MATH 6A WORKSHEET 4 ANSWER

DANNING LU

(1) Find the equation of the plane tangent to the sphere 2 + 32 + 22 = 1 at the
point (xg, Yo, z0). For extra practice, do this in two ways, one by solving for z
and consider the two cases zp > 0 and zp < 0, and the other by viewing the
sphere as a level surface.

Answer:

(a)

Method 1: Assume that zp > 0. (It will be similar if zp < 0.) Then
we can write z = /1 :Uz—y Let f(x,y) /1 —122 — 42, we have

_ —x —
fr = S and f, = m Hence the linear approximation is
dz = ——F—2 —dx — %____dy. So the equation for the tangent plane
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Method 2: Let G(z,vy,2) = 22 +y%+2%. Then the sphere is the level surface
G = 1. By the properties of gradient, we know that n = VG(zo, 30, 20) =
(210, 2y0, 220) is a normal vector for the tangent plane. Hence the equation
for the tangent plane can be expressed by n - ((z,y, z) — (x0, Y0, 20)) = 0,
ie.,

is

Z— 20 = —

220(z — 20) + 2y0(y — yo) + 220(2 — 20) = 0.

You can verify that they are the same equation by using the fact that zy =

\/1—1:(2)4—1/3 andx3+y(2)+z(2):1.

A soccer player is running in the field, where his position is described by the
following equation:

r(t) = (16sint, 13 cost — 5 cos(2t)).

Find the velocity and acceleration of the soccer player.

Answer:

7 (t) = (48sin’ t cost, —13sint + 10sin(2t)).
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a(t) = v'(t) = (96 sint cos® t — 48sin® t, —13 cos t + 20 cos(2t)).
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(3) A skier is on the mountain with equation
h =100 — 0.4y> — 0.322,

where h denotes the height.

(a) The skier is located at the point with zy-coordinates (1, 1), and wants to
ski downhill along the steepest possible path. In which direction (indicated
by a vector (a,b) in the zy-plane) should the skier begin skiing?

(b) The skier begins skiing in the direction given by the zy-vector (a,b) you
found in part (3a) so the skier heads in a direction in space given by the
vector (a, b, c). Find the value of c.

(c) A hiker located at the same point on the mountain decides to begin hiking
downhill in a direction given by a vector in the xyplane that makes an
angle 6 with the vector (a,b) you found in part (3a). How big should 6 be
if the hiker wants to head downhill along a path whose slope is at most 0.5
(in absolute value)?

Answer:

(a) Since gradient is steepest climb, steepest descend should be negative gra-

dient.

(a,b) = Vh(1,1) = (.8,.6)
(b)
c=Vh(1,1)-(8,.6) = —1.
(c) If 0 is the angle between the path of hiker (denoted by u) with the path

of skier, then m — 6 will be the angle between the path of hiker and the
gradient. Since we have

Oh = Vs u= 1911l - cost — 6)
So we need
—.5 < cos(m —6) <0,
which gives 7/3 < 0 < 7/2.
(4) Estimate cos(0.01)e%02,

Answer: Let f(z,y) = coszeV. Then f, = —sinzeY and f, = cosze?. The
linear approximate at (0,0) is

f(Az,Ay) =~ 1+0-(Az—0)+1-(Ay—0).
Make Az = 0.01 and Ay = 0.02 and we get cos(0.01)e’? ~ 0.02.

(5) Use differentials to estimate the amount of tin in a closed tin can with diameter
3 inch and height 4 inch if the top and bottom is 0.02 inch thick and the side
is 0.01 inch thick.

Answer: We know that the volume of the tin can is expressed by V = 7r?h,
where r and h denote the radius and height, respectively. Hence we know by
linear approximation,

dV = (2rrh)dr + (wr?)dh.
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By substituting r = 1.5, h = 4, dr = 0.01, dh = 0.02 x 2 = 0.04 we get volume
of tin is dV = 0.66in>.

