬂ =0 miu —a.e.,
and
(6.5) (V(goS),V(hoS))5=0 m-—a.e..

Proof. Let g € S2(X")n L=(X') and h € S*(w,yR) n L=(R) be such that g(z’,t) = (') and
h(x',t) = h(t). Corollary implies

V(g + BB, (', 1) = wP OVl () +IVRE, () ml,—ae. (a',t).
Using equation we acquire equation ((6.4]):
2(Vg, Vh)x;, = [V(g+h) X, —IVglx, =|VhI%, =0, my, -ae.
To prove equation holds, notice that the chain rule and the identity ho S = hou yield
(V(goS),V(hoS))g=h ou(V(goS),Vu)sg, m— a.e..
Then to conclude it is sufficient to show that

(V(goS),Vu)g =0, m—a.e..
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The previous equality holds because gomo Fy = gom, and with a truncation argument we can
see that the following derivation rule is also valid for functions in S2 _(X):
goSoki—goS . gomoki—gom
=lim =
t t—0 t

(V(QOSLVU)X:}}H& 0, m—a.e.

O

Proposition 6.7. With the same notation as above, every f € A satisfies foS € S2 (X,d,m), and

loc
IV(foS)g=IVflx: oS, m—a.e..

Proof. Let f e A. Then f can be written as f = Y, g;h; for some finite set I, g; € G and h; € H,
i € I. By the infinitesimal Hilbertianity of X , Proposition and Corollary we know that

/
m,,-a.e.

V3, = D 9i9i(Vhi, Vhs)xy, + gihi(Vhi, Vi) xi,

i,j€l
(6.6) +higi(Vgi, Vhj)x:, +hihj{(Vgi, Vi) x:,
= 2. 9i95(Vhi, Vhy)xy, + hihj(Vgi, Vi) xy,,
i,j€l
where we used (6.4)) in the second step.
Corollary [6.5] grants

(Vhi, Vhj)x; 08 =(V(hio8),V(hjo9))g,
(V9i,Vgj)xi, 0S8 =(V(gioS),V(gjo9))g,

m-a.e. for any i,j € I. Thus writing—to shorten the notation—g;, h; in place of g; o S,h; 0 S
respectively, from we have

VSR 08 =3 §igi{Vhi, Vhy)xi, + hihj(V3i, Vg;) xi, -
i,jel

Using the orthogonality relation (6.5) and the fact that X is infinitesimally Hilbertian we can do
the same computations as in , in reverse order, to get

IVflgqu oS = Z Gi9;(Vhi, W—lj)j( + gih;i(Vhi, Vi) %
igel
+ higi(Vgi, VIhj) ¢ + hihi(V3:, V) 5 = [V(f © )%,
m-a.e. ]

Recall that in Proposition [6.2] we defined functions S: X - X/ and T': X! - X inverses of each
other, such that S is 1 Lipschitz, and T is locally Lipschitz.

Proposition 6.8. With the same notation as above the following holds
(i) If f e WH2(X!) then foSe WY (X) and

(6.7 1907 © )2y < IV llz2xy -
(ii) If fo S e Wh2(X) then feS? (X)) and each x € X has a neighbourhood Y, such that
(6.8) LYVl z2(scanyy < NIV o Sl z2(q,)-

Here L = Lip (T 1(z)).
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Proof. Note that (X,d,m) and X/ = (X' x, R,d!,,m’,) satisfy the hypotheses of Lemma
That is, they satisfy the Sobolev to Lipschitz property, see the paragraph after [Gigd, Definition
4.9] and Proposition Moreover, Ty(m,,) = m and Sym = m,, by Proposition To prove the
first inequality recall that by Proposition [6.2] the map S is 1-Lipschitz. Then equation [6.7] follows

by Lemma [2.10

To prove the second inequality, choose Q, = T(B,(T~(x))) and rescale d’, by L. Then we get
Lip(T| BT(T—I(I))) < 1. With this rescaling the corresponding gradient part of the Sobolev norm is

scaled by % The result follows by Lemma O
The main theorem of this section follows.

Theorem 6.9 ((X,d,m) is isomorphic to (X', d’,,m.)). The maps T and S given in Proposition

wr W
are isomorphisms of metric measure spaces.

