Connection between the gamma function and the Hurwitz zeta function

Representations of the Gamma
function

In the course of this poster, we will understand the
camma function to have real inputs. We can then
use the following definition of the gamma function:
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We will also be using the Weierstrass definition of
the gamma function given by [2,p92)]
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where v =~ 0.577216 is the Euler-Mascheroni con-
stant with the following construction [2,p19]:

Motivation

Historically, the gamma function arouse from ques-
tions pertaining to the extension of the factorial
function. From n! = n(n — 1)! where n is under-
stood to be a natural number, we desire f with the
recursion f(x + 1) = xf(x) with f(1) = 1. It is
easily verifiable using the integral definition and in-
tegration by parts that I'(x) satisfies this for any
r € R except non-positive integers.

Uniqueness

Because ['(n+1) = n!, it is conceivable that multiple
continuous functions connecting the isolated facto-
rial points could be drawn such that the recursion
and f(1) = 1 are still satisfied. However, if we add a

third condition of log( f(x)) being convex, the Bohr-
Mollerup theorem [1] says f = I' is now unique.
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Graph of Gamma in the first quadrant

Mentor: David Nguyen

Below is the graph of ['(x) in the first quadrant accompanied by the first three tangent lines at natural number
arguments of I'(x). Use this graph as reference in the next section.
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Figure 1:a graph of I'(x) and three of its tangent lines

Equations for these tangent lines

The following equations for these tangent lines are, in ascending order according to their point of tangency

al'c

Yy = —yx + 1.5772...

yo = (1 — )z + 0.1542...

ys = (3 — 29)z — 3.5364...

(blue line)

Derivatives of Gamma

We will now turn our attention to derivatives of the Gamma function which will ultimately lead to a relationship
to the Hurwitz zeta function. The polygamma function of order m, 1™ () is defined to be the m+1 derivative
of log I'(x) with respect to x. The digamma function, v is the polygamma function of order 0 which we will

elaborate on next.
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Digamma function

The digamma function, v is defined to be the loga-
rithmic derivative of I, ie
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From the Weierstrass definition of the Gamma func-
tion given before, we can rewrite this as follows
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Notice that for x € N we have that the infinite
series is telescopic and equal to the sum of the first
x harmonic numbers, denoted H, and Hy = 0. So
for x € N we have the slope of the tangent line at
r = a, and seen in Figure 1, will be
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L(a)¢(a) = T(a)(=y = ~ + Ha) = T(a) (=7 + Ha-1)

Hurwitz Zeta function

Below are the definitions for the Riemann Zeta func-
tion and Hurwitz Zeta function, respectively
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for s > 1,k > 0. Taking the derivative of ¢ we
arrive with the following equation

oo

Dot(e) = o5 + Z_:l (a:—|—1n)2 =2 (x+1n)2 = ((2,2)

n=0

which is strictly positive for any x, verifying I' is
logarithmically convex.
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