The gas law for a fixed mass m of an ideal gas at absolute temperature T,
pressure p and volume V is given below:

pV =nRT,
where R is a constant. Show that
Op OV Oor _
oV orT dp
Answer:
Since
_ nRT
P="y
Op _ _nRT
ov - v2
Since RT
BT
p
oV _nk
or p’
Since v
p
T="—
nR
or_ v
dp nR’

Hence we have
dp dVOT — nRTnRV n*R*TV _ nRT

VAT op V2 p nR_ nRpVZ  pV
Suppose you need to know an equation of the tangent plane to a surface S at
the point P(2,1,3). You don’t have an equation for S but you know that the
curves

ri(t) = (24 3t,1 — 2,3 — 4t + %)
ro(u) = (14 u?,2u —1,2u + 1)
both lie on S. Find an equation of the tangent plane at P.

Note: typo here: should be ra(u) instead of ra(t).

Answer: Since r1(0) = r2(1) = (2,1, 3), and r{(0) = (3,0, —4), r5(1) = (2,6,2),
we know that these two vectors all lie in the tangent plane. Thus we can get a
normal vector

n=(3,0,—4) x (2,6,2) = (24, —14,18).

So the equation for the tangent plane is 24(x — 2) — 14(y — 1) 4+ 18(z — 3) =0,
which simplifies to 12z — 7y + 9z = 44.
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(8) Find the tangent plane of the function u(s,t) given by u = z%y + y%2® and

r = sel, y=s%e? andz—ssmtatpomt(,) (1,0).

Answer: When (s,t) = (1,0), we have z =1, y = 1 and z = 0. %(1, 1,0) =4,
%(1, 1,0) =1 and 2%(1,1,0) = 0. u(1,1,0) = 1

ou oz ou oy ou 0z
—(1,0) = o (1,1,0)a (1,0)+ 3y (1’1’0)6 (1,0)+ 9, (1,1,0)a (1,0) = 4-141-240-0 =6
ou oz ou Ay ou 0z B
5, (1L,0) = 5-(1,1,0) 6t(1 0)+ ay(1,1,0) 5, (L0)+- (1,1,0)6 (1,0) = 4-1+1-(~1)40-0 = 3.

So the tangent plane is given by v =14 6(s —1) +3(t —0), or u = 65 + 3t — 5.

(9) (a) Write down the transition function ® from spherical coordinate to Carte-
sian coordinate. (i.e., this is a function that you input the spherical coor-
dinate and get Cartesian coordinate)

(b) Find the derivative D®.

(¢) A curve has the form (1 +2¢,7/2 —t, 7+ 3t) in spherical coordinate. Find
the starting point of the curve when ¢ = 0 in Cartesian coordinate, and
find the velocity vector at t = 0 expressed in Cartesian coordinate.

(d) Do the same for cylindrical coordinate.

Answer:
(a) Spherical coordinate:

(1)
P(p,0,0) = (psingcosb, psinsinb, p cos @)

(i)
singcosf —psingsind pcos¢pcosh

D® = [singsinf psingsinf  pcospsinb
cos ¢ 0 —psin¢

(iii)
D®(1,n/2,m)=]10 0 -1

so the velocity vector equals

0 0 O 2 0
0 0 —-1]-|-1]=1-3
-1 0 O 3 2

(b) Cylinder coordinate:
(i)

®(r,0,z) = (rcosb,rsinb, z)



(10) The contour map of a function is given below.
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(ii)
cosf —rsinf 0
D® = [sinf rcosf 0
0 0 1
(iii)
0 -1 0
D®(1,n/2,7)= |1 0 O
0 0 1
so the velocity vector equals
0 -1 0 2 1
1 0 O0f-|-1]=1]2
0 0 1 3 3

3F E
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=3 -1 =1 L[] 1 2 3

Draw the gradient at point (-2,0). Estimate the partial derivatives at the same
point. (Assume that the difference between adjacent lines is 1, and dark shadow
represent lower value.)

Answer: gradient should be perpendicular to the curve, pointing to the lower
left. I would guess —1 < f, < —0.7 and f, =~ —0.5.
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1. QUIZZES

NAME:
PERM:

This time you can just write your final answer. However, you still need to simplify
them.

Let
f(z,y) = cos(z® — y) In(y® — z)
e.’E2Z
9(z,y,2) = s

Find partial derivatives:

o 2
fe = —2zsin(z? — y)In(y® — ) — cosg)/(;_—xy)
(2) 2 cos(a? - 3)
. 3y~ cos(z” —y
fy = sin(z? — y) In(y® — z) + B B
Q 2
e #(22%2 — 1)
9o =——" 3 —
x2yz
(4)
CC2Z
e
Iy Ty?z
(5)