Proof. By the paragraph after [Gig4l, Definition 4.9] X has the Sobolev to Lipschitz property and
by Proposition and Theorem X,, also has the Sobolev to Lipschitz property. Hence,
it is enough to apply Proposition By Proposition we know that 7" and S are measure
preserving. It remains to prove that f e W?(X/) if and only if f o S € WH?(X) and that

(6.9) V(o 9klr2xy = 11V F g, 22 xy,)-
Let f e Wh2(X!). By Proposition there exists a sequence f, ¢ AnW12(X/) converging

to f in W1’2(X1’U).~Then the the first inequality in Proposition~ implies that both f, oS, and
f oS arein Wh2(X), with f,, o S converging to fo S in W'2(X). From Proposition we get,

IV fulxs 08 =[V(faoS)|z, m—a.e..

Taking the L? norm of the functions in the previous equality and taking the limit as n — oo we get

(69)- )
If f:X] — Rissuch that foS e W1’2(Xa7b), the second inequality in Proposition implies
that each z € X has neighbourhood €2, on which the above argument can be repeated. Thus

IV fals(,) © S =V (fn o 9)la,, m— ae.

By the locality of the weak upper gradient we have equality in the whole space and therefore
fewh2(X!). O

7. RCD*-CONDITION FOR X'

Recall that X' is an infinitesimally Hilbertian space satisfying the Sobolev to Lipschitz property.
Under these conditions, [EKS| Theorem 7] implies that the validity of the Bochner inequality is
equivalent to the RCD* condition. Hence, to prove that X’ is an RCD*(—(NN - 1), N)-space, we will
show that the weak Bochner inequality holds.

We begin with the following technical lemma. From this we will obtain that (X', d',m’) is an
RCD*(-(N -1),N - 1) space. Denote the Laplacian operator of X’ by A.

Lemma 7.1. Let I = [0,1] and f € D(A) n L*(X") be such that Af e W"*(X') n L=(X"). Let

f X, = R be defined as f(x,t) = f(z) and X1+ X;, = R as X1(2,t) = x1(t). Then fX7 €

D(A)n L*®(X!) and A(fx7) e WH2(X]) n L°(X]).

Proof. Tt is immediate to check that || fx; Iz (xzy < 1 fll Lo (x7y, which implies that fx; € L (X, my,).
Observe that fy e L2(X/,,m,) because

T 2 I 72 2 I 2 2 , ! , 2
Sy [Pl amty = (PP amty = [ f 1P ()dm ds < [ () dsl 720
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We will now show that fx7 € S?(X/,,d.,,m.). Let 7 be a test plan in X/ and let p; : X/, - X',
p2 : X,, = R be the usual projections. Then, using that the projection maps commute with
the evaluation maps, that (p1)xm and (p2)47 are test plans on X' and R respectively, and that
feS%(X"), xr € S*(R) with |[Vxz| = 0, the following holds (we omit the integration subscript for

simplicity):

[ - Txao)| ar() < [[Fxa(n) = Foxio)] de() + [[FGo)xin) - Txi ()] dr ()

< [REIF) -Fool dr() + [1fG)lxin) - xi (o)l dr(y)
< [1femGm) - fom () dn(v)

# iy [, IXrop2(n) =xs o pa(0)] dr(3)

= [ 15 = Fao)] d(pr)yr

b ey [ Da(B0) = xa(Bo)l d(p)

< [ [ 195l a0)ad dpa)gm

< folfIVfIX'om(%)I%I dm

Therefore |V f|xs op1 : X,, > R is a weak upper gradient for fx1. Putting our previous obser-
vations together, so far we have shown that fx7 € Wh2(X/) n L*®(X!). We will now prove that
fxz € D(A). Tt is clear that Test(X/)n.A# @. Let ¢ € Test(X.) n A be given by ¢ = ¥ a;hig;,
where a; € R, h; € H and g; € G. Then,

S (TTD. V) iy = [ (VTR0 T Daihigi) o,
- Y fxzu 6: (V(FXD), Vi) o, +hi{V(FXT), Vi), o,
- Y fX Xi0i (VT Vi), +Foi (VXT, Vi) x,
+ Xrhi (Vfwa Vi) x, *+ Thi(VXT. Vgi)x, dmy,
- Yai [ Xt (VF,9i), o,

Here we have used the validity of the Leibniz rule due to the regularity of the functions involved as
well as the orthogonality relations. Now we note that (V I, Vgi) v = (V fs Vgi) /S a consequence

of Theorem and polarization. Therefore we have obtained,
~Sa [ Xihiww(s) [ gAf ' ds
R b

Hence, for all ¢ € Test(X/,) n.A, we have that

Sy (TR0, V) iy == [ X7 (Af opy) dm,

w

48



Now, notice that Test(X/,)n.A is dense in Wl_’Z(X{H), so by an approximation argument the previous
equality holds for all ¢ € W12(X/). Hence fx7 e D(A) and A(fx7) = X1 (Af op;). Furthermore,
it immediatly follows that A(fx7) e W'2(X!)nL®(X.). O
Proposition 7.2. For all f € D(A) such that Af € WH2(X',d’',m') and all non-negative g €
D(A)nL*(X',m'") such that A € L*°(X',m'), the following is satisfied:

1 / / !/ 1 /
3 Jo oV Brdm' = [ g (VAN dm' 2~V =1) [ al9fBodm’ v 5 [ g(Af)dm

Proof. We will show the inequality holds for functions f,g € Test(X') since, as the general case
follows by the density of Test(X’) in W12(X’). With this assumption, it follows from Lemma
that we can apply Bochner’s inequality on X, for the functions fx7 and gx7, that is

%L@A(W)IV(TEN%& dmiu—fX{UW(V(A(TE)),v?ﬁ)X{U dm!,
1

>-(V-1) [ gl (D amly+ [ FX(AFRD)? dl,

We now simplify each of the summands composing the inequality. In the following computations
we use the fact that |V f|x: =|Vf|x/

[ AGDIVTDe dmly = [ (A7 p)RTPIT Ty dmily = [ Xwar(s) [ (87)[V T am’ds

w

S, (VAT TR Aty = [ T TETAS o). VIN) b

L, i (X7 (V(Afop), V), ) dm,

[xw(s) [ (9D, dn,

oIV ke dmy, = | oxalxalP IV, dmi, = | XiPwme(s) [ gV fI5 dm’ds
XI w XI w R XI

[, PAAGTD iy = [T CAAS op0)? dmly = [ XFwne(s) [ FAF) am! ds

Therefore, dividing every term by [ X7 W (8)ds and replacing f and g by f and g respectively
where necessary, we obtain the result. ([l

8. (X,d,m) IS ISOMETRIC TO A HYPERBOLIC SPACE

Here we adapt the ideas of Chen-Rong-Xu [CRX] to conclude that (X,d,7) is isometric to the
hyperbolic space.

Proof of Theorem[I.1. By Theorem 3.3 and Theorem ()~( ,d~,7h) is isomorphic to the warped
product space (X!, d’,,m!,), with wg(t) = e and wy,(t) = eN"Dt From the previous section we
know that (X' ;d';m") is an RCD*(—(N -1),N). Thus, by Mondino-Naber [MN] there exists a
point y € X’ such that every tangent space of (X', d’,m’) at y is isometric to (RF, dgye, HF1,0)
for some k< N +1. R

Let p = (0,y). From now on, we identify (X,d,m) with (X’ d’,,m!)). For any t € R there is a
deck transform ; € 71 (X) such that

d(v:(p), (t,y)) < diam(X) < co.
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Note that in the last inequality we used that X is compact.
Then in the pointed measured Gromov-Hausdorff (pmGH) sense:

(8.1)

(X, d,im,p) = (X, d,in, 3, (p)) = lim (X, d i, (t, )

Now we calculate the previous limit. For t; € R, define (X!, d},m}) = (X', e'id’',eN="Dtm’). From
the definition of tangent space, in the pmGH sense,

(8.2)

lim (X/,d},m},y) = (R¥", dpye, H*1,0).

7—>00

The function, (¢,x) ~ (t —t;,x) is a pointed isometry and hence

(X’L,,U7 d’:U?m’,u)7 (tl7 y)) ; (X’L,u)7 d;w? m1’,w’ (07 y))'

In combination with equation (8.2) it implies that in the pmGH sense (8.1)) can be written as,

(8.3)

(X7 Jamaﬁ) = }irg,()z’ dNamv (tlv y)) =lliIg(Xz’w’ d%w’ m;w’ (07 y))

= (]R Xw R’ﬁla d Bucws Hkilwa 0)

If k # N then the measure #*=1,, is non locally finite. This contradicts the previous equation,
that is, (X,d,m,p) and (R x,, R’i‘l,dEucw,Hk_lw,O) are isomorphic and m locally finite. Hence,
k=N and we conclude that (X,d,m,p) = (HY, dg~,HY,0). 0
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